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Summary. In lhis poper, we pnsent on h-adoptive Discrmfinuaua Golerkb (DGM) formula- 
tion of the shallow w o t s  equotione. Far a DGM schemc wing polynomiab up to oder p, the 
diamdzatim enor of the DGM m be &ohown to I. of the order of h*'. It enn be s h o w  by 
*gomud e m r  onolysi* thnt the DGM dismtizotion emr  mn be related to the amplit"& of 
the inter-element iumoa. Therefore we we the information contained in iumos ta build ermr . . . . 
metric8 and &z field. Some m l t s  a n  presented for o c m  modeling pmblenu. A first ape+ 
ment shows that the theontical eonvergm mte is mched with the DGM high-ods h-odaytive 
method applied to the elmsicnl Stommel model. A aemnd ezperiment  how the pmpogation of 
an antkyclonie eddy b the d i s t i e  domain of the GulfoJMezico. 

1 Introduction 

The Diswntinuous Galerkin Method (DGM) has bewme a very attractive method especially 
far advectiandominated problems 110, 1.41. The main advantage being its flexibility in terms 
of m e h  and shape function while maintakmg compactness of the stencil for efficient parallel 
implementation. ~ m t  advance coming from the integration-free version of the formulation 
117, 21, allow to enhance the efficiency of the DGM. The quadrature free implementation is 
especially useful at high polynomials orders. The DGM h been recently applied to solve 
shallow-water problem 16, 71. In our work, we aim to develop circulation model where the 
geometry, often basedon tapographiedata, h complex enough to justify theshift from traditional 
ocesn modeliog wtesian grid model to unstructured meshe[l3]. We believe that the DGM is 
a good candidate for unstructured ocean simulation. In ocean modeling, important dynamics 
features like eddies have to be followed in t i e  and solved aeeurately. Dynamic mesh adaptation 
strategic that follow those structures have great potential in the field of Ocean modeling. 

Ileeent applications [a. 5, 11, 91 show that those technologies are mature enough to taekle 
difficult problems. Thecomputationaloyerheadalmodifying the mesh is insignificant compare to 
t hewera  gain in computation time. Startingfmm afsst implementation of the DGM, originally 
developed to solve aemaeonstic propagation problem [E], we first disc- the implementation 
of the shaUow-water equations, in particular the choice of a good Riemann solver. After a brief 
decription of the mesh-adaptation package, Me~hAdopt developed at SCOREC' 119, 161, we 
detail the coupling between the DGM wde and MeshAdopr We then pmvide some preliminary 
validations of the methods by solving the clas9ical Stommel-Problem, before turning to an 
idealleed simulation of an anticyclonic eddy in the Gulf of Medca. 

2 Discontinuous Galerkin Method for shallow water equations 

It's only recently that the DGM has been applied to the shallow water equations ( S W )  
121, 121. These equations have been used for many pars for solving a huge range afDmblems, 
such as atmospheric, oceanic, dam breaking or river flow problem 1221. 

2.1 Shallow water equations 

The SWEa describe the Row of a thin layer of incompressible fluid, under the inRuence of a 
gravitational force. Those equations are derived fmm the Navier-Stakes equptions by integration 
wer the depth of the fluid layer H = h+?, where h is the bathymetry and 17 the relative surface 
elevation mesaured fmm a rehence height (figure (1) ). The bottom and the surfaceof the 
ocean are impermeable, which gives the two boundary conditions required'for intwation. 

The two-dimmional, inviscid, cons-tive form of the SWEs reds : 

8H 
-+V. (Hv)=0  a ' (1) 



whme t is time, f is the Coriols parameter, v is the depth-averaged velocity, g is the 6ravitR 
tiaurl acceleration, 7 H v  and ; are the bottom sod surface stresses, respectively. 

Intemtingsimpl'ifiearion.can be done to the above cquaials inorder roobtaio the Srommel 
model, which posseosce a n  nnalyri~l  solution. If non linear transport terms c m  be nrglcered. 
with a constant bathymctry and the beta plane appmdmarion in the non wnrervatiw fonn of 
the SWEs, we obtdn the Stommel equations : 

The free surf- allows propagation of gavity waves at speed c = m, just Like the sound 
waves in acoustic problems. If the water depth is large enough, this involves the resolution of 
two diflerent ahenomenons : the propagation of gravity waves and the movement of the fluid, . . .  - ~ 

typically ten to a bundred t i e s  slower in oc- applications. 

2.2 Discontinuous Galerkin Method applied t o  SWEs 

The diaerence b e t w o  the UGM and clwieai FEMs h that the ~olution is apprmimated in 
each eiemeor srpasstely. Two neighbaring elemcnce in wnrinuous FEM share a eumunoo node. 
which d low information transfer between them. In DGXf, all the r~udes lie in their mpectiw 
element, so that the jump at interfaces are the only way to generate information transfer ac rw  
boundaries, by mating flues between elements. Jumps clearly contain interesting information, 
in particular ar estimation for the error which will be useful in adaptive developments. 

The problem can be expressed ss foUm without lm. of generality. We seek to determine 
the vetor of unkno- U(R,t) : R2 X f12 4 L1(n)"' = V(n) ss the solution of a system of 
conservation laws : 

E + V . F ~ ) = S  
at 

where F is the flux matrix and S is the vector wntaining the source terms. 
h order to obtain a Galerkin form of (5), we em multiply equation (5) by a test function 
w E V(n) and integrate over n : 

with the following operators definitions : < . >= Jn .dn and <. B= ,fm .dS. 
The divergence theorem can be used to obtain the following variational formulation : 

The simplified Stommel equations lead to the following expressions for U and F : 

hu hu 
(8) 

The discrete solution Uh  is wmpletely discontinuous between elements. lnformati& can thus 
only propagate through fluxes between adjacent elements. But the values of U" at the discrm- 
tinuities an we not well defined. Those values and the W-andmg B u m  can be expressed 
as the approximate solution of a Riemsnn problem 1151. 

The general form equation (5) can be expressed ss : 

The projection of (9) on the normal direction to an leads to : 

where the tangential component ha8 been neglected. The matrix J ,  can be mitten ss J. = 
RAR-' with matrices of eigenveetors R and eigenvaluea A. Then we obtain the following 
onedimensional transport equation : 

The "characteristic9 variables U' = R-'U are wnveeted along the normal direetion to the edge 
of the element. The transport velocities are the eigenvalues af the problem. For the Stommel 
equations, eigenvaluea are given by : 

Those eigenvalues are used to choose the appropriate values on the edge. More precisely, u p  
winding cm be applied rm the "characteristics" variables wnvacted acrm the edge. It has been 
shown that this method (the Biemann solver) introducee the minimum numerical dissipatioos 
needed to stabilize the numerical scheme in the presence of transport terms. 

In order to keep the same general formulation (5), the transport terms require the use of 
the conservative formulation. Advection t m  are thus expressed ss s divergence V .  ( H v v ) .  
This conservative form is non linear, even without transport terms, because of the presence of 
the elevation term V ($). But the trsnsport terms lead to a complex and computationally 
prohibitive solution of the exad Riemann solver. Approximate Biemann solvers are proved to 
produce more numerical dissipation than the exact solver, but numerical experience suggests 
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that this choice d w  not have a significant impact on the accuracy of the solution, especially perform appropriate mesh madifiestions so that local mesh will better aatisfy the mesh 
when polynomial degree increases. The conservative formulation can thus be s o l d  with, for size eld 
example, a Roe solver, which consists in the -t solution to a linearised Riemann problem, and 
is consistent with the discrete entropy condition [ZO]. The basic idea mnsietsin considering that repeat abwe steps until the mesh siae is satisfied to an acceptable degree. 

aver a small time step, the characteristie c u m  pmpagatiig information can be replaced by To identify mesh entities that need modification, edge length are compared to the size field 
straight lines. Thi. approximation leads to consider as constant the eigenvalues and eigenvectorj and marked to he collapsed or splited. S i e e  it is not possible to emure all mesh edges perfectly matrices A ans R mstch the size field, the transformed lendh of all mesh edees f a h  into a small interval close 

The Roe numerical flux for shallow water equations ean be written ss : 

F w ) .  n = 4 F W L )  + F(UR)]. n 
(13) 

+;FT ~ ( U L )  - F(&)]. n + $cA(~  - FT') [UL - U d  

The first term corresponds to the cantered flux, the others are dissipation terns. The R and L 

subscripts denote the values of the fieid on each of the two sides of the interface between two 
elements. The average Froude number FT is ddened ss : 

and acts exactly as the Maeh number in acoustics problems. This quantity and the average 
pavity waves speed CA are based an the he ' s  averages, used to linearise the Riemenn problem : 

3 Mesh-adaptation scheme 

Meh-adaptation technic has seen lots of r a t  development that make it an attractive 
method to apply in late of Engineaingdomain. [19,3,5, 111 The MeshAdopt software packsge, 
perform l o d  mesh m o d i d i o n  in order to adapt the mesh to a given metric field. It is able to 
perform 3D anisotropic mesh adaptation in parallel. In thk work we only use a subset of this 
paekage : since we are interested in solving shallow water problem, only 2D mesh adaptation will 
he used. We will also, for our first experience in coupling ocean madeling and meshadaptation 
restrain omelf to isotmpic mesh adaptation in order to simplify the metric definition. We 
briefly describe the mesh modiication techoics detailed in [19, 16, 181 to focus our attention to 
the definition of the mesh metric 

3.1 Description of t h e  mesh adapt package " 

Given a mesh metric defined wer the domain, io our ~ a s e  an isotmpic size defined at each 
node, the mesh adaptation procedure iteratively modifies the heal mesh w that the actual 
size fits the desired sise field. The local mesh modification operation used to adapt the 2 
dimensional mesh includes entity splitting, edge collapsing and edge swwping operations. The 
mesh adaptation algorithm consist of: 

Identify thase mesh entities not satisfying the mesh aizsize. 

to one. ~articulariv. we choose interval 10.5: 1.41. The reasin for "sine such an interval is to . . . . .  
ensure that the hvo near edges from a hisrnion will not be short dges  a, that oacihlion between 
refioning and coarsrningcc preventd. A meshedge ismmideml shon ifirs transformed length 
io less than the lover honnd of the i n r e d  and a mesh edge ig considered long if irs t rmlo rmd  
length is greater than the upper bound. Flat triangles may still enist after mesh modifications : 
all the edges may satisfy the criteria hut the element is poorly shaped. A criteria is therefore 
used to deteet those elements which are eliminated by a combination of edge swap and mllapse. 
More details about the mesh adaptation technics used can be found in 119, 16, 181 

3.2 Defining t h e  mesh sine fleld 

In order to define a mesh size field, we have tosomehow Link an error estimation to the desired 
size field. While mper-wnvergenee has h e e n s h m  br t h e  
of the DGM scheme. point wise ermr is known to he of the order of h*'. Su~erconvereenee 
also exists at the d&nwind side of interfaee between elements for convective k a b l e s  ill, if 
the solution is smooth. This superconvergence allows to  demonstrate that the jump between 
elements of any variable constitutes an error estimator : the jump between elements converges 
at the same rate ss the siae. For eaeh interelement interfaee i, we first compute the integral 
of the jump Ji, awr the interface, of one chosen mooitor variable : Ji = &U5 - U&. In the 
case of shallow water equation, we allyays peak the elevation a Then, far each topalogid node 
of the mesh, we define the error estimator as the maximum of tlie Jc for each edge (in 2D), 
or faoe br 3D cases, connected to this node. This d e h e  E,,, the error estimator for the p a t h  
of elements connected to the node n. We then need to compute the targeted edge sire around 
each node. The user defines a target am, E+ : the desired maximum of E. around each node. 
Results from error analysis previously cited leads us to eatimate : Et = ~ , h c ' ,  E;, = C & + ' ,  
where C. is an unknown constant dependent on the shape of the patch amund nade n, and h 
an actual charaeterktie length of the elements around node n and hm the one that should lead 
to the targeted error. In our ease, we defined h, as the mean length of edge connected to nade 
n. Fbr eaeh node, the target length is computed ss : 

& L  hh = h(z)"l (16) 

The target length ss computed is d i d  far any order ofp and does not rely on the computation 
of the gradient or Hessian of the solution field. The s h  field is then sent along with the mesh 
to the mesh-adapt packege which applies the previous algorithm to adapt the mesh. 
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3.3 Projection of the  solution 

Once the mesh has been adapted the solution an the old mesh has to be projected fmm the 
old mesh to the adapted one. This is done by means of an 4 projection. In csre of the DGM. 
this projection is quite cheap, since it can be done element per element. Some d i i i o n  error due 
to the projection can be expceted where mapping operation is applied. In practice, only s small 
amount of diffusion appears, since -p only ocurrs to remove bad shaped element. This would 
not be the case if we had a l l d  node repositioning as a d i d  mesh modification procedure. 
Dispersive error is also only linked to the swap operation, but is only due to the precision of 
the integration scheme for the h oroiection. and is therefore controlable. Where wer extra - .  . ~ ~ ~~~~ ~ ~~ ~~ ~~~ 

pmaion is nenlcd, no pmjmtion error exists since only edge sphtting appends. Projection after 
a collapse also ereotc some emr, but colinpm only happens ul.en the enor is under the largct. 

4 Application t o  Ocean madeling (a) structured mesh (b) adaptive mesh 

In this section, we 6mt perform a convergence experiment with an adaptive strategy, in order Figure% Cowerge~ce of the L. errm norm with the dmssiog chsracteisticelement size hanstructured 
to test both the convergent behavior d the DGM scheme and the etfieieney of the adaptive * mah aod h, (the element siae m-ending to &given target ermr er according to h, c' e, )on daptlve 

strategy. In a seeond experiment, we simulate the propagation of a typical anticyclonic eddy in mesh. 
the realistic domain of the Gulf of Mexico. 

4.1 Adaptive convergence applied t o  the  Stommel equations with PI. Our choice of mesh size field based an the only lnterfaee element jump leads to the 

The following convergence study is performed using the Stommel Problem : the Stommel nght convergence rate, regardless of polynormal order. 

equations are solved on a one thousand ldlometers square, and compared to the analytical sdu- 
tion. The Cmiolis sect leads to a geostrophic balance, creatimg a recirculation cell. The linear 
part fly of the Corioll faetor f tends to move the created balance wstwmd (for the northern 
hemisphere parameters), leading to a boundary layer. The adaptive method is therefore very 
useful in order to capture the larg. gradients on this western boundary, while the esstem part 
of the domain don't require such a fine discratbation. 
Two different polynomial order (P1 and P4) have been used, giving two different theorical coo- 
vergence rates, according W'. 

The fime (2.4 presents the evolution of the b enor norm with the charaeteristie element 
~ . .  ~~ ~ ~~~~~ ~~ ~ 

size on R regular m s l t  The numcricd results show a clsssicai asymptotic behavionr. The figure 
(2 h) presents the ewluuoo of thc 1.1 enur norm with the size of the elements m-oodiig 
to R given target error (quation (10)) The numerical mulls are Mmpared to the thmrical 
eanvergence rates lines. 
Numerid results fit the theorical rates, both with fixed regular mesh and adapted mesh. Akind 
of oscillatory behaviour is still present on the adaptive mesh which ran be explained with the use 
of the interval 10.5; 1.41 to transform the error estimation into a near edge she field, as diseuased 
in the orevious o a r w a ~ h .  . - .  
To reach the same error norm of approximaily 5 10.' with linear shape functions, the non- 
adaptive structured rpgviar mesh resuiercd 648 elemenw while the arlnptivt. nlcthud nwds only 
79 elements. 

On the same mesh, the error is mare than a hundred times smaller with P4 element than 

4.2 Propagation of anticyclonic eddy a t  midlatitudes 

The following result consists in the propagation d a  typical anticyclonic eddy at midlatitudes. 
The Gulf of Mexico is chosen as the domain to test the model in a realistic geometry. The basin 
is assumed dosed, the Yucstan Channel and the Florida Straits with their infiow and outfiow 
are ignored. Altough this experiment is highly idealized, it is expected to represent some of the 
features of the life cyde of anticyclonic eddies with the adaptive captured eddies propagdion. 
A Gaussian distribution of arater elevation 11 is present at initial time, with an initial velocity 
field talren to be in gwstrophic balance, which means : 

$?H = fe, X v (17) 

where the @-plane assumption is made (i.e. f = fo + Dy) and with d the reduced pavity. No 
wind foxing and no battom friction is applied. The Coriolis effect is thus the only s m e  term to 
mwe the eddy westward. This propagation of slow -by m-, represented with the SWEs, 
has s major effect on the large scale circulation, and thug on weather and climate. For instance, 
Rossby wa- can intensify western boundary currents, which transport huge quantities of heat. 
Even a minor shift in the position of the current can thus dramatically d e c t  weather over large 
areas of the globe. 

Fimre (3) reoresent. the evolution of the eddy with the Coriolis forcing. Its westward pmpa- ~. . 
gation is captured by the meh evolution (tight column) : a minimum edRrsirr of t e ~  kilornercrn 
bns been applled to k e p  a low number of elements. 
A f l n  une week of phys~eal time sirnularion, the mcsh has been adapted three times la capture 
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the regions with larger variations : the eddy region, and the wast lines, where pavity wves 
come and bounce baek. At tm time, the m& presents approximately 3000 elements. The 
eddy keeps mwing westward until approximately week 11, when it remhes the coast. Then, its 
shape is modified when a seeand eddy appears, spinning in the other direction. The number 
of elements grows until &bout 7000 to fit this iage variation region. On week 14, one ean see 
the slow creation of a western boundarv current. fiowine routhwd. Ae the eddv keen. mouinc " ~~. ~~ ,~ - ~ ~ -  
aourhmd, the mrrh scemo to pericctly capture the evolution of ~h i s  current and thewnri gen- 
erated at the wuth extrcrnity of the golf on wwk 23. The hitial eddy then wilapses 10 generate 
lots of smaller cddle. whirlm krep spinoing nod mixing on the western boundary. The number of 
elements decreases then to the initial value of 30W. 
The mesh adapted to eddies and currents, but large field variations and mesh refinement must 
abo be noticed on sharp and non regular coasts, as on the north and eastnorth of the Gulf. 
A restriction of ten kilometers hss becn applied on the she  of elements on adaptive mesh. To 
r d  the same accuracy with a non-adaptive mesh, about 34000 elements would be required 
with the first order polynomial shape he t ion .  

In thii paper we ham shown that mesh adaptivity, coupled with diismntinuous Galerkin 
method, can be a very attractive technology for the ocean modelmg field. Of course, in t- 
of the physic that need to be modeled lots of work need to be done in code Molementation 

~ ~ 

in order to eommrc with established omen model. Our next steo t-d this eoal will he the . ~ ~- ~~~ " ~ -  ~ ~ 

nhilily to deal with realmtic bathymetry. On the mcsh adaprstion sidcof the work. we plan to 
l&e full advantage of the anisorropic m e h  adaptation feature of the McaMdopl p-e. 
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