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Voorwoord

Deze gecombineerde stage- doctoraalopdracht is uitgevoerd voor het Rijks-
instituut voor Kust en Zee (RIKZ), afdeling Onderzoek en Strategie, te
Middelburg. Het RIKZ is een dienst van het Ministerie van Verkeer en
Waterstaat en levert adviezen en gegevens gericht op duurzaam gebruik
van estuaria, kusten en zeeën en bescherming tegen overstroming door de
zee. Deze opdracht is uitgevoerd in het kader van het project DYNAS-
TAR (dynamica estuaria). Daarnaast zijn er raakvlakken met de projecten
SCHOON, OOSTWEST en TROEBEL.1

Hierbij wil ik RIKZ-Middelburg bedanken voor de prima tijd, waarin ik
naast mijn werk in de gelegenheid werd gesteld schorren2 en slikken3 te
bekijken. Daarmee doel ik op de bezoekjes aan de Zuidgors, de slikken van
Vianen en de dagexcursie naar het oostelijk deel van het Verdronken Land
van Saeftinge. Verder mocht ik mee varen op een boot van de meetdienst
van Hansweert tot aan Rupelmonde, alwaar sedimentmetingen werden ver-
richt. Deze uitstapjes hebben er zeker toe bij gedragen dat ik enthousiast
met deze materie aan de slag ben gegaan.

Mijn dank gaat uit naar ir. A. Langerak die mij intensief begeleid heeft en
deze opdracht heeft mogelijk gemaakt en naar ing. D. van Maldegem voor
het creëren van een plaatsje op zijn kamer en voor het wegwijs maken in de
overstelpende hoeveelheid materie over het slib en de Westerschelde. Verder
dank ik dr. ir. A. Heemink voor het geven van aanwijzingen en ideeën bij het
toepassen van het extended Kalman filter, dr, ir. B. de Jong en prof. dr. A.

xMeer over deze projecten en over het RIKZ vindt u in appendix B.
2Een schorretigebied is over het algemeen een hooggelegen, sterk begroeid areaal waar

afzetting van fijn materiaal plaatsvindt.
3Slikken zijn lager gelegen gebieden, waar door de gunstige hydraulische omstandighe-

den afzetting van slibrijk materiaal kan plaatsvinden.
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• Bagchi voor begeleiding en belangstelling vanaf de universiteit, J. Oostveen

en B. Kops voor het kritisch doorlezen van dit rapport en mijn ouders voor
_ de ondersteuning tijdens mijn. hele studie.

Enschede, 16 november 1994

i
_ Sandra J.C. Konings

I
I
I
I
I
I
I
I
I
I
I
I
I
I

iv



I
I
I
I
I
| Samenvatting

i
i
i
i
i
i
i
i
i
i
i
i
i
i
i

Het verband tussen de slibconcentratie en het getij in een water kolom in
een estuarium, kan beschreven worden aan de hand van een vereenvoudigd
massabalansmodel. Dit model bevat enkele onbekende parameters die geschat
kunnen worden met behulp van het extended Kalmanfilter.

Bij het uitvoeren van deze schattingen voor de situatie bij Bath, in
de Westerschelde, blijkt dat kennis van de systeemruis-covariantiematrix
noodzakelijk is om tot goede schattingen te komen. Deze systeemruis-
covariantiematrix kan op verschillende manieren worden geïdentificeerd.

In dit rapport wordt een identificatie van deze matrix met behulp van de
methode van Mehra, die gebruik maakt van de autocorrelatiefunctie van het
innovatie proces, vergeleken met een identificatie met behulp van de Maxi-
mum Likelihood methode. Het blijkt dat deze twee methoden ongeveer
dezelfde resultaten geven, mits er met een toelaatbare beginvoorwaarde
wordt gestart, maar dat de methode van Mehra minder rekentijd vergt.

Na bepaling van de systeemruis covariantiematrix met een combinatie
van de twee genoemde methoden, worden de uiteindelijke schattingen verkre-
gen van de onbekende parameters van het massabalans model. Deze schat-
tingen zien er redelijk uit, maar leveren, middels het model, nog geen per-
fecte beschrijving van de slibconcentraties.

Aanbevolen wordt om het model uit te breiden met een verticale diffusie-
coëfficiënt, waardoor het model meer zal overeenkomen met de werkelijkheid.
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Abstract

In an estuary, tidal effects on the concentration of cohesive sediment in a
column of water, may be described by a simple conservation of mass equa-
tion, The unknown parameters of this equation may be estimated by the
method of extended Kalman filtering,

After estimating these parameters for the situation near Bath, in the
Western Scheldt, it appeared that knowledge of the system noise covariance
matrix is necessary to obtain satisfactory estimations. There are several
ways to identify this system noise covariance matrix.

We compare a method suggested by Mehra, which makes use of the auto-
correiation function of the innovation process, with the Maximum Likelihood
method, to identify this matrix. It appears that these two methods give the
same results, provided that both are started with an allowable initial value,
but the Maximum Likelihood method requires more computer time than the
method of Mehra.

After using both methods to identify the system noise covariance matrix,
final estimates of the unknown parameters in the conservation of mass equa-
tion were obtained. Though these estimates seem to be reasonable, they do
not result in a perfect description of the cohesive sediment concentration by
the model.

The suggestion is to extend the model with a vertical diffusion coëfficiënt,
which may result in a more reliable model.

VI
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Chapter 1

Introduction

During the last twenty years severai measurements were carried out in the
Dutch Western Scheldt to gather information about the behaviour of cohe-
sive sediment. There are at least three reasons why we want to know more
about this behaviour.

One reason is the fact that cohesive sediment is a carrier of polluting
substances. Therefore understanding the distribution and transport mecha-
nisms of this suspended matter will cause insight into the rate of pollution.
Another reason why we want to know more about the behaviour of the
cohesive sediment, is that we want to know more about the effects on the
cohesive sediment concentration of the dredging and dumping activities,
which are necessary to keep the navigation channels and the harbours open.
These dredging activities are needed, because the Western Scheldt is an
important international shipping route. The third reason is the fact that we
want to know more about the influence of the discharge of the Scheldt river
on the cohesive sediment concentration in the Western Scheldt.

In this investigation we will construct a mathematical model which de-
scribes the influence of the tide on the cohesive sediment concentration at
a certain location in the Western Scheldt. We start with the description
of the problem in chapter 2. In chapter 3 we state the model we want to
identify. The unknown parameters of this model will be estimated by the
method of extended Kalman filtering. This method is described in chapter 4
and the results of the estimation procedure are given in chapter 5. Because
we are not satisfied about these results, we shall examine some extensions
of the model in chapter 6. The Kalman filter method does not work well
We want to improve this method by identifying the system noise covariance
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CHAPTER 1. INTRODUCTION 2

matrix. On behalf of this, we compare two methods to identify this matrix
in chapter 7; the Maximum Likelihood method and a method suggested by
Mehra. In chapter 8, we use both methods to identify the system noise
covariance matrix. We use the obtained adapted Kalman filter to estimate
the four unknown parameters of the model of the cohesive sediment concen-
tration. Finally, in chapter 9, we state the conclusions and give suggestions
to improve the used model.
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2.1 Introduction

We want to construct a model, which describes the tidal effects on the co-
hesive sediment concentration in the Western Scheldt. In this chapter, we
will explain what we need this model for, and we will discuss the available
data we used to construct the model. Finally, we will look at some tidal
effects on the cohesive sediment concentration near Bath in the Western
Scheldt. Knowing more about these tidal effects and the behaviour of cohe-
sive sediment, we are able to formulate a mathematical model in the next
chapters.

2.2 Trend analysis

Sediment consists of little particles. We distinguish for instance cohesive
sediment particles (< 53^m) and sand particles (« 200/im), In this inves-
tigation we will concentrate on cohesive sediment particles. These particles
may be suspended easily, because their grain size is very small and their
conductivity is high.

We want to construct a model, which desciibes the tidal effects on the
cohesive sediment concentration. Using the constructed model, we may elim-
inate these tidal effects from a set of cohesive sediment concentration data
of for instance twenty years. When we also eliminate the seasonal effects on
this data set, the obtained set may show a certain trend of the concentration
of cohesive sediment over these twenty years. With the knowledge of this
trend and, for instance, the knowledge of the discharge of the Scheldt river>
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CHAPTER2. FORMULATION OF THE PROBLBM 4

we are able to determine the influence of the discharge of the Scheldt river on
the sediment concentration in the Western Scheldt, We may also examine
whether or not, the dredging and dumping activities have any influence on
the cohesive sediment concentration, using both the knowledge of a trend
of the cohesive sediment concentration and the knowledge of these dredging
and dumping activities.

In this investigation we will concentrate on the tidal effects on the co-
hesive sediment concentration. We do not concentrate on other influences
as, for instance: temperature, discharge of the Scheldt river, storm, wind,
waves, tide, turbulence, grade of chloride, etc. These influences are varying
in time and no correlation has been found between these influences and the
concentration of cohesive sediment in a column of water in an estuary1 yet.
So we do not take these influences into consideration, to keep the problem
simple.

Remark: We mentioned here, that we may examine a global variation
over a period of about twenty years, but of course, we may consider many
other concentration variations as well,

- Variation over a tidal period.
- Variation over a period of a few days as a result of the wind activity.
- Variation within a month as a result of neap-tide and spring-tide.
- Variation within a year as a result of the variation in the seasons,
- Variation over a longer period, to notice the effects of for instance

dredging. (see Maiwald and Verhagen, 1991).

2.3 Available data

To construct a model which describes the tidal effects on the cohesive sed-
iment concentration, we need data of this concentration. During the last
twenty years, a lot of measurements were carried out in the Western Scheldt
to gather information about this cohesive sediment concentration, One kind
of those measurements took place twice a month on several locations in the
Western Scheldt. These data may teil something about the global trend
during the last twenty years, but it is not possible to derive information
about trends over shorter periods from it. This reqmïes more data over one
tidal period at settled locations. This is the reason why it was decided to

1 An estuaiy is a body of water paitiaHy surrounded by land, with a connection to the
sea, where sweet water is mixing with aalt water.
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take continuous measurements during three winters on three locations in the
Western Scheldt. With these data we may obtain more Information about
the influences of tide and of, for instance storms, on the cohesive sediment
concentration.

Figure 2.1: Some locations in the Dutch Western Scheldt

The continuous measurements were done with a measuring instrument called
"Zeekat". This is a pontoon which may be anchored to the bottom. With
this pontoon measurements may be taken on three levels in the water col-
umn, even in bad weather conditions. The "Zeekat" checks the water depth
and takes water samples at 2 meters above the bottom, at ^ of the water
depth and at 1 meter below the water surface. It measures: turbidity, fluo-
rescence, temperature, conduction and velocity (in the two horizontal x and
y directions). The turbidity is measured at all three levels, the other quan-
tities are only measured near the free surface. The "Zeekat" takes samples
of the turbidity at each level for about three minutes. The turbidity data
we use in this investigation are the average values of those samples, for each
level.

Once a week, turbidity samples were taken to the laboratory, to de-
termine the calibrations of the relation between turbidity and the cohesive
sediment concentration for each level. We wiU use these calibrations to com-
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CHAPTER 2. FORMULATION OF THE PROBLEM

pute the cohesive sediment concentration out of the turbidity data.

The "Zeekat" was situated at "Middelgat" near Hansweert during the win-
ter '87/'88, near Bath during the winter '88/'89 and near Vlissingen during
the winter '89/'90, (locations in figure 2.1). It was decided to consider the
measurements carried out near Bath first. Sinee at this location the influ-
ence of the Scheldt river on the cohesive sediment concentration data may
be most significant.

nood

water level
H

turbidity
T

11 Sa I 22.9SÏ I 23.451 I 23.920 1 24.389 I 24,859 i 25.328
" 22.7*7 23.217 2S.6BS 24.155 24.624 25.093

x time

Figure 2.2: Turbidity T and water level H over a period of three days in
November 1988 at Bath

where 22.500 means November 22, 12:00:00 h
24.750 means November 24, 18:00:00 h
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CHAPTER 2. FORMULATION OF THE PROBLEM 7

2.4 Tidal effects on the cohesive sediment con-
centration

In this section we examine the behaviour of cohesive sediment as a result of
tide, using some conclusions of a iiterature study by Manni [15], Tide may
be described by the water depth H and the horizontal velocity V.

We examine the turbidity, i.e, the concentration of all sediment, includ-
ing the cohesive sediment, of a few days in November 1988 at Bath.2 We
concentrate on the peaks of the signal, since we look for an explanation of
those peaks. The peaks of the turbidity are shown in figure 2.2 where the
turbidity T is shown together with the water level H, over a period of three
days in November 1988 at Bath.3 Note that the turbidity at ebb-tide is
higher than the turbidity at fiood-tide. This may be explained by the fact
that during ebb-tide the water near Bath is coming from inland locations.
We know for instance, that near the Dutch-Belgium border are sluices. At
that location, a lot of dredging takes place, which brings about a lot of co-
hesive sediment into the water column. This water with much suspended
particles in it, is transported to Bath during ebb-tide, which will cause the
high peaks at ebb-tide. The low peaks at fiood-tide may be a result of the
mud flats upstream from Bath; most of the sediment is left over there, and
will not any longer be into the water column near Bath.

So we distinguish between ebb-tide and flood-tide. In ebb-tide the bot-
tom layer of the water is moving in seaward direction, and in fiood-tide, it is
moving in inland direction. SQ the velocity near the bottom at flood-tide is
in opposite direction to the velocity at ebb-tide. At the turn of the tide, the
value of the absolute velocity is zero. In figure 2.3 the value of the absolute
velocity is shown together with the turbidity for three days in November
1988 at Bath.

Looking at figure 2.3 we note three peaks in the turbidity after the turn
at ebb-tide, i.e. the low water turn (LW-turn), labeled 1,2 and 3. The first
peak is caused by a small layer of fresh sediment at the bottom of the water
column. This fresh sediment consists of only cohesive sediment particles,

2It is allowed to examine the turbidity of November only, because the shape of the
figure of this turbidity does not dtffer from the shape of the turbidity figitres of other
months in 1988/1989.

3We will only use the data obtained at the mean water level, and not the data obtained
near the surface or at the bottom of the water column. Because we are only interested
in the shape of the concentration figure, and the shapes of the concentration flgures of all
three levels are the same.
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CHAPTER2. FORMULATION OF THE PROBLEM 8

which will erode fast. This causes a high peak in turbidity (1). The second
peak is a little lower than the first one. The fresh Iayer of sediment is already
eroded, but the velocity is increased. At this moment the velocity will be
high enough to cause the bottom sediment to erode. This will cause the
second peak (2). At the end of the period of fiood-tide {note that the water
level is increasing), the velocities become very big. This causes another part
of the sediment to be eroded (3), Because a big part of the sediment has
been eroded before, the third peak of turbidity will not be as high as the
other peaks.

turbidity
r

absolute
horizontal velocity

V

22.913 ! 22.982 I 23,451 I 23,920 I 24.389 I 24.859 I 25.328
22.747 2J.2I7 23.686 24.155 24.G24 25.093

> time

Figure 2.3: Turbidity T and absolute value of the horizontal velocity V over
a period of three days in November 1988 at Bath

Remark: In figure 2.3 we notice that a peak in velocity causes a peak in
turbidity, with some time delay.

At the turn of flood-tide, i.e. the high water turn (HW-turn), the ab-
solute velocity is zero. However, there is still some cohesive sediment in
suspension in the water column. Af ter this turn, we notice a peak of turbid-
ity (4), This peak is caused by the increasing velocity. It is a small peak, in
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CHAPTER2. FORMULATION OF THE PROBLEM 9

comparison with the peak just after the LW-tum. This may be caused by
the fact the water ievel is still very high. The water is streaming over the
marshes and the shoals, which consist of a lot of sand, and not much (fresh)
sediment. So the peak (4) will be low. A few moments after peak (4), the
water Ievel H is decreased, and we note a high peak in the (absolute) veloo
ity. This velocity peak causes two high turbidity peaks, (5) and (6), since
due to the high velocity, all suspended sediment will be eroded from the
bottom of the ebb-channels. The erosion of the fresh sediment may cause
the high peaks, (5) and (6), of turbidity.

2.5 Conclusions

We want to construct a mathematical model which describes the tidal effects
on the cohesive sediment concentration in the Western Scheldt. For this
purpose we use turbidity data obtained by an instrument named " Zeekat"
at three locations in the Western Scheldt: Vlissingen, Middelgat and Bath.
We decide to concentrate on the situation at Bath, since at this location,
the influence of the Scheldt river is most significant. The cohesive sediment
concentration data are computed out of the turbidity data, using the know-
ledge of the calibrations, which are determined once a week. Looking at a
graph of the turbidity, we notice particular peaks. We related these peaks
with the variations of the tide.

Knowledge of the tidal variations, means knowledge of the water depth
H and of the horizontal velocity V. The influences of both of them, espe-
cially the influence of the horizontal velocity is examined in this chapter. It
appeared to be very important.

In the next chapters, we will state a mathematical model, including some
unknown parameters, which describes the tidal effects on the cohesive sedi-
ment concentration in the Western Scheldt. We will examine the influence
of the horizontal velocity V only. In later chapters we will also take the
water depth H into consideration, when we shall distinguish between ebb
and flood.
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Chapter 3

Mathematical model

3.1 Introduction

In the previous chapter we examined the tidal effects on the cohesive sedi-
ment concentration near Bath, in the Western Scheldt, It appeared that
both the water depth H and the horizontal velocity V have influence on the
cohesive sediment concentration.

In this chapter we examine a conservation of mass equation, which de-
scribes the influence of tide on the cohesive sediment concentration, We
simplify this equation by considering one column of water. We only consider
the processes of erosion and sedimentation, and we give the mathematical
equations for these processes. We will also give a mathematical expression
for the bed shear stress (TJ,). The unknown parameters of these equations
will be estimated in the next chapters, using the method of extended Kalman
filtering.

3.2 Conservation of Mass

We assume that all suspended cohesive sediment is well mixed throughout
the vertical water column. The depth averaged concentration of the sus-
pended cohesive sediment satisfies the conservation of mass equation [22],

dC , ^ . ^ 1 r d
 (HD Ê£)) +1( LIED

where C is the depth integrated concentration of the suspended cohesive
sediment (Kgm~3); n, v are the depth integrated velocity components (ms'1);

10
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CBAPTER 3. MATHEMATICAL MODEL 11

DX1 Dy are the horizontal dispersion coefficients in the x and y direc-
tions (m2s~1); II is the water depth (m) and S represents the source
term (Kgm~2s'~1), which may be described as the amount of erosion minus
the amount of sedimentation at the bottom.

We start with a simple model. We consider a column of water, with
hight H and we assume that the total amount of sediment into the water
column is only influenced by erosion and sedimentation at the bottom, So we
neither look at the advection terms, nor at the diffusion terms of the cohesive
sediment. This situation is shown in figure 3.1. We simplify Eqn (3,1),

at
s_
H dt

dd
dt

(3-2)

where the source term S is computed from the processes of erosion E and
sedimentation d. This will be explained in the next section.

/ *

Figure 3,1: Illustration of the simplified situation, looking at one column of
water

3.3 Erosion and Sedimentation

3.3.1 Erosion

The rate of erosion E is

dE
at
dE
dt

M

o,

( ^ - 1), Tb > Tce (3.3)

(3.4)

where M is an erosion constant (Kgm 2s l), Tb is the bed shear stress
(Nm"2), and rce is the critical bed shear stress above which erosion occurs
(Nm"1). Assume rce is a constant.
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3.3.2 Sedirnentat ion

The rate of sediraentation d is

~ = CWS{\- ^ ) , rb<rcd (3.5)

7j7 = 0, n>Tcd (3.6)
at

where W8 is the settling velocity (nis"1), 77, is the bed shear stress (Nm~2),
and Tca is the critical bed shear stress below which sedirnentation occurs
(Nra"J), Assume rCd is a constant.

We assume the settling velocity Wa to be a constant. But this is not true.
Cohesive sediment particles easily stick together. This is called flocculation
and is described by van Leussen, 1991 in [11].

Flocks (created by flocculation) are falling faster than single cohesive
sediment particles, but when the flocks are too big, they may hinder each
other. In that case the flocks are falling slower. So the settling velocity
Wa depends on the size of the flocks. The flocculation is depending on, for
instance:

- the concentration of the sediment particles
- the concentration of organic elements
- the temperature of the water
- the turbulence of the water

In order to describe the effect of flocculation on the settling velocity, we
define three concentration ranges [22],

ws
ws
ws = Ws0(l - Kv

c<cx
Ci<C<C2

cf, c>c2

(3.7)

(3.8)

(3.9)

Where Wconst is a constant value of the settling velocity and K\t K%, W3Q,
n and j3 are coefficients depending on the sediment type and the salinity.
Nevertheless, we assume that Ws has a constant value.

3.4 Description of the parameters

The model we examine is described by Eqns (3.2)-(3.6). We distinguish
three situations: the situation of erosion (TÊ > rce), the situation of sedi-
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CHAPTER3. MATHEMATICAL MODEL 13

mentation (7*, < TC£J), and the situation in which neither erosion nor sedi-
mentation occurs (rcd < 77, < ree):

dC _ M
h

= O Tcd<n<TCe (3.11)
uv
ÖC CWS f n \
dt H \Tcd J ~

The data of the cohesive sediment concentration C are available. The water
depth H is a known value for every discrete time step k. The parameters M,
Wat TCe and rcd are the unknown parameters we shall estimate. We assume
them to be constants. The bed shear stress 77, may be expressed in terms
of the horizontal velocity V near the bottom and the Chézy-coefficient Ch,
We use a simple equation to express the bed shear stress (Van Leussen III,
1981)

pwg V2 (bottom) ,„ 1 „.
ri> = /Wn? (3.13)

Where we assume

V (bottom) = horizontal velocity at the bottom
pw = density of water = 1000 Kgm~3

g = gravitation constant = 9,81 ms~2

Ch = Chézy coëfficiënt = 50 m"5 s"1

For this bed shear stress expression, we need data of the horizontal velocity
near the bottom of the water column, but only the data of the horizontal
velocity near the surface are available. So we have to find an expression
to compute the necessary velocity from the available data. Mulder [21]
gave a parabolic expression of the distribution of the velocity in the vertical
direction:

(3.14)

where V(z) is the horizontal velocity at water level zy V is the depth averaged
velocity, m is a constant (w 0,15), and H is the water depth. The velocity
near the surface V (surface) is known. The water level at which was measured
near the surface is 1 meter below the surface, i,e. x(aurface) = (H ~ 1) m.
We like to know the horizontal velocity near the bottom, i.e. 2 meters above
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CHAPTER3. MATHEMATICAL MODEL 14

the bottom of the water column: ^(bottom) = 2 m.
Keeping this in mind, we get

_ 0.16

T/(surface) = V(H - i) = y . ( i . i5 )

/ o \ 0.15
V (bottom) = V{2) = V • (1.15) f-—)

/ 2 \0.16
= V (surface) ( ™—- I

So at each time step fc,

• °'3 0
Vk

2(bottom) = Vfc
2(surface) f *••

We express the bed shear stress at t ime step k,

Pw 9 V̂ ? (bottom)

0-30 (3 }

3.5 Conclusions

In this chapter we gave a simple conservation of mass equation, which de-
scribes the tidal efïects on the cohesive sediment concentration in a column
of water. We considered three situations: the situation of erosion (u > Tce),
the situation of sedimentation (rt, < TCff), and the situation where neither
erosion nor sedimentation occurs (rcd < Tb < Tce). This is described by the
discrete equations,

n(k) > TC6
tik V Tce

Ck+1 = Ck Tcd <Th(k)

< Tcd
iik \ Tcd

where Ck is the cohesive sediment concentration at time step fc, M is the
erosion constant, Ws is the settling velocity, rce is the critical bed shear
stress above which erosion occurs, rcd is the critical bed shear stress below
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CHAPTER3. MATHEMATICAL MODEL 15

which sedimentation occurs, and a = At is the discrete time step. The bed
shear stress Tb(k) is given by Eqn (3,16).

Using these equations and the data of the cohesive sediment concentrations
Ck at each time step k, we shall estimate the imknown parameters M, W8)

Tce and TCCJ appearing in these equations.
To estimate these parameters we will use the method of extended Kalman

filtering. This method will be described in the next chapter. In later chap-
ters, we are going to estimate the unknown parameters.

Remark: We consider this problem to be a stochastic filtering problem.
This is the first time this approach is used. All previous investigations used
correlation and regression analysis techniques to estimate the parameters of
the model,1

^ n interesting study is made by Verlaan k, Spanhoff, 1992. But they examined the
global shape of the turbidity figure, and we are interested in the peaks of this figure.
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Chapter 4

Estimation method

4.1 Introduction

Thus far we examined the tidal effects on the cohesive sediment concen-
tration near Bath, in the Western Scheldt (in chapter 2), We also gave a
mathematical model (in chapter 3) which describes the tidal effects on the
cohesive sediment concentration. Four parameters in this model are un-
known. We want to estimate these parameters by the method of extended
Kalman filtering. This method will be described in this chapter.

We give a general description of the Kalman filtering method, and we
explain why we choose this method for the estimation. After that, we state
the mathematical equations of the (extended) Kalman filter. In further
chapters we will apply this extended Kalman filtering method to estimate
the four unknown parameters of the mathematical model.

4.2 The Kalman filtering method

The Kalman filter is developed in the early sixties by Kalman and Bucy. It
gives for linear dynamical systems, the optimal estimator for the state of the
dynamical system, in the sense of minimum variance. For nonlinear dynam-
ical systems we need an extension of the Kalman filter, i.e. the extended
Kalman filter.

The Kalman filtering problem is that of determining the minimum vari-
ance estimator of X& on the basis of the observations Vó, Yjv • • ,Ffc. This
really means calculating E[Xk |Yfc]; or equivalently, X^. The Kalman fil-
ter is recursive, in the sense that once Xk (the estimate of X on time A;) has

16



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

CHAPTER4. ESTIMATION METHOD 17

been determined on the basis of the raeasurements Yó, Yj, • • •, Yk, we can
determine Xk+i on the basis of the knowledge of X^ and the new measure-
ment Yk+i. This recursive property will be very useful in our estimation
problem.

4.3 Application of the method

We apply the Kalman filter to estimate the four unknown parameters of
the model. The raeasurements Yo, Yi, • • •, Yfc are the measured cohesive sed-
iment concentrations Co, C\, • • •, Ck at time steps 0,1, • • •, k. We consider
the unknown parameters as random variables and we augment the state vec-
tor with these variables. Since the extended Kalman filter yields estimates
of the state vector, it also provides estimates of the uncertain parameters.
Remark: A disadvantage of this on-line estimating procedure is that ini-
tially the filter uses the wrong parameters, which is detrimental to the per-
formances of the filter. This disadvantage may be overcome by repeating
the whole process using the estimated values of the parameters from the
first run as initial estimates of the parameters for a second run, and so on.
We will use this (off-line) recursive approach.

Apart from the fact that we do not need to store the previous measure-
ments while updating the estimate, the Kalman filtering method is useful,
because it takes into account the system and the measurement noise. We
have to take into account the system noise, because we used a simplified
model to describe the tidal effects on the cohesive sediment concentration
near Bath.

4.4 Mathematical description of the method

4.4.1 Linear Kalman filter

The Kalman filtering method is based on the situation of the discrete-time
linear stochastic dynaniical system (Bagchi, 1993)

Xk+1 = AkXk + FkWk (4.1)

Yk = CkXk + Vk, k>0 (4.2)

where the n-dimensional random vector Xk denotes the state at the time-
instant fc, the r-dimensional random vector Wk is the system disturbance,
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| the m-dimensional random vector Yk denotes the observation and Vk is the
observation error. We assume that Xo, {Wh} and {Vk} are jointly Gaussian

I and mutually independent; k > 0. Assume Xo has mean x(0) and covariance
matrix P(0) and assume EWk = EVk ~ 0, k > 0, i.e. {Wk} and {Vk} are
zero mean white Gaussian aequences. We get:

I
I
I
I
I
I

•Pfe+l = Pk+l\k ~

I +R(k + ï)]~ Ck+iPk+i\k (4-6)

where Pfc+Kfe = •BfXfe4,1tbXi..1iJ and Jft+iife = Xu+i - Xtj-nt, and A"fe+i is the

with Q(k) > 0 and R(k) > 0 for all k > 0 and where 6^ the Kronecker delta
function.

We use the foliowing Kalman filter equations (write Xk to denote Xk\k):

Measurement update:

(4,4)

+ l)]-1 (4.5)

• filter gain

Time update:
= AkYk (4.7)

Pk+1]k = AkPkAl + FkQ(k)F£ (4.8)

where Pk =

_ Initial conditions:

• X o h l = 5(0) (4.9)
- Po|-i = P[0) (4.10)

I
I
I
I
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| 4.4.2 Extended Kalman filter

Consider the following non-linear system:

• Xjfe+i = f(k,Xk)+g(k,Xk)Wk (4.11)
Yk = h{k,Xk) + Vk (4.12)

where AkXk, Fk and CkXk of our earlier linear model are now replaced by
f(k,Xk), g{k,Xk) and h{k,Xk), where ƒ(&,-), h(k,-) are now non-linear in
general and g(k,-) is not necessarily a constant function. {Wis} and {V^} are,
as before, and XQ is a Gaussian random vector. We assume that XQ, {Wk}
and {Vfc} are mutually independent, EWkW^ = Q(k), EVhVk

T = R(k) and
XQ is Gaussian with mean x(Q) and covariance matrix P(0). Suppose, we
have obtained X^-i and Xk by some means and we want to update them
by using the new data Yfc+i. Define

Ak =
df(k,x)

(4.13)
dx

Pk - g{k,Xk) (4.14)

öMM) (415)
dx

I
I
I
I
I

Assuming smoothness of the functions ƒ(&,•)> öCv) and h(k,-), we may
_ expand these functions in Taylor series as follows

I
I
I
I
I
I
I
I

f(k,Xk) - ƒ (fc, Xk) + Ak (Xk - Xk) + higher order terms
j(/c, Xk) = g{k,Xh) + higher order terms
h(k, Xk) = h(k,Xk\k-i) + Cfc(X& - Xfc|a_i) + higher order terms

Neglecting higher order terms and assuming the knowledge of Xk and Xk\k_ j ,
we get the approximate one-step transition model from Eqns (4.11) and (4.12)
as

Xk+l = [f(k,Xk) + Ak(Xk - Xk)]Xk+g(k,Xk)Wk

Lk (4.16)

Yk - | |

(4.17)
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CHAPTER4. ESTIMATION METHOD 20

where

Lk = f(k,Xk)-AkXk (4.18)
Mk = MWfclfe-O-CfcXfcifc-! (4.19)

Note that Af., Ff., Ck, Lk and Mk are all known at time-instant k.

Let us now apply the Kalman filter equations to this approximate model
in Eqns (4.16) and (4.17). We get
Measurement update:

= Xk+i\k + Kk+l[Yk+1 - h(k +

Time update:

Initialization;

+R(k+l)]-1Ck+lPk+llk

Xk+i\k = AkXk + Lk = fk{Xk)

Poi-i = P(0)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
(4.26)

4.5 Conclusions

We will use the extended Kalman filter to estimate the four unknown para-
meters of the mathematical model. The extended Kalman filter determines
the minimum variance estimator of Xk on the basis of the observations
YQ, l i , • • • Vfc. The method is recursive, i.e, we do not need to store the pre-
vious measurements while updating the estimate, and it takes into account
the system and the measurement noise. So this method is very useful for
our estimation problem.

We will use the method of the extended Kalman filter in the next chapters
to obtain estimates of the four unknown parameters of the model, which
describes the tidal effects on the cohesive sediment concentration near Bath
in the Western Scheldt.
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Chapter 5

Estimation of the unknown
parameters

5.1 Intro duet ion

In the previous chapters we noticed that the cohesive sediment concentra-
tion in the Western Scheldt may be influenced by tidal effects. We gave
a mathematical model to describe these effects. This model contains four
unknown parameters: the erosion constant M, the settling velocity Wfl, the
critical bed shear stress for erosion Tce, and the critical bed shear stress for
sedimentation TC(J. We want to estimate these unknown parameters by the
method of extended Kalman filtering. This method is described in chapter 4.
In this chapter we estimate these unknown parameters using the Kalman
filtering method.

We will first show, how we apply this Kalman filter to the model we
are looking at. After that, we will give the mathematical systems we need
to determine the estimates of the four unknown parameters. Using these
systems and applying the (extended) Kalman filter, we obtain estimates of
the four unknown parameters. These obtained estimates will appear not
to be suffleient, so we will extend the model in later chapters, in order to
obtain more reliable estimates.

21
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5.2 Application of the Kalman filter

We want to estimate the four unknown parameters M, Ws, rce and rcd, using
the Eqns (3.2)-(3.6). For an arbitrary unknown parameter 6 we may write

according to Eqns (3.10)-(3.12). Assume ƒ(..) is an arbitrary function. The
subscript •& refers to the time At- k.
Or, in discrete version,

Ck+l = Ck + At- F(6kiCktHkMk)) (5-2)

where F(..) is a discrete function, or a discretisized continuous function.
We want to estimate the unknown parameter 9k, while making use of the
knowledge of the cohesive sediment concentration Ck, the water depth Hk

and the bed shear stress Tf,(fc), all at time k.
Using the Kalman filter Eqns (4.1) and (4.2), we may write the observation

Yk = Ck

i.e. we observe the cohesive sediment concentration Ck. Since we assume a
certain observation noise 14, we write

Yk = Ck + Vk (5.3)

The Kalman filter is developed to estimate Xk. We want to obtain an
estimation of 6k, so we have to include 6k as a component into the state
vector Xk. Since we want to state Yk as a function of Xk, according to
Eqn (4.2), we also include Ck into Xk. Thus we write

C
9

k (5-4)

to obtain

Xfe+1 = AkXk + FkWk (5.5)

Yk = CXk + Vk (5.6)

where Wk denotes the system disturbance, and C = I 1 0 I. Note that
these equations have the same shape as Eqns (4.1) and (4.2) of the Kalman
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filter, and thus we rnay apply the Kalman filter to obtain an estimate of Xk,
i.e. to obtain Ck and <?&.
In the next section we will state this system for specific 9.

Remark: Although we assume that the unknown parameter 9 is a con-
stant, we add a certain noise term Wfc2 to the unknown parameter:

= ek + wk2

in order to indicate the uncertainty in the constant value for 9.

5.3 Mathematical systems

5.3.1 Original model

We use Eqns (3.10)-(3.12),

dC M
dt - ff1- - 1 1 Tb-

Qt ~ O Tcd < Tb < Tcl

dt H \rcd

and estimate the erosion constant M and the settling velocity Ws- We
assume the critical bed shear stresses for erosion and for sedimentation, rce

and TCd, are not varying. We consider three ranges for 17,(ft), according to
Eqns (3.10)-{3.12). When u(k) > Tce w e estimate the erosion constant M
and we do not vary Ws. When rc^ < n{^) < fee there is no erosion and no
sedimentation; we do not vary both the erosion constant M and the settling
velocity Ws. When Tb(k) < rcd, we estimate the settling velocity Ws and we
do not vary the erosion constant M.1

The critical bed shear stresses Tce and TC(J will be estimated in the same
way, not varying the erosion constant M and the settling velocity Ws. Since
we want to estimate four parameters, we need four systems to estimate them.
We will describe these (discrete) systems in the next sections.

aIt is clear that this model is a rough approximation of the physical reality, so it will
only give a first approximation of the unknown parameters.
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| 5.3.2 Discrete system to estimate the erosion constant M

Consider the continuous model

I dC 1 BE M

I and it's discrete version

^ ( ^ ) n(k) > rce (5.8)

Using this discrete model, we obtain the foUowing system (At = a):

I r 1 J*-(I>M -

where Xk =
Ck

the measurement noise, all at time step k.
_ Write Tf,(k) as in Eqn (3.16)

I

\Xk + Fkwk (5.9)

• 1 0 ] Xk + Vk (5.10)

, rce is a constant, Wk is the system noise, and 14 is

pmgn2(surface)20-30

(H fc - 1)0-30

With system (5.9)-(5.10), we are able to estimate the unknown erosion
constant M, using the linear Kalman filter.

5.3.3 Discrete system to estimate the settling velocity Ws

Consider the continuous model

Bt Hdt H

(5.11)

and it's discrete veïsion

Ck+1 - Ck = AtCk^^ ( ^ - l ) T*(fc) < rcd (5.12)
Hk \ Td /

I
I
I
I
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This results in the system (At = a)

fc+1

Yk =

w3(k)
f(ktXk) + FkWk

[ 1 O ] Xk + Vk

(5.13)

(5.14)

where Xk = , Tcd is a constant, Wk is the system noise and 14 is

the measurement noise, all at time step k.

Define

Ak =
df{k,x)

dx
+

o

= f(k,Xk) - AkXk =

where TT,(/S) deflned by Eqn (3.16).
We have

(5.16)

Xk+l = AkXk + FkWk 4-

n = ckxk + vk

(5.17)
(5.18)

Using Eqns (5.12)—(5.16) and the extended Kalman filter, we are able to
estimate the unknown settling velocity W$.

5.3.4 Discrete system to estimate the critical bed shear stress
for erosion rCe

Consider the continuous Eqn (5.7),

dt ~ H dt ~ H \rce
Tb > Ta

and it's discrete version

(5.19)
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This results in the system (At = a)

+

where Xk =

= f(k,Xk) + FkWk

Yk - f 1 O 1 Xk + Vk

ck

(5.20)

(5.21)

, M is a constant, Wk is the system noise, and 14 is

the measurement noise, all at time step fc.

Define

Ak =
df(ktx)

dx
1 -

0

aM

Lk =f(k,Xk) - AkXk -
0

(5.22)

(5.23)

where ri{k) defined by Eqn (3.16)
We use Eqns (5.20)-(5.23) and the extended Kalman filter to obtain the
estimation of the unknown critical bed shear stress rce above which erosion
occurs.

5.3.5 Discrete system to estimate the critical bed shear stress
for sedimentation rC(j

Consider the continuous Eqn (5.11),

dt Hdt
and it's discrete version

Cfc+i — Ck = ktCk —

H \rcd
n <

< rcd(k) (5.24)

This results in the system (Ai = a)

1) + FkWk

- f(k,Xk) + FkWk

Yk = [ 1 0 ] Xk + Vk

(5.25)

(5.26)
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where X^ = Ck , Ws is a constant, Wk is the system noise, and Vk is

the measurement noise, all at time step k.

Define

r i H Hk

= f{k,Xk) -

0

WsCkTb(k)
fcTC(

0

WF (5.27)

(5.28)

where nik) defined by Eqn (3.16). We use Eqns (5.25)-(5.28) and the
extended Kalman filter to estimate the unknown critical bed shear stress rC{j
below which sedimentation occurs.

5.4 Estimation

5.4.1 Preparations

To estimate the unknown parameters, we need initial values for these pa-
rameters. Approximate values for these parameters are, according to van
Leussen, [10],

rC Ê^0.14Nm-2

rcdfa0.08Nm"-2

0.1 < M < 4.0 • 10"3 Kgm-2s-2

0.5 < W S < 2,0-10-"

We assume r^(cohesive sediment) < rce(sand) ftj 0.2iVm"2, because the
cohesive sediment consists of little particles, which will be easier mixed with
the water then the sand particles.2. Purther, we assume H^ = 1, in order to
obtain a low water column, in which we assume ideal instant aneous mixing
in the vertical direction.

2 More about this can be read in chapter 2
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5.4.2 Estimation of M and W$

Method

We use Eqns (5.9)-(5.10) in the case of erosion, i.e. when Tb(k) > Tce, and
Eqns (5.13)—(5-16) in the case of sedimentation, i.e. when Tb(k) < rcd, for
given rce and rca- In the case of erosion we are going to estimate the erosion
constant M, and in the case of sedimentation we shall estimate the settling
velocity Wa. We use the (extended) Kalman filter to estimate the unknown
parameters, with the initial values,

rce = 0.14 Nm" 2

red = 0.08 N m - 2

C(0) 1
M(0) J
C(0)

Ws(0)

F

Per.(0)

= h
2.5 •10~5 1 • 10~s

1 • 10-5 4.0 • 10-6

2.5 • IQ"5 5.10--7

R{k)

Q{k)

5•10-7

2.5 • 10-5

F 5 • 1 0 - 4 O

1-10 - 8

O O

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

where M(0) and Ws(0) are initial guesses, and C(0) is the measured cohesive
sediment concentration at time k = — 1.

Results

To obtain estimates of the unknown parameters M and Ws, we use the
Kalman filtering method as described in chapter 4. This method is used
in the FORTRAN-program 'kfmwcl' (appendix C). We obtain the results
shown in figure 5.1, where we assume

Af(O) = 2.0-10-3 Kgm~2s-2

Wa(0) = 3.0-10~f
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Prom figure 5.1 we may conclude

M = 0.2 -KT4 K g n r V 2

Wa = 0.3 •1O~3 m s ' 1

The next step is to determine rce and rCd.

(5.38)
(5,39)

Kgm

22.1IJ I 2!,»»! I !J.*BJ I *1.S»1 I 24.J90 I 2
21,748 21.11' 11.6H Ï41S« 2*(25

*.6!» F:
3S.094

-~" ̂  time
Ï2.SIJ [ ttMI I 21.49! f ll.tïi I !4.S90 I 24,613 I J5JS«

21.74S 23.217 23.(M 14.1» 34.e!3 2S.iU<

time

Figure 5.1: EsUmates of the erosion constant M and the settling velocity
Ws, using the simplified model, over a period of three days

Note: In the figure of the estimated concentrations G, which is not shown
here, I observed some horizontal lines where the figure of the observed con-
centrations C shows a peak. This may be explained by the fact that I may
have chosen the wrong values for rce and rCrf, (Note that for rcd < Tf, < rce:
^ = 0, according to Eqn (3.11).) Examining the figure of the estimated
settling velocity Ws and at the figure of the observed cohesive sediment con-
centration C, I noticed that the peaks in Ws appear at the same time as the
highest peaks in C. This is caused by the Kalman filter: A high peak in the
observed concentration C, forces an adaption of the parameter estimation.

To have a notion of the values of the parameters (both in the case of ebb-tide
and in the case of of flood-tide), I examined some parts of the time series of
November 22, until November 28, where I determined the values of M and
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Ws. I found the values,

= 0.1 • KT4

= 0.1 HT4

- 0.3 ' 10 - 4

= 0.1-HT4

(5.40)

(5.41)

(5.42)

(5.43)

Notice that the values of ebb-tide are almost the same as the estimated
values we obtained until now.
Remark: We distinguish between the case of ebb-tide and that of fiood-
tide, because these situations are different. More about this is explained in
the next chapter.

5.4.3 Estimation of r c e and TC(J

Method

We use Eqns (5.20)-(5.23) in the case of erosion, i.e. when Tb(k) > rce,
and Eqns (5.25)-(5.28) in the case of sedimentation, i.e. when Tj,(fe) < TC[J,
for given rce and rCd. In the case of erosion we are going to estimate the
critical bed shear stress for erosion rce, and in the case of sedimentation we
shall estimate the critical bed shear stress for sedimentation TC$. We use
the extended Kalman filter to estimate the unknown parameters, with the
initial values,

M =

Ws =

Ser.(O) =

F =

R(k)

0.2 • 10"4 Kgm~2s~2

0.3 -KT 3 m s " 1

rce(0) _

" C(Q) '

h
' 2 . 5 ' 1 0 ^ 5 3 -10- 4

3 • 10-4 3.6 • 10"3

2.5 • 10-5 1.10--4 '
1 •10~4 4 • 10~4

2.5 • IQ"5

(5.44)

(5.45)

(5.46)

1 (5-47)

(5.48)

(5.49)
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Q(k) - (5.50)

where ree(0) and rcd(0) are initial guesses, and £7(0) is the measured cohesive
sediment concentration at time k = — 1.
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21.74S 23.tl7 2Ï.4B6 24.196 24,625 19.094

time time

Figure 5.2: Estimates of the critical bed shear stress for erosion TC& and the
critical bed shear stress for sedimentation Td, using the simplified model,
over a period of three days

Results

To obtain estimates of the unknown parameters rce and TC(I, we use the
Kalman filtering method as described in chapter 4, This method is used in
FORTRAN-program 'kftaul' (appendix C). We obtain the results shown in
figure 5,2, where we assumed

rce(0) - 0.14 Nni"2

TCd(0) = 0.08 Nm~2

Note: I still noticed horizontal Unes in the figure of the estimated cohesive
sediment concentration C^, because I did not change the initial rce and Tod.
So I had to adapt these initial values to improve the estimated concentration

ck.
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While proceeding the estimation, I noticed that the estimated concentra-
tion Ck was matching better with the real concentration C^. The finally
obtained estimates of the critical bed shear stresses for erosion and sedi-
mentation, rce and rC(j, are

fce = 0.061 Nm~2

fcd = 0.058 Nm~2

(5.51)
(5.52)

These values are lying closely together, because in the figure of the ob-
served cohesive sediment concentration, we notice no horizontal lines (com-
pare figure 2.2 in chapter 2). This means ^ = 0 oniy for short periods, i.e.
fcd < Tb < T"ce o n ly f°r short periods. Thus rcd *» Tce-

Kgn - 3
measured concentrations

computed concentrations

lï.SIS l 13.4M \ t\Ai2 L 2S.*3t \ 34.190 \ Ï4.'b59 I Z9.3Ï9
Z2.74B 39,217 2l-*Bt 24.191 24.ïïfl 25.094

•S time

Figure 5.3: The model compared with the observations over a period of three
days

= 0.2a0-4 Kgrri
= 0.3 • 10"3 «.«-i
= 0.061
= 0.058

-2s-2

ms
Nm~2

using M
Ws

Tce

5 4,4 Obtained model

We have obtained estimates of the four unknown parameters of model (3.10)-
(3.12). Substituting the values of these estimates in the model, we obtain
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flgure 5.3. These estimates are characteristic for the location where the mea-
surements were done and for the time of the year. So the model will give an
idea of the tidal effects on the cohesive sediment concentration, not consid-
ering the vertical diffusion in the water column, the longitudinal advection,
the differences between the ebb-stream and the flood-stream, and assuraing
that the parameters of the model, behave like constants.

Notice that the cohesive sediment concentrations obtained by the model
and the observed cohesive sediment concentrations are totally different,

To improve the model, I varied #fc, and I estimated the four unknown pa-
rameters in the sarae way as before. I also estimated M together with rce)

assuming Wa and TCCI to be constants. I examined the obtained figures, and
looked for any correlation between these two parameters. Since I did not
found anything particular in these estimations, I decided not to inchide these
estimation procedures into this report.

Since I am not at all satisfïed about the estimated values until now, I will
extend the model in another way as will be pointed out in the next chapter.

5.5 Conclusions

In this chapter, we applied the (extended) Kalman filter to estimate the
unknown parameters of the mathematical model describing the tidal effects
on the cohesive sediment concentration in the Western Scheldt. Four pa-
rameters of this model are unknown. To estimate these four parameters we
need four mathematical discrete systems, one for each of them. Using these
systems, we estimated the unknown erosion constant M and the unknown
settling velocjty WS) while not varying the critical bed shear stresses for
erosion and sedimentation, rce and Tcd- We obtained

M = 0.2 -KT* Kgm-2s~2

Ws = 0.3 -KT3 ms"1

After this we estimated the critical bed shear stress for erosion r^ and
the critical bed shear stress for sedimentation rc<i- We assume the exosion
constant M and the settling velocity Ws have values as obtained in the
previous estimations, We obtained

f^ = 0.061 Nm"2

fcd - 0.058 Nm"2
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Substituting these estimates in the model of the tidal efïects we obtain cohe-
sive sediment concentrations which do not agree with the observed cohesive
sediment concentrations. So we have to improve the model.

In the next chapter, we shall adapt the bed shear stress equation r^k),
and we will consider the difïerences between the ebb-stream and the flood-
stream, in order to obtain more reliable estimates.
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Chapter 6

Extension of the model

6.1 Introduction
In the previous chapter, we estimated the four unknown parameters of the
mathematical model, that describes the tidal effects on the cohesive sediment
concentration. When we simulate these estimated parameters in the model,
we obtained cohesive sediment concentrations, which did not agree with
the observed cohesive sediment concentrations. So we want to improve the
model in this chapter.

In the previous chapter we used a value for the bed shear stress Tb(k)f

determined by the horizontal velocity of the water near the bottom. We
computed TfcfA) at each time step k, and we considered no longitudinal
convection. In this chapter we are going to examine the bed shear stress
Tb(k) with a certain time delay, in order to include some kind of longitudinal
advection.

Because we will take the tide into consideration, we will distinguish be-
tween the ebb-stream (in seaward direction), and the flood-stream (in inland
direction).

Using the adapted bed shear stress signal u(k), and taking into account
the diffevences between the ebb-stream and the flood-stream, we shall es-
timate the four unknown parameters of the model. These estimates will
result in a better model for the cohesive sediment concentrations, but still
the concentrations obtained by the model, do not agree with the thé ob-
served concentrations.

Af ter all those estimations, we have an idea of the values of the parame-

35
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ters. Substituting these values into the model, we obtain cohesive sediment
concentrations calculated from the model, which are agree with the ob-
served cohesive sediment concentrations. Erom this we may conclude, that
the model is correct at that time,

Since the estimates obtained by the Kalman filter, do not satisfy us, and
we have found that the model is right, maybe sometrnng is wrong in the
way we adapt the Kalman filter. We will examine the noise statistics of the
used Kalman filtering method in the next chapters.

6.2 Adaptation of the bed shear stress expression

6.2.1 Behaviour of the bed shear stress r^

To examine the relation between. the obseived cohesive sediment concen-
tration Ck and the calculated bed shear stress i\{k) (by Eqn (3.16), we
compare the figures of both of them, in figure 6.1. We notice that most of
the peaks of the cohesive sediment concentration may be explained by the
peaks of the bed shear stress. When we look carefully, we notice a certain
time delay of the bed shear stress, in comparison with the observed cohesive
sediment concentration. So we extend the bed shear stress expression with
a time delay. Doing this, we assume that longitudinal advection takea place.1

In this section, we want to determine the time delay of the bed shear
stress Tb(k). First, we look at the simple constant time delay. After that,
we examine the more reliable variable time delay.

6.2.2 Static shift of the bed shear stress Tb(fc)

The observed cohesive sediment concentrations in a short time period from
November 22 until November 28 represent data over a short time period
around spring-tide. {The date of spring-tide and neap-tide of this period
are shown in table 6.1.) In this short time period there are hardly any
changes, so we may assume a constant time delay. This keeps the problem
simple, (Of course this simplification is not allowable when we look at Ionger
time periods; in that situation we have to determine a variable time delay,
as will be described in the next section.)

1The physical explanation of the time delay of the bed shear stress, ia that the sediment
has been eroded at another location and was brought into the water column at Bath by
the water movements.
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Kgm

I3 9ÏI f 24^90 I 24,«59 1
•6 24 156 Z4.625 210
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•J /4S ; i SU 23 686 !
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Figure 6.1: The measured cohesive sediment concentration C compared wüh
the bed shear stress TÏ, (by Eqn (3.16)) over a period ofthree days in Novem-
ber 1988 at Bath

I divided the two time series into small parts of for instance, a few days, or
a part of a day, and I compared the different series for these parts, I tried
to calculate the time delay of the bed shear stress series, with respect to the
time series of the cohesive sediment concentration. I found an average time
delay of

n(k) := rb(k - 15) (6.1)

So the bed shear stress at time step k, r6(fc), will be determined from the
bed shear stress of 15 time steps earlier, Tb(k - 15), This means a time
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delay of about 3 hours. So the cohesive sediment in the water column near
Bath, has been eroded about 3 hours before, upstream or downstream,

Since the velocity of the water is not a constant value, the time delay of
the bed shear stress is no constant time delay, For when the distance between
Bath and a certain sediment source remains the same and the velocity is
changing, fchen the time delay of the bed shear stress signal has to change
also. We will examine this in the next section.

Spring-tide and Neap-tide
Date

23/11/1988
01/12/1988
09/12/1988

Time
16:53
7:49
6:36

Decimal time nurnber
23.7035
31.3257
39.2750

Phase of the moon
full moon

last quarter
new moon

Table 6.1: Date and time of the spring-tide (i.e. full moon, or new moon)
and the neap-tide (i.e. first quarter or last quarter), occurred in November
and December 1988

6.2.3 Dynamic shift of the bed shear stress
In fact the time delay of the bed shear stress is no constant. The time delay
of the bed shear stress, with respect to the cohesive sediment concentration,
is not the same on each day. In a period around spring-tide, the differences
between the time shifts are not very big, but when we consider another
time period of a few days, we have to assume a time delay, depending on k.
Actually this time delay is not explicitly depending on fc, but on the velocity
Vfc, because the sediment is supplied from locations a certain distance l away.
So we have to know the velocity Vk, to determine the time delay on r^k).

Because the velocity may be distinguished in two directions, i.e. the
upstream and the downstream direction, we have to split up the cohesive
sediment concentration model into two cases: the case of ebb-tide and the
case of flood-tide. The direction of the velocity determines from what lo-
cation the sediment is transported to Bath. It appears that the distance
between Bath and the mud source upstream is longer than the distance be-
tween Bath and the mud source downstream (when examining the chart of
the situation around Bath). So we have to distinguish between the ebb-
stream and the flood-stream.

After examining the figures of the cohesive sediment concentration C
and the calculated bed shear stress Tfc, keeping in mind the whole situa-
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tion around Bath, (i.e. the locations of the sources, the locations of the
ebb-channels and the flood-channela, the direction of the flow during ebb-
tide, and the direction during flood-tide, etc.) I finally found the following
equations for rj,

nMt) = n(t - ^ ) (6.2)

njioodt) = n(t - ~) (6.3)

where Vt is the absolute value of the velocity, t is the time in seconds, and
0.13 resp. 0.03 is the time in decimal time numbers, so

0.13 = 0.13 x 24 x 3600 s = 11232 s f» 3hours

0.03 = 0.03 x 24 x 3600 s = 2592 s « 1 hour

In time steps2 k:

So the time delay of the bed shear stress is depending on the velocity, and
on the daily tide (i.e. ebb-tide or flood-tide),

6.3 Distinction between the ebb-stream and the
flood-stream

In the previous section we discussed the fact that we have to take into ac-
count a certain time delay on the calculated signal of the bed shear stress.
For this we need two different bed shear stress expressions, one for the sit-
uation of ebb-tide, and one for the situation of flood-tide. However, this is
not the only reason, why we want to split up the cohesive sediment concen-
tration model into two different models; one for the case of ebb-tide, and
one for the case of flood-tide.

Until now, we considered the simplified situation, assuming one bottom,
both for the ebb-stream and the flood-stream, but according to Manni [15]

5 One decimal time number is 0 OQ3380 time steps.
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we have to distinguish between ebb-charmels and flood-channels. Since the
transport of the (polluted) river sediment is using the ebb-channels, and the
transport of the (fresh) sediment from the sea is using the flood-channels,
So the amount of cohesive sediment at the bottom during ebb-tide is not the
aame as the amount of cohesive sediment at the bottom during flood-tide.
Sediment which has settled at the bottom during flood-tide, does not have
to come into the water column during ebb-tide. The reason why we split up
the cohesive sediment concentration model into a case of ebb-tide and a case
of flood-tide is the fact that we have to deal with two different situations,
with different streams and different channels,

After we split up the model we examined until now, into two different mod-
els, one for the case of ebb-tide, and one for the case of flood-tide, we have
to estimate eight unknown parameters instead of four. We assurne all pa-
rameters to be constants, but the parameters of the case of ebb-tide will in
general be different from the parameters in the case of flood-tide. We shail
estimate the eight parameters:

Mebb and Mfiood

Ws>ebb and Wsjiood

Tce,ebb a n d Toe, f lood

Tcd,ebb

To estimate the eight parameters, we need the knowledge of the water depth
Hk at time step k. For instance, suppose we want to estimate the erosion
constant M and the settling velocity Ws, not varying the critical bed shear
stresses for erosion and sedimentation, rce and rcd- We measure the water
level Hk at a time step k. When Hk > 17.4 m. (i.e. the mean water depth
at Bath during November, December 1988), we are going to estimate the
erosion constant M and the settling velocity Ws at flood-tide. (We estimate
in the same way as in chapter 5.) When Hk < 17.4 m. we are going to
estimate M and Ws at ebb-tide, i.e. M(ebb) and Ws(ebb).
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6.4 Estimation using the extended model

6,4.1 Estimation of M and Ws in the cases of ebb and nood

Method

Because we exarnine the period of November 22 until November 28, 1988,
whieh is around spring-tide, we will use Eqn (6.1) to determine the time
delay of it,k,

rb(k) := rb(k - 15)

The estimations are carried out in the same way as in chapter 5, using the
same models, except for the time delay on the bed shear stress
We assume

Tce,ebb = 0.08 and Tceji00(i = 0.18

Tcd,ebb = 0.06 and T c t i j ;o o d = 0-08

i.O • 10~4 0nn\ [5.0-10
= Q{k)f = \ Q

= R(k)f = 5.0 • 10"4

with initial values

Mebb(0) = 2.0 • 10~3 and Af/iood(0) = 1.0 • 10~3

Ws,ebb(0) = 3.0 -10~5 and Wajtood(0) = 3.2 • 10~5

Results

To obtain estimates for the erosion constant M and the settling velocity Ws,
both in the cases of ebb-tide and flood-tide, we use the FORTRAN program
'kfhmw'. We obtain the estimates as shown in figure 6.2 and conclude

Mebb =2.0-10~3 and Mfiood =1.0 -KT 3 (6.6)

= 3.0 • 10iB and Wsjïood = 3.5 • 10~5 (6.7)

Notice that indeed the estimated values for both the erosion constant M
and the settling velocity Ws are different in the different cases of ebb-tide
and flood-tide.
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Figure 6,2: Estimates of the erosion constant M and the settling velocity
Ws, in the cases of ehh-tide and fiood-tide, using the extended model, over a
period of six days
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Figure 6.3: Estimates of the critical bed shear stress for erosion rce and the
critical bed shear stress for sedimentation Tcdi in ihe cases of ebb-tide and
fiood-tide, using the extended model, over a period of six days



I
I
I
I
I
I
I
I
1
1
I
I
I
I
I
I
I
I
I
I
I

CHAPTER6. EXTENSION OF THE MODEL 43

6.4.2 Estimation of rCe and rcd in the cases of ebb and nood

Method

We will use again the constant time delay of the bed shear stress TJ,(&), i.e.
Eqn (6.1). Assume

Mebb = 2 .0-KT 3 and Mfiood = 1 . 0 - K T 3

Ws,ebb = 3.0 • 1(T5 and Wsjiood = 3.5 • 10~5

R(k)e = R(k)f = 5.0 • 10~4

with initial values

rce,Ê(0) = 0.08 and rceJ(0) = 0.18
Tedie(0) = 0.06 and rcdJ(0) = 0.08

where M and Ws for the cases of ebb and flood are as found in the previous
section.

Results

To obtain estimates of the critical bed shear stress for erosion Tce and the
critical bed shear stress for sedimentation rcdi both in the cases of ebb-
tide and flood-tide, we use the FORTRAN program 'kfhtt'. We obtain the
estimates as shown in flgure 6.3 and conclude

W f c = 0.08 and f m J i o o d = 0.17 (6.8)

Tcd,ebb = 0-06 and fdjiood ~ 0.08 (6.9)

Notice that the figure of rce shows a typical oscillation. The oscillation lasts
about four and a half hours. It is repeated about every twelve hours. That
is exactly the time of one period of ebb-tide and flood-tide. Comparing this
figure with the tidal data, we may notice that the oscillation takes place
during ebb-tide. It starts a little before the LW-turn.

Purther we notice that the estimated values for the critical be shear
stresses of erosion and sedimentation, fce and fC(f, are indeed depending on
the daily tide. We also notice that Tce.,ebb <&• Tcejiood- we may explain this
by the facfc that there are big mud sources upstreana from Bath, while in the
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downstream direction, the mud sources are much less.

Remark: We obtain

MM > MIM 1 ^ 8E 8B
rce,ebb < Tcejtood J dt dt

ws,ebb < waJlood | ^ dd < ad

by using Eqns (3.3) and (3.5) of chapter 3:

= M ( 1), T(, > rce
Ui Tce

dd _ __ n_ <T

dt rcd ~

Knowing that (Eqn (3.2)),

~dt ~ ~E ~ Ht~~di

we have

f (*,) > f (flod)
This corresponds with figure 2.2 in chapter 2, where we found that the cohe-
sive sediment concentration during ebb-tide is higher than the concentration
during flood-tide.

6.4.3 Obtained model

We substituted the estimated parameters into the extended model. In fig-
ure 6,4 we compare the cohesive sediment concentrations obtained by the
model, with the observed cohesive sediment concentrations. Notice that the
calculated concentrations are too high, in comparison with the observed co-
hesive sediment concentrations. This result does not satisfy us; something
is wrong. Maybe, we made the wrong assumptions, or the model is not right
at all, or the Kalman filtering method we used is not working well,

The Kalman filtering raethod will be adapted in the next chapters. But
first, we shall check the model we used.
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Kg m computed concentrations

C

Kgm -3

computed concentrations

measured concentrations

time
22 «1 IJ 64 JÏ64 U.MI XL1 B.T3 SJ.7J 117* 32.71 J i j

time

Figure 6.4: The model compared with the observations using the extended
model, over a period of six days'

A. for November 22 untü November 29, 1988 at Bath,
B. for November 22, 1988 at Bath (an enlarged part of A)

where

Mebb = 2.0 • 10~3 and M}iood = 1.0 • 10 ' 3

Ws,ebb = 3.0 • KT 5 and WsJlood = 3.5 • 1(T5

Tce.ebb = 0.08 and TceJlood = 0.17

= 0-06 and fcd,flood — 0-08

In order to check the model, let us substitute some arbitrary values for the
unknown parameters into the model:

' CÉ. f lood

Tcd,ebb

TcdMaod

= 0.14 ;
= 0.20 ;
= 0.06 ;
= 0.08 ;

Mebb

Mflood
Ws bb

KM

= 0.5 • 10"4

= 1.0 • 10-4

= 1.0 • 10"2

- 1.0 • 10" 2

Substituting these values for the eight unknown parameters, we find an
almost perfect concentration figure. We use the MATLAB-prograiuS 'rgeg'
and 'model' (see appendix C). The concentrations obtained by the model are



I
I
I
I
I
I
I
I
I
I
I
I
I
I
1
I
I
I
I
I
I

CHAPTER 6. EXTENSION OF THE MODEL 46

compared with the observed cohesive sediment concentrations in figure 6.5.
Kgm~3

0.45

C

computed concentrations
measured concentrations

36 38 40 42

Figure 6.5: The model compared with the observations, using arbitrary values
for the eight unknoum parameters, over a period of eighteen days

where 22
29
30
31
32

means
means
means
means
means

November
November
November
December
December

22,
29,
30,

1,
2,

1988
1988
1988
1988
1988

and so on,

Figure 6.5 looks perfect. The model has about the same peaks as the real
figure, only the peaks have to be a little smaller and have to shift a little.
Notice, we are looking at a time period of eighteen days, i.e. from November
22 until December 10, 1988, so we are looking at a time period inchiding a
spring-tide/neap-tide period, according to table 6.1. In this kind of period,
the total cohesive sediment concentration is rluctuating in time. From the
figure we note that the model is following the real flgure in its fluctuations,
From this we may conclude that our simplified model, is not that bad at
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all. But, we have to keep in mind, that the estimated values we used in this
figure, are not estimated at all, but chosen in an arbitrary way. So the used
values of the parameters are not tuned to each other.

We have to try to improve our filtering procedures, to obtain more reli-
able results. What we may learn from this figure, is that maybe our estima-
tion procedure is not correct. In the next chapters, we are going to examine
the noise statistics of the used extended Kalman filter.

6.5 Conclusions

In this chapter we examined the behaviour of the bed shear stress 13,(fc). We
considered two kinds of time shifts; a static time shift and a dynamic time
shift. We found the following time shifts,

Static time shift:

n(k) := n{k - 15)

Dynamic time shift:

1 0-13,

Ï"5ÖÖÖ838Ó1Ï
1 0.03

The averaged time delay of the bed shear stress Tj,(fc) is about 3 hours. This
is acceptabie, considering the average velocity of the water, and the distance
between Bath and the mud sources.

We decided to distinguish between the ebb-stream and the fiood-stream,
because these are total different situations. So we split up our model into
two parts: one part for the case of erosion, and one part for the case of
sedimentation. Now we have eight unknown parameters, instead of four, i.e.
two different values for each of them.

We split the model and used the bed shear stress Tj,{fc) with a static time
shift, we estimated the eight unknown parameters. We obtained

Mebb = 2 . 0 - K T 3 and Mflood = 1 . 0 - K T 3

WStebb = 3.0 • 10-5 and Wsjiood = 3.5 • 10~5

Tce,e66 = 0.08 and fcej;ood =0.17

fcd,ebb = 0.06 and r^fiood = 0.08
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Indeed, the values are different in the different cases of ebb and nood. At
flrst sight the estimated values look right, but when we examined the cohe-
sive sediment concentrations obtained by the model, we noticed that these
concentrations were too high.

Because we had a notion of the values of the eight unknown parameters,
we substituted some arbitrary values into the model, and compared these
cohesive sediment concentrations with the observed cohesive sediment con-
centrations. These two figures had the same structure. We found the same
peaks, just a little shifted in time, and some of the peaks were a little to
high, but the shape of the peaks looked the same. This is a result of great
value. Since the model looks right using some arbitrary values, we know
that the model is not wrong at all. So the wrong estimates may be caused
by the way we applied the Kalman filtering method. In the next chapters,
we shall examine the Kalman filtering method.

For a well operating extended Kalman filter, i.e. an extended Kalman
filter which generates reliable estimates, it is necessary to have an accurate
knowledge of the noise statistics (Mous, 1994). Until this far, we made an
assumption about these values, but in the next chapter, we are going to
examine a way to identify these noise statistics.

Re mark: The working of the extended Kalman filtering method in this
problem could also be examined by testing the used Kalman filter with sim-
ulated observations. With this test we could determine whether or not the
Kalman filter was working well. (This test would be better than the test we
used, by examining the model with some arbitrary chosen values.) The test
with the simulated observations is desirable, because the theory about the
extended Kalman filter is not sufficient to predict a reliable working of the
extended Kalman filter.
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Chapter 7

Identification of the noise
statistics

7.1 Introduction

In the previous chapters we determined the unknown parameters of a model
describing the tidal effects on the cohesive sediment concentration in the
Western Scheldt. For the estimation we used the (extended) Kalman fil-
tering method. Because we are not satisfied about the obtained values by
these estimations, we are going to examine the Kalman filtering method in
this chapter. We will concentrate on the noise statistics, especially on the
covariance matrix of the system noise.

We explain why the system noise may be important for the estimation
of the unknown parameters and we give two methods to identify this sys-
tem noise covariance matrix. The first method is the Maximum Likelihood
method, the second is a method suggested by Mehra in 1970. After the
explanation of these two methods, we will show how we may apply the iden-
tification of the system noise covariance matrix Q to our estimation problem.

In the next chapter we will identify Q, Using the identified Q we will
obtain new estimates for the unknown parameters.

7.2 The system noise covariance matrix Q

We know that when (A ~ PQ3) stabilizable and (C ~ A) detectable, then
Pk converges to a limiting value P as k —> oo, independent of P(0). This
is applicable to our problem, because (Ak ~ FQ*) is controllable for all fc,

49
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and (C ~ Ak) is observable for all k. The limiting value P is independent
of the initial value P(0), but it is influenced by the system noise covariance
matrix Q as may be understood from the Kalman filter equations,

bRik + l)]-1

When Q is not correct, it may cause an error in the limiting value P of Pk.
This will cause an error in the estimated value of the state Xk.

We need a reliable approximation of the system noise covariance matrix
Q, to obtain useful estimates. We shall identify it from the data in the next
chapter, using both the method of Maximum Likelihood and the method
suggested by Mehra. These methods will be described in the next sections.

7.3 Two methods to identify Q

7.3.1 Maximum Likelihood method

Let us denote the unknown parameter vector by 9 (in this case 6 = Q). Con-
sider the following linear time invariant discrete-time stochastic dynamical
system:

Xk+1 = AXk + Bu(k) + FWk (7.1)

yfc = CXk + Vk , k > 0 (7.2)

where the state Xk is an n-dimensional vector, the system disturbance Wk is
an r-dimensional vector, the observation Yk is an m-dimensional vector, Vk

is the measurement disturbance, and {«(&)} is a known p-dimensional vector
input sequence. {Wk} and {V^} are independent sequences of independent,
zero mean Gaussian random vectors with covariances Q and R, respectively.
Suppose that the matrices A, 5 , F, C, Q and R are only partially known
and 0 is the vector of unknown parameters in those matrices. We assume
that 6 belongs to a compact (closed and bounded) parameter space Ö C Rd.
The parameter estimation problem is then, to find an estimate of 9, based
on the observations YQ = yo, • •• , Yjy = J/JV, for some fixed N. We denote such
an estimate by &N(VO, '''
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•

Let us introducé

Zk+l(0) = Yk+l - CBu(k) - CAXk(8) (7.3)

Using the Kalman filter equations it is easily to see that Xk is a function of
Yk and u(fc - 1) and we may write

Yk+l = g{kt Yfclu{fc);0) + Zfc+1(0) (7.4)

• where Y& denotes the vector (YJ[,Y^ii,'' ')T an<^ u (^) denotes the vector
(u(k)T, u(k — l)T, • • -)T and the innovation process Z^ is white noise.

• The likelihood function of our problem is obtained by calculating the proba-
bility density function of YQ, • • •, Y^. Using Bayes' rule we can always write

N

= ƒ yo(vo) I I /ntYfc_„u(*-i),ö(y* I »*-i) (7'5)I
I where fY .y u(/c-i) ö&k i Vfc-i) ' s t ^ e conditional probability density of Yj.

given Yfc_i, u(/c — 1) and 8. Using Eqn (7.4), we may relate the conditional
_ probability density of Y^ to that of Z^ as follows

P Prom Eqn (7.4), the Jacobian | det [ |^1 |= 1, and 2^(0) is a realization of

Zk(6) given by

I zk(8>) = y k ~ g(k~ l , y f c _ l } u ( A - 1);Ö) (7.7)

I
R:om results in Kalman filtering, we know that Zk(8), for true parameter 0,
is Gaussian white noise with zero mean and covariance

H{k\0) = C(AP(k - 1;0)AT + FQFT)CT + R (7.8)

| Therefore,

I
I
I
I
I
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k=\

The likelihood function is obtained from Eqn (7.9) by substituting YJV in
place of the actual observation y^. The likelihood function for our problem
is then

exP ~ö Z , Zk(e )tt{k\6) Zk{Q)} (7-10)

where

Zk{B) = Yk

= Yfe - C ^ - i - CBu(k~l) (7.H)

A maximum likelihood estiraator of 0, denoted &N, is that value of 0 for
which L(Y#;0) is a maximum; equivalently, the value of 0 for which

L = £ [io5(dei[7 (̂A;; 0)])] + - j ] (z^(e)W()fc; ö ) " 1 ^ ^ ) ) (7.12)

has a minimum.
We will use this L(Y^,6) in the estimation described in the next section.
The Maximum Likelihood method may also be used for the estimation of
other unknown parameters of an arbitrary model.
Remark: We use here the Kalman filtering method for the estimation of
the unknown parameters of the cohesive sediment concentration model, in-
stead of the Maximum Likelihood method, because the Kalman filtering
method is recursive, and the Maximum Likelihood method is not. Since we
have a lot of observations, (i.e, in about 20 days, we have more than 2000
observations), we prefer the recursive method,

First we examine the other identification method, the method suggested
by Mehra (1970).
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7.3.2 Method of Mehra

Consider a multivariable linear discrete system

Xk+l = AXk + FWk (7.13)

Yk = CXk + Vk (7.14)

with Xk an n x 1 state vector, A an n x n non singular transition matrix, F
a j i n x g constant input matrix, Vfc an r x 1 measurement vector and 0 an
r x n constant output matrix. The sequences Wk (q x 1) and Vk (r x 1) are
uncorrelated Gaussian white noise sequences with means and covariances

E\Wk)

E[Vk\

E[WkVf]

= 0;

- 0;

= o,

E[WkWj] = QSy
E[VkV?) = iïfy

for alH, j .

(7.15)

(7.16)

(7.17)

where ójj denotes the Kronecker delta function.
Q is a bounded positive dennite matrix (Q > 0) and the initial state Xo is
normally distributed with zero mean and covariance Po.
It is assumed that the system is time invariant, completely controllable and
observable. Both the system and the filter (optimal or suboptimal) are as-
sumed to have reached steady-state conditions.

Let QQ represent the initial estimate of Q (QQ > 0), KQ the initial esti-
mate of the steady state Kalman filter gain (n x r matrix).

Ko - P0C
T(CP0C

T + Ih)~l (7.18)

p0 = A[P0 - PQCT{CP0C
T + R0)-

1CP0)A
T

+ FQ0F
T (7.19)

Po may be recognized as the steady-state solution to the covariance equations
of the Kalman filtering method.
The filtering equations are

- AXk (7.20)

Xk - Xk^ + K0(Yk - CX^) (7.21)

where Xk+i\k 1S ^he esiimate of Xk+x based on all measureraents up to k,
i.e. YOi---,Yk.
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In an optimal Kalman filter (i.e. when QQ — Q), we have Po the covariance
of the error in estimating the state. But in a sub optimal case, the covariance
of the error (P) is given by the following equation (Mehra, 1970):

P = Q[P - KQCP - PCTK$ + K0(CPCT

T (7.22)

where P —
Rewriting Eqn (7.22)

P = A(I - KQC)P{I - KQC)TAT

+ PQFT (7.23)

We need the true value of Q. This value is unknown. To obtain an estimate
of Q, we have to check whether the Kalman filter constructed using an ini-
tial estimate of Q is close to optimal or not (hypothesis testing). In case
it is suboptimal, we obtain a new estimate of Q using the autocorrelation
function of the innovation process.

To check whether the Kalman filter is doing well we use

Statement 1 For an optimal filter, the sequence Zk = iXk ~ CXk\k~i),
known as the innovation sequence, is a Gaussian white noise sequence.

proof:
See Mehra, 1970 [16].

To test the optimality of the Kalman filter, we need the following state-
ment

Statement 2 Let K denote the steady-state filter gain. Under steady state,
the innovation sequence Zk is a stationary Gaussian sequence:

proof:
Mehra [16].

Necessary and sufficient condition for the optimality of a Kalman filter is
that the innovation sequence Zk is white.
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A simple test for the whiteness of the innovation sequence is based on the
autocorrelation functions. Define

:] (7-24)

Then

n = CPCT + R ,i = 0 (7.25)

I
I
I
I
I
I
I P IJlMIBIIliUlti

r^i^rf (7.27)

I
• Ti = TT > &k%k i \(.Ao)

• where N is the number of sample points.

I
Estimates of the normalized autocorrelation coefncients pi are obtained by

dividing the elements of f* by the appropriate elements of ?Q, e.g.,

- C[A(I - KC^AlPC1 - Kr0] , t > 0 (7.26)

Rirthermore

We obtain an estimate of r*, denoted as fi, by using the ergodic property of
a stationary random sequence

(N**Ntt)a

Using Kendall and Stuart (1976, [9]) and writing pi =

f
I

For the white noise case Ti = 0 for alli ^ 0 (Mehra [16])

f 3
(7.31)

and coti(fi,fj) = 0 )*5^j

= ^ o + ^ o ,* = J = 0 (7.32)
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w.l.o.g. ï"o = To = 1 and it is easy to see that

Ep% = pi — O(—)~0 in white noise case (7.33)

var pi - jj + O{jp) (7.34)

pi is asymptotically normal

var pi

) (7.35)

Therefore the 95 percent confidence limits for pui > 0 are ±1.96/Af» (for
large N).

Test
Look at a set of values for pi,i > 0 and check the number of times they lie
outside the band (dbl.96/JVa). If this number is less than 5 percent of the
total, the sequence Z& is white.

Estirnation of Q
If the test just described reveals that the filter is suboptimal, the next step
will be to obtain a better estimate of Q, This may be done by using Cjj,
defined earlier. We will show it for the situation n = 1. For the general case
(n 7̂  1) see Mehra [16].
We need1 (Anderson and Moore, 1979)

Definition 1 Let f be an n x n matrix. lts Pseudo-inverse $ * is uniquely
defined by the following equations:

Observe that $*$ is the identity on

Where iï[$], the range space of $ is the set of all vectors $x, where x ranges
over the set of all n-vectors, lts dimension is equal to the rank of $.

lrrhere are actually a number of different pseudo-inverses. Here we describe the Moore-
Penrose pseudo-inverse
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A/73?], the null space of $, is the set of vectors y for which <&y = 0.

First we want to obtain an estimate of PCT, We use Eqn (7.26)

ri = CAPCT - CAKTQ (7.36)

Denoting by PCT the estimate of PCT we may write

PCT = Kf0 + §#h (7.37)

where <&# is the pseudo-inverse of matrix # which is defined as

$ = CA (7.38)

To obtain an estimate of Q, we use Eqn (7.23).
write

P = APAT + U + FQFT (7.39)

where 0 = A(-KQCP - PCTK% + K0C0K^)AT (7,40)

Premultiplying both sides of Eqn (7.39) by C and post multiplying by
(A~k)TCT, and substituting the estimated values, we obtain

CFQF{A-1fCT = CP{A-1)TCT - CAPCT ~ Cn{A~l)CT (7.41)

where
fl = A[K0CP - PÖTK$ + KQr0Kg]AT (7.42)

To apply the method of Mehra, we divide the observations in, for instance,
5 iteration steps i (batches) of N points. Of every batch we determine the
estimate of Q in the following way

Qi+x\i - Qi) (7.43)

where

Qi : the estimate of Q after i batches
Qi+i\i '• *he estimate of Q based on the (i + l)th batch
Qi+i : the estimate of Q after (i + 1) batches

After each iteration step we verify if the calculated mean square error tr(Pc)
(where Pc is calculated from the variance equation, using Q) does not differ
much from the estimate of the actual mean square error

1 N



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

CHAPTER 7. IDENTIFICATION OF THE NOISE STATISTICS 58

7.4 Application of the noise identification

We want to estimate the eight unknown parameters of the mathematical
model, describing the tidal effects on the cohesive sediment concentration
in the Western Scheldt. We use the (extended) Kalman filtering method.
Because we know nothing about the system noise covariance matrix, we are
going to identify this matrix, for all eight different models, one for each
unknown parameter. We assume

(0
0 Q22(i)

i = 1 • • • 8 (7.44)

where Qn(i) and Q^i) a r e n°t depending on time k.
We shall use the Maximum Likelihood method to obtain rough estimates

of Qn(i) and Qm(i), i = 1 • • • 8. These rough estimates will be used as
initial values to estimate Qu(i)t % = 1 • • -8 by the method of Mehra, and
Q22OO) i = 1 " • 8 by the Maximum Likelihood method.

Using the obtained system noise covariance matrices Qi, we are going
to estimate the eight unknown parameters 6$ with the (extended) Kalman
filter in the next chapter.

7.5 Conclusions

In the previous chapters, we estimated the unknown parameters of the math-
ematical model, which describes the tidal influences on the cohesive sediment
transport in the Western Scheldt. We used the extended Kalman filtering
method. Since the obtained estimates are not reliable, we decided to exam-
ine the Kalman filtering method we used, especially the noise statistics of
this method.

In this chapter we examined two methods to identify the system noise
covariance matrix Q. The first method is the Maximum Likelihood method,
the second method, we examined, is a method suggested by Mehra in 1970.
Both methods may be applied to our problem, provided that we make some
assumptions.

The Maximum Likelihood method determines a likelihood function £(Yjy; Ö),
for the unknown parameter 6 and observations Vo, Yï, • • • YN- With this like-
lihood function it is possible to determine the maximum likelihood estimator



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

CHAPTER 7. IDENTIFICATION OF THE NOISE STATISTICS 59

of &, denoted by 0^. This is the vaJue of 9 for which L(YN; 9) has a maxi-
mum.

The method of Mehra checks whether the Kalman filter constructed us-
ing an initial estimate of the system noise covariance matrix Q is close to
optimal or not. If it is suboptimal the method obtains a new estimate of Q
using the autocorrelation function of the innovation process.

We will use both methods in the next chapter to identify the eight un-
known system noise covariance matrices Qj, i = 1 • • • 8. Each Qi belongs
to a system which determines the estimate of an unknown parameter of the
cohesive sediment concentration model. We will assume

1 = 1.--8

where Qu(i) and Q22(i) are not depending on time k, to keep the problem
simple. We will use the method of Mehra to estimate Qn(i), i = 1 • • • 8,
and the Maximum Likelihood method to estimate <322(t)> i — 1 • • • 8,
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8.1 Introduction

We have obtained estimates for the eight unknown parameters of the co-
hesive sediment concentration model. Since we are not satisfied about the
estimated values, we decided to examine the Kalman filtering method, we
used for the estimation. We examined the system noise covariance matrix
Q in the previous chapter. We gave two methods to identify this matrix;
the Maximum Likelihood method and a method suggested by Mehra. In
this section we will use both methods to identify the system noise covari-
ance matrix Q(i), i = 1 • • • 8. Knowing these covariance matrices Q(i)t we
estimate the unknown parameters Öj, i = 1 • • • 8, again.

We start to identify the process noise covariance matrices Q needed for
the estimation of the erosion constant M and the settling velocity Wa, in
the cases of ebb and nood. Using these system noise covariance matrices
we obtain estimates for M and Wa> using the (extended) Kalman filtering
method. After this we identify the system noise covariance matrices Q
needed for the estimation of the critical bed shear stresses for erosion and
sedimentation, rce and rC(j, in the cases of ebb and nood. We obtain estimates
for Tce and rc^ using the extended Kalman filter with the identified Q.
Finally, we will substitute the obtained estimates in the cohesive sediment
concentration model and compare the computed concentrations with the
observed concentrations.

60
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8.2 Identification of the system noise covariance
matrix Q

We will first identify the system noise covariance matrices Q(i), i = 1 • • 4,
i,e. the Q-matrices needed for the estimation of the erosion constants Mebb
and Mf lood, and for the settling velocities Ws,e&& and W3ji00(i. We first
obtain rough estimations of Q(i), using the Maximum Likelihood method.
Using these rough estimates as initial values, we will identify Qu(i) with
the method of Mehra, and Q22(0 with the Maximum Likelihood method, in
later sections.

We use as initial error covariance matrix P(0)

i>o|-i = -P(O) =
R 0

(8.1)

where

P0|_i =

= E(XQ - x(Q))(XQ - x(0))

E(CQ - C(0))(O> - C(0)) E(CQ - C(0))(eQ - ê(Q))
E(6Q - Ö(0))(C0 - C(0)) E(B0 ~ Ö(O))(ÖO - 0(0))

Thus we assume
E(C0 - C(0))(Co - C(0)) = R (8.2)

since we have Y\. = Ck- Furthermore

B(C0 - C(O)K0o ~ 8(0))

= E(90 - ë(0))(C0 - C(0))

= 0 (8.3)

because we assume the initial values of C and 9 are independent. Finally

E(60 - Ö(O))(0O - ö(0)) = 1.0 (8.4)

Where this large variance stands for the initial uncertainty in the parame-
ter 6 (Mous, 1994).
But, of course, as already mentioned in section 7.2, this error covariance
matrix P(0) does not need to be very important, because, when (A ~ FQï)



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

CHAPTER8. PARAMETER AND SYSTEM NOISE 62

stabilizable and (C ~ A) detectable, then P(k) converges to a limiting
value P as k —* oo, independent of P(0). This is applicable to our problem,
because (A ~ FQ5) is controllable, and (C ~ A) is observable. So the esti-
mates are independent on P(0). But since the model we used is a simplifled
model, and we make a lot of assumptions, we decide to choose the initial
error covariance matrix P(Q) in a way in which it will give no troubles.

Rough estimation of Q

Method
We assume

where i =

the

1 ••

shape

4, i.e.

ofQ

Q(i)

one Qi

- [
for

Qn{i) 0
0 Q22W _

every unknown 3arameter: M

(8.5)

etói Mf lood,

W3,ebb, Wa>fiood-

We start identifying Qn, using the Maximum Likelihood method. We use
the MATLAB-programs 'rill' and 'qul l ' (appendix C). We use the (initial)
values

Metó(0) = 5

WStebb{0) = 1

Tce,ebb

Tcd,ebb '•

•10~5

• io-2

= 0.14

= 0.06

Fk

R(k)

Q22W

; Mflood(o) = 1 • 10 - 4

; waiflood(p) = 1 • ïc r 2

; fcejiood = 0.20

; Tcdjiaod = 0.08

= h
= 0.7-10~7

= Ï - IO" 5 i = 1,2,..,4

(8.6)

(8.7)

(8.8)

(8.9)

(8.10)

(8.11)

(8.12)

After this we identify Q22, using the Maximum Likelihood method, where
we assume Qu(i) as obtained in the prevtous identification. We use the
MATLAB-programs 'ri22' and 'qu22'.
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Results
We obtain

Qii) =

Q(3) =

1.0 • i c r 3

o
0

1.0 • HT 7

1.0 -UT 4 0
0 1.0 • -10-7

1.0 • 1 0 ~ 3 O

0 1.0 • 10- 5

1.0 -10- 5 O
O 1,0-10"12

(8.13)

(8.14)

(8.15)

(8.16)

Remark: Since the likelihood function has a maximum value, we know
that the Kalman filter estimations are indeed influenced by the process noise
covariance matrix Q.

Estimation of Qn

Method
We use the method of Mehra to estimate Qn(i), i = 1 • -4. This method
uses a linear system

k+1 = AXk + Gu(k) + FWk

Yk = CXk + Vk

(8.17)
(8.18)

To estimate the unknown erosion constants Mebb and Mfloodt we have used
Eqn (5.8) in chapter 5. Rewriting this equation we obtain

n(k)>rce

This may be written as the system

+ +
Yk = Ck + Vk

for a certain M. So we assume in Eqns (8.17)-(8,18)

aM

(8.19)

(8.20)

(8.21)

_
Hk \ Tc _
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A = 1

G = 1

F = 1

C = 1

Remark ; Notice that we use the method of Mehra only to determine Qn,
and not to determine Q22, since this method uses linear systems!

To estimate the unknown settling velocities Waieb& and Wsji0O(i, we have
used Eqn (5.12) in chapter 5. Rewriting this equation we obtain

rcd (8.22)

This may be written as the system

Yk = Ck + Vk (8,24)

for a certain Ws. So we assume in Eqns (8.17)-(8.18)

1 N

fc=i " r c 'ca

F = 1

C = 1

G = 0

To obtain estimates of Qn(i) , i = 1 • '4, using the method of Mehra
and Eqns (8.20)-(8.21) and (8.23)-(8.24), we need values for the unknown
parameters Mebty> Mfiood, Ws,ehb and Wsjiood. We determine these values by
using the (extended) Kalman filter and Eqns (8.13)-(8.16). We assume the
initial values of Eqns (8.6)-(8.11). Using the MATLAB programs Vkalf',
'kalfil1 and 'kfmean' we obtain

Mebb = 5,6 • 1CT5 and M}iood = 2.3 • 10~5 (8.25)

= 1.4-KT3 and Wsjiood = 9.5 • 1<T4 (8.26)

We use these values for the erosion constant M and the settling velocity Ws

to determine Qn(i), i = 1 • • 4 with the method of Mehra. Purther, we use



I
I
I
I
I
I
I
I
I
I
1
I
I
I
I
I
I
I
I
I
I

CHAPTER8, PARAMETER AND SYSTEM NOISE 65

the MATLAB-programs 'rmehl1 and 'mehra3' (appendix C). We start with
initial values of Qut, i = 1 • -4, according to Eqns (8.13)-(8.16):

Qii(i) =

Qn(2) =
0n(3) -
Qu(4) =

we use Eqns (8.8)-(8.9)

1.0-

1.0-

1.0-

1.0-

10

10"4

10"3

10"B

Qn

Qn

Qn
Qn

(1)
(2)

(3)

(4)

= 6

= 8

= 1
-j

.8-

.2-

.0-

.7-

10"4

10"5

10"3

10"5

For rce and

We obtain table 8,1, which is shown at the end of this chapter. We take that
value for Qn(i) where the percentage of points lying outside the 95 percent
confidence limits is less than 5 percent. Purther, from these values Qn{i),
we take the value with the maximum likelihood, i.e. maximum L(YN;Q).

We obtain

(8.27)

(8.28)

(8.29)

(8.30)

The estimates obtained by this iteration are shown in figure 8.1.

Now we have obtained estimates for Qn(i), i — 1 • • • 4, we shall identify
Q22(i), i = 1 • • • 4 in the next section. For this we will use the Maximum
Likelihood method. Since the system is not linear, we may not use the
method of Mehra.

Estimation of Q22

Method
We want to obtain better estimates for Q22{i), i = 1 • • 4 by the Maximum
Likelihood method. We use the (initial) values of Eqns (8.6)-(8.11):

Mebb(0) = 5 • ÏÓ- 5 ; Mflood(fi) = l - 1 0 - 4

Ws,e66(0) - 1 • IQ"2 ; WsJlood(Q) = 1 • ÏO"2
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Tcetebb

Tcd,ebb

= 0.14
= 0.06

Fk

R(k)

i f

; i

= h
= 0.7-

'cejlood

cd, flood

ÏO"7

= 0.20
= 0.08

For Qn(i), ?; = 1 • • 4 we use Eqns (8.27)-(8.30):

Qn(l) = 6.8'10-4

Qu(2) = 8.2.10-5

QU(3) - 1.0-10-3

g u (4) = 1.7-KT6

We assume Q22 c 8 , 6 = [1.0 • 10"9, 1.0], and we find the approximation

= 1.0 •10~9

Q22(2) = 1.0- 10~9

g22(3) = 3.0.10~5

g22(4) = 1.0-10"9

Now, we obtained for the system noise covariance matrices Q ( Ï ) , * =
1 • • 4 (needed for the estimation of the erosion constant M and the settling
velocity W3, both in the cases of ebb and flood),

6.8 • 10~4

0
o

1.0-10-9

8.2 • 10~5 0
O

1.0 • 1O~3

0

1.0 • 10"9

0
3.0.10.-5

1.7 • 10" 5 0
0 1.0 • KT9

(8.31)

(8.32)

(8.33)

(8.34)
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•• IQ1

T5

T

63

6

; \

i

/
/

= 2

«

M

3

U

3

I J

.10'

i = 4 /

Figure 8.1: Results of the identification of Qu(i) by the method of Mehra,
for i = 1 • • 4

w /or i/ie estimation of Mebb) Mfioad, WStebb, and Wajiood. Each
batch consists of 430 points (except batch number 5; this one consists of
4S7 points).

Now we have identified the system noise covariance matrices Q, we are
able to determine M and Ws using the (extended) Kalman filter, for the
cases of ebb-tide and flood-tide. To estimate the critical values for the bed
shear stresses for erosion and for sedimentation, rce and TC(J, we need an
identification of Q(i) , i — 5 • • 8, This identification is carried out in the
same way as the identification of Q(t), for i = 1 • -4. It is worked out in
appendix A.
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8.3 Estimation of the unknown parameters using
identified Q

8.3.1 Estimation of M and Ws, using identified Q

Method

To estimate the unknown erosion constants Mey, and Mfio0li and the un-
known settling velocities Ws,ebb and Wsjiood, we use the MATLAB programs
'rkalf', 'kalfiT and 'kfmean' and the (initial) values (Eqns (8.6)-(8.11)):

Mebb{0) - 5 • 10-5 ; Mfhod(0) = 1 • HT4

ws,ebb(Q) = i • 1 0~ 2 ; wa,fl0od{o) = i • io~ 2

Tce^bb = 0.14 ; Tcejiood = 0.20

Tcd,ebb — 0.06 ; Tcdjlood ~ 0.08

f̂c = h
R(k) = 0.7 .KT7

The system noise covariance matrices Q(i) are described by Eqns (8.31)-
(8.34).

Results

The estimates are shown in figure 8.2. Notice that these figures are fluctu-
ating more than the figures of the estimates of chapter 6, where we did not
identify Q, but where we have chosen an arbitrary value for Q.

Since the figures are not converging, we take the average value of the
estimates, started at the 1000 estimate, to obtain a value for the estimated
parameters, We conclude

Mebb = 1,5 -HT 5 (8.35)

d = -6 .7 • 10~7 with flnal value 4,2 • KT 5 (8.36)

è = 1.4-10~3 (8.37)

. = 9.3-lO"4 (8.38)
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time time

Figure 8.2: Estimates of the erosion constant M and the settling velocity Ws,
in the cases of ebb-tide and flood-tide, using identified Q, over a period of
eighteen days

8.3.2 Estimation of rce and rcci, using identified Q

The estimations to determine the system noise covariance matrices Q(i), i =
5 • • • 8 as well as the estimations to determine the critical bed shear stresses rce

and rcd, using these Q-matrices are given in appendix A. In this chapter we
will only give the results.

Results

We find the system noise covariance matrices Q:

5.7 • 1CT4 O
O 1.0 • 1(T9 (8.39)
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9(6) =

70

1,4

4,3

1,4

• io-4

0

•KT4

0

.10-5

0

1

1

1

.0

.0

.0

0
• io-8

0
•10"8

0
• 10-8

(8.40)

(8.41)

(8.42)Q(8) =

where Q(i)) i = 5 • '8 belongs to the system to determine

T~cd,ebbi Or T

We use these system noise covariance matrices Q to determine the criti-
cal bed shear stresses for erosion and sedimentation, rce and rcc;, using the
extended Kalman filter. The estimates are shown in figure 8.3. Since the
figures of the estimates do not converge, we determine a value for the esti-
mated parameters by taking the average value of the estimates, starting at
the 1000tn value. We conclude

tce,ebb = - 0 . 3 3 and f c e j ( o o r f = 0.89

rcd,ebb = 0.14 and fcdjiood = 0.26

(8,43)

(8.44)

Notice that rce,e&6 < 0, and rce < TCÓ,- SO the critical bed shear stress for ero-
sion Tce is not a reliable value. Something is wrong. This may be examined
in further investigation. On the other hand ,the situation of flood looks well.

Remark: At this time the Kalman filter was not checked by using sim-
ulated observations, In later investigation, I did this, and it appeared that
the Kalman filter I used was not correct. Maybe I made a calculation er-
ror, when I wrote the computer programs. When I estimated the unknown
parameters, using simulated observations, the figures of the estimates were
converging well,

8.3.3 Obtained model using identified Q

Method

We substitute the obtained estimates for the erosion constant M, the settling
velocity WS1 the critical bed shear stress for erosion rce and the critical bed
shear stress for sedimentation Tcd, in the cases of ebb-tide and flood-tide in
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the model (Eqns (8.45)-(8.48)).

MÈbb = 2 - 1 0 M flood =

Ws,ebb = 1 • 1 ( T J ; WStfiood = 9 - 1 0~4

= -0.33 Tcejtood =

Tcd,ebb = 0 . 1 4 ; Tcdjlood = 0 . 2 6

We use the MATLAB programs 'rgeg' and 'model'.

71

(8.45)

(8.46)

(8.47)

(8.48)

TCe,ebb

t u.s

in

'II U 26 II

time
It JO 12 U 36 18 «

"'"?• t ime

38 W 11 14 3H

time time

Figure 8.3: Estimates of the critical bed shear stresses for erosion and sedi-
mentation, rce andTcci, in the cases ofebb-tide and flood-tide, using identified
Q, over a period of eighteen days

Results

In figure 8.4 we compare the computed cohesive sediment concentrations
with the observed concentrations. Looking at this figure, we notice that
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the computed cohesive sediment concentrations are negative, This is not
what we want to have. On the other hand, the shape of the peaks of the
computed concentrations looks like the shape of the peaks of the observed
concentrations. Maybe little adaptations are enough to improve our model.

Re mark: See the remark made in the previous section about checking
the Kalman filter with simulated observations,

22 24 26 28 30 32 34 36 38 40 42

observations

observations

Figure 8.4-, The model compared with the observations, using identified Q,
over a period of eighteen days

We used Eqns (8.45)~(8.48) for the unknown parameters of the mathematical
model.

8.4 Conclusions

In this chapter we used the Maximum Likelihood method to determine
whether or nat the estimations, needed to determine the unknown parame-
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ters of the cohesive sediment concentration model, have been infLuenced by
the system noise covariance matrix Q. We made a rough estimation of the
system noise covariance matrices of the eight systems, i.e. one system for
each of the unknown parameters of the concentration model. It appeared
that the extended Kalman filter is depending on this matrix.

We assumed the shape of the system noise covariance matrices to be:

Qi =
Qn(i) 0

0 Q22W

where QH( Ï ) and Q22(i) not depending on time k, to keep the problem sim-
ple. We estimated Qn with the method of Mehra using as initial value for
Q a rough estimation of Qn- After that we estimated Q22 by the Maximum
Likelihood method.

Using the obtained system noise covariance matrices Q, we estimated the
erosion constant M, the settling velocity Wa, the critical bed shear stresses
for erosion and sedimentation, rce and TC^ for both the cases of ebb-tide and
flood-tide. We obtained figures which are strongly fluctuating in time, and
the average of the obtained values is

Meu, = 2 • 10~5 ; Mf lood = 4 • 10~5

Waiebb = 1 • 1 0 - 3 ; Wsjiood = 9 • ÏO"4

^ce,ebb = - 0 , 3 3 ; fcejiood = 0-89

= 0.14 ; Tcdjhod =0.26

The estimated value of Tce,ebb is negative. This can not be real. But, due to
a lack of time, I did not examine this value any further.

The obtained values were substituted in the model, describing the tidal
effects on the cohesive sediment concentration in the Western Scheldt. The
computed concentrations were compared with the observed concentrations.
We found that the computed concentrations were negative, caused by the
negative value of rce,ebb- But the figure of the computed concentrations has
the same characteristics as the figure of the observed concentrations. Al-
though the peaks in the computed figure are not as high as the peaks in the
observed figure, we observe in the computed figure some of the peaks we
want to describe.
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Although we made a lot of assumptions to use both the Maximum Likeli-
hood method and the method of Mehra, we may conclude that the extended
Kalman filter with identifled process noise covariance matrix Qy may result
into better values for the unknown parameters, than the extended Kalman
filter with arbitrary Q,

Remark: Maybe the estimates will be even better, when we use a correct
Kalman filter program. Since in later investigation, (by estimating using
simulated observations,) it appeared that maybe the used program contains
some calculation errors.

Note 1: An estimation of Qn with the Maximum Likelihood method, gives
the same result as an estimation of Qn with the method of Mehra. Pro-
vided that the initial value we use in both methods is the same. (In this case
the initial value is the rough estimate obtained by the Maximum Likelihood
method,) This conclusion is very useful, because the method of Mehra takes
less computer time than the Maximum Likelihood method.

Note 2: While using the raethod of Mehra, the data were divided into 5
batches. In doing this we assume the circumstances of all of them are the
same. Of course this is not true. But this assumption does not cause an
error, as can be understood by the fact that the obtained estimates of each
batch look right, and they do not differ much from each other.
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Model
Number

i

1

2

3

4

Number of
Iterations

0
1
2
3
4

0
1
2
3
4

0
1
2
3
4

0
1
2
3
4

Q

1.0- 10~a

5.7-NT4

6.3 • 10- 4

6.8 • 10~4

5.5 • 10~4

7.9 • 10~4

1.0 • 10~4

5.6 • 10"5

6.2 • K T 5

7.8 • HT5

8.2 • 1O~5

1.4 • 10-4

1.0 • 10~3

8.4 • 10~4

7.7 • KT4

5.9 • 10~4

4.7 • 10-4

7.3 • 10"4

1.0 • 10~5

1.7-10"5

2.0 • 10~5

2.7 • 10~5

4,7 • 10-5

4.5 • 10-5

Likelihood
Function

L(YN;Q) *i

6.13
6.15
6.36
6.93
2.82

8.65
8.73
7.95
8.32
4.94

6.02
6.45
6.96
7.25
1.76

9.38
9.63
7.42
5.25
9.13

Percentage
*2

0.07
0.13
0.03
0.00
0.00

0.20
0.30
0.10
0.07
0.03

0.03
0.17
0.13
0.07
0.13

0.03
0.03
0.00
0.07
0.00

Table 8.1: Results of the method of Mehra, to estimate the system noise
covariance matrices Q(i), i = 1 • -4

* j : The likelihood function we use here is

1 N

R)-1Zk~ln\CPC R

*2; Percentage of points lying outside the 95 percent confidence limits.

Note:
The estimate of the actual mean square error

~ Xk\k-l)
fc=l

where X^ is obtained by actual estimation, and the calculated mean square
error tr(Po), as computed in the program, are not written in this table,
because those values were equal.
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We wanted to construct a mathematical model, which describes the tidal
effects on the cohesive sediment transport in the Western Scheldt. We used
data obtained near Bath, and we wanted to describe the infiuence of the
water level and the (inland) horizontal velocity on the cohesive sediment
concentration in a fixed column near Bath. The mathematical model we
used is a simplification of the conservation of mass equation for a column of
water,

dt E dt dt

This means that the change of the cohesive sediment concentration C in
time, equals a certain source term S, divided by the water depth H. This
is equal to the amount of erosion E minus the amount of sedimentation d
at the bot torn of the water column.

Erosion takes place when the bed shear stress Tb is higher than the criti-
cal bed shear stress for erosion Tce. Further, sedimentation takes place when
the bed shear stress Tb is less than the critical bed shear stress for sed-
imentation Tcd- Substituting the expressions for the situations of erosion
and sedimentation into the conservation of mass equation, we obtained the
discrete equations,

Tcd < rb(k)

l — - 1 n(k) < Td

76
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where a = At is the discrete time step, and the bed shear stress T(,(k) is
given by,

0.30

{Chf \Hk - 1

We estimated the erosion constant M, the settling velocity W8i the critical
bed shear stress for erosion rce and the critical bed shear stress for sedimen-
tation rcd- To estimate these unknown parameters, we used the extended
Kalman filtering rnethod. This method is useful for our estimation problem,
bccause it is recursive, i.e, we do not need to store the previous measure-
ments while updating the estimate, and because it takes into account the
system and the measurement noise.

First, we estimated the erosion constant M and the settling velocity W3,
assuming certain constant values for the critical bed shear stresses for erosion
and sedimentation, rce and rC(i. Next, we estimated the unknown rce and rcrf,
using the obtained estimated values for M and Ws. We substituted the four
obtained estimates into the model, and we compared the computed cohesive
sediment concentrations with the observed concentrations. We found that
the figure of the computed concentï ations was not equal to the figure of the
observed concentrations. We concluded that the obtained estimates would
not be correct.

We improved the mathematical model. We distinguished between the ebb-
stream and the flood-stream, since these are two different situations. Fur-
ther, we adapted the bed shear stress expression r^ik) with a certain time
shift. We considered the static time shift and the dynamic time shift,

Static time shift:

rb{k) := rb(k ~ 15)

Dynamic time shift:

1 0.13
" 0.008380 Vk

1 0.03,

Now, we estimated eight unknown parameters: the erosion constant M, the
settling velocity Ws, the critical bed shear stress for erosion rce and the
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critical bed shear stress for aedimentation rCd, all for the cases of ebb-tide
and flood-tide. We estimated these eight unknown parameters for a short
period during spring tide, and we used the bed shear stress expression with
a static shift. Substituting the obtained values into the model, we obtained
computed cohesive sediment concentrations. When we compared these con-
centrations with the observed concentrations, we noticed that they did not
agree.

After these estimations I had an idea of the eight unknown parameters, I
substituted some arbitrary values for the unknown parameters in the model.
The shape of the figure of the obtained cohesive sediment concentrations
looked like the shape of the figure of the real observations. We noticed the
same peaks, however they were shifted in time. The period we examined,
was a period during a spring tide/neap tide cycle. The fluctuations of the
cohesive sediment concentration during this cycle were shown in the flgure
of the computed cohesive sediment concentrations, Since these substituted
parameters were not in haimony with each other, because I made them up
by myself, these parameters were not the parameters we were looking for.
However, this result showed that the model is not very bad.

To improve the working of the extended Kalman filter, we identified the sys-
tem noise covariance matrix Q. We used two methods to identify this matrix;
the Maximum Likelihood method, and a method suggested by Mehra.

The Maximum Likelihood method considered a linear time invariant
discrete time stochastic dynamical system

Xk+1 = AXk + Bu{h) + FWk

Yk =

where the state Xk is an n-dimensional vector, the system disturbance Wk is
an r-dimensional vector, the observation Yk is an m-dimensional vector, V^
is the observation error, and {u(k)} is a known p-dimensional vector input
sequence. {Wk} and {V/t} are independent sequences of independent, zero
mean Gaussian random vectors with covariances Q and R, respectively. We
supposed that the matrices A and B were only partially known and 6 was
the vector of the unknown parameters in those matrices. We assumed that
9 belonged to a compact (closed and bounded) parameter space 0 C Rd.
The parameter estimation problem was, to find an estimate of 0, based
on the observations YQ — yo. • " , YN = VN, for some flxed N. We denoted
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such an estimate by 0Ar(yo, • • • ,J/AT). We determined the maximum likelihood
estimator of 0, denoted by 6^1 that is that value of 9 for which the likelihood
function L(YN\&) had a maximum.

The method suggested by Mehra in 1970, considered the multivariable
linear discrete system

Xk+1 =
Yk = CXk + Vk

with Xk an n x 1 state vector, A an n x n non singular transition matrix,
F an n x q constant input matrix, Y^ an r x 1 measurement vector and C
a n r x n constant output matrix. The sequences Wk ( g x l ) and Vk (r x 1)
were uncorrelated Gaussian white noise sequences. It was assumed that the
system was time invariant, completely controllable and observable. Both
the system and the filter (optimal or suboptimal) were assumed to have
reached steady-state conditions. The method of Mehra checked whether
the Kalman filter constructed using an initial estimate of the system noise
covariance matrix QQ was close to optimal or not. If it was suboptimal the
method yieided a new estimate Q using the autocorrelation function of the
innovation process.

We assumed that the process noise covariance matrix had the shape

= 1---8

where Qu(i) and Q22(0 were not depending on time to keep the problem
simple. We estimated Qu by the method of Mehra, and Q22 by the Maxi-
mum Likelihood method. Since the method of Mehra is written for a linear
system, we used the linear equations

Cjfe+i = Ck + FWk " rcd < nik) < TCI

to identify Qu, To use the method of Mehra, we should know the eight
unknown parameters. Since these were unknown, we estimated them, using
the rough estimates for Q, To identify Q22 with the Maximum Likelihood
method we used the linearized systems, as used in the extended Kalman
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filtering method.

First, we obtained rough estimations of Qn(i) and Q22W with the Max-
imum Likelihood method. These estimates were used as initial values by
determining Qn{i) with the method of Mehra and Q22W with the Maxi-
mum Likelihood method.

The method suggested by Mehra needed less computer time than the Maxi-
mum Likelihood method. I checked whether the method of Mehra gave the
same results for Q11, as the method of Maximum Likelihood, uaing the same
initial value <3n(0). It appeared that both models gave the same estimates.
So, we concluded, that the method of Mehra needed less computer time than
the Maximum Likelihood method, and they both gave the same results. But
we might not forget, that the method of Mehra, did not only assume that
the discrete system was linear and time invariant, but it also assumed that
the discrete system was completely controllable and observable, and that
both the system and the filter had reached steady-state. So when all these
condltions are fulfilled, it is likely to use the method suggested by Mehra
above the Maximum Likelihood method, in the other case it is desirable to
use the Maximum Likelihood method.

Using the identified system noise covariance matrices Q, we estimated the
eight unknown parameters. The figures of the estimates varied a lot, and I
have chosen the average values of the estimates. These average values were
substituted in the mathematical model in order to obtain cohesive sediment
concentrations. Comparing the figure of these computed concentrations with
the figure of the observed concentrations, we noticed that the shape of the
computed figure looked correct, although the computed concentrations were
negative. Further, the peaks of the concentration were well shown in the
computed concentration figure.

The values we finally obtained were

Mehb

T~ce,ebb

Tcd,ebb

= 2•10~5

= 1•10"3

= -0.33
= 0.14

i i" stjloo(i

'1 rce,flood
; TcdJlood

= 4 .10- 5

= 9 • K T 4

= 0.89
= 0.26

We noticed that rce,e6(> < 0, which is not likely. This might be caused by the
fact that the peaks of the cohesive sediment concentration at ebb-tide are
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much higher than the peaks of the cohesive sediment concentration at flood-
tide. (This is shown in figure 2.2 in section 2.3.) The situation of ebb-tide
couid nat be true at all, because Tce|Ebb < TC£j,ebi> in stead of rCe,ebb > Tcd,ebb-
However, in the case of flood-tide, we found rcejiooci > T^io^. But the
Tce,flood is verY high, especially when you have in mind that we assumed

rce(cohesive sediment) < Tce(sand) ss 0.20Nm~2

according to van Leussen, [10]. We concluded that we had to make some
improvements to obtain more reliable values, especially in the case of ebb-
tide.

We may conclude that the extended Kalman filter may be applied to solve
this parameter problem, but that it does not work well. When we identify
the system noise covariance matrix Q, we obtain better estimates for the un-
known parameters of the mathematical model, but these estimates do not
result in a model, which generates nice cohesive sediment concentrations.
The model itself is not so very bad, as is shown, when we substituted some
arbitrary values for the unknown parameters into the model; the obtained
cohesive sediment concentrations look right.

Remark: The used Kalman filter had to be checked using simulated ob-
servations. By lack of time, I did not do this during the investigation. At
the end of the investigation, I checked the Kalman filter, using simulated
observations. I found that the Kalman filter I used, was not working correct;
the estimates obtained, using simulated observations were not the same as
the estimates obtained, using the measured observations. However, the esti-
mates obtained using simulated observations were converging well, and this
is not the case when we used the measured observations. So we may con-
clude that the Kalman filter I used in this investigation may contain some
calculation errors. Since I concluded this at the end of this investigation,
there was no time to find these errors and improve the estimations. (This
might be done in further investigation)

Note !•• At the end of this investigation, I noticed that t), was not correctly
constructed in the used FORTRAN and MATLAB programs; a factor 2030

is missing in the r\,h expression (Eqn (3.16)). Since the shape of the figure of
the used Tb(k) is the same as the figure of the real Tb(fc), and we concentrated
on the location of the peaks in. the figure, there is no harm in this.
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Note 2: It is not easy to identify the process noise covariance matrix ex-
actly, because the choice which of the models to use is depending on the
determined estimate. For instance, when we estimate rce and TC4, we make
use of two models. At each measurement update (Xk+i), the choice which
model to use is determined by the values of rCek+m and Tcdh+1>k °f *ne pre-
vious time update, i.e. when 7i{k + 1) > fce(/c + 1 | k) we are going to
estimate fce(fc + 1), when -n/fc + 1) < fcd{k + 1 | k) we are going to estimate
Tcd(k 4- 1), and when fcc;(A; + 1 | k) < T\,{k + 1) < rce(k + 1 j k) we are
going to estimate neither fce(k +1) nor fCd{k +1). So the assumption of two
separated models we use here, (i.e. one for the case of erosion and one for
the case of sedimentation) is not a realistic one; the models interact.

te. 3: In trying to estimate M and Ws after estimating rce and TC^ we
obtained values which cannot be realistic. Thus the decision was made to
start eatimating M and Ws, and to estimate the critical bed shear stresses
after that.

We also examined the difference between starting with the situation of
erosion, u > rce, followed by the situation of sedimentation, 77, < rc^, or
starting with the situation of sedimentation, followed by the situation of
erosion. When using the first approach, i.e. starting with erosion, followed
by sedimentation, strange values of the estimates were obtained. Therefore
we decided to use the second approach: starting with the situation of sed-
imentation, followed by the situation of erosion. This decision effects the
final obtained estimates.

Note.,4: It appeared to be very important to use the right initial values
while determining the estimates.

Extension of the model

Adaptation of rce

We divided the critical bed shear stresses for erosion and sedimentation, rce

and rcrf, both into two parts, one for the situation of ebb-tide and one for the
situation of flood-tide. We assumed these four critical bed shear stresses to
be constant, this assumption is not a realistic one, The rce^i for instance,
will not behave like a constant during the whole period of ebb-tide. When
the erosion process starts, there is a layer of fresh cohesive sediment on the
top of the bottom. The rce of this layer is very low. Much lower than the r^
a few time steps later, Then a big part of the layer of fresh sediment, or even
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the whole layer is eroded and the bottom exists of only cohesive sediment
particles mixed with aand particles. Since the ree of sand is much higher
than that of cohesive sediment, the rce in this case will be higher than a few
time steps earlier, So we may conclude that, the rce is depending on time
and on the amount of cohesive sediment settled at the bottom during the
period of sedimentation before, and it is not a constant.

Adaptation of Ws

We assumed Wa to be a constant. But Ws is depending on, for instance,
the rate of flocculation. Further we have to take into consideration, that We

is higher near the surface of the water column and lower near the bottom.
Thus far we only used Wa = Wc<m$t to describe the settling velocity. But
maybe it is better to use all three equations describing Ws,

Ws = Wconst, C<d

Ws = KxC
n, d < C < C2

Ws = VM1 - K2Cf, C>C2

Where Wconst is a constant value of the settling velocity and Ku ifa, Wso,
n and /3 are coefficients depending on the sediment type and the salinity,
and C is the cohesive sediment concentration.

Adaptation of M
We assumed the erosion constant M to be a constant. But this has not to
be correct. The parameter M is applied to correct the erosion term in the
mathematical model. So it is acceptable to assume that M is not a constant,
but a term which is varying in time.

Vertical diffusion coëfficiënt
In the approach used in this study, we used a simplified mathematical model
to describe the concentration of cohesive sediment C, depending on the
amaunt of erosion E minus the amount of sedimentation d at the bottom.
We assumed that the total amount of cohesive sediment is equally mixed
through the whole column. We may adjust the mathematical model by ex-
tending it with a diffusion coëfficiënt and using the data of the concentration
of the cohesive sediment of all three levels in the water column (and not only
on the mean water level.)
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We use (W. van Leussen, [10])

dCx
Upper layer : Oi •

Mean layer :

dt

dt

'i ~ Wa)

'i ~ Ws)

(9.1)

Bottom layer

-CjiWj - Ws) - fj = S2 (9.2)

a 3 ^ + C3(W3 -Wa) + fj = S + S3 (9.3)

The Iayers are indicated at figure 9.1 and

Si = Supply of cohesive sediment in layer l (i — 1, 2,3)
dE dd

S = Source term = -7- —
at at

fi — Turbulent diffusion at the boundary surface i

Ct = Concentration of cohesive sediment at boundary i

Wi = Entrainment velocity in vertical direction

cii = Diameter of layer i

Assume

- h-o

Figure 9.1: Water column divided into three parts

Si = 0 (1 = 1,2,3)

fi = (9.4)
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fj = rtlj(p3 - P2)(U2 ~ «3) (9-5)

(9-6)

(9.7)

where mi and ro^ are constants

Wi = W0(ni - u2)R~n, Ri =

Wj = WO(U2 ~~ Us)RJn, Rj =

(0.5 < n < 2)

where m : depth mean velocity component along the a:-direction in layer
p : the density of water
g : the gravitation constant

Simplify this by leaving the entrainment velocity out of consideration. We

obtain

Upper layer : a L ™ = /i (9.10)

FiC
Mean layer : a 2 ~ = fj - h (9.11)

Bottom layer : az—^r = S -

" dt dt h { '

With this extension, we may take into account the time a cohesive sediment
partiële needs to reach the bottom or the surface of a water column. Fur-
ther, for instance, assuming Si not equal to zero, we may also consider the
dumping of material in the water column.

Equations with V4

Thus' far we only used bed shear stress equations depending on V2. In the
description of the behaviour of sand particles most bed shear stress equa-
tions are depending on V4, Maybe it is a good idea to use the knowledge
of these equations of sand particles to describe the behaviour of the cohe-
sive sediment particles. Since, in a mixed bottom it is most likely that the
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I
I
I
I Tee(erosion) is acting like the rce(sand).

I With the examples of extensions made in this section, we may improve
the model we used in this investigation, in order to obtain a more reliable
model.

Further investigation

In view of the results obtained in this study, I was asked to proceed this
investigation, and to write a proposal about the continuation of this project.
This proposal is added as a loose supplement. I will describe it in a few
words.

The mathematical model for the location Bath may be improved by
including the vertical diffusion coëfficiënt. Further, it is possible to state
the same kind of models for the locations 'Middelgat' and 'Vlissingen' (iïg-
ure 2.1). These three models give an indication of the influence of tide on
the concentration of cohesive sediment at the three locations in the Western
Scheldt. The influence of season may be determined from other measure-
ments, made during twenty years in the whole Western Scheldt. Using the
knowledge of the tidal and the seasonal effects on the cohesive sediment con-
centration, we may eliminate both the tidal effects and the seasonal effects
from the the cohesive sediment concentrations of the last twenty years in the
Western Scheldt. In this marnier, we will obtain a knowledge of a certain
trend in the cohesive sediment concentration in the Western Scheldt, over
the last twenty years.
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dd/dt

dE/dt

9
H

n
HW
L(YN;Q]
LW
M

Pk
Q(k)
R(k)

S
t
T
u
V

V

vk

concentration of suspended sediments
Chézy coëfficiënt
rate of sedimentation
horizontal dispersion coefficients
rate of erosion
forecast error
gravitation constant
water depth, in this case: 17.4 + z
covariance matrix of the innovation sequence Zk

high water turn
) likelihood function of Q

low water turn
erosion constant
null space of $
covariance matrix at time k
process noise covariance matrix, time k
measurement noise covariance matrix, time k
range of space $
autocorrelation function of the innovation sequence
source term
time
turbidity
depth mean velocity component along x direction
depth mean velocity component along y direction
velocity in the cc-direction
measurement noise at time k

Kgm-3

m.2 s"1

m2s~1

m2s~1
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ms"2

m

Kgm~2s~1
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ms"1

ms"1
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system noise at time k

a
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Pi
pw

n

Tfrl

time step
Kronecker delta function
unknown parameter
normalized autocorrelation
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bed shear stress
critical bed shear stress for
critical bed shear stress for
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sedimentation

s
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• Appendix A

| Estimation with identified Q

I
A.l Identification of the system noise covariance

JÊ matrix Q

We are going to identify the system noise covariance matrices Q(i),
i = 5 • -8, needed for the estimation c
erosion and sedimentation, rce and rc<i.

• i = 5 • -8, needed for the estimation of the critical bed shear stresses for

• Rough estiraation of Q

Method
flj We assume the shape of Q

r Qn(i) 0
0 Qa2(») ( A > 1 )

I
where i = 5 • • 8, i.e. one Qi for every unknown parameter: Tce e&&,

I
Tcd,ebb and Tcdjlood-
We start identifying Qn, using the Maximum Likelihood method. We use
the MATLAB-programs 'rit 11' and 'qutall' (appendix C). We use the (ini-

_ tial) values

• M e 6 i - 2 - 1 0 ~ 5 | Mfiood = 4 • 10- 5 (A.2)

- Ws>ebb = 1 • 1 0 - 3 ; Wsjiood = 9 • 10-4 (A.3)

I rceieflb(0) = 0.14 ; T^fu^lQ) = 0.20 (A.4)

Tcd,ebb(0) = 0-06 ; r c d > / b o d (0) = 0.08 (A.5)
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Fk = h
R(k) = 0.7 -HT 7

Q22(») = 1-10"5 t == 1,2, ..,4

93

(A.6)

(A.7)

(A.8)

After this, we identify Q22, using the Maximum Likelihood method, where
we assume Q\\{i) ^ obtained in the previous identiflcation. We use the
MATLAB-programs 'rit22' and 'quta22'.

We obtain the rough estimates for Q,

Q(5) =

<9(6) =

Q(T) -

Q(8) -

Estimation of Q n

Method

1.0

' 1.0

' 1.0

' 1.0

• io-4

0

• ïo-"
0

.10-8
0

• i o - 7

0

1.0

1.0

1.0

1.0

0
• i o - s

0
• i o - 9

0
• io-8

0
.IQ-»

(A.9)

(A.10)

(A.11)

(A.12)

We use the method suggested by Mehra to estimate Qn(i), i = 5 • • 8. This
method uses a linear system

Xk+l - AXk+Gu(k) + FWk

Yk - CXk + Vk (A.14)

To estimate the unknown critical bed shear stresses TC6iehb and Tcejiood> we
used Eqn (5.19) in chapter 5. Rewriting this equation we obtain

This may be written as the system

= Ok + FWt (A.W)

V„
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for a certain rce. So we assume in Eqns (A,13)-(A.14)

A - 1

G = 1

F = 1

C = 1

To estimate the unknown critical bed shear stresses r^ew, and Tcdjioodi we
used Eqn (5.24) in chapter 5. Rewriting this equation we obtain

nik) < Tcd(k)

This may be written as the system

n = Cjt + Vfc (A.20)

for a certain TC(J. So we assume in Eqns (A.13)-(A.14)

F = 1

C = 1

G = 0

To obtain estimates of Q H ( Ï ) , i = 5 • -8, we need values for the unknown
parameters TeeiC(,|,, Tcejiood, ̂ cd,ebb and rCdjiood- We determine these values
with the extended Kalman filter and Eqns (A.9)-(A.12). We assume the
initial values of Eqns (A.2)-(A.7). Using the MATLAB programs 'rkalf2',
'kalfil2' and >kfvneari2' we obtained values which wete not reliable. Thus -we
decided to use

Tce,ebb = 0-H Tc&Jlooi = 0.20

Tcd,ebb = 0.06 Tcdjlood ~ 0.08
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Figure A.1: Results of the identification of Qn(i) by the method of Mehra,
for i ~ 5 • • 8

This is for the estimation of TCf,iebb, rcejtood, Tc^ebb, o,nd Tcdjiood-
batch consists of 430 points (except batch number 5; this one consists of 421
points).

We find table A.1, which is shown at the end of this chapter, and we conclude
that:

Qu(5) = 5.7 -IQ-4

Qu(6) = 1.4-10"4

Qu(7) = 4.3-10-4

Qn(8) - 1.4 -HT5

(the iteration steps are shown in figure A.1)

(A.21)

(A.22)

(A.23)

(A.24)

I



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

APPENDIX A. ESTIMATION WITHIDENTIFIED Q 96

Estimation of Q22

Method
We want to obtain better estimatea for Q22(i)> * = 5 • • 8 by the Maximum
Likelihood method. We use the (initial) values of Eqns (A,2)-(A.7):

MEbb = 2 • 10~s

W* Phh = 1 • 10~3

M'f i0od = 4

= 0.20

= 0.08

R(k) = 0.7 -10"7

For <2n(i), i - 5 • • 8 we use Eqns (A.21)-(A.24).

We assume Q22 C 0 , 6 = [1,0 • 10~9, 1.0], and we find the approximation
of Q%2'-

Q22O) = 1-0 • 10"9

g22{2) = 1.0-10"8

g22(3) = 1.0-io"8

Q22(4) = 1.0-10"8

So we obtained for the system noise covaiiance matrices Q(i), i = 5 • -8
(needed for the estimation of the critical bed shear stress for erosion rce and
the critical bed shear stress for sedimentation T0(I, both in the cases of ebb
and flood),

0(7) -

0(8) =

5.7 • K T 4 O
O 1.0-10- 9

1.4-10"4

0
0

1.0 • HT

4.3 • 10" 4 O
O 1.0 • 10" 8

1.4- IQ" 5 O
O 1.0 • IQ"8

(A.25)

(A.26)

(A.27)

(A.28)
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A.2 Estimation of rce and rCd, using the identified
Q

Method

To estimate the unknown critical bed shear stresses for erosion Tce,ebb and
Tcejlood and the unknown critical bed shear stresses for sedimentation ra^eyi

and Tcd,flood> w e u s e the MATLAB programs 'rkalf2', 'kalfll2', and 'kfmean2'
and the (initial) values (Eqns (A,2)-(A.7)):

Mebb = 2 • 1(T5 ; Mfiood = 4 • 10"5

WSiebb = 1 • 10"3 ; WaJlood = 9 • Ï I T 4

Tceiebi>(0) = 0-14 ; Te ej[o w t(0) = 0.20

= °-06 ; rcdJiood{o) = om
Fk = h

R{k) = 0.7-IQ-7

The system noise covariance matrices Q(i) are described by Eqns (A.25)-
(A.28).

Results

The estimates are shown in figure 8.3, in chapter 8, To obtain a value for the
estimated parameters, we take the average value of the estimates} started at
the 1000'71 estimate. We conclude

Tce,ebb = - 0 . 3 3 (A.29)

fcejhod = 0.89 (A.30)

ïcd,ebb = 0.14 (A.31)

= 0.26 (A.32)
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Model
Numfoer

i

1

2

3

4

Number of
Iterations

0
1
2
3
4

0
1
2
3
4

0
1
2
3
4

0
1
2
3
4

1.0 • 10 - 4

4,7 • lO-4

5,2 • 10-4

5.7 • lO-4

4.7 • I Q - 4

7.1 • IQ"4

Ï.O-IO-4

1.1 • l O - 4

1.2 • l O - 4

1.4- lO-4

1.4. 10'4

1.9 • IQ'4

1.0 • 10"8

3.6 • KT 4

5.3 • l O - 4

4.3 • lO- 4

3.5 • lO-4

6.4 • KT4

1.0 • KT 7

1.4 • 10-5

1.8-10~5

2.6 • KT5

4,6 • HT5

4.4 • IQ"4

Likelihood
Punction

1,92
6.16
6.44
7.04
2.23

8.44
8.33
7.93
8.16
6.16

- 9.96 • 10-a

6.45
7.25
7.50

- 0.01

-82.50
9.55
7.15
5.09
9.14

Percentage
*3

0,03
0.10
0.07
0,00
0,00

0.73
0.83
0.23
0.07
0.03

0.17
0.13
0.10
0.07
0.17

0.03
0,03
0.00
0.07
0.00

Table AA: Results of the method of Mehra, to estimaie the systern noise
covariance matrices Q(i), i = 5- -8

*i The A.mse and the C.mse are equal to the values of Q, everywhere,
*2' Percentage of points lying outside the 95 -percent confidence limits.
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Appendix B

National Institute for
Coastal and Marine
Management

• B.l Organization

I
I
I
I
I
I
I
I
I
1
I

This study is carried out at the Dutch 'National Institute for Coastal and
Marine Management' (RIKZ). The institute has offices at The Hague, at
Haren (Gr,), and at Middelburg. This study is done at Middelburg, As a
part of the Ministry of Transport, Public Works and Water Management,
this institute provides advice and information on:

- the sustainable use of estuaries, coasts and seas;
- coastal flood protection.

For this pur pose, the institute develops and maintains a knowledge and
information infrastructure. As a knowledge bank, this institute is also at
the service of other parts of the central government and it cooperates with
various agencies and organizations at international level. As a part of the
Ministry, the institute's mam cliënt is the Directorate-General of Public
Works and Water Management, while the institute receives commissions in
relation to policy implementation from regional departments such as those
for Zeeland, South Holland, North Holland, the North Sea and the Northern
Netherlands (iigure B.l).

The institute is subdivided into several departments, according to ta~
ble B.l, This investigation is done at the department of 'Research and
Strategy; Physics'.
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Mlnistry of Transport, Public Works and Water Management

i

Dlrortorate-Ceneral of Public Works and Water Management

sdvlce and
policy Implementatian

data

Technicai
services

Reglonal
departments

Figure B.l: Survey of the division parts of RIKZ

National Institute for Coastal and Marine Management
RIKZ

Division Secretariat

Research and
Strategy

BEON Program Bureau
Physics
Biology

Chemistry

Consultance and
Policy Analysis
National Affairs

North Sea
Wadden Sea
Delta area

and General Services
Controller Seet ion
Personnel Section
Information and

Technology
Information Systems

Hydro-Instrumentation
Laboratories

Information technology

Table B.l: RIKZ organization chart
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Most of the research at the institute is done within the framework of projects.
This study is about the transport of coliesive sediment and therefore it may
be interesting for the projects SCHOON (in English "clean") and OOST-
WEST (in English "east-west")-

B.2 Projects

The project SCHOON is a joint operation by the Directorate Zeeland and
the Tidal Waters Division of the Netherlands Directorate-General of Public
Works and Water Management. It was started at the beginning of 1991.
The aim of the project is to carry out research on the consequences of the
cleaning-up activities for concentrations of substances, the waste load and
the processes taking place in the estuary.

The project OOSTWEST has also been started in 1991. The aim of
the project is to develop a sustainable and ecologically sound estuary. This
development has been hampered by extensive reclamations in the past, re-
sulting in a shortage of natural nood plains, and exacerbated by intensive
dredging in the present. A sustainable management of the physical system
includes

• a development of an integrated dredging-extraction-dumping strategy

• the restoration and creation of nood plain areas and

• selected measures to enlarge rare habitat types such as saline marsh-
lands and freshwater tidal areas.

This study was also interesting for the project TROEBEL (in Bnglish 'tur-
bidity1). This project is examining the question to what extent human
people are able, wanted or not, to influence the turbidity and the sediment
concentration of a salt water system. The project TROEBEL is subdivided
into two phases. The first phase has just finished, The second phase will be
finished in the Autumn of '94 and will pronounce upon formulating reference
values and a measure and check strategy for the turbidity in salt waters,

B.3 Field of activity

Computer facilities

Since I was the only mathematician at the institute at Middelburg, not
much mathematical software was avaüable, So I had to use the software of
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the mathematicians of the department at The Hague. After programming
in FORTRAN, I started to work with a simple version of MATLAB. I also
had the disposal of the LATEX program of The Hague. This program was
totally unknown at Middelburg, so was MATLAB. At the start of this case,
I used the personal computer of my supervisor, which I extended with 2
MB.

Supply of data

I had to gather the data I used from several departments, Almost all data
were delivered in ASCII form. I converted them, using LOTUS programs,
in a way I could use them in FORTRAN or MATLAB programs. Most of
the data were delivered soon,

Sidelines

Except doing my research, I was asked to give some advice about time-series
cases. I also attended a meeting within the framework of my investigation
and I spoke to some people about my investigation, at Middelburg as well
as at The Hague.

I had the possibility to sail with a ship of the geometrical service from
Hansweert to Rupelmonde, where measurements were done. I visited the
mud flats of Vianen and the South salting, and I enjoyed an excursion to
the eastern part of the Flooded Land of Saeftinge. One morning I visited
the pontoon with which the turbidity measurements, I used, were carried
out.

Finally, I wrote a proposal to continue this study, because of the prorais-
ing results so far. At this time this proposal is being considered at the
Ministry. The proposal is added as a loose supplement to this report.
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Appendix C

Listings

M and Ws

Tce and TC(I

M and rce

Mathematical model
M
Tce

M and Ws, ebb and flood
rce and rct;, ebb and flood

FORTRAN programs

H = l
At = l
kfmwcl
kftaul

model 1
kfmcl
kftaue

f f= 1
A i = l

kftem

is variable
A t = 1
kftimw

kfhtem

kfhtt

Ai

V = 701
is variable
= a = 724

kfhmw'

Table Cl: Summary of the used FORTRAN programs

where M:
Ws:
Tce'

Tcrf"

iV:

Ai;

erosion constant
settling velocity
critical bed shear stress
critical bed shear stress
number of observations
water level
time step

for erosion
for sedimentation

103
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MATLAB programs

11 ML Qu
M and Ws

Tce and rcd

rill
qull

ritll
qutall

MLQ22

ri22
qu22

ri22
quta22

Mehra Qn
rmehl
mehra3

rmehl
mehra3

Kalman filter
rkalf
kalfil

kfmean
rkalf2
kalfil2

kfmean2

mathematical model rgeg, model

Table C.&: Summary of tht used MATLAB programs

where M: erosion constant
Ws: settling velocüy
Tce: critical bed shear stress for erosion
Tcd- critical bed shear stress for sedimentation
ML: using the Maxijnum Likelihood method
Mehra; using the method of Mehra
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PARAHETE11 (!!OHB«3aS)

INTEGER I
f t E A L R ( l , l ) , Q H ( 1 , 1 ) , Q W f l . l ) , AK(2 ,2 ) , AW(2,2),
BEM.X(J) , P H ( 2 , 2 ) , PH<2,3) , Y ( l ) , K ( 2 ) , M(2,2)
REAI. ¥DWA(NOBB), HDATA(NOBS), V2DAWHOBS)
REAL XNEW{2), KNEH(J), EN3W(2,2), PNEW(2,2), CNEW(2,2)
JIEAL HHEW[2,2), TAUB, TAUE, TAUD, TEB«

0PEH(tWIT=10O,FILE-'C01tC',STATUS»'OI.B')
OPEN(UHIT-iOO, KLE-'HOOGTE',STATUS»'OLD')
0PEN(DNIT"3OO,FILE-'VOPP3',STATirS»'OLD<)
tfPEN(UHIT400I1IIE'UITMWl'STATU'NEW'

XW(2)

N ( 4 0 , T M , S )
OPEN (UMIT»S00, FILE- ' EXTHA1', STATUS-' HEU')
REM) ( 1 0 0 , • , EHD-tt) YDATA
W6M>(200, * , EHD»tt) HDATA
READ(3O0, * , BHO-tt) V2DATA

v a l u e s
fAUE
ÏAÜD «
8(1,1) -
ïï»ll,ï) •
A«
AH
AH
fM

1,1) «
Z,l> "
2,2) "
2,1 •

AW(2,2) •
rf(lf1} »

K[2,1) •
11(2,2) •

JtM(l) •

xwji j >
XVI [2) •
JC ( I J

««(1 ,1) •
PM(1*2)
PM(2,1) •
PK[2,2) *

PW(2, X)
pw '2,2)

0.14
O.Ofl
2.SE-S

• BE-4
1 . 0
0 . 0

• 1 .0
• 0 .0
• 1.0

1 . 0
• 0 .0
• 0 .0
• 0 .0

" YDATA(l)
• 2.0E-3
• ÏDATA(l)
• 3.0E-*
- YDATA(l)
> 2.SE-S
• 1E-S
• 1E-S
. 4E-8
» 2.EE-S
• 5E-1
• 5E-7
• 1E-8

i-nitlal valuas

WRITE(400,99998)
TOITE(BOO,99998)
WRITE{400,99999) 1, O, ' E', XM(1), XM(2>, XW(2), PM(1
l PK(1,Ï>. ÏM(Ï,Ï)
WRITË(400,99999) 1, O, ' S', XH(1), XM(2), XW(2), PW(1
f, PW(1,2), PH(2,Z)

PO 10 1-2, HOBS

ï(l) - ÏDATA(I)
TAUB = (4.aai*VÏDAl!IHI))*UlltlMMÏ)-l)**(-0.10))
IF (TAUB.QE.WUE) THEN

update
(

CM.1 ( ,
XH(1) - XNEW(l)
XH(2) " XHEW(2)
PK(1,1J « SHEW(IA)
PH(1,2J - PHËW(lr2)
FH(2,1) - FNEW(2,1)
PH(2,2) - PNEW(2,?)
BRITE(400,999B9) I - l r 1 -1 , ' E ' , XH(1|, 3M(2) , XW(2),

PH(1,1), PM(1,2), PM(2,2),
KMEW(l), KHEW(2)

pïaf l iot ion
AH(1,2) • (TAUB)/(TAUE> - 1
CAU, KRI«2{KM,AM,PH,QW,XNEW,HHE»,GHEK,PMEtf)
XK(1) - XHEW(l)
XH[2) - XHEW{2)
PM(1,1) - PHEW(1,D
PM(1,2) - PHEW(1,2>
PH(2,1> " TOEH(a,l)
PH(2,2) - PKEK[2,2)
WSITE(500,999S9) ï , 1-1, ' E' , XM(1) , JSH{2) , XM(2), PK

FM(lr2), PH(2,2)

update

()
BLSE

IP (TAUB.LE.Ï'AUD) THEH

( , B ,
XHEH(l)
3MEW(2)

[
CALL
XW{1)
XH(2)
. . . . - PHEW(l.l)
PW(1,2) = PNEW(1,2)

PK(2'2} - PNEW(2!2)
WHITE(400,99999) ï-1, 1-1, ' S', XH(1), XH(2) ,

PH(l,i), PW(1,2), PW(2,2),
KNEW(X), KMEW(2)

prediction
TERH » (TAUB) / (TAUD) - 1

( , )
AW{1,2) -
CALL WaH
X«(l)
XW(2)
PW(1

FH(2,1
Ï W I I Ï

( r ,
- XHBH(l)
- WEW(2)
- PNEW(l,l)
- PKEW(1,2)
- PNEW(2,1)

PHEH(32>
99999)

PH
- XW(1J

1-1, ' S', ( ) ,
, l ) , PW(1,2), PW(2,2)

ELSE
WHÏTE(400,99999) 1-1, t-1, ' H',
WRITE1300,99999) I, 1-1, ' M', X(

EKDIS
ENDIP

10 CONTINUE

99398 fORHAT (' k/j ', 'ES',' C(K/5)', '
* 'P(k/j)ll', 'P(k/3)13', 'P(k/

is, tt, eyts.E.i

XH{2), (
( ) XW(2)

( / j )
Kl (k )

99989 FOEHM ( M , ' / '
END

c

c
c

0

c

c
c

c

c

c
c

c

c

SUBROUTINE

REAL P I H ( 2 ,

KALH1 (PIK,RIN,XIN, VI»,MIN, KUIT,XUIT, EOIT,PUIT)
caloulntos x(k+l),
K(k+1) and P(k+1)

REAL R W T ( 2 | , X1)IT(2) , E U 1 T { 2 , 2 ) , P U I T ( 2 , 2 )

KUIT(l)
XU1T(2) »

xuirJï! »
EOIT(1,1) "
Et^T(l ,2) =
EUIT(2,1) •

POIT(l)l) -

PUIT(2 1) B

END

SUBRODÏIHt

RBAt, XIN(2)
REM, GUÏÏC

XUIT(l) •
!CUIT(2)

Sê% '•

pÏH(a;ï)/(pSJii;i>+MN(i;i)ï
XIM(l) + KaiT( l )* ( Ï IN( l ) -XIN( l ) )

VMEE(PIM,MIH)
VKET(PrN,HIN)
V«TE(PIH,MIN)

P I H ( 1 , l ) ' - VMEB(EUIT,PIH)/(PIM(1,1)+RÏH(1,1))
PIN(1,2) - VMËT(EUIT,PIH)/(PIH(1,1)+EIN(1,1))

PIH(zj2) - VMTT(EUITlpiM)/(PIN(l'lltRIN(lïH)

KALM2 (XIN, AIN, PIN, QIK, XUIT, KUIT,GBIT, PUIT)
cmlculatas x(lc+l/k) and
P(k+i/k)

, AIH(2,2) , PIH(2,2) , Q I H ( l i l ) , XU1Ï(2)I NUIT(2F4
, 2 ) , PUIT(2,2)

VMVECE(AIH,XIH)
VMVECI(AIK,XI!<)

AIN(2| l )

GUITdJl) - V«EE(PIM,HUIT)
OOIT(1,2) -
GUIT(2,1) =
0UIT(2,2) •

poiT(i!a) •

PUIT(2|2) •
RETURN
END

SUBRQUTINE

REAL XIN<2

• VHEÏ(PIN,mUTJ
> VHTE(PIN,HUIT)
> V«TT(PI(t,HUIT)

'> WETfAiNle"^) + Q Ï H ( 1 ' 1 >

• V M T T { A I » I G U I T )

KALM3 (XIN, TIK, AIH, PIH, Q1N, XÜIT,MUIT,QUIT, PUÏT)
cAlaulates X(k+l/k) and
PlX+l/k)

, MH(2,2), TIH, PIH(2,2), QIH(1,1), X«1T(2)
RBAL K U 1 T ( 2 , 2 ) , G U I T ( 2 , 2 ) , P U I T ( 2 , 2 )

XWIT(l) «
XUITC2)
IHIIT(1 ,1) <

Ht)IT(2)l)
HUIT(2,Z)

GUIT(l'ï)
GUIT (2,1)
8UIT(2,2J
PUIT(l.l) -
PUIT(1,2) •
PUIT(2,1) -
PUIT(2,2) •
RETORS
END

^ VMVECE(AÏN,XIN) - XtH(l)*XIH(2)«I'IN
' VMVECT(AIN,XIN)
» UK (1,1)

> AltHl^J
- AIN(ï,a)

• VMETfPIHÏHBIT)
• VMTE(PÏH,BUIT)
• VHTT(PIH,HUIT)
> VBEB(MH,G\JI1) t QIW(1,1)
• VMET(AtH,GUIT)
• VMTB(AIN,CUIT)
• VMTT(AtN,GUIT)

ÏÜHOTION VHEE(B.D)
REAL B ( 2 , 2 ) , D ( 2 , 2 )
VMEE - B ( 1 , 1 ) * D ( 1 , 1 ) + B ( 1 , 2 ) * D ( ! , 1 )
KEIURN
END

REAL FBHCTIOH VNET(B,D)
REAL B ( 2 r 2 ) , D<2,2)
VMET - E ( l , l ) * D ( l , 2 ) + B ( 1 , 2 ) * D ( 2 , S )
RETUPJ)
END

HEAL PUHCTION VMTE(B,D)
REAL B ( 2 , 2 ) , D ( 2 , 2 )
VWTE - B ( 2 , 1 ) « D ( 1 , 1 ) + B ( 2 , 2 ) * D ( Ï , 1 )
RETUBH

REAL FUNCTIOH VMTT(B,P)
REAL B ( 2 , 2 ) , D ( 2 , 2 )
ÏKTT - B ( 2 , 1 ) * D ( 1 , 2 ) + B ( S , 2 ) * D ( 2 , 2)
RETURN
END

Biu l t ip ly m a t r i c e s

REAL FUHCTIOK VHVECE(B,Z)
REAL B ( 2 , 2 ) , Z(2)
VHVECE « B i l , D * Z ( l ) + B ( 1 , 2 ) « Z ( 2 )
RETURJI
END

REAL PUNCTION VHVECT(B,Z)
HEM, B(2,2), Z(2)
VHVECT - B{3,1)*2{1) + B(2,2)*Z(J)
REÏURS

mat*vootor
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AW<2,2), XM(2),
U ( )( > , [ , ) r ( , ) , ( } , ( ) , (

HEM, YPATA(NOBS), HDATA(NOBS), V2DATA(N0BS)
REAL XHEW(8), KNEW(2), ENEW(S,2), PNEW[2,!) ,
HEM, HNEW(2,2), TAUB, WDftK, MOAK

OPEN (UWI*=1OO, FILE-' CONC', SMTUS-'OLD ' |
OPEN (UHIT-2O0, FILE-'HOOGTE', STATUS-'OLD')
OPEN (USIT- )00 , FILE-' VOPP2', STATUS"' OLD')
OPEH (UNIT-40t>, FILE»' ÜITTAUÏ ' , STATDS-'NEW' J
OPEH (UWIT-S00, FILE"' EBBJJ2', SÏATUS-'HEM')
HBAD ( 1 0 0 , *, EWP»tt) ÏDATA
READ(200,*,END"tt)HDATA
HEADJ300,*,EHD-tt)V2DATA

GNEW(2,2)

E

C

c

c

KOAK - B.2E-4
WDAK •• 0.3B-3

• 2.BE-B

aM(l^i) - SE-4QW(1,1) - SE-4
AM(1 1) *
AH(2,1) •
AM(2,2) •
AW<2,1) •
AW(2,2) •
«(1,1) '
H(t,S) •
M (ï 1} •
M(2,2) •

XH(1)
XM(2)
XW(1)
XW(2)

PM(li1}
PM(1,2Ï
PM(2,1)
PM{2,2)
PW(lil)
PW(1,2)
PW(2,1)
PW(3,2)

WRÏTE(40

• 1.0
• 0.0
• 1.0

• 0.0
• 1.0
• 1.0
> 0.0
• 0.0
< Q.Q

iniïial values
• YDATA{1)
» 0.12
• YDATA(l)
• 0.08
" YDATA(l)
• 2.9E-S
- 3E-4
- 3E-4
• 3.6E-3
• 2.5E-5
> IE-4
• IE-4
- 4E-4

•
0,99998)

WHITBfSOO,99998)
WRITE(40 0,99999) 1, 0, ' E', XH(1), XM(2), XW(2), PM(1,1'

PM(1,2), PH(2,2)
WBITE(40O,99999) 1, 0, ' S', XW(1), XM(Ï), XW(2), PW(1,1)
f. PH(l,2j, FW(2,2)

DO 10 1-2, NDBS

V[l)
TAUB
ÏF (T

- IDATA(I)
" (4 r B31*V2DATA(1)) * { (HDATA(I) *-!)**(—0.30))

update
XH(1) - >:[1)
CALL KALMl(PM,fi,XH, Y,M,KHEH,XHEW, ENEH.PNÏW)

, ) ( , )
PM(J,S) - PHEW(2,2)
HRITE(4OO,99999) 1-1

PH{
I - i , ' E ' , XH(l>i

P H { 1 , 1 ) , PM(1,2J, PM(!
KHEW(l), KNEW(2)

JtK(2} , XW(2),
2)

AM(l,a) - (-l)*MDAJC*TAUB*((XM(2))«*(-a))
CALL KALH4(>W,HDAK,TAUB,AK,PH,QH,XNEW,HNEW,GNEK,I>NEH)
XK(1) » XHEH(l)
XK(2) » XHW(J)
PH(1 ,1 ) <• PHEH(1,1)
M ( 2 ) P M H ( J )

E', XH(1), XM(2), XW(2), PM(1,1),
PH(!2)

updata

(
- PNEW(2,l)

PHEH(Z!)( , ) ( , )
WRITEtSOQ,99999] I , 1-1,

PH(1,2),
( | U)

ELSË
1F (TAUB.LE.XH(2))

(
CALL ( , ,
XW(1) - XHEW[1)
XW{2) - M)EW(2)
PW(X,1) = PHEW(l,l)
PW(1,J) > PHBW[12)
P»(2,l) -
PH(2,2) - ( , )
HEITE(400,99999) I - l , 1-1,

PW(1,1), M<1,2)
KHEW(l), KHEN(2)

pradiot ion

[ , )
PHEW[2,1)
P H W ( 2 )

AW(1,2)
CALL KMJ15(XW,WDAK,TP1UB,AW,PH,QW,3CMBH,HHBW,GWL-W,PHEH)
XW(1} XHEH(l)XW(1}
XW(2)

( ) , [
PW[2 ,Ï> ,

( ( ) / ( ( ) ) )
(-l)*XW(lJ*WDAK*TAUB*{[)EW(a))**(-2)i
( ,
XHEH(l)
XNEH(2)
PNEW(1,1)
PNEW(lt2)
PtlEH(2,l)
FHEW(Z2)( , ) ( , )

WRITE{500,99999) I , 1 - 1 , ' S ' , XH(1) , XH(2) ,
P W ( 1 ) , P H ( 1 , 2 ) , P H ( )

{)
ELSE

W8ITE(400,99999) I- l> I-V, ' !
WKITE(500,99999) I , 1-1, • H'

Dir
XM(2),

'ES'

EHDIF
10 CONTINUE

(999B FORHAT (' k/j '
t 'P(k/j)U
I, • • Kl(Jt) '

S9999 FORHAT (14, '/', 13,/M
END

c
e
e
c
c

C(k/j ) ' , ' ntk/3) '
' ' P ( k / j ) 2 2 ' ,

BFS.6)

SUBROUTIHE KALH1 (PIN, RIK, XIN, XIH, HIH, KUIT, JiUII, EUIT, PUIT)
c a l o u l B t s a X(lt+1),
K(k+i) and P(k+H

REMi PIH(Z,1) , H i m i . , 1 1 , ftIH(l,l), XIH(S), Ï I H ( l ) .
KËUiKUlT{2), XUIT(2), EUIT(2,2) , "

KUIT(l)
KUIT(2)
XUI1(1) - XIH(l) + K U i r ( l ) * ( Y I H ( i j - x i N ( D )

EUIT(1,1)
EUIT(1,2)
EUIT(8,1)
EUIT(2,2)
PUIT(1,1)

( , )
VHET(PÏB,KIH)
V«TE(PIN,HIH)
VHTT(PIN,HIK)
PI VME

. . i - VMBT(ÏUIT,PIH)/(PIH(1,1)+RIN(1,1))
PUIT(2,1) " PIN(2 ,1) - VHTEfEÜK^PIHl/ iPINUiï-HRINil , ! )*
PUIT(2,2) = PIN{2,2) - VHTT(EUIT,PIM)/(PIH(1,1)+RIH(1,1J)
RETUW1
END

SUBHOOTINE KA1M4 (XIH,MHOED,BTAU, AIK,PIN,OIH,XUIT,KUIT,GUIT,PUI1
oalcmataa x(k+iy)c) and

REALXIH(Z), A I N ( 2 , Ï ) , MHOED, BTAU, P I N ( 2 , 2 ) , Q I H ( 1 , 1 ) ,
REAL HOIT{2,2) , G U I T ( 2 , 2 ) , PUIT(2 ,2 )

•• VHVECE(AIN,JiIN) + (2«HHOËD*BTAU)/(ltIN(2)) - «HOED
; VHVECT(AIH,XIH)

(J
XUIT(J)
HUIT(ll

HUIT(2,1)
KTJIT(2,2)

GUIT(1,2)
GUIT ( 2 , 1 )
GUIT(2,2)
PUIT(1 ,1 )
PUIT(1,2)
PUIT(2 ,1}

( , )
AIK(1,2)
AIH(2,3)
VHEB(PIH,HU1T)
VMET(PIK,HUIT)
V»ÏE(PIHUIT)( , )
VHTT(PIH,HUIT)
VMEE[AHf,GUIT)
VHET[AIN,OUIT)
VMTE(AIKQUIT)

KEIUPH
END

SUBROUTIHE KALH5 (XIH,HHOED,BTAU,AIH,PIB,0lN,XUIT,HUIT,SBIT,PUI!
oalculataB xttï+l/k) and
P(kl/k)

REALXIH(2), A1H(2,2), WHOED, BTAU, PIN{a,2), QIN(1,1), XUIT(2'
REAL HUIT(2,2), OOIT(Ï,2), PUÏT(2,J)

XU1T(1)
X1!IT(2)

(

VMVEOE(AIN,XIH)
VHVEOT(A1M,XIH)
AIH<1

(XIH(l) *HHOED«BTAU) / (XIN(2) J

(,
HUIT(l,2
HUIT(2,1
KUIT((,
QUIT(1,1
•UIT 1 3•UIT
SHIT ,

2,1)
2,2)

PUIT 1,1)
POIT(l,3)
PUIT(2,1)
PU1T{22)

1,3
2 1

< , )
AIH(2,1)
A I H ( 1 )

RETURM
END

( , )
- AIN[2,2)
- VMEEfPIK.HUITI
- VMET(PIH,HUIT)
- VKTE(PIH,HUIT)
- VHTT(PIN,HMT)
= VMEE(AM,GUIT)

- VMET(AIH,GUIT)
- VHTE(AIN,GUIT)
H VHTT(AIH,GUIT)

PDHCTIOH VMEE(B,D!
REAL B(2,2), D(2,2)
VHÏB - B(1,1J*D(1,1) + B(l,2)*D(a,l)
HEIURH
END

REAL FUNCTION VHBT(B,D)
REM, B(2,2), D(2,2)
VHBT - B(1,1)*D(1,2) + B(1,2)*D(2,2)
RETURN
END

REAL FUHOTIOH VMIE(B,D)
REAL B(2,2), D[2,2)
V«IE » B(2,1)*DU,1) + B(2,Ï)*D(2,1)
HETUBK
END

REA1 F1WCTIOH VHtT(B,D)
REAL B(2,2), D(2,2)
VMTT - B(2,1)*D(1,2) + B(2,2)*D(2,3)
RETURN
END

nultiply matrices

REAL FUNCTION VKVECE(B,Z)
REAL B(2,2), Z(2)
VWTECK - B(l,ll*ï(l) + B(l,ï)«ï(i)
RETURN
END

HEAL FUHCTtOH VHVECT(B,Z)
REAL B(2,2), 2(ï)
VHVECT - B(2,l)*2(l) + B(2,2)*Z(2]
RETURH
END

nat'vootor



INTEGBR I
REAL R ( 1 , I ) , QM(1 ,1) , QW(1,1], A M ( I , Ï ) , A W ( l , l ) , XH(2) , XW(1)
RBAL)C(2|, P W ( 2 , 2 ) , PW(1,1) , ï ( l ) , K ( S ) , M(2,2)
REM4 TOWWl(lWB61 , HOMMHOBS), VÏDfcTfc(BOBS)
BEAL XHEW(2), KSEW(2), EHEW(2,2), PNEW(2,2), GNËW(2,2)

W t f 2 > ™}? ^SS ™UD TCRH
OPEM(UKIT-10(i, , )
OPEN (UNIT-ZOO.FJXE-'HOOGTE', STATUS»'QLD')
OPEN (UMT-300 , FILE-'VOPP2 ' , STATUS—OLD')
OPEN(UHJ;T=4OO, FILE»' U I M 1 ' , STATUS-'NEH' )
OPEN (DNIT-500, FILË-'OOKK1', STATUS-' NEW')
READ(100,*,EHD»tt)YDATA

O(ï00 » E S ! > t t ) K D M A

values
READ(300, *,END"tt) V70ATA

TAUE
TAUB
W
R{1,1)

l
QH(l,l)
AM{1,1)

2 l )()
AK(2,J)
H(l , l )
11(1,2)
M(2,l)
M(2,2)

XM(1)
2J

• 0.060
0.069
0.3E-3
2.5E-S
5E-4
SE-4
1.0
0.0
1.0
1.0
0.0
0.0
0.0

VDATM1)

YDATA(l)
ÏDMMl)

itiltihi values

M
2.5E-5
1E-B
1E-5
4E-6
2.5E-5

(
PM(1,1|

PM (2,1)
PM(2,ZJ
PH(1,1)

( l 99998)
WHXTE(S00,999SS)
VmiTE(400,99999) 1, 0,

t P « U , 2
WRITE(40O,99999) 1, 0,

DO 10 1^2, KOES

YDATA[I)
( * V 2

E' , XH(1), M)(2), PH(1,1) ,
, P«(S,S)
S ' , XW(l|, XH{2), PW(1,1>

TAUB - ( (
IF (TAUB.QE.TAUZ) THEH

update

XM(1)
XK{2)
PH<11

- XHGW(l)
- XHEW(Ï)

( 1< , )
PM{1,2)

H ( 2 1 ) - PNEW(2,1)
- PNEW(2,2)

WKITE(400,99999) 1 - 1 , 1 - 1 , ' E ' , XM(1), XM(2),

P H ( 1 , 1 ) , P H ( 1 , 2 ) , P H ( 2 , 2 ) ,
KNEW(l), KKEW(2>

pradlction
AM(1,S) - (TAUB) / (TAUE) - 1
CALL KALM3<XM,AM,PM,QM,XHEW,HNEW,GNEW,PHEW)
JM(1J - XNEtffl)

( , )
PH(1,2) -
PM(2,1) »
FM(2,2) »
WBITE(50

()
PHBW(1,D
FNEW(1,2)
P N E ( )

PH[1, 2) , PM{2 , 2)
{)

FJ.SE
I F (TABB.LE.TAUD) THEM

CALL
update

PW(1,1) - PWtwfl.ljT ,
HRITE(400,99999) ï - 1 , 1 -1 , - s - , d l

ptadiot ion
VERM - W>{(TAUB)/(TAUD)-l)

) - 1 + ÏEF«

1) , XMEW(l)

(
CAlt

()
- msH(i,i)

" 5 i

F)

ENDIP
10 COHTIHUE

C
99996 FOHMAT {' k/j

ELSE
WEITE(400,99999) 1-1, J-l, • Hi

^ITE(500,99999) I, I-i, ' M<,

C(k/])'

1 ' •

99999 FOEMAT (14, •/', » , A3, 7P8.fi)
EHD

C
C
C
c
c
o

SUBHOÜTINE KAUH(PI»,RIB,XIH,ÏIH,jnM,J«aT,XUITlfiDI*,PU«'l
celoulates X(k+i),

REA! PÏN(2,2(, St\ ^
REALKÜIT(2),

KUIT(l)
KUIT(!) - PM<3,l)>(PIH(J.;i!+EI« 1 ï
XUIT[1( » XIN(l) + KUIT(l)*(VIN(l)-XINfl.))
X0IT(2| - XIN(2) + KUIT 2 . YIH 1 -xÏ I
ECriI(l,l) » VHEE(PIN,KIM)
EUIT(1|3) - VHET(PrM,HIN|
EUJT(2,iJ » VHTE(PIH,HIN)
EUIT(2,2) » V«TT(PINrKIN!
PUtT(l.l) - PIH(l,i) -

PUIT(1,2) = PIH(1,2) - VMET(EUIT,PIH)/(PIM(1,1|+HIH(1,1})
PUIT(21) P Ï B { Ï 1 ) M E ( E U r T P I H ) / ( } W ( l l ) ]( , )
PUIT(2,2)
RETURH
END

Ï { , ) E ( E , ) / ( H ( r l } ( | ) ]
PIW{2,2) - VMTT(EUÏT,PIH)/(PIH(1,1)+KIN(1.1|)

BUBKOUTINE KALM2(XIN,AÏH,PIH,QIN<XUIT,HUÏT,GUIT, PUIT)

calculates X(k+l/k) and
P,EALXIH(2), HN(2,2),
BEAL GUIT(2,2), PUIT(2,Z)

HWIT(2,2)

XUIT(l)
XUIT(2)

- VMVECE(AIN,XIH)
= VHVECT(AIH,X1H)
- AIH(1,1)

)1UIT(2,2) - AIH(2,2)
VMEE(PIN,HUIT)[)

0 U I T ( l , 2 )
G 0 I T ( 2 , l )
S U I T [ ? 2 )
PUIT(1,1)
PUIT(1,2)
PUIT(2,1)

( , )
VME(PIN,HUIT)
VKM(PIH,HUIT)
VHEE(ArN,GUIT)
VHET(AIH,GUIT)
VMTE(AIH,GUTT)
WSÏT(MBlïIT>

RETURH
END

SUBROUTÏME KAIM11<PIN,RIN,XÏN,ÏÏH,XUIT,XUIT,PUIÏ)
oaloulates Jt(k+1),
K(k+1) «ld P(k+l)

BEAL PIK(1,1), RIH(1,1), XIH(l) • ÏÏH(l) , KWT(l) , XUIT(l)
REA1 PUIT(11)

KUIT(l)
XUIT(l)
PUIT(11

H . i n i . J I , ) )
XIM(l) + KUIT(l)*(ÏIH(l)-XIM(l))
PIM(11) ( P I H ( 1 1 ) * P I H ( 1 1 ) ) / ( P( )

RETORH
BHD

SUBHOUTrHE KKMli (AIK, XIH, P I S , SIM, XUXT,PUl!r)
calculatea und

/)
) , X U I T ( l ) ,

XUIT(l)
PUÏT(1,1)
RETUKN
END

- AIH().,l)*XIH(l)
I H ( 1 ) * P 1 H ( 1

FUMCTIOH TOEE(B,D)
REAL B ( 2 , 2 ) , D ( 2 , 2 )
W I E - 6 ( 1 , 1 ) M > ( 1 , 1 ) + B ( 1 , 2 ) * D ( 2 , 1 )
RETORS
END

m u l t i p l y m a t r i e i i s

0

c

c
0

REAL
REAL
VHET

rOHCTION VMEX(B,
B(2,2), D(2,2]
•» B(1,1)*D(1,2)

RETURN
END

REAL
REAL

FUNOTION VMTEfB,
B(2,2), D(2,2)

VHTE » B(2,i)*D(l,l)
GETUP"
EHO

REAL
REAL
VMTT

FUHCTIOS VMTT(B,
B(2,2), D(2,2)
- B(2,1)*D(1,2)

SETHRH
END

D)

+ B(1,2)*D(2,3)

DJ

+ B(!,2)*D(2,1)

D)

• B(2,2)»D(2,2)

nat'vector
RBAL FOHCTIOH VHVECE(B,Z)
REAL B ( 2 , 2 ) , Z(2)
VMVECE ~ B { 1 , 1 ) * Z ( 1 ) + B ( l , ï ) * z ( 2 )
RETURN
EtfD

REWJ TUSCTIOM VKUECT(B,Z)
REAL B ( 2 , 2 ) , Z(2)
VHVECT = B ( a , l ) * Z ( l ) + B ( 2 , 2 ) » Z ( Ï |
RETURN
ENO



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

PROGRAM
PAfiAHE •343}

INTEGER I
REAL R{1,1), OK(1,1J, OW(1,1), AM(2,2>,
REALX(2), PM(2,2), rW(l,l}, ï(l}, K(2),
W6AL YDATA(NOBS), HDATA(HOBS) , V2DATA(N0BS)
REAIXNEW(2), KHBW(2)r EHEW{2,3), rHEW(2,2), GNEW[2,2)
REAL HNEW[3,2), TAUB, TAUD, VEffit, H, H

OPEN (UNIT-100, FILE»'COHC' ,STATUS-'OLD')
OPEM(UMM>ÏOOFILE'HOOGTB'BTKCUS'OID')

XH(2J, XW(1)

( , , O I , )
OPEN (tWI!P=300, FILE"'VOPP2',STAT[JS='OLD'}
0PEN(UNIT-400,FII,E'"'UITTË7',STATUS»'ilEW')
OPEM(UHIT-B0O,FILE='0OKTE7',SÏAT0S='HEW')
K£Alï(100t*rEHO»tt)YDATA
REAO (ÏOO, * , END-tt) KDWX
READ(30O,*,EHD-tt)V2PATA

H
TAUD
W »
«diD •

QW(1,I) •
UI (1,1) *
AK(2,1) •
AK(2,ï) •

HAKl'ï)

«AT(2,!)

XM(D •
XM(Ï) »

0.1E-3
0.06
0.3E-3
2.SE-9
5E-4
5E-4
1 . 0
0.0

• 1.0
D 1 O
- o!o
- 0.0
- 0,0

• ÏDATA(1J
' O.OT

i n i t l a l values

PM(1,2)
PH(2rl)
PM(2,2>

Ï.BE-B
3E-4
3E-4
3.6E-3
2.SE-S

WHÏTB(400,99998)

WHITE(400!99999) 1, 0, ' E', XK(1),
« PH(1,2|, tHtt.3)
, WKITE(400,99999) 1, 0, ' S'

DO 10 1-3, HOES

ï ( l ) - ÏDATA(I)
TAUB » { 4 8 3 1 * V
IP

XH(1) -
CAU. K A L H l t ^ .
XM(1) - XNEH(l)
Wl(») - XHEW(I)
PK(i,J.) - P H M ( 1 1

updqte

( : )
PHEW(2,1)
IHEN<22)( , ) < , )

TOITE(-100,99«99> 1 - 1 , 1 - 1 , ' B ' , XH(1), ÏM(2),
PM(1,1), PM(1,Ï ) , PH(2,2) ,
KNEW(l), KHËH(Ï}

preaiotion
) * ( 2 M( ,

CALl
XM(l)
X H ( )() (
PM(1,1) - PNEN(l.l)
P « ( l 2 ) P N < l ! )

PH(2,2) - . . .
WRITE(3O0,9S999) I , I - l , < %<,

X{1) - XH{1) ' ' P H ( S ' 2 )

EL3E
IF 11AUO.LB.TMDJ THEH

update
CALL KALH11{PW,R,X,Ï,1CNEW,XHEH,PNEV1)
XH(1) - XNEH(l)
PW(1,1) - PHEW(l,l)
WRITE(400,99999) I-l, 1-1, ' B', XW(1), XW(2), PH(1,1),

pradiotion
i/StOt - W*((TAUB)/(TAUD1-1)
A W ( l i l ) - 1 + VEHH
CALL. KAmi2(AW,XW,PW,0W,XHE»,PNEW)
XW<1) - XNEW(l)
P W ( i , l ) - PMEW(1,1)
TOITE ( 5 0 0 ^ 9 9 9 9 9 ) i , I - l , ' S', XW(1), XH<2), P H ( 1 , 1 )

(>
ELSE

WRITEM00,99999) \-\, I - l , ' H', X( l )
HRITE(SOO,99999} I , I - l , ' B ' , X( l l

BHOIF
EHDIF

10 COMTINVE

99998 Klam.* (' k / j ' , 'ES',< <Jllt/i)' , Hi)C/j)'

99999 FORKAT ( 1 4 , ' / ' , 13» * 2 f 7 F 8 . 6 )
END

C
c
e
c
c
c

SITOROUTINE KALKl[PlM,SIH,XIM,ÏIH,HrH,iniIT,XUW,BUIT,PUIT)
calauUtBB X(k+X)
K(k+1) and P(k+l)

RBAL PIN(2,2), BIH(1,1), QIN(1,1), XIH(2), ÏIK(l) ,
RBAt. KUIT(2), HKT(2), EWIT(2,2), PUIT(2,2)

miiT(i)
KUIf(2)
XUIT(l)
Xt)IT{2)
EDIT(1,1) - VHEÉ(PIH,MIN) '
EUIT(1.2) • VMETJBïH.HINJ
EUir(2,l) » VMTE(PIN,HIN)
EÜIT(2,2) » VHTT(PIM,HIN)
PUIT(l,l) - PIN(1,1) - VHEE(EUÏT,PIN)/(PIM(l,l)+RlH(l,i))

PUIT(1,2) - P1N(1,2) - VHET(ïmT,PIM)/(PIH(l,l)+SIM[l,l))
• ' PIH{2,1) - VBTE(EUIT,PIH)/(PIN(1,1)+RIH(1,1))( , ) / ( ( , ) ( , ) )

- VHTr(EUlT,PIH) / (PIS( l ( l )+RIH[ l 1 l ) )

(,
PUIT(2,1)
PUIT(2,2)
RETURN
END

SUBMUTIKE KRLK1 (X1SI, KIM,RTAB, HB,PIK, QTH, XOÏT, HOIT, OOIT,PUIT)
calculatss X(k+l/k) and
P(k+l/)c)

BEAL XIt)(2), AIM(2,i), HIN, BTAU, PIH(2,2), QIH(1,1), XUIÏ'{2)
itüAL HUIT(2,a), CUIT(2,2), tUIT{2,2)

XUÏT(l) -• VHVECE(AIH,XIN) + (2*HIK*BÏ)ID)/ ()«H(2)) - MIH
X1IIT(2) - VHVECT{AIH,XIH)

AIH(11)
(,)

HUIT(2,1) -
HltIT(2,2) -

1 1 )
( , )

VMTB(PIH,miIT)
VMTT(PIH,HUIT)
VHEE(AIH,GUIT)
VMET(AIM,ÜIttT)
VHIB(AJH,GUIT)
VHTT(AIH,GUIT)

A ( , a j
AIH(2,2)
VHBB(PIH

( , )
SUIT(2,1)
GWT(2,2)
P U I T ( 1 )( , )
PUIT(1,2)
P0IT(2,l)
PUIT(2,2)
RGTUEH
END

SUBRODTIHË KA1M11(PIH,RIH,XIH,ÏIH,KOIT,WJIT,PBIT)
ca lou la tas X(k

REAL P I N ( l . D i
REAXi PÜIT{1,1)

KUIT(l) » P I H t l . i l /
XUIT(l) - XIH(l) +
P U I T ( 1 ) I H ( )

ca lou la tas X(k+1),
K(k+1) anti f(lc+l)
(1>, KÖIT(l), XUIT(l)

END

SOBBOUTIKE KALM12 (Altï, XIH,PIM, QIH, XWtT, PUIT)
and

P ( k l / k )
REALXIHfl), AIH(J.,1), PIS(1,1), QIM(l,l}, XDIT(l) , PUIT(1,1)

XUIT(l) - AIH(1,1)*XIH<1)
PUIT(11) A I H ( 1 1 ) * P (( ,
REÏURH
END

FUHCTIOH VHEE(B,D}
REAL B ( 2 , 2 ) , D(2 ,2)
VHEE - B{1 ,1)*D(1 ,1) + B[1 ,2 )*D(3 ,1 )
REl'UHH
END

HEAL FOMCT1OM VMET(B,D)
REAL B ( 2 , 2 ) , R(2,2)
VMËT - B(I . ,1)*D(1,2) + B ( 1 , 2 ) * D ( 2 , 2 )
RETUJW
EDO

REAL PUMCT1OH VHTE(B,D)
BEAL 8 ( 2 , 2 ) , D(2,2)
VMTE = 8 ( 2 , 1 ) *D{1,1) + B ( 2 , 2 ) * 0 ( 2 , l )
RETURH
E1SD

HEM. FUHCTIOH TOTT[B,D)
REAL B ( 2 , 2 ) , D(2,2)
TOIT » B(2 ,1 )*D(1 ,J ) + B ( 2 , 2 } * P ( 2 , 2 )
EETURH

REAL FUHCTIOH VHVECE(B,Z)
REAL 8(2,a), Z(2)
VMÏECB » B(l,l)*Z(l) + B(1,!)*B(2|
RETURN
END

REAL FUHCTIOH VHVECT(B,Z)
REAL 8(2,2), Z(2)
VHVECT - B(J,1>*Ü{1) + B(2,!)*Ï(Z)
RETURN
END

nultiply natriaas



PROGRAM
PARMJET:

INTEGER I

ls-701)

( , ) , Q ( , > , W ( l , ) i M H 3 , Ï ) , M f l , l ) ,
H E A L X ( l ) . P M ( 3 , 3 ) , Ï"W(1,1), Y ( l ) , K(3) , KAT(3,3)
REM. YDATA(JIOBS), HDATA(NOBS) , V2DATAJNOBS)
EEM,XHBW(3), KHBW(3), ENEW{3,3), FHEW(3,3), ONEW(3,3)
REALXHOV(l) , KHOV(l), PHOV[1,1)
REAL HNEW(3,3), TAUB, TAUD, W, TJfflB, TERM, VEHM

OPEN (UHIT=100, FILE=*' COHC' , STATUS»' OLD')
OPEH (UNIT-20 0 , TU.S-' aOQGTE' , STMUS.»' OIO' >
OPEN(UNIT»30Q,FILE<='VOPP2', STATUS»'OLD')
OPEN(UH1T-400,FILE-'TEMl' , STATUS='NEW')
QPEN(W«T.-500,ÏILE»'RESTI.',STATUS='HEW')
REM) ( 1 0 0 , • , ENP=tt I ÏDATA
R E A D ( 2 0 0 * P < t ) H A

valuss

XW(1)

0

c

R E A D ( 3 0 0 , *

W »
TAUD »
R(l , l )
QM(1,1) -
QW(1,D -
AH(1,1) -
M»<a,l) -
AM(2,2) -
AH(!,3) -
AM(J,1) -
AH(3,2) -
AM<3,3) -
HAT(1,1) =
HAT(1,2) -
MAT(1,3) -
MAT(2,1) -
MAT(2,2) -
MOT(2,S) ~
MATO.l) -
HAT<3,2) -
«AT(3,3J »

XM(1)
XM(2)
XM(3)
XW(1)
X(l)
PM(1,1) -
P«(l,2) -
PM(1,3) -
PM t ï 1 \ MLrn {£, 1J •»
PM(2,2) -
PH(2,3) -
PM(3,1) »
PM(3,S) -
PM(3,3) »
PH(1,1) «

WRITE(400,
HRtTE(50ö,
WRITE(«0O,
WBITE(400,

00 10 1-2,

,BHP-1;t|V2DATA

0.3E-3
0.06
2.6E-5
5E-1
5E-4
1 . 0
0 . 0
1 . 0
0 . 0
0 . 0
0 . 0
1 . 0
1 .0
0 . 0
0 . 0
0 . 0
0 . 0
0 . 0
0 . 0
0 . 0
0 . 0

ÏDATJlfl)
0.08
0.1E-3
ÏDRTMi-ï
ÏDATA(l)
2.5E-5
3E-4
1E-S

3E™4
3.SE-31.2E-4
1E-5
1.2E-4
4E-6

2.SE-5

9999S)
9999S)
99999) 1 , 0, ' E ' ,
99999) 1 , 0, ' S ' ,

MOB5

X H f l ) ,
X W d l ,

i ï l i t ia l values

XK(3),
XH(3),

ï ( l ) - ÏDATA(I)
TAOB - (4.831*V2I>MA(I))*((HDATA(I)-l)**(-0.3{l))
IF <TAUfi.G£.XM(2)) TH EN

update

CALL
XttEH(l)

XNËHJ3)
PHBW(1,1)
P K E W ( 1 , 2 )

( , )
9 9 9 9 9 ) 1 - 1 , 1 - 1 , ' E ' , X H ( 1 ) , ( ) , ( ) ,

X M ( 3 ) / X H ( 2 ) , K J ) E M ( l ) , K H B M ( 2 ) , KMEW(3)
prediction

XM(3)
PH(1,1)
PM(l,2)
PH(l,i)

PNEW(2,lj
PSBM(Ï,2)

PH(2,3) • PHEW(2,3)
PH(3,1 ""
PH(3,i
PH(3,3
WR.ITEJ400

TEBH
»S(1,2) •
AH(1,3) - (TAÜB)/(XM(2)) -
CALL KALT12(AM,XH,TERM.PH,0H,XKE«,KHEW,GBEW,PKEW)
XH(1) ° XMEHU)

3tHEW(2)
XK(3J
fK( l , l )
fK(l,Z)
PM(1,3)
PM(2,1)
PH(2,2)
PH(Ï,3)
PH(3,1)
PM(3,2)
PH(3,3) . .
MRXTE(SO0,99999) J, 1-1, ' E', XM(1), XM(2), XH(3),

P«EVI(1,3)
PHBH(2,1)
PHEH(J2)

()
ELSE

IF (TAUB.LE.TAUD) THEN
Update

CALL KALMl(PW,R,)ltt,ï,K»IOV,XBOV,PNOV)
xw(i) xHovirjij

PHOV(lil)
,StiW!.) I-\, 1-1 , , (

XW(3)/XH[2)É KHOV(X)
prediotion

ÏEBH - H*((TAUB)/(TAUD) - l )
AW{i , l ) = 1 + VERM
CALL KALT2Ï(AW,XW(PH,QW,XHOV,PHOV)
XH(1) " XHOV(l)
PH(X,1) • PHOV(1,1)
WUItE{50tt,99S99) I , I - i ,

XH(3),

>«12) ,

X U ) - XW(J)
ELSE

BRITE(400,99999) 1-1, 1-1,

WRITE(500,9999») I, 1-1,

EMD1Ï

10
Q
99998

99999

0

C

c
c

c

c

2
C

EHDIF
COHTIMUE

FOSMAT
&

FOEHAT
EHD

(14

SUBROUHNE

REAI, PIH(3

k / j • , ' E S ' , ' C ( k / j ) ' , ' T c e f k / D ' , ' H(k/1) '
M/Toe ' , '
, ' / ' , 13,

KALTllfPIM

, 3 ) , RIHfl,
REAI, K U I T ( 3 ) , XUIT(3)

KUIT( l )
KUIT(2)
KUIT(3)
5IUIT(1)
XUIT(2)
XUIT(3)
EUIT(1,
EUIT(1,
EUIT(1 ,
EUIT[J,
EUIT(2 ,

EUIT(3^
E 0 I T J 3 ,
EUIT(3 ,
P U I T ( 1 ,
P U I Ï f l ,
P U I T ( 1 ,
PUIT(J ,
PUIT(2
puiTfa)
PUIT(3,
PUIT(3,
PUIT(3,
RETURN
END

11
2 )
3)
1)
2)
5V
1)
2)
3)
1)
2)
3)
1)
2V
* /
3)
1)
3)
3 )

SUBROUTINE

- PIH(l , i ) /
= PÏH[2,1)/
- PIN{3,1)/
- XIM(l) +
= XIK(2) +
- )IIH(3) +
= V3NEE(PIN
» V3MET(PÏN
» V3KED(PIM
- V3HTE(PIH
» V3MTT(PIH

™ VJnTU\¥±l
* V3MDEJPIH™ V3KDT(PIH
- V3MDD(PIH
- PIH(1,D
" PIH(1,2)
• PIN(1,3)
- PIH(2,1)
m PIW(2,ï)
- PIN(2,3)
= PIN(3 (1)
» PIH(3,2)
- prN(a,3)

KALT12(AIN

K l ( k ) ' , • K2(k)' , ' K l (k j '
A2, 7FU.6)

.RIN.XIH.ÏIH^IM.KBni.XUtT.Eaii.PUIl)
ca lcu la tca xfli-fl),
K(k+1) an<3 P(k+1)

1 ) , XIN(3), Ï IM( l ) , HIN{3,3)
, EUIT(3,3), PUIT(3,3)

(PIN(l,l)+RIKU,l))
(PIN(1,D+SIH(1,1)
(PIN(l , l )+RIN(i , l )!
KUIT(1J*(ÏIH(1)-XIN(1))
KUIT(2)»(ÏIH(D-XIH(1)J
KUIT(3)«(ÏIK(1)-XIN(1))
f MIH)
,MItl)
,MIK)
,HIN)
,HIH)
,MIK)
,HIN)
,HIN)
,HIH)
- V3HEE(EUIT,PIN)/(P1B[1,1)+EIN(1,,1))
- V3HET(EUIT,PIH)/(PIH(l,l +RJN(l 1 )
- VSHEDfEaiT.PIHJ/tPINd.ij+mHfl,!))
- V3HTE(EUIT,PIH)/(PIN(l,l)+HIH(l,l))
- V3MIÏ(EUlT,»IH)/(HIl[ l , l i+EIJ)( l , l ) )
- V3MTD(EUTT,P1N)/(PIK(1,1)+RIH(1,1)J
- V3MDE(EUIT,PIH)/(PI(f{i'i +RIH 1 1
- V3MDT(Eaif,|iIH)/(PIN(l,l)+RIH l | l
- V3HD0(EaïT,PIH)/(PIM(l,l)+HIH(l!l))

,XIS )TIM,ÏIH,QIS )xui'i<ln)lï,GÜl'ï,PllIT)
e a l o u l a t e e X(k+l/k) and
Plk+l/k)

REAL AIN(3,3), !IJH[3), TIK, PIK(3,3) , QÏH(1 1)
REALXMT(3), B0IT{3,3), GUIT(3,1) , PUIT(3,3)

XUIT(J) - VHV3E(AIH,X1H) + TIN
XUIT(2) - VMV3T(MHXIN)( , )

VKV3O(AIN,XIH)
AIM(ll)( , )

HUIT(1,2)
H U I I ( 3 )

2 , 1 ) -
2 2 )

HUIT , )
HUIT 2,2)
HUIT 3,3)
HUIT(3,1)
HOIT(3,2)
HÖ1T(3)

- AIN(2,2)

GUIT(1,2)
GUtT(l,3)
GOIT(2,1)
GU1T(2,2)

GUIT(3,21
GUÏT(3,3)

AIH(1,3)
A1N(3,2)

1 H M 13,3)
' V3MEE|PIH,HUIT)
V3HET(PIH,HUIT)
V3MED (PIN, HUIT)
V3HTIS|t'j.«,nuj.i;
V3HTT(PIN,HUIT)
V3HT0(PIN,HUIT)
V3HDE(PIH,HDIT)

PUÏT(1,2)
PUIT(1,J)

( B , )
V3MDD(PI(I,HUIT)
V3HEE(AIB,G01T)
V3MBT(

PU1T(3,2)
PUIT(2,3)
PDIT(3,1|
PUITJ3,2)
PUIT(3,3)
RETUB»
END

( , )
V3MED(AI«,G01T)
V3«TE(AIH,0UIT)
V 3 M T T ( A G U I )( , )
V3HTD(AIN,GUIT)
V3MDE(AIH,GtlIT)
V3HDT(MM,GU1T)
V3MDD(AIH,GUIT)

SUBKOUTIWE KALT21(PIN,RIH,Xm,ïlN,KUIT,XUIT,PUIT)

calcuiates ü(k-H),

H(,), «.,!,!,, „»,!,,
REALKUÏT(l), XDIT(l), PUIT(1,1)

KUIT(l) - PIH(1,1)/(PIN(1,1)+RIN{1,1))
XW1T(1) - XIN(l) + KUIT(1|*[ÏIM(1) " " H M ) )

Ü 1 1 ™ ( 1 1 * («N<ll)*PIN(li))/jP

SUBROUTIHE KALT22 (AIH,XIH, PIN,0IH, XUIT, PUIT)

calculstea x()c+i/K) and

REAl AIH(1,1), XIS(l),
REALXUIT(l)» PUIT(1,1)

XUIT[1)
PUIT(1

• MtJ(l,l)«XIN(l)

EETURU
END

nultiply natrioes
FUNCTIOH V3HEE(B,D)
REM, B(3,3), D(3,3|
V3MEE - B ( 1 )
RETURN
END

EEAl FBHCTIQN V3HET(B,D|
REM, B ( 3 , 3 ) , P ( 3 , 3 )
V3HET - fi(l,l)*D(l,2) + B ( 1 . 2 ) « D [ J , 3 ) + 8 ( 1 , 3 ) * D ( J , J )

END

REAL FUHCTIOH V3MED(B,D)
REAL S ( 3 , 3 ) , D ( 3 , 3 )
V3HED - B ( 1 , 1 ) * D ( 1 , 3 ) + B ( 1 , 2 ) * D ( 2 , 3 ) * B ( l , 3 ) * D ( 3 - 3 )
RETURM
END

REAL CUNCTION V 3 H T E ( B , D )
REAL B ( ï , 3 ) , 0 1 3 , 3 )
V3HTE - S ( ï , l ) * D ( l , l ) + B ( 2 , 2 ) « D ( J , 1 ) + B ( 2 , 3 ) * D ( 3 , 1 )



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

RETURN •
END »

HEM, FVHCT10N V3(OT(B,t>)
REAL B(3,3), D<3,3)
V3MTT - Bt!,l)*D(l,2) + B(2,2)*D(2,2) + B(2,3)*D(3,2[
RETDRN
END

HEM, FWÏCTION V3MTD(B,D)
REM, B(3,3), 0(3,3)
V3HTD - B(2,1>*D(1,3) + B(Z,2) «D(2, 3) + B(Z,3) *»p,3)
RETURN
END

REM, FTMCÏION V3MDE(B,Q)
HEM, B(3,3), D(3,3)
V1HDE - B(3,1)*D(1,1) + B[3,2)*D(2,1) + B(3,3)*D(3,1)
RETURH
END

REM, FUHCTÏON V3HDT(S,D)
REM. B(3,3\, D(l,ai
V3HDT « B(3,1)*D(1,2) + B(3,2)*D(3,2) + B(3,3)*D(3,2)
RETORH
END

BEU, FUNCTIOH V3MDD(B,D)
REM, 8(3,31, D(3,3>
V3HD0 - 8(3,11*0(1,31 + B(l|2)*t><l|ï) + B(ï,3.i *D(S,3)
RETURN
END

jnat*voator
REM. FUWCTION VMV3E(B,Z)
REM. B ( 3 , 3 ) , Z(3)
VMV3E - 8 ( 1 , I . ) * Ï ( 1 ) + B ( 1 , 2 ) « Z ( 2 ) + B ( 1 , 3 ) * Z . ( 3 )
RETURH
END

REM, FUHCWON VMV3T(B,Z)
REAL B ( 3 , J ) , Z ( 3 )
VMV3T - B ( 2 , 1 ) * Z < 1 ) + B ( Ï , S ) * Z ( 2 ) + B ( 3 , 3 ) * ü ( 3 ]
RETURN
EHD

REM. FUNCTIOH V H V 3 D ( B , Ï )
REAL B ( 3 , 3 ) , Z ( 3 )
VMV3D - B ( 3 , 1 ) * Z ( 1 ) + B ( 3 , 2 ) * Z ( 2 ) + B ( 3 , 3 ) * Z [ 3 )
RETURN
EHD

=313)

INTEOEH I
B E i L C ( l ) , C»(EW(1), TERM, VERM
REM. CODAT, HDATA(KOBS), VSDATA(KOBS)
REM. H, W, ThVD, TAÜS

( , )
OPEN(UHIÏV200, FILEo'HOOQTE', SWTUS"'OLD')
OPEH(WtIT»300, PILB-'VOPPS',STATUS-'OLD')
OPËH(UMÏT-'400IFILE»'HOM', STATtIS>»'NE»' I
BEAD (100 , • , EHD-tt) COMT
REU) (800 , * , EHD-tt) IICDlTA
B E M l ( 3 0 0 * E J l D t t i v « W A

values
H - O.2E-4
H - Q.JE-3
TAUD - 0.058
TAUE - 0.061
C(l) - CODKT

MHITË(400,99999) 0, C(l)

CO 1D l ' t , NOBS
TAUB - (4 .831*V2OATA{t ) )* ( (HDATA(I ) - l )«* ( -0 .30 ) )
XF (TAUB,GE.TAUE) TIIEN

TEBH » « * ( ( T M 1 B ; I W E ) - 1 1
CALL EROSIE{C,TERK,CHEH)
C ( l ) » CHEM(l)
WRITE(4DD,99999) 1 - 1 , ' E ' , C ( l ) , TERH

SLSe
IF (TMra. tE.mJD) THEK

VEHK - W*((TAÜB/TAUD)-1)
C U I SECreiBtOVEÏWCHBH)

10
99998
99999

0

c
c
c

c

c

c

t ,
C ( l ) - CHEH(l)
HRITE(400,9B9S9) ï - 1 , ' S ' , C ( l ) , 0 , 0 , VERM

EI.SE
WRITE(400,9S399) 1 - 1 , ' H' , C ( l )

EHDIP
EHDIP
CQHTIWJR
FORMAT ( ' k ' , ' E S ' , ' C(k) ' , ' TEBH ' , ' VEHM ' )
FORHAT ( I J , A2, 31'a.G)
EHD

SUEROUTÏMB EROSIE1CÏH,TIH,COXT)

REAL CIH(l), TIK, OUT(l)

- OIN(1)+TIH
RETURH
EHD

SUBROUTIHB SEDTIE(CI)1,VIN,CUIT)

REM. C I K ( l ) , VIH, CUIT(l)

flUIT(l) • CÏS{1)*(1+VIN)
REÏÜRH

-701)

IHÏEGEB I
REALR(1,1), QH(1,1), QW(1,1J, AM<3,3),
REALK(l), PH{3,3), PW(l,i), ï(l), K(3), MA
REAL ÏDATA(MOBS) , HBATA(KOBS), VÏDATA(MOBS)
REAl XNEH(3), KMBW(3), EHEW(3,3), PNEW(3(3
REAL XNOV(l), KMOV(l) , PNOVfl,).)
REM, H » E H p , 3 ) , TAOB, TftUD, W, TERH, VESM

OI>EN(UUIT'»100, PILB-'COHC', STATOS»'OLD' )
OPEN(UNIT200FHE»'HQOCTE'STATUS'OM)( , E , S T A T U S O M )
OPEN (UHÏT=3 00, FILE»' VOPF3 •, STATUS-' OLD')
OPEN (UNIT-4 00, FÏJ.E" 'KTEH1', STATUS» 'SEW')
OPËN(UHIT"SOO,F1I,E»'HRBST1',STATUS"'NEW')

values

READ(2O0l
READ(3O0,

W
TAUD
R(l,l) *
CMU.1)

Mili'ï)
A M ^ ! )
AM<2,2)
ftM<2,3) •

AH(3,2)
AM(3,3)
MAT(1,1) •
HAT(1,2) •
MAT(1,3) •
HAT(2,1) •

HAT{2',3)
M*T(3,1)

WT(3j3)

XH(1]
XM(S)
XB[3) |

X(l) •
FH(1,1) *
PH[1,2) •
PM(1,3) •

PM(2'2) •
PM(2,3) •
PM(3,lj =
PH(3t2) i
PK(3,3] •

"•,EHD-tt)ÏDATA
fr,END*tt)HDATA
^ , E H D A t t ) V 2 D A T A

• 0.3E-3
• 0,06
- 2.5E-5
. 5B-4

• 1.0
• 0 . 0
• 1.0
• 0 . 0
• 0 . 0
• 0 . 0
• 1.0
' 1.0
= 0.0
• 0,0
• 0.0
3 0 0
- 0.0
> 0 . 0
1 0 r 0
= oio
• ÏDATA(l)
> 0,08
• 0.1E-3
• ÏDATA(l)
• ÏDATA(l)
' i.SE-5
= 3E-4
= 1E-S
• 3E-4
- 3.6E-3
• 1.3E-4
= 1E-5
• 1.2E-4
. 4E-6
2.SE-3

MRXTB(400,99998)
HEIÏEfSOO
VïRITE(400
WSITE(400

DO 10 1-2

99998)
99999) 1, 0, ' E
99999) 1, 0, ' S

(JOBS

initinl values

XM(2),
X«(2),

ï [ l ) « ÏDATA(I)
TAUB - {4.831*VaDATA(I))*((HDWA(l)-l)**(-0.30))
IF (TAUB.GE.XHfa)) T«EM "

I)
( ) m XHÊW(2J

XM(3) - XNEtf<3)
M(11)( , ) PNE(1,1)

PH[l,2) - PHEW(1,2)
PM(13) PNEM{13)

PM(2,3)
«(3P«(3,l) B(,1

1*1(3,2) - PNEM(3,2
711(3,3) •> PN£H(3,3
WPITB14O0,99999) 1 - 1 , ï - 1 , ' E ' , J M ( l ) , XM(Ï), XH(3),

XH(3)/XM(2), KNEW(l), KNEH(S), KNEH(3)

TERM - <XH(3)*TAUB)/(Jffl(ï)*H0ATA?ïnn

A«( l , 2 ) - <(-l)«TERH)/(XK(2))/(HDA*A(I))
AH(1,3) = (TAUB)/(!(M(2)1 - 1
CAH, KAI,T12(AH,»!,TERH,PM,QM,XNBW,H1)EH,ONEH, PHEfl)
XH(1) »» XNEH(l)
» l (2 ) - XNEW(J)
XM(3J Xlt£W(l)Xlt£W(l)
PK(1,1) - PNEH(1,1)
PH(1,2) - PMEH(l.,a)
FH(1,3) - PNEW(1,3)
FM(2,1) PNEW<2

H ( 2 ) PHEH(2,2)
» PNEW(J,3)

P « ( 3 | » - SHBW(i,l)
PH(3,i) - PNEH(3,2)
PH(3,3) - PNEW(3,3)

,99999)

()
EISE

IF CSAÜB.IE.TAUD)
updata

CALL KAW21{PW,R,)™1Ï,KNOV,XNOV,PHOV)
XWfl) - XNOV(l)

) P8OV<11)
0,99999) 1-1, 1 -1 , ' S ,

XM(3)/XM(2), KNOV(l)
predlction

VERH - W*{(TAU8)/(TAUB) - 1)
AH(1,1) - 1 + VKRK/HDATA(I)
CALL KAIT22(AH,XH,PH,QM,XNOV,PHOV)
XH(1) - XNOÏ(l)
PW(i,i) . PNOVfl.ll
HRITE(50O,99999) I, ï-1, ' s XH(2), XH(3),

X(l)
ELSE

WEITE{400,09999) 1-1, I-X,
XM{3)/XH(

WHITE(500,98999) I, 1-1,

EHOIT

) , XM(2),

XM(2),



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

ENDIF
10 CONTINUE

C
9999S FORMAT (' X/l

S ' M/Tce
99999 FORMAT (14, '/',

END
C

Cfk/j)
( , ' KS

13, A2, 7Pa.6)

Toelk/j!'

()
EUIT(l.l)

( Ï J

BUBROUTIME KALTli(l>IH,RIN,XÏN, YIN,MIH,KUIT, XWÏ,EUIT, PUIT)
calct i lates X(k+l),
X{X+1) and P{k+1)

REAL PIH(3,3[, RIM(1,1), XIB{3), Ï I N ( l ) ,
REALKUIT(3), XUIT(3), EUIT(3,3[, PUIT{3,3(

KUÏT(l)
KUITU)
KUIT(3) - P I N ( 3 , l ) / ( P I N ( l , l ) + R Ï N ( l , l ) )
XUIT(l) =• XIN(l)
XUIT(2) » XIB(2) + KUIT(2)«(ÏIH(lj-XIN(lj)

XIB(3) + KUIT(3
V3HEE(PIH,MIN|
V3HET(Pin,HIN|
V3MED(PIH,HIH]
V3MÏE(PIN,MIM)
V3HTT(PIS,HIN)

EUIT(2,3) » V3HTD(PIN,HIN)

Eurro,*)
EUÏT(3,2)(,)
PUIT(1,1)
PDIT(l,2)
PUIT(1,3)
PUIT(2,l)

( J )

V3MDT(PÏM,HIMj
V3KDD(PItt,HIN)
PIN( l . l ) - V3HEE(EÜIT,PlH)/(PIN(l,l)+RIH(i,l))

( W ( t | l ( , J )
- V3HED(EUIT,PIH|/(PIH(1,),)+RIN(1,1))
V3OTE(EU1TPIH)/(PIH{11)+BJH(11))(
V3MTf(EUIT,
V3HTD(EUIT,
V3HDE(EUIT
V3HDT(EUIT
V3MDD(EUIÏ

PIB)/(PIN(l,
PIH)/(PIBa
PJH)/(PIN(1,
PIB)/(PIH(1,
P1K)/(PIN(1,

) , ) )
l)+RIH(l,l))
l)+RlH(l,l))
1)+RIN(1,1))
1)+R1H(1,1))
1)+RIS(1,1))

PU1T(3.J)
PU1T(3,3)
RETUEM
END

SUBROUTIME KM.T12 (AIH.XIB,TIN,P1H,QIH,XUI1>,HUIT,GUIT, PUIT)
calculBtes K(k+l/k) and
P(H+l/k)

REAL AIK(3,3), XIH(3), TIN, PIN(3,3), QIB(1,1)
REAL XUIT(3), HUIT(3,3), CUIT(1,3), PUIT(3,3)

XUIT(l) - VHV3E(AIN,XIN) + TIH
XUIT(2) - VHV3T(AIH,XIN)
XU1T(3) » ¥KV3D(AIM,XIN)

)
3)

)

HUIT(1
HOIT(1
HUIT(2

(
HUIT(3
OUIT(1
GUIT(1

.i) -
,3) -
,1) - AIN(1,2)

- AIH(2,2)
- AIH(3,2)
• AIN(1,3)
- AIN(3,2)
- AIM(3,3)
- V3HEE(PIN,IIUIT)
= WMETtPIN.HOITJ

GUIT(2,2)
GUIT{2,3)
00IT(3,l)

UIT{3:)

V3HTT(PIN,HUIT)
V3HTD(PIN,KUIT)
V3MDB(FIH,HUIT)
V3HDT (PIN, KUIT)

( ,
PUIT(J.,3)
PUIT(2,1)
PUIT<2,2)
PUIT(2,3)
PDIT(3,1|

( Z J( , J
PUIT(3,3]
aBTURH

V3HEE(AIN,GUIT)
V3HET(AIN,GUIT)
V3HED(AÏH,GUIT)
V3HTE (AIN, GUIT)
V3HTT(AIH,GUIT)
Ï3HTD(AIN,GÖIT)
V3H0E(AIN(GaiT)
V3HDT(AIN,GUIT)

EHD

SUBROUTIHE KALT21 (PIM.RIH,XIN,YIM,KUIT,XUIT,PUIT)
calaulates X(Jt+l) ,
K(K+1) ana P(k*l)

REAL PJH(l,l), RIN().,1), X1N(1), ÏIH(l)
REAL KUIT(l) , K U M ( 1 1 J PUIT{1,1>

KUIT(1| -
XUIT(l| =
PUIT(1,1J -
RETURN
END

SUBROUTIKE KM.T22 (A1H, XIB, P1W, QIN, XUIT, PUIT)
c a l c u l a t e s X{k+i/k) and
P(k+i /k)

/ ( ( , J ( , )
KUIT(I)«(ÏÏH(ll -

( P I M ( * P l N (

(/
REAL AI»(1,1)t XIS(l), PIH(1,1), QÏN(1,1)
RBAL XUITd), PUIT(l.l)

XUIT(l) » AIN{1,1)*XIN(1)
PUIT(1,1J - AIN(lrl)*PIN(l,l)*AÏH(l,l)
RETURN
BID

multiply matrices
FUHCTIOH V3HEE(B,D)
REAL 13(3,3) , D ( 3 , 3 )
V3MEE - B ( 1 , 1 ) * O ( 1 , 1 ) + fl(l,S)*D(2,l) + B ( l , J ) « 0 ( 3 , 1 )
RETURN
END

REAL FUNCTTON V3HET[B,D)
REAL 6 ( 3 , 3 ) , D ( 3 , 3 )

B { 1 1 ) * D ( 3
RETURN

B ( 1 , 2 [ * D ( 2 , 2 ) + fl(l, i) * D ( 3 , 2 )

REAL PÜNCTION V3H£D(D,D)
REAL B ( 3 , 3 ) , D ( 3 , 3 )
V3MBD » B ( I , 1 ( * D ( 1 , 3 ) + B ( l , 2 ) « D ( 2 , 3 ) + E ( l , 3 ) * B { 3 , 3 )
RETURN
tblO

HEM, ÏUMCT1O» V3MTOtB,D)
REAL B ( 3 , 3 ) , 0 ( 3 , 3 )
V3KTE • B ( 2 , l ) * D ( l , l ) + B { 2 , S ) * D ( 2 , 1 ) * B ( S , 3 ) * D { 3 , 1 )

RETURN
EHD

REAL FUMCTIOS V3HTT(B,D)
REAL B ( 3 , 3 ) , D ( 3 , 3 )
V3MTT - B ( Ï , 1 ) * D ( 1 , 2 ) + B ( Z , 2 ) » D { 2 , 2 ) + B | 2 , 3 ) * D ( 3 , 2 )

FUNCTIOS V3MTD(B,DJ
REAL B ( 3 , 3 ) , D ( 3 , 3 ]
V3HTD » B ( 2 , 1 ) * D ( 1 , 3 ) + B ( 2 , 2 ) * D ( 2 , 3 ) + B { ï , 3 ) * D ( 3 , 3 )
RETURN
END

REAL FUHCTJON V3MDE(B,D)
REAL B ( 3 , 3 ) , D ( 3 , 3 )
V3HDE - B [ 3 , l ) * D ( i , l ) + B ( 3 , 2 ) * D ( 2 , 1 ) + B ( 3 , 3 ) * D ( 3 , 1 )
RETURN
END

HEAL FÏINCTIOB V3HDT(B,D)
REAL B ( 3 , 3 ) , D ( 3 , 3 )
V3MDT - B ( 3 , 1 ) * D ( 1 , 2 ) + B ( 3 , 2 ) * D ( J , 2 > + B ( 3 , 3 ) * D ( 3 , 2 )
BETURN
KUD

REAL FWICSÏON V1HDD(B,D)
REAL B ( 3 , 3 ) , D ( 3 , 3 |
V1MDD = B ( 3 , 1 ) * D ( 1 , 3 ) + B ( 3 , a ) * D { ! , 3 ) + B < 3 , 3 ) * D ( 3 , 3 )
RETURN
EHD

e e t o i :
REM, rUNCTION VWV3E(B,Z)
BEAL B ( 3 , 3 | , 2 ( 3 )
VHV3E = B ( l , X ) * a ( l | + B ( 1 , 2 ) * Z ( 2 ) + B ( l , 3 ) * z ( 3 )
RETURN
END

REAL FimcriON VMV3T(B,8)
HEÏO, B ( 3 , 3 ) , 7 ( 3 )
VHV3T - B ( 2 , 1 ) * J ( 1 ) + B ( 2 , 2 ) * Z { 2 ) + B ( 2 , 3 ) * Z ( 3 )
RETURK
EHD

BEAL FUHCTION VKV3D(B,Z)
REAL B ( 3 , 3 ) , Z ( 3 )
VMV3D » B ( 3 , t ) « Z ( l | + B ( 3 , 2 1 * Z ( 2 ) + B ( 3 , 3 ) * a ( a j
RETURN
END
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PROGRAM]

INTEGER I
H E A L R ( l | l | r Q M ( 1 , 1 ) , Q W ( 1 , 1 ) , A H ( 2 , 2 ) , A W ( 2 , 2 ) , ( ) ,
REAL X ( 2 ) , P M { 2 , 2 ) , P W ( J , 2 ) , ï ( l f , K ( 2 ) , H ( 2 , 2 )
REM, YDATA(NDBS), HDATAIIÏOBS), IKDATA(MOBS)
REU, XKEW(2), KNEW(2) , E H E W ( 2 , 2 ) , P N E W ( 3 , 2 ) , GNEW(2,2)
REM, H K E W ( 2 , 2 ) , TAÜB, TAUE, TAUD, TERM

O P E N ( t m i T i 1 0 0 , F I L E = ' C a N C ' , STATUS=' OLD')
O P E H ( U N I T - 2 0 0 , F I L E - ' H O O S T E ' .STATUS»' OLÖ')
OPEN { W K T « 3 0 0 , F I L E - • V O Ï P 2 ' , STATUS»' OLD')
OPEN{UNIT»4ÜO,FILB»'KWW1',STATUS='NËW')
O P E N ( U N T r » E 0 0 , F Ï L B » ' H E X T l ' , S T M ? U S = ' N Ë H ' )
READ(10O,* , E ND'>t t )YDATA
READ(2O0,*,ENP-tt)HDATA
READ(300,»,EHD«tt)V2DA.TA

veluag

C
C
C *******************«t*********************•***•*****+**•*•**••***

e

TAUE
ÏMJD

OH(i^l)

AM(2,1)

XM(1)

PH(2,1)

M»(l!l)

O.'JO
9.06
2.9E-S
SE-4
5E-4
1.0
0.0
1.0
0.0
1.0
1.0
0.0
0.0
0.0

ÏDATA(l)
0.1E-3
ÏDA.TAU1
0.3E-3
ÏDATA(l)
2.5E-5
1E-B
1E-S
JE-G
2.SE-5
BE-7
5E-7

- 1E-8

in ib ia l

URITE{40D,9999B)
HRITE(50O,9999B)
UR1TE(400,99999) 1, O, ' E', XH(1),

U PH(1,2) , PM(2,2)
tfRITE{400,99999) 1, O, ' S ' , XH(1),

k PW(1 ,2J , PW(2,2)

DO 10 1-2, NOBS

, XW(2!,

ï ( l ) - ÏDATA(I)
TAUB - (4.831*V2DWA(I)).((HDATA(I)-l)**(-0.30))
IP (TAUB.EE.TAUB) THEH

updats
XM{1) - X(l)
CALL KALHl(PH,RIKH,ï
XKU) - XHEW(l)

JX ( J ( )
PH(1,X) " PHEW(1,1)
PH(1,2) - PME»(1,21
PM(2,1) - PHEW(!,1)
FH(2,2) - FMEW(2,2)
»BÏTE(40D,99999) 1-1 ,

PH(1
t-i,
1 P( , ) ,

Kt)ËH(l),

XH( l ) , XM(2),
PM(1,2) , PH(2 ,2 ) ,
KHEW(2]

p r e d l c t i o n
AH(1,2) <= ((TAUB) / (TAUE> - 1) / (HDATA(I)J
CMJ. KAUKdW.AM.PH.QNXHËWmiEH^HSWPH
XH(1) - XNEW(l)

) XMEW(2)

XW(2),

PH(1,2) - . .
PH(3,1} = PHEH(2,1)
PM(Z,2) - PNE»(2,2)
WEITE(50O,99999) I, I-l, ' E', XM(1), XM(2), XW(2), PM(1,1)

PH(1,2), PH(2,2)
X(l) = XK(1)

liLSE C
IE {TJVUB.LE.TAUO) THES

Update
JCW(l) - X ( l )
CALL KALHl(PH,R,XH,V,H,KHEW,XNEW,ENtW,PNEW)
XH(1) - XHEW(1]
JCM(2) - XHEMJ2) (
PW(1,1) - PHEH(1,1)
PH(1 |2) - PNEH(1,2)

) - PMEW(2,11
P ( , ) ( , )
WRtTE(4O0,99999) 1 - 1 , I ~ l , ' S ' , X H ( 1 ) , XM(2), X H ( 2 ) ,

P H ( 1 1 ) P N ( 1 2 ) P H ( 2 2 )

TERH

( , ) . ( , ) , ( ,
KHEH(l), KNEH<2)

ptredic t inn
" ((TAUB)/(TAUO) - 1)/(HDATA(I))

1 XW(J)*TERH( 1 ( ) H
( , ) = XW[1)*TERM

CALL KALH3 (XH,TERH,AW,PW,gW,XHEVI,HHEH,GHEn,PNEM)
XW(1) - XHEW(l)
XW(2) )(2)

( , ) )
PM(2,1.) - P«EH(2,1)
P W ( 2 2 ) - PHEH(2,2)

0O99999> I

10

99998

99999

c
c
c
c

WRITEfSÜO,
t,

ELSE
WRITE(400,
WBITE(SOO,

ENDIF
EHDIF

CONTINUE

FORMAT (' k / j ' ,

PORMAT { t 4 , ' / ' . 13

99999}
P

99999)
99969)

' E 3 ' , '
'p(k/

r Kg {k
i, AS,

I, I - l , '
W ( l , l ) , P«

I - l , I - l ,
1, I - i , '

c ( k / j ) ' ,
j U ü ' , 'P(
)')
SFB.6)

S ' ,
i l | 2 )

' N'
H',

t

Wj)3

, PW(i

*W

HJk/Jl

XM(2|,
,2)

, XM(J)
XH(2),

' , ' V

XW(2),

Jt»{2)

l ( k / j | •

SUBRQUTINE KALMÏ(PIN, RIN,XIN,ÏIN, HIK,KUIT,XUIT,EUTT,PUIT)
ca lcu lo tao x ( k + l ) ,

(k+1)
MIN<3,2)REAL P H ( , >

REAL KUIT<2>,

KBIT<1)
KUIT(2)
XUIT(i)
XUIT(2)

U T ( 1

EUIT(2,2), PUIT(2,2|

( , )
EU1T(2,1)
EÖIT(2,2)
PUIT (1,1)
P U ( 2 )

() ( ) ( ( ( ) )
XIH[2) + KOIT(2)*(YIH(1J-XIN(1))
V M K e P H l H |
VMET(PIM,MIK)
VMTE(PItf,WIB)
VHTT(PIN,»IN)
PIH(1,1) - VHEE(EUIT,PIW)/(PIN(1,1)+RIN(1,1))
PIN(1,2) - VMET(EUIT,PIN)/(PI(l(l (l)+RIN(l,l|)

PaiT(2, l ) = PIN(2,I) - VMTE(EUIT,PÏN)/(PIM(1,1)+RIN(1,1))
PUIT(2,2) — " ' - " "••
RETUfU!
END

SUBROUTIME KALM2 (XIK,HN,PIN,QIH,XUIt^UIT,GOIT,POIT)
oalculntes x(k+l/k) and

HUIT(2,2) AIN(S,2)
REU, GUIT(2,2), PUIT(2, 2)

XUIT(l)
XUIT(2)
H U I T ( 1 1( , )
HUIT(1,2)
HUIT(Z,1)
H | 2 , )
GUIT(1,1)
GUIT(1,2)
GUIT(2,1)
GUIT(2,2)
PUIT(1,1)
PDIT(1,2)
PUIT(2,1)
WIT(aï)

VHVECE(MN,XIH)
VHVËCT(WH,XIH)

I H ( ) )
hIH(2,l)

IH(( , )
H«(2,2)
V«BE(PIN,HUIT)
VMBT(PIS,KUIT)
VHTE(PINH"IT)
VKTSfPIB.HUIT)
VHEE(AÏM,QUIT)
VHET(WS,QUIT)

É ( W C U I T )

RET0RH
END

EUBROUTISE KALH3 (XIN,TIN,AIN,PIN,O.IN (XUn l
18UIT<GUIT,PUIT)

calculotaa X(k+i/k) and

AIH<2,2), TIN,

MJIT(l) » V«VEOE(AIH,!(IN) - XIN(l) *XIM(2)«TIK
XUIT(2) - VM¥KCI(IBXIH)
H B I T ( l )

( ,
UUIT(2,1)
11UIT(2,2)
GUIT<1X)

( , )
AIH(2,1)
AIH(1,2)
AIN(2,2)
VMEE(PIH

) •• VHET(PIN,HUIT>
OUIT(a,l) - VHT1(PIM,HUIT}
GUIT(2,2) - VMTT(PIN,HUm
PUIT(i,l) = VHEE(AIN,GaiT)
PUIT(1,2) » VMET(AIHrOUIT)
PUIT{2,1) •» VHTE(AIH,OUIT)
PUIT{2,2) - VMTT(AIN,OUIT)
RETURN
END

*»***•****••*•******•****•***

FUHCTIÜN VMEE(B,D)
REM, B(3,2) , D(2,2)
VHEE - B(1,1)*D(1,1] + B(1,2)*D(2,1)
RETURN
END

REU,
REAL B ( 2 , 2 ) ,
VHET - B ( l , l
RETURN
END

VMET(B,D)
0 ( 2 , 2 )
* D ( l 2 B ( l , 2 ) t D ( 2 , 2 )

tffiM, FOHCTIOM VHTE(B,D)
REAL B ( 2 , 2 ) , 0 ( 2 , 2 )
VHTË = B ( 2 , 1 ) * D ( 1 , 1 ) + B ( 2 , 2 ) * D ( 2 , 1 )
RETURN
END

REAL F1WCTI0N VHTT(B,D)
EKXL B ( 2 , 2 ) , D(2 ,2 )
VMW - B ( 2 , 1 1 « O ( 1 , Ï ) + B ( 2 , Ï ) * O ( I , 2 )
RBTUBH
END

REAL FITOCTIOH VHVECE(B,E)
BEAL B ( 2 , 2 ) , 2(2)
VMVECE •> B ( 1 , 1 ) * Z ( 1 ) + B ( 1 , 2 ) * Z ( 2 )
HETURN
END

REAL FlmCTIOH VMVtCÏ(B,B)
REAL B ( 2 , 2 ) , 2(2)
VMVKCT - B ( 2 , 1 ) * Ü ( 1 | + B ( 2 , 2 ) * Z ( 2 )
RETURN
END

mat*vactor



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

PEOGHAH
PARAME'

INTEGER I
REM, R U , ! ) ,
REM. XWË(2),
REALX(l) P

'701)

( , )
XWV(J)
( 2 2 )

AM[2,2) , J1W{2,2), XME(2), XMV(2)
M XWË() , X ( J )

REALX(l ) , P H ( 2 , 2 ) , FW{2,2), Ï < 1 ) , K ( 2 ) , M(2,J)
REAL ÏDATA(HOBS), HDOTA(HOBS), V2DATA(NOBS)
REAI, XNB»(2) , KNEW(2), EHEW(2,2), PNEW(2,2), GNEW(2,J)
REAL HHEW(2,2), TAUB, TEV, ÏEE, VEV. TOE, TERM, ALFA

OPEMfUHIT-lOO.FlLE-'COHC', STATUS »'QLD')
OPEH(UNITaOOrtIE'KOOGrE' ,8TATUS»'0U>' 1

ï6{ , J
OPElI[WIT-40O,riI,B-'MWBVl',STATUS-'HEW'J
OPSH[UNXT"5{IO,FILE='M!EV1',STATU B='HEW')
READflOO F * , EHD«tt) ÏDATA
REM) (200, * , EHOtt) HDATA
READ(3OO, * , EMp-tt) V2DATA

ALFA
TEV
TEB
TDV
IDE

AHC
AM(
M(
AU(2

, l )

5)

Mtï.1)
H(2,2)

XMBCS)
XHV(2)
XWE(2)

PH(1,3)

724

1.0
0.0
1.0
0.0
1.0
1.0
0.0
0.0
0.0

ÏDATA(15)

values

lnitial valuas

PW(2,l) -

HRITE(400,99998)
WRITEJ500,99998)
WRITE(400,99999) 1, 0,

DO 10 1-16 , HOBS

M', XKV(2t, XHE(2),

Y(l) - ÏDATA(I)
TAUB - (4.B31*VaDATA(I-16)(*((MDATA(I-15)-l)**(-C»,30))
IF (HDATA(I).GE.17,4) TBEH

IV (TAOB.GE.TEV) THEH

updata

XMEW(l)
XHEW(2)
PH£W(1,1)
PNEW(12)( , )
PHEH(3,1)
P W { 2 2 )

CAUi
XHV(l)
XHV(2)
FK(1,1)
PM(X,2)
PH(2,1)
PH(2,3) {)
W»IÏE(»D0,999SS) 1-1 , 1 -1 , ' E' , ' V', XHV(l), XHV(2(,

XME(2), XWV(2), XHE(J)
predlct ion

AM{1,2) = ALFA* ( CCM1B/1EV) - 1)/HDATA{Ï)
CALL KALM2(XMV,AM,PH,QH,XtiEM|HHEH,GNEW,FHliW)
XMV(l) - XWEW(l)
XHV(2) X H ( 2 )XHV(2) »
PM(1,1) =

PMt^i) z
FK(2,2) -
WR1TË(500

X(l)
ELSE

IF (TAUH.1

XHV{1)

XNEH(2)
PHEW{1,1)

PHEW(2Jl)
PHEW(2,2)

,99999) I , I - i ,
XME(2),

XHV(l)

Ü.TDV) TKEH

m X(l)
CALL KALHl[PH,R,XHV,ï
JtWV(l)
XWV{2)
P H ( l , l
PW(1,2

- XHEH(l)
^ XHEW(ï)

) <• PHEW(1,1)
) - PHEWU,2)

' E ' , ' V ' ,
X W ( 2 ) , XWE

updata

,H,KNEH,XMEW

XMV(l), XMV(2)
W

,EHEH,PMEH)

( , ) FHEH(2,2)
WBÏTE(400,99999) 1 - 1 , 1'X, ' S', ' V ' , XWV(l),

XMV(2), XME(2), XWV<2), XBE(2)
p r e d i c t i o n

TERH
AH (1,1)
AW(1,2)

ALFA*((TAUB/TOV) - 1)/HDATA(I)
1 + XWV(2)«TÏBM
XHV(1)*TERH

XNEH(2)
fHEM(i,l)
PHEKUiJ)

' S ' , ' V', XWV(l),
XWV(2), "-

XWV(l)
XWV(2)

PW(l|2)
PM(2,1)
PW(2,2) - PHEW(2,2)
VIRITE(SO0,99999) I , ï - 1

XHE(2)
X(l) - XWV(l)

EISE
HRITE{400,99999) 1-1, I-i, '

XME<2), XWV
HBITE{500,99999) I, 1-1, ' H', ' V', X(l), XMV(2)

XME(2), XWV(2) "
ENDIF

ENDÏF
SLSE

IF (TAUB.GE,TEE) THEK

XHV(2),

XMV(2),

(
CfXL ( , I

XNEH(l)
- XN£U(2)
- PNEH(1,1)

PH(1,2)
PM(2,1
PM(2,2)

(0

PHEWU.2)
PHEW[1)

)
1 - 1 , 1 - 1 ,
X H E ( 2 ) X

(
CAU,
XMB(l)
XME(2)

1

m2(JtME,AH,
- XHEW{1J
- XHEW(J)

PHEW(1X

' E ' , XMË(l),
V ( 2 ) , XWE(2)
pratliction
-1)/HDATA(I)
Wra!EHS

5OJV(2)

= PHEW(2,1)
)P)l(2,2) PHZH(2,3)

WEITE (500,99999) I , 1 - 1 , ' E ' , ' E ' , JjME(l) , XMV(2),
XHE(2), XWV{2), XHE(2)

X(1J - XME<1)
ELSE

IP (TAUB.LE.TOE) THEH
XHB(l) » )1(1)
CALI, KALHl(PW,R,XHE,y,tt,KHEH,XKEW,ENËM,PMEW)
XHE{1> • XSEWflJ
XHE{2) - XHEH(2)
PH(1,1) » PHEW(1,1|
PW(1,2) - PHEW(1,2|
PH(2,1) - PNEW(2,1|

WHITE (400 ,99999) 1 - 1 , 1 - 1 , ' S ' , ' E ' , XWE(l),
XHV(2), 5CKE(1), XWV(S), XWE{2)

prediction
TERH - ((TAOB)/(TDE)-1)/(HDATA(I))
AU(1,1) = 1 + XWE(2)*TERM
AW(1,2( - JfWE(l)*TERM
CAlt KAaHtXWEjTEEH.AM.PW.
5WB(1) = WEM(l)

()

PW(2,l) - PKEH(2,1)
PH(2,2) " PNEH(2,2)
WRITE (500,99999) I, 1-1, ' 8', ' E', XWE(l), XMV{

x,i, . W 1 | »«(»>. ™»»l. ««W
EI.SE

WSITE (400,99999) 1-1, 1-1, ' H', ' E', X(l), XMV(
XHE(2), XHV(2), XHE(2)

WKITE (500,99899) 1, 1-1, ' Hr, . E', X(l), XMV(2)
XHE(S), XWV(2), XWfi(2)

HV(kj)' HE(kj

EHDIF
EJIDIF

ËNDIF
10 CONTIHUË

C
9999B FORHAT (' Ie/j ', 'ES', 'EV',' C(kj)'

& ' WV(kJ) ', ' WE(kj) ')
99999 FORMAt (14, 'I' i « , 2A2, 5FB.6)

EHD
C
C
c
c
c
c

c
BUBROUTISE KA1M1 [fïV,RIH,XIH, ÏIH, MIN, KUIT, XUIT, EUIT, PUIÏ)

C aa lcu lutes X(k+1),
C K(k+1) BDd P(tttl)

REAL PIH(2,2), RIH(1,1), QIN(1,1), XIH[2), VIH(l), HIH(2r2)
REALKUIT(2), XUIT(2), EUIT(S,2),

C
KUIT(l)
KUIT(2)
XUIT(l)
XUIT(Ï)
EUIT(1,1)
SUITtl^) « VHET(PIKtHl«j

VHTE(PIH,HIN)
VKTT(PIH,HIN)
PIK(1,1) - VKEE(EUIT,PIK)/(PIM(1,1)+BIW(1,1))

PUIT(1.2) - PIK( l . i ) - ~
PUIT(2,D ; . .
PUIT(2,2) - PIM(2,3) - VHTT(BUIT,PIN)/(PIN(l, l)+BIH(I,l))
RETURN
EHD

SUBROUTIHE KALH2 (XIN,AI«,PIU,01»,3tUIT,imiI,GUIT,PUIT)
c a l c u l a t e e X(k+l/k) and

( , )
EVIT(2,2)
P U I T ( )

{ ,
XIH(l)
XIH(2)

E(FI

( ) ( ( ) { ) )
KUIT(2)*(ÏIH(1)-XIH(1)J

IN)

REALXIN{2),
BEAL GUIT(2,2)

( , ) ,
PUIÏ(2,2)

XUIT(l)
XUIT(2)
BOIT(

VKVECE(AIH,]IIH)
VKVECT(AIH,XIK)
AIM<11)< , )
MN(= ,1 )

| 1

HUIT(2,!)

AIH(2,2)
VHEE(PIH,HUIT)
VHLT(PIH,HUIT)
VHTE(PIW,HUIT)
VHTT(PIH,tlOIT)
VH£E(AIH,GUIT) +

PUIT(1,!J - VKET(AIN,GUIT)
ÏOIT{2,1)
PU1T{2,2)
RETURN
END

EUBROUTIHE HALH3 (XIN,TIH, AIH, PIH, CIH,XUIT,HUIT, QUIT, PUIT)
csloulBteo Xtk+l/k) and

REAL XIN(2), AIH(2,2), TIH, PIH(2,J)
REAL HUIT(J,2) , GT)IT(2,2), PUIÏ(2,2)

( , )

auiT(iri)
GUIT(1,2)
OUIT(3,1)
CVIT(2,2)
puir(ii)

( / j
QIN(1,1), XUIT[2)

XUIT(l)
XUIT(2)
H U I T ( l l( , )
HUIT(1,2)
HUIT(2,1)
HTJIT(2,2)
GUIT(11)( , )
GUIT(1,2)
GOM ( 2 , 1 )
GUIT(2r2)
P U I T ( )

( , )
PUIT ( 1 , 1 )

VHVECE(AIH,XIt)) - XIH(l)
VHVECTJAIH.XIN)
A1S(11)(,)
AIH(2,1)
AIN(1,2)
A H ( 2 2 )( , )
VHEE( PIM, HUIT)
VHETJPIN.HDIT)
VMTE( PIN, HUIT)
VMTT( PIN, KUIT)
VMEE(AIH,CUIT)
VKET(AIM,GUIT)
VTECAÏHUIT)
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P0IT(2,2)
RETURN
END

VMTT(AIN,GU1T) XHV(l) = ffllEH(l)
5QW(!i XHEWJa)

FUNCTIOH VHEE(B,D)
REU. D(!,J), B(2,2)
VKEE = B(1,1)*D(1,1)
RETURN

REAL FUNCTIOH VMET(B,D>
REAL B(2,2), D(2,2)
VMET « B(1,1)*D(1,2) + B(1,2)*D(2,3>
RETURN
EHD

REM, ÏUHCTÏOM VHTE(B,t>)
REAL B{2,2), D(2,3)
VBTE •> B(2,1)«D(1,1>
RETURN
END

multiply toatricas
PM(1,2[
FH(2,1) ( , )
PH(2,2> - PHEW(2,3)
WRITE(1OO,999D9) I - I S , 1-15, ' E ' , ' V',XMV(1), )IMV(2J,

XHE(2), XHV(2), XHE(S)
d i t i

HVH
( , ) [ ) ( ( ( ) ! ( ) )

CALL KALM4(XMV,KVH,TAtrB,AH,FM,O.MiXNEW,HHEW,GHEW,PNEW)
XHV(l) - XMEW(l)
n ( l ) =• XMEW(2)

PMEW(1)

B(2,2}*D(2,1)

BEAL FUHCTIOH VHTT(I!,D)
BEAL B{2,2), D(i,2)
VWTT - B(ï.l)*t»ll.ï) * Bt2,2)*D(2,2)
RETURN
END

REAL rUHCTIOH VHVECE(B,Z)
REAL B[3,2), Z(2)
VMVEOE - B(1,1)KZ(1) + B(1,2)*Z(2)
RETURN
END

REAL PUHCTIOK VMVECT(B,Z)
REAL B(2,2), 2(2)
VHVECT - B(2,1)*Z(1> + B(2,2)*Z(2)
RETURN
END

U ) i , )
W R I T E ( 5 0 0 , 9 9 9 9 9 1 1 - 1 4 , 1 - 1 5 , ' E ' , ' V ' , X K V ( l ) , XMV(2)

W B ( J ) , XWV(2), XWE(2)
X ( l ) - JfMV(l)

ELSE
IHEH

u p d s t s
XWV(l) - X ( l )
CHL1 K A l J t l t P W R X W V ï

S ' , ' V ' XWV(1J,
X«E()

t t , ,
XWV(l) - JtHEW(l)
XWV(J) - XNEH(2|
PW(l,l) - PMEW(1,1)
PH(1,ÏJ - PHEW(1,2)
PW(2,1) - FHEW(2,1)
PW(2,Zj - PNEW(2,2)
WRITE(400,99999) I-1S, 1-15,

3OW(2), XHË(3), XW
predictIon

MVH » (WV)/(HDATA(I))
AM(1,1) - 1 • WVB*((TAUB)/()(WV(Z)|-1)
AW(1,2) - (-l)*!CWV(l)*WVH«TAUB*f(XWV(2))*«(-a))
CALL KALH5(XWV,WVH,TAUB,AW,FK,QW,!(HEW,HUEK,GHEW,PNEW
W ï | l | » XliEWd)
XHV(I) = XMEW(2)
l>Wtl|l) - PNEW(1,1)
PW(1,2) P W ( 1 2
PW(2,1)

H [ 2 2 )

PROGRAM/KFHTTI
PARAMETER (NOBB-701)

INTEGER I
REAL ÏDATA(HOBSJ, HDAIA(NOBS), V2DATA(NOBS)
REM,R(l,l), QH(1,1), ffrf(l,l), AM(2,2), AW(2,2), M
REAL t>R<2,2], HE, Hï, WE, WV, TATO, HV11, KEK, HVH,
RËALJqi). XHV(2>, XKE(2), XHV(2), XME(2|, ï[l)
REAL XNEH(Ï), KNEW(2), EHEW{a,2), FNEW(2,2), G

OPEM(tWIT-100,FILE='COBC' .STATUS-'OID')
OPBH (UMIT"Z00, FILE»'HOOGTE', STATUS-'OUt')
OPEH (BHIT-300, FILE-'VOPP2', STATUS-'OLD' )
OPEM(UNIT-4O0,FILE-'HTTl',STMÜS='SEW')
OPEH (UNIT-5O0, FILE»' HÜ0K1', SPATUE"' NEW')
READ(10O,*,EHO»tt)YDATA
READ[20O,*,ENC-tt)MDATA
HEAD(300, •, BND=tt) V2DATA

vsluas

[ , ) ( , )
W H I T E ( 5 O 0 , 9 9 9 9 9 ) 1 - 1 4 , 1 - 1 5 , ' S ' , ' V ' , X W V ( l ) ,

X H V ( 2 ) , X H S ( 2 ) , XWV(2) , XWK(2)
X ( l ) - XBV(l )

ELSK
WBlTE(400,99aS9) 1-15, 1-15, 'M', 'V', X(l),

»iV(2)r XH6(2), ]0>V(2),XWE(2)
WRITE(5O0,999a9) 1-14, 1-15, ' N', 'V', X(l),

XHV(2), XME(2), »IV(2) KWE{J
ENDIF

upd»to
() ()

CALL KALHl(PH,R,XHE,ï,H,KWKH,XfJEH,ENEH,PHEW)
XHE(l) - XNEW(l)
XHE(2) » XMEW(2)
P H ( 1 1 )

ELSS
IF (TAUB.GE.XM£(2)) THEJI

[ , )
PME»<1,2)

(,)
WEM

HNEW(2,2)

( , )
( , ) «• PKEW(J,2)

WRITE(4O0,99999) I - l S , 1-13, ' ft', ' E',XHE(1), XHV[2),
XKE(J), XWV(2), XttE(2)

creaiction
MEH » <ME[/(HDATA(I))
A » ( l , 2 | - {-l)*HEH«TAUB*((XHË(«))**(-2))
CALL KALK4 (XME,Nïaf,TAUB,AM,PH,(JH,XMEH.NHEW,CNEW.PNEWJ
XHE(l) - XlIEW(l)
XHE(2) - XNEM(2)
P K ( 1 ) PUEH(11)

, X»W(!)

HE • 2.0E-3
HV - O.SB-3
WE
WV
1(1,1) •

OW(l'l) '

AH(l.l) "

AM(ï', 2)

AW (S j 1)
AW(2,2)
H{1,1) *
H{1,2) "
K{3,1) •
M(2,2) '

31(1)

XMV(2) -
XWE(2) •
XWV<2) •
PH(1,1J •

PM(2,1) c

PM(2,2) •
m i,i)
PW(1,2)
PM (2,1)

C

• 3.0E-5
• 3.5E-5
• 2.5E-5
• 5E-4
• 5E-4
> 1.0

D n t Q
' 1.0
• 0.0
= 1,0
• 1.0
• 0.0
' 0.0
• 0.0

• YDATA{15)
* 0 • 08
• O.IS
• 0.06
• O.OB
• 2.5E-5
• 3E-4
= 3E-4
• 3.6E-3
• 2.SE-5
" 1E-4
• 1E-4
• 4E-4

WRÏTB(500!99998)
HRÏÏ1E(400,99999) 1, 0, ' N
5

DO 10 1-
C

XWE(3)

16, HOBS

( , )
( ) - PHEW[1,2)

PH(2,1) - PNEN(2,1)
PM{2,2) - PNEW(J,2)
WBITE(»00,99999) 1-14, 1-15, ' E ' , ' E ' ,

XBE(Ï), XWV(J), XWEU)
X(l) » XHE(l)

ELSE
IF (TAUB.LE.XWE(2)) THEH

XWE(l) - X{1)
CALL KALHl(PH,n,xn
XWE(l) - XNEW[1)
XWt(J) - XNEH(2]
PW(l,l) - PBEW(1,1
PW(1.2) - PHEH(1,2
PW(2,1) - È>HEM(2,1
PH(22) PHEW(22

updste

( , ) ( ,
WRITE(40D,999B9) 1-15, 1-15, ' S ' , ' E ' , XWE(l),

XHV<2), XME(J), XHV(2), XME(2)
praci ict ion

WEH - (WE)/(BDATA(I)J
AW(11) 1 + WEH*({TAUB)/

tnitlal valweo

PW(1,S)
PW(J,1)

XHV(2), XHEjZ), 3{W(2) ,

ï ( l ) - ÏDATA{I)
TAUB » (4 .831*V2DATA(I-15) )*[ (HDATA(ï -15) - l )**( -0 .3O| )
IF (H0ATA(I).SE.17,4) TMEH

IF (TAUB.GE.XMV(2)) THEH
update

XHV(l) - Xfl)
CALL KALH1(PM,H,XKV,Ï,H,KMEW,XHEW,EHEW,PNEW)

EHDJF
EHDIF

ENDIF
10 CONTIHUË

. . . - (-l)«XWE(l)*WEH*TAUB*((XHE(3))*«(-2))

XHE(l)
XNEW(a)
FHEH(1,1)
PNEH(1,2)

PNEHfïlï)
HBÏTÊJ500,99999) 1 -14 , I - I S , ' S ' , ' E ' , XWE{1),

XMV(2), XHE(2), XWV(2),
X( l ) - XWE(l)

ELSE
WR1TE(1OO,99999) I -1B , t - 1 5 , ' N ' , ' E ' ,

XMV(2) , XMË(2) , W \ r ( 2 ) , >
WRITE[5O0,99999) 1-14, 1 - 1 5 , ' M', ' E ' , 11(1),

XMV(2), XHE(2), XHV(2), XWE(2)

999 9B FORMAT ('
£ '

99999 FORKAT (I
EMU

C
C
c
c
o
c

k/3 ',
TEe(ki)
, '/', 13

'ES', 'EV', ' C(k3)', ' TEv(kj)'
', ' TDv(Kj)1, ' TPB(kj)')
. 2A2, 5FS.6)
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c
SUBRODTINE KALM (PIH,BIN, XIH,ÏIN, KIN,KUIT, XUIT, EUIT, PUIT)

c ealculatas ï (HH) ,
c K{k+l) and P(k+l)

HEAL PIt)(2,2), 11111(1,1), QIN(1,1), XÏH(2), ÏIM(l), MIN(3,2)
BEAI, KOIT(2), XUIT(Z), EUIT(2,2), PUÏT(2,3)

KUIT(l)
KUIT(2)
XUIT(l) » X1N(1) + KUIT(l)*(YIN(i)-XIK(l))
XUIT(J) - "
EUIT(l,lt
EUIT(1,2(
EUIT(2,1) = VMTE(PIH,MIH)
EUIT(2,2) " " """

" PIM(1,2) - VHET(EUIT,PIH)/(PIN(1,1)+R1N(1,1))
PÜITJail! " PIH(2,l) - VHTE(BUIT,PIH)/[PIH(1,1)+RIN{1,1))

RETURN'
END

C
SUBROUTIHE KAtH4 (XIN,HHOED,BTAU, AIN,PIH,QIN,XUIT,HUIT,GUIT,POIT]

c a n l a u l a t e a X(k+i/k) and

REAL XIN(2)- AIN(2,2) , HHOED, BTAU, PIH(2 ,2 ) , QIN(I ,1) , XUITfïJ
KEAL HUIT(2,2), GUIT(2,2), PUIT(2,2)

C
XUIT(l) = VMVECE{AIN,X1N) + (2*K1(OED*BTAD) / (XIN(2)) - MHOED
XUIT(2) •< VHTOCT(AIH,XIB)
HUIT(1,1) - A1H(1,1)
HUIT(1,2) « AIH(2,1)
IIU1T(2,1) - AIH(1,2)
HUIT(2,2) - AIH(2,2)

-j „ V)1EE<PI1),HUIT)
| » VMET(PIH,HUIT)
) - VKÏE{PIH,HUIT)

GUIT(2, 2) " VHTI(PIH,HUIT)
PU1T{X<1) " VMEE{AIN,GUIT) + QIM(1,1)
PUIT(1,2) - VMET(AIH,SUIT)
PUIT(2,1) « VHTE(AIH,GUIT)
PUIT|2,2) » VHTT(AIH,aUIT)
REtURN
END

C
SUBROUTIHE KAlMBtXIH,WHOED,BT*U, AIH, PIW,QIB,XUIT,HUIT,OOIT,PUIT)

C c f t l c u l a t a s Xfk+l/kJ and

REALXIH(Z), AIH ( 2 , 2 ) , WHOED, BTAU, P 1 ) J ( 2 , 2 ) , Q I H ( 1 , 1 ) , XUIT(2)
REAL HUIT(3,2) , GUtT<2,2) , PUIT(2,2)

XUIT(l)
XUIT(2)
HUIT(1,1)
HUIT{1,2)
irUIT(2,l)

!,!)
DuïT(a,i)
GUIT(1|2)
GUIT[2,1)
GUIT(2,2)
PUITfld)
PUIT (1,2)

PUIT(2j2)

VMVECE(AIN,JCIH) * (XÏB( l ) *MHOED*BTAU) / { X I H ( Ï ) )
VHVECT(AIH,XIH)
A I N { 1 ){ , )
AIN<2,1)

H ( )<, )
VMEE(P1H,HUIT)
VMET(PIH,HUIT)
VHTE(PIH,«UIT)
VHTT(PIH,HOIT)
VMEE(AIH,<JUIT)
VHET(AIH,GUÏT)
VMTE(HH,GUIT)
VMTT(AtH,GUIT)

RETURN
END

C

c nultlply matrices
PUMCTION VHEE(B,B)
REAL B(i,2), 0(2,2)
WHEE - B(l,l)*D(l,l) + B(1,2)*D(2,1)
RËTURM
END

C
REAL FUHCTIOH VMET(B,P)
REU. B{2,2), D(2,2)
VHET - B{1,1)*D<1,2) + B(1,2)*D(2,2)
RETUBS
END

C
REAL FUSCTIOM VHTE(B,D)
REAL B(2,2), 0(2,2)
VHTE - B(2,1)*D(1,1) + B(S,2)*D(2,1)
RETURN
END

c
REAL FUHCTIOH VMTT[B,D)
REAL 15(2,2), D(2,2)
VWtT • B[2,1)«D(1,2) + B(2,Ï)*D(2,2)
RETURM
ËHD

C
0 mnt*vector

REAL FIWOTIOM VKVECE(B,Z)
REAL B(2,2), Z{2)
VMVECE - B(l,l)*Z|l) + B(l,2)*8(3)
HETOKH
END

c
RBAL ÏUMCTION VHVECT(B,Z)
REAL D(2,2), 1(2)
VHVECT » B(2,1)*Z(1) + B(2,2)*3(2)
RETURN
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% Roada input of

tornmt long;
ydat;
vtwee;
hoogt
tijd;
TEI> input ('Ento:
TEHn input('Enfce:
TOL- input ('Enta;
TDH» input ('Enta;
Ht, - input ('Ento
W! - Input ('Enta;
vn> » input)'Enter
HH » input('Enter
qui» inputj'Enter
qu2» input('Enter
qu3- input{'Enter
gu4« input['Entor

qull'

the Tce-LW (TEL)! ')
tha Tee-HH (TEH)) ')
tho Tcd-LH (TOt)i 'j
the Tcd-HW (TDH); ')
tho lnitial M-LH (HL) t ')
the initial M-HH (HH): ')
the initial w-LW (HL)! ')
tha initial B-BW (WH)! ')
qjï erosion LW (qul): ')
tj22 erosion RW (qu2) s ')
qZZ sediuentatlon LH (qu3):
q22 sadiBuntatlon KW (qu«):

Deternines the process noiee csvaciance natrlx (to eatiitiste H and W),
shows the likDlihood tunotions of Qll, with Icnown 022

format long;
a - 7.0e-0;
RUIS - lOa-ll;
o - [1 0];
ALFA - 714)
ror 1 - 1:10

RH(jj- 10'RUIS;
RUIS - RH[j))
Ql

02

03

Q4

XI

X4

PI

0.0
<]U3 j J
00

[RUIS 0 . 0
o . o q u l

- [RUIS 0 . 0
0 .0 quï

• [RUIS 0 . 0
o . o gu3

• [BUIS 0 . 0
o.o - -

<• O.OSlf
» [X

ML)|

MH]J
- [X

WL);

WH);
- (R

0 . 0
- P l ;
- Pi;
- PU

o.o;

0.0
1.0])

P2
P3
P4
LI KI
LIK2 - 0.0)
I4K3 - 0 .0 |
LIK4 - 0.0J
MODI » 0.D;
HQD2 = 0.0;
H0D3 - 0.0J
H0P4 - 0.0(
l l k l - 0.0)
Uk: - 0.0;
11*3 = 0.0)
ÜK4 » 0 .0 ;
hodl - O.o;
hsd2 - 0 .0 ;
hoct3 - 0 .0 ;
hodd = 0 . 0 ;
for i - 1*8147

Tb - 4 . 8 3 1 * V ( i ) / ( ( H ( l ) - l ) - ( 0 . 3 O ) ) |

PH
X4
P4
TERM

A

L

XH
X4
PA
X

OlBB
i f Tb

= P4 - P4*C'*inv(H4|«C*P4)

= PH;
" ALP«*UTb/TBH)-l)/H(iJ;
- [1+X4(2)«TERH X4(1)*TEKJI

0.0 ],,o
= [(-1)»TERH»X4(1)*X4(2)

0.0 J j
™ A*X4 + Lj
- A * P 4 * A ' + Q 4 ;
= XM;
•> PN;

{)
H2

Iik2

ÏEH

- x?
erosion HW

R;

K
XH
PH
X2
P2
A

XN

PH

P2

else

end

if Tb <- TDL

ï(i) e*XÜj
log(dat(KJJ);
G2'»invtKJ)*G2|
P2«0'»inv(H2)l
X2 + K*(S2)f
P2 - P2*C'*inV(H2)*C*PS[
XH|
PK;
[1.0 AlFA*((Tb/TEB)-l)/H(i)
Ot Q 1.0

A P 2

PH;

Q2j

no arasion, no depoaitlon IIW

deposition
X3
R3
G3
Iik3
hod3
K
XH
PH
XI
P3
TERH
A

XB
PK
X3

- C*P3*C' + R;
- Y{1) - C*X3;
- log(det{H3));
- G3'*inv(H3)«63;

inv(H3)
•= XI + K*(G3);
- P3 - PJ*O'*inv(H3)*t:*P3!
- XN;
- PHj
= ALFA*|(Tb/TDH)-l)/H(i);
» [1+X3(Ï)*TEBM X3(l)*TEfiït

0.0 1.0 ]

X
else

0.0
- A*X3 + L;
» A*P3*A' + Q3:
- XH;
- PN;
- X3(l);

If Tb >- TEL
erosion I,H

X1{1) = X;
Hl = C*F1*C' + R;
GI = ï(i) - c«Xl;
llkl = log(det(Kl));
hodl - Gi'*inv(Kl)*Gl;
K •• Pl«c*inv(Hl);
XH = XI + K*(G1)|
PH = Pl - Pl*C'*inv(Hl)«C»Pl;
XI - XH)
Pl - PM)
A - [1.0 ALFA*((ïb/TEH)-l)/H(l)

0.0 t.0 •
XH
PH
X I
P l
X

end
end

end
LIK1 " likl + LIK1;
LIF2 » Iik2 + LIK2;
LIK3 - Iik3 + LIK3;
L1K4 - Iik4 + LIK4;
HOOI - hodl + HOOI;
H0D2 » hod2 •¥ 1IODZ;
HOD3 • hod3 + HOD3;
H0O4 - hod4 + HOD4;

end

» A*P1*A' + Ql)
= XH)
•= PN)

no erosion, na deposition LH

end

KLi(j) - O.5*(LIK1
HL2(j) - 0.S>(LIK2
HIil(J) - 0.5*(LIK3
ML4(j) - 0.5*(tIK4

i f H(i) >- 17,40
i f Tb <• TDM

X4(l)
114
64
Iik4
hod4
K

- X!
- C*P4»0' + R;
- ï ( i ) - C*X4|
- log(det(H4))j
- S4'»inv{H4)*04;

'i(

depositian 1IH

HOD1))
H0D2|(
KOD3);
H0D4);

QDBilogx(EU,MLl)
t i t l e ( 'L ike l ihood Qll Erasion LH')
paueo
aemilo3x(EH,HL3)
title<'Lilcelihaad Qll Erosian HU')
paupo

bepalen van L-

title('Likelihood Qll sedtnantation LM')
pauea

titl0(rLikelihood Qll Ëüditeantation HW')
pau se



XN
PN
X4
P4
TERM
h

= X4 +

" XN "
- PN;

t Rencls input of

%
format long;
y<Ut,
vtwee;
hooo;
tijd;
TE1> input('Entar
TEH- input ('Entor
TOL» input('Entar
TDK- input('Enter
Kt - input ('Enter
HK = input ('Enter
VI - input('Enter
BH - Input('Enter
gul- input('Enter
qu2« input('Enter
<ni3» Input ('Bitter
qiU~ input ('Enter

C
0-0

xw
PH
X4
P4

L;
- XH;
• PN;

tha Tce-LW (TEL) I ')
tho TOB-HW (TEH): ' j
tha ïcd-LW (TOL) l ')
tne Tcd-HH (TDH)i •)
the Initial M-LH (M,| i ')
the initial H-11H (HH) i ')
tha initinl V-VA (HL) i ')
tha initial W-HH (HH): ')
ijll aroelon LU (qul) s ')
qll erosion HH (tju2); ')
gil sedinentation LH (qu3): ')
gil eadinentation HH (qu4)! ')

i f Tto TEH

end
else

H2
G2
Iik2
hed2
K
XH
PH
X2
P2
A

XH
PH
X2
P2
X

elsa

end

X;
O*P2*C'

SM

M! -
XH;
PH;

o.o 1.0
A*X2;
A*PJ*A
XHf
PH;

Qï;

ie Tb <-

X3(l)
H3
<S3
lik3 <
hod3 •
K •
XH i
PH
X3
P3 .
TEBM •
A

) l

no orosion, no dopositlon 1IH

depoeition LW

C P 3 C
ï ( i J - c X 3 ;
log(det[K3));
G3'*inv{83)*03;
p3*C*inv(H3)|
X3 + K*(G3)f
V3 - PJ*C'*inv(H
XN(
PH;
ALPA*{(Tb/TBH)-l)/H(i),1

E1+X3(2)*TERM X3(1)*Ï
rianca uatcix (to estinnto H and H) •
QS2, with known 011.

()
o.o i.o

« [(-1)»TESM*X3(1)*X3(SÏ00

];

Sornat long;
R •• 7 . 0 O - 8 ;
RUIS » 1 0 0 - 1 1 ;
O - [ I 0 ] ;
AI.FA » 724i
far i - IHO

XH
PN
Xt
Vi
X

else

0.0
- A*X3

- XH;
- Wi;

L(
Ï

03;

j)
RUIS
01

Q2

Q3

Q4

X
XI

X2

X4

PI

RH(j);
[qul 0.0
0.0
[qua

it Tb >- TEL

XI
KI

0.0
= [qv>3

0.0
- £qu4

o.o
» o.osi;
» [X

ML);
• (X

HH];
= [X

WL];
- [X

0 . 0
BO1S];
0 . 0

0 . 0
RBIH] ,•

liRl
hDdl
X
XH
PH
XI
PI
A

XH
FH
XI
PI
X

erosion LW

C*P1*C' + R(
ï(i) - C*X1[
log(det(Hl));
Gl'*lnv[Hl)*Gl!
Pl«C'*inv(Hl);
XI + K*(G1);
PI - pa»c'«inv(Hi)*c»pi;
XH,
PN;
[1.0 AlFA*((Tb/TEH)-l)/H(i)
0,0 1,0 1

XW;
PH,

+ Ql;

P2
P3
P4

- [»
0.0

- Pi;
- Pi,-
= Plf

LIKI ™ 0,0;
LIKZ - 0,0;
LIK3 •> 0,0;
LIK4
H0D1
H0D2
HOM
H0D4
liki

0.0
l.D);

;
0.0)
0.0;
0.0;
0.OJ
0,0;
o.o;
o.o;
O.o;
0.01
o.o;

hod2 0 .0;
bod3 - o .o;
hod4 = 0.0;
tor i - H2147

Tb -

liki
lik2
liM
l.t)C4

hodl
hod2

end
end

end
LIKI - liki + LIKI;
LIK2 •= likï + LIK2,
LIK3 - Ilk3 + LIK3;
LIK4 - Iik4 + LIK4;
HOD1 - nodl + HODl;
KOD2 » hodï + HOD2;
H0D3 = hodï + BQ03)
H0D4 « hod4 + HOD4;

end

« O.S*(LIK1 + HOD1);
) . O.S*(LIK2 + HOD2);
) . 0 .5*{MK3 + HOD3) (
) - 0 .5*(LIX4 + HOD4);

no erosion, no doposition LW

HI,1(
ML2(
ML3(
ML4(

bepalen van l-

1* H(l> > - 1 7 ,
i * TH <*> TD

40
TDH

H6BlilOg>l(RN|MM)
tit la( '[ , ikel ihood «21 Erosion LW')
pausa
aomilagn(RH,HL3J
ti t loCLikel ihooa QJÏ Erosion KH')
IPRuae

X4(l | - X,
H4 "» 0*P4*C' + S;
84 - Y(i) - C*X4,

« log(dat(H4))i
- G4'»lnv(H4)«6nv(H4)64j
- P4*O'*inv(B4);

deposition H« titUf'ïikeiïhöód Q22 Sedimontotion L W )
pauoo

titïö<f£ik"Biïhöód Qtï sedimontatioti HH')

K



t Reads input of 'fcalfil'

%
fanaat lang;
ydat)
vtwea;
hoog?
tijd f
TEL- input('Entar the Toa-LW (TEL): ')
TElIo input (' Enter the Tae-HW (TEH): ')
TDL= input ('Enter tne Tcd-LW (TDt) t ')
TPH- input ('Enter the Tad-KW (T»H)I ')
ML - input ('Entar the initial M - M (ML) i
MH •• input ('Enter tha initial H-HW (KH) :
tOi » input << Entar the initial W-IW (WL> i
WK » input('Enter the initial W-HH (WH)!
Ql- input('Enter Q arosion LH (Ql)i ')
Q2» input('Enter 0 «roaion HW (Q.2!: ')
Q3- input ('Enter g sedinentation LW (Q3):
04» input ['Ent er Q eecliigantation HW (Q4)i

Estlmates H and W using tho mathod of (extended) Kalman filtering.
Q and Tau-oriticsl can ba read with 'rkalf'.

format long;
R « 7.0a-B;
C - [1 0)j
ALFA « 724;

initial valuos

X
XI

XZ

X3

X4

Pi

VZ
P3
P4

4;
0.061;
[X

ra-];
H

» [X
«

- [X

(
0.0

Pi;
Pi;
Pi;
1

1.01;

tot 1 " 1:2147
tb = 4,B31*V(i}/((H(i)-a)-(O.30|);
HE(i) - Xl<2>;
HVU) - XJ(2);
HB(1) - X3(2);
wv(i)

if H<i) >o 17.40
if TH <= TDH

(
H4
04
K
XH
PM

P4

= K;
» C*P4*O' + B;
- ï(i) - C*X4)
- P4*O'*inV(H4)f
- X4 + K«(G«);
•" P4 - P4*C'*inï(H4)*C*P4;

- PH;

depoeitlon UK

PH;
MV(i) - X4(2);
OC(i) - X4(i);
ÏEHB = H.FA» ((Tta/TDH) -l) /H (i) ;

[1+X4(Ï)*TEBH X4(I)*TEHK
1.0

[
0.0
[(-l
0.0XH

PN
y.t,
P4
X

Bi sa
if Tb >- TEH

A X 4 +
- A*P4*A'
- XH;
• PH;

L;

)
1;

G2
8
ai
PM
X2
F2
HV(i)

CC(i)
A

XH
PH
x:
P3
X

else

Q4;

H;

eroaion HW

ï(i) C*X2;
» P2*C'«inv(H!)f
- X2 + X«{GÏ)|

P2 - P2*C'*inV(K2)*C*P2;

Pu';

t l . 0 ALFA*((Tb/TCH)-l)/H(i)
0.0 1.0 ] ;

AXS(
A»P2*A'
XN;
PH;

<

no arosion, no depgsition HW

end
end

else

if Tb

if l > 1
CC(i) =

else
C0<i) -

ena

CC(i-l),

X)

X { ) - x;
H3 - c*P3*c + B;
03 " ï(i) - C*X3;
K . P3*C'*inV(H3)|
XN - X3 + K«(G3);
PH - P3 - P3«fl'*inv(H3)*C«P3;
3» » XH;
P3 - PH;
HE(i) -
CO(i) -
«ERM » ALPA((TWTOH)1)/B(1);
A = [1+X3(2)*TEHM X3(I)*TERM

O.O 1.0
L = [(-1)*TERH*X1(1)*X3(J)

0.0 ];
- A*X3 + Lf
- A*P3*A' * Ql;
- XH;
- PH;
- XI(1);

dsposition LH

KH
PH
X3
?3
X

elee
lf Tb

(
Hl
Gl
X
XH
PH
XI
Pi
HE(i)
ccfi)
A

XH
PH
XI
El
X

eins

TEL

- X;

P l C i n v ( H ) ;
XI + K«(O1)I
PI - pi*C*lnv(Ri)*(;*Pls
XN(
PH;

arOGton LW

*C' + R;
- C*X1;
'i(

[1.0 ALFAM(Tb/TEH)-l)/H(i)
0.0 1.0 1

A«xi;
A*P1*A' + Q l ;
XH;
PM!
x i ( l ) ;

no erosion, no depositi

if i > 1
cc(i)

elae
CC(i) - X;

end
end

end
end

end
* plot(T,HE)
t tiUe('MJint Eroaian LW')
t pausa
* piot(r,KV)
» titlB('»_hat Erosion HW')
t pausa
% plot|T,WE)
t title('W_hat SedimBntatian LW')
\ pausa
* plot(T,WV)
% title('H_hat sedinentation HV')
t pausolot(T,ï,:,T,OC)
ltle('C_bat - l Obaervations ..')

Wkfmaan

* computes the nonn values or the estiaatea of
\ atartod at k - 1000.
t
I
tormnt long;
eont « o;
aon2 •• 01
soa] ™ 0)
6o»4 - o;
£cr i - H2147

if i >- looo
81 - HE(i) + Homj
S2 - HV(i) + aoal;
E3 - HE(i) + som3;
Si - WV(i) + oom;
soüil - si;
soo! • S2;
eom3 - S3;
ea»4 • S4;

end
end
Hl - soul/1148
pause
H3 - som:/1140
pausa
(M « SOB3/1148
pau sa
VA m BOH4/114B
pausa



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

k
l
Pi

M
P4

' o;
«Hl;

' HN3;
MH4;

%/ rnahl 1

* Roada input of 'ttehraa'

Eoraat long;
ydatj
vtuee;
hoog;
tijd;
TEL •» input ('Enter the Tea-LW
TEH = input('Enter the Tae-HW (TSH) s
TM, •» input ('Enter the Tod-LH (TDL):
TDH - input ('Enter the Tcd-HH (IDH)t
m. - input('Enter K-IW! ')
HH - input{'Enter K-HHs ')
Vh » input ('Enter w-w. •)
WH • input('Enter W-HWS ')

for i - 1:grens
if i >» it*43O + i

if H(_# — j.,, ̂ w

it Tb <= TDH

model

lnew
1

n4(l)
XH

en
X4
P4
XH
PH

i+i;
lnew;
Pi;

Xi + KM4*n4(l);
P4 - P4*invjF4+R)*P4;
XH }
PN;

P4
elaa

if Tb >•
jnew
J
WIJ)
n2(J)
XH
PH
Xï
ra
XH
PH
X2
F2

end
end

alae
if Tb <- TEL

PHH*P4*PKI4'
X»J
PH;

Q4:

TEM
j+lf
jnew;
P2f
ï(i) - X2

P2 - P2*inv(P2+R!*P2
XM;
PK;

X(t;
PSf

kneu

AP3(k)

PH

To identify tha procese noiso covjiriance metrix uulnj
tha itfirutivo nethod, describsd by Hehra in 1S70,
(uses s batches of 430 pointe).

inltt.il values
fornat long;
lt » input{'Enter the nmnber of the iteration to start with ffirst is 01s
Ql m input ('Enter the inltial Qll-urQSion-LHi ')
Q2 • inputCEnter the initial Qll-erosion-H«i ')
03 •> input('Enter the initinl QU-Badimontation-LHt ')
Q4 « input('Enter the initial Qll-sedinantation-HW: ')
XI ° 0,061;
w »xii
X3 - XI;
X4 - XI;
R - 0.76-7;
ALFA - 724;
Al » 1(
A2 - 1;
GA3 > Of
GA< - 0;
teil » 0;
te!4 - 0)
Lt it — 4

grens = 430*(it + 1);
else

grena = 2147;
end
for i - il grens
i f i >» it*43O + 1
Tb - 4.B31*V(i)/((8(i)-l)-(0.30));
If H(i) »• »••<>

if Tb <* TDtt
tn " tal4 + 1;
teW - tn;
A4 - 1 + ALFA*HH*((Tb/TOH)-l)/H(i);
GH - A4 + GA4f

and

XH;
PH;

F3
XH
PN
Ü3
P3

elee
i f Tb >- TEt,

hnew » h+1;
h - hnew;
APi(h}- Pi;
nl(h) - " "

h+l;
knew;
P3;
Y(i) - X3;
X3 • KH3*n3(k);
P3 - P3*inv(P3+n)*P3|

PH;
PH13*X3;

03;

end

XH
PH
XI
PI
XH
PK
XI
Pi

end

- xi;
KNl*ni(h);
Pl«inv(Pi+R)*pif

ï(i
xx

= PI

- PK;
^ A 1 * A X 1 J us*. ̂ > •- f-fu1

- A1«P1*A1' + Ql;

• PN;

e
end
end

end

if h < 30
dinpCWARHING!)
dispi'H eroaion LW < 30')
)i

end
if j < 30

ai('H

i f Tb <- TDL
tn
teU • tn;
M » 1 +
GH - A3 + GAS;
GA3 - CK;
end

end
end

end
PHI3
PHI4
HH1 -
KBÏ •
KH3 -

erosion HH < 30')

end
if k < 30

diup('WARJIINGI')
dtspt'H sediniQntation LH < 30')
k

end
if 1 < 30

di p C H G ! )
diapj'H sedinentation UW < 30')

end
\

som - D;
AHS - 0;
for i - ü h

E i

c-i(o) « A.m

GA3/tel3[
GA4/tH

EN2
KH3
KH4
h

3

0.S*(E*Al"ï + Ql - R) + 0 ,5« B qrt( (S-R«Ai-2-01)-2
0.5*iB*fc3*ï + OS - R) + 0.E " • •
0.B*(R*PHI3'2 + Q3 - B) + C

• Htf2*inv(HH3 + n) ;

< HH4*lnv(HH4 t H);

• 0;

4*Q1*R) ;
)

()
S " E + BOB;
909 » S;
rest- APi(i) +AMS?
AMS - rost;

enil
o m - sou/h;
AE1 - AWS/h;

for II - H 3 0
SOS » 0;
for i » Il+ltb

E = nl{i)*nl(i-Il)(
a • E + gom;
sou • s;

and
EOl(Il) - som/
Bl(Il) - II;
PLSl(Il) - i . 9 6 / a ( ) ;
MIHl(ll) = -1.9e/sqrt(h);

end
t
l
som ~ 0;
AHS - 0;
for i - lij

ro_dakjel(k)

c-i(o) k A.m:



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

E » Ïl2(i)*n2(l)f
S " E + sosi;
son » S;
rast- APa(i) +AHS;
AHS • reat;

and
CN2 - eoin/1/
AE2 - AHS/j;
*
for IJ » li30

BOH f 0;
fDc i - I!+l:j

B - n2(i)*n2(i-H);
3 w E + som;
son = 8 ;

end
RO2{Ï2) • BOB/
Mi(l3) - IJ!
PLE3(Ï2) - 1 ""

end
\

son » Of
AMS - o;
for i - *sk

E - n3(i)*n3(i)(
s • E + son;
soa » S|
raat' AP3(1) +M1S;
AHS - roet)

and
CH3 > som/KJ
AE3 • AHS/K;

for 13 •• ltso
60n » Oj
for i - 13+1iK

B - J)3(i)*n3(i-I3);
9 ta E + pom;
Btm » S]

end

C"3(0) i A.UBS3

N3(I3)

HIK3(I3)

ia f
196

end
*

aom = oj
AMS - OJ
toe 1 - lil

E - n4{i)*n4(i);
S - E + aon;
sou • Bi
rost» W>4{i) +AMS;
AKS » rast)

end
CM - eon/l;
AE4 - AHS/1;
*
for 14 - i!jo

son " O;
for i » 14+1:1

E - n4(i)*n4(i-H)f
B « E 4- somj
aom - S;

end
• B0ffl/[l*CB4)(

C*4[O)

f
PCS4(I4> - t.9«/sqrt(i)J
HIH4(I4) 1 9 6 / # t ( l ) ;

end

*
Tl
T2
T3
T4
<1U1O
QU1
C[U2D
QU2
q u 3 0
QUJ

QD4
t
t

to calculata Q"

KH4*CN4 + plnv(PK14)«RO4(l)*CH4|
t l ' - A1"2»T1 - »1*(-KH1*TI' - T1*KN1 + KH1*2*CH1) *Al J
Ta' - AS-2*T2 - A2*(-KH2*T2' - T2*KM2 + KHÏ"2*CN2) *A2;
03 + (l/[it+l))*[qu2O-<J3))
M ' - PHI3»2»T3 - P8I3»(-KH3*T3' - T3»KH3 + KN3-3*CN3)*PHI3;

Ï 4 ' - FHI4*2*T4 - PHI**(-ItH4*T4' - T4*KN4 + KH4*2*CH4
Q4 + ( l / ( i t t l ) ) » ( q u 4 0 - Q 4 ) ;

pC
UK1 »
p&us
t

erosion LH:')
~ log(abs (MS1+R))

p(
AEl
pauoo
dlspCCaleulntod nse srosion LH:')
HN1

RESULT51

of Q arosion UI;')
QU1'

ai«p('lo9-lUM>Ulw»i» «roaion BWt')
LIK2 - -CH2/(HNÏtR) - Xog (a&B (HN2+R))
pauaa
dispCAotual tune arosion HW:')

puuae
dlsp('Caloulated m a arosion HHi')
HM2
pause
diap('est imate of Q eroBion KWi')
QD2
siauss
dispCloB-l iKelihuod sadinentntion LW:')
LIK3 - -CN3/ (MM3+RJ - log(a»s(HK3+R))
pauBS
dlsp('Actual naa aedintentatian LWt')
AE3
pauss
diBpCCaloulated tioa sedimentatie» LW:')
MOT
paus#
fllap['aatinato o f Q s ed imanta t ion LW.')
QU3
pauae

dlsp('log-Likolihuod eodimsntation IIH:')

LIK4 - -CK4/(HM4+R) - log(abB(HH4+il))
paUBS
dispfActua l mge sadimantHtion HWi')
A£4
pnuse
disp('CalculatBd nse sediTnantBtion KW:')
MH4
pausa
dispCeetinate of Q eedimantation HW:')
QIM
pSUBB
plot(Hl,R01,'x',Ml,PLSl,'!',Hl,HIHl, 'i')
titla('ro Ersaion iw it')
pftUBQ
plot(H3,R0a, 'x' ,HS,PLS2,' 1 ',N2,HIN2,':')
titlel'ro Eroaion KM it')
pnuae
piot(N3,EO3,'X',B3,PLS3,':' »3,MIN3,':')
titlefrc, Bedinentaïion LH it'J
pauee
plot(M4,R04,'X',N4,PLS4,':',K4,MIN4,':')
title('ro sodinantatlon HW It')
paues



Seads input or 'qutall'

forjrmt long;
ydatj
vtwee;
hoog;
tijd;
KL w input('Enter the K-LW (ML):
HH - inptttCEntet tha K~Ktt (JW> t
HL t. input('Enter the W-LW (WL) i
WK - input('Entar the W-HW (WH)i

input('Ent th i i t i l T
p ( h H (WH)i )

TEL w input('Enter the initial Tau-eroslon L» [TEL) :
TEH - input('Enter the initial Tau-oroeion HW (TEHJi
TDL » input('Bntar the initlal Tau-Bedinentation LW
TDH - input ('Enter tbe initial Tau-sedimentation HW
qul - lnput('Enter q22 eroeion LH (gul)! ')
quz = input('Entar g22 erosion HH (qu2): ')
qu3 » input ('Entor qtt sedimentatie)! UI (qu3): ')
qu4 = Input ('Enter q « aadimatitation HM tqu4>1 ')

(TDL) I ')
(TDH)I ')

- the proceBB noise covarianca matrix (to ast
% Tau-critioal).
% Bhows the likelihood funotiona of Qli, wlth known Q22.

%
format long,
R « 7,0«-B;
ROIS = 10e-ll;
0 - [1 OJ;
ALFA - 724;
for j - liio

IW(j)» IQ*RDIS;
Mis = TOlj};
gi •> (RUIS o.o

0.0 qul];
- (RUIS 0,0

O.O tp2);
o (RUIS 0,0

0.0 q«J];
o [RUIS 0,0

0.0 qu4];
< 0.14;

Q2

Q3

Q4

TEL
TEH
TDL
TDH
X

XI

X2

XI

PI

PJ
P3
P4
LXK1
LIK2
L1K3
M K 4
H0D1
HOD2
KOD3
HOD4

likï

hoai

hod3
hod4
for i
Tb

- 0.08;
" 0,08;
- 0.061;

- tx
TEL);

- £X
TEH];

- tx
TDL);

• IX
TDH];

- (H 0.0
0.0 1.0];

- PX;
» Plf
- Plf

0.0;
O.O;
0.0;
0,0!
o.o;
0.0;
o.o;
0.0;
O.O;
0,0;
0.0;
0.0;
0.0;
0,0]
0.0;
0.0;

» 1:2147
4.831*V(i)/((H(i)-l)-{0.30));

TERM
A (1+TEHH*((Tb/X4(2))-l) -X4(l)*TËRH*Tb/(X4<2))~2

0.0
XW - A*X4
PN - A*P4
X4 - XHJ
P4 - PHj
X

elae
i£ Tb >» TEH

O.D
iïERM*X4(l)«Tb/X4(2)

L;

(
H2
G2
Iik2
hod2
K
XM
PM
Xï
P2
TEH
TEHM
A

XM
FH
Xï

X
slee

x;
C*P2*C'

erosion HU

Rj
ï[i| C*X2f
Iog(dat(H2J);
G2'*inv(H2)*G2;
P2«O'*i(H2)
X2 + K*[G2);'
P2 - P2*c*inv(B2|*C*P2j
XNl
PN;
X2(2);
ALFA*HH/H(i);
11.0 -ÏERM*Tb/(X2(2))"J
0.0 1.0

[TERM«(2*(Tb/X2(2))-l)
0.0 ];

A*X2 + L;
A*P2*A' + Q2;
XH,
PHj

end
elea

if Tb <= TDL

no orosion, na deposition HM

dopouition LW

H3 ~ C*P3*C' R;

Iik3 - log(det(H3)|;
hod3 » G3'*inv(Ha)*O3;

= P3*C'«inv(H3)j
- X3 + K«(Q3);
" P ! • P3*C'*inV(H3)*C*P3f
= XH;
- PH;
- X3(S);
- ALFA*WL/H(i);

* IJ+^^CTWXD)»))-!! -X3(l)*TERK*Tb/(X3(2))-3

- IïÊRH*X3(l)*Tb/X3(2)
0.0 1 •

- A*Jd + L;
» A*P3*A' + Q3:
» XM;
- PH;
- " ( 1 ) ,

K
XH
PM
X3
P3
TDL
TKRM

A

XH
PM
X3
P3
X

lï Tb >« TEL

(
Hl
Gl
likl
hodl
K
X»
PH
XI
PI
TEL
TERM
h

• x;
. O*P1*O' + B;
• ï(i) - C*Xl;
• log(dat(Hl));
• Gl'*inv(Hlj*Gl;

eroaion LW

CInv(Hl)
XI + K*(OIJ;
Pi - Pi*C'*lnv(JU)*c*Pl?
XM|
PH;
XI(2);
ALFA*ML/H(i);
[1.0 -TERM*
0.0 1.0
[TERM*2*((Tb/Xl(!))-l|
00 ]

end

XH
PH
XI
PI
X

else

end

[ER
0,0

- A*X1 + UI
- A*P1*A'
» XS;
• PN;
- XI(1);

Ql;

];

na orosion, na deposition LW

lf H(i) >- 17.40
If Tb <- TDH

end
LIK1
LIKJ
LIK3
LIK4
HOD1
HOD2
H0D3
HOD4

end

lUtl. + LIK1;
Iik2 + LIK2;
llkï + LlKï;
Iik4 + HK4;
hodl + HOOI;
hod2 + HOD2;
BOd3 + H0D3;
ho44 t H0D4;

X4(l)
H4
G4
UX4
hod4
K
XH
PM
X4
P4
TDH

X;
C*P4*C' R;

HH(1
KL2(j

j

and

- O,5*(LIK1 + »OD11)
- 0.S*(LIK2 + H0D2),
» 0.5*[LIK3 + HOD3);
« 0.8*(LÏK4 + H0D4JJ

bepalen van L-

log(det(H4)|;
GJ'«inv(J!4)«G4;
P4*C'«inv(H4);
X4 + K*(C4);
P4 - P4«C'«inv(H4[*C*P4j
xw;
PH[
X4(2),

titleï'Likeiihooii Qll Erosion LW')
* pavse
* aaoilogit(jiH,HL2)
* title('Li)telihooa Qll Erosion HW')
% pause '
* aenilogx(RN,HL3)

% title('Li)teHhooa Qll Sediuantation LW')

: tïtïe('Like'iïhoód OU Sadimentation HH')
pause



Reads input of 'quta22'

format long;
ydat;
vtwee;
hoog;
tijd;
HL" input ('Enter the M-LW (HL)! ')
HH« inputj'Enter the H-HW (HH) i ')
«L- input('Enter the W-LW (WL)s ')
H B ~ input('Enter the w-HW ( H H ) : '|
TEL - input('Enter the initial Tflu-arooiDn L H (TELli
TEK » inputf'Enter the initial rau-erosion HH TEHli
TDL - input{'Enter tha initial Tau-eedisnentation LW
T°ï ",lnP^J^Ï!t6r tha inltlal Tau-BeaWatiSÏ ™
qul= Input('Enter qli erosion LH (gul)! i\
qua- input('Enter qli erosion HW (qua)i M
gu3- input('Entar qli aedimBntation LW (qu3)i '}
qu4- input ('Enter qli sediaentation HW qu4)i ')

ICN
PH
X4 .
P4 =
X n

elee
i f Tb >.

X2(l|
1',2
G2
Iik2
hod2
K
XH
PH
X2

ra
TEH
TEHH
A

L

XH

PU
X2
F :
X

A*X4 -f L;
R*P4*A' + Q4;
XH;
PHf
X4 ( 1 ) )

• TEH

ta X;
- c»P2tc + E;
= ï ( i ) - C*X2;
- log(det(Ha)),

«« "4-lïv (n* J wu^ ƒ
• P2*C*inv(H2J;- X2 + K*(G2);
- P2 - P2*C'*inv(H

- PHJ
• X2(2);
» ALFA«HH/H(i);
• [1.0 -TERH*Tb/C

0.0 1.0 "
n [TERH*(2* (Tb/X2 (i

0 . 0
- A*X2 + L)
« A*P2*A' + Q2;
- XHJ
- PN;
- X 3 ( l ) ,

erosion HW

2)*c*P2ï

Ï2 f21l*5

ü )-U ] 'a t t *- 1
1 JJ i

and
elee

end np sroaion, no dapoaition HH

if Tb <«

DetortsinoB tho proceBB noioo eovnrlanco natrix (to estinnta
Tau-critioal),
Shous t)ia lilteaihood Cunctions of Q32, with known Qli.

Tornat long;
R » 7.0B-8;
KUIS - loe-11;
e - [i o]i
ALFft » 7S4! '
ror 1 •• ï s w

KD(j)» 1O*BUISJ
RUIS IW(i

X3
H3
G3

m C*P3*C' + Rf
ï(i) C*X

deposition

Üfcï - ièg(det(H3)f;
"•""* tnv{H3)*Gl;

'•inivflO);
K*(03);
P3*C'»inv(H3)*C*P3(

K
XH
PN
X3
P3
TDL
TERM

A

- X3
= P3 -
- XH;
= PNj

Q2

Q3

Q4

TEL
TEH
TDI,
TOB
X
XI

Xi

PI
P4
LIKl
LIKS
IIK3
LIK4
H0D1
H0S2
HOD3
HD04
likl

[l+TEKH*((Tb/X3(a)J-l) ~X3(l)*T£JtM«Tb/(X3(2))"
0.0 1 0

tgui
o.o

= [qua
o.o

- [qua
o.o

- [qu4
0,0

- 0.14;
x 0.20»
•> 0.OS;
« tJ.05)
• 0.DS1;
- [X

- , 5 - "
- fr

i j

. tr
]'-

0,0
= PI;
- Plf

Pi;
0.0;
0.0;
0.0»
0,0)
0.0;
0.0;
0.0;
0,0;
0,0;
0.0;
0.0;

0.0
RUIS];
0.0
RUIS];
0.0
RUIS];
0.0
RUIS];

- XH;

XH
PK
X3
P3
X

olsa

if Tb >- TEL

0.0
- [TERM«X3(l)*Th/X3<a)

0.0
» A*X3 + L;

Q3;

erosion LH

Hl"
61

» C*P1*C' + R;

lllci = log(det(Hl));
- ei'*inv(Hi)»aijhodl . . . . , . . . , - „ ,

K - Pl*c*inv(Hl);
XH - XI + K«[G1)|

- PI - Pi«c*inv[Hi)*c*pi|
** XH;
- PH;

PH
XI
PI

0.0
1.0];

TEL
TERM
A

XH
PH
XI
PI
X

e l s e

- [1,0 -TËKM*Tb/{Jtl<2))'
0.0 1,0

- [TERM*S*((Tb/Xl(2))-l)
0«Ü

» A*XI + L;
' + Ol;

PN;
1 xi (1);

Ilk3 ;
Iik4 - 0.0 f
hodl - 0.0)
bcdi = O.o;
hoi» - 0.0;
hod4 - o.o;
for i " lül-17

Th = 4.S3i*v(i)/((B(i)-l)"(O.3O)i;

if H(i) >
if Tb

17.40
« TDH

end
end

end
LIKl - l i k l + LIKl;
LIX3 - I ik2 + HK2;
I.1K3 - I ik3 + LIK3;
LIR4 » l i k * + t x m ;
HOB1 = hodl + HODlj
HOBJ « hod2 + HOD2;
H0B3 • hod3 *• KOD3;
HOD4 - IKMM + H0D4;

end

no erosion, no deposit-ion

daposition KW

log Wat («4) 51
Q4'*inv(H4)*S4;
P4*C'*inv(H4)f
X4 -f K*(G«)I
P4 - P4*O'*inV(H4)*C*P4;
XH;
PH;
X4(2)f
ALFA*WH/H{i) ;
[1+TERH*([Tb/X4(2>)-l) -X4(l)«TEH«*Tb/(X4(2))-2
0.0 1.0 ] ;

[TERM*X4(l|*Tb/X4(2)
0.0 1;

X4(1) - Xf
K4 - C*P4*O' + R,
G4 ï(i) C*1H

hod4
R
XH
PH
X4
P4
TDH
TERM
A

1 Q22 Eroaion LH')

MLl(j) » O,B*([,IK1 + H0D1);
HLZ(j) - O.S*(L1K2 + HODjiJ
m.3(3> - O.5*(LIK3 + H0D3);
HL4(J) » 0.S*(LIK4

snd
BeailO9x(RH,KLl)
titla<'Likeiihood
* pause
t Benilogx(RH,HL2)
* t it leCLihelihood Q2j Eroaion HW')
\ pauee
* BemilogkfRH.MM)
% titl»('LifcelihoDd 0.22 sediwntation LWM
% pause '
\ BanilogKfRH.Hlii)
t titleCLilcelihoDd Q22 Sedinentation HW')
% pausa

bepalen Ven L-



elea

% Reada input of '

t
format long;
ydat;
vtwoa;
hoogt
tijd;
HL • input('Enter
rat » input('Enter
WL - input('Enter
m •> input('Ëntar
TEL» Input('Entar
TEH- input('Entar
TDL" input('Enter
TDH» input('Enter
Ql » input ('Enter
0.2 - input('Entar
Q3 - input('Enter
04 - input('Enter

kalfil2'

end
alse

end

it i > 1
CC(i) = cc[1-1);

elea
CC(i) = x;

end

do arosion, no depoaitlon :

i f Tb <= TDL

tha M-LW <ML)i ')
the H-HW (KK)i ')
thu V-W (WL) i •)
tha W-KW (WH) I ')
ths initial Tau-arosion LH (TEL)t ')
the init ift l Tau-aroaion HW (TEK)i ' \
tha init i&l Tau-eadimentation LM (TDL):
the i n i t i a l Tau-Badiinantation HU (TM!):
0 Brooion H» (Ql)I ')
0 erosion KW [Q2)t ')
Q aedinentation LW (03): ')
Q BKUnentation irw (Q4)s ')

113
G3
K
XH
PH
X3
P3
TU3(i)
CO(i)
TDL
TEBH
A

= X)
= C*P3*e' + B;
- ï ( i ) - c*X3;
= P3*c*inv(H3) ;
= X3 + K«(03)|

P3 - P3*C'*inv(H3)*O*P3;
XH;
PH;
X3(2);
X3 (1) ;

dapesltion LH

XH
SN
X3
P3
X

0.0
- ITERM*X3(l)*Tb/X3(2)

0.0 <

- A*X3 + Lt
- A*P3*A' + Q3(
» XM;
- PM)

-X3(l)*TEBK«Tb/(X3(3))-S
1.0

format long;
R - 7.0e-6;
c - [1 0]j
ALFA - 724)
X =• 0.061;
XI f [X

M L ] ;
- [3i

TEH];
- [X

TDL];
[X

initial values

X!

X3

if Tb >•=

XI (1)
Hl
• 1
K
XH
PH
XI
PI
TUl(i)
CC(i)
TEL
TERM
A

TEL

- X;
firosion

R j

XI + K*(Gi)|
- Pl . pa*c«inv(Hi)*c*Plj
- Xlï;
PN|

X4

ï l
TDH);

[B 0- [B
0.0

~ PI?
- PIJ

Pl

0.0
1 .0 ] j

P2
P3
P4
for i • 1:2147

Tb » 4.831«V(i>/((H(i)-l)*(0.30));
Tül(i) - :
TU2(i) -

XH
PH
XI
PI
X

alse

XI(I);

- ALrA*WL/H(i);
- (1.0 -TBHM*Tb/(Xl(S))"2

0.0 1,0
- tTEBH*S«((Tb/Xl(2))-l)

0.0 ] ;
» A*X1 t Ui
- A*P1*A' + Ql;
- XH;
» PHf
- XI (1);

i!

T04(i) (S)j

if i > 1
cc(i) .

Bo eroolon, no depoaition U

if H(i) >- 17.40
ir Tb <» TDH

X4(l)
H4
G4
X
XH
PH
X4
P4
TDH
T04(i)
CC(i)
TEBH
A

FH
X4
P4
X

Qlsa
if Tb >•-

x;
C*P4*C' + E;
ï(i) - (!*X4;
P4*C'*inv(H4);
XI * K«(G4);
P4 - P4«C'*inv(
XH;
PM;
X4(2)(
X4(2),

depoBition HH

and
ona

end
end

and
t
plot(T,ï,';',T,cc)

«(i) - X;

pioi^rïSÏ,
t title('TaU-ce_hat Etasion LW')f pftuae
* plOt(T,TQ»)
* title('Tau~ce_hat Erosion HW')
* l tALTA>WH/H[i);

tl+TEHH*( (Tb/X4 (2) )-l) -X4 (1) *TERM*Tb/ (X4(2)) •
0.0 i.o
(TERH*X4(1)*Ib/X4(2)
0,0 ),

A*X4 t L;
A*P4*A'
XH;
PN;
X4(l);

TEH

LW')
* plotlT.TOJ)
* "tle('Tau-C(Jwhat sadlmunt

% plot(T,TD4)

% t
a ^ | | < ' T a u ~ o d - h a t Sedimantation HW'|

+ Q4f

H2
•2
K
XH
PN
X2
P2
TU2(i)
co(i)
TEH
TEEM

XH
PH
X2
P2
X

x;
C*PÏ*O' + R;
ï(i) - C*X2;
P2*C'*inV(H2);
X2 + K*(G2)|
P2 - P2*C'»inv[H2)*C*P2;
XH;
PH;
X2[2);
X2(l);
X2(2);

eroBion KW

fornat long;
nomi > 0;
Bcsni » o;
sou3 - 0;
BDD4 = 0)
for i - l:S147

i f i >- 1000

[1.0 -TERH«Tb/(X2(2))"
0.0 1.0

[TERM*(2*[Tb/X2(2))-1)
0,0 ];

A*XS + L;
A*P2*A' + Q2|
XS;
PN;
X2(l|;

ei
ei
S3

]; soul
eomt
soms

S4;
and

end
TAUi > eoml/iliB
pouse
TAU2 '
pause
1WJ1 - BOH3/114B
pausa
TAU4 - BOB4/1148
patise

Ttri(i) + 60111;
TU2(i) + aonJ;
TU3(i> + ao»3;
TU4(i) + BOK4;
ei;
82;



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

J

% Beada input of 'model'
*

forir.ot long;
ydat;
vtwee;
hoog;

* Hsdel, input read by 'rgeg'
\ Tau-b with a tlne-delay

fornnt long
TEE •
TtW •
TDS .
TBV •
HB •
KV •
HE •
Wv •
B >

TAtlB
for
if

• input
• input
• input
• input
• input
• lmpot

'Enter
' Enter
'Enter
'Enter
'Entor
•Entar

• input('Enter
• input('Enter
• input('Enter
m l&\ f
- o;
L » l:3U7
1 >=• 50

TT(I) - T(i);

if H(i) >» 17
ï " round(
if (1-3)>0
TAUB - 4

ond
if XAUB <=

BN - B
B m B*T

also
if TMJB

BH -
B ^

end
end

slse

1

Tce eb: ')
Toe_vloed: ')
Tcd*"eb t ')
Tcd~vload! ')
Habi ')
HvlüBfl: •)
Web: ')
Wvloodi ')
the initial CJ ')

40

B31*V(i-j)M(H(l-j)-l)-(-0.30));

TDV
f M,FA*B«WV*((TAUB/TDV)-1)/H(i);
1

>- TBV
B + ALFA*HV*((TMJB/TEV) - Ij/B(i)(
DU.

j - round(0.13/(aqrt(V(i))*0-00B3B0JH
if (i-j) > 0
TAUB - 4

end
if TAUB <-

BK = B

B31*V(i-^) * ((H{i"-jl -IJ A (-0*30) ) ;

TDE
^ M,FA*B*«B*((TAUB/!PDE)-1)/H(1);

B - BN;
elso

if TAUB
BH =
B -

end
end

end
M(l) •• B ;

end

plot(TT,ïï, 'I'.TT,

B + ALFA*ME*[{TiUB/TEE)-l)/H[i)|

BN;

H)
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Omschrijving van het onderzoek

Het onderzoek is erop gericht om een trend te vinden in het slibgehalte in de

Westerschelde over de periode 1970-1990. Gedurende deze 20 jaar werden op ten-

minste negen plaatsen in de Westerschelde 1 a 2 maal per week, deels op wille-

keurige tijdstippen in het getij, watermonsters genomen om het slibgehalte,

het chloridegehalte en de temperatuur te meten. Dit om trendveranderingen in

het slibgehalte t.g.v. het menselijk ingrijpen (baggeren, storten, etc.) op te

sporen.

Deze metingen blijken weinig bruikbaar voor trendanalyse, doordat de spreiding

groot is. Dit heeft diverse oorzaken. Continue metingen, d.w.z. metingen om de

tien minuten op drie lokaties, tonen een sterke afhankelijkheid van het slib-

gehalte van de getij fase cq. de stroomsnelheid aan. Bovendien treden gedurende

een springtij-doodtljcyclus extra veranderingen op. Behalve getij -Invloeden

zijn ook seizoens invloeden waarneembaar. In de winter is de afvoer van de

Schelde in de regel groter dan in de zomer en is er meer slib in suspensie

t.g.v. de golfwerklng. Een trendmatige verandering zal slechts aantoonbaar

zijn wanneer deze getij- en seizoensinvloeden worden geëlimineerd.

Eliminatie verstorende factoren

Voor de eliminatie van het getij wordt een model opgesteld dat weergeeft hoe

de slibconcentratie afhangt van de stroomsnelheid. Nemen we nu aan dat er een

verband is tussen de stroomsnelheid en het getij verschil, dan is het getij

grotendeels uit de 20-jarige reeks te elimineren. Dit idee is niet nieuw, maar

de uitwerking wel. Het gevonden verband zal afhankelijk zijn van de geometrie

op de plaats van de meting. Verder zal de ebstroom mogelijk een ander verband

laten zien dan de vloedstroom. Het model wordt daarom ook geijkt op 13-uurs

metingen die in de buurt van een meetpunt uitgevoerd zijn.

M.b.v. dit model wordt naast de dagelijkse variatie van het getij en het dood-

tij -springtij effect ook de 18,6-jarige cyclus geëlimineerd. Nadat de metingen

gecorrigeerd zijn, d.w.z. nadat de getij-invloed geëlimineerd is, kan de sei-

zoensinvloed op het slibgehalte worden bepaald. Na eliminatie van deze sei-

zoensinvloed op de twintig-jarige reeks ontstaat een beeld van het verloop van

de slibconcentratie over een aantal jaren in de Westerschelde,



Begonnen wordt met het opstellen van een model aan de hand van de 10-minuten-

metingen gedaan bij Bath in winter '88/'89, Uit deze metingen wordt zowel het

effect van de dagelijkse ongelijkheid als het doodtlj-springtijeffect op het

slibgehalte nauwkeurig bepaald. Het hiermee opgestelde model kan verder aange-

past worden voor de 10-minuten-metingen gedaan bij het Middelgat (winter '87/-

'88) en nabij Vlissingen (winter '89/'90).

Getij-eliminatie / Resultaten en tekortkomingen eerste slibmodel

In voorgaande onderzoeken is de relatie tussen het slibgehalte en het getij

geschat ra.b.v. correlatiemodellen. Ook is er gezocht naar een zekere trend in

het verloop van de slibconcentratie zonder het getij te elimineren. Bij deze

benaderingen is de spreiding groot.

Om de trendanalyse nu eens op een andere wijze uit te voeren, worden eerst de

onbekende parameters van een model geschat m.b.v. het zgn. (extended) Kalman-

filter en vervolgens worden deze resultaten gebruikt om de ruis ten gevolge

van het getij op de metingen te corrigeren. Het is de eerste keer dat dit pro-

bleem op deze manier wordt aangepakt, d.w.z. met een stochastische modelanaly-

se.

Om de methode te ontwikkelen is eerst een eenvoudig model gebouwd voor de re-

latie tussen het slibgehalte en de stroomsnelheid. Het eerste model legt een

(niet-lineair) verband tussen stroomsnelheid en slibgehalte op basis van een

eenvoudig massabalansmodel voor een waterkolom. Dit model is gebaseerd op het

principe dat de totale hoeveelheid slib in de waterkolom alleen beïnvloed

wordt door de erosie en depositie die aan de bodem plaatsvindt en dat de ver-

deling van het slibgehalte over de kolom homogeen is. De verandering van de

hoeveelheid slib in een waterkolom is dan gelijk aan de hoeveelheid geërodeerd

slib aan de bodem minus de hoeveelheid gesedimenteerd slib, gedeeld door de

hoogte van de waterkolom. In formule luidt dit:

dC/dt - (E - D)/H E - erosieterm; D - sedimentatieterm;

H - waterhoogte



Er is bij deze opzet gebruik gemaakt van zgn. erosie- en depositiemodellen:

E - M(rb/r00 - 1) voor rb > roa

- 0 elders

D - CW„(rbAed - 1) voor rb <, Tod

» 0 elders

De erosie-en depositiemodellen bevatten vier parameters die met een zgn. Kal-

tnanfilter geschat worden. Er wordt, vanuit gegaan dat deze parameters per loka-

tie constant zullen zijn. Constante parameters leveren immers een eenvoudig

model op waaruit de variatie ten gevolge van het getij makkelijk te herleiden

is.

Op dit moment wordt er door een afstudeerder van de UT onderzoek verricht naar

het opstellen en verbeteren van het toegepaste Kalmanfilter, zodat de parame-

ters van het model nauwkeurig geschat kunnen worden. Deze benadering geeft al

in de beginfase opmerkelijke resultaten, zie figuur 1 t/m 5.

Voor het afstuderen wordt alleen het model voor de lokatie Bath opgesteld en

worden er ideeën ontwikkeld voor het aanpassen van het model voor de situaties

bij het Middelgat en bij Vlissingen. Verder wordt er een computerprogramma

voor het schatten van de parameters geleverd, dat zal worden voorzien van een

gebruikershandleiding. Dit programma kan na al dan niet aangepast te zijn, ge-

bruikt worden bij verder onderzoek en kan In de toekomst nuttig zijn bij het

doen van voorspellingen.

Getij-eliminatie / Verder onderzoek

Het afstudeerwerk beperkt zich tot de situatie bij Bath, terwijl er ook 10-

minuten-waarden beschikbaar zijn van metingen nabij het Middelgat en bij Vlis-

singen. Op deze twee plaatsen is er sprake van een andere situatie: er is

bijv. duidelijk verschil in slibconcentratie tussen de verschillende lagen van

het water. Hiervoor moet het model uitgebreid worden met een variatie van het

sedimentgehalte over de diepte. Er zullen meerdere parameters geschat moeten

worden. Dit levert het definitieve model.

Nadat de aard en de stabiliteit van de parameters van de modellen op de drie

bovengenoemde lokatles geïdentificeerd zijn, kunnen met ds gegevens van inci-



dentele 13-uurs metingen over de periode 1970-1982 op 9 lokaties de parameters

geschat worden. Deze lokaties liggen verspreid over de hele Westerschelde. Op

deze lokaties is bij de 13-uurs meting simultaan slib en stroomsnelheid geme-

ten. Met de modellen kan voor een meetdag de invloed van de dagelijkse vari-

atie van het getij op het slibgehalte worden geëlimineerd.

Resteren het effect van het dagelijks getij op andere dagen dan de meetdag,

het springtij-doodtijeffect en de 18,6-jarige cyclus. Om dit te elimineren uit

de 14-daagse metingen aijn er stroomsnelheden op de meetdata in 1970-1990 op

deze negen lokaties nodig. Omdat deze stroomsneIheden niet gemeten zijn, moe-

ten ze op een andere manier bepaald worden. Hiervoor gaan we uit van het geme-

ten getijverschil bij Vlissingen in dezelfde periode. Nu kunnen we, gebruikma-

kend van het feit dat er in estuaria sprake is van een lineair verband tussen

de stroomsnelheid en het getijverschil, uit het getijverschil bij Vlissingen

op de negen lokaties de benodigde stroorasneIheden berekenen. Vullen we de

snelheid in het model in dan wordt een algoritme verkregen dat de slibconcen-

tratie over de jaren 1970-1990 normeert naar een willekeurig tijdstip. Toepas-

sen van het algoritme op de metingen, levert zo een reeks metingen waarop de

ruis van het getij is gecorrigeerd.

Naast de genoemde meetwaarden zijn er ook zgn. WQRSRO-meetgegevens voorhanden

over de periode 1982-1993. Hierbij is er eens in de veertien dagen bij laag-

waterkentering gemeten. Bij deze metingen werd o.a. het zwevende stof-gehalte

bepaald. Dit is geen aanwijsbare maat is voor het slibgehalte [zie nota 0W-

90.064, Maldegem & Storm] en er zal daarentegen geen gebruik worden gemaakt

van de WORSRO-metingen.

Seizoenseliminatie

De seizoensinvloed wordt bepaald aan de hand van de reeds genoemde 13-uurs

metingen die op 9 lokaties in de Westerschelde over de periode 1970-1982 zijn

vericht. We gaan de gegevens per lokatie bekijken op een vast punt in het ge-

tij , bijv. laag-water kentering en we berekenen op basis van deze gegevens per

maand een gemiddelde over alle jaren van de concentratie. Zo ontstaan per lo-

katie voor iedere maand gemiddelde sediment-concentraties gemeten bij laag-

water kentering over een aantal jaren. Vanwege de uitgevoerde normering en de

middeling over de jaren is de invloed van het getij hieruit verdwenen en heb-

ben we een indicatie verkregen van de seizoensinvloed over deze jaren per lo



catle. Hiermee zal de seizoensinvloed uit de reeks gegevens van 1970-1990,

waaruit we reeds de getij - Invloed haddden geëlimineerd, geëlimineerd gaan wor-

den.

Trend

Met deze genormeerde gegevens kan een beeld verkregen worden van de trend van

het slib gehalte over de periode 1970-1990. En kan dus o.a. bekeken worden of

de baggerwerkzaamheden, begonnen in de jaren '70 en verminderd vanaf '85, in-

vloed hebben gehad op het slibgehalte in de Westerschelde,

Een dergelijke aanpak zou niet alleen resultaat kunnen hebben in de Wester-

schelde, maar zou misschien ook aangepast kunnen worden voor de Waddenzee.



Gebruikte metingen / Modellen:

Opstellen slibmodel voor de 3 lokaties:
Bath (winter '88/'89)
Middelgat (winter '87/'88)
Vlissingen (winter '89/'90)

Opstellen modellen voor 9 lokaties
a.d.h.v. 13-uurs metingen 1970-1982

Opstellen modellen voor 9 lokaties
a.d.h.v. de 14-daagse metingen over 1970-1990
uitgaande van de 9 reeds opgestelde modellen

Elimineren van het getij-effect op de negen
meetreeksen over 1970-1990

Bepalen seizoensinvloeden

xv
Elimineren seizoensinvloeden

reeks 1970-1990

Trend over 1970-1990



Verwachte werkzaamheden

Uitbreiden van het massabalansmodel voor 4 wkn

drie lagen water, waarbij de variatie van

het slibgehalte over de diepte meegenomen

wordt.

Aanpassen van het bestaande computerpro- 1 week

gramroa aan het nieuwe model.

Schatten van de modelparameters voor de 3 wkn

meetwaarden bij het Middelgat.

Zoeken van een representatieve reeks uit 1 week

de reeks 10-minuten-metingen nabij Vlis-

singen, waarin tenminste een springtij-

doodtijperiode voorkomt. En aanpassen van

deze reeks om gebruikt te kunnen worden in

de ontworpen programmatuur.

Bekijken of het model gevonden bij het 2 wkn

Middelgat nog aangepast dient te worden

voor Vlissingen.

Schatten van de parameters van het model 3 wkn

bij Vlissingen.

Beschikbaar maken van de gegevens van de 4 wkn

13-uurs-metingen van de 9 Xokaties van de

periode 1970-1982 voor de programmatuur.

Bekijken of de drie bestaande modellen 6 wkn

voldoende zijn voor de deze 9 lokaties of

dat er nog enige aanpassing nodig is. En

het uitvoeren van de schattingen van de

modelparameters voor deze eventueel aange-

paste modellen.



Verkrijgen van de gegevens van de 2-maan- ultbest.+ 3 wkn

delijkse metingen over 1970-1990 In juis-

te vorm ter invoering in de bestaande

modellen. En het berekenen van de benodig-

de stroomsnelheden.

Bepalen van het horizontale getij over de 2 wkn

gehele periode 1970-1990 voor 9 lokaties

Elimineren van de door het model bepaalde 3 wkn

getij-invloed op de reeks metingen van

1970-1990.

Bepalen van de seizoensinvloed. 2 wkn

Elimineren van de seizoensinvloed op de 6 wkn

overgebleven reeks metingen voor alle

negen lokaties.

3 wkn

Bekijken wat ds trend is over deze 20 jaar

op ieder van de 9 lokaties en bekijken wat

het verloop van de slibconcentratie is in

de Vesterschelde, door de verschillende

lokaties met elkaar te vergelijken over

deze 20 jaar.

Afronding en verslaggeving van het onderzoek 6 wkn

Onvoorzien (10% van totaal) 5 wkn

TOTAAL 54 wkn
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