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1. GENERAL INTRODUCTION

When, about 1581, Stevin settled in the Northern Netherlands, he found a
country ready to appreciate his talents. The young Republic, at war with Spain
and entering a period of great maritime expansion, needed instructors for its
navigators, merchants, surveyors, and military engineers. Teachers of mathe-
matics, surveying, navigation and cartography, instrument-makers and engineers
found encouragement; their number increased and soon no commercial town' was
without some of them1). Before the sixteenth century came to an end text-
books-in arithmetic, algebra, geometry, and the applied mathematical sciences were
_ available, many written in the vernacular. The teachers and-those who patronized
them included a great many immigrants from neighbouring countries, expecially
from the Southern Netherlands, long known for its learning — the country-in
‘which Stevin himself was born. The Stadtholder, Prince Maurice of Orange
(1567-1625), was also greatly interested in the mathematical sciences, and 50
was the new University of Leyden, founded in 1575.

Several of these early Dutch mathematicians ‘and teachers of mathematics. are
still remembered. Apart from Stevin, we find among them Adriaen -Anthonisz
-(¢. 1543-1620), several times burgomaster of 'Alkmaar and a military engmeer
who madeA the value i—i—: for = known in Europe 2); Ludolph Van Ceulen
(1540-1610), fencing master at Delft, who computed « first in 20, then in 33
and finally in 35 decimals by the ancient Archimedean method of inscribed and
circumscribed polygons; and Claes Pietersz or Nicolaus Petri, after 1567 school-
master at Amsterdam, who wrote a series of Dutch textbooks, which show con-
siderable knowledge of contemporary science. Rudolf Snel, or Snellius (1546-
1612), taught at Leyden University and edited the mathematical works of Petrus
“‘Ramus, the Parisian educator. A popular school for navigators at Amsterdam
was conducted by the Reverend Petrus Plancius (1552-1622), cartographer and
-instrument-maker. Among the scientific amateurs we find Jan Cornets De Groot
(1554-1640), patrician of Delft, whose attainments have been eclipsed by the
fame of his son, known as Hugo Grotius. With several of these men Stevin
entered into correspondence or personal contact, in particular with De Groot and
Van Ceulen at Delft.

1) This was a development typical of the period. E.G. R. Taylor, in The Mathematical
Practitioners of Tudor and Stuart England (London, 1954), lists 582 such practitioners
active between 1485 and 1715,

2) This value is sometimes called that of Metius through a confusion between
‘Anthonisz and his son, who adopted the name of Metius.




The intellectual climate of Holland seems to have agreed with Stevin. During
the years 1582-86 several of his books appeared, first his Tables of Interest, then
his Problemata Geometrica, then his “Tenth, his L’ Arithmétique, a Pratique
d’ Arithmétique, and the three books on mechanics, which also contain creative
mathematical thoughts. These are the books that have established Stevin's po-
sition in the history of mathematics. It is of some interest to sketch, in some-
what greater detail than in Vol. I, pp. 16-19, the nature of his contributions. ’
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In Stevin's formative years the decimal position system, based upon the Hindu-
Arabic numerals in their present form 0, 1, ..., 9, was already widely accepted in
Europe and commonly used by those who professed the mathematical sciences.
Elementary arithmetic, using this system, could be learned from many textbooks,
available in Latin, French, German, and Flemish. Stevin specially mentions the
French Arithmétique of Jean Trenchant, first published in 1558. From books
such as these he could also learn the application of arithmetic to commercial
transactions, as well as the computation of single and compound interest. They
also often contained operations with radicals such as V2, V3, etc. Some features
of these books must have been irksome to him. One of them was their reluctance
to recognize 1 as a number and their tendency to designate other numbers as
“irrational” or “surd”, as if they belonged to a lower class. Other objections
were of a more practical nature, such as the reluctance of the authors to illustrate
their rules of interest by tables, which still were held as a secret by banking
houses, or the clumsy fractional calculus, which used either the numerator-de-
nominator notation or the sexagesimal system, but only rarely the more con-
venient decimal .notation. This decimal notation was almost exclusively confined
to trigonometric tables, available in several forms, including those published by
Rhaeticus (1551), later expanded into the Opus Palatinum (1596). Stevin, in
‘his first published works, tried to remedy some of these shortcommgs, and also
to 1mptove on the exposition.

~Thus, in the Tables of Interest, he not only gave a lucid presentatlon of the
rules of single and compound interest, but also published a series. of tables,
together with a rule for computing them. Some years later, in his Tenth (1585),
he-showed the use of the decimal system in the calculus of fractions. He took
this opportunity to suggest the introduction of the decimal system also into the
classification of weights and measures, a proposal which had to wait for partial
acceptance until the time of the French Revolution. His theoretical ideas he laid
down in his book L’Arithmétique and in a geometrical manuscript, of which only
.a-part was published. Since L’Arithmétique also contained Stevin's algebra, while
-his books on mechanics included several applications of the calculus of infini-
tesimals, Stevin's work of these years 1582-1586 can be considered as a fair and
often ongmal exposition of most features of the mathematics of his day.

In his arithmetical and geometrical studies Stevin pointed out that the analogy
between numbers and line-segments was closer than was generally recognized. He
‘'showed that the principal arithmetical opérations, as well as the theory of. pro-
portions and the rule of three, had their counterparts in geometry. Incommen-
surability existed between line-segments as well as numbers, and since the nature
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of line-segments was independent of: the number that indicated their length, all
numbers, including unity, also were of the same nature.. All numbers were, squares,
all numbers were square roots. Not only was V2 incommensurable. with 2 and
V3, but so was 2 with V2 and V3; incommensurability was a relative property,
and there was no sense in calling. numbers “irrational”, “irregular” or any other
-name which connoted inferiority. He went so far as.to say, in his Traicié des
incommensurables grandenrs, that the geometrical theory of incommensurables in
Euclid’s Tenth Book had- originally been discovered in terms of numbers, and -
translated the content of this book into the language of numbers. He compared
«the still incompletely understood arithmetical continuum to the geometrical
continuum, already explained by the Greeks, and thus prepared the way for that
correspondence of numbers.and points on the line that made its entry with Des-
cartes’ coordinate geometry.

Stevin recognized several kinds of quantmes arithmetical numbers, which
are abstract numbers, and geometrical numbers, connected with lines, squares,
cubes, and rectangular blocks (figures in more than three dimensions were be-
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yond the compass of the age), which we now denote by 4, 42, 43, ..., a?, a?,etc.

From this he passed on to linear combinations-of geometrical numbers, which he

called algebraic numbers. Thus he came to algebra—the theory of equations—,

which to him, in his attempt to construe analogies between geometry and arith-
metic, hence between geometrical and arithmetical numbers, consisted in the

application of the rule of three to algebraic quantities. His algebra thus forms

part of his general “arithmetic”.

The theory of equations had made considerable progress in the course of the
sixteenth century. Cubic equations had been solved, though the “casus irreducibilis”
still presented difficulties. The new results were laid down by Jerome Cardan
in his Ars magna (1545), which became the sixteenth-century standard text on
* the theory of equations, eclipsing even the Arithmetica integra (1544) of Michael
Stifel. Cardian’s book also contained Ferrari’s reduction of the fourth-degree e-
‘quation to one of the third degree. Stevin knew these books intimately, and also
studied Bombelli's L’Algebra (1572), which treated the “casus irreducibilis”
with complex .numbers and introduced an improved notation. Stevin did not have
much use for these complex numbers, because he did not see a possibility of

finding a numerical approximation for a number like4/4 + 57, in contrast to
such a number as V6, where a numerical approximation can be obtained. How-
ever, he liked Bombelli’s notation, and availed himself of it in his own,book.
Against negative numbers, with which Cardan had played, he had no objection,
even if he did not use them as freely as we do now. In the light of our present
knowledge we are inclined to wonder why in his speculations on the analogies
between the arithmetical and the geometrical continuum he did not assign a
geometrical meaning to negative numbers, but even Descartes and his immediate
successors did not use negative coordinates: The study of directed quantltxes be-
longs to a much later stage-of mathematical development

. The main merit of Stevin’s L’Ambmetzque is the systematic way in which he
discusses operations with rational, irrational, and algebraic numbers, and the
theory of equations of the first, second third, and fourth degrees. To our feeling
he went too far in stressing.the analogy between arithmetical and algebraic en-
tities, even the theory of equations becoming an application of the rule of three.
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However, this latter point of view met with little success, even among his con-
temporaries and the algebrists who followed him. His particular notation for
equations was also soon- abandoned 1). .

Geometry, during the sixteenth century, still followed closely the track of
Euclid, whose Elements, from 1482 on, were available in several printed editions
and translations. Stevin was especially familiar with the Latin editions prepared
by Zamberti (1546) and by Clavius (1574). Christopher Clavius (1537-1612),
Stevin's contemporary, who was the Vatican’s astronomer, excelled as a writer of
textbooks, which embraced well-nigh the whole of the mathematical and astrono-
mical sciences of his day. There is reason to believe that Stevin was quite
familiar with these books, and that Clavius equally remained in contact with Stevin’s
work. To his study of Euclid we owe Stevin's Traicté des incommensurables
grandenrs, already mentioned, and his Problemata geometrica, the former pro-
bably, the latter certainly forming part of that longer geometrical manuscript
which was to do for geometry what L’ Arithmétique had done for arithmetic.
Euclid’s influence in the Problemata is particularly evident in the sections dealing
with ‘proportional division of figures and with regular bodies, enriched with a
description of the semi-regular bodies, which had a touch of originality. Stevin
knew several of them through Albrecht Diirer, who had described them in his
Underweysung of 1525, but he added some others, while rejecting one of them.
He does not seem to have known that all thirteen semi-regular bodies had ‘been
‘described in Antiquity by Pappus, who had mentioned Archimedes as the dis-
coverer, information not readily available in the 1580’s, since Pappus’ text was
only published in 1589. We do not know whether Stevin was aware of other
books which appeared in the sixteenth century, with descriptions of semi-regular
bodies, sometimes beautifully illustrated: the only source he quotes is Diirer.

The Problemata also show Stevin as a student of Archimedes. The editio prin-
ceps of Archimedes appeared in 1544, when Venatorius published the Greek text
of ‘all the works, a Latin translation, and the commentaries of Eutocius. More-
over, a selection of the works in Latin appeared in 1558 through the care of
Commandino. The theories of Archimedes, the most advanced mathematician ‘of
Antiquity, were not easily understood, and creative work based ‘on them ‘was
even more difficult. Stevin was among the first Renaissance men to study Ar-
chimedes with a certain amount of independence. In the Problemata he took some
‘problems he had found in Archimedes” A the Sphere and Cylinder and gener-
-alized them somewhat; this gave him an opportounity to apply the methods given
by Eutocius for the construction of the two mean proportionals between two lines:
@a:x = x:y = y:b,a problem which cannot be solved by mcans of compass

1) The criticism of K. Menger on the promiscuous use of the symbol x in modern
mathematics, and in "particular of its use as a dummy index in expressions like
) x? —r

f f()dx, which he writes Sf, or as ,indeterminates’ in expressions like il
P

*2
x — I, which he writes ;——

notation, The latter expression, in the symbolism of L’Arithmétique, is written in

the form @_:_1_

o —1
Mznger, Calenifus. A modern approach. Boston 1955, or Math. Gazette g0 (1956), pp.
246-255:

= #* 4 1, lends a touch of modernity to Stevin’s

= (@) + 1, very much in Professor Menger’s spirit. See K.
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and straightedge alone. But Archimedes’ influence is also visible in Stevin’s books
on mechanics, where Stevin, modifying Archimedes’ later so-called exhaustion
method, appears as one of the first Renaissance pioneers in the field of mathe-
matics afterwards known as the theory of limits and the calculus.

Archimedes’ handling of what we now call limit and integration processess
was still on the extreme confines of knowledge. Only a few mathematicians as
yet were able to emulate Archimedes, among them Commandino, who had ap-
plied his methods in the determination of centres of gravity. Stevin's friend Van
Ceulen was engaged in improving on Archimedes’ computation of z. One diffi-
culty in Archimedes was his cumbersome method of demonstration in dealing
with limit processes (which had already appeared in Euclid and was typical of
Antiquity). When Archimedes wanted to demonstrate that a certain quantity Q,
e.g. the area of a parabolic segment, was equal to A, he showed that the two
hypotheses Q < A4 and Q > A both led to an absurdity, so that Q = A was
the only possibility. Stevin replaced this indirect proof by a direct one. Demon-
strating that the centre of gravity of a triangle lies on the median, he argues that
if the difference. between two quantities B and A can be made smaller than any
assignable quantity ¢, and | B— A | < g, then B = A (see Vol. I, p. 43). Here

Stevin entered upon a course which was to lead to the modern theory of limits.

. We can discern a certain impatience with the method of the Ancients in Stevin
and his successors; an impatience quite conspicuous in Kepler. These men ‘applied
short cuts in what we call the integration process, because they wanted results
rather than exact proofs. They used methods of far more dubious rigour than.
Stevin’s, even though they knew that the only rigorous proof was the Archi-
medean one. Stevin must have experimentedeith such short cuts, as we can see
in his paper on Van de Molens (On the Mills; Work XVI; Vol. V). If we like, we
can see a topic related to the calculus in Stevin's determination of the equation of
the loxodrome on a sphere, in his book on Cosmography, by means of the series.

tan K (sec 10" + sec 20’ 4+ ...... + sec n. 10%). 10/,

where K is the angle between the loxodrome and the meridian. The expressioh
. N~ ¢ , P ‘
is an approximation of tan K f o S€¢ @ do, expressed in degrees.

. During the latter part of Stevin’s life the mathematical sciences continued to
flourish in Holland. This was the period in which he wrote, or rewrote, the
different books which he assembled in 1605-1608 in the Wisconstighe Ghe-
dachtenissen. The short Appendice algébraique, which contains a method for ap-
proximating a real root of an algebraic equation of any degree, dates from 1590.
This was also the period in which Stevin acted as a teacher and adviser to Prince
Maurice of Orange. He remained in personal contact and correspondence with
many of his colleagues, including representatives of the younger generation, out-
standing among whom was Rudolf Snel’s son Willebrord (1580-1626), 2 gradu-
ate of Leyden University. This younger Snellius, who translated the Wiscon-
stighe Ghedachtenissen into Latin, later succeeded his father in the chair at Ley-
den, and is remembered as the discoverer of “Snellius’ law” in the theory of
optics and the first man on record to perform an extensive triangulation. An-
other Leyden mathematician was Frans Van Schooten (1581/82-1645), who
after Van Ceulen’s death in 1610 taught at the engineering school-founded by
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Prince Maurice. His son -and namesake (1615-1660), who became professor:of
mathematics at Leyden University and was thé ‘teacher of Christiaan Huygens,
showed in his works Stevin’s influénce. ‘Older than these men was Philippus
Van Lansbergen (1561-1632), a minister in-Zeeland and an able mathematician;
who shared Steviri’s preference for the Copernican system. We also know that
Stevin was in personal contact with Samuel Marolois (c. 1572-before 1627), &
military engineer who wrote on perspective, and we may safely assume that
Stevin was in touch with the surveyors Jan Pietersz. Dou (1572-1635), the first
to publish a Dutch edition of some of Euclid’s books, and Ezechiel De Decker,
whose work shows considerable influence of Stevin. This was also a period in
which appeared- many elementary mathematical textbooks, of which those of
Willem Bartjes were used for more than two centuries and made his name
proverbial in Dutch. Dutch cartographers, among them Plancius, Willem Ba-
rendtz (of Nova Zembla fame), Jodocus Hondius (son-in-law to Mercator), and
William Jansz. Blaeu, were building up an international reputation. It would be
interesting to know something about the relationship between Stevin and Isaac
Beeckman (1588-1637), the Dordrecht physician and teacher, who through his
contact with Descartes forms one of the links connecting the Stevin period of:
Dutch mathematics with that of Descartes. We do know that after Stevin’s death,
in 1620, he visited his widow and studied some of her late husband’s manuscripts.
“The most original of the mathematical books published in the Ghedachtenis:
sen is the Perspective. Its subject was developed by the Italian artists of the
fifteenth century and during the sixteenth century several books on it had ‘ap-
peared, some with beautiful pictures. These books were written by and “for
painters and engineers and contained a rather loose presentation of the mathe-
matical theory involved, which often was not more than a set of prescriptions for
foreshortening. The first systematic exposition of the mathematical - theory of
perspective appeared in 1600, when Guidobaldo Del Monte published his Peér-
spectivae libri sex. It is likely that by the time this book appeared Stevin’s mathe-
matical theory of perspective, the result of his reflections on architecture,
military engineering, and the technique of drawing in general, was already far
advanced. It is also probable that in the final draft of the manuscript Stevin was
influenced by Del Monte. In the book. Stevin develops.the laws,of .perspective
in his usual systematic and didactic way (the Prince may well have been no easy
pupil!), derives the laws of the vanishing points, discusses the casé that picture
plane and ground plane are rot at right angles, and also investigates what may
be called the inverse problem of perspective: to find the eye when a plane figure
and its perspective are given. Despite a certain long-windedness the book can'
still serve as an introduction to perspective; it is among the' writings of Stevin
which are least antiquated. - o , R ' s
The Meetdaet, anothér book of the Ghedachtenissen, was based on the manu-
script ‘on geometry to which Stevin referred at the time when he was writing
L’ Arithmétique and of which he published a section in the Problemata. It also
shows the influence of Prince “Maurice, which may have improved the expo‘
sition and added a practical touch. The name became Meetdaet, French Pratiqué.de
Géoméirie, a counterpart to the Pratique d' Arithmétique which Stevin had added
to his L’ Arithmétique in order to give some practical applications of his theory.
Most of the subject matter of the Problemata reappears in.the Meetdaet, some-

times in a slightly modified ‘form.
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The other mathematical sciences represented in the Ghedachtenissen ate plane
and spherical trigonometry, with tables of sines, tangents, and secants. They
“contain little that was new at the time; though the spherical trigonometry was
somewhat simplified as compared with previous expositions. His understanding
of the geometry of the sphere also led Stevin, in his books on navigation, to a
careful discrimination between sailing along great circles and along rhumb lines
(orthodromes and loxodromes, as Willebrord Snellius called them in his trans-
lation of the Ghedachtenissen). This was still an enigma to most sailors and
teachers of navigation, although the difference had already in 1546 been clearly
stated by Pedro Nunes, mathematician in the University of Coimbra; Mercator, the
Duisburg cartographer, had represented the loxodromes by straight lines on his
well-known world map of 1569 (they already appear on his terrestrial globe
of 1541). The mathematics of the loxodrome was still poorly understood; as
a matter of fact, this understanding only matured when the calculus began to take
shape, in the latter part of the seventeenth century. Stevin was able to compute
tables which for a variable point of each loxodrome, belonging to seven given
bearings 11°15’, 22°30/ ...... 78°45’ with the meridian, gives the latitude as
a function of the.longitudinal difference with the point where the loxodrome in-
tersects the equator. Stevin also caused copper curves to be made, which had the
form of rhumb lines, for the seven principal bearings and by means of which
on a globe of suitable size the loxodrome could be drawn for any given initial
point. Stevin can thus also be considered as a contributor to mathematical carto-
graphy.
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INTRODUCTION

§1

The Tables of Interest, the first book published by Stevin, represented a kind
of challenge to an ancient and established tradition. Money-lending leads to
problems concerning the payment of interest, and with the expansion of mercan-
tile activity and of banking in the later Middle Ages such problems had a
tendency to become ‘complicated. Many banking houses engaged in large-scale
dealings of varied aspects, involving questions of insurance, of annuities and
other payments at set intervals, of discounting of sums due at a later date and-
related transactions. Against their power, objections based on canon law, pro-
hibiting or circumscribing the taking of interest, were of little or no avail. The
Baldi and Medici of Florence, the Welsers and Fuggers of Augsburg at one fime
or another ruled financial empires, respected and feared by king, emperor, and pope.

In a period where even ‘multiplication and division of integers were considered
difficult operations, only experts could answer with authority questions involving
the computation of interest. The larger and more established houses had found
it convenient to have such experts compute tables of interest and to keep them
on file as confidential information. Such tables remained, as Stevin expressed it,
“hidden as mighty secrets by those who have got them.” They could remain
hidden as long as the number of skilled computers was small. This period came
to an end with the spread of arithmetical instruction in the sixteenth century.

One of these early manuscript tables, composed about 1340, has been preserved
in a copy finished in 1472, It was prepared for the Florentine house of the Baldi
by their commissary Francesco Balducci Pegolotti as part of his Pratica della Mer-
catura. This book was published in 1766 (1), an English translation appeared
in 1936 (2). The tables of interest appear as an insert between other topics (3);
they record the increase, at compound rate of interest of 1, 13, 2, ..., 8 per cent,
of. 100 lires. Each of the 15 tables has 20 terms. Here follows, as an example,
the table for 2 per cent: o ;

Le 100 lire a 2 per cents 'anno

1. lire 102.—— 11. lire 124. 6. 8
2. lire 104.—.10 12. lire 126.16. 4

(*) Della Decima e di varie altre gravezze imposte dal comune di Firenge, Della moneta e della
mercatura de Fiorentini fine al secolo XV, 4 vols., Lisbon and Lucca 1765-1766. The book -
was published anonymously, but the author became known as Gian-Francesco Pagnini
della Ventura (1715-1789), Florentine Chancellor of the Tithe. Sce A. Evans, next ref.,

L IX-X.
pp(z) A. Evans, Francesco Balducci Pegolotti La pratica della mercatura. The Mediaeval
Academy of America, Cambridge, Mass., 1936, LIV 4443 pp. Sce pp. XV-XXVIon the
life of Pegolotti. :

(®) A. Evans, /.c.%) pp. 301-302; Pagnini, Zc.!) pp. 302-304,
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N 3, lire 106. 2. 5 13. lire 129. 7. 1
4. Jlire 108. 4. 9 14. lire 131.18.10
5.. lire 110. 8. 1 15. lire 134.11. 7
6. lire 112.12. 3 ¢ 16. lire 137. 5. 3
7. lire 114.17. 3.~ 17. lire 140.—. 2
8. lire 117. 3. 3 18. lire 142.16. 2
9. lire 119.10. 1 19. lire 145.13. 3
10. lire 121.17.11 6

20. lire 148.11.
1 lira = 20 soldi, 1 soldo = 6 denari}

It is interesting to note that the Baldi computed the accumulation of capital
not at simple, ‘but at compound interest. This practice was already old in their
days. At any rate, Leonardo of Pisa, whose Liber Abaci dates from 1202, and
whose problems reflect early thirteenth-century mercantile - practice, also accepts
compound interest (4). Its legitimacy was a subject of juridical controversy for
many centuries (5). - :

It is not unlikely that further search in European libraries will reveal other
treatises on interest, with or without tables. An example is a manuscript text on
arithmetic by Rucellai, a Florentine citizen, bearing the date April 23, 1440, and
found in the Bibliotheca Nazionale in Florence. It contains tables of
interest computed; it-says, by Antonio Mazinghi as part of an exposition on simple
and compound interest (6). o

Luca Pacioli, in his widely read Summa of 1494, also mentions tables of in-
terest and sketches the way how to compute them (7). There are no tables in the
Summa; only a_number of problems on interest, simple and compound. In order
to find tables in print we still have to wait for half a century. Then we meet 2 few
in the Arithmétique of Jean Trenchant (8).

Nothing is known about Trenchant except that he was a teacher of mathe-
matics at Lyons, who in 1558 published a book called L’ Arithmétique departie es
trois livres, which passed through many editions, occasionally “revue et angmen-

E * Liber Abaci. Scritti di Leonardo Pisano, ed. B. Boncompagni, vol. 2 (1862) p. 267.
(%) Leibniz, in his essay Meditatio iuridico-mathematica de interusurio simplice, Acta Erudi-
torum 1683, defended the use of compound interest according to the formula
C.=C, 0+ i)*. He was attacked by other jurists with the argument that the taking

X
of interest on non-paid interest is prohibited. See M. Cantor, Politische Arithmetik
(Leipzig, 1898, X + 136 pp.), p. 35- -

(®) The manuscript is in the Biblioteca Nazionale, Florence, call number Palatino 573,
author Girolamo di Piero di Chardinale Rucellai (This informition is due to Dr. R.De
Roover, Aurora, NY). .

() L. Pacioli, Summa de Arithmetica Geometria Proportioni et Proportionalita (Venice,
1494, second ed., Toscolano, 1523), first part, gth distinctio, sth tractatus. Pacioli writes
«del modo-a sapere componere le tavole del merito”. The term “mzrito”, French
«mérite”, stands for what Stevin calls “profitable interest.” Compound interest is “a capo
d’anno, o altro tempo, o termine”. See footnote'®).

(8) On Jean Trenchant. see H. Bosmans, L’ Arithmétique de Jean Trenchant, Annales Soc.
Sc. Bruxelles 33 (1908-09), 1€ partie, pp. 184-192; G. Sarton, Jean Trenchant, French
Mathematician of the Second Flalf of the Sixteenth Century, Isis 21 (1 934), pp. 207—-208; C. M.
Waller Zepet, De oudste intresttafels in Italié, Frankrijk en Nederland met een herdruk van
Stevins ., Tafelen van Interest” ; Diss. Leiden, (Amsterdam, 1937, 95 + 92 pp.), esp. Ch. IIL.
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tée’” (9). The date of publication is important. Lyons was famous as a money
market, where kings and other nobles bargained for huge loans with the most
important bankers of Europe. A first attempt was made in 1555 by King Henry II
and his financiers to consolidate the many haphazard royal loans of the past and
to establish a regular system of amortization. This was the “Grand Parti”, famous
in its days, and so popular that wide strata of the population hastened to sub-
scribe (10). Trenchant’s book, with its extensive chapter on simple and compound
interest, reflects the public desire for understanding the intricacies of the money
market. The third part of his book contains four interest tables, of which two
wete specially compiled to illustrate the “Grand Parti”. This transaction, to which
later also Coignet (11) and Stevin return, is described in the following problem.

“En I'an 1555, le Roi Henri pour ses affaires de. guerre, prenait argent des
banquiers, & raison de 4 pour 100 par foire-(12): C'est meilleure condition pour
eux, que 16 pour 100 par an. En ce méme an avant la foire de la Toussaint: il
requt aussi par les mains de certains banquiers la somme de 3954941 écus et
plus, qu'ils appelaient le grand parti, & condition qu'il payerait 4 raison de 5 pour
100 par foire, jusqu'd la 41-iéme foire; & ce paiement il demeurerait quite de
tout; 4 savoir laquelle de ces conditions est meilleure pour les banquiers? La pre-
miére A 4 pour 100 par foire est évidente, c’est 2 dire on-voit son profit évidemment.
Mais la derniére est difficile: de sorte que les inventeurs de cette condition-1a
ne l'ont trouvée qu'i titons et presque avec un labeur inestimable. Maintenant je
veux montrer & faire telles calculations légérement (facilement) et précisément
avec raison démonstrative facile & entendre.” '

The question raised is therefore the following. The king borrows 3,954,941
écus. Every -quarter year he has to pay interest and the total debt must be paid
off after 41 payments. What is more advantageous to the bankers: payment of
4 per cent interest each quarter and return of the principal at the 41st payment,
or payment of 5 per cent interest each quarter and no extra payment at the end?

Trenchant, in solving this problem, introduces two tables. The first one is a

table which lists the increase in value of 107 (1.04)” , » = 0,1,..., 40:
’ 1000000

o O
(e I-N
- o
(==
O e

0
0 0
6 0

N
oo, ©
[ N
- O\ .
o w .
[NS )
o w.
AN .

(*) The fourth edition has the title: L’arithmétique de Ian Trenchant departie en trois livres,
Ensemble un petit discours des Changes avec Iart de calculer aux Getons. Revue et augmentde posr
la quatriéme ¢dition, de plusieurs régles et articles, par I’ Autheur. A Lyon, par Michel Iove,
1578, 375 pp.. Trenchant was therefore alive in 1578. The edition of 1563 is also ,revue et
augmentée”.

10) R. Doucet, Le grand parti de Lyon au 16e siécle, Revue historique r7r (1933), pp.
473—-513; 172 (1933), pp. 1-41; also R. Ehtenbetg, Das Zeitalter der Fugger II (Jena, 1896,
18+ 367 pp), p. 101 fl. ;translated as Capital and Finance in the Age of the Renaissance(New Y ork,
1928, 390 pp.). Information on /e grand parti is due to Mrs C. B. Davis, Ann Arbor. Mich.

(*Y) Livre d’arithmétique. . . composé par Valentin Mennber Allemand: revue, corrigée et ang-
mentée. . . par Michiel Coignet. Anvers, 1573, 141 pp. Doucet and Ehrenberg /.¢c.1%) write
Coquet instead of Coignet. -

(*®) There were four fairs a year at Lyons; ,,par foire” therefore means: “every quarter
year”. : -
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?
The other table gives the successive partial sums z,é 107 (1.04)*,
0

i=0,1,2..,40:

W N =
= O O
NO O
[eNeNe]
[N e e]
[« e e

0
0
1

N RO

998265338

From these tables Trenchant deduces that the one “écu per 100 difference” over
4 per cent in the second alternative (in order to pay off the principal) is worth
48.010206 écus [we use modern decimal notation} after 40 terms, 46.163659 écus
atter 39 terms, etc. The total of all these écus paid extra every term is 99.8265338
écus, a little less than 100. The first alternative is therefore a little better for the
bankers. Trenchant also remarks that the last table allows us to find out how
far the debt is paid after every term.
_ These two tables are preceded by two others, also placed between the text in
order to illustrate certain problems on compound interest (mérites, discontes a
chef de terme) (13).

The first table of Trenchant lists the increase in value of 107 at 8% percent
yearly (on every twelve pence one penny interest yearly, “van den penninck 127,
as Stevin Wrote) for 28 years, hence 107 (1 +-I’—2)", 7 = 01,2, ... 28:

10000000
10833333
11736111

93757458

The second table gives the increase of 107 after 1, 2,... 11 months at the same
rate of interest, obtained by multiplying 107 successively by

; . u

L1 N 1\ 1 \12

(1 ‘T"ﬁ){zy (1 +ﬁ)12, e, (1 '1—2) :
10000000
10066924
10134295

1076.1.304

Trenchant has also problems on simple interest, for which no tables are
necessary. One of these problems must be quoted, since Stevin in Ex. 6 of his

(1?) Translated from the italian “a capo d’anno”, or “a capo d’alcun tempo”, because
compound interest was computed from the beginning of each year, or other term.
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discussion of simple interest takes issue with Trenchant’s conclusions. It is problem
6 of Trenchant's Ch. IX:

”Si quelqu'un devait 600 livres 4 payer le tout au bout de 4 ans, et son
créditeur le priait de les lui payer en 4 termes ( savoir au bout du premier an et
chacun des autres le quart en lui discontant simplement 4 raison de 12 pour cent
par an), i savoir combien il lui faudrait chaque année? Considére qu'il faut
disconter pour un an, pour 2 et pour 3 ce qu'il avance. Donc pour 4 ans suppose
400; puis avise qu'un cent en principal et intérét fait en un an 112 livres; en
deux 124: et en trois 136; a ces trois sommes il faut ajouter le quatriéme terme
100 qui ne mérite rien: elles se monteront 4 472. Puis dis: si 472 viennent de

400, de combien 600. Tu trouveras 508;3, dont le 3 T a savoir 127 livres et

E , est ce qu'il devrait payer par chacun des 4 ans. Pour en faire la preuve:

Regarde que 127 L zg profitent 15 par an; puis que le premier paiement profite
par trois ans, il gagne donc 3 foxs 15— ce qui est 45 : par la méme raison le
second payement gagne 305§ et le troisiéme 155—9. A;oute maintenant tout le
profit qui se¢ monte i 912 aux 4 paiements SOSE , il viendra 600 comme il
fallait. Autrement pour savoir tout le gain, multiplie 15 s par 6, car les trois

31 »
pa;ements gagnent par 6 termes, provxendra 9155.

Trenchant’s chapter on interest (no. IX) is based on his previous chapter
(no. VIII), where he teaches geometrical progressions, and thus the way in
which his tables have been computed.

§ 2

The tables of Trenchant and of Pegolotti are the only printed tables written
before Stevin. Problems concerning simple and compound interest not accompanied
by tables occur much more frequently. There exist cuneiform tablets with compound
interest problems; one of these problems is to find how long it takes for a sum
of money to double itself at 20 per cent interest. This leads to what seems to be

the equivalent of the equation (1.2)™ = 2, which is solved by linear interpolation.

The answer appears in sexagesimal notation (14). In Medieval Europe we find
compound interest problems solved by Leonardo of Pisa (4); among the authors
who followed him we find Pacioli (7), Cardan, and Tartaglia (15).

(*) See e.g. R. C. Archibald, Outline of a History of Mathematics, 6th edition, Am.
Mathem. Monthly 56 (1949 supplement 114 pp.) P

(15) See C. M. Waller Zeper, /.c.8), Ch. IL. Tartaglla s problems are found in his General
Trattato di numeri et misure, Parte I (1556) fol. 192 v. There were a number of other
writers on interest computation, of which we find a list in Wentzel, /¢. (%), also cited
by C. M. Waller Zeper, pp. 38-39. Stevin became acquainted with Tartaglla s work after
1583, see Meetdact, p. 144.
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A matter of some controversy was: the problem what to do in the case.of

fractional terms. The Babylonian formula (1.2)* = 2 is consistent with the
general formula for compound interest )

. C,=¢ (1447, _
C, = initial capital, C‘x = capital after x years, the interest is at 100 / per cent a
year, even if x is fractional. This was not always the point of view of the Renaissance
mathematicians (16). For instance, Tartaglia raises the question what 100 Ib.
will be after 21 7 years at 20 per cent compound interest. »

If 100 Ib. accumulates to 120 lb. in one year, he says, it will accumulate_
to 110 Ib. in half a year. Tartaglia now reasons that 100 Ib. in two years be-

comes 100(1.2)2, and in 2_;—years therefore 100 (1.2)2 (1.1) = 1584 lb.
In this, he takes issue with Pacioli and Cardan, who accumulate up to 3 years,
then discount by half a year, and find 100(1.2)3 | (1.1) = 157{7 Ib. The

method which the Babylonians seem to have had, which Trenchant certainly had,
and which is in accordance with modern practice, would have given:
100(1.2)2% = 157.74 Ib.

Tattagha has still another method, which in this case gives the answer 100(1 1)5
= 161.05 Ib. These different methods can be expressed in the following way:

1) éx =C, (14 ) (Trenchant)

— ) , x=p+
D G=C 0+ G+, p = largest integer < x
(Tartaglia) ‘
4+ x=qg—u
5 g=—tTY d
_ 14 % g = largest integer > x

(Cardan, Pacioli)

. ' i\ mx interest at 1007 per cent a year to be
9 c=cu+5) A Y

paid every m™ part of a year.
(Tartaglia)

Trenchant, solving the problem which led to his second table, used the first
method with x a multiple of 1’—2 Stevin preferred the second method. Apart

from the fourth method, in which compound interest at 100 7 per cent a year

(%) C. M. Waller Zeper /.¢.8), p. 14.
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h

is simply replaced by compound interest at 100 % per cent every m™  part of a

year, the other methods only differ in the way they answer the question: shall
interest due after a fraction of a year be computed at compound or at simple.
rates? We shall return to this question, on which even now there exists some
difference of opinion, when we discuss Stevin’s position.

We further introduce the following notation, which is i common use:

So=0+9", A=+,

2|

_ n—1 n
T ZZé a+ ), a :Zé a+a*.
[ 1 .
We can now express the results of Pegolotti and Trenchant as follows:
Pegolotti: 102 So» 47 01,7015, 02, . .., "08; '
=12, ..., 20

Trenchant; 107 §_ , 7 = 79,2 =01, ...,28;
n|
1075 ,i=
n|

107 S_ , ¢
7

-~

I
(=}
el

X

I

(=}
B
b
o

1o7s7|,z':’o4,n:1,2, NS |
§ 3

The two great money markets of Western Europe in the sixteenth century were
Lyons and Antwerp. We have seen that the first published tables of interest
came from Lyons. The second publication of such tables occurred at Antwerp.
They were the work of Stevin, at that time already settled at Leyden. -

These Tables of Interest appeared first in Dutch in 1582. A French version -
of the book appeared in L’Arithmétigue of 1585. The Dutch text was re-
published and corrected in 1590. The French version reappeared in Girard’s
edition of L’ Arithmétique of 1625, and in his edition of the Oexvres Mathématiques
of 1634. There are therefore two Dutch and three French editions (17). The edition
of 1582 was photostatically reproduced, in 1937, by C. M. Waller Zeper(18).

The different editions show some variations (19). Perhaps the most striking
difference is that the references to Trenchant only occur in the Dutch editions.
The reason for their omission from the French editions is. not at all clear (20).

) Works 1, V, XIII.

(28) C. M. Waller Zeper /.c.9).

(*®) Ib. pp. 51-52.

(29) C. M. Waller Zeper, ib., p. 53, tentatively ascribes this silence of Stevin to a touch

- of Dutch chauvinism, But Stevin is usually quite willing to acknowledge his sources.

“Toujours nous le voyons hanté par la crainte de s’attribuer une découverte qui ne lui
appartient pas”, writes Father H. Bosmans (Annales de la Société scientifique de Bru-
xelles 35 (1910-1911),p. 294). Another possibility is suggested by the name of Trenchant’s
publisher, Michel Jove, who was an outstanding Catholic, publisher for the Archbishop-
ric of Lyons and for the Jesuits (comm. by Mrs C. B. Davis, Ann Arbor, Mich.). Was
Trenchant perhaps himself compromised, in Huguenot citcles, as too ardent a Catholic?
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Other differences can be found in the prefaces, which are much shorter in the
French editions. Some errors (or supposed errors) of the first edition are correct-
ed in the later ones. The Dutch edition of 1590 therefore differs in some details
from the edition of 1582. The text used in this edition is the edition of 1582.

The book, in true Stevin fashion, opens with definitions. Among them we
find those of simple and compound interest, of “profitable interest” (‘“intérest
prouffitable” of Stevin, the “mérite” of Trenchant, interest to be added to the
principal, hence accumulating interest), and of “detrimental interest” (“intérest
dommageable” of Stevin, the “disconte” of Trenchant, interest to be subtracted
from the principal, hence discount). Then follow a set of examples on simple
interest, first on profitable, then on detrimental interest. Stevin follows the practice,

also approved by Trenchant, of taking as the present value € of a loan C,

due after x years at 100 / per cent simple interest:

CX
CD — .
1+ x7
Indeed, after x years (x iuteger or fractional) C ~will have accumulated to
c,a+ ix) = C. This is also at present an accepted way of discounting at

simple interest. There are other cases in which it is customary to use the rate of

. 7 i . .
discount 1004, where d —=- i instead of the percentage 1004, and to write
7

C,= C, (1 — xd) (21). An ancient Italian method of discounting followed the
rule C =C (1 — xi) (22). These different methods were 4 source of controversy,

not only between mathematicians, but also between jurists. Apart from these
questions, in which custom rather than mathematics plays a role, there were other
controversial points. We meet one in Ex. 6 of the problems of discount at simple
" interest, the problem of Trenchant quoted above. Here Stevin takes issue with his
colleague, but the dispute only involves the interpretation of the problem, and we
can accept both Stevin’s and Trenchant’s mathematics. But in the Exs 9 and 10 of
the same set we meet a controversial point of deeper mathematical interest, of
enough importance to make Stevin emend himself: the edition of 1590 has a

(=) M. van Haaften, Leerboek der Intrestrekening (Groningen, 1929, 644 pp.), p. 19.
(2%) Computation of discount ixC, is easy in this case, since it is taken from the sum
C, due. All through the sixteenth and seventeenth-centuries there were jurists defending

0

this position. See M. Cantor /.c.5) p. 29. The difference between }_—{% , Co (1 — xi),

C, (1 — xd), and the correct value C, (1 + i)~ is small when 7 is small:
1 . .
Tia 1 — xi 4 (x6)—
14 (1 —x)i
147 -

1—xd= 1 —xi4 xi2—. ..

i I A
Compare also e=ix = =1—xi4 g (6P —...

1—|—xi+1§(xi)2+...
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solution which differs from the one presented in the edition of 1582. The diffi-
culty lies in the computation of the value, after m years, of a sum C to be paid
after » years n>>m, the rate of simple interest being given. Stevin's solution
of 1582 can be written in the form

1+ mi
crTm?
A) 1+ ni’
the solution of 1590 in the form
C
(®) 1+ 0—m)i

Both solutions would appear- admissible at present, though the 1590 solution
might be preferred, since this is the amount which after m years will accumulate
to C in the next (n—m) years. It is not impossible that Stevin’s change of atti-
tude between 1582 and 1590 was influenced by a pamphlet written by Ludolf
van Ceulen against Simon Van der Eycke, in which Van Ceulen sharply attacked
Van der Eycke’s use of method (B), and defended method (A) (23). The differ-
ence between the two methods is not a question of convention, but lies in the
nature of simple interest calculus. If we postulate that when a payment A is
equivalent to a payment B, and the payment B also equivalent to a payment C,
the payment A is also equivalent to payment C, then we arrive at compound
interest, in which case the answer is unique (24):

c (14

After Ex. 14 Stevin passes to problems on compound interest. Here he inserts
his tables. They are discount tables, hence tables for A T Stevin explains clearly

how he computed them. He took as “root” of his system 107, which was a
common device of his days for avoiding decimal fractions. Stevin’s Thiende
was not published until three years after the first publication and Stevin never
undertook the rewriting of his tables in his own decimal notation. In order to

100
101 °
that is, divides 109 by 101; then he multiplies the result again by 100 and divides

find the first table, a discount table for one per cent, he multiplies 107 by

by 101, etc. Every answer is written out in seven figures, fractions less than - are

2
neglected, those larger than 'f are replaced by the full unit in the way it is still
done at present. The tables for Aﬂ—l run from» = 1, 2,..., to » = 30; and are
' : S _ 12 16 s 4 1t 1 1
computed first for 7 = 99 T00 * * " 106° then for 7 = T5 Te» " "2 19 a1 23 -

(22) Een corte verclaringh aengaende bet onverstant ende misbruyck inde reductie op simpel interest.
Den ghemeenen volcke tot nut. . . door Ludolf van Colen. . . Aemstelredam, 1586. The pamphlet
was published under the same cover with another attack by Van Colen on Van der Eycke:
Proefsteen ende Claerder wederleggingh. . . ; it dealt with the quadrature of the circle. See M.
van Haaften, Ludolf van Ceulen (1550-1600) en gifn geschriften over intrestrekening, De Ver-
zekeringsbode, 17 April 1936, pp. 85—90.

(24) W. C. Post, De behandeling van de samengestelde intrestrekening op onze middelbare scholen,
Nieuw Tijdschrift voor Wiskunde 9 (1921-"22), pp.262-271; M. van Haaften, /.¢.2!),
201; W. C. Post, Over enkelvoudige en samengestelde intrestrekening, Het Verzekeringsarchief
19 (1938), pp. 12-26. .
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By adding successive terms in the tables for A?z_l Stevin also obtains tables for a‘"‘_".'
Stevin has no tables for S_l and St with one exception: 2 table for STI’ n =
n n

1,..,30 and the corresponding 1+5——for 7 =L . Stevin gives two reasons for this
> n-1] 15
omission; one is that too many tables would only confuse the good reader, and

the other is that the tables for‘A_n_l can be used if we are in need of Sn_l, since

A’n_|'
Stevin could have done if he had wanted to.
Since the a— and 5o, are obtained by successive summation of numbers with
” | n

S_I = 1. The S_l, 5= table for 7 :'% was just an illustration of what
n n n .

seven digits, of which the last one is an approximation, the last digits of 4 and
i
s tend to be unreliable when » increases. A similar cause of error ‘exists in
n .
the S__.
.on| .
The problems on compound interest are again divided into a number on

“profitable”, and a number on “detrimental” interest. The latter are reduced
to the former by means of the remark that any problem involving § 57 0 be
n

solved with the tables for A‘ﬂ (there is one exception, Ex. 6, of the “profitable”
interest series where the table for § = is used). In some examples we find
Stevin's position on interest over a fractional number of years. Ex. 2 of the dis-

count problems gives for the present value of 600 lb. due after 13—;—. years at

“the penny 14”:

. 1 .
600 (1 + )13 ———,  i—=p.
1+(5)4

The same reasoning is followed in Ex. 2 of the problem on profitable com-
pound interest. Here Stevin warns his readers against Trenchant’s method, which,

as we have seen, requires multiplication by (1 + 7)? for fractional p, and not by
1 + pi, as Stevin suggests. Stevin's objection has two curious foundations: a)
compound interest should always give higher interest than simple interest, and
(1 + 7)Y <1 + pi when p<{1; b) compound interest is the same as simple
interest for the period of a whole year, therefore 4 fortiori it should be the same
for a fraction of a year. In discount Stevin is cleasly on the side of the debtor.

§ 4

Stevin’s initiative seems to have led several others to the publication of books
on interest with tables, especially in the Netherlands (25). The first to emulate

(%) The reason was, of course, the rapid commercial development of the Netherlands.
A contributing factor may have been the dominating influence of Calvinism, which was
more tolerant to the taking of interest than either Catholicism or Lutheranism. ’
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L

him was Marthen Wentzel Van Aken, a schoolteacher, who, when -at Rotterdam,
was invited to write this book by a.merchant who found Stevin’s exposition too
difficult. Wentzel's tables were published in-1587,. and" were republished in
1594 (28); they differed considerably from those of Stevin. They were followed
by the tables of Ludolf van Ceulen, who published them in his book Var
den Circkel (1596) (27), which also contains his celebrated evaluation of 7, though
here only in 20 decimals (28). After 1600 the number of books on interest computa-
tion with and without tables increases considerably (29). Van Ceulen's and Stevin’s
works usually served as direct examples (30). Amorig the more original authors on
this subject is Ezechiel De Decker, the Gouda surveyor who did so much to promote
Stevin's Thiende and Napier-Briggs’ logarithms. De Decker’s tables are more

(*) Proportionale, Ghesolveerde Tafffen van intrest Van de kustingbrieven ofte Rentebrieven, gy
te betalen op terminen op vervolgende iaeren ofte opt eynde des laetsten iaers van de brieven. . .
Tweede Editie Door Marthinum Wentselaum Aquis Graniensis. t Amstelredam. Ghedruckt by
Barendt Adriaensz. 1594, 116 pp. :

Wentzel mentions the following authors on interest: “Gillis van den Hoeck, Niclaes
Tartaglia, Pietrus Apianus, Adam Risen, Christoff Rudolf, Valentyn Menher, Symon
Tacop van Coburg, Pierre de Sovonue, Nicolaes Pieterszoon van Deventer, Michel
Coignet, Hobbe Jacobsz.” On these authors, see C. M. Waller Zeper /¢. &) p. 39. As a
writer on tables of interest Wentzel mentions C. I. Broessoon. This Broessoon most
likely is the Cornelis Jan Broerszoon van Haarlem, whose tables, written before 1599,
are perhaps those printed in Arithmetica, met een tafel van interest van een op 4 bondert ende
van [, tot 1, tot 12 op *# hondert Interest op interest per Jan Belot Dieppois, Haerlem, 1629.
This book contains a “tafelken gemaeckt door C. I. Broetsz, gesolveerde jaarlykse ter-
}Snijgelx)l_ gla;x 100 gul, ende ook 100 gul. Die verscheyden jaren teffens verschijnen” (Haarl.

tadsbibl.).

() Van den Circkel Daer in gheleert werdt te vinden. .. Ten lactsten van Interest met alder-
bande T afelen daer toe dienende met het ghebruyck door veel constighe Exempelen gheleerdt. . . door
Ludolph van Ceulen . : tot Delf, ghedruckt by Jan Andriesz. .. 1596.

(28) Wentzel mentions Stevin, Van Ceulen does not mention him. The reason may be
that Van Ceulen already composed these tables before the publication of Stevin’s book.
See H. Bosmans, Un émule de Viéte: Ludolphe van Cenlen, Ann. soc. scient. de Bruxelles
34 (1909-10), 2¢ pattie, pp. 88-139.

(*%) Some more information on the controversies on interest computation in this period
can be found in M. van Haaften, He# Wiskundig Genootschap (Groningen, 1923, 169 pp.),
p. 119. Stevin himself corresponded on these questions with Thomas Masterson, author
of Thomas Masterson his first booke on Arithmeticke. . ., 1592, followed by a second booke
(1592), an addition to bis first booke of Arithmetick (1594)and a third booke (1595), all published
in London. In the addition of 1594 Masterson, in the preface, takes issue with “Michell
Cognet of Antwerpe and Simon Stevin of Bruges”: “both teaching (in the appearance of
the unskilfull) with great shew of truth, other answets than mine of the aforesaid ques-
tions of paiments and interests, and notwithstanding in those answers they are very false:
and so their followers (being in great number) wander in those points in danger, error
and ignorance...”. Masterson had “first given the aforesaid authors (being yet alive)
knowledge thereof by my letter, as also received their answers by their letters: then re-
plied unto their answers, and received their conclusions: Then prooved their resolutions
to be false, and (to the one of them for the other did answer no more) prooved by demon-
stration mathematicall, that my solution is only true.” Masterson writes that in some other
place he will deal with the subject of the controversy, but it seems that he did not publish
anything. The reference to Coignet may be to the book Livre d’ Arithmétique contenant
plusieurs belles questions .. composé par feu Valentin Mennber Allemand: reva, corrigé et aug-
menté en plusienrs endroits par Michiel Coignet. .. Anvers, 1573, which in some places deals
with interest computation (with reference to Trenchant). . .

(3% C. M. Waller Zeper /¢.8) Ch. IV. Ch. VI deals with Wentzel, Ch. VII with Van
Ceulen. ’
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elaborate than all previous ones; they are found in the same Eerste Deel van de
Nienwe Telkonst (1626) in which De Thiende was reproduced(31).

The first compound interest tables in the English language seem to be those of
Richard Witt (1613). It probably was also the first English work, after Norton’s
translation of De Thiende, in which decimals were used (32).

(3t) Eerste Deel van de Nieuwe Telkonst, inboudende verscheyde manieren van rekenen. .
Mitsgaders Niewwe Tafels van Interesten, noyt voor desen int licht ghegeven. .. Door Ezechiel
ge Dez,(irer. .. Ter Goude, By Pieter Rammaseyn. .. 1626. Sec C. M. Waller Zeper /.¢.5),

h. VIIL .

(®?) Richard Witt, Arithmeticall questions, touching the Buying or Exchange of Annuities. . .
London, 1613. See R. C. Archibald, in Mathematical Tables and Other Aids to Computation
(MTAOATC) 1 (1943—48), pp. 401—402.
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Den Eersamen voorsienigen Heeren Ian Ianss. Baersdorp, Gheeraerdt Weygherss.
van Duyuelandt, Pieter Arentss. van der Werf, Ian Lucass. van Wassenaer, Borghe-
meesteren, efi Ian van Haute Secretaris, midtsgaders Schepené ende ghemeyne
Vroetschap der Stede Leyden, wenscht Simon Steuin gheluck ende voorspoet.

Ghelijckerwijs den iaerlicxschen vloedt des Nilus oorsake was van groote twist
die gheduerlick oprees tusschen den inwoonderen van Egypten, omme dieswille
zij alle teeckenen daer ieghelicks landt mede af ghepaelt was iaerlicks wtroeyede,
welck nochtans by ghevalle een ootsake was van groote eenicheydt die haeren
naecomelinghen daer wt ghevolcht is, want heurlieder Koninck beval daer deur
den priesteren (ouermidts zij meer ledighen tijdt hadden dan andere) middelen
te practiseren datmen door eenighe ghewisse regelen yeghelik zijn landt zoude
mogen wederleueren: De welcke dat te weghebrengende, hebben bevonden dat
het productum van twee zijden eens vierhoeckichs rectangels, perfectelick bewees
t'inhoudt der seluer supetficien, al waer men zegt die edele coste van Geometrie,
tot grooten voordeele der menschen, haeren oorspronck genomen te hebben: Also
oock mijne E. voorsienighe Heeren bevinden wij den Interest een oorsake geweest
te hebben, die menighen (deur derseluer gewisse rekeninge onbekentheyt) tot
schade ghebrocht heeft, welck nochtans een oorsake gheweest is streckende ten
profijte der naercomelingen, want naedien de menschen practiserende sagen dat
alle Interest (zoo wel. gecoponeerde als simpele) van veel iaeren oft termijnen,
stont in eenige kennelicke reden tot hare Hooft-séme, so wel als den interest van
een termijn tijdts tot haere Hooft somme in zckere reden staet; Nochtans datmen
tot de kennisse van dese reden, niet dan door al te verdrietigen grooten aerbeydt
ende tijdt verlies en conde comen; Jae grooter voor eenen die grooten handel
doet, dan hem zijn tijdt zoude toelaeten, waer toe noch algebra, noch andere
regulen niet en hebben connen ghenoech doen: Soo zijnder ten laetsten gheinven-
teert zekere tafelen, door de welcke iegelicken maer simpelicken ervaren inde
reghel der proportien (welcke sommige reghel van dryen noemen) zal ex tempore
moghen solueren alle questic van Interest inde practijcke ghemeynelick te voren
comende. o

Welcke tafelen midtsgaders haere constructien ende ghebruyck, ick in dit
tractaet ordentlick naer mijn vermogen vérclaéren zal. Niet dat ick die wtgeue als
voor mijne inventie, maer wel als door my gheamplificeert: want voor my heeft
van de- zelue geschreuen Jan Trenchant int 3. boeck zijnder Arithmeticquen
int 9. cap, art. 14. al waer den zeluen Auctheur ghemaeckt heeft eene deser ta-
felen van 41. termijnen teghen Interest van 4. ten 100. op elck termijn, gedueren-
de elck termijn dry maenden. Ende hoe wel hy dese tafele niet ghemaeckt en heeft
tot alzulck een generale ghebruyck als wijse hier presenteren (want hy opsicht
gehadt heeft op de profijtelickste ‘conditie van tween die de banckiers presen-
teerden aen Hendrick Koninck van Vranckerijck int iaer 1555. ouer een Hooft-
somme van 3954641 goude croonen, welck genoemt wierdt le grid party, al waer
zij den Koninck presenteerden, oft dat hy betaelen zoude 4. ten 100. van simpelen
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Simon\Stevin wishes the Honourable, provident Gentlemen Jan Janss. Baers-
dorp, Gheeraerdt Weygherss. van Duyvelandt, Pieter Arentss. van der Werf,
Jan Lucass. van Wassenaer, Burgomasters, and Jan van Haute, Sectetary, to-
gether with the Aldermen and the City Council of the City of Leyden, happiness
and prosperity. :

Just as the annual inundation of the Nile was the cause of great disputes which
continually arose between the inhabitants of Egypt, because every year it destioyed
all the marks with which each man’s land was staked out, which nevertheless
happened to become a cause of great unity that resulted therefrom to their de-
scendants, for their King on this account commanded the priests (since they had
more leisure than others) to devise' means to make it possible to return to
everyone his land according to certain rules, which priests, bringing this about,
found that the product of two sides of a quadrangular rectangle perfectly denoted
the area thereof, from which it is said that the noble art of Geometry derives, to
the great advantage of man; in the same way, Honourable, provident Gentlemen,
we find that Interest was a cause which occasioned loss to many people (because
the sure computation thereof was unknown), which nevertheless has been a cause
that was to the advantage of the descendants, for since people found in practice
that all Interest (both compound and simple) of many years or terms was in a
knowable ratio to its Principal, just as the interest of one term has a certain ratio
to its Principal, but that nevertheless this ratio could only be found by very
vexatious, great exertion and loss of time, yea, greater for one doing a large
business than his time would permit, for which neither algebra nor other rules
were sufficient, finally there were invented certain tables by means of which
anyone who has only little experience in the rule of proportions (which some
call the rule of three) will be able to solve offhand any question of Interest that
may commonly occur in practice. )

These tables, together with their construction and use, I will explain in due
order to the best of my ability in this treatise. Not that I publish them as my
invention, but indeed as amplified by me; for before me Jan Trenchant has
written about them in the 3rd book of his Arithmetic)1), in the 9th chapter, section
14,.where this Author made one of these tables of 41 terms at an Interest of 4 per
cent for every term, every term’ being of three months. And although he has

" not made these tables for such general use as we present them here (for he had
in view the most profitable of two conditions which the bankers offered to
Henry, King of France, in the year 1555, concerning a Principal of 3,954,641
gold crowns, which was called le" grand party, when they gave the King the choice
whether he would pay 4 per cent of simple interest every quarter year or whether

1) See the Introduction, p. 15
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interest alle vierendeel iaers, oft dat hy betaelen zoude 5. 2n 100. ende dat 41.
termijnen ofte vierendeelen iaers gheduerende, ende dat hy daer mede verloop
ende interest teenemael zoude betaelt hebben) Doch zegghen wy hem tot goeder
ende eeuwiger gedachtenis deser tafelen met rechte een inventeur ghenoemt te
worden. :

Hebbe oock verstaen dat der zeluer tafelen hier in Hollandt by eenighe schrif-
telick zijn, maer als groote secreten by den ghenen diese hebben, verborghen blij-
ven, ook niet zonder groote cost.de selue te crijghen en zijn, ende principalick .de’
compositie die zegt men zeer weynich persoonen ghetoont te worden. Voorwaer
tis te bekennen dat de kennisse deser tafelen voor den ghenen diese veel van doen
heeft, is een zaecke van grooter consequentien, maer die secreet te houden’ schijnt
eenichsins een argument te zijne van meerder liefde tot profijt dan tot conste.
Want dat hem iemandt laet dyncken dat hyt al ghesien heeft dat door dese tafelen
mach gedaen worden, schijnt zoo veel als oft hy hem persuadeerde de terminos
infinitae lineae ghevonden te hebben; want ghelijck de verscheyden conditien die
traficquerende persoonen malckanderen daghelicks voorstellen oneyndelick zijn,
alsoo oock de verscheyden verholen ghebruycken deser tafelen: Daerom eén lief-
hebber der consten meer begheerende wt dese tafelen te leeren dan hy weet, hem
en schijnt gheen beter middel te zijne (ouermidts d’ooghen meer sien dan d’ooghe)
dan dat hyse divulgere. Twelck ick alsoo verstaende, hebben de zelue mijne E.
Heeren onder de protectie van U.E. ende tot nutbaerheyt der ghemeynte laeten
wtgaen: Niet twijfelende (waer toe my een argument is d’openbaer experientie van
U.E. in de voorderinghe ende bescherminghe der ghemeyne zaecke tegen alle stor-
men deses onghevalligen tijts) ofte U.E.en zal mijnen wille welcke de ghemeynte
gheerne nutbaeren dienst dede voor goet aensien. Vaert-wel In Leyden desen
16. Julij, An. 1582.

ARGUMENT.

Hoewel deses tractaets tijtel spreeckt alleenlick van tafelen van interestfals
wesende t'principael tot welcks eynde dese descriptie beghonnen is; Sal nochtans
beneuen de tafelen tot meerder verclaeringe een generael discours maken van
allen interest (in de practijcke ghemeynlick ghebruyckt). begrepen onder 7. Defi-
nitien ende 4. Propositien met haeren explicatien. De definitien zullen zijn ver-
claeringhen van de eyghene vocabullen deser regulen / als wat dat is Hooft-somme /
Interest / interests reden / Simpelen interest | Ghecomponeerden interest | Profijte-
licken interest | ende schadelicken interest. Onder de propositien (midtsgaders ver-
claeringhe des simpelen interests) sal verclaert worden ‘de constructie deser tafelen /
ende door diuersche exempelen de ghebruyck der zeluer. Welcker propositien ierst .
sal sijn van simpelen profijtelicken interest | De tweede van simpelen schadelicken
interest / De derde van ghecomponeerde profijtelicken interest | De vierde van ghe-
componeerde schadelicken interest. Tot welckes meerder verclaeringhe begrijpen
wy de Hooft-artijckelen des tractaets int volghende tafelken aldus: -

éim o “Profijtelick
Interest is P Schadelick
ofte Profijtelick
Ghecomponeert g Schadelick

FIRES)
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he would pay 5 per cent, such during 41 terms or quarter years, so that he would
have paid capital and interest at the same time, yet we say,. to his good and ever-
lasting memory, that he is rightly called an inventor of these tables. = = -

I have also learned that here in Holland such tables are to be found in writing
with some people, but-that they remain hidden as great secrets with those who
have got them, and that  they cannot be obtained without ‘great expense; and
principally the composition, which is said ‘to be shown to very few people. For:
‘sooth, it has to be confessed that the knowledge of these tables is a' matter of
great consequence to those who often need them, but to'keep them a secret. seerns
to argue in some sense a greater love of profit than of learning. For that anyone
should think that he has seen all that can be done by means of these tables seems
as much as if he should be persuaded to have found the ends of an infinite
line.” For just as-the different -conditions which businessmen: daily propose to
each .other are infinite in number, so are also the various secret uses of these
tables. Therefore, if a lover of learning should desire to learn from these tables
more than he knows, there seems to be no better method for him (since the
eyes see more:than the eye) but to divulge them. Understanding it thus, I have
published them, Honourable Gentlemen, under your protection for the benefit
of the community, not doubting (an argument for which is furnished to me by
the public. experience of your- promotion and protection of the common cause
against all the storms of this unpleasant time) but you will take my wish to pay
the community a useful service in good part. Good speed, in Leyden, this 16th
July -of the year 1582.

SUMMARY

Although the title of this treatise speaks only of tables of interest, as being
the principal end for which this description has been started, I will nevertheless,
in addition 'to the tables; with a view to a fuller explanation hold a general dis-
course on all ‘interest (commonly used in practice), consisting in 7 Definitions
and 4 Propositions with their explanations. The definitions will be explanations
of theswords proper to these rules, e;g. what is Principal, Interest, Rate of interest,
Simple Interest, Compound Interest, Profitable interest, and Detrimental interest.
Among the propositions (along with the explanation of“simple interest) the con-
struction. of “these “tables will be explained, and their use by means of various
examples. The first of these propositions is to deal with simple profitable interest,
the second withsimple detrimental interest, ‘the third with compound profitable
interest; the fourth with compound detrimental interest. To explain this more
fully we include the’ Main Sections of the treatise in the following table: '

Profitable
Simple or
Senc ’ Detrimental
Interest is either ¢{ or )
: S Profitable
Compound - - ¢ ..or -
o ( Detrimental
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DEFINITIE 1.

Hooft somme is,die/"dae; den interest afgherekent wordt.

VERCLAERINGHE.

Als (by exempel) iemandt wtgheuende 16. 1b op dat hij daer voré ontfange
eé Ib t'sizers va interest wordt alsdan de 16. lb Hooft-somme ghenoemt. Oft
iemandt schuldich wesende 20. Ib te betaelen binnen een iaer | ende gheeft ghe-
reedt gheldt 19. Ib aftreckéde eé Ib voor interest / wordt alsdd de 20. Ib Hooft-

somme ghenoemt. :

DEFINITIE 2.

Interest is een somme diemé rekent voor t'verloop van de Hooft-somme ouer
eenighen tijdt. .

VERCLAERINGHE.

" Als wanneefmen zeght 12. ten 100. t'siaers/dat is soo veel als 12. interest vd
100. Hooft-somme ouér een iaer tijdt / alsoo dat Hooft-somme interest ende tijdt |
zijn dry onscheydelicke dingen / dat is / Hooftsomme en is nict dan int respect-van
eenich ‘interest / endé interest niet dan int respect van eenighe Hooft-somme ende
tijd. SR :

DEFINITIE 3. -

Ratio (welcke van sommige proportie genoemt wordt) die der is tusschen
den interest ende d’Hooft-somme/noemen wij interests reden.

VERCLAERINGHE.

Als ratio die der is tussché interest 12. el .Hooft-somme 100. Oft. tusschen
interest 1 ende Hooft-somme 16. etc. noemen wy in genere interests reden. Ende
is te aenmerken datter inde ghebruyck zijn tweederley manieren van interest re-
denen | welcker eene heeft het ander van haere termijnen altijt zeker. D’ander
maniere beyde onseker. D’interests reden die een termijn zeker heeft is tweeder
hande | want oft d’Hooft-somme is altijdt en zeker somme / te weten 100. ende den
interest een onzeker somme als 9. oft 10. oft 11. etc. ende wordt -dese interests
reden dan ghenoemt neghen ten hondert / thien ten hondert [ etc. Oft ter contrarien
den interest is altijdt een zeker somme te weten 1. ende d’Hooft-somme onzeker als
15. oft 16. oft 17 | etc. Ende wordt dese interests reden ghenoemt den penninck
vijfthien / den penninck’ zesthien etc. D'interest reden die haere termijné beyde on-
zeker heeft | is ghelijck alsmen zeght by exempel 53. winnen t'siaers 4. Van alle
welcke int volghende ordentlick t zijnder plactse verscheyden exempelen zullen ghe-
gheuen worden.

DEFINITIE 4.
Simpel interest is die / Welck alleenlick van de Hooft somme gerekét wordt

VERCLAERINGHE.

Als rekenende 24. Ib voor interest van 100. lb op 2. iaeren teghen 12. ten
100. t'siaers / worden de zelue 24. Ib dan simpelen interest ghenoemt. Oft iemandt
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DEFINITION 1.

Principal is the sum on which the interest is charged.

EXPLANATION.

For example, when a man gives 16 b in order that he may receive for it one Ib
of interest a year, then the 16 Ib is called Principal. Or when a man owes 20 lb,
to be paid in a year, and he gives 19 Ib present value, subtracting one lb for
interest, then-the 20 Ib is called Principal.

DEFINITION 2.

Interest is 2 sum that is charged on the outstanding part of the Prmcxpal over
a certain time.

EXPLANATION.

For example, when it is said: 12 per cent a year, that is as much as.an interest
of 12 on a Principal of 100 over a year, so that Principal, interest, and time are
three inseparable.things, i.e. Principal does not exist unless in' respect of a certain
interest, and interest does not exist unless in respect of a certain Principal and time.

DEFINITION 3.

The ratio (which by some is called proportion) exxstmg between’ the intérest
and the Principal 'we call rate of interest.

EXPLANATION.

For example, the ratio existing between an interest of 12 and a Principal of
100, or between an interest of 1 and a Principal of 16, etc., we call in general rate
of interest. And it is to be noted that two kinds of rates of interest are used,
one of which always has one of its terms certain, while the second kind has both
terms uncertain. The rate of interest that has one térm certain is of two kinds.
For either the Principal is always a certain sum, to wit 100, and the interest an
uncertain sum, e.g. 9 or 10 or 11, etc.,, and this rate of interest is then called
nine per cent; 10 per cent, etc.; or on the contrary the interest is always a certain
sum, to wit 1, and the Principal uncertain, e.g. 15 or 16 or 17, etc., and this rate
of interest is called the fifteenth penny, the sixteenth penny, etc. The rate of
interest that has both terms uncertain occurs when it is said, for example, that
53 yields 4 a year. Of all these cases several examples will' be- given below, in
their proper places

DEFINITION 4.

Simple interest is such as is charged on the Principal alone.

EXPLANATION.

For example, when 24 1b is charged for interest on 100 1b in 2 years at 12
per cent a year, the 24 1b is then called simple interest. Or when a man owes
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schuldich wesende 100. 1b | te bétaelen ten eynde van twee iaeren teghen 12. ten
100. t'siaers | ende betaelt ghereedt gheldt / aftreckende voor interest van de Hooft-

somme alleene 213 3 Ib/ worden alsdan de zelue 21 Ib sxmpelen interest ghenoemt /
ende dat tot een dlf ferentie des ghecomponeerden mterests | welcks definitie aldus is:

L * DEFINITIE 5 ,
Ghecomponecrden interest is die /- welcke gerekent wordt vande Hooft somme Y
‘midtsgaders Van verloope’ der seluer. -
VERCLAERINGHE
Als rekenende 25“ Ib voor interest van 100. lb op twee iaeren teghen 12. ten

160 / worden de zelue 25 ! Ib ghecomponeerden’ interest ghenoemt /ende dat om

dieswille dat op het tweede iaer en wordt niet berekent alleenlick interest van de
Hooft-somme 100. lb / maer bouen de zelue wordt noch interest gherekent van

den interest van 12. Ib verschenen op het ierste iaer bedraeghende 1“ Ib alsoo dat
desen ghecomponeerden interest op twee iacren meerder is dan haeren simpelen
interest van 1— lb Oft wesende iemandt.schuldich te betaelen té eynde van

' twee iaeren 100. Ib / ‘ende betaelt ghereedt ghelt 791 1b [ aftreckende 207 5 1b

voor gecomponeerden interest teghen 12. té 100. t'siaers | zoo dat desen gecompo-
neerden interest minder is dan den simpelen 3 ’“ Ib. Waer deur te aenmercké

is dat wy die ghecomponeerden interest noemen / met van weghen de :quantiteyt
waer wt zij beter gedlsmngeerde interest zoude ghenoemt worden / maer van weghen
de qualiteyt der operatien in de welcke wy op twee interesten opsicht hebben.

COROLLARIUM.

. Daer wt volght noodtsaeckelxck op alle ierste termijn daer’ interest op ver-
schijnt / gheenen ghecomponeerden interest te connen gheschieden / int welcke haer
sommighe gheabuseert te hebben zal int volghende tzijnder plaetsen verclaert
worden. . .

e DEFINITIE 6.
‘_Pro'fijtelicken‘ inter'es't' is die welcke d’Hooft Sormne toegedaen wort.’
- VERCLAERINGHE.

Gheh}ckerwljs 16 lb ghewonnen hebbende op eé iaer 1 lb zal dé debiteur
schuldich zijn met Hooft-somme ende interest t’saemen 17. Ib | waer deur wy alzulck
1 Ib (wantet interest is die d’Hooft-somme toeghedaen wordt ende die vermeer-
dert) noemen profijtelicken interest.

‘DEFINITIE 7.° .
Schadelické interest is die | welcke van de Hooft-somme afghetrocké wordt.

. VERCLAERINGHE
‘\Is eenen schuldlch wesende binnen een iaer 16. Ib veraccordeert te betaele
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100 Ib, to be paid at'the end of two ‘years at‘12"per cent a’ year, and he ‘pays
’present value, subtractmg for interest on the prmapal alone 21+ 3 b, this 21+ 3 Ib

is then called simple interest, such in contrast with compound mterest the defmmon
of which is as follows:

DEFINITION 5.

Compound interest is such as is charged on the Principal together with what
is outstanding. .

EXPLANATION.

“"For example when 25 b is charged for interest on 100 Ib i in two years at

»._12 per cent, this 25 lb is called compound mterest such because for the second

year interest is not charged on the Principal of 100 Ib alone, but over and above
this interest is also charged on the interest of 12 Ib that- has expired after the

first year, amouoting to 1% Ib, so that this compound ‘interest is in two years
imore than the simple interest by 152 “ Ib. Or when a man owes 100 Ib to be paid

‘at the end of two, years, and he pays 7914 19 : !Ib present value, subtracting 20 15;s Ib

.,for compound interest at 12 per cent a year, so that this compound interest is
‘less than the simple interest by 3:;; Ib. From this it is to be noted that we call
it compound interest, not_on account of the quantiy, for which it would be better
to call it disjunct interest, but on account of the quality of the operations, in
which we have two interests in view,

SEQUEL. -

From this it follows necessarily that no compound interest can be charged for

any first term on which interest is due, and it will be stated below in 1ts place
that: some people have gone wrong in this. .

[

DEFINITION 6.

h i’rofitable interest. is such as is added to the Principal.

EXPLANATION.

* For example, when 16 b has yielded in one year 1 Ib, the debtor will owe
17 Ib for the Principal and the interest together, -on account of which we call
this 1 Ib (because it is interest that is added to the Principal and augments the
latter) profitable interest.

DEFINITION 7.
“Detrimental interest is such as is subfraded from _thé Principal.
EXPLANATION

For example, when a man who owes 16 1b to be pa1d in a year agrees to pay
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gﬁereedt ghelt / midts aftreckende den interest tegen den penninck 16. bedragende
Ib | soo dat hy ghereedt gheeft 15— Ib. Alsoo dan want dese- Ib interest zijn

dxe van de Hooft-somme afghetrocken worden ende die vermmderen/noemen wy
die schadelicken interest.

PROPOSITIE 1.

“Wesende verclaert Hooft-somme tijdt ende interests reden van simpelen ef
profijtelicken interest: Den interest te vinden.

NOTA.

Het is t'aenmercken dat ghelijck discontinua proportie bestaet onder 4. termij-
nen | welcker dry bekent zijnde wordt daer wt bekent het vierde: Alsoo ook be-
staen dese onse interests propositien onder vier termijné | te weté Hooft-somme "/
tijdt / interests reden ende interest | welcker termijnen dry bekent zijnde [ vinden wy
deur de zelve het onbekende vierde: Dat is | wt bekende Hooft-somme | tijt / ende
interests reden / vinden wy den interest: Item wt bekende Hooft-somme [ tijdt / ende
interest | vinden wy interests reden: Item wt bekende Hooft-somme | interests reden /
ende interest [ vinden wy tijdt: Ende ten laetsten wt bekende tijdt | interests reden |
ende interest [ vinden wy d’Hooft-somme. Alle welcke veranderinghen notoir zijn
ex alterna & inuersa proportione der termijnen. Maer want het termijn des on-
bekendé interests (tot de welcke men oock dickmael d'Hooft-somme geaddeert
begeert) in de practijcke meest ghesocht wordt | hebbé t'verclaers der propositien
op de zelue ghemaeckt | hoe wel zullen dies niet te min onder de zelue propositien
‘exempelen gheuen’ dependerende wt de voornoemde alteratie’ der termijnen.

EXEMPEL 1.
Men beghecrt te weten wat den sxmpelen interest zijn.zal teghen 12. té 100.
tsmers va 224. Ib op cen iaer.
CONSTRUCTIE.
Men zal wt de dry ghegheuen termijnen vinden 't vierde door de reghel der
proportie | die disponerende aldus: 100. gheuen 12. wat 224. Ib? facit 2622 Ib.
Inder seluer voegen zalmé zégghé dat winnéde 16. Ib t'siacrs eé Ib / so winné
224. 1b t'siaers 14. Ib. .
EXEMPEL 2.
27. Ib gheuen op 4. iaer yan simpelen interest 14. 1b / wat. gheuen 320. Ib op
5. iaeren?
CONSTRUCTIE.

By aldien deze vijf termijnen int gheuen niet ghedisponcert en waeren als
bouen / zoudemen die alsoo disponeren [ ende zegghen / t'product der twee ierste tet-
mijnen gheeft tmiddel termijn | wat gheeft het product der twee laetste termijnen?
Dat is 108. lb (wit zoo veel is t'product vande twee ierste termijnen te weten 27.
met 4) gheuen 14. 1b (dat is tmiddel termijn) wat gheuen 1600? (want sooveel

is t'product vande twee laetste termijné te weten 320 met 5.) Facit 207 lb
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present value, subtracting the interest at the sixteenth penny, amounting to % .lb,
so that he gives 151'—7 Ib present value. Thus, because this %‘ Ib is interest that

is subtracted from the Principal and diminishes the latter, we call it ‘detrimental
interest.

PROPOSITION 1.

Given the Principal, the time, and the rate of simple and profitable interest:
to find the interest.

NOTE.

It is to be noted that just as discontinuous proportion. consists of 4 terms, of
which, when three are known, the fourth becomes known therefrom, in the same
way these our propositions on interest also consist of four terms, to wit Principal,
time, rate of interest, and interest, and when three of these terms are known, we
find the unknown fourth term therefrom. That is: from known Principal, time,
and rate of interest we find the interest. In the same way, from known Principal,
.time, and interest we find the rate of interest. In the same way, from known
‘Principal, rate of interest, and interest we find the time. And lastly, from known
time, rate of interest, and interest we find the Principal. All these alterations
depend on the terms in alternate or inverse proportions. But because the term
of the unknown interest (to which the Principal is also frequently desired to be
.added) is sought most frequently in practice, we have based the explanation of
the propositions on this, although we shall nevertheless give examples depending
on the aforesaid alteration of the terms at the end of these propositions.

EXAMPLE 1.

It is required to know what will be the simple interest of 224 1b in one year
at 12 per cent a year.

PROCEDURE.
From the three given terms the fourth has to be found by the rule of proportion,
putting it as follows: 100 gives 12, what does 224 b give? This is'26§§ Ib.
. In the same way it has to be said that when 16 Ib yields one Ib a year, 224
Ib will yield 14 Ib a year. '
| EXAMPLE 2.

27 Ib gives 14 Ib of simple interest in 4 years; what does 320 Ib give in 5 years?

PROCEDURE.

Since these five given terms have not been arranged in the previous way, they
have to be arranged in the following way: the product of the two first terms
gives the middle term; what does the product of the two last terms give? That is:
108 Ib (for that is the product of the two first terms, to wit 27 and 4) gives 14 1b
(that is the middle term); what does 1,600 give (for that is the product of the two

last terms, to wit 320 and 5)? This is 2075+ Ib.




" NOTA: =

" Dit voorgaende tweede éxempel /'met allen anderen dier ghelijcken (welck'van
weghen de 5. termijnen reghel van -vijven ghenoemt worden) moghen ghesolucert
worden door eene operatie in de welcke men ghebruyckt tweemael den reghel der
proportien | maar dese maniere is.corter ende bequaemer.

.

-EXEMPEL.- 3.

Eenen is schuldich contant 224. lb. Oft hy betaelde binnen 4. iaeren alle iaere
het vierendeel | te weten 56. De vraeghe is hoe vele hy ieder iaer betaclen zoude
~-van simpelen interest teghen 12. ten 100. t'siaers.

CONSTRUCTIE.

"Men zal aenmercken wat Hooft-somme datmen op elck iaer in handé houdt
diemé naer d’ierste conditie in handen niet en zoude ghehouden hebben | ende
vinden alsdan door t'voornoemde ierste exempel dé interest van elcke Hooft-
somme op elck iaer. Als t& eynde vit ierste iaer is d’Hooft-somme 224."Ib. |

diés interest bedraecht voor eé iaer 26 § Ib. Ten eynde van het tweede iaer (wht
opt ierste iaer een vierendeel van 244. Ib. betaelt Wordt) en zal d’'Hooft-somme
‘maer zijn 168. 1b wiens interest voor een iaer 20 = lb Ten eynde v het derde

iaer is d’hooft-somme 112. Ib | wiens interest voor een iaer 13 1 % lb Té eynde
vi het vxerde;_laer is d’Hoft-somme 56. 1b | wiens interest 65 ’8 lb

EXEMPEL 4.

~Eenen is schuldich binnen vier iaeren 224. Ib | te -weten: alle iare het vieren-
deel bedragéde 56. lb. De vraeghe is hoe vele hy zoude moeten betaelen van
simpelen interest teghen 12. ten 100. t'siaers | zoo hy de voors. somme teenemael
betaelde té eynde van de vier iaeren.

CONSTRUCTIE.

-:Men zal aenmercken wat Hooft-sommé datmen op elck jaer in handen houdt |
diemen naer d’ierste conditie in handen niet en zoude ghehouden hebben / ende
rekenen daer af den interest. Alsoo dan want men ten eynde vi het jerste iaer
zoude hebben moeten betaelé naer die conditie 56. Ib / diemen naer dese conditie
niet ghegheuen en heeft | zoudemen ten eynde van het tweede iaer moeten

rekenen den interest van de zelue 56. lb. bedraegende 6 ;g Ib. Ende om dier
gelijcke redenen zoudemen moeten rekenen ten eynde vi het derde iaer interest

van 112. Ib bedraeghende. 13 5 1b. Ende ten eynde van het vierde iaer interest
van 168. Ib bedraeghende 20 lb / welcke dry sommé van interest bedraeghende

t’saemen 40 5 lb is' den sunpelen interest diemen ten eynde van de vier iaeren

zoude mocten betaclen.
"Ofte andersins mochtmen soecken propornonale ghetaelen met de ghene daet
quesne af is ende onbekent zijn [ aldus:-
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NOTE.

The foregoing second example and all similar ones (Wthh on account of the
5 terms are called the rule.of five), can be solved by an operation in which the
rule of proportion is used twice, but this method is shorter and more convenient.

EXAMPLE 3.

A" man owes 224 Ib present value. If he paid in 4 years, every year -one fourth,
to wit 56 1b, how much simple interest would he pay every year at 12 per cent
a year?

PROCEDURE

It has to be found what Principal one keeps each year whlch accordmg to the
first condition one would not have kept, upon which by the aforesaid first example
the interest on each Principal in each year has to be found. For example, at the
‘end’ of the first year the Principal is 224 Ib, the- interest on which in one year

is 26;—2 Ib. At the end of the second year (because in the first year one fourth of
224 b is paid)- the Principal will be only 168 lb, the interest on which in one
year is 202—“5 Ib. At the end of the third year the principal is 112 lb, the interest

:on which in one. year- is 13% 1b. At the end of the fourth year the Principal is
56 Ib, the interest on which is G%Ib.

EXAMPLE 4.

HCE I

A man owes 224 Ib to be paid in four years, to wit every year one fourth,
amounting to 56 Ib. How much simple interest would he have to pay at 12 per
cent a year if he paid the aforesaid sum at once at the end of the four years?

PROCEDURE.

It has to be found what Principal one keeps each year which according to the
first condition one would not have kept, and on this the interest has to be
gharged. Thus, because at the end of the first year one would have had to pay
56 1b accordmg to that condition, which according to this condition one has not
given, at the end of the second year the interest on that 56 Ib would have to be

charged amountmg to 618 Ib. And for the same reasons at the end of the third
year ‘interest.on 112 Ib would have to be charged, amountmg to 13 Ib. And
at the end of the fourth year interest on 168 lb, amounting to 20 [‘ Ib. These

three sums of interest, amounting together to 402—5 Ib, are the sxmple interest

Th‘at would have to be paid at the end of the four years. g
- Or ‘otherwise one might seek ‘numbers proportxonal to those whxch are under
con51derat10n and unknown, as follows:
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100 gheuen op het ierste iaer 0.
100 gheuen op het tweede iaer 12.
100  gheuen op het derde iaer . 24.
100 gheuen op het vierde iaer 36.
Somme 400. ‘ 72.

Ende segghen daer naer 400. gheuen 72, wat gheuen 224. Ib? Facit als voren
40 oz 1b.

NOTA.

De dry volghende exempelen dependeren ex alterna vel inuersa proportione
propositionis.

EXEMPEL 5.
48. 1b gheuen op 3. iaere van simpelen profijtelicken interest 9. 1b. De vraeghe
is teghen hoe veel ten 100. t'siaers dat betaelt is.

CONSTRUCTIE.

Laet de termijnen ghedisponeert worden als int voorgaende exempel gheseyt
is aldus:
48. gheuen op 3. iaer 9. Ib | wat gheuen 100. lb. op iaer? Facit (nae de

leeringhe des voorgaenden 2. exempels) 6 % ten 100.

EXEMPEL 6. o

Men begheert te weten hoe langhe 260. 1b loopen zullen teghen 12, ten 100.
t'siacrs om te winnen 187. Ib. 4. 8.

CONSTRUCTIE
Men sal zié wat 260. Ib. t'siaers winné | wordt bevonden door dierste exempel
31 -5- Ib; daer naer salmen diuideren 187. Ib 4. 8 door 31—5— Ib | gheeft quotum
ende solutie”6. iaeren.
‘EXEMPEL 7.
Eeenen ontfanght 187. b 4. 8. voor simpelen interest teghen 12. ten 100. voor
6. iaeré, De vraeghe is wat d’'Hooft-somme was.
CONSTRUCTIE.

Men sal zien wat 100. Ib teghen 12. ten hondert winnen op-6. iaer / wordt
bevondé 72. 1b. daer naer salmen segghen 72. comen van 100 / waer van zullen
comen 187. Ib. 4. 8?7 Facit voor solutie 260. Ib.

DEMONSTRATIE.
Ghelijck int ierste exempel hem heeft 100. tot 12 | alsoo heeft hem 224. 1b. tot
26 2 < Ib deur de constructie. Ergo 26 lb zijn met dxe ander termijnen propoc-
txonaal naer de begheerte.
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100 gives in the- first year . 0
100 gives in the second year . 12
100 gives in the. third: year 24
100 gives in the fourth year » 36
Sum total 400 S 72

and say thereafter: 400 gives 72; what does 224 Ib give? This is, as above, 40 5 8 Ib.

NOTE.

The three following examples depend on the propositions of the alternate or
inverse proportlon 1).
. EXAMPLE 5.

48 1b gives in 3 years 9 lb of simple profitable interest. How many per cent
a year does this payment amount to?

PROCEDURE.

Let the terms be disposed as has been said in the foregomg second example,
as follows:
.48 gives.in 3 years 9 lb; what does 100 Ib give in a year? This is (according
to the foregoing 2nd example) 614 per cent.
"EXAMPLE 6.

- It is required to know how long 260 1b has to be put out at iﬁterest at 12 per
cent a year to yield 187 Ib 4 sh. 2)

PROCEDURE.

Find what 260 Ib yields in a year. By the first example this is found to- be
31 Ls 1b. Thereafter divide 18.7 Ib 4 sh. by 31% Ib, This gives the quoiient and
solution: 6 years. _

EXAMPLE 7.

A man receives 186 Ib 4 sh. of simple interest at 12 per cent in 6 years. What
was the Principal ?

PROCEDURE.

Find what 100 Ib yields at 12 per cent in 6 years. This is found to be 72 Ib.
Thereafter say: 72 comes from 100; what w1ll 187 1b 4 sh. come from? The
solution is: 260 Ib. .

- PROOF. _ : :
As in the first example 100 is to 12, thus 224 Ib is to 262—2 Ib by the pro-
cedure. Therefore 26 - 22 Ib is proportional to.those other terms, as. required.

1 If a:b=c:d thenb:a = d ¢ is theinverse, @:¢ = b : d the alternate propomon
% 1 pound (Ib) = 20 shillings (sh). .
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S'gelijcks sal oock zijn de deméstratie vi de andere exempelen [ ‘welcke om de.
cortheydt wy achterlaeten, co T

Alsoo dan wesende verclaert Hooft-somme tijt ende interest reden van simpelen
ende profijtelicken interest is den interest- ghevonden: T'welck- geproponeert was
alsoo ghedaen te worden. o

PROPOSITIE II. .

Wesende verclaert Hooft-somme tijdt ende interests reden van simpelen ende
schadelicken interest: Te vinden wat die gheereet ghelt weerdich is.

. EXEMPEL 1.

Het zijn 300. lb. te betaclen binnen een iaer. De vraeghe is wat die gereedt
ghelt weerdich zijn aftreckende simpelen interest teghen 12. ten hondert t'siaers.

‘CONSTRUCTIE.

Men sal adderen tot 100. zijnen interest 12. maecken t'saemen 112, ‘enide
segghen:

112. worden 100 / wat 300. Ib? Facit 267 & Ib.

EXEMPEL 2.

Het ziji 32. b te betaclen binnen dry iaeren, De vraeghe is wat die ghereedt
weerdich zijn aftreckende den interest teghen den penninck 16. B
CONSTRUCTIE.

Men sal adderen tot 16. zijnen interest van dry iaeren / te weten 3. maecken
t'saemen 19, ende segghen . ’ ' .
19. comen van 16. waer af 32. 1b? Facit 26}—3 Ib.

EXEMPEL 3.

Het zijn 250. Ib. te betaelen binnen 6. maenden. De vraeghe is wat die weefdich
zijn ghereedt ghelt aftreckende teghen den penninck 16. t'siaers. - o

NOTA.

De solutie van dese ende derghelijcke questien (welck ick ook gheappliceert
hebbe totten ghecomponeerden interest daer t'zijnder plaetsen af zal geseyt worden)
want ick die ghevonden hebbe ende by niemandt anders en vinde / achte die‘nu
ierstmael wtghegaen te zijne. '

CONSTRUCTIE.

Men sal zien wat deel de 6. maenden zijn van een izer | wordt bevonden -é— daerom
salmen adderen 16. met 12 eii zegghen; 16% worden 16. wat 250. 1b? Facit
242 2 b ' '

Item hadden de voor noemde 250. Ib te betaelen. gheweest binnen 3. maendén-/

"z00 zoudemen zcgghen (want 3. maendé een vierendeel iaers is) 16% wqrdgn

16. wat 250 Ib? Facit 246 123' Ib.
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The same will also be the. demonstratlon of the other éxamples, which we
omit for brewty s sake!

) Hence given the Principal, the time, and the rate of sunple and profxtable
mterest the mterest has been found; which had been proposed to be done.
PROPOSITION II.

Given the Prmc1pal the time, and the rate of simple and detrimental interest:
to find what is the present value

"EXAMPLE 1.
A sum of 300 Ib is to be paid in a year. What is s the present value of thxs
sum, subtracting simple interest at 12 per cent a year?
PROCE_DURE.

Add to 100 its interest of 12, which makes together 112, and say:
112 becomes 100; what does 300 Ib become? This is 267% 1b.

EXAMPLE 2.
A sum of 32 Ib is to be paid in three years. What is the- present value, sub
tracting the interest at the 16th penny?
PROCEDURE.

Add to 16 its interest of three years, to wit 3, which makes together 19, and say:
19 comes from 16, what does 32 Ib come from? This is 2618 Ib.

EXAMPLE 3.
‘A sum of 250 Ib is to be paid in 6 months.. What is- the present value,
subtracting at the 16th penny a year?
NOTE.

The solution of this and similar questlons (which I have also applied to
compound interest, which will be discussed in its proper place), because I have.
found it and find it in no one else’s work, 1 deem now to have been published
for the first time.

PROCEDURE.
It has to be found what paft 6 months is of ore year. This is found to be--%- .
Therefore add up 16 and -, and say: 16% becomes 16; what does 250 Ib
become? This is 242 Ib. o

Similarly, if the aforesaxd 250 1b had had to be paid. in3 months it would
have to be said (because 3 months is one fourth of a year) 16—— becomes 16;

what does 250 1b become? This is 246 2 Ib.
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Ofte hadden de voor noemde 250. Ib. te betaclen gheweest op 1. maendt | zoo
zoudemen zegghen (want 1. mandt is 1 Tli t'siaers) 16%2- worden 16 | wat 250. 1b?
Ofte hadden de voor noemde 250. Ib. te betdelen gheweest op 7. weken [ zoo
zoudemen zegghen (want 7. weken is 512 t'siaers) 16 ;—2 worden 16. wat 250. Ib?
Ofte hadden de voornoemde 250. lb. te betaclen gheweest op 134 daghen [ zoo

zoudemen zegghen (want 134. daghen zijn 134 psiaers) 16% worden 16. wat

365
250. Ib?

Alsoo dat men in zulcke questien altijt moet zien wat deel den gheproponeerdé
tijdt is van het iaer ende voort als bouen.

EXEMPEL 4.

Het zijn 320. lb. te betaelen binnen 3. iacren efi 3. maenden. De vraeghe is
wat die weerdich zijn ghereedt ghelt aftreckende teghen dé penninck 16. t'siaers
simpelen interest. .

CONSTRUCTIE.
Men sal tot 16. adderen zijnen interest van 3 % Ib. (3—:—1[)/. van weghen 3 :—

iaeren) maecké t'saemen 19% | ende segghen | 1941 comen van 16. waer af 320. 1b?
facit 265 T2 Ib. '

NOTA.

S'ghelijcks zal oock zijn d'operatie in alle andere deelen des iaers bouen eenighe
gheheele iaeren [ als lichtelick te mercken is wt t'voorgaende exempel.

EXEMPEL 5.

Het zyn 230. b, te betaelen ten eynde van 5. iaeren. De vraeghe is wat die
ghereedt weerdich zijn aftreckende in zulcken reden als hen heeft 23. Hooft-
somme tot simpelen interest 6. efi dat van 3. iaeren.

CONSTRUCTIE.

Men sal ten iersten sien wat 6. lb. interest van 3. iaeren bedraeghen op 1. iaer /
ende wordt bevonden 2. Ib. Alsoo dan desen interest is van 2. ten 23. t’siaers |
waer deur de werckinghe ghelijck zal zijn de voorgaende des 2. exempels deser
propositien aldus: Men sal adderen tot -23. sijnen interest van 5. iaeren | te weten
10. Ib. maecken t'saemen 33. Ib. ende segghen 33. worden 23. wat 230. Ib? Facit

voor solutie 160 :‘3—(3] 1b.

EXEMPEL 6.

Eenen is schuldich 600. Ib. te betaelen al t'saemen ten eynde van vier iaeren |
ende veraccordeert met zijn crediteur die te betaelen in 4. payementen-/ te weten
ten eynde van het ierste iaer een vieré deel | het tweede iaer noch een vieréndeel /
het derde iaer noch een vierendeel | ende t'vierde iaer t'lactste vierendeel | midts
aftreckende simpelen interest teghen 12. ten 100. t'siaers.
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If the aforesaid 250 Ib had had to be paid in 1 month, it would have to be
said (because 1 month is one twelfth of a year) 16—— becomes 16; what. does
'250 Ib become?

If the aforesaid 250 lb had. had to be paxd in 7 weeks it Would have to' be
sald (because 7 weeks i is &5 of ayear); 16 7 becomes 16; what does 250 Ib become ?

" If the aforesaid 250 lb had had fo be pald in 134 days, it woiild have to be said

(because 134 days is 132 3 65 & of a year): 16:2;‘ becomes -16; what does 250'lb become’

So that in such questions it has alwaysto be found what' part of a year is the
proposed time, and further as above.

- EXAMPLE 4.

A sum of 320 Ib is to be paid in 3 years and 3 months. What is the present
value, substracting simple interest at the 16th penny a year?

PROCEDURE

“Add to16 its interest of 3— 1b (3— Ib on account of 3-— years) which
Amakes together 19— and say: 19— comes from 16; what does 320 lb _come
from? ThlS is 265 lb ' o o T
R .. 'NOTE. PR

~The: ‘arne will also’ be ‘the ‘operation ‘for all other patts of a year ‘over-and
.above t} le ‘whole, years, as is easxly perceived from -the: foregoing example, . |

. ‘ . EXAMPLE 5. . = . o
A su, \of 230 lb is to be paid at the end of 5 years. What is the present

_value of \ vis sum, subtractlng in-the.ratio of 23 (Prmcnpa.l) to 6 (sunple mterest)

) A
such for } years? _
) RN SN A N

l‘ PROCEDURE

First it Ia.s to be found what 6 lb of mterest for 3 years amounts ‘to in
sI*yeafy thif is found to be -2-Ib. “This: initerest: is -therefore. 2. per23a. yedt, so
“:that the o]J ration'will be similar'to the foregoing one. of the 2nd example!of the
present pr position, as follows: Add to 23 its interest for 5 years, to wit 10:Ib,

which ma’ es together 33 Ib, and say: 33 becomes 23, what does 230 Ib become?

The soly':‘ion is 160%% 1b.
{ ' EXAMPLE 6.

/

A raan owes 600 lb, the whole to be paid at the end of four years, and he
agrees with his creditor to pay them in 4 payments, to wit at the end of the
first| year one fourth, the second year again one fourth, the third year again
on/er' fourth, and the fourth year the last one fourth, subtracting simple interest
at/,lz per cent a year.

//‘
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NOTA.

Ick hebbe in dit exempel ghenomen de zelfde somme ende questie die Jan
Trenchant heeft int 3. boeck zijnder Arith. cap. 9. art. 6. op dat ick te claerder
zoude toonen de differentie ouer zulcken questie van zijne solutie ende de mijne.
Is dan te weten dat Trenchandt ondersoeckt wat dese 600. lb. ghereedt weerdich

zijn | wordt bevondé 508 % Ib. welcks vierendeel als 12757§ Ib. Hy zeght te wesen
dat men op elck der vier jaeren zoude moeten betaelen.

Maer ick zegghe ter contrarien gheen questie te wesen van vier betaelinghen van
het ghene de 600. Ib. ghereedt weerdich zijn | maer van vier betaclinghen der
600. 1b. zeluer. Dit is soo veel als oft den debitcur totten crediteur zeyde: De 600.
Ib. die ick v schuldich ben teenemael ten eynde vA vier iaeren | de zelfde zal ick
v betaelen in vier payementen | te weten alle iacre het vierendeel der zeluer [ als
150. lb. midts aftreckende op elcke betaelinge simpelen intcrest teghen 12. ten
100. t'siaers. Twelck wesende den’sin deser questien volght daer wt een con-
structie als volght. '

CONSTRUCTIE.

Men zal aenmercken wat penningen dat men naer dese conditie verschiet diemé
naer d’ierste conditie niet en soude verschoté hebbé. Nu dan wantmen naer dese
conditie binné eé iaer betaelt t'vierédeel der sommen bedraeghende 150. Ib. midts
aftreckende | etc. diemen naer d'ierste conditie binnen 3. iaeren daer naer ierst
zoude moeten betaelen | volgt daer wt dat men zien zal wat 105. Ib. te betaelen
in 3. iaeren weerdich zijn ghereet / wordt bevonden door het 2. exempel deser

propositien 110‘% Ib. voor d’ierste paye. Ende om der ghelijcke redenen salmen
bevinden 150. lb. op 2. iaeré weerdich te zijne ghereet 120 g—? Ib. voor de tweede
Pa}llier;dc om der ghelijcke redenen zalmen bevindé 150. Ib. op 1. iaer weerdich
te zijne 133 %% Ib. voor de detde paye. ‘

Ende want de laetste paye op zulcken conditie betaelt wordt als dierste conditie
was [ en zal die winnen noch verliesen | maer zal zijn van 150. Ib.

EXEMPEL 7.

Het zijn 324. Ib. te-betaelen binnen 6. iacren [ te weté 54. Ib. t'siaers. Vraeghe is
wat de zelue weerdich zijn ghereedt ghelt | aftreckende simpelen interest teghen
12. ten 100.
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NOTE 1).

In this example I have taken the same sum and’question that Jan Trenchant
has in the 3rd book of his Arithmetic, chapter 9, section 6, in order that I might
show all the more clearly the difference concerning this question between his
solution and mine. It is to be noted that Trenchant finds what is the present

value of this 600 Ib. This is found to be 508:—2 Ib, the fourth part of which, vsz.

127% Ib, he says is the amount that would have to be paid in each of the

four years.

But I say on the contrary that there is no question of four payments of the
present value of the 600 Ib, but of four payments of the 600 Ib itself. This is
as much as if the debtor said to the creditor: I will pay to you the whole of the
600 Ib I owe you at the end of four years in four payments, to wit every year
one fourth of it, 7.e. 150 Ib, subtracting from each payment simple interest at
12 per cent a year. This being the meaning of this question, the following
procedure follows therefrom. : )

PROCEDURE.

It has to be found what money one disburses on this condition that one would
not have disbursed on the first condition. Thus because on this condition in a
year one fourth of ‘the sum is paid, amounting to 150 Ib, subtracting etc., which
on the first condition would not have to be paid until 3 years thereafter, it follows
that it has to be found what is the present value of 105 b to be paid in 3 years.

This is found by the 2nd example of the present proposition to be 110’37 Ib
for-the first payment. And for the same reasons the present value of 150 lb
to be paid in 2 years will be found to be 120%‘12 Ib, for the second payment.

And for the same reasons the present value of 150 Ib to be paid in 1 year will be
found to be 1335 Ib, for the third payment.

And because the last payment is made on the same condition as the first,
this will neither gain nor lose, but will be 150 Ib.

EXAMPLE 7.

A sum of 324 Ib is to be paid in 6 years, to wit 54 1b a year. What is the
present value of this sum, subtracting simple interest at 12 per cent?

" 1) See the Introduction, p. 15
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CONSTRUCTIE.
. Men zal soecken proportlonale ghetalen met; de ghene daer questie af is aldus
100 comen voor 1 +daer “van = - ' - - - 112,
100 tomen Vvoor 2 ‘iaeren van PR o124, - -
100 ‘comen voor 3 iaeren van~® 1 - 136. -
100.: comen .voor 4 iaeren van e » . . 148. -
100 comen voor 5 iaeren van 160.
" 100 comen voor 6 iaeren van : : i 172.
Séme. 600. o ! - Somme 852.

" Daer naer segt men 852. zijn ghereedt weerdxch 600. wat’ zullen ghereedt
weerdich zijn 324: 1b? Facit 228 le ende soo veel is de voornoemde somme
ghereédt weerdich.

EXEMPEL 8.

Eenen is schuldich te betaclen bmnen 3.jacren 260. Ib. en bmne 6. iaeren daer
naet noch' 420. 1b. De vrieghe is wat die t'saemen ghereedt weerdich Zijn. Af
treckende sunpelen mterest “teghen’ 12 ten 100. t 51aers -

CONSTRUCT IE

. De 260 lb zullen Ohereedt weerdich zl}n naer het tweede exepel deser’ prop-
191 3 Ib. en de 420 lb zullen ghereedt weerdlch zqn 201 2 Ib. nu dan ghe-
addeert 191 = lb rnet 201 1—2 lb maecken tsaemen 393m, ende soo veel is alle
de schuldt ghereedt weerdlch T o '

B s

 EXEMPEL 9. L
*. Eenefr is schuldich 200. b. te betaclen binnen 5..iaeren. De vraeghe.is wat die
weerdich zijn binnen 2. iaeré- rekenende’simpelen :interest teghen 10: ten 100.
t’siaers.

e s ‘ CONSTRUCTIE - o
Men zal zZien wat de 200. 1b: weerdlch zijn- gereedt door het 2; exempel deser
prop. wordt bevondé 133—lb Daer naer salmen sien wat 133— Ib. gereedt weer-

dich zijn binnen 2. iaeren naer de leeringhe der ierster prop. wordt bevonden
160. 1b. ende zoo veel zijn die 200. Ib. weerdich binnen 2. iaeten.

ANDERE MANIERE.

Ofte andersins ende lichter machmé doen aldus: men sal zien wat 100. lb. weer-
dich zun op 5. iaeren | wordt bevonden 150. lb. Insghelijcks wat 100. weert zijn
op 2. iaeren wordt bevonden 120. Daer nae zalmen segghen 150. gheuen 120. wat
200 Ib? Facit als voren 160. Ib. B




PROCEDURE 1),
Fmd numbers proportional. to. those under consxderatlon- as, follows., ..
. 100 becomes.in 1 year . . .. 0 oo J112, 0
2100 becomes in.2.years . i .a. ey LT e .124
100 becomes ‘in 3 years . 136
100 becomes in 4 years. t ... - 148
100 becomes in 5 years , . . 160 ]
" 100 becomes i "6 'years - - T e Thoiens et w172
Total 600 . . C . S Total 852

Thereafter say: the present value of 852 is 600; -what ‘will :be the. present
value of 324 Ib? This is 2287—f Ib, and this is the present value of the afore-
said sum. e ‘
o EXAMPLE‘S’

A man owes 260 1b, to be paid in-3 years and”6 yéats ‘later 420 1b more.
What is the. present value of these two sums together, subtracting simple interest
at 12 per cent a year?.

* PROCEDURE. A
The present value' of the 260 b, accordmg to the second example of the
present proposition, will be 191ﬁ Ib, and ‘the present value of the‘ 420 1b will
be 201% 1b. Now when 191% Ibiand 20&% 1b are added ‘together, 'th_isl rtiakes

393 2

e and this is the present value of the whole debt.

-EXAMPLE 9.

A man-owes 200 1b, to be paid in 5 years. What is their value in 2-years,
charging simple interest at 10 per cent a year?

PROCEDURE 2).

-Find what is the present value of the 200 Ib; by the 2nd example of the
present proposition, this is found to be 133? Ib. Thereafter find what the

present value of 1331— Ib will be worth in 2 years; according to the first

PtOPOSlthn this is found to be 160 Ib, and this is the value of that 200 lb

in 2 years.
OTHER METHOD.

Or in another and easier way one can proceed as follows: Find what 100 Ib is

1) This solution with 6 payments of 112, 124, 136, 148, 160 172 does not produce
an annuity of constant value. Stevin found this out and gave a correct solution in the
French edition of 1585 and the second Dutch edition of 1590 (SeeSupplement, p. 113).
. ?) This solution was changed into another one in the editions of 1585 and 1590. (See
Supplement, p. 115).
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EXEMPEL 10.

Eenen is schuldich te betaelen binnen 3. iaeren 420. lb. el binnen 6. iaere
daer naer noch 560. Ib. De vracghe is wat dese partijen weert zijn te betaelen
t'saemen op 2. iaeren rekenende simpelé interest teghen 10. ten 100. t'siaers.

CONSTRUCTIE.

Men sal zien wat deze partijen t'saemen weerdich zijn ghereedt door het 8.
exempel deser prop. wordt bevonden 617 gié; Ib. Daer naer salmen sien wat de
zelue ghereedt |/ weert zijn binnen 2. iaeren | wordt bevonden door d'ierste pro-

. . 93
positie voor solutie 741 o 1b.

ANDERE MANIERE.
Ofte andersins machmen zien wat 420. Ib. op 3. iaeren weerdich zijn op 2.
iaeren | wordt bevonden door het 9. exempel deser propositien 387 19—3 Ib.
Ende inder seluer voeghen worden de 560. lb: op twee iaeren weerdich be-
vonden 353 :—g Ib. welcke twee sommen als 387 19—3 met 353 g maecken t'saemen

voor solutie als voren 741 %37 Ib.

NOTA.
De volghende exempelen dependeren ex alterna wvel inversa pro portione der
propositien
EXEMPEL 11.
Voor 500. 1b. te betaclen ten eynde van 5. izeren ontfangtmen ghereedt 333% Ib.
De vraeghe is teghen hoe vele ten 100. simpelen interest dat afghetrocken is.
CONSTRUCTIE.

Men sal segghen 333 —’Q—Ib. comen van 500. Ib. waer van 100? Facit 150. van de

zelue zalmé trecken 100. rest 5O. welcke ghediuideert door 5. iaeren gheeft quotum
10. Ergo teghen 10. ten 100. wasser afghetrocken.
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worth in 5 years; this is found to be 150 Ib. In the same way 100 Ib is found
to be worth 120 in 2 years: Thereafter say: 150 gives 120; what does 200 b give?
This, as above, is 160 1b.

EXAMPLE 10.
A man owes 420 Ib to be paid in 3 years, and 6 years later 560 1b more. What

will these sums be worth, if paid together after 2 years, charging simple interest
at 10 per cent a year?

PROCEDURE 1).

Find what is the present value of these sums together; by the 8th example of
201
. 247
value of these sums will be worth in 2 years. The solution, by the first propo-
sition, is found to be 741 2% Ib.

this proposition this. is found to be 617 Ib. Thereafter find what the present
%7
OTHER METHOD.

Or in another way one can see what 420 Ib to be paid in 3 years will' be worth
in 2 years; by the 9th example of the present proposition, this is found to be

g
387 ;5 lb.
And in the same way the 560.1b is found to be worth 353:—3 Ib in two years,
and -these two sums, viz. 387% and 35313

T
93
above, 741 917 1b.

make together for the solution, as

NOTE.
The following cxamples depend on the propositions of the alternate or inverse

proportion.

EXAMPLE 11.

For 500 Ib to be paid at the end of 5 years, the present value of 353% Ib is

received. How many per cent of simple interest has been subtracted?
PROCEDURE-

This- has to be said as follows: 333%— Ib comes from 500 lb; what does 100

come from? This is 150. From this, subtract .100. The remainder is 50. When
this is divided by 5 years, this gives the quotient 10. Therefore the interest sub-
tracted had been charged at 10 per cent.

1) This solution was changed into another one in the editions of 1585 and 1590 (See
Supplement, p. 116). The examples g and 10, as shown in the Iritroduction (p. 20), happen .
to have more than one form of solution. Both the solutions of 1582 and 1590 could be
accepted at present.
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S EXEMPEL 12. o s A
Voor 400. 1b. ontfangtmen ghereedt 250. Ib. “aftreckende simpelen mteresf

teghen 10. ten 100. t’siaers. De vraeghe is voor hoe langhe tijdt afgetrocken is.’
/ CONSTRUCTIE.

Men sal segghe'n 250. b. ‘comen van 400. Ib. waer van 100? Facit 160. Ib. van
de zelue zalmen trecken 100. rest 60. welck ghediuideert door 10. (10..van weghen
10. ten 100.) gheeft quotum 6. Ergo voor 6. iaeren wasser afghetrocken.-

EXEMPEL 13.

Eenen isschuldich binnen 3. iaeren 420. Ib. ende binnen 6. iaeren daer naer

3

noch 560. Ib. De vraeghe is wat tijdt dese partijen t'saemen verschijnen zullen |,

rekenende den 51mpelen interest teghen 10. ten 100. t’siaers.
' CONSTRUCTIE. '

Men sal zien wat dese twee sommen t’saemen ghereedt weerdich zijn / wordt

bevonden door het 8. exempel deser prop: 617 ;2; Ib. Daer naer salmen sien door

het 6. exempel der ierster prop. Hoe langhe 617 72 QO‘ Ib. loopen zullen tegé 10.:té
100. t’siaers tot zy- weerdich zijn 980. lb. (welck de somme zun van 420. Ib. ende
5601 1b.) ofte (dat tzelfde 15) tot zij ghewonnen hebben 362 28 o 47 Ib. Facit voor
solutie 6 ;7= 1059 iaeren. ‘

EXEMPEL 14.

Eenen ontfangt 666 - 2 b. ende hem hadde afgetrocken gheweest simpelen in-
terest teghen 8. ten 100 t'siaers voor 10. iaeren. De vraeghe is wat d’Hooft-
somme was.

CONSTRUCTIE.
Men zal adderen tot 100. zijnen interest van 10. iaeren comt t’saemen 180.

segghende 100. comen van 180. waer van 666 —z-lb? Facit d’Hooft-somme 1200. Ib.

DEMONSTRATIE.
Aenghesien int ierste exempel deser propositien gheseyt is 300. Ib. te betaelen
op een iaer | weerdich te zijne ghereedt ghelt 267 = 8 Ib. Aftreckende simpeien

interest teghen 12. ten 100. t’siaers | volght daer wt dat in dien men die 267— 1b

terstont op interest leyde te weten alsvoren teghen smlpelen interest van 12. ten
hondert t'siaers [ dat de zelue Hooft-somme met haeren interest (zoo d’operatie
goedt is) sullen moeten t'saemen bedraeghen ten eynde van den iaere 300. Ib.
Alsoo dan die rekenende naer de leeringhe des jersten exempels der ierster pro-

positien sal bedraeghen 32—;- 1b. welck geaddeert tot de 267—?’- Ib. maecken t’saemen

de voornoemde 300. Ib. waer wt besloten wordt de constructie ‘goedt te zijne.
Sghelijcks zal oock zijn de demonstratie van d’ander exempelen deser propositien |
welck wij om de cortheydt achter lacten. Alsoo dan wesende verclaert Hooft-
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et o EXAMPLE 12, R A R U PR

" For ‘400 Ib ‘thé present vilile' of 250 Ib i§ received, subtra.ctmg sxmple mterest
at 10 per cent a year. For what time has interest been subtracted?

J)PROCEDURE: " -

~This. has.to be:said_as. follows:.250; Ib comes_from .400b; what does 100 come

from? ‘This is.160 1b. From this, subtract .100.~The itemainder is. 60..When this

is divided by 10 (10 on account of 10 per cent), the quotient is 6. Therefore

interest for 6 years has been subtracte_d. ey )
| . EXAMBLE. 13:

A -mafi owes' 420 lb to be pald in 3 years and 6 years'later 560 lb more; At
what time’ will these sums: together appeat, ‘chargmg snmple'mterest at 107 per cent
a year) N ',;"‘) R SN A AT T8 S I & { .
o L PROCESURE. T,
Frnd what is the present value of ‘thesé: two sums together By the: 8th example

of the present proposmon thrs is found to be 617;2; Ib; ;Thereafter fmd by ‘the

6th example of the first - -proposition “how: long 61720; Ib- has to be -putoutat
interest at 10 per cent a year until;itsivalue is 980-1b- (which is the sum of 420 lb
and 560 Ib).or (whrch is the sa.me) antil. it has ylelded 362ﬁ lb The solutlon

Yo

247

1059 o Gl 2t
is 61066 years .

ot EXAMPLE 14 _
A man recelves 666 2 lb and the srmple mterest at 8 per cent a year had been

subtracted for 10 years What was the Pnncrpal?

Se. ... ..PROCEDURE. Cet e
Add to *Y00 its- mterest of 10 years whxch makes together 180; and say: 100
comes from 180; what does 666 Ib come- frorn> The’ Principal is 1,200 Ib..

. . PROOF. -

Since ‘it has been said in. the:first. example‘of the present proposition that the
present value of 300 Ib, to be paid in one year, is 2677 5 Ib, subtractmg srmple
interest at 12 per cent a. year, it follows that. if thls 267— Ib ‘were at once put

out at ‘interest, to wit as' above at srmple interest of 12 per cent a year the ‘said
Principal with its interest (if the operation s ‘correct) will ‘have to ‘amount to-
gether, at the end of the year, to 300 Ib, This then bemg charged according to

the first exarnple of the frrst proposrtron it wrll amount to 32— Ib, and, when
this is added to .the 267% Ib, it makes together the aforesaid.300 Ib; from which

it is concluded that the procedure is correct. The same will also be the demon-
stration of the other examples of the present: proposition, which we omit-for
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somme tijdt ende interests reden van simpelen ende schadelicken interest / heb-
ben wy ghevonden wat die ghereedt weerdich is | t'welck gheproponeert was alsoo
ghedaen te worden.

PROPOSITION I11.

Wesende verclaert Hooft-somme tijdt ende interests reden van ghecomponeer-
den profijtelicken interest: Te vindé wat d’Hooft-somme met haren interest be-
draecht.

NOTA.

Tot de solutie van de exempelen deser propositien zijn ons van noode de ta-
felen daer voren af gheseyt is /| waer deur zullen hier beschrijuen verscheyden
tafelen zoo vele als inde practijcke ghemeynlick noodich vallen | te weten 16.
tafelen | al waer altijdt comparatie gheschiet van den interest teghen t'hondert |
welcker tafelen ierst zijn zal van een ten 100. de tweede van twee ten 100. ende
zoo voort tot de 16. tafel | welcke zijn zal vi 16. ten 100. Bouen dien sullen wy
beschrijuen acht tafelen | al waer comparatie geschiet van verscheyden Hooft-
sommen tot interest altijdt 1. welcker tafelen ierste zijn zal van den penninck 15.
de tweede van den penninck 16. ende soo voorts tot den penninck 22. ende zul-
len dese tafelen altemael diené tot 30. iaeren ofte termijnen.

CONSTRUCTIE DER TAFELEN.

Alsoo dan om te comen tot de constructie deser tafelen | zegghe ick in de zelue
niet anders ghesocht te worden dan proportionale ghetaelen met de gene daer
questie af is. Om de welcke te vinden soo salmen ten iersten nemen eenich groot
getal (welck wy noemen den wortel der tafelen) waer af d'ierste cijffer-letter sy
1. ende de resterende altemael 0. ick hebbe tot dese tafelen ghenomen (hoe wel
mé meer ofte min nemen mach) 10000000. Nu dan willende maecken cen tafel
teghen een ten 100. ghelijck de volghende ierste is |/ salmen den voornoem-
den wortel 10000000. multipliceré met d’Hooft-somme 100. t'productum is
1000000000. de zelfde zalmen diuideré deur d’'Hooft-somme met haeten interest
daer toeghedaen | te weten door 101. (want 100. is gheproponeerde Hooft-somme
ende 1 den interest) quotus zal zijn 9900990. dienende voor d’ierste iaer ofte
termiyn.

Aengaende de reste dieder naer de diuisie blijft als 1101- die laetmé verloren

om datse minder is dan een half /| Maer als zulcken reste meerder is dan een half |
soo salmen. (ghelijck in tabula sinuum e andere meer de ghebruyck is) die ver-
lacten ende daer voren de gheheele ghetaelen van de quotus van een vermeerde-
ren | want alsoo blijft men altijdt naerder bij het begheerde. Nu dan om te vinden
t'ghetal des tweeden iaers | salmen de 9900990. wederom multipliceren met 100.
gheeft productum 990099000. welck men wederom zal diuideren door 101.
quotus zal zijn 9802960. voor het tweede iaer.

Alsoo oock om te vinden t'ghetal van het derde iaer salmé de 9802960. weder-
om multipliceré met 100. geeft productii 980296000. welck mé wederd sal diuide-

ren door 101. quotus sal zijn 9705900. Maer ouermidts de reste van :—3—2 hier

meerder is dan een half | zoo salmen om redenen alsvoré de laetste letter des
quotus van 1. vermeerderen | stellende aldus 9705901. voor het derde termijn |
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brevity’s sake. Hence, given the Principal, the time, and the rate of simple and
detrimental interest, we have found what is the present value of this, which it
‘had been proposed to do.

PROPOSITION III.

Given the Principal, time, and rate of compound profitable interest: to find
what the Principal with its interest amounts to.

NOTE.

For the solution of the examples of this proposition we require the tables that
have been referred to above. Therefore we will here describe different tables,
as many as are usually necessary in practice, to wit 16 tables, where the interest
is always referred to one hundred, the first of which tables will be of one per
cent, the second of two per cent, and so on to the 16th table, which will be of
16 per cent. In addition we will describe eight tables where different Principals
are always referred to an interest of 1, the first of which tables will be of the
15th penny, the second of the 16th penny, and so on to the 22nd penny, and
all these tables will serve for 30 years or terms.

CONSTRUCTION OF THE TABLES.

‘To come therefore to the construction of these tables, I say that nothing else
is sought in them but numbers proportional to. those under consideration. In
order to find these, first take some large number (which we call the root of
the tables), of which let the first digit be 1 and the remaining all 0. For the
present tables I have taken (though one can take more or less) 10,000,000. If it
is now required to make a table at one per cent, as is the following—first—table,
multiply the aforesaid root 10,000,000 by the Principal of 100. The product is
1,000,000,000. Divide this by the Principal plus its. interest, to wit by 101 (for
100 is the proposed Principal and 1.the interest). The quotient will be 9,900,990,
serving for the first year or term. .

10
101°
ted, because it is less than one half. But if this remainder is more than one half,
omit it (as is the custom in sine tables and others) and instead add one to the
whole numbers of the quotient, for thus we always keep closer to the required
value. In order to find the number for the second year, multiply the 9,900,990
again by 100. This gives the product 990,099,000, which divide by 101. The
quotient will be 9,802,960 for the second year.

Thus also, in order to find the number of the third year, multiply the 9,802,960
again by 100. This gives the product 980,296,000, which divide again by 101.
100
101°
than one half, for the reasons given above add one to the last digit of the quotient,
thus taking 9,705,901 for the third term, and so on with the other terms, which
have been continued to 30 in our tables.

As regards the remainder that is left after the division, viz. this is neglect-

The quotient will be 9,705,900. But since the remainder, »iz. is here more
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ende alsoo voort-mét d’andefe ‘termijnen | welcké in"onse tafelen tot 30. ghe-
continueert zijn. S : S
S'ghelijcks zal oock zijn de constructie van alle die andere tafelé | want daer
wy in de ierste tafel altijdt multipliceren met 100. ende diuideren door 101. alsoo
sullé wy in de tweede tafel (welcke is van 2. ten 100.) altijdt multipliceren met
100. ende diuideren door 102. ende in de derde tafel altijt multipliceren met 100.
ende diuideren door 103. ende soo voort in d’andere, Item de constructie der
tafele van den penninck 15. is de voorseyde oock gelijck | want men multipliceert
hier altijdt met 15. efi men diuideert door 16. (te weten door 15. gheproponeerde
Hooft-somme ende daer toe haeren interest 1.) Alsoo oock in de tafel van den
penninck 16. multipliceert men altijdt met 16. ende men diuideert .door 17. eénde
zoo voorts met d'andere. : S
. Deze tafelen alsoo ghemaeckt voor eenighe iaeren worter by elcke tafel noch
een columne gestelt | welcke dienen zal tot ghecomponeerdé interest van par-
tijen die in vervolghende iaeren te betaclen zijn elck iaer euen veel | gheljjck
d’exempelen daer af t'haerder plaetsen zullen ghegheuen worden [ welcker. co-
lumnen constructie. aldus is: - o :
Men zal (tot de constructie deser colummen der tafel van 1. ten 100.) de
9900990. staende neuen d’ierste iaer ofte termijn noch eenmael stellen neuen
t'voornoemde ierste termijn | daer naer salmen adderen de.twee sommen respon-
deréde op de twee ierste iaeren als 9900990. met 9802960. bedraeghen t’sacmen
19703950. die salmen stellen neuen het tweede iaer. Daer naer salmen adderé de
dry somimen responderende op de dry ierste iaeren | bedraeghen t'saemé 29409851.
ende soo voorts totten eynde. Soo dat t'lactste ghetal deser laetster columnen
258077051. sal sijn de somme van alde ghetaelen der voorgaende columne. o
In der seluer voeghen salmé oock tot alle d’andere tafelen | elck zoodaenighe
laetste columne maken. Soo dat elck deser tafelen zal hebben dry columnen: D’ierste
columne beteeckenéde iaeren | ende d’ander twee dienende tot solutien van questien /
als int volghende blijcken zal. o

TAFELEN VAN INTEREST.
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The same will also be the construction of all.the other tables, for while in the
first table we always multiply by 100 and divide by 101, thus in the second
table (which is of 2 per cent) we will always multiply by 100 and divide by 102,
and in the third table we will always multiply by 100 and divide by 103, and
5o on in the others. In the same way the construction of the table of the 15th
penny is also similar to the aforesaid one, for here we always multiply by 15
and divide by 16 (to wit by 15—the proposed Principal—plus its interest of 1).
Thus also in the table of the 16th penny we always multiply by 16 and divide
by 17, and so on with the others. ‘

After these tables have thus been made for a number of years, to each table is
added another column, which is to serve for compound interest on sums that
are to be paid in successive years, every year the same amount, as the examples
thereof will be given in due place, the construction of which column is as follows:

Put the 9,900,990 opposite the first year or term (for the construction of this .
‘column of the table of 1 per cent) once more opposite the aforesaid first term;
thereafter add up the two sums corresponding to the two first years, viz. 9,900,990
and 9,802,960, which together amount to 19,703,950. Put this number opposite
the second year. Thereafter add up the. three sums corresponding to the three
first years; these amount together to 29,409,851, And so on to the end, so that
the last number of this last column, 258,077,051, will be the sum of all the
numbers of the preceding column.

In the same way such a last column also has.to be added to each of the other
tables, so that each of these tables shall have three columns, the first column
designating the years: and the other two serving -for the solution of certain
questions, as will appear in the sequel. - :

© . TABLES OF INTEREST.
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Tafel van Interest van

1. ten 100.

9900990.
9802960.
9705901.
9609803.
9514656
9420451.
9327179.
9234831.
9143397.
9052868.
8963236.
8874491.
8786625.
8699629
8613494.
8528212.
8443774.
8360172.
8277398.
8195444.
8114301.
8033961.
7954417.
7875660.
7797683.
7720478.
7644038.
7568354,
7493420.
7419228.

9900990.
19703950.
29409851,
39019654.
48534310.
57954761.
67281940.
76516771.
85660168.
94713036.

103676272.
112550763.
121337388
130037017.
138650511.
147178723.
155622497
163982669.
172260067.
180455511.
188569812.
196603773.
204558190.
212433850.
220231533.
227952011,
235596049.
243164403,
250657823.
258077051.
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Tafel van interest van

2. ten 100.

9803922,
9611688.
9423244,
9238455.
9057309.
8879715.
8705603.
8534905.
8367554.
8203484,
8042631.
7884932.
7730325,
7578750.
7430147.
7284458.
7141625.
7001593.
6864307.
6729713,
6597758.
6468390.
6341559.
6217215.
6095309. . .
5975793.
5858621.
5743746.
5631124.
5520710.

9803922.
19415610.
28838834.
38077289.
47134598,
56014313,
64719916.
73254821,
81622375.
89825859.
97868490.

105753422,
113483747.
121062497.
128492644.
135777102.
142918727.
149920320.
156784627.
163514340.
170112098.
176580488.
182922074,
189139262,
195234571.
201210364,
207068985.
212812731.
218443855.
223964565.

57
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‘Tafel van interest van

3. ten 100.

9708738.
9425959.

9151417

" 8884871.

" 8626088.

8374843,
7 8130916.
© 7894093.

7664168.

" 7440940.

7224214,
7013800.

6809515.

6611180.
6418621.

" 6231671.
©- 6050166.

i

5873948.

'15702862.

5536759.
5375494.

~5218926.
© 5066918.
~4919338. .
4776056

- '4636948.

4501891.

D 4370768. I
"o 4243464,
i+ '4119868.

"' 9708738.

19134697
28286114.

_ 37170985.

"45797073.
$54171916.
62302832.
© 70196925.
77861093,

' 85302033.
1 92526247.

©99540047.

" 106349562.
112960742.

119379363.

© 125611034,

131661200.

137535148,

143238010.

. 148774769.

154150263.-
159369189.
164436107.
169355445.
174131501.
178768449.

- 183270340.

" 187641108.
(v 191884572,
11196004440..
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Tafel van interest van

4. ten 100..

9615385.
9245562
8889963.
8548041.
8219270.
7903144.
7599177.
7306901.
7025866.
6755640.
6495808.
6245969.
6005739.
5774749.
5552643.
5339080.
5133731,
4936280.
4746423.
4563868.
4388335.
4219553.
4057262.
3901213.
3751166.
3606890.
3468163.
3334772, .
3206512.
3083185.

9615385.
18860947.
27750910.
36298951.
44518221.
52421365.
60020542,
67327443,
74353309.
81108949.
87604757.
93850726.
99856465.

105631214.

111183857.

116522937.
121656668.
126592948.
131339371,
135903239.
140291574.
144511127.
148568389.
152469602.

156220768.

159827658.
163295821,
166630593.

169837105.

172920290.
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Tafel van interest van

5. ten 100.

9523810.
9070295.
8638376.
8227025.
7835262.
7462154.
7106813,
6768393
6446089.
6139132.
5846792,
5568373.
5303212.
5050678.
4810170.
4581114.
4362966.
4155206.
3957339.
3768894,
3589423
3418498.
3255712.
3100678.
2953027

' 2812407.

2678483,
2550936.
2429463.
2313774.

9523810.
18594105.
27232481.
35459506.
43294768.
50756922.
57863735.
64632128.
71078217.
77217349.
83064141.
88632514.
93935726.
98986404.

103796574.
108377688.
112740654.
116895860.
120853199.
124622093.
128211516.
131630014.
134885726.
137986404.
140939431.
143751838.
146430321.
148981257.
151410720.
153724494.
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Tafel van interest van

6.’ ten 100.

9433962.
8899964.
8396192.
7920936.
7472581.
7049605.
6650571.
6274124
5918985.
5583948,
5267875.
4969693.
4688390.
4423009.
4172650
3936462
3713643.
3503437.
3305129.
3118046.
2941553.
2775050,
2617972
2469785.
2329986

- 2198100..

2073679.
1956301.
1845567.
1741101.

9433962,
18333926
26730118.
34651054,
42123635,
49173240.
55823811.
62097935
68016920.
73600868.
78868743,
83838436.
88526826.
92949835.
97122485.

101058947
104772590.
108276027.
111581156.
114699202.
117640755.
120415805.
123033777.
125503562.
127833548.
130031648.
132105327.
134061628.
135907195.
137648296.
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Tafel van interest:van

7. ten 100.

9345794.
8734387.
8162979.
7628952.
7129862.
6663422,
6227497.

- 5820091.

5439337.

5083493,

4750928.
4440120.
4149645.
3878173.
3624461.
3387347.
3165745.
2958640.
2765084.
2584191.
2415132,
2257133.
2109470.
1971467.
1842493,

- 1721956.

1609305.
1504023.
1405629.
1313672.

9345794, .
18080181.
26243160.
33872112,
41001974.
47665396.
53892893.
59712984.
65152321.
70235814.
74986742,
79426862
83576507.
87454680.
91079141.
94466488.
97632233,

100590873.
103355957.
105940148.
108355280.
110612413,
112721883.
114693350.
116535843.
118257799.
119867104.
121371127.
122776756.

+ 124090428.

C5
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Tafel van -interest van

8. ten 100.

9259259.
8573388.
7938322.
7350298.
6805831.
6301695.
5834903.
5402688.
5002489.
4631934.
4288828.
3971137.
3676979.
3404610.
3152417.
2918905.
2702690.

-2502491.

2317121.
2145482.
1986557.
1839405.
1703153.
1576994.
1460180.
1352019.
1251869.
1159138.
1073276.

993774.

9259259.
17832647.
25770969.
33121267,
39927098.
46228793.
52063696.
57466384.
'62468873.
67100807.
71389635.
75360772.
79037751.
82442361.
85594778.
88513683.

91216373,
93718864.
96035985.
98181467.

100168024.

102007429.

103710582.

105287576.

106747756.

108099775.

109351644.-

110510782.

111584058
112577832.
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Tafel van interest van

9. ten 100.

9174312.

~ 8416800.

7721835.
7084252.
6499314.
5962673.
5470342.
5018662.
4604277.
4224107
3875328.
3555347. -
3261786.
2992464.
2745380,
2518697.
2310731.
2119937.
1944896.
1784308.
1636980.
1501817.
1377814.
1264050
1159679.
1063926.
976079.
895485.
821546.
753712.

9174312
17591112
25312947.
32397199.
38896513,
44859186.
50329528,
55348190.
59952467.
64176574.
68051902

- 71607249.

74869035.
77861499.
80606879..
83125576.
85436307.
87556244.
89501140.
91285448.
92922428.
94424245,
95802059.

97066109. -

98225788..

99289714,
100265793.
101161278..
101982824.
102736536.
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Tafel van interest van
10. ten 100.

9090909.
8264463.
7513148.
6830135.
6209214.
5644740.
5131582.
4665075.
4240977.
3855434.
3504940.
3186309.
2896645.
2633314.
2393922,
2176293.
1978448.
1798589.
1635081,
1486437.
1351306.
1228460.
1116782.
1015256.

922960.

839055.

762777.

693434.

630395.

573086.

9090909.
17355372.
24868520.
31698655.
37907869.
43552609.
48684191.
53349266.
57590243,
61445677.
64950617.
68136926.
71033571.
73666885.
76060807.
78237100.
80215548.
82014137.
83649218.
85135655.
86486961.
87715421.
88832203.
89847459.

"90770419.
91609474.
92372251.
93065685.

. 93696080.

94269166.
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Tafel van interest van
11. ten 100.

9009009.
8116224.
7311914.
6587310.
5934514,
5346409.
4816585.
4339266.
3909249.
3521846.
3172834.
2858409.
2575143,
2319949.
2090044.
1882923.
1696327.
1528223.
1376777.
1240340.
1117423.
1006687.

906925.

817050.

736081.

663136.

597420.

538216

484879.

436828.

9009009.
17125233
24437147.
31024457.
36958971.
42305380.
47121965.
51461231.
55370480.
58892326.
62065160.
64923569.
67498712,
69818661.
71908705.
73791628.
75487955.
77016178.
78392955.
79633295.
80750718..
81757405.
82664330.
83481380.
84217461,
84880597.
85478017
86016233
86501112,
86937940.
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Tafel van interest van
12, ten 100.

8928571.
7971938.
7117802.
6355180.
5674268.
5066311.
4523492,

4038832,

3606100.
3219732.
2874761.
2566751.
2291742.
2046198.
1826962.
1631216.
1456443,
1300396
1161068.
1036668.
925596.
826425.
737879.
658821.
588233.
525208.
468936.
418693.
373833.
333779

8928571.
16900509.
24018311.
30373491.
36047759.
41114070.
45637562
49676394,
53282494,
56502226.
59376987.
61943738.
64235480.
66281678.
68108640.
69739856.
71196299.
72496695.
73657763.
74694431,
75620027.
76446452.
77184331,
. 77843152.
78431385,
© 78956593.
79425529,

79844222

80218055.

80551834.
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Tafel van interest van
13. ten 100.

8849558.
7831467.
6930502.

© 6133188.

5427600.
4803186.
4250607.
3761599.
3328849.
2945884.
2606977.
2307059.
2041645.
1806765.
1598907.
1414962:
1252179.
1108123.
980640.
867823.
767985.
679633,
601445.
532252.
471019.
416831.
368877.
326440.
288885.
255650.

8849558.
16681025.
23611527.
29744715.
35172315.
39975501.
44226108.
47987707.
51316556.
54262440.
56869417.
59176476.
61218121.
63024886.

, 64623793.

66038755.

67290934.

68399057.
69379697.
70247520.
71015505.
71695138.
72296583.
72828835.
73299854.
73716685.
74085562.
74412002.
74700887.
74956537.
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1820695.

Tafel van interest van
14. ten 100.

8771930.
7694675.
6749715.
5920803.
5193687.
4555866.
3996374.
3505591.
3075080.
2697439.
2366175.
2075592.

1597101.
1400966.
1228918.
1077998.
945612.
829484.
727618.
638261.
559878.
491121.
430808.
377902.
331493.
290783.
255073.
223748.
196270.

8771930.
16466605.
23216320.
29137123.
34330810.
38886676.
42883050.
46388641.
49463721.
52161160.
54527335.
56602927.

$58423622.
60020723,
61421689.
62650607.
63728605.
64674217,
65503701.
66231319,
© 66869580.
67429458.
67920579
68351387.
68729289
69060782
69351565.
69606638.
© 69830386
70026656.

69




70

WO NAWM AN =

Tafel van interest van
15. ten 100.

8695652.
7561437.
6575163.
5717533.
4971768.
4323277.
3759371.
3269018.
2842624.
2471847.
2149432.
1869071.
1625279.
1413286.
1228944.
1068647.
929258.
808050.
702652.
611002.
5313006.
462005.
401743.
349342,
303776.
264153.
229698.
199737.
173684.
151030.

8695652.
16257089.
22832252,
28549785.
33521553.
37844830.
41604201.
44873219.
47715843.
'50187690.
52337122.
54206193.
55831472,
57244758.
58473702.
59542349.
60471607.
61279657.
61982309.
62593311.
63124617.
63586622,
63988365.
64337707.
64641483,
64905636.
65135334,
65335071,
-65508755.
65659785.
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Tafel van interest van
16. ten 100.

8620690.
7431629.
6406577.
5522911.
4761130.
4104422.
3538295.
3050254.
2629529.
2266835.
1954168.
1684628.
1452266.
1251953.

11079270.

930405,
802073.
691442,
596071.
513854.
442978.
381878.
329205.
283797.

| 244653,

210908.
181817. ’
156739.
135120.
116483.

8620690
16052319
22458896
27981807.
32742937,
36847359.
40385654.
43435908.
46065437.
48332272.
50286440
51971068.
53423334,
54675287.
55754557.
56684962,
57487035.
58178477.
58774548.
59288402
59731380.
60113258,
60442463
60726260.
60970913,
61181821.
61363638.
61520377
61655497.
61771980.
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Tafel van Interest van den

penninck 15.

9375000.

© 8789062.

8239746.
7724762.
7241964.
6789341.
6365007.
5967194.
5594244,
5244604,
4916816
4609515.
4321420.
4051331.

- 3798123.

3560740.
3338194.
3129557.
2933960.
2750587.
2578675.
2417508.
2266414.
2124763.
1991965.
1867467.
1750750.
1641328.
1538745.
1442573.

9375000.
18164062.
26403808
34128570.
41370534.
48159875.
54524882.
60492076.
66086320.
71330924.
76247740.
80857255.
85178675.
89230006.
93028129.
96588869.
99927063.

103056620.
105990580.
108741167

111319842.
113737350.
116003764.
118128527.

120120492. .

121987959.
123738709. -
125380037.
126918782.
128361355.
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Tafel van Interest van den

penninck 16.

9411765.
8858132.
8337065.
7846649.
7385081.
6950664.
6541801.
6156989.
5794813.
5453942,
5133122,
4831174.
4546987.
4279517.
4027781.
3790853.
3567862.
3357988.

© 3160459.

2974550,
2799576.
2634895.
2479901
2334024,
2196728,
2067509. .
1945891.
1831427.
1723696..
1622302,

9411765.
18269897
26606962,
34453611.
41838692
48789356.
55331157
61488146.
67282959.
72736901.
77870023,
82701197
87248184,
91527701.
95555482
99346335.
102914197
106272185,
109432644.
112407194.
115206770.
117841665.
120321566
122655590.
124852318.
126919827.
128865718,
130697145,
132420841,
134043143,
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Tafel van Interest van den

penninck 17.

9444444.
8919753.
8424211,
7956199
7514188.
7096733.
6702470.
6330111.
5978438.
5646303.

- 5332619.

5036362.
4756564.
4492310.
4242737.
4007029.
3784416.
3574171.
3375606

3188072.
3010957.
2843682.
2685700.
2536494.
2395578.
2262490.
2136796.
2018085.
1905969.
1800082.

9444444.
18364197
26788408.
34744607.
42258795.
49355528.
56057998.
62388109.
68366547.
74012850.
79345469.
84381831.
89138395.
93630705.
97873442.

101880471.
105664887.
109239058.
112614664.
115802736.
118813693.
121657375.
124343075.
126879569.
129275147.
131537637.
133674433,
135692518.
137598487..
139398569.
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Tafel van Interest van den

penninck 18.

9473684.
8975069.
8502697.
8055186.
7631229.

.7229585.

6849081.
6488603,
6147098.
5823567.
5517063.
5226691.
4951602.
4690991.
4444097.
4210197.
3988608.
3778681.
3579803.
3391392.
3212898.
3043798.
2883598.
2731830.
2588049.
2451836
2322792,
2200540.
2084722
1975000.

9473684.
18448753,
26951450.
35006636.
42637865.
49867450.
56716531.
63205134,
69352232.
75175799.
80692862.

- 85919553,
90871155.
95562146.
100006243,
104216440
108205048,
111983729.
115563532
118954924,
122167822,
125211620.
128095218.
130827048,
133415097.
135866933.
138189725,
140390265.
142474987.
144449987,
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penninck 19.

9500000.
9025000.

.8573750.

8145062.
7737809.
7350919.
6983373,
6634204.
6302494.
5987369.
5688001,
5403601.
5133421.
4876750.
4632912.
4401266.
4181203.
3972143.
3773536.

" .3584859.

3405616.

- 3235335.

3073568.
2919890.
2773895.
2635200.
2503440.
2378268.
2259355.
2146387.

Tafel van Interest van-den

9500000.
18525000.
27098750.
35243812.
42981621.
50332540.
57315913.
63950117.
70252611.

" 76239980.
81927981.
87331582.
92465003,
97341753.

101974665. -

106375931.

110557134.

114529277.

118302813. °

121887672.

. 125293288.

128528623.

131602191,

134522081.

137295976.

139931176.

142434616.

144812884.

147072239.

.149218626.
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Tafel van Interest van den

penninck 20.

Nota.

Dese tafel is de voorgaende tafel van

5. ten 100. ghelijck.

Tafel van Interest van den

penninck 21,

9545455.
9111571.
8697409
8302072.
7924705.
7564491,
7220650

6892439.
6579146.
6280094

5994635.
5722152.
5462054

5213779.
4976789

4750571.
4534636.
4328516

4131765.
3943958.
3764687.
3593565.
3430221.
3274302
3125470.
2983403.
2847794.
2718349.
2594788,
2476843

9545455.
18657026.
27354435.
35656507.
43581212.
51145703.
58366353.
65258792.
71837938.
78118032,
84112667.
89834819.
95296873.

100510652.
105487441.
110238012.
114772648.
119101164.
123232929.
127176887.
130941574.
134535139.
137965360.
141239662.
144365132.
147348535.
150196329.
152914678.
155509466.
157986309.
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Tafel van Interest van den

penninck 22.

9565217. -
9149338.
8751541.
8371039. "
8007081.

- 7658947.

7325949,
7007429."
6702758.
6411334,
6132586.
5865946.
5610905.
5366953.
5133607.
4910407.
4696911.
4492697.
4297362,
4110520.
3931802.
3760854.
3597339.
3440933.
3291327.
3148226.

. 3011347.

2880419.
2755183.
2635392.

Eynde der Tafelen.

1

9565217.
18714555.
27466096.
35837135.
43844216.
51503163.
58829112.
65836541.
72539299.
78950633.
85083213.
90949159.
96560064.

101927017.
107060624.
111971031.
116667942..
121160639..
125458001.
129568521.
133500323.
137261177.
140858516.
144299449.
147590776.
150739002.

153750349. -

156630768.
159385951.
162021343.
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NOTA.

Ouermidts alle interst reden die metten hondert wtghesproken wordtfis altijdt
oock eenighe interests reden die metten penninck can wtghesproken wordenjende
ter contrarien (als by exempel 5. ten 100. mach oock gheseyt worden dé penninck
20.) zullen wy alles tot meerderen gherieue haere comparatien (zoo verre onse
tafelen strecken) verclaeren aldus

1 100 | 15 6%
2 50 16 6+
1 — 15
3 ol 3% cl R A I -~
4| B 25 g | 8 |se] 2
P g < § g
s1 8| 2 onll L B A BT -3
2
6| | 16y BP0 TN IS B 2
v
7| & 147 21 48
1 6
8 E.; 12? 22 4ﬁ
9| o 114
&
| 2| 10
e 1
11 = 9ﬁ
g 1
12 3 85
E. 9
13| 5 715
~
14 T+
15 6%
16 6%

De tafelen dan alsoo bereydt zijnde | zullen nu volghen de exempelen dienende
tot de voorschreuen 3. propositié / welcker exempelen ierste aldus is:

EXEMPEL 1.

Men begheert te weten wat Hooft-somme 380. 1b. met haeren ghecomponeer-
den profijtelijcken interest teghen 11. ten 100. t'siaers op 8. iaeren bedraeghen zal.

CONSTRUCTIE.

Men sal sien in de tafel van 11. ten 100. wat ghetal datter respondeert op het
achtste iaer | wordt bevonden 4339266. waer deur men zegghen zal 4339266. gheué
10000000. (welcke 10000000. den wortel van de tafel zijn) wat 380. 1b? facit

3142250

NOTA.

Wy sullen in de volghende exempelen ghemeynelick achter de gheheele pon-
den het ghebroken stellen sonder tzelfde ghebroken in radicem fractionis te
conuerteren | dat is | ad numeros inter se primos, oft oock sonder 8 ende gr. daer
wt te trecken [ op dat de solutien alsoo te claerder blijuen / wantet ghenoegh is dat-
men sulcks in praxi doet.’
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NOTE.

Since every rate of interest that is expressed in per cent is always equivalent
to some rate of interest that can be expressed as the penny of something, and
conversely (for example: 5 per cent may also be called the 20th penny), we
will, for greater convenience, compare them (in ‘as far as our tables go), as
follows:

1 per cent is equivalent to the 100th penny
2 per cent is equivalent to the 50th penny
[and so on; see the original text]}

The 15th penny is equivalent to 6% per cent

, 16th ,, N
» 1Tth 5B,
- 18th R
e
» 20th » » » » e
» 21t ,, £
» 220d ,, ” , 48

After the tables have thus been made, we will now describe the examples
serving for the aforesaid 3rd proposition, the first of which examples is as follows:

EXAMPLE 1.

It is required to know what a Principal of 380 Ib with its compound profitable
interest at 11 per cent a year will amount to in 8 years.

PROCEDURE.

Look up in the table of 11 per cent what number corresponds to the eighth
year. This is found to be 4,339,266, so that it has to be said: 4,339,266 gives
10,000,000 (which 10,000,000 is the root of the table); what does 380 b give?

. s 3142250
This is 875 1339966 1b.

NOTE.

In the subsequent examples we will generally put the fraction behind the whole
pounds without converting this fraction to its lowest terms, 7.e. to relative prime
numbers, or also without reducing them to sh. and d., in order that the solution
may thus be clearer, for it is enough that this is done in practice.



82

NOTA.

Soomen wilde weten wat den interest van dit exempel bedraecht / soo salmen de

: . 3142250 : 3142250 .
380 1b. aftrecken: van de 875 1339756 1b. rést 495 1339266 Ib. voor den interest van

acht iaeren | ’sghelijcks zalmen oock moghen doen in alle de volghende exempelen.

EXEMPEL 2. ,
Men begheert te weten wat Hooft-somme 800. lb. met haeren ghecomponeer-
den profijtelijcken interest teghen den penninck 15. t'siaers op 167’2— iaeren be-

draeghen zal.
CONSTRUCTIE. .

Men zal van wegé een half iaer | eé half adderé tot 15. (dese 15. is van weghen
den penninck 15.) maeckt 15% ende multipliceré daer naer 3560740. (welck

t'ghetal is responderende op het 16. iaer inde tafel van den pen‘ninck 15.) met
de 15. gheeft productum 53411100. t'zelfde zalmen diuideren door de 15% | gheeft

quotum 3445877. t'welck een ghetal is responderende op het lél2 iaer | ende

staen zoude tusschen het 16. ende 17. iaer in de tafel van den penninck 15. by
aldien de tafel van halue iaere tot halue iaere ghemaeckt waere.
Daer naer zalmen zegghen 3445877. gheuén 10000000. wat 800 Ib?

. 2119483
facit 2321 3975877 ib. )

S’ ghelijcks zal oock zijn d’operatie in alle andere deelen des iaers [ want, waeren-
der tot eenighe iaeré dry maendé / so zoudemen / (om dat dry maenden een vieren-
deel iaers is) dan opereren met een vierendeel | ghelijckmen bouen ghedaen heeft
met een half | ende soo voort met alle ander deel des iaers | ghelijck van deser ghe-
lijcke breeder ghetracteert is int 3. exempel der 2. prop.

NOTA.

Onder de ghene die in de Arithmeticque van interest gheschreuen hebben / en
is my gheen ter handt ghecomen die van den interest subtijlder getracteerd heeft |
dan Jan Trenchant | is oock een Arithmeticque die by velen niet weynich gheacht
en is: want de derde druck der zeluer wtghegaen is. In de zelue Arithmeticque
hebbe ick zeker erreur van den interest bemerckt | t'welck (aenghesien om des
zelfden authoriteyt zulck erreur te schadelicker mocht zijn) niet onbillich en
schijnt al hier verclaert te worden aldus. Int 3. boeck cap. 9. art. 10. zeght Tren-
chant op een deel des termijns zonder gheheele verschenen termijnen ofte termijn
gecomponeerden profijtelicken interest te connen geschieden zegghende den ghe-
componeerden profijtelicken interest van 100. lb. op 6. maenden teghen 10. ten

100. t'siaers te wesen 4. lb. 17 8. 7% gr. ende van dry maenden 2. Ib. 8 8
25 &t etc.

T'welck wy door het Corollarium der 5. definitien ontkennen / ende breeder
redene daer af gheuen aldus.
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NOTE.
If it is required to know what is the interest of this example, subtract the 380 Ib

- 3142250 qp.. . . 3142250 PRI .
from the 875 1359256 Ib; the remainder is 495 535558 Ib, which is the interest

of eight years. The same method can also be followed in.all the followihg
examples. ' '

EXAMPLE 2.
It is required to know what a Principal of 800 Ib with its compound profitable

interest at the 15th penny 2 year will amount to in 16’T years. :

PROCEDURE.

On account of the half year, add one half to 15 (this 15 is on account of the
15th penny), which makes 15%, and thereafter multiply 3,560,740 (which is
the number corresponding to the 16th year in the table of the 15th penny) by 15.
This gives the product 53,411,100, which has to be divided by 15—12—. This gives the

quotient 3,445,877, which is a number corresponding to the IG%th year and

would be found between the 16th and the 17th year in the table of the 15th penny,
if the table had been made from one half year to the next. Thereafter say:

3,445,877 gives 10,000,000; what does 800 Ib give? This is 2,321 2113483 1p,

The same will also be the operation for all other parts of a year, for if over
and above a number of years there are three months, then (because three months
are one fourth of a year) it would be necessary to operate with one fourth, as it
has been done above with one half, and so on with any other part of a year, as
has been dealt with more fully in the 3rd example of the 2nd proposition.

NOTE.

Among those who in Arithmetic have written about interest none has come
to my notice who has dealt with interest in a subtler manner than Jan Trenchant.
This is an Arithmetic which is not a little esteemed by many people, for its third
edition has already been published. In this Arithmetic I have discovered a certain
error in the interest computation, which (since in view of the authority of the
book this error might be all the more detrimental) it does not seem inopportune
to set forth here, as follows. In the 3rd book,.chapter 9, section 10 Trenchant
says that in a part of the term, without any expired whole terms or term, compound
-profitable interest may be charged, saying that the compound profitable interest

on 100 Ib in 6 months at 10 per cent a year is 4 1b 17 sh. 7—;— d., and in 3 months
21b 8 sh. Z%d.,etc.

We deny this by the Sequel to the Sth definition, and we give our reasons for -
this more fully as follows.
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TEN IERSTEN]

Alle ghecomponeerden interest bestaet wt twee interesté [ d’eene van de Hooft-
somme | d’ander van interest van verschenen termijn.

Hier en is gheenen verschenen termijn | waer deur oock gheenen interest van
verschenen termijn.

Ergo ten is gheenen ghecomponeerden interest.

ITEM]

Alle ghecomponeerden profijtelicken interest is voor den crediteur profijtelicker
dan simpelen interest.

Desen interest en is voor den crediteur niet profijtelicker dan simpelen inte-
rest [ maer ter contrarien schadelicker. '

Ergo hier en is gheenen ghecomponcerden interest.

Schadelicker te zijn / blijckt daer wt [ dat Trenchant zeght ter plaetsen als bouen

desen ghecomponeerdé interest op een half iaer te zijne 4. lb. 17. 8. 7 % gr. wiens

simpelé interest bedraecht 5. Ib.

ITEM/

Op een heel iaer ofte termijn canmen gheen ghecomponeerden interest rekené |
als Trenchant zeluer niet en doet. Ergo veel min canmen ghecomponeerden inte-
rest op een dele des termijns rekenen. Concluderen dan van alle deel vi termijn
(wel verstaende deel van termijn dat alleene staet / dat is zonder eenich gheheel
termijn ofte termijnen tot hem) niet dan simpelen interest te connen gherekent
worden. :

Wt dit erreur is ghevolght das Trenchant int 11. art. des voornoemden capit-

tels gheseyt heeft 100. lb. ghereet ten eynde van 7% iacren rekenende ghecom-
poneerden interest teghen 10. ten 100. t'siaers weerdich te zijne 204. 1b. 7 8. 7 ;— gr.
welcke nochtans weerdich zijn (naer de leeringhe des voornoéden 2. exempels)

887l
sal ghedaen worden.

204. 1b. 12 8 3 2238358 o waer af de demonstratic ten eynde deser propositien

EXEMPEL 3.

Eenen is schuldich 1200. Ib. te betaelen ten eynde van 7. iaeren. De vraeghe
is wat die weerdich zijn te betaclen ten eynde van 23. iaeren rekenende ghecom-
poneerden interest tegen 8. ten 100. t'siaers.

CONSTRUCTIE.

Men sal sien in de tafel van 8. ten 100. wat ghetal datter respondeert op het
23. iaer | wordt bevonden 1703153. oock mede wat ghetal datter respondeert op
het 7. iaer | wordt bevonden 5834903. daer naer zalmen zegghen 1703153. gheuen

. 221617
5834903. wat gheuen 1200. 1b? facit 4111 e 1.

Ofte andersins (ende lichter ouermidts de multiplicatie door den wortel der
tafelen lichter is dan de voorgaende / want die gheschiet door aensettinghe alleene-
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FIRSTLY.

All compound interest consists of two interests, one on the Principal and the
other on the interest of the expired term, _

Here there is no expired term, so that there is no interest on an expired term
either. : .
Therefore there is no compound interest here.

ITEM.

All compound profitable interest is more profitable to the creditor than
simple interest.

This interest is not more profitable to the creditor than simple interest, but
on the contrary more detrimental.

Therefore this is no compound interest.

That it is more detrimental appears from the fact that Trenchant says in the
above-mentioned passage that this compound intetest is in half a year 4 1b 17 sh.

7% d., whilst the simple interest is 5 Ib.

ITEM.

In a whole year or term one cannot charge compound interest, as Trenchant
himself does not do.

Therefore, even less can one charge compound interest in a part of the term.

We therefore conclude that for any part of a term (i.e. part of a term that
stands by itself, to wit without any whole term or terms added thereto) nothing
but simple interest can be charged.

From this error it has followed that in the 11th section of the aforesaid

chapter Trenchant has said that 100 1b present value at the end of 7—;- years,
charging compound interest at 10 per cent a year, will be worth 204 Ib 7 sh.
7% d., whereas they are worth (according to the aforesaid 2nd example) 204 Ib

12 sh. 32;32223 d., the proof of which will be given at the end of the present

proposition.

EXAMPLE 3.

A man owes 1,200 1b, to be paid at the end of 7 years. What will they be
worth at the end of 23 years, charging compound interest at 8 per cent a year?

PROCEDURE.

Look up in the table of 8 per cent what number corresponds to the 23rd year.
which is found to be 1,703,153; also what number corresponds to the 7th year,
which is found to be 5,834,903. Thereafter say: 1,703,153 gives 5,834,903;

. > .. 221617
what does 1,200 Ib give? This is 4,111 222010 1b.

Or otherwise (and more easily, since multiplication by the root of the table
is easier than the preceding, for this is. done simply by adding seven 0’s) the
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lick van zeuen 0.) machmen rekeninghe maecken op 16. iacren [ te weten van het

1 381545

7. iaer tot het 23. sal bedraeghen door het 1. exempel deser prop. 4111 Smers

Ib. als voren.

EXEMPEL 4.

Eenen is schuldich 800. Ib. te betaelen ten eynde van 3. iaeren | ende noch 300. lb.
binnen 2. iaeren daer nae. De vraege is wat beyde dese sommen t’saemen weer- -
dich zullen zijnjten eynde van 15. iaeren rekenende ghecomponeerden interest
teghen 13. ten 100. t’siaers.

o CONSTRUCTIE. .
Men sal bevinden door het voorgaende 3. exempel dat de 800. Ib. zullen weer-

PR 991031 592674 T
dich zijn _’,467‘5.98907 lb. ende.de 300. Ib. 1018w welcke 2. sommen be-

dragende t'saemen 4485:2:2;3:0 Ib. is t'ghene de 800. 1b. ende de 300. Ib. t'saemen

binnen 15. iaeren weerdich zijn.

EXEMPEL 5.

Eenen is schuldich ghereet 224. 1b. Oft hy betaelde binnen 4. iaeren alle iaere
het vierendeel / te weten 56. 1b. midts iaerlicks betaelende den ghecomponeerden
interest teghen 12. ten 100. t'siaers. De vraeghe is wat hy jaerlicks zoude moeten
betaelen? ' . ’

CONSTRUCTIE.

Men zal aenmércken wat Hooft-somme datmen op elck iaer in handen houdt
diemen naer d’ierste conditie in handen niet en zoude ghehouden hebben / endé
vinden als dan den interest van elcke Hooft-somme op elck iaer. ~ -

Maer wanter op elck iaer maer betaclinghe te doen en is van Hooft-somme die
alleenelick een iaer gheloopen heeft | volght daer wt door het corollarium der 5.
definitien in dese ende derghelijcke conditien (hoe wel nochtans van ghecom-
poneerden interest veraccordeert is) onmeughelick te zijne ghecomponeerden in-
terest te rekenen / zoo dat dese questie moet ghesolueert worden door de maniere
des derden exempels der ierster propositien. Ende hebben dit exempel hier
alleenelick ghestelt als wesende een accident des interests weerdich ghenoteert.

EXEMPEL 6.

1

Eenen is schuldich binnen 12. iaeren 5000. lb. te weten alle iaere het s dat is

416. Ib. 13. 8. 4. gr. De vraeghe is wat die weerdich zijn teenemael ten eynde van
de 12. iaeren rekenende ghecomponeerden interest den penninck 15. t'siaers.

NOTA.

De solutie van dese ende derghelijcke questien in ghecomponeerden profijte-
licken interest en can door de laetste columne der voorgaende tafelé niet ghe-
solueert worden [ ghelijck der ghelijcke questien in schadelicken interest der volghen-
der 4. propositien daer mede ghesolueert worden Jende dat ouermidts de ghetaelen
der seluer columnen voor beyde als schadelicken ende profijtelicken interest niet
proportionael en zijn. Soo hebbe ick tot dier corsaecke oock ghecalculeert tafelen
als de voorgaende /dienende tot ghecomponeerden profijtelicken interest /| Maer eer
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computation can be made for 16 years, to wit from the 7th year to the 23rd.

381545
2918905 lb’

According to the 1st example of the present proposition this will be 4,111

as above.
EXAMPLE 4.

A man owes 800 b, to be paid at the end of 3 years, and another 300 Ib
2 years later. What will these two sums be worth together at the end of 15 years,
charging compound interest at 13 per cent a year? )

PROCEDURE.

‘_According to the foregoing 3rd example it will be found that the 800 Ib

. 991031 . 592674
will be worth 3»,4671598907 Ib and the 300 1b will be worth 1,018 2o 1b, a_nd
1583705

these two sums together amounting to 4,485 Zageo7 s this is the value of the
800 Ib and the 300 Ib together in 15 years. ’

EXAMPLE 5.

A man owes 224 b present value. If he paid in 4 years, every year one fourth,
to wit 56 1b, on condition of his paying yearly the compound interest at 12 per
cent a year, what would he have to pay every year?

- PROCEDURE.

A\

It has to be found what Principal one keeps every year which according to
the first condition one would not have kept, and then the interest on each
Principal in every year has to be found.

But because every year a Principal has to be paid which has been put out
at interest for one year only, it follows, according to the Sequel to the Sth
definition, that in the present and similar conditions (although an agreement
for compound interest has. been made) it is impossible to charge compound
interest, so that this question has to be solved in the manner of the third
example of the first proposition. And we have merely given this example as
an accidental feature of interest, worthy to be recorded.

EXAMPLE 6.

A man owes 5,000 lb, to be paid in 12 years, to wit: every year one twelfth,
ie. 416 1b 13 sh. 4 d. What will they be worth together at the end of the 12
years, charging compound interest at the 15th penny a year?

NOTE.

The solution of this and similar questions of compound profitable interest
cannot be effected by means of the last column of the foregoing tables in the
same way as similar questions of detrimental interest of the following 4th pro-
position can be solved therewith, such because the numbers of the said column
are not proportional for detrimental as well as profitable interest. For this reason
I have also computed tables like the foregoing, serving for compound profitable
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dit tractaet wtghegaen is / ben ghecomen ter kennisse van solutie van dese questie
op een ander maniere | te weten zonder eyghene tafelen daer toe te moeten hebben:
Waer door op dat dit tractaet simpelder zoude zijn | ende dat die verscheyden
tafelen niet eer oorsaecke en zouden zijn van confusie dan ter contrarien van
claerheydt [ en hebben de zelue tafelen hier niet beschreuen / dan alleenelick op dat
wy bethoonen zouden der seluer tafelen constructie / proportie | ende eyghenschappen
met d’ander voorgaende tafelen [ zullen hier alleenelick dier tafelen een stellen /
te weten van den penninck 15.

CONSTRUCTIE VAN DESE TAFELE.

Deser tafelen constructie en heeft van de andere voorgaende gheen ander ver-
schil / dan dat hier altijdt ghemultipliceert wordt (ter contrarien van de voor-
gaende tafelen) met het meeste ghetal | ende ghediuideert door het minste. Als
dese tafel van den penninck 15. zijn ten iersten 10000000. ghemultipliceert met
16. ende t'productum wederom ghediuideert door 15. gheuende quotii 10666667.
voor d’ierste iaer [ welck ghetal wederom ghemultipliceert met 16. efi t'productum
wederom ghediuideert door 15. gheeft den quotus het tweede iaer | efi soo voort
met d’ander. Aengaende de constructie der laetster columnen /[ de zelue gheschiet
door additien der ghetaelen der middelste columné | ghelijck in de voorgaende ta-

felen | wtgenomen datmen hier bouen d'ierste iaer der middelste columnen sal
stellen den wortel der tafelen | te weten 10000000. efi de zelfde wortel noch een-
mael bouen de laetste columne neuen het ierste iaer [ ende voort salmen ordentlick
de ghetaelen der middelste columnen adderen als in de voorgaende tafelen ghe-
daen is [ zoo claerlicker in de onderschreuen tafele blijckt.
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interest. But before the publication of this -treatise another solution of this
question came to my notice, to wit one for which no separate tables are needed.
Therefore, in order that this treatise might be simpler and those different tables
should ‘not create confusion rather than clarity, we have not described the said
tables here. But only in order to show their construction, proportion, and pro-
perties as compared with the other (foregoing) tables, we shall here give only
one of these tables, to wit for the 15th penny. o

CONSTRUCTION OF THIS TABLE.

The construction of this table differs from- that of the other foregoing ones only
in that here the multiplication-is always effected (contrary to the foregoing tables)
by the greatest number and the division by the smallest. Thus in this table of
the 15th penny first of all 10,000,000 has -been multiplicd by 16 and the pro-
duct divided again by 15, giving the quotient 10,666,667 for the first year, and
when this number is multiplied again by 16 and the produet ‘divided again by
15, this gives the quotient for the second year, and so on with the others. As for
the construction of the last column, this is effected by addition of the numbers
of the central column, as in the preceding tables, except that here above the
first year of the central column has to be put the root of the tables, to wit
10,000,000, and the said root once more above the last column, opposite the
first year, and further the numbers of the central column have to be properly
added up, as has been done in the preceding tables, as appears more clearly in
the following table. -
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Tafele van Interest van

den penninck 15.

10000000
10666667.
11377778.
12136297.
12945383.
13808409.
14728970.
15710901.
16758294.
17875514.
19067215.
20338363.
21694254.
23140538.
24683241.
26328790.
28084043.
29956313.
31953401.
34083628.
36355870.
38779595.
41364901.
44122561.
47064065.
50201669.
53548447.
57118343.
60926233,
64987982.
69320514.

10000000.
20666667.
32044445.
44180742.
57126125,
70934534,
85663504.
101374405.
118132699.
136008213
155075428.
175413791.
197108045.
220248583.
244931824.
271260614.
299344657.
329300970.
361254371.
395337999.
431693869.
470473464.
511838365.
555960926.
603024991.
653226660.
706775107.
763893450.
824819683,
889807665.
959128179.
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De proportie van dese tafele met de voorgaende van den pennick 15. is dese:
Soo wy nemen wt elcke deser tafelen twee ghelijcke iaeren | haere responderende
ghetaclen in de middelste columne zullen zijn proportionael: als by exempel het
dertichste iaer deser tafelen heeft alzulcken reden tot zijn ierste iaer | ghelijck
d'ierste jaer van de voorgaende tafel van den penninck 15. tot zijn dertichste iaer /
dat is ghelijck 69320514. tot 10666667. alsoo 9375000. tot 1442573. gheweert
ecnighe differétie die daer valt op de lactste letter spruytende van weghen de
resterende gebroken die men in de constructie verloré Jaet | welck verschil hier van
gheender estimen en is. Item ghelijck het dryentwintichste iaer deser tafelen tot
zijn vijfde iaer / alsoo oock het vijfde iaer der voorgaender tafel van den penninck
15. tot zijn 23. iaer | ende zoo voort met alle d’ander.

Wt welcke proportie volght dat wy met eene deser tafelen zoo vele wtrichten
connen | als men met alle beyde de tafelen zoude moghen doen | Maer in de
laetste columne en gaet het niet also | te weten de ghetaclen responderende in
ghelijcke tafelen op ghelijcke iacren en zijn niet proportionael, Ghelijckerwijs als
het dertichste iaer der laetster columnen deser tafele en heeft niet alzulcken reden
tot zijn ierste | ghelijck het jerste iaer van de voorgaende tafel van den penninck
15. tot zij nlaetste / noch ter contrarien | noch op eenighe ander manieren en val-
len dese termijnen proportionael | 't welck een oorsaccke was dat wij dese tafelen
maeckten als voren gheseyt is.

Om dan de questie van dit exempel te solueren door dese tafel | salmen in de
zelue zien wat ghetal datter in de laetste columne respondeert op het 12. iaer /
wordt bevonden 175413791. daer naer van weghen de 12. iacren [ salmen nemen
twaelf mael den wortel te weten 10000000. dat is 120000000. segghende
120000000. comen van 175413791. waer van zullen comen 5000 lb? facit

108055 : 91
7308 (oot 1b. dat is 7308 Ib. 18. 8. 17 gr.

Nu rester noch dese questie te solueren door onse ierste tafelé | de welcke wy
voren gheseyt hebben generael te zijne | aldus:

CONSTRUCTIE VAN DIT 6. EXEMPEL.

Men sal sien wat alsulcke 5000. 1b. ghereedt weerdich zijn naer de leeringhe des
6. exempels der volghende 4. propositie (tis wel waer dat in alle stijl gherequireert
wordt datmen opereren zoude daert moghelick is wt voorgaende’ descriptie | ende
niet wt volghende / maer ouermidts onse tafelen dienen tot dese ende de volghende
propositie | dat is soo wel tot ghecomponeerden profijtelicken interest als tot
schadelicken | volght daer wt dat dese twee lactste propositien malckanderen
verclaeren moeten | waer wt wijder volght dat sommighe operatien deser propo-

6275 1b.

sitien moeten bewesen worden wt het volghende) wordt bevondé 3369—-—120000

Daer naer salmen sien wat dese somme weerdich is binnen 12. jaeren daer
naer teenemael/ wordt bevonden door het ierste exempel deser proposition

5024756 : 15386
73085517y, b dat is.als voren 7308. lb. 18. 8. 250 gr.

differentie van een zeer cleyn deelken van 1. gr. van gheender estimen | ende dat
van weghen dat de wterste perfectie (ghelijck oock in tabula sinuum ende veel
anderen) in de tafelen niet en is.

alleenelick isser
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The proportionality of this table to the foregoing one of the 15th penny is
as follows: If we take two similar years from each of these tables, their corre-
sponding numbers in the central column will be proportional. Thus, for example,;
the thirtieth year of the present table has to its first year the same ratio as the
fiest year of the foregoing table of the 15th penny to its thirtieth year, i.e.
69,320,514 : 10,666,667, thus 9,375,000 : 1,442,573, except for some difference
Jdn the last digit, occasioned by the remaining fractions which are omitted in the
construction, a difference which is insignificant here. Likewise, as the twenty- .
third year of this table is to its fifth year, thus also the fifth year of the preceding
table of the 15th penny to its 23rd year, and so on with all the others.

From this proportionality it follows that with one of these tables we can
effect as much as we might do with the two tables. But in the last column this:
is not possible, to wit: the numbers corresponding in similar tables to similar
years are not proportional. As the thirtieth year of the last column of this table
does not have to its first the same ratio as the first year of the foregoing table.
of the 15th penny to its last, these terms are proportional neither inversely
nor in any other manner, which was the reason why we made these tables, as
has been said above. .

In order therefore to solve the question of this example by means of this.
table, it has to be ascertained therein what number in the last column corre-
sponds to the 12th year. This is found to be 175,413,791. Thereafter, on account
of the 12 years, one has to take twelve times the root, to wit 10,000,000, which
is- 120,000,000, saying: 120,000,000 comes from 175,413,791; what will 5,000

P 108055 : 91
1b come from? This is 7,308 5000 Ib, that is 7,308 1b 18 sh. 1356 d.

Now it still remains to solve this question by means of our first tables, which
we have said above to be general, as follows:

PROCEDURE OF THIS 6th EXAMPLE.

‘Find what is the present value of this 5,000 Ib according to the 6th example
of the following 4th proposition (it is true that in good style it is required that,
if possible, operations should be based on a preceding description, and not on a
succeeding one, but since our tables serve for the present as well as for the
following proposition, i.e. both for compound profitable and for detrimental
interest, it follows that these two last propositions have to explain one another,
from which it further follows that some operations of this proposition have to

be proved from the following); this is found to be 3,369%1 1b.
Thereafter find what this sum will be worth 12 years later. By the first
5024756

5531418 Ib, that is, as above,

example of this proposition this is found to be 7,308

7,308 1b 8 sh. 2% d.; there is only a difference of a very small fraction of

1 d., of no significance, such because there is no extreme perfection in the tables
(just as in sine tables and many others).




94

. NOTA.
De 'volghende exempelen dependeren ex alterna vel inuersa proportione deser
propositien. ) '
EXEMPEL 7.

Eenen is schuldich ghereedt 400. lb. presenteert ten eynde van 10. iaeren
1037. Ib. De vraeghe is | tegen wat ghecomponeerde interests reden dat betaelt ware.

CONSTRUCTIE.

Men sal segghé 1037. Ib. gheuen 10000000. wat gheuen 400. lb? facit 3857281.
tzelfde ghetal salmen ten naesten zoecken door alle de tafelen op het thiende
iaer | wordt bevonden in de tafel van 10. ten 100. al waer men vindt 3855434.
waer door men zegghen zal dese interests reden te zijne teghen 10. ten 100.
t'siaers bycans | maer want 3855434. wat minder zijn dan-3857281. soo zalmen
zegghen dese interests reden een weynich minder te zijne dan teghen 10. ten 100.

Maer tot een perfecte solutie deser ende dergelijcke questien | ist noodich dat
“men onder zijn tafelen hebbe een tafel van alzulcken interests reden als daer questie
af is | dies niet / zoo en kanmen de solutie maer bycans zegghen / t'welck in de prac-
tijcke oock dickmael ghenoech is.

EXEMPEL 8.

“Men begheert te weten hoe langhe 800. lb. loopen zullen teghen ghecompo-
neerden profijtelicken interest van den penninck 17. t'siaers | om met haeren in-
terest t’saemen weerdich te zijne 2500. Ib. :

- CONSTRUCTIE.

Men sal zegghen 2500. lb. geué 10000000. wat gheuen 800. Ib? facit 3200000.
t'zelfde ghetal salmen zoecken ten naesten ende meerder in de tafel van den
penninck 17. wordt bevonden 3375606. responderende op het 19. iaer. Ergo 19.
iaeren zullen de 800. Ib. loopen. Maer om nu te vinden wat deel des iaers de
voornoemde 800. Ib. noch te loopen hebben / zoo zalmen de 3375606. multipli-
ceren met 17. (met 17. van weghen den penninck 17.) gheeft productum

57385302. t'zelue zalmen dinideren door de 3200000. gheeft quotum 17 Zggggg:

welcke 17. men verlacten zal ende hebben alleene opsicht op het ghebroken /
welcke ons alzulck een deel des iaers beteeckent als de 800. lb. noch bouen de

2985302
3200000

. A
1aere.

19. iaeren te loopen hebben | te weten in als 19

EXEMPEL 9.

Eenen ontfangt 700. lb. voor ghecomponeerden profijtelicken interest tegen
13. ten 100. t'siaers voor 9. iaeren. De vraeghe is wat d’Hooft-somme was.

CONSTRUCTIE.

Men zal zien in de tafel van 13. ten 100. wat ghetal datter respondeert op 9.
iaeren | wordt bevonden 3328849. t'zelfde zalmen trecken van 10000000. rest
6671151, daer naer salmen zegghen | interest 6671151 heeft Hooft-somme 3328849.

- wat Hooft-somme zal hebben interest 700. 1b? facit 349;——-2:??2: Ib.
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NOTE.

The following examples depend on this proposition in alternate or inverse
proportion.

EXAMPLE 7.

A man owes 400 Ib present value and pays at the end of 10 years 1,037 Ib.
What was the rate of compound interest in this payment?

PROCEDURE.

Say as follows: 1,037 lb gives 10,000,000; what does 400 Ib give? This is
3,857,281. Seek a number as close as possible to this through all the tables at
the tenth year. It is found in the table of 10 per cent, where the number 3,855,434
is found. Therefore it has to be said that this rate of interest is almost 10 per
cent a year, but because 3,855,434 is a little less than 3,857,281, it has to be
said that this rate of interest is slightly less than 10 per cent.

But for a perfect solution of this and similar questions it is necessary to have
among one’s tables a table of the same rate of interest as that under consideration.
If this is not the case, the solution can only be given approximately, which in
practice is often sufficient.

EXAMPLE 8.

It is required to know how long 800 Ib has to be put out at compound profit-
able interest of the 17th penny a year in order that its value together with that
of its interest may be 2,500 lb. ) ' i

PROCEDURE.

Say as follows: 2,500 b gives 10,000,000; what does 800 lb give? This is
3,200,000. Seek a number as.close as possible to and higher than this in the
table of the 17th penny. We find ‘3,375,606, corresponding to the 19th year.
Therefore the 800 Ib has to be put out for 19 years. But in order to find for
what part of a year the aforesaid 800 1b still has to be put out, multiply the
3,375,606 by 17 (by 17 on account of the 17th penny); this gives the product

57,385,302. Divide this by the 3,200,000; this gives the quotient 17233530 The
17 has to be discarded and reference has to be made only to the fraction, which
indicates that part of a year for which the 800 Ib still has to be put out over

2985302
3200000

and above the 19 years, to wit: 19 years in all.

EXAMPLE 9.

A man receives 700 lb for compound profitable interest at 13 per cent a year
for 9 years. What was the Principal ?

PROCEDURE.

Look up in the table of 13 per cent what number corresponds to 9 years. This
is found to be 3,328,849. Subtract this from 10,000,000. The remainder is
6,671,151. Thereafter say: an interest of 6,671,151 has for Principal 3,328,849;

what Principal will an intérest of 700 lb have? This is 349 ézgffg: Ib.
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DEMONSTRATIE.

Ghelijck int ierste, exempel deser propositien hem heeft. t'ghereede tot het
ghene verschijnen zal binnen 8. jacten daer naer rekenende profljtehcken interest
teghen 11. ten 100. t’siaers (want zulck is de conditie des voornoemden exempels)
alsoo heeft hem 4339266. tot 10000000. door de tafelé | ende zoo hem heeft

4339266. tot 10000000. alsoo heeft hem oock 380. Ib.- tot 875 Z;;;;gg Ib. door
3142250

T33996 1D- is des iersten exempels waere solutie. Sgheh)cks

zal ook zijn de demonstratie van alle die ander exempelen [ welck wy om de cort-
heyt hier achter laeté. Alsoo dan wesende verclaert Hooft-somme tijdt ende in-
terests reden van ghecomponeerdé profijtelicken interest /| hebben wy ghevonden
wat d’Hooft-somme met haeren interest bedraecht | t'welck gheproponeert was alsoo
ghedaen te worden.

de constructie. Ergo 875

PROPOSITIE IIII.

Wesende verclaert Hooft-somme tijdt ende interests reden van ghecornponeer-
den schadelicken interest: Te vinden wat die ghereet ghelt weerdt is.

EXEMPEL 1.

Het zijn 700. 1b. te betaelen ten eynde van thien iaeren. De vraeghe is wat
die ghereet weerdich zijn | aftreckende ghecomponeerden interest teghen 12. ten
100. t’siaers.

CONSTRUCTIE.

Men sal sien in de tafel van 12. ten 100. wat ghetal datter respondeert op de
10. iaeren | wordt bevonden 3219732. waer door men segghen zal 10000000.

gheuen 3219732. wat gheuen 700. Ib? facit 225 13;)80102040 Ib.

o EXEMPEL 2.
Het zijn 600. Ib. te betaelen binnen 13% iaeren. De vraeghe is wat die weer-

dich zijn ghereedt aftreckende ghecomponeerden interest teghen 14. ten 100.
t’siaers.
. CONSTRUCTIE.

Men sal zien in de tafel van 14. ten 100. wat ghetal datter respondeert op het
13. iaer | wordt bevonden'1820695. t'zelfde zalmen multipliceren met 100. gheeft
productum 182069500. t'welck men diuideren zal door 107. (te weten met 100.
| ende 7. daer toe ghedaen van weghen een half jaer interest) gheeft quotum
1701584. t'welck een ghetal is dat in de tafel responderé zoude op het 13—‘21261‘ /
by aldien de tafelen met halue iaeren ghemaeckt waeré; daer naer salmen seggen
10000000. gheuen 1701584. wat gheuen 600. 1b? facit 1023202 Ib.

S'ghelijcks zal oock zijn d’operatie in alle andere deelen des iaers [ want waeren-
der tot eenighe iaeren dry maenden | zoo zoudemen (om dat 3. dry maenden is
een vierendeel iaers) dan diuideren (in de plaetse daer bouen met 107. ghediui-

deert is) met 103—2— | ende soo voorts met alle ander deel des iaers | ghelijck van
deser ghelijcke breeder ghetracteert is int 3. exempel der 2. propositien.
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PROOF.

* As in the first example of this proposition the present value is to that which
will expire in 8 years, charging profitable interest at 11 per cent a year (for that
is the condition of the aforesaid example), thus 4,339,266 is to 10,000,000 by

the tables. And as 4,339,266 is to 10,000,000, thus also 380 Ib to 8753L2250 1

-by the procedure. Therefore 875 2;;;;23 Ib is the true solution of the first example.

The same will also be the proof of all the other examples, which we here omit
for brevity's sake. Hence, given Principal, time, and rate of compound profitable
interest, we have found what the Principal with its interest amounts to, which
had been proposed to be done.

PROPOSITION 1IV.

Given Principal, time, and rate of compound detrimental interest: to find what
is the present value.

EXAMPLE 1.

. A sum of 700 Ib is to be paid at the end of ten years. What is its present
value, subtracting compound interest at 12 per cent a year?

PROCEDURE
. Look up in the table of 12 per .cent what number corresponds to the 10 years.
Thxs is found to be 3,219,732. Therefore say: 10,000,000 gives 3,219,732; what

does 700 Ib give? This is 22513(;30102040 Ib. .

EXAMPIE 2.

A sum of 600 Ib is to be paid in 13—;-‘ years. What is its present value, sub-
tracting compound interest at 14 per cent a year?

PROCEDURE.

Look up in the table of 14 per cent what number corresponds to the 13th
year. This is found to be 1,820,695. Multiply this by 100. This gives the pro-
duct 182,069,500, which divide by 107 (to wit, by 100 with 7 added thereto,
because of half a year’s interest). This gives the quotient 1,701,584, which is a
number which in the table would correspond to the 131?th year, if the tables had
be’en made with half &ears Thereafter say: 10,000,000 gives 1,701,584; what

9504
does 600 1b give? This is 102 oers 1b.
. The same will also be the operation for all other parts of a year, for if over
and above a number of years there wete three months, the division would then
(because 3 months is one fourth of a year) have to be effected (instead of the

above division by 107) by 1031 ; and so on with all other parts of a year, as
has been discussed more fully in the 3rd example of the 2nd proposition.
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EXEMPEL 3.

Eenen is schuldich te betaclen binnen 5. iaeren 800. Ib. ende binnen 4. iaeren
daer naer noch 600. Ib. De vraeghe is wat die t'saemen ghereedt weerdich 2zijn /
aftreckende ghecomponeerden interest teghen 15. ten 100. tsiaers.

CONSTRUCTIE.

De 800. Ib. op 5. iaeren zullen ghereedt weerdich zijn door het ierste exempel
deser propositien 397 17;304;6 Ib. ende de 600. Ib. op 9. iaeren zullen ghereedt
weerdich zijn door t'voornoemde jerste exépel 170

bedraeghende t’sacmen 568 22888 |b. is de solutie.

55744 R
100000 1b. .welcke twee sommé

100000

EXEMPEL 4.
Eenen is schuldich 2000. lb. te betaclen ten eynde van 27. iaeren. De vraeghe
is wat die weerdich zijn te betaclen ten eynde van 9. iaeren aftreckende ghe-
componeerden interest den penninck 19.

CONSTRUCTIE.

Men zal zien in de tafel van den penninck 19. wat ghetal datter respondeert
op het 9. iaer / wordt bevonden 6302494. Oock mede wat ghetal datter respondeert
op het 27. iaer | wordt bevonden 2503440. daer naer salmé zegghen 6302494.

gheuen 2503440. wat gheuen 2000. lb? facit 794 ggggzg—: Ib.

Ofte anders machmen doen aftreckende voor 18. iaeren door het 1. exempel
deser propositien.

EXEMPEL 5.

Eenen is schuldich te betaelen ten eynde van vier iaeren 360. Ib. veraccordeert
met zijnen crediteur die te betaelen in 4. payementen [ te weten ten eynde van
d’ierste iaer een vierendeel | tweede iaer noch een vierendeel / ende t'derde iaer
noch een vierendeel [ ende t'vierde iaer t'laetste vierendeel / midts aftreckende ghe-
componeerden interest den penninck 16. De vraeghe is wat hy op elck iaer
betaelen zal?

CONSTRUCTIE.

Men zal aenmercken wat penninghen datmen naer dese conditie verschiet
diemé naer d'ierste conditie niet en zoude verschoten hebbé | nu dan wantmen
naer dese conditie binnen een iaer betaelt t'vierendeel der sommen bedraeghende
90. Ib. midts aftreckéde | etc. die mé naer d’ierste conditie binné 3. iaeren naer
daer ierst zoude betaelt hebben | volght daer wt datmen zien zal wat 90. Ib. te betaelé
binnen 3. iaeren [ weerdich zijn ghereedt / wordt bevonden door het ierste exempel

o 33585 ’
deser propositien 75mlb. voor d’ierste paye.

Ende om der ghelijcke redenen zalmen bevinden 90. lb. op 2. iaeré weerdich

. 723188
te ziyne 79 155000

Ende om der ghelijcke redenen zalmen bevinden 90. Ib. op een iaer weerdich

Ib. voor de tweede paye.

te zijne 8412 lb. voor de derde paye.
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‘EXAMPLE 3,

A man owes 800 Ib, to be paid in 5 years, and another 600 b 4 years later.
What is the present value of the two together, subtracting compound interest at
15 per cent a year?

PROCEDURE.

The present value of the 800 Ib to be paid in 5 years by the first example

14144
Toooos LP and the present value of the 600 b to be

paid in 9 years by the aforesaid first example will be 170:’0"’070"01‘0 Ib, and these
29888

two sums together amounting to 568 {5005 1b» this is the solution.

of this proposition will be 397

EXAMPLE 4.

A man owes 2,000 lb, to be paid at the end of 27 years. What is the value to
be paid at the end of 9 years, subtracting compound interest at the 19th penny?

- PROCEDURE.

Look up in the table of the 19th penny what number cortesponds to the 9th
year; this+is found to be 6,302,494. Also what number corresponds to the 27th
year; this is found to be 2,503,440. Thereafter say: 6,302,494 gives 2,503,440;

what does 2,000 Ib give? This is 794 zgggzgi 1b.

Or otherwise it may be done by subtracting for 18 years, according to the 1st
example of this proposition.

EXAMPLE 5.

A man owes 360 lb, to be paid at the end of four years. He agrees with his
creditor to pay them in 4 payments, to wit at the end of the first year one fourth,
the second year again one fourth, and the third year again one fourth, and the
fourth year the last one fourth, subtracting compound interest at the 16th penny.
What does he have to pay every year?

PROCEDURE.

It has to be found what money is disbursed according to this condition which
would not have been disbursed according to the first condition. Now because
according to this condition in a year one fourth of the sum is paid, which amounts
to 90 Ib, subtracting, etc., which according to the first condition would not have
been paid until 3 years later, it follows that it has to be found what is the
present value of 90 Ib to be paid in 3 years. By the first example of this pro-

33585
1000000

And for similar reasons the present value of 90 Ib-to be paid in 2 years will
be found to be 79%0108080 Ib for the second payment.
And for similar reasons the present value of 90 Ib to be paid in one year will

be found to be 84:—3 Ib for the third payment.

position this is found to be 75

Ib for the first payment.
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Ende want de laetste paye op zulcken conditie betaelt wordt als d’ierste con-
ditie was | en zal die winnen noch verliesen / maer zijn van 90. 1b. .

EXEMPEL 6.

Het zijn 324. Ib. te betaelen binnen 6. iaeren [ te weten 54. Ib. elcken iaere. De
vraeghe is wat die weerdich zijn ghereedt ghelt | aftreckende gecomponeerden
interest dé penninck 16. t'siaers.

NOTA.

Voor alzulcke questien als dit exempel een isjte weten daer betaelinghe in ghe-
schieden op vervolghende iaeré | ende het een iaer z0o veel als het ander iaer [ daer
toe dient ons de laetste columne in elcke tafele. Alsoo dan om wt onse tafelen
proportionale ghetaelen te crijghen met de ghene daer questie af is / soo salmen
den wortel der tafelen te weten 10000000. altijdt moeten multipliceré met soo veel
iaeren als daer questie af is / want t'productum heeft dan zulcken reden tot het
ghetal responderende op het iaer daer questie af is / ghelijck d’'Hooft-somme met
haeren interest | ghelijck alles claerder zijn zal wt d’exempelen.

CONSTRUCTIE.

Men zal zien in de tafel van den penninck 16. wat ghetal datter in’ de laetste
columne respondeert op het 6. iaer | wordt bevonden 48789356. Daer naer van
weghen de 6. iaeren salmen nemen 6. mael 10000000. dat is 60000000. seggende

60000000 gheuen 48789356, wat gheuen 324. 1b? facit voor solutie 2633704344 1p,

EXEMPEL 7.

Eenen is schuldich 800. lb. te weten ten eynde van zes jaeren 50. lb. ende
voorts alle iaere daer naer 50. lb. tot de volle betaelinghe | welck strecken zal (tel-
lende van het beghinsel af) tot het tween twintichste iaer. De vraeghe is wat
die ghereedt weerdich zijn | rekenende gecomponeerden interest den penninck 18..

CONSTRUCTIE.

Men zal zien wat 800. Ib. weerdich zijn int beghinsel van het zesde iaer / t'welck
200 veel is als oftmen zochte wat alzulcke 800. Ib. te betaelen op 16. iaeren weet-

dich zijn ghereedt / wordt bevonden door het voorgaende 6. exempel 521%1&

ende soo veel zijn die 800. lb. weerdich int beghinsel van het zeste iaer ofte (dat
het zelfde is) ten eynde van het vijfde iaer.
Daer naer zalmen zien door het ierste exempel deser propositien wat de zelfde

521 13252 1 op vijf iacren weerdich zijn ghereedt ghelt / wordt bevonden voor

160000
. 1039615363808
solutie 397 1600000000000 1b.
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And because the last payment is made on the same condition as the first, this
will neither gain nor lose, but be 90 Ib. :

EXAMPLE 6.

A sum of 324 Ib is to be paid in 6 years, to wit each year 54 Ib. What is
their present value, subtracting compound interest at the 16th penny a year?

NOTE.

For all such questions as this example, to wit where payments are made in
successive years, one year as much as the other, the last column in each table
serves. Therefore in order to obtain from our tables numbers proportional to
‘those under consideration, the root of the tables, to wit 10,000,000, will always
have to be multiplied by as many years as are under consideration, for the product
then has to the number corresponding to the year in question the same ratio as
the Principal in question to this Principal with its interest, as will all be clearer
from the examples.

PROCEDURE 1).

Look up in the table of the 16th penny what number in the last column
corresponds to the Gth year. This is found to be 48,789,356. Thereafter, on ac-
count of the 6 years, take 6 times 10,000,000, that is 60,000,000; and say:
60,000,000 gives 48,789,356; what does 324 Ib give? The solution is

27754344
263 600000600 Ib.

EXAMPLE 7.

A man owes 800 Ib, to wit at the end of six years 50 Ib and further every year
thereafter 50 1b until payment is complete, which will extend (counting from the
beginning) to the twenty-second year. What is the present value, charging com-
pound interest at the 18th penny? : .

PROCEDURE.

It has to be found what is the value of 800 Ib at the beginning of the sixth
year, which is as much as if it were sought what is the present value of that
800 Ib, to be paid in 16 years. By the foregoing 6th example this is found to

be 521 11630105020 Ib, and this is the value of that 800 Ib at the beginning of the
sixth year, or (which is the same) at the end of the fifth year.
Thereafter it has to be found by the first example of this proposition what is

the present value of the said 521% Ib to be paid in five years. The solution

. 1039615363808
is found to be 397 1650050005500 1b.

1) The French edition of 1585 omits, as everywhere else, the refetence to Trenchant
(Seethe Introduction, p. 19). A note was added, which will be found in the Supplement,




102

NOTA.

De volghende exempelen dependeren ex alterna vel inuersa proportione deser
propositien. .

EXEMPEL 8.

Eenen is schuldich ten eynde van 17 iaeren 700. lb. zijn crediteur schelt hé quijte
met 292. lb. ghereedt. De vraeghe is teghen wat ghecomponeerde interestsreden
dat afghetrocken waere. :

CONSTRUCTIE.

Men zal zegghen 700. Ib. gheué 10000000. wat 292. Ib? facit 4171429. t'’zelfde
ghetal zalmen zoecken ten naesten door alle de tafelen op het zeuenthiende iaer;
wordt bevonden in de tafel van den penninck 19. daermen vindt 4181203. waer
door men zegghen zal dese interestsreden te zijne tegé den penninck 19. t'siacrs
bycants | maer want 4171429. wat minder is dan 4181203. soo salmen segghen
desen penninck een weynich minder te zijne dan 19. te weten den penninck 18.
met eenich ghebroken. ' :

Maer tot een perfecte solutie deser ende dergelijcke questien / ist noodich datmen
onder zijn tafelen hebbe een tafel van alzulcken interest reden als daer questie af
is [ dies niet / z00 en kanmé de solutie maer bycants zegghen | t'welck in de
practijcke oock dickmael ghenoech is.

EXEMPEL 9.

Eenen is schuldich te betaclen teenemael binnen zekere iaeren 1400. lb. ende
betaelt die ghereedt met 107. lb. aftreckende ghecomponeerden interst teghen
13. ten 100. t'siaers. De vraeghe is binnen hoe veel iaeren die 1400. lb. te be-
taelen waeren. ’

CONSTRUCTIE.

Men zal zegghen 1400. lb. gheué 10000000. wat 107. 1b? facit 764286. t'zelfde
ghetal salmen soecken ten naesté ende meerder in de tafel van 13. ten 100. wordt
bevonden 767985. responderende op het 21. iaer. Ergo binnen 21. iaeren waeren
de 1400. lb. te betaelen. Ende om nu te vinden wat deel des iaers datter bouen
de voor noemde 21. noch was | salmen zegghen 764286. gheuen 767985. wat 100?

o 369900 : ;. 369900
facit 1005572 van welcken facit men trecken zal 100. de reste is Tooee welcker
resten 115 1i3 van weghen 13. ten 100.) is het deel des iaers datter noch bouen
. , 369900 - )
de 21. jaeren was [ te weten t'saemen 21 - 1acren.
EXEMPEL 10.

Eenen ontfangt 1100. lb. ende hem was afghetrocken ghecomponeerden in-
terest teghen den penninck 16. voor 18. iaeren. De vraeghe is / wat d’Hooft-
somme was.

CONSTRUCTIE.

Men zal zien in de tafel van den penninck 16. wat ghetal datter respddeert op
het 18. iaer [ wordt bevonden 3357988. Daer naer zalmen zegghen 3357988. comen

van 10000000. waer van comen-1100. 1b? facit d’'Hooft-somme 3275 g-g%gg% 1b.
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NOTE.

. The following examples depend on this proposition in altemate or inverse-
proportlon
EXAMPLE 8.

A man owes 700 lb, to be paid at the end of 17 years. His creditor quits him
with 292 Ib present value. What is the rate of compound interest at which the
subtraction has been made?

PROCEDURE.

Say as follows: 700 lb gives 10,000,000; what does 292 Ib give? This is
4,171,429. Seck a number as close as possible to this throughout the tables at
the seventeenth year. It is found in the table of the 19th penny, where is found
4,181,203, for which reason it has to be said that this rate of interest is almost
at the 19th penny a year, but because 4,171,429 is slightly less than 4,181,203,
it has to be said that this penny is a little less than 19, to wit the 18th penny
with a fraction.

But for a perfect solution of this and similar questions it is necessaty to have
among one’s tables a table of such a rate of interest as the one in question. If
this is not the case, the solution can only be given approximately, which in
practice is often sufficient.

EXAMPLE 9.

A man owes 1,400 Ib, to be paid at once after a certain number of years, and
pays their present value of 107 Ib, subtracting compound interest at 13 per cent
a year. After how many years was this- 1,400 b to be paid?

PROCEDURE.

© Say as follows: 1,400 Ib gives 10,000,000; what does 107 Ib give? This is
764,286. Seek a number as close as p0551b1e to and higher than this in the table
of 13 per cent. There is found 767,985, corresponding to the 21st year. There-
fore the 1,400 lb had to be paid in 21 years. And in order to find what part
of a year there was over and above the aforesaid 21, say: 764,286 gives 767,985;

what does 100 give? This is 100322233, from which 100 has to be subtracted.

: ce 369900
The remainder is Zo2e, 1 3 of which remainder (—- on account of 13 per cent)
is the part of a year there was over and above the 21 years, to wit: together
369900
21 3935715 YEArs:

EXAMPLE 10.

A man receives 1,100 Ib, cbmpound interest at the 16th penny for 18 years
having been subtracted. What was the Principal?

PROCEDURE.

Look up in the table of the 16th penny what number corresponds to the 18th
year. This is found to be 3,357,988. Thereafter say: 3,357,988 comes from

10,000,000; what does 1,100 1b-come from? The Principal is 3,275 ;‘;’ggggg Ib.
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EXEMPEL 11.

Eenen wordt afghetrocken 2022. Ib. voor ghecomponeerden interest van 13.
iaeren tegen 9. ten 100. t'siaers. De vraeghe is wat d'Hooft-somme was.

{
CONSTRUCTIE.

Men zal zien ‘in de tafel van 9. ten 100. wat ghetal datter respondeert op het
13, iaer [ wordt bevonden 3261786. t'zelfde zalmen trecken van 10000000. Ib. rest
6738214. Daer naer salmen segghen 6738214. heeft Hooft-somme 10000000.

wat Hooft-somme zal hebben 2022. Ib? facit 300023323‘:2 1b.

NOTA.

Dese dry volghende  exempelen worden ghesolucert door de laetste columne
der tafelen.

EXEMPEL 12.

Eené is schuldich 33000. lb. alle iaere 1500. lb. tot 22. jaeren toe/ende zijn
crediteur schelt hem quijte met 15300. lb. ghereedt ghelt. De vraeghe is teghen
wat ghecomponeerde interestsreden dat afghetrocken is.

CONSTRUCTIE.

Men zal zeggen 33000. 1b. gheué 220000000. (te weten 10000000. ghemul-
tipliceert met 22. iaeren) wat gheué 15300. Ib? facit 102000000. dit ghetal sal-
" men ten naesten soecken door alle de tafelé in de laetste columne op het 22. iaer /
wordt bevondé in de tafel van 8. ten 100. al waermen vindt 102007429. waer door
men zegghen zal dese 'interests reden te zijne van 8. ten 100. t'siaers bycants /
maer want 102007429. wat meerder is dan 102000000. soo salmen seggen dese
interests reden wat meerder te zijne dan teghen 8. ten 100. te weten 8. met eenich
zeer cleyn ghebroken. -

Maer tot een petfecte solutie deser ende der gelijcke questien / ist noodich dat-
men onder zijn tafelen hebbe een tafel van alzulcken interests reden als daer
questie af is.

EXEMPEL 13.

Eenen is schuldich te betaelen zeker somme | te weten alle iaere een zesten
deel der zeluer sommen |/ zes iaeren lanck gheduerende; veraccordeert met zijnen
crediteur die te betaelen ghereedt /| midts aftreckende ghecomponeerden interest
den penninck 16. ende gheeft hem ghereedt 263. 1b. De vraeghe is wat d'Hooft-
somme was.

CONSTRUCTIE.

Men zal zien in de tafel van de penninck 16. in de laetste columne wat ghetal
datter respondeert op het 6. jaer /| wordt bevonden 48789356. Daer naer salmen
zegghen 48789356. comen van 60000000. (te weten 10000000. ghemultipliceert

21038
038012 ;1

i ? faci . 21038042
met 6. iaeren) waer van comen 263. Ib? facit Hooft-somme 323 fe=enee
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EXAMPLE 11.

A man receives a sum of moriey, 2,022 Ib of compound interest at 9 per cent
a year for 13 years having been subtracted. What was the Principal?

PROCEDURE.

Look up in the table of 9 per cent what number corresponds to the 13th year.
This is found to be 3,261,786. Subtract this from 10,000,000 lb. The remainder
is 6,738,214. Thereafter say: 6,738,214 has for Principal 10,000,000; what Prin-

cipal will 2,022 Ib have? This is 3,00023380%0 Jp,

NOTE.

The three following examples are solved by means of the last columns of
the tables.

EXAMPLE 12.

A man owes 33,000 lb, 1,500 Ib every year, up to 22 years, and his creditor
quits him with 15,300 lb present value. At what rate of compound interest was
the subtraction made? '

PROCEDURE.

Say as follows: 33,000 Ib gives 220,000,000 (to wit: 10,000,000 multiplied
by 22 years); what does 15,300 Ib give? This is 102,000,000. Seek a number as
close as possible to this throughout the tables in the last column at the 22nd
year. It is found in the table of 8 per cent, where is found 102,007,429, so that
it has to be said that this rate of interest is approximately 8 per cent a year; but .
because 102,007,429 is a little more than 102,000,000, it has to be said that
this rate of interest is slightly more than 8 per cent, to wit 8 plus a very small
fraction. .

But for a perfect solution of this and similar questions it is necessary to have
among one’s tables a table of such a rate of interest as the one in question.

EXAMPLE 13.

A man owes a certain sum, to wit that every year one sixth of this sum has
to be paid, during six years. He agrees with his creditor to pay its present value,
subtracting compound interest at the 16th penny; and he gives him 263 Ib
present value. What was the Principal?

PROCEDURE. .

Look up in the table of the 16th penny in the last column what number
corresponds to the 6th year. This is found to be 48,789,356. Thereafter say:
48,789,356 comes from 60,000,000 (to wit 10,000,000 multiplied by 6 yeats);

what does 263 1b come from? The Principal is 323 Z;ggggéz Ib.
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EXEMPEL 14.
Eenen is schuldich te betaelen zeker somme | te weten alle iaere hetf—z% der zeluer

sommen 27. iaeren lanck gheduerende | veraccordeert met zijn crediteur die te be-
taclen ghereedt / mits aftreckéde 4010. Ib. voor ghecomponeerden interest tegen
14. ten 100. De vraeghe is wat d’'Hooft-somme was.

CONSTRUCTIE.

Men zal zien in de tafel van 14. ten 100. wat ghetal datter respondeert in de
laetste columne op het 27. iaer [ wordt bevonden 69351565, t'zelfde zalmen af-
trecken van 270000000. (te weten 10000000. ghemultipliceert met 27. iaeren)
rest 200648435, Daer naer salmé seggé 200648435, compt van 270000000. waer

> fant : 1044470
van zal comen 4010. 1b? facit voor solutie 5396 300648435 Ib.

DEMONSTRATIE.
Aenghesien int ierste exempel deser propositien gheseyt is 700. lb. te betaelen

. . 5 38124
ten eynde van 10. iaeren | ghereet ghelt weerdich te zijne 225 s lb. aftreckende
ghecomponeerden interest teghen 12. ten 100. t'siaers | volght daer wt dat indien

mé de zelue 225 1330102‘;‘0 Ib. terstont op interest leyde teghen den voornoemden

interest van 12, ten 100. dat de selue Hooft-somme met haeren interest (zoo
d’operatie goedt is) zullen moeten t'saemen bedracghen 700. Ib.

Alsoo dan rekenende dien interest naer de leeringhe des iersté exempels der
tweeder propositien | zal bedracghen met haere Hooft-somme 700. Ib. waer wt be-
sloten wordt de constructie goedt te zijne.

S'ghelijcks sal ook zijn de demonstratie van d’ander exempelen deser proposi-
tié | welcke wy of de cortheydt achter laeten.

Alsoo dan wesende verclaert Hooft-somme tijt ende intersts reden van ghecom-
poneerden schaedelicken interest | hebben wy ghevonden wat die gereedt weerdich
isjt'welck gheproponeert was-alsoo ghedaen te worden.

APPENDIX

Ten laetsten heeft mij goedt ghedocht een generale reghel hief te beschrijuen |
om van twee ofte meer conditien de profijtelickste te kennen / ende hoe veel zy
profijtelicker is dan d’ander / want hier in is by ghevalle de principacle nutbaer-
heydt deser tafelen gheleghen |/ ende dat ouermidts trafiquerende persoonen
malckanderen daghelicks conditien voorstellen | welcker conditien de beste dick-
mael gheen van beyden bekent en is. .

Om dan metten cortsten dien reghel te verclaeren | zegghe ick / dat men zien
zal wat elcke gheproponeerde conditie ghereedt weerdich is in respect van eenighe
interests reden jende dat door de leeringhe van eenighe der voorgaende exempelen |
welcker ghereeder sommen differentie betoont hoe veel d’een conditie beter is -
di d’'ander, t'welck door exempel claerder zijn zal.

EXEMPEL.

Eenen is schuldich 32500. 1b. te weté 12000. lb. ghereedt ende 6500. Ib. binnen
3. iacren | ende de resterende 14000. 1b. aldus / te weten op het vierde iaer 500. Ib.
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" EXAMPLE 14.

A man owes -a certain sum, to wit that every year he has to pay'% of this

sum, during 27 years. He agrees with his creditor to pay its present value, sub-
tracting 4,010 b for compound interest at 14 per cent. What was the Principal?

PROCEDURE.

Look up in the table of 14 per cent what number corresponds in the last
column to the 27th year. This is found to be 69,351,565. Subtract this from
270,000,000 (to wit 10,000,000 multiplied by 27 years); the remainder is
200,648,435. Thereafter say: 200,648,435 comes from' 270,000,000; what will

. , 5 N 1044740
4,010 Ib come from? The solutnonrm 5’3962*'00648435 Ib.

PROOF.

. Since in the first example of this proposition it has been said that the. present
value of 700 Ib to be paid at the end of 10 years is 225 2‘?01—02:() Ib, subtracting com-

. . g 38124 ;
pound interest .at 12 per cent a year, it follows that if this 225 Toooop LP is put

out at interest at once at the aforesaid rate of 12 per cent, the said Principal
with its interest (if the operation is correct) will have to amount together to
700 lb. :

Thus, charging the interest according to the first example of the second pro-
position, with its Principal it will amount to 700 Ib, from which it is concluded
that the procedure was correct.

The same will also be the proof of the other examples of this proposition,
which we omit for brevity’s sake.

Hence, given the Principal, the time, and the rate of compound detrimental
interest, we have found the present value, which had been proposed to be done.

APPENDIX.

Finally it seemed suitable to me to describe here a genéral rule for finding
which is the most profitable of two or more conditions, and by how much it is
more profitable than the other, for in this consists perhaps the principal use-
fulness of these tables, such because businessmen will daily propose conditions
to one another, while frequently neither of the two knows which condition is
the best. . :

In order to set forth this rule as shortly as possible, I say that it has to be
found what is the present value of each proposed condition in respect to a given
rate of interest, such in accordance with one of the foregoing examples, the
difference between these present values showing by how much one condition
is better than the other, which will be clearer from an example.

EXAMPLE.

A man owes 32,500 1b, to wit 12,000 Ib present value and 6,500 Ib in 3 years,
and the remaining 14,000 1b as follows: the fourth year 500 Ib, and further
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ende voorts alle iaere daer naer 500. Ib. totte volle betaelinghe | welcke aenloopen
sal 28. iaeren. Ende hem wordt ghepresenteert te betaelen ghereedt 6000. ib. ende
ten eynde van 4. iaeren noch 5000. lb. ende resterende 21000. 1b. aldus; te weten
op het vijfde iaer 3000. Ib. ende voort alle iacre daer naer 3000. Ib. tot de volle
betaelinghe / hetwelck aenloopen zal 7. iaeren. De vraeghe is welcke conditie de beste
is voor den crediteur | ende hoe vele sy beter is dan d’ander | rekenende ghecompo-
neerden interest den penninck 16.

CONSTRUCTIE.
De 12000. lb. die ghereedt te betaclen zijn ghereedt
weerdt i 12000 Ib.
Ende de 6500. Ib. die binnen 3. iaeré te betaelé zijn /
zijn reedt weerdich door het 1. exempel der 4. prop. 5419%% Ib.
Ende de 14000. Ib. die te betaelen zijn alle iaere 500. Ib.
tot 28. iaeren toe | beghinnende van het vierde iaer tot het
32. iaer | zijn ghereedt weerdich door het 7. exempel der 2830451195
4. prop. 5448 gorsaoa0060 P

Welcke dry sommé voor de weerde in ghereeden ghelde
van d’ierste conditie bedraeghen 22867% Ib.

Nu volght de calculatie vande tweede conditie.

De 6000. Ib. ghereedt te betaelen zijn ghereet weerdt

6000. Ib.
Ende de 5000. Ib. te betaelen ten eynde van het 4. iaer’/

zijn ghereedt weerdt door het 1. exemp. der 4. prop. 3923 %ﬁ%lb.
Ende de 21000. lb. die te betaelen zijn alle iaere 3000. lb.

tot 7. iaeren toe beginnende van het vijfde iaer tot het 12.

iaer zullen ghereedt weerdt zijn door het 7. exempel der

4. prop. 647522600753

prop 131’024700000000000 Ib.
Welcke dry sommé voor de weerde in gereeden ghelde

van de tweede conditie bedraeghen 2294g174672600753 yp,

700000000000

Alsoo dan de tweede-conditie (want zy meer bedraecht dan d’ierste) is beter
voor den crediteur dan d’ierste. Nu dan afghetrocken de ghereede weerde
der ierste conditie van de ghereede weerde der tweeder conditien/rester

12085891062 . .. ) .
81 mlb. ende soo veel is de laetste conditie beter voor den crediteur

dan d’ierste | welcke solutie met veel anderen dier ghelijcke daghelicks in praxi
te voren comende en zouden zonder t’behulp van dese tafelé niet dan door eenen
onestimeerlicken aetbeydt connen ghegheuen worden.

ANDER EXEMPEL.

Men begheert te weten hoe veel 2000. 1b. ghereedt op 7. iaeren beter zijn | re-
kenende ghecomponeerden interest teghen 4. ten 100. alle vierendeel iaers: dan
de zelue 2000. Ib. ghereedt op zeuen iaeren rekenende gecomponeerden interest
dé penninck 16. tsiaers..
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every succeeding year 500 Ib until payment is complete, which will take 28
years. An offer is made to him that he shall pay 6,000 Ib present value and at
the end of 4 years 5,000 Ib more, and the remaining 21,000 1b as follows: the
fifth year 3,000 Ib and -further every succeeding year 3,000 Ib until payment
is complete, which will take 7 years. The question is which condition is the best
for the creditor, and by how much it is better than the other, charging compound
interest at the 16th penny.

PROCEDURE.
The present value of the 12,000 Ib to be paid at present is 12,000 lb.
And the present value of the 6,500 Ib which has to be
paid in 3 years, by the 1st example of the 4th proposition, is 5,419 [9225

100000
And the present value of the 14,000 Ib, of which every
year 500 Ib has to be paid, during 28 years, beginning from
the fourth year up to the 32nd year, by the 7th example of

PR 42830451195
the 4th proposition, is 5,448 55555000000 1P
The present value of the three sums on the first conditions
68660451195
amounts to 22,867 280000000005 Ib

Now follows the computation of the second condition.

The present value of the 6,000 Ib to be paid at present
is 6,000 Ib. '

And the present value of the 5,000 Ib to be paid at the
end of the 4th year, by the 1st example of the 4th pro-

) : 3245
position, is 3’92310T00 1b
And the present value of the 21,000 lb, of which every '

year 3,000 Ib has to be paid, up to 7 years, beginning from
the fifth year to the 12th year, by the 7th example of the

.. . 847522600753
4th proposition, will be 13,024 555565000000 1P
The present value of the three sums on the second con-
o 174672600753
dition amounts to 22,948 7_000_000000001b

The second condition therefore (because it is more than the first) is better
for the creditor than the first. And when the present value on the first con--
dition is subtracted from the present value on the second condition, there remains

12085891062 o .
SIWOOOOOO Ib, and by so much the last condition is better for the creditor

than the first; and this solution and many other similar cases, which are of daily
occurrence in practice, could not be given without the aid of these tables unless
with incalculable exertion.

OTHER EXAMPLE.

It is required to know by how much 2,000 Ib present value is better in 7 years,
charging compound interest at 4 per cent every quarter of a year, than the said
2,000 1b present value in seven years would be, charging compound interest
at the 16th penny.a year. '
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NOTA.

Dese conditien zouden in simpelen interest gelijck zijn / maer in ghecomponeer-
den interest is de differentie groot.

_ CONSTRUCTIE.
Men zal zien in de tafel van 4. ten 100. wat 2000. 1b. ghereedt met haeren in-

‘terest bedraegen op 28. termijnen / (want 28. zulcke termijnen maken 7. iacren)

1372316
wordt bevonden 5997 5550778 Ib.

Daer naer salmen zien wat 2000. Ib. met haeren interest bedraegen op zeuen
iaeren teghen 16. ten 100. t'siaers | wordt bevonden door het 1. exempel der 3.

 propositié 56521229650 |b, Nu da afgetrocké 5652 5oso0l I, van 5997 21232 Ib.

3538295 3538295 77/ 3334772
rest bycants 345. lb. ende soo veel bedraecht den interest van d'ierste conditie

meer dan den interest van de laetste.

Alsoo dan alsvoren gheseyt is / salmé in alle anderen dier ghelijcken de ghereede
weerde zoecken van verscheyden conditié / ende haere differentien zullen de pro-
fijtelickste conditie betoonen,

NOTA.

Soo iemandt te opereren hadde in cleyne sommen | zoude moghen twee oft dry
cijffer letteré van de ghetaelen der tafelen min ghebruycken [ die van achteren af
cortende / midts der ghelijcke menichte van letteren | oock afcortende van de wortel
der tafel | als dies ghelijcke in tabula sinuum ende meer andere oock de ghebruyck
is | wantet op cleyne sommen gheen merckelicke differentie en can brengen / iae
dickmael veel minder dan de weerde van den minsten penninck die der ghemunt
wordt: ‘Maer op groote sommen zoudet merckelijcker zijn. Daer om hebbé wy
onse tafelen ghemaeckt dienende zoo wel tot groote notabele sommen | ghelijck
dickmael zijn penninghen van Banckiers | Potentaté / Prouincien ende dierghelijcke /
als tot cleyne sommen.

FINIS.
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NOTE.

These conditions would be equal in simple interest, but in compound interest
the'difference is great.

PROCEDURE

Look up in the table of 4 per cent what 2,000 lb present value with its
interest amounts to in 28 terms (for 28 such terms make 7 years); this is found

1372316
to be 5 9973334772 Ib.

Thereafter ‘it has to be found what 2,000 Ib with its interest amounts to in
seven years at 16 per cent a year; by the 1st example of the 3rd proposition

1556660 1556660
this is found to be 5,652 ;22322 3535395, Ib. When 5,652 3338295 Ib is subtracted from

5 997;2;?3;2 Ib, there remains approximately 345 Ib, and by so much the interest

on the first condition is more than the interest on the last one.
Thus, as has been said above, in all similar cases the present value on different
conditions has to be sought, and their difference will show which is the most
. profitable condition.

NOTE.

If a man’had to operate with small sums, he might omit two or three digits
from the numbers of the tables, abbreviating them on the right, provided the
root of the table were also abbreviated by the same number of digits, such as is
also commonly done in sine tables and more such tables, for on small sums this
cannot make any appreciable difference, yea, often much less than the value of
the smallest coin that is minted. But on large sums it would be more perceptible.
For that reason we have made our tables so that they may serve for large and
notable sums (such as often occur with Bankers, Potentates Provmces, and the
like) as well as small sums.

END




SUPPLEMENT (1590)

EXEMPEL 7.

Het zijn 324 b | te betalé binné 6 iaren | te weté 54 Ib t’ siaers. Vrage wat
de selue weerdich zijn gereet gelt | aftreckéde simpelé interest tegé 12 té 100?

CONSTRUCTIE.

Men sal sien wat ghelt datmen nae dese conditie verschiet / datmen na d’eerste
niet en soude verschoten hebben. Nu dan wantmen na dese conditie verschiet 54 Ib
die te betalen waren binnen 1 iaer daer nae [ soo moetmen sien hoe veel de selue
54 Ib te betalen binnen een iaer [ weerdich zijn ghereedt gelt | ende wort bevonden

I 3
deur het voorgaende eerste exempel van dese propositie / 48 Ib. Ende om

der gelijcke redenen sullen ander 54 lb' / op 2 iaeren weerdich zijn gereet

431 Ib. Ef de derde 54 b op 3 iaren 3947 b. EA de vierde 54 Ib op
4 iaré 36% Ib. Ende de vijfde 54 1b op de 5 iaré 33—2— Ib. EA de laetste 54 b
op G iaren 31% Ib. EA de somme dér boué schreuen ses partien is voor solutie

2356847
23323476796 Ib.

NOTA.

Maer want dit moeyelijck is voor elck termijn een bysonder reeckeninge te
maken | als hier bouen / voornamelick alst van veel iaeren of termijnen is | s00
machmen tafelen maken | deur welcke mé sulcx sal moghen solveren met een
werckinghe aldus: '

Om te maken eé tafel van 12 ten 100 / men sal nemen eenich groot getal [ waer
af d’eerste letter sy 1 / ende al d’ander 0; als by voorbeelt 10000000, t'welck wy
noemé wortel des tafels: seggende 112 (te weten capitael 100 | metten interest
van een iaer) geuen 100, wat 10000000? compt 8928571 | als ghetal dienende
voor t'eetste iaer. Aengaende het ouerschot | dat laetmen verloren gaen / als van
geender acht zijnde. Voorts om te vinden t/getal van 2 iaeren | mé sal seggen
124 (te weten 100 capitael /| metten interest van twee iaren) geuen 100. wat
100000002 compt 8064516 | de selue vergaert tot 8928571 / maken 16993087 [
voor t'getal der twee iaren. Daer nae om te vinden het ghetal der drie iaren [ men



SUPPLEMENT

ADDITIONS AND MODIFICATIONS, FOUND IN THE
EDITION OF 1590

Modified text of Example 7, p. 45.

A sum of 324 1b is to be paid in 6 years, to wit 54 Ib a year. What is the
present value of this sum, subtracting simple interest at 12 per cent?

PROCEDURE.

It has to be found what money one disburses on this condition that one would
not have disbursed on the first condition. Thus, because on this condition one
disburses 54 b, which was to be paid 1 year later, it has to be found what is
the present value of this 54 Ib to be paid in one year; by the preceding first ex-

ample of this proposition this is found to be 481_311 Ib. And for the same reasons
rh‘e"present value of the second 54 Ib, to be paid in 2 years, will be 43;—;7 Ib. And

that of the third 54 Ib, to be paid in 3 years, 39:—3 1b. And that of the fourth

5% Ib, to be paid in 4 years, 36;-5 Ib. And that of the fifth 54 Ib, to be paid
in 5 years, 33 % Ib. And that of the last 54 Ib, to be paid in 6 years, 312—; ib. And

235684 S
3568 7lb, which is the

the sum of the above-mentioned six amounts is 233 55 mene6

solution.
NOTE.

. .
But because it is difficult to make a separate calculation for each term, as

above, especially in the case of many years or terms, one can make tables by

means of which such problems can be solved by the following operation:

In order to make a table of 12 per cent, take some large number, of which the
first figure-is to be 1 and all the others 0, e.g. 10,000,000, which we call the
root of the table, saying: 112 (to wit the principal of 100 with the interest of one
year) gives 100; what does 10,000,000 give? This is 8,928,571, being the number
serving for the first year. As to the remainder, this is neglected as being of no
account. Further, in order to find the number of 2 years, say: 124 (to wit the
principal of 100 with the interest of two years) gives 100; what does 10,000,000
give? This is 8,064,516. When this is added to 8,928,571, this makes 16,993,087
for the number of the two years. Thereafter, in order to find the number of the
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“sal segghen 136 (te weten capitael 100 / metten interest van 3 iaeren) geuen
100 / wat 100000002 compt 7352941 [ de selue vergaert tot de 16993087 | maken
24346028 | voor t'getal der drie iaren. Ende alsoo machmen voort varen met soo
veel iaeren alsmen wil [ welcke wy in dese tafel tot 8 termijnen veruolcht hebben /
in deser voege

Tafel van simpelen schadelicken interest / van 12 ten 100.

1 8928571.
2 16993087.
3 24346028.
4 31102785.
5 37352785.
6 43166738.
7 48601521.
8 53703562.

Nu om deur dese Tafel te solveré de questie van die seuende exempél | men
sal Multipliceré de wortel des tafels 10000000 / met de iaren daer questie af is |
te weten [ met 6 / maeckt 60000000 / daer na salmen seggen | 60000000 gheuen
43166738 (t'welck het ghetal is ouercomende inde tafel tegen de 6 Jaren) wat

324 1b? compt 23302202 66000203010‘020 lb. die doen 2331b2 80 65050"060808000 gr. efi d’ander solutie

was 233 285834 %1h doende 233 1b 2 8 020176 gr welcke solutien alleenlijck ver-

schil hebben van een seer cleyn ghedeelte van 1 gr. / dat van gheender achte en is |
deur oorsaeck dat de uyterste volmaecktheyt inde tafel niet en is | om de resten
diemen int maecken der tafelen verloren laet.

EXEMPEL 9.
Een is schuldich 200 Ib te betaclen in 5 iaeren | wat sullen die weerdich zijn
in 2 iaeren [rekenende simpelen interest teghen 10 ten hondert.
CONSTRUCTIE.

Men sal trecken 2 iaeren van 5 iaeren /-blijft 3. iaeren | op de weicke de voort-
noemde 200 Ib weerdich sullen zijn (deur het tweede exempel van dese propo-

sitie) 153 L Ib.
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three years, say: 136 (to wit the principal of 100 with the interest of 3 years).
gives 100; what does 10,000,000 give? This is 7,352,941, When this is added
to the 16,993,087, this makes 24,346,028 for the number of the three years.
And thus one may go on with as many years as one wishes, which we have con-
tinued in this table up to 8 terms, as follows: :

Table of simple detrimental interest of 12 per cent.

1 8928571
2 16993087
3 24346028
4. 31102785
5. 37352785
6 43166738
7 48601521
8 53703562

Now in order to solve by means of this table the question of the seventh
example, multiply the root of the table (10,000,000) by the years in question,
to wit by 6. This makes 60,000,000. Thereafter say: 60,000,000 gives 43,166,738
(which is the number corresponding in the table to the Gth ycar); what does

324 Ib. give? This is 233 S22 15 Ghich makes 233 Ib 2sh. 03346880 4
&t 60000000 : 86060006 -5

. 2356847 11, <1 2200176 , .
and the other solution was 233234767%lb, which make; 233 1b 2 sh. Ousremoe d- 5

these solutions only differ by a very small part of 1d., which is of no account,
because there is no extreme perfection in the table, because of the remainders that
are neglected during the making of the tables.

.

Modified text of Example 9, p. 47,

A man owes 200 Ib to be paid in 5 years. What is their value in 2 years,
charging simple interest at 10 per cent a year?

PROCEDURE.

Subtract 2 years from 5 years; the remainder is 3 years, in which the value of
the aforesaid 200 1b will be (by the second example of this proposition) 153% Ib.
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EXEMPEL 10.

. !
Eenen is schuldich binnen 3 iaren 420 1b | ende binnen 6 iaren daer na noch
560 lb: de vraghe.is wat dese partien weert zijn te betalen t'samen op 2 iaren |
rekenende simpelen interest tegen 10 té 100?

CONSTRUCTIE.

De 420 Ib te betalen binné 3 iaren [ zijn weerdich binnen 2 iaré | deur het
voorgaende 9 exempel | 38119—1 1b; ende de 560 Ib te betalen op 6 iaren daer
nae [ dats binnen 9 iaeren | zijn weerdich binnen 2. iaeren /deur het voornoem-

de 9. exempel / 32917—7 Ib. welcke met de voorsz. 38119_1 Ib / maeckén voor solu-

: 43
tie 7117 ib.

NOTA.

So de somme efi plaets van 324 Ib. een ander gheweest hadde niet passende
op 6. euen jaeren [ick neme van 330. lb. te betalen met 54 Ib. tsiaers 6. iaer
lanck el op seuende iaer noch 6 Ib. men soude eerst vinden de weerde in ghereet
ghelt vande 324. 1b. na de leeringhe wt dit seste exempel. Daer nae de weerde in
ghereedt ghelt vande 6. lb. (die te betaelen zijn in 7. iaer) naer de leeringhe
van teerste exempel van dese propositic. Ende desomme van deze twee par-
tyen soude t'begheerde zijn.

Merckt oock cottheyts haluen | dat sooder effen 100. Ib. te betalen waeren
ettelijcke iaeren achter malcander ende dattet niet noodich en waer de menichte
der 8 ende gr. te weten gelijckt somwijlen wel te passe coemt. So wijsen d’eerste
letteren in de derde tafel de menichte der ponden [ sonder datmen behoeft eenige
rekeninghe te maecken. Als by gelijckenis 100. Ib iaerlijcx 12. iaeré lick | wat
zijn die gereed weert | af te trecken tegé dé penninck 16?

Ick sien in de tafel van dé penninck 16. al waer ick deerste letter van het 12.
iaer vinde 827. daer6 827. Ib. (wel verstaende dat daer toch noch 8 ende gr. ge-
breké) is de solutie. Maer waerét geweest 200. Ib. iaerlijcx / 12 iaeren lanck [ soo
en soudemen die 827. Ib. maer te dobbeleren hebben /bedraghende voor solutie
1654. 1b. waer wt de gemeenen regel te verstaé is | hoemé de somme met 300. Ib.
" 400. 1b. oock mede met effen duysent en dierghelijcke.
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Modified text of Example 10, p. 49.

A man owes 420 lb to be paid in 3 years, and 6 years later 560 b more.
What will these sums be worth, if paid together after 2 years, charging simple
“interest at 10 per cent a year?

- PROCEDURE.
The value in 2 years of the 420 Ib, to be paid in 3 years, by the preceding
9th example is 38119—1 Ib, and the value in 2 years of the 560 Ib, to be paid
6 years later, 7.e. in 9 years, by the preceding 9th example is 32917—7 Ib, which

together with the aforesaid 38119_1 Ib makes 711% Ib, which is the solution.

Note, added after Example 6, p. 101.

NOTE.

If instead of 324 Ib the amount had been another, not divisible in 6 equal
yearly terms, I assume 330 lb, to be paid with 54 1b a year during 6 years and
the seventh year 6 lb more, the present value of the 324 Ib would first have
to be found, in accordance with this sixth example. Thereafter the present value
of the 6 Ib (which is to be paid in 7 years) in accordance with the first example
of this proposition. And the sum of these two amounts would be the required
value.

Note also, for brevity’s sake, that if precisely 100 Ib were to be paid several
years in succession and if it were not necessary to know the amount of the sh.
and the d., as sometimes happens, the first figures in the third table indicate the
amount of the pounds without any calculation having to be made. For example:
What is the present value of 100 Ib to be paid yearly during 12 years, interest
at the 16th penny to be subtracted?

I look it up in the table of the 16th penny, where I find the first figures of
the 12th year to be 827; therefore 827 lb (on the undetstanding that this number
still lacks sh. and d.) is the solution. But if the amount had been 200 Ib, to be
paid yearly during 12 years, one would merely have to double this 827 Ib, the
solution thus being 1,654 b, from which can be inferred the general rule how
to find the sum with 300 b, 400 lb, and also with precisely one thousand and
the like.
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INTRODUCTION
§1

Stevin'’s contributions to geometry illustrate the fundamental position of Euclid’s
Elements in the work of sixteenth-century mathematicians. The Elements were
their main source of reference, to which they constantly returned for knowledge,
method, and inspiration. The typically “Greek” reasoning of Euclid, which was
also basic to the demonstrations of Apollonius and Archimedes, geometrical to
the core, was an essential element in the mathematical thinking of sixteenth-century
Europe.

This Greek influence was gradually undermined by the adaptation of the
arithmetical-algebraic methods traditional in the Orient, which reached Europe
almost entirely through authors originally writing in the Arabic language. Stevin's
Tables of Interest present a good example of how the practice of life itself com-
pelled mathematicians to become proficient in these methods. On a higher
theoretical level we see the same influence at work in Stevin's Arithmétigue. Even
the Problemata Geometrica, though fundamentally a series of papers based on the
“Greek” approach, shows the influence of the Arabic tradition in several places.

Several printed editions of the Elements existed in Stevin's days. One of
Stevin’s favourites was the Latin edition by Clavius, the Jesuit astronomer at the
Vatican. It was a thorough piece of work, first published in 1574, consisting of
two volumes in a rather handy quarto size. It had the advantage of introducing
the reader to related work by other mathematicians, explained in Scholia to the
text 1). Other books used by Stevin in preparing his Problemaia were Diirer’s
Underweysung of 1525 and Commandinus’ Latin edition of the principal works
of Archimedes of 1558.

The Problemata consists of five books, each with a topic of its own 2). The
first book, after an introduction on proportions of lines, solves problems con-
cerning the division of polygons into parts of a given ratio. The second book
contains the application of ‘the so-called regula falsi to certain constructions or,
in other words, shows how certain constructions can be performed with the aid
of similarity of figures. In the third book we find Stevin’s studies on regular
and semi-regular polyhedra. The fourth book deals with the construction - of a
polyhedron of a given volume similar to a given polyhedron, the fifth book with
the construction of a polyhedron similar to two (similar) polyhedra and equal
to either their sum or their difference. While the first and second books are
based on Euclid, the third is based on Diirer; the last two are the result of Stevin’s
study of Archimedes. '

Y Euclidis Elementorum libri XV, . .., accessit XV'I. De solidorum regularium compara-
tione . . . Auctore Christophoro Clavio (Rome, 1574, 2 vols, several later editions). See foot-
note %) to the Introduction to L’ Arithmétique.

2) A full description and analysis of the Problemata has been given by N. L. W. A.
Gravelaar, Stevin’s Problemata Geometrica, Nieuw Archief voor Wiskunde, (2) 5 (1902),

pp. 106-191.
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§ 2

The first book opens with 2 classification of ratios and proportions, based on the
fifth book of Euclid’s Elements. This classification, in its attempt to give special
names to particular proportions, strikes us as clumsy and pedantic, but Stevin merely
followed an ancient tradition. All this labelling was fundamentally due to a
serious desire to understand Euclid, though it was encumbered with relics from the
works of medieval latinists 3). The following list may explain some of the
terminology for ratios in a modern fashion:

(n+ 1):n  superparticularis | 7: (7 + 1) subsuperparticularis
(n+10):n superpartiens n:(n+1)
kn:n multiplex n:kn like the corresponding terms to
(k7 + 1) : »  multiplex super- | 7: (kn + 1), the left, with “sub” prefixed:
particularis S“subsuperpartiens”, etc.
(kn + 1) :n  multiplex super- | #: (dn + 1)
partiens

In accordance with the Greek precedent the cases / = 1 and [ >> 1 are treated
separately, since unity was not considered 2 number. Stevin was later to break
with this concept (see the introduction to L’ Arithmétique). k

There are terms for special ratios in accordance with the general scheme.
For instance: ’

2 : 1 dupla, 3:1 tripla
(n+1):n 3 sesquialtera, hence 3 : 2

T
Ve W W N

sesquitertia, hence 4 : 3

subsesquialtera, hence 2 : 3
subsesquitertia, hence 3 : 4
supetbipartienstertias, hence 5 : 3
superbipartiensquintas, hence 7 : 5

2, n = 4 duplasesquiquarta, hence 9. 4
3, n = 6 triplasesquisexta, hence 19 : 6.

n:(n+1)

RN I3 XN

Il

(n+2):n ;

(kn+1):n3§

There are more terms in Stevin’s text, which are not all to be found in Clavius, .
but which all formed part of the regular curriculum of the universities. The
figures, with the simple numerical illustrations, are similar to those in Clavius.

The next part consists of the application of this theory of proportions to the
problem of the division of figures into parts of a given ratio. Stevin found an
example of this problem in an appendix by Clavius to the 6th book of the
Elements, where it is shown how to divide a triangle. into two parts in 2 given

%) This terminology is a Latin translation of Greek terms used by Nicomachus in his
Introduction to Arithmetic and passed into the language of the regular quadrivium of the
Medieval and Renaissance schools, primarily through the study of Boetius, who used it
in his Arithmetica and in his Musica; see A. M. T. S. Boetii De Institutione Arithmeticae
libri duo. De Institutione Musicae libri quingue . . . edidit G. Friedlein (Leipzig, 1867, VIII 4
492 pp.), esp. Lib. I of the Arithmetica; T. L. Heath, A Manual of Greek Mathematics
(Oxford, 1931), p. 69. English translation of Nicomachus® Arithmetica by M. L.
D’Ooge, New-York, 1926. . ‘
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ratio by a line passing through a point on a side 4). This was not, however, an
original idea of Clavius. As he sets forth himself in the Prolegomena to his
translation, he found the problem in a book published by Commandinus and
John Dee in 1570, which, he says, though ascribed to a certain Mahomed of
Bagdad 5), may have been Euclid’s book on Divisions 8). Stevin, who did not
know this book, took Clavius’ problem and discussed aspects of it in his first
set of three problems. Then he himself added five more problems, which he
thought to be novel. All eight problems deal with the division of polygons ina
given ratio either by a line through a vertex, or by a line through a.point on a
side, or by a line parallel to a side.

: They were not so very novel after all, as Stevin would have discovered if he
had found an opportunity to consult Mahomed of Bagdad-Commandinus. We
do not know if he ever did. But after the Problemata had been published and
Stevin had found the time to catch up in his reading, he discovered some other
authors who had dealt with the division of figures 7). Stevin mentions Cardan,
Ferrari, and especially Tartaglia in a part of his General Trattato (1560) 8). These
authors took their inspiration directly or indirectly (through Paciolo’s Summa of
1494) from Leonardo Pisano’s Practica Geometriae' (1220), and through this
book from Arabic sources. We now know that the text of Mahomed of Bagdad
and .that of Leonardo Pisano are different versions of the lost book of Euclid
on Divisions of Fzguref It has been possible to reconstruct the lost book from
these different versions, together with another one, found by Woepcke in 1851
in a manuscript text 9). This book, as the title indicates, contains a large number
of problems of the same nature as those of Stevin in the first book of his Pro-
blemata..

Stevin also mentions in the Meetdaet that after his book had been published,
Benedetti published a treatise in which the division of figures was taken up 10).
However, despite all this competltxon Stevin’s work was excellent enough to
be preferred by Clavius, who in 1604 praised his treatment of the division of
* figures above the others 11). Stevin himself was not too satisfied with his work,

*) Clavius, L. 1), p. 230 1., Problema XIII: “A dato puncto in latere trianguli lineam
rectam ducete quae tnangulum dividat in duo segmenta secundam proportionem datam.”

%) De superficierum divisionibus libri Machometo Bagdedino ascriptus nunc primum Joannis Dee
Londinensis et Federici Commandini Urbinatis opera in lucem editus (Pesaro, 1570). There was
an Italian translation of 1570 and an English one of 1660.

®) Clavius, L¢. %), p. 4, dealing with Euclid: “Opus de Divisionibus, quod nunnulli
suspicantur esse libellum illum acutissimum de superficierum dlvxslombus Machometo
Bagdedino ascriptum, qui nuper Ioannis Dee Londinensis et Federici ‘Commandini
Urbinatis opera in lucem est editus™.

7) Meetdaet, p. 144. See our Introduction.

) N. Tartaglia, La quinta parte del general trattato de’ numeri et misure, Venetia 1560, fol.
23 V44 1. .
59) R. C. Archibald, Ewuclid’s Book on Divisions of Figures . .. with a restoration based on
Woepcke’s text and on the Practica Geometriae of Leonardo Pisano (Cambridge, 1915, VIII +
88 pp.) — This book has an extensive bibliography, in which the references to Leonatdo
Cardan, and Ferrari can be found.

10) G.B. Benedetti, Dwermmm .rpemlatzanum mathematicarum et p}ynmrum liber (Taurini,
1585), esp. pp. 304-30

11y Clavius, Opera mat/zematua II (Mainz, 1611), p. 417; after havmg mentioned the Dee-
Commandinus edition as “acutissimus et eruditione resertissimus”, Clavius continues:
“Idem vero postea argumentum alia via agressus.est, et meo certo iudicio, faciliori, et
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and in his Meetdaet improved in several ways on his Problemata. In particular
he generalized the problem of the division of figures by taking the point through
which the line of division has to be constructed, inside and outside the polygon
in any position 12),

§3

The second book of the Problemata contains problems involving the so-called
oregula falsi”, the rule of the false supposition13). It is a device to solve
problems leading to the linear equation ax = & by first substituting for x an
atbitrary number x = xg; if axg = by, .then x : x4 = & : by and x is found
by means of proportion. It is a method used even now by people unfamiliar with
algebra — or, in the language of the sixteenth century, unfamiliar with *’coss”.
The device also functions for problems which lead to an equation of the form
ax + b = ¢; in this case we need two “false suppositions” x = xy, x = xp; if
axy + b = ¢y, axg + b = cp, then (x — x;) : (x — %) = (c—¢y) 1 (¢ —¢g),
xg (¢ — 1) — X3 (¢ —¢3)

€g — €4

sitionis”. Both rules are standard in all sixteenth-century books on arithmetic, and
Stevin also teaches them in his La Pratigue D’ Arithmétique 14). In the Proble-
mata Stevin introduces this “regula falsi” in accordance with this desire to bring
about as close a relation as possible between arithmetical and geometrical
proportions. Applying the “regula falsi” to problems in geometry, he has to
consider proportions, arid this amounts to the solution of certain geometrical
probléms by means of similarity. If, for instance (Ex. II), we have to con-
struct 2 square when the difference between diagonal and side is given, we start
with any square (this is the false supposition), determine for this square the
difference between diagonal and side, and then find the side of the required
square by means of a proportion. All that Stevin now requires is Euclid’s theory
of proportions, which he finds in Books V and VI,of the Elements.

and x = . 'This is the “regula falsi duplicis po-

§ 4

The third book is by far the most interesting part of the Problemata. It contains
a theory not only of the regular solids, but also of certain semi-regular solids
and of polyhedra which Stevin calls “augmented regular solids”. All Stevin had
to go by was Euclid’s Elements, Book XIII, the so-called XIVth, XVth, and
XVIth books, which Clavius also had translated, and Diirer's Underweysung der

magis generali, Simon Stevinius Brugensis: sed in qua aliquid desiderari videatur, ut
omnibus superficiebus rectilineis (quod ipse velle videtur) convenire possit, quod facile
iudicabant, qui illius problemata Geometrica attente perlegerint ', . . Deinde superficiarum
rectilinearum divisionem aggrediemur, insistentes eiusdem Stevinii vestigiis, nisi quan-
do generalius rem oportebit demonstrare.” ,

12) Meetdaet, p. 144. These cases, though new to Stevin, had already been treated by
Euclid and Leonardo Pisano, see R. C. Archibald, /.¢.%)

13y On the regula falsi, see J. Tropfke, Geschichte der Elementar-Mathematik 111 (Berlin-
Leipzig, 3¢ Aufl,, 1937), p. 152; D. E. Smith, History of Mathematics 11 (Boston, 1925),

p- 437
1) La Pratigue D’ Arithmétigue, p. 122,
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Rechnung mit dem Zirckel und Richticheyt of 152515). From Euclid-Clavius
Stevin obtained his information on the five regular -solids, from Diirer the
method of obtaining semi-regular- solids (as well as the regular ones) by
paper-folding. To understand these different achievements, we shall denote a
polyhedron with 7 faces which are regular polygons of a sides, » faces which
are regular polygons of 4 sides, etc., by {m a2, 1, ++- -} Then the five regular
solids are the tetrahedron {43}, the cube {6,}, the octahedron {83}, the dodeca-
hedron {125}, and the icosahedron {203}. A semi-regular solid or, as Stevin
calls it, a “truncated regular solid” is defined (Def. 11) as a solid inscribed
in a sphere, of which all the solid angles are-equal, of which the faces are regular
polygons which are not all congruent, and of which all the edges are equal. Diirer
had the models of seven such solids: {43, 45}, {83, 65}, {64, 83}, {8 64},

184, 83}, {64, 32}, {6g, 84, 124}. Diirer had two more models, but one of these,

64, 123}, has some isosceles triangles, while the other {649, 323}, as Stevin
showed, 1s impossible as a closed polyhedron 16).

Stevin reconstructed these solids, not only from plane diagrams by folding, but
also by finding the method by which these ‘solids are generated by cutting off
(truncating) parts of the regular solids. He found three types not described by
Diirer. We can give- a survey of his results and those of others in the following
way. »

The five regular solids can be divided into two pairs of dually related bodies,
the pair {64} and {83}, and the pair {125} and {203}, and the tetrahedron
{43}, which is dual to itself. By duality is meant one-to-one correspondence of
vertices and faces, edges- corresponding to themselves. For instance, the cube
{64} has 8 vertices and 6 faces, while the octahedron {83} has 6 vertices and 8
faces; both have 12 edges. The polyhedra {125} and {203} both have 30 edges.

Semi-regular solids can be obtained from the regular solids by truncation, as
follows: "

1) cutting off pyramids at the vertices up to the centre of the adjacent edges,
so that the original edges disappear:
a) {43} passes into a smaller {43}.

b) {64} and {83} pass into {64, 83} = {85, 64}. Described by Stevin
in Def. 13, Section 15- (also Def. 17). Kepler later called this solid
cuboctabedron.

) {125} and {203} pass into {125, 203} = {20, 12;). Described by
Stevin in Def. 21, Section 18 (also Def. 19). Kepler later called this solid
icosidodecabedron. Wanting in Diirer.

1) A. Diirer, Underweysung der Messung mit dem Zirckel and Richischeyt (Nuremberg,
1525). Latin edition: Albertus Daurerus Nuremburgensis . . . adeo exacte quatuor bis suarum
Institutionum geometricarum libris (Paris, 1533), 2nd German edition: Underweysung .der
Messung . . . Nurenberg 1538). : -

16) Problemata, p. 46. On the possibility of constructing closed polyhedra from plane
patterns by paper-folding and on convex polyhedra in general, see A. D. Aleksandrov,
Vypuklye mnogogranniki (Convex Polyhedra, Moskow-Leningrad, 1950, 428 pp.). German:
Innere Geomeirie der konvexen Flichen (Betlin, 1954). The main theorem is: To every closed,
directable, plane diagram with given identification of edges and vettices, for which the
sum of the angles at the same vertex is at most 2w and which satisfies Euler’s condition
on the vertices, angles, and faces, there exists one convex polyhedron. See also W. Blaschke,
Griechische und anschauliche Geometrie (Miinchen, 1953), p. 22. '
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2) - cutting off pyramids at the vertices till the original faces have become regular
polygons with twice the number of sides: ‘
a) {43} passes into {43, 44}. Described by Stevin in Def. 12, Section 11.
. b) - {6} passes into {6g, 83}. Desctibed by Stevin in Def. 14, Section 12.
c) {83} passes into {8, 6,}. Described by Stevin in Def. 16, Section 18.
d) {125} passes into {12,, 203}. Described by Stevin in Def. 20, Section
17. Wanting in Diirer. v
‘€) {20} passes into {20g, 125}. Described by Stevin in Def. 22, Section
19. Wanting in Diirer.. . L '

3) letting faces shrink into similar ones. At the edges squares are formed, in-
stead of vertices there appear regular triangles, squares or pentagons:’

a). {43} passés into (83,65} = )

b) {64} and {83} pass into {18,, 83} = {8, 18,}. Described by Stevin in

. Def. 15, Section 13. ) . o .

¢) {125} and {205} pass into {125, 203, 30,}. Wanting in Stevin and Diirer,
ut to be found in Archimedes. ) .

4) letting faces shrink and be transformed into regular polygons with twice the
number of sides. At the edges squares are formed:
a) {6} and {83) pass into {6g, 8¢, 124}. Described by Stevin in Def. 16,
. Section 14. . .
b) {125} and {204} pass into {12;,, 204, 30,}. Wanting in Stevin,and
Diirer, but to be found in Archimedes. , :

Apart from these solids there exist two more semi-regular bodies. One,
323, 64}, was found by Stevin, Appendix, p. 83, and Stevin remarks that it
oes not seem possible to.obtain it from one of the regular bodies by trun-

cation. It is asymmetric in the sense that there are two forms, distinguishable by
the epithets left and right. Kepler called this solid cubus simus, snub cube.
There also exists a semi-regular body {125, 803} with the same type of sym-
metry, wanting in Stevin, which Kepler called snub dodecahedron.

Stevin thus obtained, apart from the seven Diirer types, the additional solids
{203, 125}, {121, 203}, and {20g, 125}. He was one of the first, if not the
first, in- Renaissance days to find all these ten.

However, shortly after he had published his Problemata, the Collectiones ma-
thematicae of Pappus appeared in print for the first time (1588), and this book
contained an account of Archimedes’ work on the semi-regular solids 17). It was
then .found, not only that Archimedes had listed all of Stevin's polyhedra, but
that he even had three additional ones, which we have marked {125, 203, 304},
{1244, 204, 304}, and «Elzs, 803}. There is no sign in the Meetdaet to show that
Stevin became aware of this contribution by Archimedes, nor is there any sign
that he ever knew of any other student of semi-regular solids besides Diirer 18).

Pappus’ enumeration of Archimedes’ solids was made the subject ‘of a study

19 Pappi Alexandrini- mathematicae Collectiones, ed. F. Commandinus. (Venice, 1588,
reissued Pesaro, 1602).
18) see footnote 23)
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by Kepler in 1619 19). Kepler derived themsystematically, illustrated -his de-
scription by figures, and gave them the names by which they are still- known.
Kepler was also the first to pay attention to the polar figures of the “Archimedean
solids”, as he called them. He described two of them, the polar of {83, 6,}, called
the rbomlm dodecahedron, and the polar of {203, 125}, called the rhombic
triacontabedron.

Besides the thirteen Archimedean solids described by Kepler there exist two
more, but they are rather trivial ones. They are obtained by taking two regular
polygons of 7 sides in two parallel planes, and placing them in such a way that
they are either the bases of a rectangular prism with square faces, or the bases
of an antiprism (prismoid) with equilateral faces. Their symbols are {2,, 7,},
{25, 23} ,

The third book of the Problemata also contains a description of what Stevin
called “augmented regular solids”. These are polyhedra obtained by placing on
top of each face of a regular polyhedron as base a pyramid with equal edges.
Stevin lists all five of them. He was led to the consideration of these solids by a
discovery of Frans Cophart, leader of the Collegium Musicum at Leiden. Cophart
had taken a cube and cut out twelve tetrahedra, each having the end points of an
edge and the midpoints of the faces through this edge as vertices. The solid thus
obtained by “faceting” the cube is what is now called the stella octangula; it is
bounded by twenty-four congruent equilateral triangles. Cophart had claimed
it as a sixth regular solid.

Stevin, while admiring the discovery, had to deny this claim. He pointed out
that the vertices of Cophart’s solid do not all lie on one sphere, but are distribut-
ed on two spheres, $ix on one sphere and eight on a concentric one. At the same
timeé he discovered another construction of the solid by startmg, not from a
cube and then faceting it, but from an octahedron and then “augmenting” it by
placing a regular tetrahedron on each face with this face as base. He now saw
that this procedure could be applied to all regular bodies, and in this way he
obtained four new polyhedra.

Of all these five solids of Stevin we only call the stella octangula a regular
stat-polyhedron. The reason is that regular star-polyhedra are obtained from the
regular polyhedra by the process of “stellating”, 7.e, by producing the planes of
the faces and allowing non-adjacent faces to intersect in such a way that the
faces of the new solid are regular star-polygons (polygons obtained by allowing
non-adjacent sides of regular polygons to intersect). This procedure does. not
yield a new body in the case of the regular tetrahedron and the cube, but gives us
the stella octangula in the case of the regular octahedron. We also obtain regular
star-polyhedra by stellating the regular dodecahedron-and icosahedron; for each
of these solids we obtain two possible star-polyhedra. But whereas these four
bodies are single, the stella octangula is found to-be the intersection of two regular
tetrahedra. We may thus speak of nine regular solids: five ordinary (Platonic)
and four stellated ones.

"These solids can be obtained, not only by stellatmg, but also by “faceting”
the five Platonic ‘bodies, i.e. by taking solid pieces out of them in accordance
with definite directives. The Copland solid was obtained by faceting a cube.’ We

19 J. Keplet Harmonices mundi libri V' (Linz, 1619), Lib. II. (Gesammelte Werke,
herausg. von Max Caspar, Band VI).
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now see that Stevin was on the way to show how to replace faceting by stellating;

unfortunately, he missed the final step. He also missed the other fundamental

propetty of the stella octangula, viz. that it is decomposed into two regular tetra-

hedra. Instead of this he continued to construct other augmented solids by placing
. equal-edged pyramids on top of the faces of the other Platonic bodies 20).

Stevin does not seem to have been aware that Pacioli, in his Divina proportione
.of 1509, had enumerated a large number of solids obtained from regular solids
by “truncating” and “augmenting” — procedures called by Pacioli “abscindere”
and “elevare” 21). However, Pacioli did not show how these solids are to be ob-
tained from Platonic bodies by Monsignor Daniel Barbaro. The La Pratica Della
that he actually constructed models of some, if not all, of his polyhedra). It
was Diirer who stressed the method of paper-folding, and it was from him that
Stevin obtained his ideas. It also seems to have escaped Stevin's attention that
Diirer’s ideas had been ‘applied to. many semi-regular and other polyhedra ob-
tained from Platonic bodies by Monsignor Daniel Barbaro. The Pratica Della
Perspectiva of this Patriarch of Aquileia, published in 1568 22), contained not
only the description of a large number of polyhedra obtained by truncating or
augmenting the Platonic bodies (many of them are non-Archimedean solids),
but also their construction by paper-folding, as well as a representation of them
in perspective drawing 23).

§6

The fourth and fifth books of the Problemata Geometrica present Stevin to
us as a student of Archimedes. The editio princeps of Archimedes’ works had ap-
‘peared at Basle in 1544; it contained not only the original Greek text and a Latin
translation, but also the precious commentaries of Eutocius, again both in Greek
and in Latin 24). Another useful, though limited, edition was the Latin trans-

30) On regular and semi-regular solids see further M. Briickner, Vielecke und Viel-
Sfldche, Theorie und Geschichte (Leipzig, 1900, VIII + 227 pp.); H. S, M. Coxeter, Regular
Polytopes (London, 1948, XVIII + 321-pp.).

) Fra Luca Pacioli Divina Proportione. Die Lebre vom Goldenen Schnitt. Nach der vene-
zianischen Ausgabe vom Jabre 1509 neu herausgegeben, sibersetzt und erliutert von C. Winterberg
(Wien, 1896), VI + 367 pp. )

%) D. Barbaro, La pratica della perspettiva (Venice, 1568; there is also an edition Venice
1569, 195 pp.)-

28) Thgerer:sere other authors of the sixteenth century who shared Pacioli’sand Barbaro’s
interest in truncated and augmented bodies and who seem to have femained unknown
to Stevin. Pre-eminent among them is the Nuremberg goldsmith Wenzel Jamnitzer,
whose Perspectiva corporum regularium (Nuremberg, 1568) contains beautiful illustrations.
The solids { 6,, 8, } and { 20,, 12, } appear in the French Euclid translation by Bishop
Frangois de Foix, comte de Candala (1566, 2nd ed., 1578). Moreover, R. Bombelli, in a
chapter of his .A/gebra, which remained unpublished until 1929, also discussed some of
these bodies and their plane schemes: L’ Algebra Opera di R. Bombelli di Bologna Libri IV
e V ..., publ. acuradiE. Bortolotti (Bologna, 1929). — On the further history of
star-polyhedra see Kap. I of S. Giinther, Vermischte Untersuchungen zur Geschichte der
mathematischen Wissenschaften (Leipzig, 1876, VII + 352 pp.), pp. 1-92. The modern
theory of these polyhedra opens with Poinsot, Mémoire sur les polygones et les polyédres,
Journ. Ec. Polytechnique, 10e cah., tome 4 (1810), pp. 16—46.

) _Archimedis opera quaequidem extant omnia, nunc primum et graece et latine in lucem edita;
adjecta sunt Eutocii Ascalonitae in eosdem Archimedis libros commentaria, item graece et latine
(Basel, 1544); editor was Thomas Gechauft (Venatorius).
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lation of five of Archimedes’ treatises with Eutocius’ commentary on one of them,
prepared by Commandinus and published in 1558 25). Stevin quotes Comman-
dinus’ edition, but he must also have known the editio princeps, since he shows
himself to be acquainted with material which is to be found in the publication of
1544, but not in that of 1558 26).

Archimedes, in the book O#n the Sphere and Cylinder, the book in which he
determines the area and the volume of the sphere, solves some problems which
involve the finding of the two mean proportionals between two given lines. An
example is formed by the problem: “given two spherical segments, to find a
third segment similar to the one and having its volume equal to that of the other”;
another example ‘consists in the problem of finding a sphere equal in volume to
a given cone or cylinder. These problems have in common that they lead up to
what we call a cubic equation, and in particular to an equation of the form
x8 = ar3, where r is a given line and # a given number. Thus the second pro-
blem, in the case of a given cone of height 5 and base radius #, leads to the

b

equation x3 = %ﬂ = 4—rr3 for the radius x of the sphere. The classical

example of such problems is the duplication of a cube, where 2 = 2. A common
Greek method of solving such problems was that.by means of two mean propor-
tionals x,y between two given lines 4,5; if :

) 4a:x =x:y=19%:b
then x3 : 43 = & : 4. In the case mentioned above we might write, for instance:

rix=xiy=y :‘%. However, two mean proportionals between two given

lines cannot be constructed with compasses and straightedge alone. It is one of
the merits of Eutocius (6th cent. A.D.) that he preserved in his commentaries a
large number of solutions for this problem; they bear the names of Hero,
Diocles, Eratosthenes, Apollonius and Plato, and of several others 27). They solve
the problem either by the intersection of certain curves or by the use of some
special instrument (“mechanice” — “tuighwerckelyk”, as Stevin was to translate
it). About all this Stevin could find information in the editio princeps. Moreover,
in Commandinus’ edition, though it does not contain the book On the Sphere
and Cylinder with its commentaries, there are several problems which belong to
the same group 28). The first is the problem: “Given any two cones (or cylin-
ders), to find a third cone (or cylinder), equal in volume to the first and similar
to the second”; the second replaces the full cone (or cylinder) by segments. The

28 _Archimedis opera non nulla a Federigo Commandino Urbinate nuper in Latinum conversa et
commentariis illustrata (Venice, 1558). This edition contains Circuli dimensio, De lineis
spiralibus, Quadratura parabolae, De conoidibus et sphaeroidibus, De arenae numero, and Euto-
cius’ commentary on the Circuli dimensio.

2¢). On Archimedes, apart from the edition by J. Heiberg, Archimedis opera omnia cum
commentariis Eutocii (Lipsiae, 1910-1915), see the following books:

P. Ver Eecke, Les ocuvres complétes d’ Archiméde (Paris, Bruxelles, 1921) LIX + 553 pp. .
E. J. Dijksterhuis, Archimedes (Copenhagen, 1956), 422 pp.

’G’) On these methods, apart from the books mentioned s#b (2%), see Th. Heath, History
of Greek Mathematics (Oxford, 1921) I, pp. 244-270, ot id., A Manual of Greek Mathematics
(Oxford, 1931), pp. 154-170.

28) Commandinus, /¢. (¥), pp. 521, V.

Cron
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others replace cone 'and cylmder by ellipsoids and paraboloids of revolution and
their segments.

Stevin, in his fourth book, casts the problem into its general form: “Given
two sohds Sy, Sy, to find!a third solid §3, equal to §; and similar to S,”. As
such it is the generalization of the problem discussed in plané geometry by Euclid

in Elements VI, 25. Euclid states the problem for arbitrary polygons. Stevin uses

the general term “solid” and then makes use of the theorem that any solid can
be changed into a cone of equal volume; he actually applies the theorem to the
solids in which Euclid was interested; polyhedra spheres, circular cones, cylinders,
and. to segments of cones. Stevin- shows, for instance] how a spherical segment
can be changed into a cone w1th equal base. Later, in the Meetdaet, he gives some
more examples 29).

Stevin’s procedure is as follows a) he changes S, into a circular cone Cl, and
S, into a circular cone Cy; b) he then changes C; into a cone C,’ of the same
altitude as Cy; ¢) then constructs a cone Cg, similar to Cy and equal to C,’; d) he
then changes C3 into an equal solid S, reversing the process by which § was
changed into Cy. The steps a), b), d) only involve ordinary propottions, step c)
involves the construction of two mean proportionals; for this purpose Stevm
mentions Hero's construction, on which Eutocius reports. .

It is difficult to say how far the material provided by Stevin in his fourth
book has any originality. Stevin seems to have felt this also, and therefore, in
the last book of the Problemata, solved another problem leading to two mean
proportionals between two lines, which appears to be a new one. Given two
similar solids §; and Sy, §;>>5,, Stevin asked to find a solid similar to' §; and
Sz, and equal to a) the sum of, b) the difference between §; and S,. The problem
was agam solved by reducing the solids to circular cones.

29) Meetdaet VI, Props. 31-34.
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3.102 4.6.10
{203,120} 304,20,12,
5.62 _
3.45.4
{125,204} (203,305,125} X
4.6.8 (3.5)2 34,5
{686,124} {125,205} - {803,125}
3.82 4.62 344
{83’68} {86)64} {64,323} X
3.62 (3.4)2 3.43 :
{4346} {6483} {18485} X
X X X X
X X X

X X

Inside the dodded -contour: the 13 Archimedean solids.

Each solid is designated by two notations: one of W. W, R. Ball (History of Math-
ematics, 11th edition, p. 136), and another, used in the text of this introduction.

See also: Cundry-Rollett, Mathematical Models, p. 94, 120, L, F. Toth, Lagerungen in

der Ebene, p. 20:
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In gratiam D. MAXIMILIANI, DOMINI A
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eAuttore
SIMONE STEVINIO BRVGENSE.
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ILLVSTRISSIMO

HEROI, D. MAXIMILIANO,

DOMINO CRVNINGAE, CREVECVEV&
HEENVLIET,HASERVVOVDE,STEENKERCKEN.
VICECOMITI ZELANDIAE &¢.

SVPREMO MACHINARVM BELLICARVM
INFERIORIS GERMANIAE
PRAEFECTO..

SIMON STEVINIUS.

S. .P

mele oM E T rIAE, mediusfidius, vtilitas magna,
=22 imo vero necefsitas. Et VCl‘O,qmd tandem rion
=84] j1li feremus acceptum? Ponamus nobisante ocu.
los pauca quedam ex multis, fine quibus cert¢ neque
cdtnmodé, neque omnino bené viuitur. An non hinc
domicilia, an non & vrbes ¢ an non veftes, omnifque
fuppellex? an non omnia cum pacis tum belli inftrumen-
ta¢ Hic mihi t ipfe teftis locupleti(‘simus tu inquam
Heros clarifs. qui nobilitate cunws par , mgcmo fuperas
omnes. Neque enim potes, neque, credo Vis cclarc tuos
in hac arte profectus: fama hinc tibi magna: &, quod noftro
‘zculo infolens, inculpata.

A 2 EQUi .
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PROBLEMATA GEOMETRICA

To the illustrious hero, Maximilian, Lord of
Cruningen, Crevecueur, Heenvliet, Haserwoude,
Steenkercken, Viscount of Zeeland, etc.
Supreme Superintendent of the Implements of
War of the Low Countries. *)

SIMON STEVIN.

S. P.

Great indeed is the usefulness, nay the indispensability of Geometry. For
indeed, what good thing do we not owe to it after all? Let us bear in mind a
few things out of many without which life certainly cannot be lived so com-
fortably, nay, even not at all well. Do not the houses and the towns result from
it, clothes and all furniture? And all implements, both of peace and of wat? In
this respect Thou Thyself art a most reliable witness, Thou, I say, most famous
hero, who art the equal of anyone in nobility and excellest all in spirit. For
Thou art neither able nor, I believe, desirous to conceal Thy proficiency in this
art. Thou hast gained in it a great end, what is unusual in our age: an un-
blemished fame. ’

*) Maximilian van Cruyninghen was born on July 29, 1555. By resolution of the
States General of December 27, 1579 he was appointed General of the Artillery of
the Army of the States General by anticipation, and by resolution of the States
General of January 13, 1581 this appointment was made permanent. In 1597 he
became a member of the Council of State for Zeeland and in 1600 Governor of
Ostend, a post which he held only a short time. He died on January 5, 1612 (see:
F.]J. G. ten Raa enF. de Bas, Het Staatsche Leger, 1568-1795. Deel I (Breda 1911), pp.
151, 159, 240. Deel II (Breda 1918) pp. 275, 278).
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EPIST.

Equidé meritifsimo Refpublicafibi gaudeat, egoilli gras
tuler, delatam hanc tibi provinciam, vt bellicarum machi-
narum cura penes te {fumma f(it. Vota,fateor, fint omnium
noftrum non iis opus effe, {ed pace pa&ta,firma,ftabilique
bello bellicifque mﬁrumentls femel, {imulque interdici,
te quoque tua preefecturaabdicari. (Lodﬁfata duint > 0eq;
te fententia vertit, {inon maiora, iocondiora tamen a te
pace, quam bello expectaremus . Ncquc enim dubitamus
quin ingenium illud tuum, bellicis 1am negotiis occupa-
tum, {t Deus Patriam quandoquc faluam pacatam velit,
tum vero vel minimé in 1pfo otio futurum fit otiofum.

Nunc certé, vt optimo iure Refpublica fuas Machinas,
fuam Salutem 1taego miea Problemata, meoslabores, tibt
Patrono dignifsimo commendo, dcdlcoquc Profint foris,
profint domi. Tu, ea, {i mereantur, foue, fludiifque, vt
{oles, faue.
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The Commonwealth therefore may rightly rejoice at this, and I congratulate
them on the fact that Thou hast been entrusted with the whole task of attending
to the implements of war. Let everyone, I declare, hope that they will not be
needed, but that, once a firm and lasting peace has been concluded and war,
along with the implements of war, is forbidden once and for all, Thou wilt
also be able to forgo Thy command. If Fate ordains this and Thy disposition
does not alter, in peacetime we might expect from Thee, if not greater, at any
rate surely even more pleasant things than in wartime., For we do not doubt but
Thy mind, which is now engrossed by military matters, will, once God pre-
serves our country in peace, by no means become idle in retirement.

However, as the State by the best of rights is now doing with regard to its
implements of war, its welfare, I entrust to Thee, as a most worthy protector,
my Problemata, my work, and I dedicate them to Thee. I hope that they may
benefit both public and private life. If they so deserve, mayest Thou be pleased
to give them Thy approval and to promote thern in Thy own studies, as Thou
art wont to do.
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abwade b Bentie il e

LIBER PRIMYVS
IN QVO DEMONSTRABITVR QU O-
modo a dato pun&o in latere cuiufcunque re&ili-

nel, reca linea Geometrice ducenda fit ver-
fus partem petitam , quz rectilineum
diuidat fecundum rationem
datam,

"ITEM QVOMODO IN QVOCVNQVE RECTI-
lineo ducenda erit linea recta & parallela cum latere ipfius quafito,,
qua recilineum diuidat verfus partem petitam fecun-

dum rationem datam.

VONTAM in quibsfdam demonfirationibus [equentium Probles

matum , bhabebimus rationum ac proportionum quedam inufitata

S Yocabula, vt transformate proportionis &c.  Viile s duki

ante_ ipforim Problematum defcriptionem , aperire_ quid cum 1pfis vo--
cabulis velimus. lem quid des ravione_> #¢ proportione_ [entiamus.

Dico enim rationem Geomatricam, quam abij fub duobus terminis limi-
tant | admirsere_ verminos quothbet , quia tam inter tres quatuor vel plu-
ves , quam inter duas magnitadines , o§C ipfarum fecundum quantisatem.
st habitudo . Hoc igitur veiliaris (vt fuo loco apparebir) & (quias-
res. ita fe haber) neceflisatis gratias Ve concedarur perimus.

A
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FIRST BOOK,
in which it is to be demonstrated how from a given point on the side of any
rectilinear figure a straight line is to be drawn geometrically towards a required
part, which line divides the rectilinear figure in a given ratio.

Also how in any rectilinear figure is to be drawn a line parallel to a required
side of said figure, which line divides the rectilinear figure towards a required
part in a given ratio.

Since in certain proofs of- the following problems we shall have certain un-
usual terms of ratios and proportions, e.g. of transformed proportion, etc., I
have deemed it expedient to reveal before the description of the problems them-
selves what we mean by these terms. Also what are our views on ratio and
proportion. _

In fact, I say that Geometrical ratio, which others limit to two terms, admits
of any desired number of terms, because between three, four or more as well
as between two magnitudes there is a mutual relation in respect of quantity. We
therefore request the reader to concede us this for the sake of utility (as will
appear in its place) and necessity (because thé matter is like this).

;
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PROBLEMATVM

EX quo conceffo opus erit, talis vationis ac proportionis & reliquorum
eX ipfis- dependentium definitiones deferiberes «  dpfarum ausem [umma_,
in fubicGlo [chematé exbibetur . .

1

Magnitudinum,
que ¢ termini
dicuntur , com-
paratio eftin

FRatione
que oft

Propor-

Lt

(Pofitina defi. 2.

[ Regularis < { Transformate

Moutata < defi, 8. .
Unver/a deft. 9.

tione ques

rregularisyvt perturbasa defi, 10,
(Pofiriud. deft, 12.

'Rg?gularisj { Transformata

' deft. ¥9.

Mutats i Immja deﬁ. 20
Alsetnas defi.

{2

Jrregularis, v perturbatadefi. 22.
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When this has been conceded, it will be necessary to describe the definitions
of such ratio and proportion and the other things dependent on them. Now the
sum of these is shown in the following scheme.

Spositive Def. 2

regular transforméd Def. 8
ZChanged 3invcrted " Def. 9

ratio, .
Magnitudes, which is irregular, e.g. perturbed Def. 10
which are positive Def. 12
:i:)nscaliii regular transformed Def. 19
comp;re din . changed < inverted Def. 20
‘ proportion, alternated  Def. 21

which is
’ irregular, e.g. pertusbed Def. 22




GEOMTRICORVM LIBI, 7

Definitio x.

Terminus ¢ft vna finita magnitudo,

Explicatio.

Ve linea & dici poteft terminus , eodemque mods na fuperficies ant
Vnum corpus terminus dicitur quafi diftinguens (pocentialicer [alrem) par-
tes rariomis aut proporeionis i quare notandum e/l hic fenfum effz (.’-e alio

A termino quam habetur in 14 prop. lib.1. Euclid, nam ibi de

extremitate el éXtremitatibus magnitndinum loguitiiy: hic ve=
ro confideramss toram maguitudinem , gaatenus et limes , vt
diximus , terminans partes rationis feu proportionis.

Definitio 2.

Ratio magnitudinum eft diverforum terminorum eiufdem ge-
Reris magnitudinis mutua qu:cdam fecundum quantitatem has

bitudo.

Explicatio .

ABCD Sint quidam termini magnitudinis cinfdem ge-
4213 neris (termini autem dinerforum gemerum magritus
RN dinum non habene incer fe Geomerricam comparatio-

f ] nem) vt linec A 8 C 0. lieur illarum linearum
J mucua babitudo fecundum quanticatem , vt A du-

- plum ipfius B, & B duplum ipfius C, & D fefquial:
serum ipfius B e, dicitur ratio.
Definitio 3.

Ratio in duobus terminis paucifsimis confiftit.
Expli-
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Definition 1.
A term is one finite magnitude.

Explanation.

Thus, the line 4 may be called a term, and in the same way a figure or a body
is called a term, as if to distinguish (at least potentially) the parts of a ratio or
a proportion: for which reason it is to be noted that term is used here in an-
other sense than in the 14th proposition *) of Euclid’s 1st book, for there the
extremity or extremities of magnitudes are referred to; here, however, we con-
sider the whole magnitude, as far as it is a limit, as. we have said, which ter-
minates the parts of a ratio or a proportion.

Definition 2.

A ratio of magnitudes is a certain mutual relation in respect of quantity of
different terms of the same kind of magnitude.

Explanation.

Let there be certain terms of a magnitude of the same kind (indeed, the terms
of different kinds of magnitudes are not susceptible of Geometrical comparison
among each other), such as the lines A, B, C, D. Then the mutual relation in
respect of quantity of those lines, e.g. A being twice B, and B twice'C, and D
one and a half times B, etc., is called their ratio.

Definition 3.

A ratio consists of at least two terms.

) Stevin means Definition 13: A boundary is that which is an extremity of
anything.
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Explicatio.

Res clara eft cum in omni comparatione ad minimum fint duz quan
titates quarum fit fimilitudo.

Definitio 4.

EBinaria ratio cft, quz in duobus terminis confiftit. Ternana
vero ratio qua in tribus terminis: Et fic pari ordine fecundum
multitudinem terminorum vocabitur ratio,

Explicatio.

Ve duorum terminorum A v comparatio , dicitur & binis illis rerminis
binaria racio. Eodem modo dicetur G D E ternaria, & FGH I quaters
naria ratio ¢oc.

AB CDE FGHI

ll}ll

) Definitio s.

AEquales rationes {unt, quarum termini {unt multitudine pares,
& vt vnius rationis primi termini quantitas, ad fecundi termini
quantitatem: fic alterius rationis primi termini quantitas, ad fe-
cundi termini quantitatem. Si vero rationes effent ternariz : tune
vt vnius rationis primi termini quantitas , ad fecundi, & fecundi
ad tertii: fic alterius rationis primi termini quantitas , ad @cundx,
& fecundi ad tertii: & fic deinceps pari ordine in omnibus ra-

tionibus fecundum multicudinem terminorum. E ol
: -  wpli-
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Exi)lanation.

This is clear, since in every comparison there are at least two quantities which
are similar to one another.

Definition 4.

A binary ratio is a ratio which consists of two terms. A ternary ratio, how-
ever, is a ratio which consists of three terms. And thus in the same way the
ratio is called after the number of its terms.

Explanation.

Thus, the comparison of two terms A, B is called, after those two terms, a
binary ratio. In the same way C : D : E will be called a ternary, and F: G : H : I
a quaternary ratio, etc.

Definition 5.

Equal ratios are ratios whose terms are the same in number, and as in the
one ratio the quantity of the first term is to the quantity of the second term,
so in the other ratio is the quantity of the first term to the quantity of the second
term. But if the ratios are ternary ratios, then as in the one ratio the quantity
of the first term is to that of the second term, and that of the second term to that
of the third term, so in the other ratio is the quantity of the first term to that

of the second term, and that of the second term to that of the third term; and
so on in the same way with all the ratios according to the number of the terms.
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: Explicatio,

Sitbinariaratio A &, cuins primi termini quantitas A, fit duplum fecundi
termini B: Sit ¢ altera ratio binavia C D, cutus primi terminm quantitas C,
e quogue duplum fecunds D, lgitur ratio A B, aqualis dicituy vationi C D.
Si verd effet ternaria ratio vt EF G, cusus primi termini quantitas E, fit
Jelquialsera Jecundi ¥, & fecunds termini ¥ guantitas, fit [ubduplumrercij G
Effetjuer alteraternaria yatio H 1 X, cuiws primi termini quantitas H, fit
quoque fefquialtera fecundi , & [ecundi termini I quantitas, fie quogue fub-
duplum tertij K- Jgitur vatio E ¥ G aqualys diciur ratioms H 1K,

AB CD EFGHIK
42 63 324 648
Mem invelligendum erit de  rationibus
l‘ 1 l l \ ] a’qulzlzus incxplicabilium  magni-
tudinum, '

Definitio 6.
Explicabilis ratio eft quz explicabili numero explicari poteft.

Explicatio.

Vt habitudo fecundum quantitacem relle A ad rellum B, fir dupla,
Quare  quia talts ratio explicabili numero ekplicarur ([umus autem in
[ententia sllorum qui vadices inexplicabiles numerum vocant de quo alias in
noflra Algebra lariis dicetur’) nempe boc vocabulo dupla, dicitur A B ex-
plicabilis ratio - ldemque intelligendum T in rernaria & quaterna rae
tione ,&gc. Huc pertinent explicabilis binarie rationis [pecies & [ubdiuifio-
nes , quas in [ubjcripta sabula completemur hoc modu : '

AB

I
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Explanation.

Let there be a binary ratio A : B, the quantity of whose first term A is twice
the second term B. Let there also be another binary ratio C : D, the quantity
of whose first term C is also twice the second term D. Then the ratio 4 : B is
said to be equal to the ratio C :D. If, however, there is a ternary ratio, such as
E : F : G, the quantity of whose first term E is one and a half times the second
term F, and the quantity of the second term F is one half the third term G, and -
"if there is another ternary ratio H : I : K, the quantity of whose first term H is
also one and a half times the second term, and the quantity of the second. term
I is also one half the third term K, then the ratio E : F : G is said to be equal
to the ratio H : [ : K. ' o v

The same is to be understood with regard to equal ratios of irrational magni-
tudes.

Definition 6.

A rational ratio is a ratio which can be expressed by means of a rational
number.

. Explanation.

Thus, let the relation in respect of quantity of the line A to the line B be
double. Therefore, because such a ratio is expressed by means of a rational
number (we are of the opinion of those who call irrational roots numbers, about
which we shall speak more fully elsewhere in our Algebra) *), to wit by the
word “double”, A : B is called a rational ratio. And the same is to be understood
with regard to a ternary and a quaternary ratio, etc. Here belong the kinds and
subdivisions of a rational binary ratio, which we include in the table below,
as follows:

*) See L’ Arithmétigue, Def. XXXI,
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A ratio
is either

equal
or of major

unequal inequality

simple
of minor
inequality

compound

simple

compound

superparticular
superpartiens

which is expressed
by means of integers
only, such as
multiple

multiple super-

which is expressed .
P particular

by means of .
integers and frac- | multiple super-
tions, such as partiens

subsuperparticular

subsuperpartiens

which is expressed
by means of
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such as sub-
multiple
submultiple

which is expressed superparticular
by means of integers
and fractions, such as submultiple

| superpartiens
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Definitio 7.
Tnexplicabilis ratio eft, qua explicabili numero explicari non
potelt.
Explicatio.
Vot inter infiuitas alias magnitudines latus quadrati ad eiufdem qua-
drati diagonalem. .
Definitio 8.

Transformata ratioeft, in qua per refumptionem fit termini vel

terminorum transhguratio.
Explicatio.

Sit data ratio quacunque ve binaria A B, ad B C, Igieur fi cota A C,
Jumatur pro yno termino , & comparetur ad alterutrum datum terminum ,
Ve A B, proaltero termino , diceur illa fumptio A C,ad A B, (propter ters
minorum transfigurationem) transformata ratio (quam alij compofieam ra-
tionems vocant)date rationss A B,ad BC. o _ :

* Aut alio modo [eccrnr arella 8 C,rela B D,aqualis relle A B, fizque
veliguum D C: Igitur fi © C,[umatur pro Yno termino, & comparetur
ad aleerutrum datum terminym , v¢ A B, pro altero termino dicetnr illa [ums
prio © ©,ad A B, (proper terminorum transfigurationens) transfermata ra=
tio (juam alif quogue dyfiuntiam rationem vocant) data rationis A B, ad B C,

Aut alio modo fi fumatr pars quecunque refle A B, Ve 7ella A E, &
comparcenr ad totam A C, Vel ad quandam parem dicetur talis refumptio
(propeer serminorum transfigurationem ) eransformata ratio date rationis A B,
4dB C. .‘

Aut [ multiplicesur aliquis terminus vel termini pars , O comparetur -
ad tocam Vel alsguam pareem rationss , dicetur tals refumptio (propter -
terminorum transfigurationem ) transformata ratio date ratsonis.

Infumma omnem refumptionem per transfigurationem seyming el termino-
yum ex data ratione oviginem trahentem , que multis ac pee infiuitis mo-
dis fieri potefl , vocamus ipfius date ravion:s sransformatam rasionem.

Compleclimurque hoc modo [ub hac definitione Coniuntiam, Difiunéiam,
&' Converfam rationem, fimul ¢r omnes alias rationes , quarum termino-

- vum vt Jupra diximus fir per tranfigurationem mutatio . Qualss ero fit
B a n
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Definition 7.

An irrational ratio is a ratio which cannot be expressed by means of a rational
numbe.

Explanation.

Thus, among an infinite number of other magnitudes, the ratio of the side
of a square to the diagonal of said square.

Definition 8.

A transformed ratio is a ratio in which by re-association a transfiguration of

-a term or of terms is effected.

Explanation.

Let any ratio be given, e.g. the bmary ratio AB : BC. Then, if the whole AC
be taken as one term and compared with one of the two given terms, e:g. AB, as
the other term, this association of AC and AB (on account of the transfigu-
ration of the terms) will be called a transformed ratio (which others call a com-
pound ratio) of the given ratio AB : BC.

Or, in another way, let there be cut from the line BC the line BD, equal to
the line AB, and let the rest be DC. Then, if DC be taken as one term and
compared with one of the two given terms, e.g. AB, as the other term, this
association of DC and AB (on account of the transfiguration of the terms)
will be called a transformed ratio (thch others also call disjunct ratio) of the
given ratio AB : BC.

Or, in another way, if a part of any line AB, e.g. the line AE, be taken and
compared with the whole line AC or with any part, such a re-association (on
account of the transfiguration of the terms) will be called a transformed ratio of
the given ratio AB : BC.

Or if a.multiple be taken of some term or part of a term and compared with
the whole or some part of the ratio, such a re-association (on account of the
transfiguration of the terms) will be called a transformed ratio of the given ratio.

In general, we call every re-association through transfiguration of a term or
of terms originating from a given ratio, which can be effected in many and
almost an infinite number of ways, a transformed ratio of the said given ratio.

And we thus include in this definition the Conjunct, the Disjunct, and the
Converse ratio, and likewise all other ratios whose terms have been changed, as
we have said above, through transfiguration. However, which practical use is




1z PROBLEMATVM
in praXi buius definitionis %fus , in demonSCrationibus quorundam Proble-
marum buins librs farss erie manifeftum,

A E B D C

Definitio 9.
Inverfaratio eft fumptio confequentis termint ad antecedentem,

Explicatio. ,
Sit data ratio A ad B,in qua comparetur A ad B, Igitur fi comparemus
Vice ‘ver|a confequentem B, ad amecel;mem A, dicesur talss [umprio B ad A,
inver[a ratio rationis A ad B. L

AB

; Definitio 10.

Perturbata ratio eft, comparatio fecundi termini ad tertium, &
primi ad fecundum: fi verd plurium terminorum fuerit ratio, tum
fecundiad tertium, & tertij ad quartum, & fic deinceps quamdiu
ratio extiterit : tandemque primi ad fecundum.

ABCD .
Explicatio.
Sint termini A B C D, Igitur fi comparemmws B ad C
@ Cad D tamdemque A ad B talss comparatio dicitur per:
turbata ratio. ' '

Definitio 11. :
Perturbata ratio in tribus terminis paucifsimis confiftit.
Definitio 1a.
Proportio magnitudinum eft duarum zqualium rationum fimi-
litudo, : :
Expli-
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made of this definition will be sufficiently shown in the proofs of some Problems
of this book.
Definition 9.

Inverted ratio is an association of the consequent with the antecedent term.

Explanation.

Let there be given the ratio A : B, in which A is compared with B. Then,
if we compare vice versa the consequent term B with the antecedent term A,
such an association of B with A is called the inverted ratio of the ratio A : B.

!

Definition 10.

Perturbed ratio is the comparison of the second term with the third, and of
the first with the second; but if the ratio should comprise more terms, then
of the second with the thnrd and of the third with the fourth, and so on as
far as the ratio goes, and finally of the first with the second.

Explanation.

Let the terms be A4, B, C, D. Then, if we compare B with C, and C with D,
and finally 4 with B, such a comparison is called 2 perturbed ratio.

Definition 11.
A perturbed ratio consists of at least three terms.

Definition 12.
A proportion of magnitudes is the sumlarlty of  two equal ratios.
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Explicatio.
Sint due quacunque equales rasiones, vt binarie A B, & C D, Hllaromn
Serd comparatio nempe vi [¢ babet A ad B, fic [ habet c ad o dicuur
proponio : Vel termini A B dt;umur proportionales cum terminis C D,

ABCD
23 46

Definitio 13.

Binaria proportio eft qux ex duabus zqualibus binarijs rationibus
confiftit. Ternaria verd proportio quz ex duabus zqualibus terna-
rijsrationibus confiftit, & fic pari ordine fecundum fpecies ratio«
num vogabitur proportio.
' Explicatio.

Vt due zquales binarie rationes A B& C D, dicuntur binaria proportio:
Similiter due equales ternaric rationes E ¥ G @ H 1 K, dicuntur ternaria
proportio: Similiter due aquales quaternari rationes LM N O, & P QR S,
dicuntur quaternaria proportio. ldem de reliquis, vt quinatia , fenaria ¢re.
proportions intelligendum eft. :
AB CD EF G HIK LMNO PQQRS
23 46 213 426 4123 8246

I lll

B3 Defi-
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Explanation.

Let there be any two equal ratios, such as the binary- ratios 4 : B and C : D.
Now their comparison, »iz. as A is to B, so is C to D, is called 2 proportion;
or the terms A and B are said to be proportional to the terms C and D.

Definition 13.

A binary proportion is a proportion which consists of two equal binary ratios.
But a ternary proportion is a proportion which consists of two equal ternary
ratios, and thus in the same way the proportion will be called after the kind
of the ratios.

Explanation.

Thus, two equal binary ratios A : B and C : D are called -a binary proportion.
Similarly, two equal ternary ratios E : F : G and H : I : K are called a
ternary proportion. Similarly, two equal quaternary ratios L : M : N : O and
P:Q :R: S are called a quaternary proportion.. The same is to be understood
of the others, viz. of a quinary, a senary, etc. proportion.
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\ . Definitio 14.

Continua proportio eft,, cum quilqué intermgdius terminus vice

antecedentis & confequentis fumstur, - :
, Explicatio.

Sit proportio A B C D, fitque terminus A duplusipfi 8, & B duplus i3fi c,
@ C duplus1pfi D: igitur quia intermeds] termins, Ve B &5 C, ‘vice antecedentis
¢ confequentis fumi poffunt (nam i fumasur B.pro anvecedentitermino, & di-
camus V¢ B ad C, fic Cad D)erunt B C C D termini proportionals.
 Similiter [t idem terminus B, fumatur pro confequentitermino, & dicasur, vt
Aad B, fic Bad C,eriirit A B B C, termini proportionales . Eodems modo 1n-
Veniettr C poffe /icmz'_ pro antecedenti & confequenti termino , diceturgue
A B C.D: proportio -continta. R :

ABCD
8421

"t

, , Definitio 15.
Coatinua proportio in tribus terminis paucifsimis confiftic,
Explicatio: .
V't continia proportio A B C, in gua dicimus vt A adB, ficBad C, ¢ wmi-

saoribes terminis quam eribus conflare non potefT,

ABC
842

|

Defi-
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Definition 14.

Continuous proportion is if each of the mean terms may be taken as the - ante-
cedent and the consequent term.

Explanation.

Let the proportion be 4 : B = C : D, and let the term A be twice the term
B, and B twice the term C, and C twice the term D, then because the mean
terms, viz. B'and C, can be taken as the antecedent and the consequent term
(for if B is taken as the antecedent term, we also say: as B is to C, so is C to
D), then B, C, C, D will be proportional terms.

Similarly, if the same term B is taken as the consequent term and it is said:
as 4 is to B, so is B to C, then A, B, B, C will be proportional terms. In the
same way it will be found that C-can be taken as the antecedent and the conse-
quent term, and A : B = C : D will be called a continuous proportion.

Definition 15.

A continuous proportion consists of at least three terms.

Explanation.

Thus, the continuous proportion A : B=23B: C, in which we say: as A is
to B, so is B to C, cannot consist of fewer than three terms.
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Definitio 16. ,

Difcontinua proportio eft cum quifque intermedius terminus
vice antecedentis & confequentis fumi non poteft.

LI I !5

o Explicatio, : :
Sit prapom’o A B C D, fitque terminus A d”flm ipfi B, & B, in fublefqui altera

ratione ad C, & C duplus ipfi B: Igitur quia incermedij termini, vt 8 @ C

wice antecedentis & confoquentis fums non poffunc (nam ve B ad c, fic non
¢l Cad D ¢re.) dicieur A B C D, difcontinua proportio,

AB CD

63 42

n

'

. Definitio1z. :
Difcontinua proportioin quatuor terminis paucifsimis confiftic.

Explicatio. :
Ve difiontinua proportio AB C D pracedentss dicima fexte definitionis,
confiftic in quatnor terminis , neque ex minoribus conflare poeesCe

Definitio-18.

Proportionis Homologi termini dicuntur , primus primz ratio:
nis, cdm prino fecundz rationis . Similiter dicuntur Homologi
termin i fecundus primz rationis , cum fecundo fecundz rationts,
& fic part ordine tn reliquis fecundum multitudiném terminorum.

Explicatio. _
Sit proportio quacunque ,vs ternatria A B C, ad D & ¥: Igitur primus
teyminus A prime rvationis, cum primo termino D, Jecunde rasionis , di

cuntur. Flomologi termini: Eodemque modo dicuntur B E Homologs ter-
wini, fimilicer ¢ ¢ ¥ Homologi termini.

"ABC
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Definition 16.

Discontinuous proportion is if each of the mean terms cannot be taken as the
antecedent and the consequent term.

Explanation.

Let the proportion be 4 : B = C : D, and let the term A be twice the term
B, and let B be to C in the ratio of 3 : 4, and let C be twice the term D, then
because the mean terms, »iz. B and C, cannot be taken as the antecedent
and the consequent term (for as B is to C, so is.C not to D, etc.), 4 : B =
C : D is called a discontinuous proportion.

Definition 17.

A discontinuous proportion consists of at least four terms.

Explanation. -

.Thus, the discontinuous propostion 4 : B = C : D of the foregoing sixteenth
defmltlon consists of four terms, and cannot consist of fewer terms.

Definition 18.

Homologous terms of a propottion are the first of the first ratio to the first
of the second ratio. Similatly, homologous terms are the second of the first
ratio to the second of the second ratio, and thus in the same way with the rest,
according to the number of terms.

Explanation.

Let there be any proportion, ¢.g. the ternary proportion 4 : B : C =
D : E : F, then the first term A of the first ratio with the first term D of the
second ratio are called homologous terms. And in the same way B and E are
called homologous terms; similatly also C and F are called homologous terms.
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ABC DEF
324 648

Definitio 19.
Transformata proportio eft quz cx duabus zqualibus transfor:
matis rationibus confiftit. _ '
Explicatio. : -
Sint due rationes quarum prima A Bad B C,Secunda D Ead E ¥, firque
rationis A Bad B C transformata ratio per 8. definitionem A G ad G €, cui
equalis ratio fir ,transformata ratio D H ad 1 ¥: Igitur proportio éX ratios
ntbus A G ad Go, & D Had HE, dicutur iransformata proportio date pro-
portionis A B, B C, D E, E F. Porefigue liac transformata proporsio tamva-
rijs modys accidere , quam funt transformatarum racionum oGtaue definisionis
differentie.
A G B cC D H E F
I 2 .3 2 4 6

NOTA.

Hac definitione transformate proportionis concefJa , fuperflua Videntur
theoremata 1.2.3. 4. 5.6, $2. 15.17. 18, 19. 20. 22.¢ 24. lib. 5 Enclid.
que omnia cim multis alifs imilibus (cim omnia fub bac vaia definitione .
comprehendantur) in vno theoremate pofient Explicari. ’

Definitio 20. 4
Inverfa proportio eft quz ex duabus aqualibus inverfis ratio-

nibus confiftit.
Expli-




163

Definition 19.

Transformed proportion is a proportion which consists of two equal trans-
formed ratios.

Explanation.

Let therée be two ratios, of which the first is AB : BC, the second DE : EF,
and let the transformed ratio of the ratio AB : BC by the 8th definition be
AG : GC, to which let the transformed ratio DH : HF be equal. Then the
proportion consisting of the ratios AG : GC and DH : HF is called a transformed
proportion of the given proportion AB : BC = DE : EF. And this transformed
proportion may occur in as varied ways as there are different kinds of trans-
formed ratios of the eighth definition.

NOTE.

Once this definition of a transformed proportion has been conceded, the -
theorems 1, 2, 3, 4, 5, 6, 12, 15, 17, 18, 19, 20, 22, and 24 of Euclid’s Sth
book would seem to be superfluous; they can all, with many other and similar
theorems (since they are all included in this one definition), be expressed in
one theorem *). .

Definition 20.

Inverted proportion is a proportion which consists of two equal inverted ratios.

*) This is due to the general way in which Stevin has defined transformed ratio:
if a:b is a given ratio, and p, g, ..... are given numbers, then any ratio (kia +
o + mip + mig + ... Yi(kea + 12b + mep + meq + ...... ), where Ky ...... ng
are positive or negative numbers, is a transformed ratio.
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: Explicatio, g .
' Sit data proportio A B C D, firqus D C rationis C D in'vesfa vatio per
nouam definitionem : Similiter B A rationis A B inverfa rasio: Igitur fi ins
feracur ,ve Dad C fic B ad A, vel,ve B ad A, fic pad c, ic:tur hoc
argumentari ab inverfa proporsionc , proporsionis A B C D.

"AB CD
231 46

|| 1]

- Definitio 21.
Alterna proportio eft fimilis fumptio homologorum termino-
rumad homologos ternunos. :
) _ ‘Explicatio. .

Sit proporeio quacunque , ve ternaria ABCy DEF fumanturgue boe
mologi termini, e A D & CF: Igitur proporsio A D C ¥ dicicur alterna
proportio date proportionis , porefigue hoc modo alterna proportio ex ipfa
data proportiune Varis modis [wmi.

ABC DEF NOTA.

324 648 e . .
' Dicitur in hac definitione fimilis fumptio, hoc ¢fl,

[ antecedens terminus prima alterne rationis, fucrit €X pri-
ma data ratione , requirituy ve antecedens terminus fecun=
de alterne rasionis, [umatur gquoque ¢% prima data ra-
tione, ¢ ita de confequentibus terminis , vt fupra fallum
efC, nami A ¢r C funt alserne proporsionss antecedentes ter-
miti , & ex eadem prima dara ravicne. :
Hec igitur fimilis fumptio obfirvaru neceflaria efC, nam et D A
[unt bomologi termini, fimiluer & C ¥, Tamen vt D ad A fic non efl cadF:

Quare vt in definitione , termini funt fimiliser fumendi.
c Notandum
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Explanation.

Let there be given the proportion 4 : B = C : D, and let D : C be the
inverted ratio of the ratio C : D by the ninth definition. Similarly, let B : A
be the inverted ratio of the ratio A : B. Then, if it is inferred that as D is to C,
sois B to A, or as B is to A, so is D to C, it will be said that this is proved
from the inverted proportion of the propertion 4 : B = C : D.

Definition 21.

Alternated proportion is a similar association of homologous terms  with
homologous terms.

Explahation

Let there by any proportion, e.g. the ternary propomon 4:B:C
: E : F, and let the homologous terms be taken, such as A, D and C, F
Then the proportion A : D = C : F is called an alternated proportion of the
given proportion, and thus an alternated proportion can be taken from the said
given proportion in various ways.

NOTE.

In this definition a similar association is spoken of, i.e. if the antecedent
term of the first alternated ratio is taken from the first given ratio, it is re-
quired that the antecedent term of the second alternated ratio be also taken from
the first given ratio, and thus with the consequent terms, as has been done
above, for A and C are antecedent terms of an alternated proportion and have
been taken from the same first given ratio.

Hence it is necessary that this similar association be observed, for though D
and A are homologous terms, and similarly C and F, nevertheless as D is to A,
so is C not to F. And therefore, as in the definition, the terms have to be
associated in a similar way.




13 PROBLEMATVM
Nozandum eft quogne alsernam proporcionem non poffe [umi wifi ex
duabus rationibus eiujdem gonerss magnirudinis, '

- , _ Definitio 22.° :
Perturbata proportio eft- fimilitudo duarum zqualinm rationum
quarum alceraeft perturbata. '

ABC DEF GHIK LMNO
6..42. 6.3.2. 12.8.4.2, 6.3.2.1.
N l | ! Explicatio. ‘
l [ ‘ l : Sint due rationes quarim prima
_ A B C regularis per 12.deft. & altera
" ' DEE perturbara per 10. defi. &
aqualis prima rationi , id eSC, ve A
N ad B,y Bad C, fic E adE & D
ad £. Hlemguemrelligendum ef}, whi rationes fuerine €% pluribus qudm tri-
bus terminis., 'yt ravio regularis G 11X cunm perturbata L MN o. Tgicur
talts comparatio dicitur perturbata prolbom'o , ad d{[ﬁremz‘zm .regularz's pro-
portionis definite in pracedenti 12. defi. .
Vilitas huius defmitionis in prdXi nempe in propafiionnm demonfrasio~ -
ne eft, quod rasionum extrem termini funt proportionales , hoc €T, feft
vtAads, ¢ Bad C,fic Ead¥ & pad i, Ergo concluditurve A ad C, |
fic pade, aut freff,vicaln g nad 1.0 1ad K, e Mad NG N -
ad 0 @ L ad M, Ergo vt G ad K, fic Lad o.  Mamgue perpet'uo‘e/[ﬁ
neceflariam confequentiam , colligitur €% 23. prop. lib. 5. Euchd,

Definitio 23, ‘ }
Perturbata proportio in fex termmis paucifsimis confiftie.

Definitio 24.
Cum tres termini proportionales fuerint: Primus ad tertium du-
plicatam rationem habere dicitur eius, quam habet ad fecundurm.
' At cum quatuor termini continué proportionales fuerint ,primus
. ad quartum triplicatam rationem habere dicitur eius, quam habct ad
. fecundum: Etfemper deinceps vno amplius quam'dilu proportio-ex-
titerit: _
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It is also to be noted that an alternated proportion cannot be associated unless
from two ratios of the same kind of magnitude.

Definition 22.

Perturbed proportxon is the similarity of two equal ratios, one of which is
perturbed.

Explanation.

Let there be two ratios, the first of which, A : B : C, is regular by the 12th
definition, while the other, D : E : F, is pertutbed by the 10th definition and
equal to the first ratio, i.e. as A is to B, and B to C, so is E to F, and D to E.
And the same is to be understood where there should be ratios of more than
three terms, such as the regular ratio G : H : I : K with the perturbed ratio
L:M: N : O. Then such a comparison is called a perturbed proportion, to
distinguish it from the regular proportion defined in the foregoing 12th defi-
nition.

The utility of this definition in practice indeed is shown in the proof of the
propositions, because the extreme terms of the ratios are proportional, i.e. if as A
is to B, and B to C, so is E to F, and D to E, it is concluded that as A4 is to C,
sois Dto F;orifas Gisto H,and HtoI,and I to K, so is M to N, and N
to O, and L to M, then as G is to K, so is L to O. And that this is perpetually
a necessary consequence, is inferred from the 23rd proposition of Euclid's 5th

bOOk *) i
Definition 23.

A perturbed proportion consists of at least six terms.

Definition 24.

When three terms are proportional, the first is said to be to the third in the
duplicate ratio of that in which it is to the second. And when four terms are
continuously proportional, the first is said to be to the fourth in the triplicate
ratio of that in which it is to the second. And so always on, one more than the
proportion goes.

*) Euclid V Prop. 23: If there be three magnitudes, and others equal to them
in multitude, which taken two and two together are in the same ratio, and the
proportion of them be perturbed, they will also be in the same ratio at the
corresponding places.
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~ Explicatio.

Sint termini continué proportionales A B C D E: Igitur primus terminus

A adsersium C duplicatam ducivur habere rationers eius, quam babet ad fecun- -

w  dfm v Et primus serspinus Ayad guarsum  vriplicaram dicitur babere vatio-

nem eins, quam habet ad [ecundum B: Similiter primus terminus A ad guin-

tum B, quadruplicard dicssur habere rationem eius, quam habet ad [ecundum B.

ABCDE - :
168421 No:az}rdumkeﬁ bis non effe quaftionem (v mulsi putant)
‘ |1 de magm];mdz'm terminorum (nam dici potefl E ad C duplicatam’
i ' bdéeie'm‘:iionem eius quam habes ad p & Sed de ipforum
“nomine proportionss duplicata triplicata &re. ve refle hunclo-
cum [ub. o definisione lib. 5. Euclid.  explicar dohifSimus-
Mathemazicus ChrifCophorus Clauius, cui placebiz legat ipfum,

. A - L2 . h
PROBLE MeA I
- Datis re@ilinei triangulis: Rectas lineas invenireinter{e inea ra-
tione ac ordine vt funt trnanguli.
Explicatio dati. , ‘ A
Sint dati reflilinei |AB G D EF quatuor trianguli ABC, ACD,
ADE, AEF. . )
: Explicatio quxfiti, N
Oporteat quatuor reé?;as linieas in'venire,inter f¢inearatione ac ording, quo
June ipfi trianguli, hoc eft , cum sriangulis proporsionales.
' Conftru&io. 5
- Deferibatur per 45. prep. lib. 1. Enclid. Parallelogrammum G 11 x
equale toti rellilineo dato A B € p E E, Suefue paraliclogrammum G L
equale triangulo A B c, @ parallelogrammum M N equale triangulo A C D,
& parallelogrammum o\ p equale sriangulo A D E; & parallelogrammum

QU «quals triangulo A\E ¥, ' .
. c:  Dia
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Explanation.

Let the continuously proportional terms be A : B=B:C = C:D = D : E.
Then the first term A is said to be to the third term C in the duplicate ratio of
that in which it is to the second term B. And the first term A is said to be to
the fourth term D in the triplicate ratio of that in which it is to the second
term B. Similarly, the first term A is said to be to the fifth term E in the
quadruplicate ratio of that in which it is to the second term B.

It is to be noted here that there is no question (as many people think) of the
magnitude of the terms (for it may be said that E is to C in the duplicate ratio
of that in which it is to D, etc.), but of the name “duplicate, triplicate, etc. pro-
portion” of these terms, as this passage is rightly explained under the 10th
definition of Euclid’s Sth book by the most learned Mathematxcxan Christophorus
Clavius; let he whom it pleases read him *).

PROBLEM L

Given the triangles of a rectilinear figure, to find lines which are to one an-
- other in the same ratio and order as the triangles are.

Given. '

Let the four triangles ABC, ACD, ADE, AEF of a rectilinear figure ABCDEF
be given.

Required.

Let it be required to find four lines which are to one another in the same
ratio and order as the triangles are, 7.e. propostional to the triangles.

Construction.

By the 45th proposition of Euclid’s 1st book construct a Parallelogram GHIK
equal to the whole given rectilinear figure ABCDEF, and let the parallelogram
GL be equal to the triangle ABC, and the parallelogram MN equal to the
triangle ACD, and the parallelogram OP equal to the triangle ADE, and the
parallelogram QI equal to the triangle AEF.

*) When a:b = b:c, then a:c has the duplicate ratio of 4:4; when a:b = b:c = cid,
then a:d has the trxphcatc ratio of a:b; hence a/c = (a/b)?; ald = (a/b)3. As to Clavms
see Introduction; footnote 1.




28  PROBLEMATVM
Dico quatwor relas lineas x L, LN, NP, P1, effe inventas, inter
[fem ea ratione ac ordine qua funt trianguli dati, hoc eft , e triangulus
ABCad AcD, ¢ ACDad ADE, & ADE ad AEF: SUKL
#d LN, LN ad NP, '@ N pad 1, Vi eras quaficum.

A : Demonftratio.
Vi re€la X L ad re-
fam LN, fic paral-
lelogramum M N per 1
prep.lib. 6. Eucl,
Et triangulus A B C
equalis C parallelo-
grammo GL, & -
‘ ’ ‘ angtilus A C D a&qualis
G “ o Q H T parallelogrammo,
~ M N,per conflruttionem:
| Quiare e reéla K L ad
retlam LN, Sic trian~
_ gulus a3 C, ad trian-
X L N e 1 gulum A ¢ v. Eodem-
' _ ' gue mudo oftendetur re=
Gam N P correfpondere triangulo A D E, & relam P1 triangulo AEF.

Conclufio.

Tgicur datis veflilinei triangulis, relle linea in'vence funt inter [¢ in ea
ratione ac ordine, Ve funt trianguli, quod erar faciendum.

Id_g‘m alio - modo.;

o Explicatio dati.
Sine itgrum desi rellilingi triangulh ABC, ACD, ADE, AET.
’ Explica-
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I say that four lines KL, LN, NP, PI have been found which are to one an-
other in the same ratio and order in which the given triangles are, 7.e. as triangle
ABC is to ACD, and ACD to ADE, and ADE to AEF, so is KL to LN, and
LN to NP, and NP to PI; as was required.

Proof.

As the line KL is to the line LN, so is the parallelogram LG to the parallelo-
gram MN by the 1st proposition of Euclid’s 6th book. And the triangle ABC
is equal to the parallelogram GL, and the triangle ACD is equal to the parallelo-
gram MN by the construction. And therefore, as the line KL is to the line LN,
so is the triangle ABC to the triangle ACD. And in the same way it will be
shown that the line NP corresponds to the triangle ADE, and the line PI to
the triangle AEF.

Conclusion.

Therefore, given the triangles of a rectilinear figure, lines have been found
which are to one another in the same ratio and order as the triangles are; which
was to be performed.

The same in another way.
’ 8,

N,
. Guen.

Let the triangles ABC, ACD, ADE, AEF of a rectilinear figure again be given.
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Explicatio quafiti. - o

Oportear quatsior re@las lineas invemre , inter [e in ca ratione ac ordine

quo funs ipp trianguli
Conftru&io, .
Dacatur refla B G perpenditul_ar:’: ad rcflam A C, ¢ refla DU ?’e”'.' .
pendicularis ad eandem rettam A'c, @ rella C 1 ‘perpendicularis ad reitam
A D, & refla E K perpendicularis ad reflam A D, & rells D L perpendi=
cularis ad reflam A E, &7 re€la € M perpendicularis ad reflam AE, & re- -
84 N O equalis rele B G,&rrséla O p wqualis refle 1 D: invematurdue
per 12. prop.lib.6. Euclid, quarca linea proportionalis, quarumprima c 1,
[fecunda K E, teriia 5D vel O ®, figue quarta_p Q: Iiveniatur deinde.
quarta linea Pro[vo'rtiona'li: quarum prima D L, fecunda ¥ M, tertia P.Q,
Jiugue quarta Q R: Eodemgue modo continuandum efes fi plures effent
srianguli, : :
Dico quasior reflas lineas N 0, O%; pQ_, QR effc inventas inter
[ in ea ratione ac ordine , in quo funt dari trianguli, boc efl, vt triangu.-
lusaBCc adacD, & ACDad ADE, & ADEad AEF: Sic NO
ed or, & OP ad 2 Q, & PQad QR, Vt eras quzfitum.

Demonfiratio,
Diftin&tio 1.

Vireflas Gadretia D,

fic triangulus - ABC ad
triangulum A C D, vt col-

ligivur ex v prop. lib. 6.

Euclid, Quod inter alios
explicanit  ChrifCophorus

 Claius ad diflam 1.prop.

: pmneee [ib 6. Euiclid. Nam [unt
N o P Q R trianguli quorum bafis ¢a-

dem A C, quare ita fe habent ve altivudines : E¢ rfla BG aqualis eft
' ' € 3 refle
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Required.

Let it be required to find four lines which are to one another in the same
ratio 'and order as the triangles are.

Construction.

Draw the line BG perpendicular to the line AC, and the line DH perpendicu-
lar to the same line AC, and the line CI perpendicular to the line AD, and
the line EK perpendicular to the line AD, and the line DL perpendicular to the
line AE, and the line FM perpendicular to the line AE, and the line NO equa!
to the line BG, and the line OP equal to the line HD. And by the 12th pro-
position of Euclid’s 6th book find the fourth proportional, the first term being
Cl, the second KE, the third HD or OP; and-let the fourth be PQ. And sub-
sequently find the fourth proportional, the first term being DL, the second FM,
the third PQ; and let the fourth be QR. And this would have to be continued
in the same way if there were more triangles.

I say that four lines NO, OP, PQ, QR have been found, which are to one
another in the same ratio and order in which the given triangles are, i.e. as the
triangle ABC is to ACD, and ACD to ADE, and ADE to AEF, so is NO to
OP, and OP to PQ, and PQ to QR; as was required.

Proof.
Section 1.

As the line BG is to the line HD, so is the triangle ABC to the triangle ACD,
as is inferred from the 1st proposition of Euclid’s 6th book, which has been
explained, among others, by Christophorus Clavius in his commentary on the
1st proposition of Euclid’s 6th book. For they are triangles with the same base

. AC, on which account they are to one another in the. ratio of their heights.
Moreover the line BG is equal to the line NO, and the line HD to the line OP




22 . . PROBLEMATVM
refte N 0,& refls H p refle O p-per conflrullionem: Ergoveveflax o

ad op, fic eriangulus AB C ad ‘triangulum A'C D
o Diftin&io 2,
Vi recla. c1 ad rellam <k, ficsriangulus -A € D adtriangulum a0 E
per locsm. citagum in 1 diflintlione, nam fune trianguli ad eqpdem bafin A O.
@ por conflructionem Ve refta C 1 ad reflam K E, fic refla o v ad P Q,
"Ergo i 1ella O® ad P Q_, fic triangulus A C D -ad triangulum A DE.

~ .. . .. Diftin&tio 3. S
Verela D L adrectam M ¥, fic triangulus A D E ad triangulum A-E £-
per'locum citarum in 1 diftinélione:, nam Jtint erianguli ad eaidem bafin & E.
Ltverella D L ad relam M F, fic recta.p Q_ad QR por conflructionem,
Ergo vt retla » Qad @R, fic sriangulus A D E ad triangulum A & F.
o . . Condufio,. o

Lgitur davis-recvilings triangulis refle linee invente funt inter [é in e4
rativne ac ordine 've funz srianguli. - Quod per bunc [ecundum modum eras
faciendum. . : . . '

NOTA

© Siperpendiculares quadam caderent extra -

- rellilineum, e perpendicularis D B 4d res
&dam A C,tunc producenda effezrecta A C,
& ducenda D H perendicularis ad produs

&lam A C: Similitergue D L ad productam
A E Vein bac figura pate , cui pracedens
conftructio ac demonfirasio apphcari porft.

NO P »‘ Q "R,
PROBLEMA II.
- A’ quouis angulo trianguli re&am lineam ducere, quz dinidat

triangulum verfus partem petitam fecundum xationem_datag.. y
. Vet pal xpli-
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by the construction. Consequently, as the line NO is to OP, so is the triangle
ABC to the triangle ACD.

Section 2.

As the line CI is to the line KE, so is the triangle ACD to the triangle ADE
by the passage cited in the 1st section, for they are triangles with the same base
AD, and by the construction: as the line CI is to the line KE, so is the line OP
to PQ. Consequently, as the line OP is to PQ, so is the triangle ACD to the
triangle ADE.

Section 3.

As the line DL is to the line MF, so is the triangle ADE to the triangle AEF
by the passage cited in the 1st section, for they.are triangles with the same base
AE. Moreover, as the line DL is to the line MF, so is the line PQ to QR by the
construction. Consequently, as the line PQ is to OR, so is the triangle ADE to
the triangle AEF.

_ Conclusion.

Therefore, given the triangles of a rectilinear figure, lines have been found
which are to one another in the same ratio and order as the triangles are. Which
was to be performed by this second method.

'NOTE.

If any of the perpendiculars should fall outside the. rectilinear figure, such as
the perpendicular DH to the line AC, then the line AC would have to be pro-
duced and DH would have to be drawn perpendicular to AC produced. And
similarly, DL to AE produced, as is visible in this drawing, to which the pre-
ceding construction and proof can be applied.

PROBLEM 1L

To draw from any angle of a triangle a line which divides the triangle in a
given ratio such that required pasts are towards given vertices.

1
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Explicatio datt.

Sit datns triangulus A B C, & data ratio refla D ad E..

..~ - Explicatio quafiti. ' S

Oporteat ab angulo & vectam lincam ducere, que dividat triangsltim A v ¢
boc modo vt pars veifus B ad partem verfus C eam habeat rasonem quam
D 4d E. ' ‘

_Conftru&io.

Dividatur per 10, prop. lib 6. Enuclid. oppofitum latus dati. anguli A ve
latus B ¢ hoe modo, vt pars verfus B ad partem verfus C eambabearra-
tion:m,quam refla D od E fitfue in ¥, & ducatur A¥. -

A DE  Dicoab angulo A rectam lineam A ¥, cffeducram
I . qne diuidic triangulum A B C, hoc modo vetrian-

1‘ gulus A F B pars fclices verfus B, ad triangulum
.V AEC partem verfus C, cam babear rationem
Cquam D ad E vt erat quxﬁwm. o

‘ Demontftratio.

Ve yvella B ¥ adrectam F C, fic triangulus A ¥ B ad triangulum A FC
per 1. prop.lib. 6. Euclid. Ec vt 8 ¥ ad ¥ C, fic 0 ad E per conflrullionem, -
Ergovt D ad E fic triangulus A F B ad triangulum A ¥ C.

N o Conclufio. ’ '

koitur d quouis angulo eriangali . Quod erar faciendrm.

PROBLEMA IIL

A dato pun&o in latere triangali, retam lineam ducere qua diuiz-
dat triangulum verfus partcem pettam fecundum rationem’datam.
Explicatio dati.
Sit dacus triangulus A B C, & datum punflum D in veéla A B, datave-
70 ratio refla Ead F. ' '
' ‘ Explicatio quafiti. ‘
Oportear d puntio. D re€tam lirieam ducere, que diuidat eriangulum A B C

boc moda vt pars ver[us B ad parse verfus A,eam babeat rationt qui E ad F.
- ' Con =
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Given.

Let a triangle ABC and the direct ratio D : E be given.

Réqaired .

Let is be required to draw from the angle A a line which divides the triangle
ABC in such a way that the part towards B is to the part towards C in the same
ratio as D to E.

Construction.

By the 10th proposition of Euclid’s 6th book divide the side opposite to the
given angle A, viz. the side BC, in such a way that the part towards B is to the
part towards C in the same ratio as the line D to E, and let.this be in F, and
draw AF.

I say that from the angle A a line AF has been drawn, which divides the
triangle ABC in such a way that the triangle AFB, i.e. the part towards B, is to
the triangle AFC, the part towards C, in the same ratio as D to E; as was re- .
quired. ‘

Proof.

‘As the line BF is to the line FC, so is the triangle AFB to the triangle AFC,
by the 1st proposition of Euclid’s 6th book. Moreover, as BF is to FC, so is D
to E by the construction. Consequently, as D is to E, so is the triangle AFB to
the triangle AFC. ’

Conclusion.

Therefore, from any angle of a triangle etc. Which was to be performed.

'PROBLEM III.
From a given point on a side of a triangle to draw a line which divides the
triangle in a given ratio such that required parts are towards given vertices.
Given.
Let a triangle ABC be given, and a point D on the line AB, and let the direct
ratio of E : F be given.
Required.

Let it be required to draw from the point D a line which divides the triangle -
ABC in such a way that the part towards B is to the part towards A in the
same ratio as E to F.
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Conftrudtio.”

Ducatur refla D C, hoc €T, a dato punflo D in angulum oppofi-
ttm lateri A B. Inveniantur deinde per- pracedens primum Probl.ma due
refle linee G H,er H1, iriter [e in ea ravione ac ordine,ve [ans trianguli
DB C'¢r A D C: Dinidatur deinde rela G 1 per 10. prop. bb.6. Luciid,
bocmodove pars Verfus G ad parsemverfus 1 , eam habear rationcm quam
E ad ¥, fitgue in K. Animaduertatur deinde in Yerum terminum rationis
G 'H ad H1cadat punflum X, nempe an in G H an in 8.1, cadit astem -
in hoc éxemplo in reCtam feu serminum G ¥, cuins fumendus eff Homolo-
. gus terminus triangulirum nempe © C B (¢t ensm eriangulus 0 C B-Ho-
mologus terminus cum G H, nam vt triangulus 0 C B ad triangulum
D C A, fic rella G H ad rellam H 1 jer con,irultionem) cuius larus oppo-
Jfizum angulo B D C ve latus B C, dinidarur per 1o prop. lib. 6. Euclid,
.1, hoc modo vt B L ad L C eam habeat rationem, Quam G X ad K H,
ducaturdue refla D L. . ' S -

Dico 4 dato puntlo D reclam lineam » L effe dullam, que diwidic trian-" -
gulum A B C boc mode, ve pars Verfus B nempe sriangulus D LB, ad
partem Yerfus A nempe trapegium D L C A, eam babeas ravioiem quam
E ad F v erar quaficum,

‘Temonttratio.

" Virella BL ad reflam L.C; frc triangu-
lus DL B ad triangulum D L C per 1 prop.

. Uib. 6. Eudid. Ex per con{Crulionem, vercila
B L adreflam L C fic vefla G K ad rellam .
k u: Ergo vt triangulus DLB ad erian-

ulum D L G, ficrellsa G K ad reftam X H,
ware triangulis DL B & refla G K Junt transformate proportionis I;o-_~ ‘-
mologi termini (nam vt fupra dictum eft, triangulus D C B eS¢ homologus.

termmus cum G W) Igitur per transformatans proporsionen, vt refla G X

«d reliquum [ue rationis K 1, fic eriangulds O L B ad reliquum fue ratio-

nis
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Construction.

Draw the line DC, i.e. from the given point D to the angle opposite to the
side AB. Subsequently, by. the foregoing first Problem, find two lines GH and
HI which are to one another in the same ratio and order as the triangles DBC
and ADC are. Then by the 10th proposition of Euclid’s 6th book divide the line
GI in such a way that the part towards G is to the part towards I in the same
ratio as E to F, and let this be in K. Then note in which term of the ratio GH
to HI falls the point K, to wit: whether in GH or in HI. Now in this example
it falls in the line or term GH. Now take the homologous term of this in the
triangles, viz. DCB (in fact, triangle DCB is the term homologous to GH, for
as triangle DCB is to triangle DCA, so is the line GH to the line HI by the
construction), and by the 10th proposition of Euclid’s 6th book divide its side
opposite to the angle BDC, viz. the side BC, in L in such a way that BL is to
LC in the same ratio as GK to KH, and draw the line DL.

I say that from the given point D a line DL has been drawn, which divides
the triangle ABC in such a way that the part towards B, viz. the triangle DLB,
is to the patt towards A, viz. the quadrangle DLCA, in the same ratio as E to
F; as was required.

Proof.

As the line BL is to the line LC, so is the triangle DLB to the triangle DLC,
by the 1st proposition of Euclid’s 6th book. Moreover, by the-construction, as
the line BL is to the line LC, so is the line GK to the line KH. Consequently,
as the triangle DLB is to the triangle DLC, so is the line GK to the line KH;
on which account the triangle DLB and the line GK are homologous terms of a
transformed proportion (for as has been said above, the triangle DCB is the
term homologous to GH). Therefore, by the transformed proportion, as the line
GK is to the rest of its ratio, KI, so is the triangle DLB to the rest of its ratio,
viz. to the quadrangle DLCA. But GK is to KI in the same ratio, by the con-
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nis, nempe ad trapezium DL C A, Sed G ad K1 babet eam yationem
per conflrullionem quam E ad ¥. Ergo triangulus DL B, ad trapezium
D L C.A, eam habet rationem quam refta E ad F.

Conclufio.

Lgicur & dato punélo in lasere ere. Quod erat faciendum.

N.OT A.

© Alins e§€ modus confCruclionss huius Problematis apud varios authores,
cuins inter alios meminit Chriflophorus C Lauins in fine lib. 6. Euclid. Sed v
[fequentia Problemata effent apertiora , fecusi fumus hic, noflram generalem
inventionem ommium reClilincorum.

 Sequentia quingue Problemata funt ea que ante hac nunquam deferi-
. pra putamas. - o : ‘

 PROBLEMA I

A quovisangulo quadranguli, re@amlineam ducere , quz diui
dat quadrangulum verfus partem petitam fecundum rationem
datélm. o

Explicatio dati.
Sit datum quadrangulum quodcungue A B C D, data Verd ratio Edd ¥,
. "Explicatio quafiti.
Oporteat ab angulo D A B rellam lineam ducere , quie dinidat quadran-

fulum A B C D hoc modo Ve parsverfus D, ad partem verfus B, eam ha-
eat. rationem quam E adE.

Conftru&io. o
Ducatur ab angulo D A B in angulum oppofitum B C D rella A C:
Deinde
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struction, as E to F. Consequently, the triangle DLB is to the quadrangle DLCA
in the same ratio as the line E to F.
Conclusion.

Therefore, from a given point on a side etc. Which was to be performed.

NOTE.

Among several authors there is another method for the construction of this
Problem, mention of which is made, among others, by Christophorus Clavius at
the end of Euclid’s 6th book. But in order that the following Problems might
be clearer, we have here followed our general invention concerning all rectilinear
figures. .

The following five Problems are such as we deem have never been described

before.

PROBLEM IV.

To draw from any angle of a quadrangle a line which divides the quadrangle
in a given ratio such that required parts are towards given vertices.

Given.

Let any quadrangle ABCD be given, and let the ratio of E to F be given.

Regquired.

Let it be required to draw from the angle DAB a line which divides the
quadrangle ABCD in such a way that the part towards D is to the part towards
B in the same ratio as E to F.

Construction.

From' the angle DAB draw the line AC to the opposite angle BCD; sub-




26 PROBLEMATVM

Deinde refla B G perpendicnlaris ad reftam A C, & refla DH perpendi-
cularis ad relam A C, @ refla 1K equalis refle D H, & producasur 1
in L, ita vt X L aqualis fic ipfi B G, dinidatur deinide refla 1L in
M per 10. prop.lib. 6. Euclid. Floc modo vt 1 M ad ML eam bhabeat
rationem quam E ad E. - Animaduertatur deinde in quem terminum ratio-
nis 1K ad X L cadat puntluim M, [ulicet an in 1K vel in X Lt - cadie
antem 1 hoc exemplo in reflan fen terminum 1K, Quare ewus capten~
dus eft homvlogus terminus trianguloram nempe A C D (¢ff enim trian-.
gulus ‘A C'D_homologus terminus cum ¥ X ; nam V¢ triangulus Ao C D ad

triangulum A C B; fic refla v D ad rellam G B per locum: citatum in' ¥ -
diEinttione fecundi modi pracedentis primi Problematis, & refta 1K aqua-

lis ¢ft refle D H, & recta X L equals riéle G B.Ergo vt tyiangulus A C D

ad triangulum A C B fic recta 1k ad reflam X L) cuiys lasus oppofitum
angulo D A C vt latus D C, dinidatur per 10. prop. lib- 6. Eucd. in N,
hoc mods vt vefta DN ad N C, cam habeat rationem -quam recta 1 M

ad MK, ducarwrdue recia A N. : —

Dico ab-angule D A B, rectam lineam A  effe ductam, que dividie qua=
drangulum A B C D hoc modo, vt pars Verfus D nempe triangulus AN B,
ad partem verfus - B nempe trapexivm A N C B, eam habeas rationem quans.
Ead ¥, Ve erat quefitums o S

13
B R ‘Demontftratio.

H ; - Ve recta DN ad rectam N ¢, fic

: ‘ \ triangulus A ND ad triangulii AN C
¢ ' per v. prop. lib. 6. Euclid. Et per
N\~ € conflructionem vt recta D N ad re-

N Gam N cC, [iéc recta 1 M ad reccam

D ’ MK : Ergo Vetriangulus AN D ad
~ triangulum AN C, fic recta 1M ad

r .k K M . reitam MK, quare triangulus AN D

& recta 1 M funt transformate proporsionis homologi termini (nam e [u-

fcd
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sequently the line BG perpendicular to the line AC, and the line DH perpendicu-
lar to the line AC, and the line IK equal to the line DH, and produce /K in L
in such a way that KL be equal to the said BG, and then, by the 10th proposition
of Euclid’s 6th book, divide the line IL in M in such a way that IM is to ML
in the same ratio as E to F. Then note in which term of the ratio IK to KL the
point M falls, viz. in IK or in KL. Now in this example it falls in the line or
term IK. Therefore we have to take its homologous term of the triangles, viz.
ACD (indeed, the triangle ACD is the term homologous to IK, for as the triangle
ACD is to the triangle ACB, so is the line HD to the line GB, by the passage
cited in the 1st section of the second method of the foregoing first Problem; and
the line IK is equal to the line DH, and the line KL is equal to the line GB;
consequently, as the triangle ACD is to the triangle ACB, so is the line IK
to the line KL), and by the 10th proposition of Euclid’s 6th book divide its side
opposite to the angle DAC, viz. the side DC, in N in such a way that the line
DN is to NC in the same ratio as the line IM to MK, and draw the line AN.

I say that from the angle DAB a line AN has been drawn, which divides the
quadrangle ABCD in such a way that the part towards D, viz. the triangle ANB,
is to the part towards B, viz. the quadrangle ANCB, in the same ratio as E to F;
as was required.

Proof.

As the line DN is to the line NC, so is the triangle AND to the triangle ANC,
by the 1st proposition of Euclid’s 6th book. And by the construction: as the line
DN is to the line NC, so is the line IM to the line MK. Consequently, as the
triangle AND is to the triangle ANC, so is the line IM to the line MK; there-
fore the triangle AND and the line IM are homologous terms of a transformed
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pra diceum eft triangulus & € D. eft homologus terminus cum recta 1K)
Quare per transformatam proportionein; Ve recta 1 M ad religuum fue ra--
tionts ML, fic triangulus AND ad reliquum fie rarionis nempe ad tra-
pezium ANC B, EriM ad ML babet eam rationem per confirucsios
nem guam vecta E ad ¥t Ergotriangulus AN D ad trapezivm ANCB,.
eam habet rationem-quam vectq¢ E od F. -

Conclufio.

- Igienr P qua'm' angulo guadmnga!i e, ,%od erat facicndiom,

PROBLEM A V.

A dato pun&o in latere cuiufcunque redilinei, rectam lineam
ducere quz dwidat re@ilineum verfus partem petitam fecundum ra-
tionem datam.

Expli‘cati-o dati.

Sit darum rvectilineu pentagonum A B C D E, datumd, punctum E in_ .
latcre A 8:  Data verd ratio vecta G ad H.

Explicatio quafiti.

Oportear & puncto ¥ rectam lineam ducere, que dinidat recsilincum dam
tum , hoc modo ve pars verfus B ad parsem Verfus A, eam habeat ratio=
nem quam G ad H. '

Conftru&io,

Daucantur tres recte ¥ E, F D, ¥ C. Inveniantur deinde quatnor recte
linea per pracedens primum Problema 1 K, K L, LM, MN, inter fe in
ea ratione ac ordine, vt funt quasnor trianguli FB C,FC D,FDE, FE A.
Diuidatur dende vela 1 N per 10.prop.lib. 6. Euclid. in 0,hoc modo v
10 ad O N cam habeat rasionem quam G ad ¥, animaduertatur deinde

"D 2 in
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proportion (for, as has been said above, the triangle ACD is the term homologous
to the line IK). Therefore, by the transformed proportion, as the line IM is to
the rest of its ratio ML, so is the triangle AND to the rest of its ratio, viz. to the
quadrangle ANCB. And IM is to ML in the same ratio, by the construction, as

the line E to F. Consequently, the triangle AND is to the quadrangle ANCB
in the same ratio as the line E to F.

Conclusion.

’i‘hetefore, from any angle of a quadrangle etc. Which was to be performed.

PROBLEM V.

From a given point on the side of any rectilinear figure to draw a line which
divides the rectilinear figure in a given ratio such that required parts are towards
given vertices.

Given.
Let a pentagonal rectilinear figure ABCDE be given, and also a point F on
the side AB; and let the direct ratio of G to H be given.
Required.

Let it be required to draw from the point F a line which divides the given
rectilinear figure in such a way that the part towards B is to the part towards A
~ in the same ratio as G to H.

Construction.

Draw the three lines FE, FD, FC. Subsequently, by the foregoing first Problem,
find four lines IK, KL, LM, MN, which are to one another in the same ratio and
order as the four triangles FBC, FCD, FDE, FEA. Then, by the 10th proposition
of Euclid’s 6th book, divide the line IN at O in such a way that IO is to ON




28 .. . PROBLEMATVM . S
in quem terminum quaternarie rationis 1K, K L, LM, MN cadat pan.,
Gum 0, cadit autem 1n boc exemplo in terium terminum LM cuins (4
mendus eft homologus terminus triangsulorum nempe ¥ 0 E (€ autemrian- - -
gulus ¥ DB bomologus terminus cum LM per pracedentem 16. defini.)
euins latws ol[fo htum dato punco ¥, ve latws ‘E D, diuidatur per 10. prop.
lib.6. Euclid. in », hoc modo , vt D ¢ ad » & eam habear rationem quam
"L O ad O M ducaturue recta ¥ P. S

Dico d dato puncto ¥, rectam lincam ¥ ® effe ductam , que diuide re-
Ehlingum dasum hoc modo , e pars verfus B nempe pentagonum Fr D C B,
ad partem Verfus A niempesrapexium F P E°A, eam habeat rationem quam
G ad B vt eras quefitnm. -

- e Demonttratio.
' -~ Vireaa D p ad rectam
, P E, (ic triangulus £ P D
ad triangulum EPE per
1. prop. lib. 6. Euclid. &
per conflruciionem , ve recta
D Padrectam P E, ficrecta
L O adreccam oM: Ergo
- . vt triangulus ¥PD ad
O - LO - MN tria‘ngulum F P E, fic rects
R "~ vo ad rectam o M:
Quare trianguim FPE & rectda OM f[unt tmmﬁ)rrmm proportionis bo-
mologi termni : Igitur per transformatam proportionem V¢ recta 1.0, ad
religuum fue rationss O N, [ic pentagonum FP D C B ad religuum [ue
yations; nempe 4d quadrangulum F P E As. Sed N o ad- O 1, eam habet
rationem per conflrutionem quam ¥ ad G: Ergo pentagonum ¥ B D C &
4d quadrangulum ¥ P E A, eam habes rationem guam relts G ad H.

Conclufio.

Toitur & daro puncro in latere e Quod erat faciendums ,
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in the same ratio as G to H. Then note in which term of the quaternary ratio
IK : KL : LM : MN the point O falls. Now in this example it falls in the third
term LM. Take the homologous term to this of the triangles , viz. FDE (indeed,
the triangle FDE is the term homologous to LM by the preceding 16th defi-
nition), and by the 10th proposition of Euclid’s 6th book divided the side opposite
to the given point F, viz. the side ED, at P in such a way that DP is to PE in the
same ratio as LO to OM, and draw the line FP,

1 say that from the given point F a line FP has been drawn, which divides the
given rectilinear figure in such a way that the part towards B, viz. the pentagon
FPDCB, is to the part towards A, »iz. the quadrangle FPEA, in the same ratio
as G.to H; as was required.

Proof.

As the line DP is to the line PE, so is the triangle FPD to the triangle FPE,
by the 1st proposition of Euclid’s 6th book. And by the construction: as the line
DP is to the line PE, so is the line LO to the line OM. Consequently, as the
triangle FPD is to the triangle FPE, so is the line LO to the line OM. There-
fore the triangle FPE and the line OM are homologous terms of a transformed
proportion. Therefore, by the transformed proportion, as the line IO is to the
rest of its ratio ON, so is the pentagon FPDCB to the rest of its ratio, viz. to
the quadrangle FPEA. But NO is to OI in the same ratio, by the construction,
as H to G. Consequently, the pentagon FPDCB is to the quadrangle FPEA in
the same ratio as the line G to H.

3 Conclusion.

Therefore, from a given pb{nt on the side etc. Which was to be performed.
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NOTA.

§i punGum o cecdiffet in M, sunc refla E E fine alia inquifitione fuif-
fet reéka quafita . Si verd punbum o cecidiffes in L, tunc rella ¥ D abff
alia inquifisione fuifSer velta quafita, & fic de ceseris.

Hucufque ditum eft de diuifonc reélilineorsm & dato puntdo in latere ipfo-
rum :  Sequitur nunc vt in principio promz/imm , vt dicatur de rehilineo-

rum diuifione ‘verfus partem pesitam [ub ratione data, & cum linea paral
lela cum latere quafito.

29

 PROBLEMA VL.

‘In dato triangulo re&am lineam ducere parallelam cum latere

trianguli quzfito , quz triangulum dindat verlus partem quafi-
tam fecundum rationem datam,

Explicatio dati, ;
. 2
Sit datws sriangulus A B c, & data ratio refla DE ad £ F.

Explicatio quxﬁti.

Oporteat reflam lineam ducere paraliclam cum latere A C, qua triangu-

lum A B C diuidat , hoc modo e pars srianguli erfus 8, ad reliquam par-
tem eam habear rasionem. quam DE ad EF.

Conftru&io.

Diuidatur per to,prop,lib. 6. Euclid. alterusrum lasus B C ‘vel B A,
_Jitgue B.C in G, hoc modo vt B G, ad G C eam babeat rationem quam
reffa D E ad E F: Inveniaturdue per 13. prop. lib. 6. Euclid, media linea
proportsonalis inter BG & BC, fitfue recta Bt ducaturque recta H ¢
parallela ipfi A C.

D 3 Dice
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NOTE.

If the point O had fallen in M, then the line FE would have been the required
line without any other investigation. But if the point O had fallen in L, then
the line FD would have been the required line without any other investigation;
and thus with the others.

Up to this point we have spoken about the division of rectilinear figures from
a given point on a side of the latfer. As we promised at the beginning, we shall
now speak about the division of rectilinear figures towards a required patt in
a given ratio, v/z. by a line parallel to a required side.

PROBLEM VL

In a given triangle to draw a line, parallel to a required side of the triangle,
which divides the triangle in a given ratio such that required parts are towards
given vertices.

Given.

Let the triangle ABC and the direct ratio of DE to EF be given.
Required.

Let it be required to draw a line, parallel to the side AC, which divides the
triangle ABC in such’a way that the part of the triangle towards B is to the
remaining part in the same rafio as DE to EF.

Construction,

By the 10th proposition of Euclid’s 6th book divide oné of the sides BC or
BA — and let it be BC in G — in such a way that BG is to GC. in the same
ratio as the line DE to EF. And by the 13th proposition of Euclid’s 6th book
find the mean proportional between BG and BC, and let this be the line BH.
And draw the line HI parallel to the side AC.




30° . _PROBLEMATVM v

Dico rellam lineam ¥11 effe dulam parallelam cum latere A€, diniden-
tem triangulum A B C boc modo, v pars srianguli verfus B nempe tiian-
grlus 1 BH, ad reliquam. partem nempe trapexium A C HI eam babeas
rationem quam D E-ad "EF, Vi erar quafitum. '

- Demonttratio.
efla B C trianguli
A B C T latus homolcgam
cum BH trigngul 18 H,
@ refla B G ad rellam B C
Aduplz'catalm eam habet ratio-
nem quam ipfa B G ad 1e-
am B H per conflructionem:
. S Ergo per 20. prop. lib. 6.
.b B . CE  Eudid vt re6ta. B G ad réa
: C dam ® C, ~~ﬁc . triangu.’m
1 B'H 4d triangulim ABC

- (Junt enim fimiha poligona) Et B G ad B C per conflruttionem eam has
betvationerr quam D Ead D¥: Ergovt D E ad DF, fic triangulus 1 B H
ad triangulum A'B C, "G per difiunélam proportionem vt refta DE ad

rectam E ¥5 fic triangulus 1 B 'H ad trapegium ACH L. - '

Cohcluﬁo.

Igitnr in daro triangulo @e. Quod erat faciendum.

PROBLE MA VI |

Ix.a'dato trapezio re&amlineam ducere parallelam ‘cum latere tra-
pezij quzfito qu trapezium dinidat veifus partem quafitam fecun-

NOTA

"dumratiohem datam.
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I say that a line HI has been drawn parallel to the side AC, dividing the
triangle ABC in such a way that the part of the triangle towards B, viz. the
triangle 1BH, is to the remaining part, viz. the quadrangle ACHI, in the same
ratio as DE to EF; as was required. .

Proof.

The line BC of the triangle ABC is the side homologous to BH of the triangle
IBH, and the line BG is to the line BC in the duplicate ratio of that of the
line BG to the line BH, by the construction. Consequently, by the 20th propo-
sition of Euclid’s 6th book, as the-line BG is to the line BC, so is the triangle
IBH to the triangle ABC (for they are similar polygons). And by the construc-
tion BG is to BC in the same ratio as DE to DF. Consequently, as DE is to DF, so
is the triangle IBH to the triangle ABC, and by the disjunct ratio: as the line
DE is to the line EF, so is the triangle IBH to the quadrangle ACHI.

Conclusion.

Therefore, in a given triangle etc. Which was to be performed.

PROBLEM VIL

In a given quadrangle to draw a line, patallel to a required side of the
quadrangle, which divides the quadrangle in a given ratio such that required
partts are towards given vertices.
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NOTA.

Omnis linea re€la parall, cum latere dividens trapezium , tangit fuss

Limitibus duo lasera eundem angulum trapeglj continentia, aut a latere in

angulum lateri oppofisum cadit aus duo latera tangit ipfius oppofiea . Ilgitur

quoniam operatio in ipfis eft diuerfa dabuntur duo exempla.

Explicatio dati primi modi.

_ Vbi linea dividens trapezinm cadit in duo lacera etindem )zhgulum )

continentia,

 Sit datum trapesiuim ABC D, % data ratio EF ad FG.

_ Explicatio quefiti, _
. Oporseat reélam lineam ducere parallélam cum B C que trapexium di-

uidat boc modo, vt pars trapegij verfus Ay o religuam. partem, cam ba-.

bear rationem quam EF ad F G.
- Conftru&io.
Diferibatur per 4. prop: lib. 6. Euclid. parallelogrammim B 1K L

Euclid. hoc modo, ve 1 M ad M 1 eam habear rationem quam E ¥ ad
£ 6, ducaturdus MN parallelaipff v v, ducaturfue D O parallela refle

"B Cr dc]criéamrg'ue per 25, prop. ih. 6. Eucld. triahgulus A }4 Q_ equa-

lis Ma!lelggmmman N, & fimilis triangalo A O D.

Dico reftam lineam © Q_parallelam cum B C effe duflam, que trape-
ium A B C D diuidit hoe modo , Vi pars trapeiy Verjus A nempe trian

gulus A e ad veliquam partem nempe rellilinewn P BCD Q5 eam ba-

beat rationem quam E ¥ ad ¥ G 'Vt eras quefieam.
Demon-

/ . .
aquale trapegio A B C D, [ecorurd latus H1 in M per 10. prop.lib. 6.

0

/7
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NOTE.

Any line, parallel to a side, which divides a quadrangle, touches with its
extremities two sides including the same angle of the quadrangle, or it falls
from one side to the angle opposite to the side, or it connects two opposite sides
of the quadrangle. Therefore, since the operation in the said cases is different,
two examples will be given.

Given according to the first manner.

Where the line dividing the quadrangle connects two sides containing the
same angle.

Let the quadrangle ABCD and the ratio of EF to FG be given.

Required.

Let it be required to draw a line, parallel to BC, which divides the quadrangle
in such a way that the part of the quadrangle towards A is to the remaining part
_in the same ratio as EF to FG. :

Construction.

By the 45th proposition of Euclid’s 1st book construct the parallelogr;m
HIKL, equal to the quadrangle ABCD, and by the 10th proposition of Euclid’s
6th book cut the side HI at M, in such a way that HM is to MI in the same
ratio as EF to FG. And draw MN parallel to the side HL, and draw DO parallel
to the line BC. And by the 25th proposition of Euclid’s 6th book construct the
triangle APQ, equal to the parallelogram HN and similar to the triangle AOD.

-1 say that a line PQ has been drawn, parallel to BC, which divides the quadrangle
ABCD in such a way that the part of the quadrangle towards A, viz. the triangle
APQ, is to the remaining part, viz. the rectilinear figure PBCDQ, in the same
ratio as EF to FG; as was required.




32 PROBLEMATVM
‘Demontftratio.

~

A P 0 B Ve e¥ ad Fa
Jie HM ad M1 per
con§Cructionem , & vt
HM ad M1 fic parals
lelogrammum 1 N ad
parallelogrammii M X
per 1. prop. hib.6.
Euclid, Ergo vt EF
ad £G fic parallelo-
H.. M granimum HN, ad
 parallelogrammic M X,
@ triangulus AP Q

equalis efl parallelo-
grammo H N per con="
flructionem :  Quare
(quia totum trapezinm

L N . X ABCD- aquale eSC
' ‘ ro1i  parallelogrammo -
. o . . HK per conflrutltio-
nem) vellilineum ».B C D Q_ equale ¢ff parallelogrammo mx: Ergo
wt EF ad F G, fictriangulus A » Q_ad rectilinenm P BCD Qs Eff
preverea PQ parallela ipfi-0 D per confCructionem ;& © D patallels cum
B C per conflructionems ~ Quare per 30. prop, lib. 1o Enclid. 2 Qe

pardllels ipfi B C.

Conclufio.

Lgitur in dato srapexio recea linea dutla oft @ ngd eras faciendum.

"NOTA.

Si inshoc exemplo refla ® Q_caderes d laverein anzulum laseti oppofitum,
tunc .
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Proof.

As EF is to FG, so is HM to MI, by the cotstruction, and as HM is to MI,
s0 is- the, parallelogram HN to the parallelogram MK, by the 1st proposition of
Euclid’s 6th book. Consequently, as EF is to FG, so is the parallelogram HN to
the parallelogram MK. And the triangle APQ is equal to the parallelogram HN
by the construction. Therefore (because the whole quadrangle ABCD is equal
to the whole parallelogram HK, by the construction) the rectilinear figure
PBCDQ is equal to the parallelogram MK. Consequently, as EF is to FG, so
is the triangle APQ to the rectilinear figure PBCDQ. Moreover PQ is parallel
to OD by the construction and OD parallel to BC by the construction. There-
fore, by the 30th proposition’ of Euclid’s 1st book, PQ is parallel to BC.

Conclusion.

Therefore, in a given quadrangle a line has been drawn etc. Which was to be
performed. ‘

NOTE.
If in this example the line PQ fell from one side to the angle opposite to this
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tunc re€la © D effet recta quafira, quare operatio eadem effes vt [upra,

Explicatio dati fecundi modi.
Vbi linéd dwidens trapexium cadie in duo latera trapezij oppofita.

Siz datum trapegium ABC D & data ratio refla. E F ad ¥ G.

‘Explicatio quafiti, -

Oportear recram lineam ducere paralldlam cum A B, que trapezium
A B C D diuidat , hoc modo vt pars trapexyj verfus D C, ad reliquam par-
tem , eam habéat rationem quam EF ad ¥ G.

Conftru&io.

Producansur ea.irapezij latera que concurrere poffunc , quod per 5.
poftulacum bib. 1. Euclid. in omni trapezio eft pofGibile, fined, latera A D &
‘BC, que produllg’ concurrant in H: deferibatur deinde per 45. props |
bib. 1. Euclid. parallelogrammum 1X L M equale triangulo HCD, &
parallelogrammum x N o L aquale trapexio A B C D, diuidaturdue X N
an P per )o. prop.lib.é. Euclid, boc modo, vt K P ad P N eam babeat ra-
tionem quam EF 4d F G, ducaturgue » Q Diuidatur deinde triangulies
A HB per pracedens 6. Problem, recta R s parallela ipfy A B (que in hoc
exemplo cadit in duo latera trapexij oppofiea) hoc modo vt triangulus R H s,
ad trapezium A B'S R eam babeat rationem quam 1 ad ¥ N,

Dico reGtam lineam & s parallelam cum A B effe dullam , que trape-

xium' A B C D diuidst , hoc modo, Ve pars trapexij erfis D C nempe tra=

- pezium DR s C, ad rebquam partem nempe trapexium R A B'S, eam ha-
beat rationem quam B E ad F G Vi evas quefiium.

E Demon-
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.~ side, then the line OD would be the required lme therefore the operation would
be the same as above.

Given arcordmg to the second manner.

Where the line dividing the quadrangle connects two opposite sxdes of the
quadrangle.

Let the quadrangle ABCD and the direct ratio of EF to FG be given.

Required.

Let it be required to draw a line, parallel to AB, which divides the quadrangle
ABCD in such a way that the part of the quadrangle towards DC is to the re-
maining part in the same ratio as EF to FG.

Construction.

Produce those sides of the quadrangle which can meet, which by the Sth
postulate of Euclid’s 1st book is possible in every quadrangle, and let it be the
sides AD.and BC which, when produced, meet in H. Subsequently, by the 45th
proposition of Euclid’s 1st book, construct a parallelogram IKLM, equal to the
triangle HCD, and a parallelogram KNOL, equal to the quadrangle ABCD.
And, by the 10th proposition of Euclid’s 6th book, divide KN at P, in such a
- way that KP is to PN in the same ratio as EF to FG, and draw PQ. Subse-
quently, by the preceding 6th Problem, divide the triangle AHB by the line RS
parallel to AB (which in this example connects two opposite sides of the quadrangle)
in such a way that the triangle RHS is to the quadrangle ABSR in the same ratio
as IP to PN.

I say that a line RS has been drawn, parallel to AB, which divides the quadrangle
ABCD in such a way that the part of the quadrangle towards DC, viz. the
quadrangle DRSC, is to the remaining part, v7z. the quadrangle RABS, in the
same ratio as EF to FG; as was required. -




s4. PROBLEMATYM

- Demontftratio.

A Triangulus R H1 S equa-
ks oft parallelogrammo 1 Q_
@ triangulns D H C equa-
lis eft parallelogrammo 1 L
per conflrucsionem + Quare

per 3. Axioma lib.x. Eue, "
trapexium DR'S C equale
eft parallelogrammo X Q:

£t per conjequens paralle-
logrammii » o - equale eft

- . trapezwo RABS (nam pa~ -
rallelogrammii X O equa-’:
le ST per conflructionem
trapezio DAB C) parale -
lelogrammum .autem x Q-

. ad parallelogrammum » o
‘eam habear rationem per
conflruttionem quam E F
ad ¥G: Ergo trapegium”
DRSC ad trapegium
R A B S eam habeat ratio-
nem quam EE ad ¥ G.
ESC praterca R s parals
lela ipfi AB per confCru-

ML Q o &Eionem.

Conclufio.
Tgitwr in dato trapexio vefla linea duda off oo Quod eras facien-
dunm. '
NOTA.
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Proof.

The triangle RHS is equal to the parallelogram IQ, and the triangle DHC
is equal to the parallelogram IL by the construction. Therefore, by the 3rd Axiom
of Euclid’s 1st book, the quadrangle DRSC is equal to the parallelogram KQ.
And in consequence the parallelogram PO is equal to the quadrangle RABS (for
the parallelogram KO is equal, by the construction, to the quadrangle DABC).
Now the parallelogram KQ is to the parallelogram PO in the same ratio, by the
construction, as EF to FG. Accordingly, the quadrangle DRSC is to the quadrangle
RABS in the same ratio as EF to FG. Moreover RS is parallel to AB by the con-
struction.

Conclusion.

Therefore, in'a given quadﬁmgle a line has been drawn etc. Which was to be
performed. '
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NOTA.

i quefitum fuifles, reSam lineam fecantem srapezium ducere paralle.
lam cum » c, deferibendus fuiffec per 25.prop. kb. 6. Euclid. triangu-
lus BT v aqualis paralielogrammo 1 Q_, @ fimilss triangule ¥ 0 C, de-
monflrareturq, v fupra trapezium DTV C, ad srapezium T ABV eam
habere rationem quam E ¥ ad ¥ G. i verd illa linea fuiffer ducenda pa-
rallela cum D A vel cum C B, tunc effent latera AB & D C. producenda
Verfus partes C B, & appofitus triangulus quilis eSC B D C ¢ffir ad pars
sem trapexij Verfus C B, quare operatio e ea parte eadem fSer vz [upra,

PROBLESMA VIIL

In dato quocunque re&ilineo re&am lineam ducere parallelam
cum latere re&ulinei quzfito, qux re@ilineum diuidat verfus partem
quzfitam fecundum rationem datam. '

o Explicatio dati. _
Sit datum rellilineum A B C D E F G, data ratio refla H14d1 Ko

Explicatio quafiti.

Oporteat reflam lineam ducere parallelam cam A », que vellilineum
AB CDE FG diuidat, boc modo vt pars reClilines verfus B, ad reliquam
partem eam habeas rationem quam W 1 ad 1 K.

Conftru&io.

Producantur ¥ £ & C D concurrentes ad Ly deferibarurdue per 45.prop.
bib. x. Euclid. parallelogrammum M N O P -wquale triangulo LE D, &
fomilscer parallelogrammum N QR © equale reclilineo A B C D E ¥ G: di-
widaturdue N Q_n s per 10.prop.lib.6. Enclid. hocmodo ve N's ad s Q_
‘eam /)4Zeat rationem quam H 1 ad 1 K : ducaturd, ST parallela cum M p

ducaturue vella ¥ v parallela cum A B, deferibatur demde per 25, prop.
2 hio.
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NOTE.

‘If it had been required to draw a line intersecting a quadrangle, parallel to
DC, by the 25th proposition of Euclid’s 6th book a triangle HTV, equal to the
parallelogram 1Q and similar to the triangle HDC, would have had to be con-
structed and it will then be proved as above that the quadrangle DTVC is to the
quadrangle TABV in the same ratio as EF to FG. But if the said line had had
to be drawn parallel to DA or to CB, then the sides AB and DC would have to
be produced towards the parts C and B, and a triangle such as HDC would have
to be added to the part of the quadrangle towards CB; therefore the operation
from this part would be the same as above.

PROBLEM VIIIL

In any given rectilinear figute to draw a line, parallel to a required-side of

the figure, which divides the figure in a given ratio- such that required parts .

are towards given vertices.

Given.

- Let the rectilinear figure ABCDEFG and the direct ratio of HI to IK be given.

Regquired.

Let it be required to draw a line, parallel to AB, which divides the rectilinear

figure ABCDEFG in such a way that the part of the figure towards E is to the
remaining part in the same ratio as HI to IK.

Construction.

Produce FE and CD until they meet at L; and by the 45th proposition of
Euclid’s 1st book construct the parallelogram MNOP, equal to the triangle LED,
and similarly the parallelogram NQRO, equal to the rectilinear figure ABCDEFG.
And divide NQ at §, by the 10th proposition of Euclid’s 6th book, in such a
way that NS is to SQ in the same ratio as HI to IK. And draw ST parallel to
MP, and draw the line FV parallel to AB. Subsequently, by the 25th proposition
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[ib.6. Euclid. triangulus 1. X ¥ aqualis parallelogrammo MT & fi m:lu \
griangslo L¥v, -

‘Dico rectam lincam x ¥ efe ductam parallelam cum A B, diuidentem
rellilingum datum A B C D E ¥ G, hoc modo, vt pars reSilinei verfus E,
nempe trapezium X Y D E, ad religuam partem nempe reélilineum X G A B
C Y, cam babeat rationem quam H 1 ad 1K 'Vt erat quefitam,

Dcmonﬁratio.

Diftin&. 1.

Triangulus
LX Y egalis

- efC parallelo-

) gfdmmo M T’
. @ triangulus
LED equa-

Iss eft paralle-
bogtéamo m o
per confCru-

‘ - Cionem,gtiare
— , " per 3.4Xxioma
‘ bb. 1. Euclid,

— : ' ' trape'{iﬂm X
o Y D E egua-

le oft paralle-
lograme N T.

Diftin&, 2.

Rellilineum
ABCDETF
G aquale off
parallelogri~

mo

O T R
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of Euclid’s 6th book, construct the triangle LXY, equal to the parallelogram MT
and similar to the triangle LFV.

I say that a line XY has been drawn, parallel to 4B, dividing the given
rectilinear. figure ABCDEFG in such a way that the part of the rectilinear figure .
towards E, viz. the quadrangle XYDE, is to the remaining part, viz. the recti-
linear figure XFGABCY, in the same ratio as HI to IK; as was required.

Proof.’
Section 1.

The triangle LXY is equal to the parallelogram MT, and the triangle LED
is equal to the parallelogram MO by the construction; therefore, by the 3rd

axiom of Euclid’s 1st book, the quadrangle XYDE is equal to the parallelogram
NT.

Section 2.

The rectilinear figure ABCDEFG is equal to the parallelogram NR by the




GEOMETRICORYM. LIB. I. . 37

moNR per conflrutlionem , & trapexium X Y D E equale of parallclo-
grammo N T per primam diftinlionem , quare per tertium axioma lib, 1,
Euclid. reSlilineum x PG ABC Y equale eft parallelogrammo s r. o

Diftin&io 3.

Venr ad 1x, fic Nsad s per conflrullionem, & per 1. prop.
lib. 6. Eudid. verefla N's ad s _, fic parallelogrammum N'T ad parals
lelogrammum s R: Ergove H 1,4d v x fic parallelogrammum N T ad pas
rallelogrammum s R . Tarallelogrammum autem W.T aquale ef€ :fapé'{'iqf
XY DE per 1.diflintlionem & parallelogrammum s R aquale eft retilineo
XEGABCY per [ecundam difCinGlionem: Ergo vt H 1 ad 1K, fic tra-
peium x Y D & ad yellilineum X £ G AB C Y. Eft praterea linea refla
XY parallela ipfi ¥ v, & ¥V parallela ip/i A B per conflruétionem: Quare
per 30.prap- bb, x. Euclid. Xy eft parallela ipfi A B.

Conclufio.
Lgitur in dato rectilineo veQla lincadutta oft parallela cum &re. Quod evas
faciendum. - '

N OTA.

Si terminus Y refte X Y caderet in latws ® D, operatio tunc foret facis
lior,ve ex primo exemplo pracedentss feptimi problematss facilé colligi poreft,
nam opus non e/]u triangulum E L D confCruere. Si vero terminus anteds-
&us caderes in B C aut alias (quodvariis modss contingere poteft) tum opera-
tio ¢k antecedentibus efSet collellu facilis. '

Primi libri finis.

E 3
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construction, and the quadrangle XYDE is equal to the parallelogram NT by the
first section; therefore, by the third axiom of Euclid’s 1st book, the rectilinear
figure XFGABCY is equal to the parallelogram SR. ’

Section 3.

As HI is to IK, so is NS to SQ by the construction, and, by the 1st proposition
of Euclid’s 6th book, as the line NS is to §Q, so is the parallelogram NT to the
parallelogram SR. Consequently, as HI is to IK, so is the parallelogram NT to
the parallelogram SR. Now the parallelogram NT is equal to the quadrangle
XYDE by the 1st section, and the parallelogram SR is equal to the rectilinear
figure XFGABCY by the second section. Accordingly, as HI is to IK, so is the
quadrangle YXDE to the rectilinear figure XFGABCY. Moreover, the line XY
is parallel to FV/, and FV is parallel to AB by the construction. Therefore, by the
30th proposition of Euclid’s 1st book, XY is parallel to AB.

Conclusion.

. Therefore, in a given rectilinear figure a line has been drawn, parallel to etc.
Which was to be performed.

NOTE.

If the extremity Y of the line XY fell on the side ED, then the operation
wotild have been easier, as can readily be inferred from the first example of the
preceding seventh problem, for it would not then be necessary to construct the
triangle ELD. But if the aforesaid extremity fell on BC or somewhere else (which
may happen in various ways), then the operation would easily be inferred from
the preceding constructions.

END OF THE FIRST BOOK.
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LIBER SECVNDVS
DE CONTINVAE QVANTITATIS
regula Falfi.

'Quid fit regula Falfi.

VO NTAM geometriam (quam breuiter [Peramus nos edituros)
in Methodum Arithmetice methodo frmilem dige[limus (quod na-
~~~—turalis ordo videtur requirere propier magnam convenientiam
continva & difcontinta quantitass vbi quodianque genws magnitudins , vt
funt linea, fuperficies, corpus, per quatuar fpecies, v Additionem, Subtrattio-
nem, Mulriplicationem & Diuiftonem , praverea per regulas, ve proporsionum
. traflabimus ) offerebat f¢ quogue ex ordine Froblema quoddam ,vbi per
faljam pofitionem veram [olutionem petitam Geometricéinveniremus: Quare
vt continue & difcontinue quantitasum correfpondentiam tanto manifeftins
redderemus (nam vulgarss quedamregulain Arithmetica habetur que regu-
la Falfs ducitur) R egulam Falf; continue quantitatss nominawimus, non quod
falfum doces , fed quia per fallam pofivionem pervenitur ad cognitioriem veri.
Viiliras huins vegula inter alia hac eft , Quodeam quafi quoddam generale
Problema citare pofiimus, quoties alicuins occult @ magnitudinis quansitatem
& formam operapretium erit invenire , id enim iubebicur vantum per regulam
Falff expedins. Iraque [ape non opus erit in Problematum con$Cruttionsbus
quarundam occultarum magnitudinum inventionem copiofius defcribere_.

PROBLEMA

Ex datzlinezexplicata tantum qualitate,, fuperficiem defcribere
zqualem & fimilem fuperficieiin qua ipfa linea exiftit.

NOTA.
Senfus Problematis ot de [uperficiebns Geemesricis , hoc eft, de is

que
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SECOND BOOK
OF THE REGULA FALSI OF CONTINUOUS QUANTITY.

What the Regula Falsi Is.

Since we have arranged geometry (which we shortly hope to publish) in a
Method similar to the method of Arithmetic *) (which the natural order of
things seems to require because of the great agreement between continuous and
discontinuous quantities, where we shall deal with any kind of magnitude, such
as a line, a plane figure, a solid, by the four operations, viz. Addition, Sub-
traction, Multiplication, and Division, and also by rules, vzz. of proportions, etc.),
a certain Problem presented itself also in due time, where by a false position we
could find by Geometrical means the true solution sought. Therefore, in order
to render the correspondence between continuous and discontinuous quantities
the more evident (for in Arithmetic there is a certain common rule which is
called regula falsi), we have called it the Regula Falsi of a continuous quantity,
not because it teaches false things, but because knowledge of true things is ar-
rived at by a false position.

The usefulness of this rule is, inter alia, that we can cite it as a general
Problem whenever it is worth while to find the quantity and form of some un-
known magnitude, for it will be prescribed to find this out only by the regaula
falsi. And thus it will frequently not be necessary in the constructions of Problems
to describe the finding of unknown magnitudes more fully.

PROBLEM.

If only the kind of line is given, to construct a figure equal and similar to
the figure in which said line occurs.

NOTE.

The meaning of the Problem relates to Geometrical figures, i.e. such as can

*) See Introduction to the Meerdaet.
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qua Geomatrica quadam lege daferibi poffunt.

~ Exemplum primum.

Explicatio dati. e

Sit data re€la A, linea cuin[dam occulsi equilateri trianguliy talis vt fi linea

equalis perpendiculars ab anguloin medium oppofici lateris fecetur d lavere , &

veliquo addatur rela aqualis refle & centro trianguli an medium laterin
Summa Addisionis fie pfa A.. ' ‘ . o

T “Explicatio quafiti. z .
Opotteat ex huisfmodilinez Ace vplicata qualitate, equilatertum triangulum. -
defirthere, aqualem aquilasero oceulto in quio exiflic A. -

-1« . . Conftru&io. o _ )
Fingamus (vt fir in regula Falfs Arithmetica) quafitum ofsc inpentum,
deferibaturdus aquilaterus triangulus quicunque BCD (fed, quamvis de-
mcnﬂratio in omnibus e/i eadem , tamen propter ocelorum ¢ manuum erros
rem , certior enader operatio fi pofitiug fighra fumatur femper mator quam.
data occulta) quafi effer aquilatetum queficum , fiasque operatid'in eo fe- .
cundum quaflionem [upra adbibitam hoc modo: Ducatur perpendicularis
B E,@rella £ G d centrotrianguli ¥ in medium lateris B C, fecoturd, dlas
tere C D refla-CH aqualis ipfi B E, fieque religuum B O, cul addarur rella
D1 aqualis reéle ¥ G: Igisur fi polisio fusffes vera, refla v 1 aqualis effes i
A: Sed ci inaqualis 7 maior efl, ergo & falfa eft: Quare nunc vera pofizio in-
wenienda erit hocmodo:  Inveniatur quarta linea proportionalis per 12. prop.
lib. 6. Euclid, Quarum prima 111 fecunda lasus quodiber trianguli pofuti ve

B C, tertia refla A [itgus quarta K L, ex qua conflruatur aquilaserum
triangulum L X M,

Dico ex linee A éxplicata qualitate, equilaterum triangulum L X M
effe deferiptum , aqualem occulro equilasero triangulo in quo refla A ¢Xiftie
V& erar quafissm. '

Pre-
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be constructed by means of some Geometrical law.

FIRST EXAMPLE.
Given.

Let a line A be given, a line of some unknown equilateral triangle, such that.
if a line equal to the perpendicular from an angle to the mid-point of the
opposite side be cut off from a side, and to the rest be added a line equal
to the line from the centre of the triangle to the mid-point of a side, the Sum
Total of the Addition shall be the said line A.

Required.

Let it be required, if only the kind of such a line A is given, to construct an
equilateral triangle equal to the unknown equilateral triangle in which A occurs.

Construction.

Imagine (as is done in the Arithmetical regula Falsi) that what is required
has been found, and construct any equilateral triangle BCD (but, though the
proof is the same in all cases, nevertheless because of errors of ‘eyes and hands
the operation turns out more certain if the figure assumed is always taken larger
than the unknown figure) as if it were the required equilateral triangle, and
perform the operation in this triangle according to the problem set above, in
the following way: Draw the. perpendicular BE, and the line FG from the centre
of the triangle F to the mid-point of the side BC, and from the side CD cut
off the line CH, equal to the said BE, and let the rest be HD, to which add
the line DI equal to the line FG. Therefore, if the position were true, the line
HI would be equal to A. But it is unequal thereto and larger; consequently it
is also false. And therefore the true position will have to be found in the follow-
ing way. By the 12th proposition of Euclid’s 6th book find the fourth pro-
portional, the first term being HI, the second the side of any assumed triangle,
viz. BC, the third the line A, and let the fourth be KL, in accordance with which
construct the equilateral triangle LKM. :

I say that, if the kind of the line A is given, an equilateral triangle LKM
has been constructed, equal to the unknown equilateral triangle in which the
line A occurs; as was required.
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B

.f\‘ /\
¢
.‘.\. 1 “l I
Y . W \
A C E H

Przparatio demonftrationis.

D I K NQMR

Ducatur perpendicularis LN, & refla: 0 P 4 centro 0 in medium la-
teris L K, dppliceturg'ue intervallum, perpendicularss LN 4 K in yellam
K M, fitgue X Q_,addaryrgue in divellum ipfius QM 1efla- M & agualis
i o P. ' '

Demonfiratio.

Ve vt ad 5 fie A ad x 1. per conSCrullionem: Similiter vt w1t od
B C fic QR ad X L vt colligitur &% 4. prop. hib. 6. Euclid. Iyitur A &
QR ad eandem X L eandem habent rationem, quare funt inter fe equales
per 9. prop.lib. 5. Euchd. Ex proinde Juni aguales homologe linee. Sed equa- -
bes homologe linee exiftunt in equalibus @ fimilibus figuris, Ergo aquilate-
rum L K M equalis e§C occulto aquilatero in quo éxiftic retla A, '

" Concdlufio. :
Igitur €% date hinea explicata tantum ere. Quod erar faciendum,

Exemplum fecundum.

~ Explicatio dati.
Sit data recta A, linea cuinfdam occulti quadrati talis, vt fi linea aquas
lis laseri spfius quadraci [ecerur 4 diagonali, reliquum fir ipfa A,
' Expli-
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Preparation of the Proof.

Draw the perpendicular LN, and the line OP from the centre O to the mid-
point of the side LK, and mark off the length of the perpendicular LN from K
-on the line KM, and let this be KQ; and produce QM to R so that the line MR
is equal to OP.

* Proof.

As HI is to BC, so is A to KL by the construction. Similatly, as HI is to BC, .
so is OR to KL, as is inferred from the 4th proposition of Euclid’s 6th book.
Therefore A4 and QR are to the same KL in the same ratio; consequently they
are equal to one another by the 9th proposition of Euclid’s Sth book. And
accordingly they are equal homologous lines. But equal homologous lines occur -
in equal and similar figures. Consequently the equilateral triangle LKM is equal
to the unknown equilateral triangle in which the line A occurs.

Conclusion.

Therefore, if only the kind of line is given, etc. Which was to be performed.

SECOND EXAMPLE.
Given.

Let a line A be given, a line of some unknown square such that if a line
equal to the side of said square be cut off from a diagonal, the rest shall be the
said line A.
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Explicatio quafiti. _
Oportear ¢ buinfmodi linee A explicata qualitars, quadyatum deferibere,
aquale quadrato occulto in guo A exsftie,

Conftrudio.

Fingamus quefieum ef%e inventum , defcribaturdue quadratum quodcun-
- que B CD E quafi cffer quadratum quafium, opereturque in eo fecundum
guaflionem [upra adbibitam , hoc modo: Ducarur eins diagonalis € ¢, a qua.
Jecetur refla E ¥ aquabs lateri E D, fitgue veligunm ¥ c: Igitur ff pofivio
fuiffer vera rella ¥ C aqualis effe ipfi A, fed ei inaqualis & maior eft,
ergo poficioeft falia , quare ntinc vera pofisio inveniend erit hoc modo : In-
Veniatur quarta linca proportionalis per 12. prop.lib.6. Euclid. quarum pri-

ma ¥ C, [ecunda E D, teriia A, firdue quarta G H, ex qua confCruarur
quadrasum 1 K H G,

Dico ex linee A explicata qualitate, quadratim 1 X B G invensum efie,
equale occulto quadraso in quo A exifle vt erar quefitum.

B C
« i1 K
AN Y
AN
! ‘//
E b G H

Preparatio demonftrationis.

Ducatur diagonalis G X, appliceturdus intervallum & K d Ginre-
8am GK 4d L. « :

' F | Demon-
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Required.

Let it be required, if only the kind of such a line A4 is given, to construct a
square equal to the unknown square in which A occurs.

Construction.

Imagine that what is required has been found, and construct any square
BCDE as if it were the required square, and perform the operation in this square
according to the problem set above, in the following way: Draw a diagonal
EC of this square, from which cut off the line EF equal to the side ED, and let
the rest be FC. Therefore, if the position were true, the line FC would be equal
to A, but it is unequal thereto and larger. Consequently the position is false;
therefore now the true position will have to be found in the following way.
By the 12th proposition of Euclid’s 6th book, find we fourth proportional, the
first term being FC, the second ED, the third A, and let the fourth be GH, in
accordance with which construct the square IKHG. )

I say that, if the kind of the line 4 is given, a square IKHG has been found,
equal to the unknown square in which A occurs; as was required.

Preparation of the Proof.

Draw the diagonal GK and mark off the length GH from G on the line
GK to L. :
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T emonftratio.

Ve rcad D, fic A ad GH per conflrutlionem. - Similizer vt -
‘¥C ad E D fic L X ad G B, e colligitur ex 4. prop.lib. 6. Euclid. Igi-
tur A & LK ad eandem G H eandem babent vationem, quare funt inter fe
equales per 9. prop. lib. 5. Euclid, Et proinde [unt aquales homologe linea, -
fed aquales homologe linca exiftunt in aqualibus. & frmilibus figuris , ergo
quadratum 1 K H G agquale eSC occulto quadrato in quo exiflic refla A.

Conclufio.

Igitur € linee explicata tantum e, Quod erat faciendum.

Exemplum tertium.

: Explicatio dati. _ :
Sit data recta A linea perpendicularis cuinfdam occulsi pentagoni wqui-
lateri & aquianguli, ab angiilo in medium ipfius oppofici Lateris.

Explicatio quafici,
Oporreat ex ciufmodi linee A ex[)lz'mm gualitate pentagonum Jeﬁriée-rc,
aquale oft fimile pentagono acculto in quo A exiflit,

ConftruGio.

Fingamus quefituns efSe inpentum defcribaturdue pentagonssm B C D E F
guodcunque, dqgm 7 effct pentagonum quefirum : Operecurque in eo fecundum
pesitionem adpibitam, boc modo: Ducatur reta B G 4 8 in medium op -
pofiti lateris E . Igitur fipofitio effer vera refla B G wqualis efSer ipf
A, Jed ¢i inaqualis & maior eSC; ergo illa pofitio eft Falfa, quare mune
vera poficio invenienda eric hoc modo . Inveniatur quarta linea proportio
nalis per 12. prop. lib.6. Euclid. Quarum prima B G , fecunda 8 C , ter-
tia A, [itfue quarte W1, d qua confiruatur pentagonum HI K L M.

Dico
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Proof.

As FC is to ED, so is A to GH by the construction. Similarly, as FC is to ED,
so is LK to GH, as is inferred from the' 4th proposition of Euclid’s 6th book.
Therefore A and LK are to the same GH in the same ratio; consequently they
ate equal to one another by the 9th proposition of Euclid’s S5th book. And
accordingly they are equal homologous lines; but equal homologous lines occur
in equal and similar figures, consequently the square IKHG is equal to the un-
known square in which the line A occurs.

Conclusion.

Therefore, if only the kind of line is given, etc. Which was to be performed.

THIRD EXAMPLE.
Given.

Let the line A4 be given, a perpendicular line of any unknown equilateral
and equiangular pentagon, from an angle to the mid-point of the opposite side
thereof. .

Required.

Let it be required, if the kind of such a line A is given, to construct a2 pentagon
equal and similar to the unknown pentagon in which A occurs.

Construction.

Imagine that what is required has been found, and construct any pentagon
BCDEF as if it were the required pentagon. And perform the operation in this
pentagon according to the problem set, in the following way: Draw the line BG
from B to the mid-point of the opposite side ED. Therefore, if the position were
true, the line BG would be equal to A. But it is unequal thereto and larger,
consequently the position is false; therefore the true position will now have
to be found in the following way. By the 12th proposition of Euclid’s 6th book,
find the fourth proportional, the first term being BG, the second BC, the third
A, and let the fourth be HI, in accordance with which construct the pentagon
HIKLM. »

I say that, if the kind of the line A is given, the pentagon HIKLM has been
constructed, equal and similar to the unknown pentagon in which A occurs;
as was required.
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Dico &% linex A éxplicata- qualirate pentagonsm HIK LM deferi-

ptim efie, aquale & fimile occilto pentagono in quo A ¢xiftic ve eris qua-
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Demontftratio.
Dcmﬂnﬂmtio ¢ primo & fecundo exemplo oft manifefla.

. * Conclufio.
Igitur €% limea explicata santum e, Quod erat facicndum,

_Exémpldm quartum.

' , _ Explicatio dau. .. , o
Sic data refla A, linea cuinfdam “oceulsi- rellilingj fimilis reSilineo
BCDEF, ita ‘vt linca aqualis occulti reflilinei bomologe linée cum B C,
Je€ta ab occults rellilines homologa linea cum ¥ C , @ reliquo addita ocul-

& veélilinei bomaloga linea cum ¥ £, fit in direllum wnins linea ipfa data
linea A, ’

F2 ' Expli- .
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Proof.

The proof is evident from the first and the second example.

Conclusion.

" Therefore, if only the kind of a line is given, etc. Which was to be performed.

FOURTH EXAMPLE.

Given.

Let a line A be given, a line of some unknown rectilinear figure similar to
the rectilinear figure BCDEF, such that if the line ‘equal to the line of the un-
known figure that is homologous to BC be cut off from the line of the unknown
figure that is homologous to FC, and the line of the unknown figure that is
homologous to FE be added to the rest, the said given line A shall lie on one
and the same line. : ’ :
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Explicatio quefiti.

Oporteat ex buinfmodi linez A explicata qualitate veStilineum deferibere,
equale & fimile fimiliergue pofesim ve€lilineo occulto in quo A exiSCir.

Conftru&io.

Fingamus queficum effe inventum arque ipfum dacum reclilinesm
BCD EF effe peritum yellilineum :  Opereturdue in eo [ecundim petitios
nem [upra é)cll_;ibimm hoc modo : Secetur & retla C F refla C G wqualis
rlle C B, [ffue religuum F G, cui in direClum addatur reCla ¥ 1 aqualis
relle ¥ E. lgitur i pofitio efee vera refla ¥ G aqualis effet ipfi A fed
tlli inequalis & mator eff ergo pofisio erae Falfa: Quare nunc vera po-
(110 invenienda erit bhoc modo : Inveniatur quarta linea proportionalis per
12.prop. lib, 6. Euclid. quarum prima v G, fecunda E D , tertia A, fitjue
quarta 1K, 4 qua vt homologa linea cum E D conflruarur per 18. prop.
lib.6. Euclid, reilineum L MNK 1, fimile fimiliterdue pofium reSllineo
BCDEF,

Dico ex lmee A explicata qualitate reSilineum LM Nx1 effe de-
[eriprum aquale & fimile fimilisergue pofirum reGilineo occulto in quo A cx=

.

iflit vt erat qufitum.

R
H F G c M
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Regquired.

Let it be required, if the kind of such a line A is given, to construct 2 rectilinear
figure equal and similar and similarly placed to the unknown rectilinear figure
in which A occurs.

Construction,

Imagine that what is required has been found, and that the said given recti-
linear figure BCDEF is the required rectilinear figure. And perform the oper-
ation in this figure, according to the problem set above, in the following way:
From the line CF cut off the line CG equal to the line CB, and let the rest be
FG, and produce FG so that the line FH is equal to the line FE. Therefore, if
the position were true, the line HG would be equal to A. But it is unequal there-
to and larger, consequently the position was false. Therefore the true position
will now have to be found in the following way. By the 12th proposition of
Euclid’s 6th book, find the fourth proportional, the first term being HG, the
second ED, the third A, and let the fourth be IK, in accordance with which, -
as being the line homologous to ED, construct by the 18th proposition of Euclid’s
6th book the rectilinear figure LMNKI, similar and similarly placed to the recti-
linear figure BCDEF.

I say that, if the kind of the line A is given, the rectilinear figure LMNKI
has been constructed, equal and similar and similarly placed to the unknown
rectilinear figure in which A occurs; as was required.
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Demonftratio.

Demonflratio ex denionfiratione primi & fecunds exempli. oft manifefta.

Conclufio.

Lgitur ex linca tantum explicata aqualicate ¢re. Quod erar facien-
dum.

Varia pofSent per hanc vegulam deferibi exempla tam in [olidis quam
in planis, ‘vt in quadrato vel pentagono, maximus equilaterus triangulus,
aut in quocungue regulars poligono , maximum quodcunque regulare pols-
gonum , Similicer & minimum cuins anguli tangant latera circamferipti,
oo Sed cum regule fenfus & pracedensibus quatsor , (aris videatuy

éxplicatus, commendamus religua quibus ille Geometrice [peculationes
erunt cordi.

Secundi Libri

FINLS,
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Proof.

The proof is evident from the p_roof of the first and tHe second example.

Conclusion.

Therefore, if only the kind of a line is given, etc. Which was to be performed.

By this rule various examples might be constructed, both in solid and in plane
figures, e.g. in a square or a pentagon the greatest equilateral triangle, or in any
regular polygon any greatest regular polygon. Similarly also the smallest figure
whose angles touch the sides of the circumscribed figure, etc. But since the
meaning of the rule seems to be sufficiently clear from the preceding four

examples, we recommend the others to those to whom these Geometrical specu-
lations are dear.

END OF THE SECOND BOOK.
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LIBER TERTIVS
- "DE QVINQVE REGVLARIVM, QVIN:
que auctorum Regularium & nouemn Trun-
«catorum regularium. corporum ¢idem
- {phare inferiptibilium de-
.. {criptione.

R-AE T E R quingtiz. corpora .regularia.quorum Mathematici
Prpemin_emm, animaducrtimus alia_quadam corpora que quampis ta=
~lem non baberent regularicatem e in quingue illys regularibus re-
quagtur (nam demonflratur quingue tantum talia corpora poffe inveniri)
nililominus Geomesrjcarum [peculasionum effent plena , ac mirabils dif=
pofisionss correlativarum fuperficieram, Horum autem corporum fex . mes
minit Albertns Durerus, in fus Geometris (funt quidems in eadem Al-
berti defcriptione & alia duo corpora que &% complicatis planss componuntur
quorum alterum non potefl plicari,. rasio eft quia ad -vnum angulum fo-
hidum conflruendiom-compofits fune vres anguli plani @quales quaruor retlss,
qui angulum [olidum per 21. prop. lib. 11, Euclid. non conflicuunt . Ale-
7 Verd corpus non covisinetur intra metas que in fequienti 11, defmic.
- fune :oﬁne, quare illa dgo corpora religuimus ) fed cum talium corporum
originem - vél nomina® apud neminem inpeniremus tamen exiftimaremus non
Jine aliguo cerso fundamento confiftere , vidimus tandem regularia corpora
ipforum effe fiazebram , nam illorum vnum, erat terraedyum truncatum,
altera tria , truncati cubi, & -quintum , truncatum ofsedrum : Sexti verd
corporss truncatio hac [ersbentibus nobis erat ignota, guampis ex truncato
cubo originem ‘habere non, dubitamus. Cumgue bec nobis effent nota in-
venimus (nam tale quid [zpe [t com rerum canfas cognofcimus) aha.tria
. Ko7pora. non minorss elegantie nempe €% truncaris Dodecaedro & leofaedro.
Quorum definitiones fine [equentes defi. zo. 215 22. Et ipforum plano~
rum difpofisiones in [equenti fecundo Problemate 4iflind," 17. 18, 19. ine
' veniens
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" THIRD BOOK.

Of the construction of the five regular, the five
augmented Regular, and the nine Truncated regular
solids that can be inscribed in the same sphere.

Besides the five regular solids mentioned by mathematicians, we draw at-
tention to some other solids which, though they do not have so great regularity
as is required in these five regular solids (for it is proved that only five such
solids are to be found), nevertheless would be full of Geometrical speculations
and of a remarkable arrangement of the correlative faces. Now six of these
solids have been mentioned by Albert Diirer, in his Geometry (indeed, in the
said description of Albert there are also two other solids which are composed by
folding of planes, one of which cannot be folded; the reason is that for the con-
struction of one solid angle, three equal plane angles equal to four right angles .
have been put together, which do not constitute a solid angle by the 21st pro-
position of Euclid’s 11th book. And the other solid is not included between
the boundaries which are set in the following 11th definition, for which reasons
we have omitted those two solids), but since we have not found the origin or
the names of such solids in any author, and yet judged, not without a certain
foundation, that they exist, at last we have found that the regular solids are their
source, for one of them was a truncated tetrahedron, three others were truncated
cubes, and the fifth was a truncated octahedron, but the truncation of the sixth
solid was unknown to us when we were writing this, though we did not doubt
that it derived from a truncated cube. And when these things were known
to us, we found (for such a thing frequently happens when we become acquaint-
ed with the causes of things) three othér solids of no less elegance, viz. from a
trancated Dodecahedron and Icosahedron; their definitions are the following ‘de-
finitions 20, 21, 22; and the dispositions of their faces will be found in the
following second Problem, sections 17, 18, 19. If by any chance they have
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enientir, Si forte ab alio ante nos [unt inventa (d: quo foré non dubira-
rem propter magnam diligentiam Veterum in formarum inquifivione)) fare-
‘mur hoc nos ignorare.  Quare vt pro noflro invento talia edimns.
PofCea vero fallum eft (rectamus hac quia aliquando non iniucundum
eft inventionum occafiones nonignorare) vt Erancieus Cophart Archimu-
ficus ns§Cri Leidenfis Maficorum collegij, & Geometrie fingularis ama-
“or , veller mibi perfuadere [ cafs quodam [eXtum corpiss regulare Vidifte,
cuius conflrutbio talis erat: o ' )
Ducantur omnes Diagonales linea omnium gquadatorum cubi, ducan-
tur deinde plana ab omnibus angulis [olidis cubi per duas diagonales lineas/[-
que adipfarum diagonalinm medietates , exfiindanturdue boc modo omnia [u-
perficierum cubilatera, cum [fubieSla folida parte spfius cubi inter dus fecans
tia plana comprebenfa.  Erunt izaque cuibo (quoniam duodecim habet latera)
duodecim creni infcife : relingueturdue elegans corpus in viginti & quatuor
xqudali_bm sriangulis aquilateris contentum . Quare ille argumentabatur hac
modo:

Corpora (phare inferiptibilia_quornm [uperficies
Junt omes equales & fimiles, funt corpora re-.
gularia: ' o

Corpus hoc eft - corpus [phare inferiptibile, cuins

fuperficies funt omnes aquales & fimilest
Ergo eS€ corpus regulare, ¢ per confequens fextum.

Sednegabamus partem antzcedentem afSumptionss, quoniam tale corpus nop
efC corpus phere ita inferiptibile, vt invegularium corporum inferibilisate re-
quiritur, nam fenfus ibi eft omnes angulos folidos corporum debere éxisCerein
fuperficis [phare ciresmferipee., buus ver corporis due funt [pecies folido-
~rum angulorun , nam aiserius [peciei anguli funt éxeerns alterius nterni,
- Verum quidem eft omnes angios €ternos eidem [phare ef’e infcriptibiles:
Similiter & omnes angulos internos éidem ﬂdmn\e mnfcriptibiles: Sed non owm-
ues cidem, nam alia ¢t [phara Exsernorum angulorum alia internorsim.

Jgirur
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been found by someone else before us (which I should hardly doubt, considering
the great diligence of the Ancients in the study of forms), we confess that we
ignore this.” We therefore publish them as our invention.

Afterwards it happened (we mention this because sometimes it is not un-
pleasant not to ignore the moments at which something was discovered) that
Frans Cophart *), the leader of our Leiden society of musicians and an extra--
ordinary lover of Geometry, wanted to persuade me that he happened to have
found a sixth regular solid, whose construction was as follows:

Draw all the diagonals of all the squares of a cube, and then draw planes
from all the solid angles of the cube through two diagonals up to the mid-
points of said diagonals, and in this way cut off all the sides of the faces
of the cube, with the adjacent solid part of the cube included between two
intersecting planes. And thus the cube (since it has twelve edges) will have
twelve incisions; there remains an elegant solid included by twenty-four equal
equilateral tnangles Therefore he argued as follows:

Solids that can be inscribed in a sphere and -whose faces are all equal and
similar are regular solids.

This solid is a solid that can be inscribed in a sphere and whose faces ate
all equal and similar.

Therefore, it is a regular solid, and in consequence the sixth.

But we denied the first part of the assumption, since this solid is not a solid
that can be inscribed in a sphere in such a way as is required with regular solids,
for the meaning is there that all the solid angles of the solids must lie on the
surface of the circumscribed sphere, but with this solid there are two kinds
of solid angles, for the angles of one kind are exterior and those of the other,
interior. Indeed, it is true that all the exterior angles can be inscribed in the
same sphere. Similarly also all the interior angles can be inscribed in the same
sphere. But not all in the same, for there is one sphere for the exterior angles

*) It has not been possible to trace any biographical details about this musician.
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Lgitur quia hoc corpus non bhabebat omnes j_ropriemte: que in regularibus -
corporibus requirsntuy , concludebamus illud non efSe fextum corpus regulare.’
PofCea vers vidimus sale corpus effe oftoedrum cui oppofita erant oflo tesrae-
dra, quorum baf€es erant «Eloedri ofto [uperficies, Cumdue hoc animaduertere- - .
smus yna cum elegantia ipfius, argue Geomerricis rationibus in eo confi§Centi-
bus , adplicasiimus talem conftrutlionem ad cetera quatuor regularia corpora,
que omnia regularia a'uﬂg Yocausmus , guorum conflrutlio & eidem Phere .
inferiptio 'yna cum ceterss eSC materia de qua munc agetur.

Primdigitar defecribemus horum corporum Defnitiones. Secundo illorum”
laterum inventiones,ita vt eidem Phere fint inferiptibiha . Tertid demon=’
[irabisur, ex inventis lateribus corporum conflruttio eidem [phere infcriptibie. -
lium . At notandum eft id quod de quinque regularibus corporibus dicetur
pro nofCro invento non exhiberi , [ed ordinis ac_ necefitaris gratia fuss locss .
commemorare. : : .

- Definiticnes quinque
- . corporum - regula-
num,
Definitio 1.

Tetraedrum eft corpus fub quatuor triangulis zqualibus & zqui-
lateris contentum.

: Definitio 2.
Cubus eft corpus fub fex quadratis zqualibus contentum.

Definitio 3.
O@&oedrum eft corpus fub o&o triangulis zqualibus & zquilate-
ris contentum. ,
Definitio 4.
Dodecacdrum eft corpus fub duodecim pentagonis zqualibus &
zquilateris & xquiangulis contentum.

Deﬁ-
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and another for the interior angles. Therefore, because this solid did not have
all the properties which are required in regular solids, we concluded that this
is not the sixth regular solid. Later, however, we found that such a solid is an
octahedron against which had been placed eight tetrahedra, whose bases were
the eight faces of the octahedron. And when we noted this, along with its
elegance and the Geometrical ratios present in it, we applied this construction
to the other four regular solids, all of which we called augmented regular solids,
whose construction and inscription in the same sphere along with the others is
the subject matter now to be dealt with. ]

In the first place therefore we are going to describe thé Definitions of these
solids. Secondly, the finding of their edges such that- they can be inscribed in
the same sphere. Thirdly, the construction, from the edges found, of the solids
that can be inscribed in the same sphere will be proved. But it is to be noted
that what is said about the five regular solids is not set forth as our invention,
but is called to mind in its place for the sake of good order and necessity.

Definitions of the Five Regular Solids.

_ Definition 1.

A tetrahedron is a solid included by four equal and equilateral triangles.
Definition 2.

A cube is a solid included by six equal squares.
Definition 3.

An octahedron is a solid included by eight equal and equilateral triangles.
Definition 4. '

A dodecahedron is a solid included by twelve eqﬁal and equilateral and
equiangular pentagons.
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Definitio s.
Icofacdrum eft corpus fub vigintitriangulis zqualibus & xquila-
teris contentunl. )

Definitiones quinque auctorum
corporum regularium.

Definitio 6. _

Si cuicunque fuperficiei tetraedri apponatur tetraedrum habens
fuperficiem illam pro bafi : Corpus ex illis compoficum duodecim
eriangulis zqualibus & zquilateris contentum vocatur tetraedrum
an&um,

Definitio 7. .

Si cuicunque fuperficiei hexaedri apponatur pyramis habens fu.

perficiem illam pro bafi, & reliquasfuperficies triangula zquilatera:

Corpus ex illis compofitum vigintiquatuor triangulis zqualibus &
zquilateris contentum, vocatur Hexaedrum au&um,

Definitio 8.

Si cuicunque fuperficiei o&oedri apponatur tetraedrum habens
fuperficiem illam pro bafi : Corpus ex illis compoficum viginti &
quatuor triangulis zqualibus & =quilateris contentum, vocatur
o&oedrum au&um. .

Definitio o . -

Si cuicunque fuperficiei dodecaedri_apponatur pyramis habens
fuperficiem illam pro bafi, & reliquas fuperficies triangula zquila-
latera : Corpus ex illis compofitum fexaginta triangulis zqualibus
& zquilateris contentum , vocatur dodecaedrum auGum.

Definitio 10.
Si cuicunque fuperficiei icofacdri apponatur tetraedrum habens
fuperficiem 1pfam pro bafi: Corpus exillis compofitum fexaginta
triangulis zqualibus & zquilaterss contentum ,vocatur icofacdrum

audum.
G Defi-
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Definition 5.
An icosahedron is a solid included by twenty equal and equilateral triangles.

Definitions of the: Five Augmented Regular Solids.

Definition 6.

if against every face of a tetrahedron is placed a tetrahedron having said face
for its base, the solid composed of these, included by twelve equal and equilateral
triangles, is called augmented tetrahedron.

Definition 7.

If against every face of a hexahedron is placed a pyramid having said face
for its base, while the other faces are equilateral triangles, the solid composed
of these, included by twenty-four equal and equilateral triangles, is called an
augmented hexahedron. :

Definition 8.

If against every face of an octahedron is placed a tetrahedron having said
face for its base, the solid composed of these, included by twenty-four equal
and equilateral triangles, is called an augmented octahedron.

Definition 9.

If against every face of a dodecahedron is placed a pyramid having said face
for its base, while the other faces are equilateral triangles, the solid composed
of these, included by sixty equal and equilateral triangles, is called an augmented
dodecahedron.

Definition 10.

If against every face of an icosahedron is placed a tetrahedron having said face
for its base, the solid composed of these, included by sixty equal and-equilateral
triangles, is called an augmented icosahedron.
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Definitiones nouem truncatorum
corporum segularium.

Definitio 11.

Solidum fpharz inferiptibile cuins anguli folidi funt omnes zqua-
les, & cuius plana non funt omnia fimilia, & quodcunque planum :
eft zquiangulum & zquilaterum, & omnium planorum latera funt:
interfe xqualia : vocatur truncatum corpus regulare. ’

g Definitio 12, _ ..

Si omnia latera'tetraedri diniditur in tres partes zquas; & plano-

fingulus angulus folidus tetraedri abfcindatur, per trium laterum

" dinifiones ipfi angulo proximas; Reliquum folidum vocatur trun-
catum tetracdrum per laterumtertias. '

NOTA.

Habet hoc cofp:h quatuor plana l;ex'agoha, & quarior iiianghlaria, dyo-
decim angulos [olidos , ¢7 decem & -oflo lasera,

Supervacancsm exiflimamus tum hic, tum in fequentibus notis, horum pla~
norum formas e qualitate laserum , angulorum aqualitate , & fmilitudine.
pl;tp_orum exprimere, Vi exempli gratia,cim [upra dicasur de guarnor planis..
bexagonis , nondicimus quatuor plana bexagona, equilatera , & aquiangula,
equaliacs fimilia: fed tantum quatnor bexagona. Sumiliter non dicimus duode-
cim angulos [olidos equales, & oftodecim latera equalia, [ed tantum duo-
deciim ' angalos [olidos ; ¢ decews & oflo latera: Quomiam reliqua v colls--
gitur ex 1L definitione fequumur neceflarto, o

NOTA.
Si tetraedri anguli jbliali fimiliter alzfcinddmur. per Laterum. media, reli
quum folidum erit oftoedram. )

Definitio 13- ,

Si omnia latera cubi diuidantur in duas partes zquas, &_pl{gnﬂ_
10«




231

Definitions of the Nine Truncated Regular Solids.
Definitioﬁ 11,
A solid that can be inscribed in a sphere, whose solid angles are all equal
‘and whose faces are not all similar, while all the faces are equiangular and

equilateral, and the sides of all the faces are equal to one another, is called a
truncated regular solid.

Definition 12.

If all the edges of a tetrahedron are divided into three equal parts, and each
solid angle of the tetrahedron is cut off by a plane through those points of
division of the three edges which are adjacent to said angle, the remaining solid
is called a tetrahedron truncated through the third parts of the edges.

NOTE.

This solid has four hexagonal and four triangular faces, twelve solid angles,
and eighteen edges. '

We consider it superfluous, both here and in the following notes, to express
the forms of these faces in the kind of their sides, the equality of the angles,
and the similarity of the faces; e.g. when above four hexagonal faces are referred
to, we do not say four hexagonal equilateral and equiangular, equal and similar
faces, but only four hexagonal faces. Similarly, we do not say twelve equal
solid angles, and eighteen equal edges, but only twelve solid angles and eighteen
edges, since the rest, as is inferred from the 11th definition, follows by necessity.

NOTE.

If the solid angles of a tetrahedron are similarly cut off through the mid-
points of the edges, the remaining solid will be an octahedron. -

Definition 13.

If all the edges of a cube are divided into two equal parts, and all the solid
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fingulianguli folidi cubi abfcindantur, per trium laterum diuifiones
ipfi angulo proximas: Reliquum folidum vocatur Truncatus Cubus
per laterum media. :

NOTA.

Haber hoe corpus fex plana quadrata | & o'ﬂotrmngularia , @ drodes
cim angulos folidos , & 24. latera.
NOT A

Hoc corpus. fimile eft truncato ofloedro per laterum media fequentis 17.
Defmitionss, ’ o
Definitio 14.

Si omnia latera cubi diuidantur in tres partes, hoc modo vt fin-

‘gule mediz pactes fe habeit ad vtramque alteram partern ipfius late-
- ris ve diagonalis quadrati ad fsum latus, & plano finguliangulifolidi

ipfius cubi abfcindantur per trium laterum diuifiones ip{i angulo. -

proximas : Reliquumfolidum vocatur trancatus cubus per laterum
diutfionesin tres partes. '

NOTA.

Habet hoc corpus [eX plana oftogona., oflo trz';zriguhria, @ vigintiquas -

suor angulos folidos , & erigmia o [ex latera,

_ , Definitio 15. . e
Siomnia latera cubi dinidantarin tres partes, hoc modo vt fingulz
medix partesfe habedt ad viramque alteram partem ipfius lateris, ve
diagonalis quadrati ad fuum latus, & plano fingula latera abfcin-
daturper quatuor laterum divifiones in ipfis ab{cindendis lateribus,

non exiftenuibus. & 1pfis lateribus proximas, relinquetur corpus has

bens fex quadrata, & o&o angulos folidos in zquidiftantia 4 centro
cubi, & ab eodem centro remotiores quam reliqui anguli folidi: Si
deinde finguli anguliillorum o&o, plano abfcinditur per tres proxis

G 2 mos
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angles of the cube are cut off by planes through those points of division of the
three edges which are adjacent to said angle, the remaining solid is called 'a cube
truncated through the mid-points of the edges.

NOTE.

This solid has six square and eight triangular faces, and twelve solid angles,
and 24 edges.

NOTE.

This solid is similar to the octahedron truncated through the mid-points of the
edges, of the following 17th Definition.

Definition 14.

If all the edges of a cube are divided into three parts, in such a way that all
the middle parts are to the two other parts of said edge as the diagonal of a
square to its side, and if all the solid angles of said cube are cut off by planes
through those points of division of the three edges which are adjacent to said
angle, the remaining solid is called a cube truncated through the divisions of
the edges into three parts.

NOTE.

This solid-has six octagonal and eight triangular faces, and twenty-four solid
angles, and thirty-six edges.

Definition 15.

If all the edges of a cube are divided into three parts, in such a way that all
the middle parts are to the two other parts of said edge as the diagonal of a

square to its side, and the edges are cut off by planes through those points

of division of the four edges which do not lie on said edges to be cut off and
are adjacent to said edges, a solid remains which has six squares and eight solid
angles at the same distance from the centre of the cube and further distant
from said centre than the other solid angles; if subsequently all the eight
solid angles are cut off by planes through three adjacent plane angles of the
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mos angulos planos trium quadratorum ipfis folidis -angulis proxis
morum: Reliquum {olidum vocatur biftruncatus cubus primus,

. NOTA.

Habet hoc corpus offodécim quadrata , oflo plana triangularia, viginti
quiatuor angulos [olidos , quadraginta latera, .

Definitio 16. : .
Si omnia latera cubi dividantur in quinque partes’, hoc modo ve
~medix partes fe habeant ad quamcunque partem reliquarum quatuor
partium ipfius lateris, vtdiagonalis quadrati ad fuum latus, & plano
fingula latera abfcindantur, per quatuor laterum diuifiones in vno-
quoque abfcindendo latere non exiftentes, & ipfilateri proximas,re-
linquaturque' hoc medo corpus habens fex quadrata & o&o angulos
folidos in zquidiftantia A centro,& abeodé centro-remotiores quim
reliqui anguh folidi: Si deinde omnialatera illorum fex quadratorum
diuidantur in tres partes, hoc modo vt fingulz mediz partes fe has

beant ad vtramque alteram partem ipfius lateris, vt diagonalis qua- -
drati ad fuum latus, & plano finguli anguli folidi illorum o&o an~
gulorum abfcindantur, per fex diuifionés illorum laterum quadra.
torum ipfis angulisfolidis proximas: Reliquum folidum vocatur bi-

firuncatus cubus fecundus. N

NOTA.

* Habet boc corpus fox plana offogona ; ¢ offo békagona , & duodecim
Quadrata , & quadraginia ¢ oflo angulos folides, & Jepeuaginea & duo
latera, _

_ Defmitio 17.
_ Siomnialatera o&oedri diuidantur in duas partes zquas, & pla-
- no finguli an‘guli folidi o&oedri abfcindantur per quatuor laterum

diuifiones ipfis angulis proximas: Reliquum folidumvocatur trun-
catum o&oedrum per laterum media, ’

NOTA.
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three squares adjacent to said solid angles, the remaining solid is called the
first twice-truncated cube.

NOTE.

This solid has eighteen squares, eight triangular faces, twenty-four solid angles,
and forty edges.

Definition 16.

If all the edges of a cube are divided into five parts, in such a way that all the
middle parts are to each of the four other parts of said. edges as the diagonal
of a square to its side, and the edges are cut off by planes through those points
of division of the four edges which do not lie on the edges to be cut off and are
adjacent to said edges, and in this way a solid remains which has six squares
and ¢ight solid angles at the same distance from the centre and further distant
from said centre than the other solid angles; if subsequently all the sides of those
six squares are divided into three parts, in such a way that all the middle parts are
to the two other parts of said sides as the diagonal of a square to its side, and
all the eight solid angles are cut off by planes through those six points of division
of the sides of the squares which are adjacent to said solid angles, the remaining
solid is called the second twice-truncated cube.

NOTE.

This solid has six octagonal, eight hexagonal, and twelve square faces, forty-eight
solid angles, and seventy-two edges.

Definition 17.

If all the edges of an octahedron are divided into two equal parts, and the
solid angles of the octahedron are cut off by planes through those points of
division of the four edges which are adjacent to said angles, the remaining solid
is called an octahedron truncated through the mid-points of the edges.
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NOTA

Habet hoc corpus [3x plana quadrata, s ofto triangularia, & duodecim.
angulos [olidos, & vigines quatwor latera, ‘

NOTA.,

Floc corpas fimils eft truncao cubo per laserum media s 3. definisionis, .

~ Definitio 18,

- Si omnia latera o&oedri diuidantur in tres partes 2quas, &
planofinguli anguli folidi o&oedri ablcindantur, per ?luatpo_r la-
terum diuifiones ipfis angulis proximas : Reliquum folidum vocas
tur o&oedrum truncatum per laterum tertias.

N O.T A.

Haber hoc corpus fex quadrara, <& 080 plana bexagona, & viginti &
quaswor angulos [olidos , &7 srigintacy [ex lasera. '

Definitio 19.

St'omnia latera dodecaedri dividantur in duas partes zquas, &
_planofingulianguli folidi abfcindantur per trium laterumdiuifiones
spfis angulis proximas: Reliquum folidum vocatur truncatum do-

decaedrum per laterum media. '

NOTA.

Hlabet hoc corpus duodecim plana pentagona , viginti tridngulm'a, & ri-
ginea angulos folidos , & fexaginta lasera. ’

NOTA,

Hoc corpus fimile eft sruncaro Jeofasdro per laseruminedia fequensis 21,
Aefinitionis,

G 3 Deft-
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NOTE.

This solid has six square and eight triangular faces, twelve solid angles, and -
twenty-four edges.

NOTE.
- This solid is similar to a cube truncated through the mid-points of the edges,
of the 13th definition.

Definition 18.

If all the edges of an octahedron are divided into three equal parts, and the
solid angles of the octahedron are cut off by planes through those points of
division of the four edges which are adjacent to said angles, the remaining solid
is called an octahedron truncated through the third parts of the edges.

NOTE.
This solid has six square and eight hexagonal faces, twenty-four solid angles,
and thirty-six edges.
Definition 19.

If all the edges of a dodecahedron are divided into two equal parts, and the
solid angles are cut off by planes through those points of division of the three
edges which are adjacent to said angles, the remaining solid is called a do-
decahedron truncated through the mid-points of the edges.

NOTE.

This solid has twelve pentagonal and fwenty triangular faces, thirty solid
angles, and sixty edges.

NOTE.

This solid is similar to an icosahedron truncated through the mid-points of the
edges, of the following 21st definition.




54 PROBLEMATVM
: “Definitio 2o, R
Siomnia latera dodecaedri diuidantur in tres partes, hocmodo
vt fingule mediz partes ad vtramque alteran partem 1pfius lateris fe
habeant vt chorda arcus duarum quintarum peripheriz circuli ad
* chordam arcus vnius quintzeiufdem periphenz & plano fingulian-
gulifolididodecaedri abfcindantur pertriumlaterum divifiones ip-
fis angulis proximas: Reliquum folidum vocatur truncatum dode-
caecdrum per laterum diuifionesn tres partes. 2

NOTA.

Habec hoc corpus duodecim plana decagona , & viginti triangularia,
@ fexaginta angulos folidss, & nonagina larera.

Definitio 21. :
Siomnialateralcofaedri dinidanturin duaspartes zquas, & pla-
no finguliangulifolidi icofaedri ablcindantur per quinque laterum
diuifiones ipfis angulis proximas ; Reliquum folidum vocatur trun-
catumicofaedrum per laterum medsa.

"NOTA.

Habet hoc carpus duodecim plana pencagona, ¢ viginti sriangularia, &
triginta angulos folidos , & fexaginta latera. :

NOTA.

Hoc corpus fimile eft trancato dodecatdro per laterum media praceden-
us 19. definirionss.

Definitio 22. A
Si omnia latera icofaedri diuidantur in tres partes zquas, & pla-
no fingulianguli folidi icofaedri abftindantur per quinque laterum
diuifiones ipfis angulis proximas : Reliquum {olidum vocatur icos
faedrum per laterum tertias, '

NOTA.
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Definition 20.

If all the edges of a dodecahedron are divided into three parts, in such a way
that all the middle parts are to the two other parts of said edges as the chord
of an arc of two-fifths of the circumference of a circle to the chord of an atc
of one-fifth of the same circumference, and the solid angles of the dodecahedron
are cut off by planes through those points of division of the three edges which
are adjacent to said angles, the remaining solid is called a2 dodecahedron truricated
through the division of the edges into three parts.

NOTE.

This solid has twelve decagonal and twenty triangular faces, sixty solid angles,
and ninety edges.

Definition 21.

If all the edges of an icosahedron are divided into two equal parts, and the
solid angles of the icosahedron are cut off by planes through those points of
division of the five edges which are adjacent to said angles, the remaining solid
is called an icosahedron truncated through the mid-points of the edges.

NOTE.

This solid has twelve pentagonal and twenty triangular faces, thirty solid
angles, and sixty edges.

NOTE.

This solid is similar to a dodecahedron truncated through the mid-points of
the edges, of the preceding 19th definition. ‘

Definition 22,

If all the edges of an icosahedron are divided into three equal parts, and the
solid angles of the icosahedron are cut off by planes through those points of
division of the five edges which are adjacent to said angles, the remaining
solid is called an icosahedron truncated through the third parts of the edges.
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o NOTA.

Flabet boc corpass 'vz;gimi plana bexagona, & duodecim pehtézgona, & fex-
aginta angalos fohdos , & nonaginta latera. o ,

 PROBLEMA I

Dato maximo circulo fphera : latera quinque regularium corpo-
rum, quinque au&orum corporum, & nouem truncatorum cor-
- porum regularium, ipfi fph@rzinfcriptibilium, invenire.
o , Explicatio dati.
8¢ datus masximns circalus phare A B CD cwius diameter fit A C &
centrum E. . : '
Explicatio quefiti.
Oporteat invenire latera quingue regularium corporum , quingue autlo-
#4m corporum regularium , <& nouem truncasorum regulaysum corporum,
Jphara, cuius A B C D eC maximus circulus , inferiptiblium.

Conftruio.

Diftin&io 1.

Abftindatur dreQa ¥ C tertia pars ipfius ve E ¥, ducatnrjue rella
¥ G pirpendicularis ad relam E C, & terminus G [it. in circuli periphes
tia: ducatur deinde refla A G pro lasere tetraedri. ‘ IR

Diftiné&io 2,

Ducatur refla € G pro latere cubi.

Diftin&io 3.

Ducasur femidiamerer E B perpendicularis «d A C, ducaturduerella B.C
pro lasere ofoedri. :
Diftin&io 4.

Ducatur rela 1 C equalis rele C A efficiens angulum H C A nium,
hcas
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NOTE.

This solid has twenty hexagonal and twelve pentagonal faces, sixty solid angles,
and ninety edges.

PROBLEM 1.

Given the great circle of a sphere: to find the édges of the five regular solids,
the five augmented solids, and the nine truncated regular solids that can be in-
scribed in said sphere.

Given.

Let the great circle ABCD of a sphere be giveh, whose diameter shall be AC"
and the centre E.

Required.

Let it be required .to find the edges of the five regular solids, the five aug-
mented regular solids, and the nine truncated regular solids that can be inscribed
in the sphere, of which ABCD is the. great circle.

Construction.
Section 1.

Fiom the line EC cut off one third, viz. EF, and draw a line FG perpendicular
to the line EC, and let the extremity G be on the circumference of the circle.
Subsequently draw the line AG as the edge of the tetrahedron.

Section 2.

Draw the line CG as the edge of the cube.

Section 3. -

Draw the semi-diameter EB perpendicular to AC, and draw the line BC as
the edge of the octahedron.

Section 4.

Draw the line HC equal to the line CA, making the angle HCA right, and

7




56 ; PROBLEMATVM :
ducaturgue refla E 1 [ecans peribheriam ad 1; ducaturdue X € pro lasere
‘icofaedri. ‘ ' '
.. Diftin&io 5.

- Diuidarur per 30.prop. lib, 6. Euclid- G C per ekeremam ac mediam
fasionem in K fitfue maior pars C K pro latére dodecaedri. '

Ditin&io 6. | |
Appliceruy intervallum G A d G in produflam A C ad punSum v, du-
caturdue GL, & EG, & CM, pardllila cum G L & terminus ipfius
M in 1efla E G, eritdue ipfa C M pro latere setraedri autl;,

Diftin&io 7. .

Ducatur refla EN ad angulos reflos cum A G, fecans AG m 0,8 -
peripheriam in P, & intervallum :G C applicetur ab A in reflam PN
nempe od punilum Q_, dscaturdue A Q_, & refla ® R parallels cum Q,
& terminys cius R in_refla A E, eritduc ipfa PR pro latere aulli-cubl.

~ Diltin&io 8. RPN

_ Deferibatur triangulus equilaterus cuins latus equale fie ipfi & c, fits’

{ue ipfius erianguli perpendscularis ab angulo in medium oppofii lateris

refla s, appliccurdue intervallum ipfins 4 B in velam EAX fitgue ad ®;

ducarurd, refla B R ducatur item retla £ 1 ad angulos -reflos cum . R B,

Jecans veClam ® B ad v, & peripheriam ad X, applicetur deinde interval-

. lum BC,dninrellam xT fitg ad ¥, ducarury re€la Y B, & cins pa-

S rgllel; Xz, fuug, verminws z in 16la B E , eritg spfa x z pro lasere aulli
o&eedri. . :

Aut alio modo quod facilis & idem f (fed | demonflrasionis  gratia
que infra [equentur ; funt antediéla doferipea) accipiatur A ©, nempe me-
dium relle A G pro lasere amediEs aulli ofloedri,

Diftin&io 9. o
Applicesar in dato cireulo refla &1, aqualis refle” C K, inveniatur de-

“inde
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draw the line EH, cutting the circumference at I, and draw IC as the edge of
the icosahedron.

Section 5.

By the 30th proposition of Euclid’s 6th book divide GC in extreme and mean
ratio at K, and let the larger section CK be the edge of the dodecahedron.

Section 6.

Mark off the length GA from G on AC produced up to the point L, and draw
GL and EG, and CM parallel to GL, with its extremity M on the line EG, then
said CM will be the edge of the augmented tetrahedron.

Section 7.

Draw the line EN at right angles to AG, cutting AG at O and the circum-
ference at P, and mark off the length GC from A towards the line PN, viz. at
the point Q, and draw AQ, and the line PR parallel to QA, with its extremity
R on the line AE, then the said PR will be the edge of the augmented cube.

Section 8.

Construct an equilateral triangle whose side shall be equal to the side BC, and
let the perpendicular in the said triangle from an angle to the mid-point of the
opposite side be the line S, and mark off its length from B towards the line EA,
and let this be at R, and draw the line BR, and also the line ET at right angles
to RB, cutting the line RB at V' and the circumference at X; subsequently mark
off the length BC from B towards the line XT, and let this be at Y, and draw
the line YB, and its parallel XZ, and let the extremity Z lie on the line BE, then
this line XZ will be the edge of the augmented octahedron.

Or in another way, which is easier and the same (but, for the sake of the
proof which will follow below, the aforesaid things have been described), take
AO, viz. one half of the line AG, as the edge of the aforesaid augmented
octahedron.

, Section 9.

In the given circle mark off the line Al, equal to the liné CK, and subse-
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inde per 1. prop. lib. 6. Euclid. re8a linea in ea ratione ad x C, vt efl re-
&a linea ab angulo pentagohi-\w?uilateri & aquianguli in medmum oppofici
lateris ad latus eiufdem pentagoms fieque reéla v ,2, quo intervallo deferibatur .
centro.1 arcus circa 2 jidemdue inservallii applicetur 4 C in ipfum arcum ad 2,

ducanurjue vefle 1,2, &2 C & refta. B 3-fecans peripheriam ad 4, &
ad angulos re€los cum C2, appliceturdue mtervallum C K ex C inrellam
4,3, vepote ad s ducaturfue refla C 5. & refla 4, 6, parallels cum C s°

firjue terminus 6 in recta ¥ C evirgue ipfa 4,6, pro latere autli dodecazdri. -

. Diftin&io ‘10, ,

- Applicetur in dato civeulo refla A7, equali refle € 1, deferibasur
deinde triangulus aequilateriis cuius latus aquale fie rele’ €1, refla.
eiufdem trianguli ab angulo in- medium  oppofiti lateris [iu 8: deinde intera-
allo re@lz 8 defcribatur " centro 7 drcus circa 9: idemgue intervallum.
-applicetur & C inipfum arcum ad'9 ducanturgue refle 7,9 & 9 C, @ re-

&4 .10 [ecans periphersiam ad .11, & angulos efficiens:reflos cum rella

7,9t Applicernrue mtervallum C 1, a7 in reftam 11, 10 nempe ad 12,
ducaturdue rela 7,12, @ E 7, @ 1I, 13, parallela cum 12, 7, fitdue’
“serminws 13 in refta E 7, eritg ipfa.vefla 11,713 pro latere aulli icofacdri.

‘ Diftin&tio_11. : —

Producatur £ A ad 14 & noreur tertia pars reéie A G, fi jue A 15,
ducavurgue refla E s, qua producatur inperipheriam ad 16, ducarurf, refla
16, 17, parallela cum G A, fitg, verminus 17 in reéla A 14 eriedue ipfa
retla 16,17 pro latere tetraedri trancati per laverum vertias. ~ ’

o - Diftin&io_12. :

. Diuidatur refla G C per 10.prop.lib. 6. Euclid: in tres partes hocmo-
Ao v media pars 18; 19, ad vtramg, extremam partem eam habear ratio-
“nem quam diagonalis quadvati ad latus eiufdem , rum ducarur vefla E 18,

& producatur.in peripheriam. ad punctum 20, fimiliter ducatur E 19 &~

producatur in perspheriam ad puntium 21 s ducaturd, recta 20, 21 pro la-
= gere Sruncati cuh"_per laserum diuifionss in tres partes.

H Dlﬂ:ln-
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quently, by the 12th proposition of Euclid’s 6th book, find a line which is to
KC in the same ratio as a line from an angle of an equilateral and equiangular
pentagon to the mid-point of the opposite side to the side of the said pentagon,
and let this line be 1,2; with this length describe from the centre 1 an arc about
2, and mark off the same length from C towards the said arc at 2, and draw
the lines 1,2 and 2C, and the line E3, cutting the circumference at 4 and at -
right angles to C2, and mark off the length CK from C towards the line 4,3, viz.
at 5, and draw the line C5 and the line 4,6 parallel to C s, and let its extremity
6 lie on the line FC; then this line 4,6 will be the edge of the augmented
dodecahedron. : '

Section 10.

In a given circle mark off the line A7, equal to the line CI; subsequently con-
struct the equilateral triangle whose side is equal to the line CI, and let the line
in this triangle from an angle to the mid-point of the opposite side be 8; then
with the length 8 describe an atc from the centre 7 in the neighbourhood of 9,
and mark off the same length from C to the said arc at 9, and draw the lines
7,9 and 9C, and the line E10, cutting the circumference at 11, and making right
angles with the line 7,9. And mark off the length C1 from 7 towards the line
11,10, viz. at 12, and draw the lines 7,12, and E7, and 11,13 parallel to 12,7, and
let the extremity 13 lie on the line E7, then the said line 11,13 will be the edge
of the augmented icosahedron.

Section 11.

Produce EA to 14 and mark off one third of the line AG, and let this be A15;
draw the line E15, and produce it to the circumference at 16, and draw the line
16,17 parallel to GA, and let its extremity 17 lie on the line A14, then the said
line 16,17 will be the edge of the tetrahedron truncated through the third parts
of the edges.

Section 12,

By the 10th proposition of Euclid’s 6th book, divide the line GC into three
parts in such a way that the middle part 18,19 is to the extreme parts in the
same ratio as the diagonal of a square to its side. Then draw the line E18 and
produce it to the circumference at the point 20. Similarly draw E19 and produce
it to the circumference at the point 21. And draw the line 20,21 as the edge
of the cube truncated through the divisions of the edges into three parts.
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. Diftin&io 13. v

Diuidatur quadrans [ew peripheria A B, in duo aqualia in punceo 22,
ducaturdue B 22: Similiter © 23 aqualis B 22 efficiens angulum EB 23
rectum, ducarurd, recta E 23 [ecans peripheriam ad 24, ducatur item reéla
24,25 parallela cum 23, B fitrg termmus a5 in rela B E, eritdue recia
24, 2§ pro latere cubi biSCruncari primi. »

. Diftin&io 14w
' Defcribasur quadratum 26, 27,28 quodeungsie, cwins latws fit 26,27,

diagonalis vero 26, 28, ducatury, recca 29, 30, in qua notetur interval-

lum 29, 31 equale recte 26,17: & recta 31,32, aqualis refle 26, 271 .
O recta 32,33, aqualis rece 26, 28: & recta 33, 34, equalis recte -
26,27, & recta 34,30 wquafzs recta 26,27, ducaturdue recca 31, 35
equals recte 29, 30 effictens angulum 30, 31,35 rectum: Ducarur recta .
35, 34, @ 1ecta 34,36 aqualis recta 26, 28 efficiens angulum 36,34,
35 receum: ducarur recta 35, 36: Applicesur ue intervallum diamerri dats
circuli A C, d puncto 35t recegm 35, 36, fitgue reca 35, 37 ducatur,
recta 37,38 parallels cum rectas 36, 34, fitgue punceum 38 in recta 35,
34 eritjue recta 37,38 pro lagere biSCruncari cubi fecundi. .
= : DiftinAio 15. ° (
Semidiameter £ B eSC pro latere ocoedri truncati per laterum. media,

o Diftin&io 16. : :
. Producatur £ B ad 39. ducaturdue ab 1 recta 1, 40 parallela cum
C B, & terminus 40 in tecta B 39, erizgue recta. 1, 40 pro latere octoe= -
dri-ttuncati per laterum tertias. v o

Diftin&io 17.
Dimidztur recta A 1 per 10.prop. lib, 6. Euclid, in tres partes tales
vt media pars 41,42 ad Veramque étremam partem eam habeat ratio-
nem qtiam chorda arcus duarum quintarwm peripherie ad chordam arcus

Vuus quinig: Duicaturgue recta E 42 que producatut in peripheriam ad
' puncenm
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Section 13,

Divide the quadrant or circumference AB into two equal parts at the point
22, and draw B22. Similarly B23, equal to B22, making the angle EB23 right,
and draw the line E23, cutting the circumference at 24. Also draw the line 24,25
parallel to 23,B, and let its extremity 25 lie on the line BE. Then the line 24,25
will be the edge of the first twice-truncated cube.

Section 14.

Construct any square 26,27,28, whose side shall be 26,27, and the diagonal
26,28. And draw the line 29,30, on which mark off the length 29,31, equal to
the line 26,27; and the line 31,32, equal to the line 26,27; and the line 32,33,
equal to the line 26,28; and the line 33,34, equal to the line 26,27; and the line
34,30, equal to the line 26,27. And draw the line 31,35, equal to the line 29,30,
making the angle 30,31,35 right. Draw the line 35,34 and the line 34,36, equal
to the line 26,28, making the angle 36,34,35 right. Draw the line 35,36. And
mark off the length of the diameter of the given circle AC from the point 35 on
the line 35,36, and let this be the line 35,37; and draw the line 37,38, parallel
to the line 36,34, and let the point 38 lie on the line 35,34. Then the line 37,58
will be the edge of the second twice-truncated cube.

Section 15.

The semi-diameter EB is the edge of the octahedron truncated through the mid-
points of the edges.

‘Section 16.

i’roduce EB to 39, and from 1 draw the line 1,40, parallel to CB, and let its
extremity 40 lie on the line B39; then the line 1,40 will be the edge of the
octahedron truncated through the third parts of the edges.

Section 17.

By the 10th proposition of Euclid’s 6th book, divide the line A1l into three
parts such that the middle part 41,42 is to the extreme parts in the same ratio
as the chord of an arc of two fifths of the circumference to the chord of an arc
of one fifth. And draw the line E42; produce this to the circumference at the
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punctum 43: Similiser ducarur © 41 & producasur in peripheriam ad pun-
8um 44% ducarur deinde 43, 44 pro lavors dodecasdri truncars per laterum
dinifiones in tres partes. S -

Diftin&io 18.

Disidatur 1 C in duo equalia in puncto 45, ducaturgue recta E 45
que producarur in peripheriam ad puncium 46, ducaturg, vecta 46, 47 pa-
vallela cum 1C, & terminus 47 in recta C L, erit], recea 40, 47 pro.
latere icofaedri truncati per laserum media, ‘

‘ Diftin&io 19.

Sumatur tertia pars recte C 1, v¢ C 48, ducatur recta E 48 que
prodiscatur vfg in periphertam ad 49, dicaturfue recta 49, s paraliela
cum 1 C OF terminus 5O exiflens in recta C L, eritdue recia 49, 5O pro
lasere scofaedri truncati per laterum tertias.

Dico latera fupra petita effe inventa ve Jupra in fine cuinfeung, diftin~
Liomss explicata funt V¢ erat quefirum,

NOTA.

 In defimitionibus pracedentivus at. corpora fune definita , hic verd
tantum 19. conflructa: ratio eff quia.cubus truncatus per laterum media
@ octoedrum truncatum per laterum media funt fimilia , e in ipforum
definitionibus: notatum eff , quare hec duo Corpora ‘vnmius tamtum corporis
conflrucsione egent . Similiter & vna conflructione egent truncatum dodecae=
drum per laterum media & truncatum Ieofaedram per laterum media.

H 2
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point 43. Similarly draw E41 and produce it to the circumference at the point 44.
Subsequently draw 43,44 as the edge of the dodecahedron truncated through the
divisions of the edges into three parts. .

Section 18.

Divide IC into two equal parts at the point 45, and draw the line E45; pro-
duce this to the circumference at the point 46; and draw the line 46,47, parallel
to IC, and let its extremity 47 lie on the line CL. Then the line 46,47 will be
the edge of the icosahedron truncated through the mid-points of the edges.

Section 19. -

Take one third of the line CI, viz. C48. Draw the line E48; produce this to
the circumference at 49, and draw the line 49,50, parallel to IC, with its extremi-
ty 50 lying on the line CL. Then the line 49,50 will be the edge of the icosa-
hedron truncated through the third parts of the edges.

I say that the edges required above have been found as explained above at
the end of each section; as was required.

NOTE.

In the precedmg definitions 21 solids have been defined, but here only 19
have been constructed. The reason is that the cube truncated through the mid-
points of the edges and the octahedron truncated through the mid-points of the
edges are similar, as has been mentioned in their definitions, so that these two
solids call for the construction of only one solid. Similarly only one construction
also is called for in the case of the dodecahedron truncated through the mid-
points of the edges and the icosahedron truncated through the mid-points of
the edges.
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Demonflratio.

Diftin&io 1.

Latera quingue vegularium corporum ea efe qué quinque prioribus
diftinctionibus conflructionis éxplicata Junt , per 18. prop. lib. 13. Euclid.
eSC manifeflum, '

Diftin&io 2.

Quoniam A G eft latus terracdri, & E ipfins centrum & ¥ repr afen-
tat centrum bafis, [fequitnr vectam A F effe tetraedri _perpenr!:m."zrem e
altivudinem ;. Sed A¥ per conflructionem equalis €ft spfi ¥ L, quare EL
off femidiamerer aucus teerasdri cuius larus equale eSC reve 1 G: Sed v
ELad LG fic EC ad C M per 4. prop, lib. 6. Euclid, nam trianguli

2 ELG

-
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Proof.

Section 1.

That the edges of the five regular solids are those which have been described
in the first five sections of the construction, is evident by the 18th proposition
of Euclid’s 13th book.

Section 2.

Since AG is the edge of a tetrahedron, and E its centre, and F represents the
centre of the base, it follows that the line AF is the perpendicular or altitude of
the tetrahedron. But by the construction AF is equal to the line FL, so that EL
is the semi-diameter of the augmented tetrahedron, whose edge is equal to the
line LG. But as EL is to LG, so is EC to CM, by the 4th proposition of Euclid’s




é,gé. . PROBLEMATVM-
ELG & ECM [unt fimiles: Quare ve dictum eff in conf€rucrione,
diCinttione 6. 1¢ta C M cofl latus ancii ecracdri, cuius circumferipeibis
lis phare femidiameter eft daci civculi femidiameser EC.

Diftin&io 3.

Qpniam A G reprafentat cubi quadrati diagonalem , & E cubi centrum,
erit vecta E O (eft autem O communis [ellio linearum A G & Q) inter-
Vallum & centro cubi, ad centrum Qﬂdfati cubs, s quoniam A Q_ejt la=
tus trianguli triangulorum pyramidss (upra quadratum cubi -erectorum , erit
QO iphus pyranudis altitudo, quare rota E Q_erir femidiameter aucti cubi
cuius latus A Q. Vet verd AQ ad QE fic RP ad PE per 4. prop.
bb..6. Euclid. (funt enim trianguli A QE & R PE fimiles ) quare vt di-
Eum eft m conftructione, difCince. texse R 2 off latus aucti cubi cuins cir-
cumferipubilis [Phare [emidiamerer oft dati cireuls femidiameter E P.

Diftin&io 4.

Quoniam. B R ¢ ul‘perpendiculari: erianguli ofloedri per conflructionem,
¢ reéla EV ad angulos rectos ipfi BR, erit E v intervallum d centro
oceoedri ad centrum [fui trianguli: Et quia BY eft lasus triangulorum fu-
perpofice pyramidis nempe aqualis ipfi B C, erit v v ipfitss pyramidss al-
titudo , quare tora reéla E Y off talis auoei octoedri Jemidsameter | cuius
laws Y 8. Sed ve BY ad YE ficz Xad X E per 4. prop.lib. 6. Eud.
‘(nam triangwli BY E & 2 X E funt fimiles) quare vt dictum eft in con-
firultione, diff. 8. recta x 2 eft larns aucti ocsoedri cuius circumferipeibiig
[phara femidiamerer §C dati circuli femidiameter E X.

~ Diftingio s.
© - Quoniam recta C2 eft recta cadens ab angulo pentagoni dedecaedri in
medivm _oppofisi lateris eiujdem pentagoni, praterca recta E §1 ad angulos
yectos ipfi C 2, erit punctum §1 cencrum pentagoni dodccaedri, quare E 51

erit intervallum d.contrododec aedri -in centrum ipfins bafis, eSC praverea re-
/ *
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6th book, for the triangles ELG and ECM are similar; therefore, as has been said
in the construction, section 6, the line CM is the edge of the augmented tetra-
hedron for which the semi-diameter of the sphere that can be c1rcumscr1bed about
it is the semi-diameter EC of the given circle.

Section 3.

Since AG represents the diagonal of the square of a cube and E the centre
of the cube, the line EO (O being the point of intersection of the lines AG and
QE) will be the distance from the centre of the cube to the centre of the square
of the cube, and since AQ is the side of one of the triangles of the pyramid
which have been erected on the square of the cube, QO will be the altitude of
said pyramid; therefore the whole line EQ will be the semi-diameter of the aug-
mented cube whose edge is AQ. But as AQ is to QF, so is RP to PE, by the 4th
proposition of Euclid’s 6th book (for the triangles AQE and RPE are similar);
therefore, as has been said in the construction, third section, RP is the edge of
the augmented cube for which the semi-diameter of the sphere that can be
circumscribed about it is the semi-diameter EP of the given circle.

Section 4.

Since BR is the perpendicular of a triangle of an octahedron by the construction,
and the line EV is at right angles to the said line BR, EV will be the distance
from the centre of the octahedron to the centre of its triangle. And because BY
is the side of the triangles of the superposed pyramid, »iz. equal to the line BC,
YV will be the altitude of the said pyramid; therefore the whole line EY is
the semi-diameter of such an augmented octahedron, whose edge is YB. But
as BY is to YE, so is ZX to XE, by the 4th proposition of Euclid’s 6th book
(for the triangles BYE and ZXE are similar); therefore, as has been said in
the construction, section 8, the line XZ is the edge of the augmented octahedron,
for which the semi-diameter of the sphere that can be circumscribed about it is
the semi-diameter EX of the given circle.

Section 5.

Since the line C2 is a line falling from an angle of a pentagon of a dodeca-
hedron to the mid-point of the opposite side of the same pentagon, and moreover
.. the line E51 is at right angles to the said line C2, the point 51 will be the centre
of the pentagon of the dodecahedron; therefore ES51 will be the distance from
the centre of the dodecahedron to the centre of its base; moreover the line C5
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a C 5 lawus trianguli addite pyramidss , quare 1324 51,5 erit ipfius py-
vamidss aliitudo , quare tota E s efl talts aucti dodecaedri [emidiameter,
Sed ve vecta C s ad vectam § E, fic recta 6 ,4. ad rectam 4 E per 4.prop.
lib. 6. Eudid, (nam trianguli C s E @ ©, 4, E funt fimiles) quare vt
dictum eft in conflrustione , diftinct, o. recta 6, 4. off latus aucts dodecae-
dri caius civcumferipuibilis (phare femidiameser oft dati circuli femidiames
t6? E 4. : : , : o

o ‘Diftin&tio 6.

Quoniam recta 7; 9 off recta cadens ab angulo erianguli icofaedri in
medium oppofizs lateris einfdem., praterea recta E 5 2 ad angulos rectos ipfe
7,9, erit puncium sz centrum trianguli fen bafis icofaedri , quare recta
E 52 erit incervallum X centro icolacdri in centrum ipfiws bafss : efi praterca
recia 7, 12 latus addite pyramides , quare recta 52, 12 exit spfius pyrami-
dis altstudo , guare tota E 12 talis aucti dsdecaedri Jemidiameter . Sed ve
2,12 ad 12 E, fic recta 13,11 ad rectam 11 E per 4. prop. lib. 6. Euclid.
(nam trianguli 7,12 E & 13,11 E funt fimiles) quare v dictum eft in
zanﬂruc:iam AiSE. 9. recta 135 11 eft latus anci ico/ézedri cuties cigctmfcrsa
prisilis [phare Jemidiameter o€ dati cireuli- femidsamerir E 11.

" Diftin&io 7.

“Quonians A 15 efC tertia pars laterss A.G tesraedri , erit E L. fe-
midiamezer circumferipeibilis [phere truncati terraedri cuius latus 15 A.
Sed vt recta 15 A ad rectam A E, fic recta 16, 17 4d rectam 17 E per
4.prop.lib. 6 Eudlid. (nam srianguli 15 A E & 16, 17, E funt /imilfs )
quare ve dicsum ¢ft in conflructione dift. 11, 1¢cea 16,17 eft latus tramcati
tesraedri per laterum vevtias, cuins circumferipeibilis (phere [emidiamerer
eft davi circuli femidiameter 16 E. . s

Diftin&tio 8. «

Quoniam recta 19,18 eft pars lateris cubi refpondens laveri ipfius tran-
. cati
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is_the side of the triangle of the added pyramid; therefore the line 51, 5 will be
- the altitude of the said pyramid; therefore the whole line E5 is the semi-diameter
of such an augmented dodecahedron. But as the line C5 is to the line 5E, so is
the line 6,4 to the line 4E, by the 4th proposition of Euclid’s 6th book (for the
triangles CSE and 6,4E ate similar); therefore, as has been said in the con-
struction, section 9, the line 6,4 is the edge of the augmented dodecahedron for
which the semi-diameter of the sphere that can be circumscribed about it is the semi-
diameter E4 of the given circle.

Section 6.

Since the line 7,9 is a line falling from an angle of a triangle of an icosahedron
to the mid-point of its opposite side, and moreover the line E52 is at right angles
to the said line 7,9, the point 52 will be the centre of the triangle or the base of
the icosahedron; therefore, the line E52 will be the distance from the centre of
the icosahedron to the centre of its base; moreover the line 7,12 is the side of the
added pyramid; therefore the line 52, 12 will be the altitude of the said pyramid;
therefore the whole line E12 will be the semi-diameter of such an augmented
dodecahedron. But as 7,12 is to 12E, so is the line 13,11 to the line 11E, by the
4th proposition of Euclid’s 6th book (for the triangles 7,12E and 13,11E are
" similar); therefore, as has been said in the construction, section 9, the line 13,
11 is the edge of the augmented icosahedron for which the semi-diameter of the
sphere that can be circumscribed about it is the semi-diameter E11 of the given
circle.

Section 7.

Since A15 is one third of the edge AG of a tetrahedron, E15 will be the
semi-diameter of the sphere that can be circumscribed about the truncated tetra-
hedron whose edge is 154. But as the line 154 is to the line AE, so'is the line
16,17 to the line 17E, by the 4th proposition of Euclid’s 6th book (for the
triangles 15AE and 16,17,E are similar); therefore, as has been said in the
construction, section 11, the line 16,17 is the edge of the tetrahedron truncated
through the third parts of its edges for which the semi-diameter of the sphere
that can be circumscribed about it is the semi-diameter 16E.of the given circle.

Section 8.

Since the line 19,18 is a part of the edge of a cube corresponding to the edge
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cai cubi per Luterum dinifiones in t1es partes, erit 18 E -femidiameter i fius
truncati cubi cuins lasus eSC recta 19,18 , Sed vi rcéla 19,18 ad reGam
18 E, fic recta 21,20 adrectam 20 E per 4. prop. kib.6. Euchd. (nam srians
g4 19, 18, E¢ 21, 20, E funt fimiles) guare ve dictum ¢l in confhruthio-
ne, diffinll. 12.reca 21, 20 eff Litus truncari cubi per laterum diuifio=
Mes i e1es partes cuins arcumferipribilis [Phara femidiameser oft dati circulia
[emidiameter 20 E; "
Diftin&io 9.

Quoniam B 23 eft latus cubi biSCruncati primi cuins [emidiamerer €€
23 E (hoc autem petimus hic breuitatis. gratia concedi_ciim primo afpectu
in folido corpore fit manifeflum ) erit recia 25,24 latus cubi biflruncan pris
- i cuins femidiameter 24 & : nam ve vecta B 23 ad reciam 23 € fic re-
&a 25,24 ad rectam 24 E per 4. prop.lib. 6. Euclid, ( junt autem trian-.
guli B23 E & 25, 24 E fimiles) quare ve dictum eflin c:nflructione, diffs
13. recta 24, 25 ¢ft latus cubi biftrancars primi cuiuns cinumﬁn}btihlis
[hare femidiamerer dasi circuli ot femidiameser. 24, E.

DiftinQio 10.

Quoniaim recta 34, 36 eft linea correfpondens lateri bifCruncati cubi [es
cundi.cuins circumferipeibilis [phare diameter o€ reces 36, 3 5 (hoc anutem
petimus bic breuitatis gratia concedi cim primo afseltu in folido corpore fit
manife§Cum ) erit recta 38,37 lnea correfpondens lateri byflruncati cubi
- fecundi cuins civcumferiptibilis Jpbare diameter oft recta 35,37, nam ve
reéla 38,37 ad rellam 37,35 fic refla 34,36, ad 1eltam 36,35 per 4.
prop. bib. 6. Euchd, (funt autem trianguli 345 36, 35,. & 38, 37, 35,
Similes) fed reita 37, 35 @qualys off diamerro A C, quare vi dictum eSE,
in conflruttione, dift. 14, vefla 38, 37 off - laws bifiruncati cubi fecundi
cuins circumferipribilis [phara diamerer oft dati circuli diamerer A C. -

Diltin&io 171.

Diuidarur (demonftrationss gratia) B C hoe eft lagws offoedri, in duo
: ﬂq““‘
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of the said cube truncated through the divisions of the edges into three patts,
18E will be the semi-diameter of the said truncated cube whose edge is the line
19,18. But as the line 19,18 is to the line 18E, so is the line 21,20 to the line
20E, by the 4th proposition of Euclid’s 6th book (for the triangles 19,18,E
and 21,20, E ate similar); therefore, as has been said in the construction, section
12, the line 21,20 is the edge of the cube truncated through the divisions of the
edges into three parts for which the semi-diameter of the sphere that can be
circumscribed about it is the semi-diameter 20E of the given circle.

Section 9.

Since B23 is the edge of the first twice-truncated cube, whose semi-diameter
is 23E (this we ask the reader to concede us here for brevity's sake, because it
is evident at the first glance in a solid), the line 25,24 will be the edge of the
first twice-truncated cube whose semi-diameter is 24E. For as the line B23 is to
the line 23E, so is the line 25,24 to the line 24E, by the 4th proposition of
Euclid’s 6th book (for the triangles B23E and 25,24E are similar); therefore, as
has been said in the construction, section 13, the line 24,25 is the edge of the
first twice-truncated cube for which the semi-diameter of the sphere that can be
circumscribed about it is the semi-diameter 24E of the given circle.

Section 10.

Since the line 34,36 is a line corresponding to the edge of the second twice-
truncated cube for which the diameter of the sphere that can be circumscribed
about it is the line 36,35 (this we ask the reader to- concede us here for brevity’s
sake, because it is evident at the first glance in a solid), the line 38,37 ‘will be
a line corresponding to the edge of the second twice-truncated cube for which
the diameter of the sphere that can be circumscribed about it is the line 35,37;
for as the line 38,37 is to the line 37,35, so is the line 34,36 to the line 36,35,
by the 4th proposition of Euclid’s Gth book (for the triangles 34,36,35 and
38,37;35 are similar); but the line 37,35 is equal to the diameter AC; therefore,
as has been said in the construction, section 14, the line 38,37 is the edge of
the second twice-truncated cube for which the diameter of the sphere that can be
circumscribed about it is the diameter AC of the given circle.

Section 11.

(For the sake of the proof) divide BC, i.e. the edge of an octahedron, into
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equalia ad punGlum 53 ducaturdue © 53. Igitur triangulus B 53 E efifofce-
les per 8. prop. lib. 6. (nam E 5 3 ¢ft perpendicularis adreclam B C intrianglow
rettangulo ifojcele B E C quare E-53 B fimilistriangulo B E C ¢f! ifofceles)
cuins latera € 53 & §3 B funt inter fe aqualia, Quare (quoniam B 53
reprafencat latns truncati offoedri per laterum media cuins. [enidiameter cirz’
cumfcriptibilis [phare off Es3) Lisws truncati oftoedri per laternm media,
aqudlis e§C [ue circumferiptibilis Phare [emidiametro . S ed in hac propo-
fitiont eff circumferiptibilis [phare [imidiameter BB, quare vt diftum’ efl
in conflructione, dift. 15. recha B E off latus ofloedri truncati per laterii media
cuins circumcr: tibilis [phare. femidiameter ofl dati circuli femidiameter. & B.
' " Diftin&io 12.
Notetur demonfbrationis gratia communis [eltio reflarum B C &' F G hac
nota s4. lgicur rela B 54 oft tertia pars: lateris ofloedri B C (nam per
4. prop. lib. 6. Euclid. vt refla E ¥ ad reflam £ C: Sic refla B 54 adretlam
54 C, quia triangulus E C B fimilis eft triangalo ¥ C 54,0 refta E Feff
tertia pars refle E C per primam diCinlionem conflruilionis ,quare B 5 4.
eff sersia pars refle B.C) quare refla B 54 #qualis oft lateri truncati oftoc-
dri per laterum tertias, cuius d/émidiameter E 54, fed vt refla B 54 ad
reflam s 4 B, fic refta 40, 1 ad reflam 1 E per 4.prop. lib.6, Euclid. (nam
trianguli B 54 EQ 40 1 E [unt fimiles) quare ve dibtum € in conflris-
Gione ,- diff: 16, refla 30 1 eft larns truncati ofloedri per laterum tertias,
ctins civeumeripeibilis [phara femidiamerer eft dati circuls femidiameter E 1.

_ Diftin@io 13. . :

Quoniam recta 41, 42 ¢ft pars correfpondens lateri truncati drdecaedri
per lagerum diuifiones intres partes, cuins circumferipuibilis [phare femidia-
mecer eff recta E 41, erit vefla 44, 4.3 pars ve[pondens lateri truncati do-
decacdri per laterum diuifiones in tres partes cuties ‘circum|cripuibilis [phare
fermidiameter eft £ 44, Nam v refla E41 adretlam 41, 42, Jic refla E 44,
ad veltam 44,43 per 4. prop.lib. 6. Euchd; (funt enim trianguli E 41, 42.
O £ 44,43 fimiles) quare vt diftum oft in conCructione, dift. 17, reéla
41:43 ¢ft latus dodecaedri trumgati per laterum diifiones in tres pares,
cuins circumferiprebilis [phare [emidiameter eft dati circuli femidiameter B 44.

I Diftin:
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two equal parts at the point 53, and draw E53. Therefore the triangle B53E is
isosceles, by the 8th proposition of the 6th book (for E53 is the perpendicular
to the line BC in the right-angled isosceles triangle BEC; therefore ES3B, simi-
lar to the triangle BEC, is isosceles), while its sides E53 and 53B are equal to
one another. Therefore (since B53 represents the edge of an octahedron truncated
through the mid-points of the edges for which the semi-diameter of the sphere
that can be circumscribed about it is Es53) the edge of the octahedron truncated
through the mid-points of the edges is equal to the semi-diameter of the sphere
that can be circumscribed about it. But in this proposition the semi-diameter of
the sphere that can be circumscribed about it is EB; therefore, as has been said in
the construction, section 15, the line BE is the edge of the octahedron truncated
through the mid-points of the edges for which the semi-diameter of the sphere
that can be circumscribed about it is the semi-diameter EB of the given circle.

Section 12.

For the sake of the proof mark the point of intersection of the lines BC and
FG by the mark 54. Therefore the line B54 is one third of the edge of the octa-
hedron BC (for, by the 4th proposition of Euclid’s 6th book, as the line EF is to
the line FC, so is the line B54 to the line 54C, because the triangle ECB is similat
to the triangle FC54, and the line EF is one third of the line EC by the first
section of the construction; therefore B54 is one third. of the line BC); therefore
the line B54 is.equal to the edge of the octahedron truncated through the third
parts of the edges, whose semi-diameter is ES4, but as the line B54 is to the
line 54E, so is the line 40,I to the line IE, by the 4th proposition of Euclid’s 6th
book (for the triangles BS4E and 40IE are similar); therefore, as has been said
in the construction, section 16, the line 40! is the edge of the octahedron truncated
through the third parts of the edges for which the semi-diameter of the sphere
than can be circumscribed about it is the semi-diameter EI of the given circle.
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Diftin&io - 14.

Quoniam recta C 45 off linea correfpondens laters truncati icofacdri per la-
terummedia, cuins circumeriptibilis [bharae femidiameter eft 45 E, erit recta
47,46 linea correfpondens lateri truncati icofacdri per laterum media cuins cir-
cumferipeibilis [phare femidiameter eSC rocta 46, B. Nam verecta C 45 ad
rectam 45 E, fic rea 47,46. ad veflam 46 E per 4. prop.lib, 6. Eudid.
(funt enim srianguli C 45 E & 47, 46 £ fimiles) quare ve dicoum eft in
conflructione dift. 18, recta 47,46 eff latus eruncatiicofacdri, per laterqm
media, cuius circumferiptibilis (phere femidiameter eff dati circuls femidia-
meter 46 E. .

Diftin&io 15.

Quoniam reaa C 48 ofC linca correfpondens lateri truncati icofaedri per
laterum tertias, cuin circumferiptibilis [phare femidiameter oS¢ 48 E, erit
rella ‘50, 49 linea correfp’om]em lateri truncatiicojacdri per lazerum vertias,
cuius circumferiptibilis Phara femidiameter off 49 E, nam e refla C 48 ad
reltam 48 B fic rela 50,49 ad reflam 49 B per 4. prop.lib. 6. Euclid.
(fune enim trianguli C 48 B & 50,49 E fimiles ) quare vt dictum oft in con=
Sractione diSC. 19. recta 50, 49 €€ latus truncati icofardrs per laterum
tertias cuins circumfcripribilis [phera femidiameter S dati circuli femidia-
meter 49 E.

Conclufio.
Lisar dato maximo circulo phare lasera quingue &, Quod erat facsendum.

PROBLEMeA 11

Datis lateribus quinque corporum regularium , & quinque
au&orum regularium corporum, & nouem truncatori regularium
corporum, eidem {pherz inferipribilium, plana conftruere ac difpo~
nere, quz fi rité complicentur efficiant 1pfa corpora,

‘ EXE“-
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Section 13.

Since the line 41,42 is a part corresponding to the edge of the dodecahedron
truncated through the divisions of the edges into three parts for which the semi-
diameter of the sphere that can be citcumscribed about it is the line E41, the
line 44,43 will be the part corresponding to the edge of the dodecahedron
truncated through the divisions of the edges into three parts for which the semi-
diameter of the sphere that can be circumscribed about 1t is E44, for as the line
E41 is to the line 41,42, so is the line E44 to the line 44,43, by the 4th propo-
sition of Euclid’s 6th book (for the triangles E41,42 and E44,43 are similar);
therefore, as has been said in the construction, section 17, the line 41,43 is the
edge of the dodecahedron truncated through the divisions of the edges into
three parts for which the semi-diameter of the sphere that can be circumscribed
about it is the semi-diameter E44 of the given circle.

Section 14..

Since the line C45 is a line corresponding to the edge of the icosahedron
truncated through the mid-points of the edges for which the semi-diameter of the
sphere that can be circumscribed about it is 45E, the line 47,46 will be the line
corresponding to the edge of the icosahedron truncated through the mid-points
of the edges for which the semi-diameter of the sphere that can be circumscribed
about it is the line 46,E. For as the line C45 is to the line 45E, so is the line
47,46 to the line 4GE, by the 4th proposition of Euclid’s 6th book (for the triangles
C4SE and 47,46E are similar); therefore, as has been said in the construction,
section 18, the line 47,46 is the edge of the icosahedron truncated through the
mid-points of the edges for which the semi-diameter of the sphere that can be
circumscribed about it is the semi-diameter 4GE of the given circle.

Section 15.

Since the line C48 is a line corresponding to the edge of the icosahedron
truncated through the third parts of the edges for which the semi-diameter of the
sphere that can be circumscribed about it is 48E, the line 50,49 will be the line
corresponding to the edge of the icosahedron truncated through the third parts
of the edges for which the semi-diameter of the sphere that can be circamscribed
about it is 49E, for as the line C48 is to the line 48E, so is the line 50,49 to the
line 49E, by the 4th proposition of Euclid’s 6th book (for the triangles C48E
and 50,49E are similar); therefore, as has been said in the construction, section
19, the line 50,49 is the edge of the icosahedron truncated through the third
parts of the edges for which the semi-diameter of the sphere that can be circum-
scribed about it is the semi-diameter 49E of the given circle. .

Conclusion.
Therefore, given the great circle of a sphere: the edges of the five, etc. Which
was to be performed.
PROBLEM 1II.

Given the edges of the five regular solids and the five augmented regular
solids and the nine truncated regular solids that can be inscribed in the same
sphere, to construct and dispose plane figures which, if properly folded together,
form said solids.
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Explicatio dati,

Problema) exdem [here inferipeibilium valia:

Latas tetracdri.
Cubi.

Oétoedri.

<HOROROZENRNTO MY Ow

l

i

Dodecacdris
Zeofaedric -

Anlli tetracdric
Anlls cubi.

Antti oftoedri.
Autts dodecaedrs.
Anéli icofaedri.
Truncati tetraedri.

Biftruncati cubi primi.
Biltrancati cubs fecundi,

67

(inventa per primum pracedens -

Diameter cireumferiptibilis [phare.

Trsscati cubi per lateri dissifioiin tres partes,

Truncati oltoedri per laterum media.
Truncati octoedrs per laterum tertias.

Truncati dodecaedrs per lateri dimif. intres

: Expliéatio quxﬁti.

» Triscari icofaedri per laterii media. (partese
Tinuncati icofaedri per laternm tertias.

Oporteat ex datis illis lineis conflructa plana , difponere gue [i rite
omplicentur efficiant antedicta corpora eidem [bhare (cuius diameter &gua-
lis fit recte &) inferspribilia, : "

I 2

~ Con-
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Given.

Let the edges of the aforesaid solids (found by the first preceding Problem)

that can be inscribed in the same sphere be given, as follows:

4

NN

LR ZrpbhARrTmambaw

the diameter of the sphere that can be circumscribed about the
figures

the edge of the tetrahedron

of the cube

of the octahedron

of the dodecahedron

of the icosahedron

of the augmented tetrahedron

“of the augmented cube

of the ‘augmented octahedron
of the augmented dodecahedron
of the augmented icosahedron
of the truncated tetrahedron

of the cube truncated through the divisions of the edges into three
parts ) ’

of the first twice-truncated cube

of the second twice-truncated cube

of the octahedron truncated through the mid-points of the edges

of the octahedron truncated through the third parts of the edges

of the dodecahedron truncated through the divisions of the edges
into three parts

of the icosahedron truncated through the mid-points of the edges
of the icosahedron truncated through the third parts of the edges

" Required.

Let it be required to dispose the plane figures constructed from these given

lines in such a way that, when properly folded together, they form the afore-
said solids that can be inscribed in the same sphere (whose diameter shall be
equal to the line A).
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Conftru&io.
ot Diftin&io 1.

Ex apta quadam plica-
bili ma teria difponantur ve
infra pro tstraedro, guatsor
erianguli  quorum [ingula .
latera equaha fint refle B,

Diftin&io 2.
Difponantur vt infra pro cubo fex quadrata quorum fingula latera aqua-
lia fint relle c.
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Construction.

Section 1.

In order to form the tetrahedron dispose from some suitable foldable material,
as shown below, four triangles, each of whose sides be equal to the line B.

Section 2.

- In order to form the cube dispose, as shown below, six squares, each of whose
sides be equal to the line C. p
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Diftin&tio 3

Dzﬁ:omnmr vt mfm pro octaedro 0cto manguh quorum fingula lata.
ra wqualm fine recte D,
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Section 3.

In order to form the octahedron dispose, as shown bélow, eight triangles, each
of whose sides be equal to the line:D.
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Diftin&tio 4. -

Difponamsr vt infra pro dedscaedro 12 ;emagona quorsin fingula la-
tera agudlia fint rele E
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Section 4.

In order to form the dodecahedron dispose, as shown below, 12 pentagons,
cach of whose sides be equal to the line E.
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Diftin&io s.

Difponantur ¢ infra pro Jeofasdro iginei srianguli guorum fingula lae
tora equalia fins refle .
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Section 5. .

In order to form the icosahedron dispose, as shown below, twenty triangles,
each of whose sides be equal to the line F.

[y




2
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Diftin&tio 6.
 Difponantur pro autlo tetraedro gua-
tuoy irianguli ve in pracedenti prima di-

- fiinthione qucrum fingula latera equalia fint

reCte Go  Deinde quater tres trianguls vt

Jimt tres trianguli 1,2, 3, quarum fingh

la laters aqualia fine ipfi .
Diftin&tio 7.

Difponantur pro antlo cubo (&% qua-
drata, viin precedenti fecunda diftinttione
quorum fingwla latera aqualia fint refle H.
Deinde fexes quatuor trianguli ve funt
4,5,6,7, quorum fingula latera aqualia
[t ipf 1L ‘

Diftin&io 8.

Difponantur pro autlo ofboedro oflo trian-
gulivein pracedenti sertia diftintlione, quoz
rum fingula laters aqualia fint refle 1.
Deinde -otties tres trianguli ve [unt tres
trianguli 8,9, 10, quorum fingula latera

equalia fint ipfi 1.
Diftin&io 9.

Difponantar pro autlo dodecaedro duode-
cim pentagona ‘ve in precedenti quarta dia
flinttione , quorum [ingula latera equalia
fine reéle x: Deinde duodicies quingue
srianguli ve [une quinguetrianguli 11, 12,
13,14, IS, quiorsm fingula latera equalia
fine ipfi K.
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Section 6.

In order to form the augmented tetrahedron, dispose four triangles, as in the
preceding first section, each of whose sides be equal to the line G. Subsequently
four times three triangles such as the three triangles 1, 2, 3, each of whose sides
. be equal to the said G.

Section 7.

In order to form the augmented cube, dispose six squares, as in the preceding
second section, each of whose sides be equal to the line H. Subsequently six
times four triangles such as 4, 5, 6, 7, each of whose sides be equal to the

said H.

Section 8.

In order to form the augmented octahedron, dispose eight triangles as in the
preceding third section, each of whose sides be equal to the line I. Subsequently
eight times three triangles such as the three triangles 8, 9, 10, each of whose
sides be equal to the said I.

Section 9.

In order to form the augmented dodecahedron, dispose twelve pentagons as
in the preceding fourth section, each of whose sides be equal to the line K.
Subsequently twelve times five triangles such as the five triangles 11, 12, 13, 14,
15, each of whose sides be equal to the said K.
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- Diftin&io 10.
_ " Difponantur pro autto icofaedro vi-
© ginei trianguli vt in precedenti qninta
o - diff. quorum fingula latera equalia
L . fmere@e v, Deinds vicies tres srian=
’ " guli ve funt tres trianguli 16,17,18,

quorum. fingula latera equalia (int
“opff Ly

Diftinéio 11.
Difponantur vt infra pro truncato teiraedro per laterum tertias , qua=
suor bexagona , & quataor trianguli quorum “fingula latera -aqualia fins

!
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Section 10.

In order to form the augmented icosahedron, dispose twenty triangles as in
the preceding fifth section, each of whose sides be equal to the line L. Sub-
sequently twenty times three triangles such as the three triangles 16, 17, 18, each
of whose sides be equal to the said L. .

Section 11.

In order to form the tetrahedron .truncated through the third parts of the
edges, dispose, as shown below, four hexagons and four triangles, each of whose
sides be equal to the line M. o




74 PROBLEMATVM

Diftin&io 2.

Difsonantur-ve infra’ pro erancaso enba per laverum Linifioncs in sres
partes, fex: oftogona, @& offv trianguli, quiram [ingula lgtera equalia
fine refle N, > ‘ :
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Section 12.

In order to form the cube truncated through the divisions of the edges into
three parts, dispose, as shown below, six octagons and eight triangles, each of
whose sides be equal to the line N.
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. Diftingio 3.

Difponantur vt infra pro bifCrancato cubo pn'}no » oflodecim quadrasa,
& ollo rriangali quorum fingula lasera equalia Jiut refle o.

A

w~
™
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Section 13!

In ‘order to form the first- twice-truncated cube, dispose, as shown below,
eighteen squares and eight triangles, each of whose sides be equal to the line O.
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Diftin&tio 14.

Di/[oanahmr vt infra pro biﬁhmmto cubo focundo fé% oflogona , offe
héXagona , & dwodecim quadrasa , quorwm fingila latera aqualia fint
retle ». ' :
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‘Section 14.

In order to form the second twice-truncated cube, dispose, as shown below,
six octagons, eight hexagons, and twelve squares, each of whose sides be equal
to the line P,
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Diftin&io 15

Difponaneyr vt infra pro trancato Ofoedro per latertim media, [éx
quadrasa, & oflo triangsli, quoram finguls latera equdlia fins refle Q,
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Section 15.

In order to form the Octahedron truncated through the mid-points of the
edges, dispose, as shown below, six squares and eight triangles, each of whose
sides be equal to the line Q.
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Diftin&io 16.

Difponantur ve infra pro truncato ofloedro per lateram tersias , fox
guadrata, & oflo hexagona, quorsm finguls laisra zqualia fint vefle x,

o
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Section 16.

In order to form the octahedron truncated through the third parts of the edges,
dispose, as shown below, six squares and eight hexagons, each of whose sides
be equal to the line R.




"GEOMETRICORVM LiB, II1, 79

Diflindio 17.
Difponasmr ve infra pro eruncato dodecaedro per laverwm dinifiones intres

partes duodecim.decogona , < viginti srianguli quornm firgela latera aqua-
fia fine refla s.
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Section 17.

In order to form the dodecahedron truncated through the divisions of the
edges into three parts, dispose, as shown below, twelve decagons and twenty
triangles, each of whose sides be equal to the line §.
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Diftin&io 18.
Difponantsr vt infra pro truncato icofasdro per laterum medsa duode-

eim pencagona , & viginti trianguli , quorum finguls latera equalia fine
refle T.
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Section 18.

In order to form the icosahedron truncated through the mid-points of the edges,
dispose, as shown below, twelve pentagons and twenty triangles, each of whose
sides be equal to the line T ‘
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Diftin&io 19.

Difponantur, vt infra, pro truscato icofaedro per larerum tertias, vie

ginti hexagona , @& duodecim pentagona , quorum fingula latera egqualia

& >
._ .

(J

vo

o

)
(I
g

L)

9

L
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Section 19.

In order to form the icosahedron truncated through the third parts of the
edges, dispose, as shown below, twenty hexagons and twelve pentagons, each
of whose sides be equal to the line V.
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Poft talem planorum difpofiionem erunt plana ite inter [¢ complicandar
Quommado vers fiee haccomplicaioin fingulis corporibus deferivere [upervacas
neum videtur ycurres per [e [atss fit nota . “Pofl verd talem complicatio=
nem , erunt planorum latera, iiopus fuerit, conglutinanda, fiex papyro, li=
g”;; Vel fimilé fusring plana + Aus ferrsminanda, fi Juerincex aligsio me=
tallo,

Aucloru verd corporum conflrutltio 1alis erit 3 Primo complicentur a6
perficiantur quingug corpora regularia qua in principijs [exte , feprima,
oitane ,none , < decime diCinclionum [unt recitara: Deinde: cucunque
Juperficiei ipforum applicetur fua pyramis adff, bafi: exempli gratia, auth
tetraedri [eXte diCinGhionis resrasdram primum complicetur . deinde coms
plicentur & tres illi trianguli his notis 1, 2,3, fignatis, ita ve efficiant
pyramideom fine bafe: Applicesurduc ipfa pyramis cum paree vhi bafis de-
ficie , cuidam [uperficici tosraedri, ipfigue conglutineesr 5 vel conferrumis
netur.

Eodemg, miodo applicentur tres rales pyramides reliquis tribus tetraedri fu~
perficibus, eritgue aulum tesracdrum exatlum . S imiliter agetur in reli-
quas quatsuor aultis 'corporibm,.

Dico ex ta'sbus datis lintis plana effe coniCrutla ac difpofita , que f
ita e diGtum eft complicentur , & conglutinentur , efficiens amedicia petita
corpora eidems [phara inferiptibilia e erat quefium.

Demonttratio.
Demonflratio ex demonSCrasione precedentis primi Problematis. ofC ma-
vifefCar ‘
Appendix.
Planorum vers difpofitio corporis truncati (cuins efl fafla mentio in

principio buiss 3. ib. ) cuius sruncandi wmodus bes [eribentem me larchas tajl;l;
A _ ¢ e
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After this disposition of the plane figures, they will have to be folded together
propetly. It seemed, however, superfluous to describe for each of the solids how
this folding takes place, since this matter is sufficiently known in itself. But
after this folding, the sides of the faces will have to be glued together, wherever
necessary, if the plane figures are made of paper, wood or the like, or to be
joined together if they are made of some metal.

But the construction of the augmented solids will be as follows. First fold
and complete the five regular solids which are mentioned at the beginning of the
sixth, seventh, eighth, ninth, and tenth sections. Subsequently place against every
face of those solids its pyramid without a base, e.g. of the augmented tetrahedron
fold first the tetrahedron of the sixth section; next fold also those three triangles
which are marked 1, 2, 3, in such a way that they form a pyramid without a
base. And place the said pyramid with the part where the base is lacking against
a face of the tetrahedron, and glue or join it thereto.

In the same way place three such pyramids against the remaining three faces
of the tetrahedron; then the exact augmented tetrahedron will be completed.
Proceed similarly with the other four augmented solids.

I say that from such given lines plane figures have been constructed and
disposed which, if they are so folded and glued together as has been said, form
the aforesaid required solids that can be inscribed in the same sphere; as was
required. '

Proof.
The proof is clear from the proof of the preceding first Problem.

Appendix.

However, the disposition of the faces of a truncated solid (of which mention
has been made at the beginning of this 3rd book), of which I ignored the way




GEOMETRICORYV M., LIB.IIL 93
ofl: Dj]wmmur,w infra, fex quadrata & 36. trianguli,
Sed propeer ipfius sruncationis, [eu vere oviginisignorantiam non posui-
mmws loc Geomesricé antedille [phara inferipribile cum ceseris conflrucre,

Tertii Libri -

FINIS,
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of truncating when I wrote this, is as follows. Dispose, as showm below, six
squares and 32 triangles. ' ,

But on account of lack of knowledge of the said truncation or of its true
origin ‘'we have not been able to construct this solid that can be inscribed in the
aforesaid sphere Geometrically along with the others.

END OF THE THIRD BOOK.
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LIBER QVARTVS
IN QVO DFMONSTRABITVR QVo-
modo datis duobus corporibus Geometricis,
tertium corpus defcribi poteft, alteri da-
torum {imile, alteri vero
equale.

ROBLEMA guoddam eximinm Clarifi. vir, & veteribus
Pinvmmm efl, & ab Euclide prop. 25.lib. 6. defecriptsom, cuins fenfus
talss eff: Datis duobus re&iliness, tertium reQilineum defcn-
bere, alteri datorum fimile, aleeri vero xquale. Cumgue in planis 1ale
Problemainyentum animaduetreremus , tamen in jolidis non effe fimile ge-
nerale Problema deferipeum (dico genevale) quoniam Archimedis inventio
in chordis fogmentis [Pharalibus ad s ,prop.lib.2. de phara & cylindro eft
in eo [pecialis: praterea cum confideraremus magnam [ympathiam intey
magmtudinem [uperficialem & corporeans (nam quemadmodum triangula
& parallelsgramma quorum eadem eSC altitudo , iza [e babent inter fe ve
bafes per 1. prop, lib. 6. Euclid. Sic parallelepipeda , pyramides , coni, &
cylindri, quorum cadem efl alitndo, ira fe babent inter f¢ vt bafes, per 32.
prop.lib. 11. & per 5, 6, @ 11.prop. lib, 12. Euclid. Praserea guemad-
modum triangula & parallelogramma quorum bafes & altitudimes recipro-
cantur,, funt inter fe aquala: Sic parallelepipeda, pyramides, coni, &
¢ylindri, quorum bafes & altitudines reciprscancur funt inter o aquales
per 34. prop. lib. 11.& per 9, & 15, prop. lib. 12. Euclid. Traierea
gemadmodum (imilia rehilinca duplicatam eam habent inter fe rationem,
wam latus homologum ad homologii Latus per 20. prop, lib . 6. Enc. Sic fimi-
Z'a‘ corpora, triplcatam eam habent rationem , guam latns hemologum ad
homologum latus per 33. prop. lib. 11. & per 8. 12 & 18, prop. hb. 12.
Euclid.) edplicauimus animum ad fimile Problema inveniendum in_[olidi.

Hjue falicier effe inveneam , atoue ite generale in folid:s, vt &S fupra- -
ditlum Problema ad 25. prop. bib. 6. Euclid, in planis, compleclens tt;m
Ardhiz
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FOURTH BOOK

in which it is to be proved how, when two Geometrical
solids are given, a third solid can be constructed,
similar to one of the given solids and equal to the other.

A very beautiful problem, o illustrious lord, was found by the Ancients and
described by Euclid in the 25th proposition of the 6th book, the sense of which
is as follows: Given two rectilinear figures, to construct a third rectilinear figure,
_ similar to one of the given figures and equal to the other. And since we noted

that this Problem had been found for plane figures, yet that for solids no
similar general Problem had been described (I say: general, since Archimedes’
invention in the matter of segments of spheres in the Sth proposition of book
2 on the sphere and cylinder *) is of a particular character in this field); and
since moreover we considered there was great similarity between a plane and a
solid magnitude (for as triangles and parallelograms whose altitude is the same
are to one another as their bases, by the 1st proposition of Euclid’s 6th book,
so ‘parallelepipeds, pyramids, cones, and cylinders whose altitude is the same
are to one another as their bases, by the 32nd proposition of Euclid’s 11th
book and by the 5th, 6th, and 11th propositions of his 12th book) — moreover,
as triangles and parallelograms whose bases and altitudes are inversely pro-
portional are equal to one another, so parallelepipeds, pyramids, cones, and cylindess
whose bases and altitudes are inversely proportional are equal to one another,
by the 34th proposition of Euclid’s 11th book and by the 9th and 15th propo-
sitions of his  12th book; moreover, as similar rectilinear figures are to one an-
other in the duplicate ratio of that of a homologous side to a homologous side,
by the 20th proposition of Euclid’s 6th book, so similar solids are to one an- .
other in the triplicate ratio of that of a homologous edge to a homologous edge,
by the 33rd proposition of Euclid’s 11th book and by the 8th, 12th, and 18th
propositions of his 12th book — we applied our minds to the finding of a similar
Problem for solids. And that it has fortunately been found, and even as general
for solids as the above-mentioned Problem in the 25th proposition of Euclid’s-
6th book is for plane figures, comprehending Archimedes’ aforesaid invention

*) To construct a segment of a sphere similar to a2 given segment of a sphere and
equal to another given segment of a sphere.
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Archimedss antediGtum inpentum ; tum omnia fimilia in alijs formes ma-
grividingm , venit in hac fecunda parte demonflrandum.

Sed antequam ad yem propofitam perveniamus, tria Problemasa deferis
benisur ad quafita propofisionis conflrutlionem necefSaria , quortim primun eft.

PROBLEMA I

.. Datis duabus re&islineis duas medias proportionales invenire.

NOT A.

Exfi hoc Problema (quamvis non Geymetricé) per dinerfa inflrumenta
mulsifariam d veteribus fit inventum , dabitur tamen bic tantum ynicum
exemplum per lineas, fecundum modum Fleronis. Reliquos modos qui per
infiramenta expediuntur , in nofCra Geometria [uis inflramentis accommo-
datis breviter [Peramus nos ediuros.

Explicatio dati.
Sint igitur due date linez AB, & CD.

. Explicatio quafiti,
Oparteat ipfis duas medias lineas prapomonale: invenire,

Conftruio.

Ducantur relle E¥, & EG, efficientes angulum- G E ¥ rellum : Ap-
pliceturgue intervaliumi A B, ab E, in rella E T, fiugue 1, ducaturjue
H 1, equalisipfi C D & ad angulos reflos ipfi & ¥, Similiter ducatur refla
& punllo 1, in reflam E G , & parallela ipf £ B, frg, 1 X, dutaturfue
refla £ 1, cuins medim punlum notetur ad L, deinde adiumento circini,
pede fixo in L, fignentur pede mobili duo” punéla vt w, in vefla x-G, al-
terum e N, in vella M ¥t Si Verd illa punfla ita’ contingerent ve linea
rella MN dulla, contipere in fe punélum 1, bene effer y St vers ita mi-
nimé asciderer | ponenda’ effent talia punfla’, qualia funt M, & N, ad

3 © Mmains
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as well as all similar ones for other forms of magnitudes, is shown in this
second part.

But before we come to the matter proposed, three Problems will be described
which are necessary for the construction of the proposition in question, the first
of which is as follows.

PROBLEM 1.

Given two lines, to find the two mean proportionals.

NOTE.

Though this Problem was found (though not by a Geometrical method) by the
Ancients in different ways by means of different instruments, yet only a single
example for lines will here be given, according to the manner of Hero. The
other methods, which are carried out by means of instruments, we hope to
publish shortly in our Geometry by means of the appropriate instruments *).

Given,

Therefore let there be two given lines AB and CD.

Required.

Let it be required to find for these lines the two mean propor'tionals.

Construction.

Draw the lines EF and EG, making the angle GEF right. Mark off the length
AB from E on the line EF, and let this be EH. And draw HI, equal to CD and at
right angles to EF. Similarly draw a line from the point I to the line EG and
parallel to EH, and let this be IK; and draw the line EI, whose mid-point shall
be marked at L; subsequently with the aid of the compasses, the fixed leg being
at L, mark with the movable leg two points, viz. M on the line KG and the other,
viz. N, on the line HF. Now if these points fell so that, when the line MN is
drawn, it would contain the point I, this would be al right. But if this did not
happen at all, it would be necessary to mark points such as M and N at a greater

*) Stevin indeed returned to this subject in Book IV of the Meetdaet.
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 maint aut minus intervallum d punflo L, quo ad dufla rela MN , in fo
pundhum ¥ qontirieret , vt in hoc Exemplo, Vhi pinitur punGium. 1, in rella
M N exiffere,

Dico datss rellis A B, & C D, duas medias lineas proportionales KM,
& HN effe invenzas (quarum prima A B fecunda K M tersia HN quaria
C D) V¢ erat quafusnm.

G
M

BD E I H . NF

. Demonttratio.

Demonflratio habetur yud Eutochium commentatorem in [fecundum
librum de [phara & oylin vo. Archimedss.

Conclufio.

Igitur darss duabus vellis liness due medie proportionales inventa funt:

Quod erar faciendum,
P ROBLE M4 IL

Dato cono xqualem conum {ub data altitudine defcribere. |
: Exp i-
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or smiller distance from the point L till the line MN, being drawn, would contain
the point I, as in this example, where the point I is supposed to lie on the line
MN.

I say that, given the lines AB and CD, the two mean proportionals KM and
HN have been found (the first term being AB, the second KM, the third HN,
the fourth CD); as was required. ’

Proof.

The proof will be found in Eutocius the commentator, in the second book on
the sphere and cylinder of Archimedes.

Conclusion.

Theréfore, given two lines, the two mean proportionals'have been found;
which was to be performed.
/

PROBLEM I1.

To construct a cone equal to a given cone, with a given altitude.
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. v Explicatio dati.
Sit datus conus A B C, cuins atitudo AD, & diamensr bafis B C

- Data vero abitudo E F, .
Explicatio quafiti.
Oporteat altersm conum-difcribere aqualem cono ABC, & [ub data
altitudine E ¥. . ‘

Conftru&io.

Lipeniatur media lnea proportionalis inter A D, & EF, per13, prop.
lib. 6. Euddid. fiifu: G: inveniatur deinds quarta linea proportionalis per
12. prop.lib. 6. Euclid. quartm prima G, fecunda A D, tertia B C, fisgue
quarta 1 1 : Deinde ad circulum cuiss diameter H1 @ ad altisudinem E ¥,
conSCruatur conus EHI.

Dico conum E R 1, effe conflrutlum, aqualem conodaro AB G & fub
datg.aliitudine E°F , Vi erar quafium,

2]

N _cn
NOTA.

Ante Problematis demonSCrationem , exifiimamus aliguid wotari bie
1 | - opera~
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Given,

Let the cone ABC be given, whose altitude is AD, and the diameter of the
base BC. And let the altitude EF be given.

Required.

Let it be required to construct another cone, equal to the cone ABC, and
with the given altitude EF. :

Construction.

By the 13th proposition of Euclid’s 6th book, find the mean proportional be-
tween AD and EF, and let this be G. Then, by the 12th proposition of Euclid’s
6th book, find the fourth proportional, the first term being G, the second AD,
the third BC; and let the fourth be HI. Subsequently on the circle whose diameter
is HI and with the altitude EF construct the cone EHI.

I say that a cone EHI has been constructed, equal to the given cone ABC
and with the given altitude EF; as was required.

NOTE.

Before the proof of the Problem we think it worth while that something
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operapretium , nempe quoniam in [equentibus demonflrationibus [ape dices
wur de duplicaca ac eriplicata vatione terminorum , leélori necefee efSe (f; des
monflrationes velic inelligere)) fcire, & reflé intelligere quid fir duplicata
& triplicata ravio: Definur quidem ipfa in decima defimtione lib..s. Eucl,
Sed mulsos interpretes elementorum Euclidss invenimus, bunc locum (quam-
vis fif magne confequentic) non ritd éxplicanies , excepro dolliffimo Ma-
thematico Chriftophoro Clauio Bambergenfi commentatore in elemen-
ta Euclidsss

Demonttratio.

‘Diftin&io 1. ,
A D, ad E ¥, duplicatam cam haber rationem quam A0, ad G, nam
G oft illarum media proporsionalis per conflruitionem .

Diftin&io 2.

Circulus ¥ 1, ad circulum B C, duplicatam eam habet rationem quam
~ homologa linca ¥ 1, ad homologain lineam B , vt colligitur ex 20. prop.
lib. 6. Euclid, Sed vt refla 111, ad reflam B C, fic AD, ad G, per in-
Verfam rationem conflruitionis : Ergo circulus B 1, ad crcwlum B C, dus
plicatam eam haber rationem quam rela A D, ad G. Sed A D, ad EF,
demonfirara eft diflinélione 1, eandem habere duplicatam rationem quam
A'D, ad G: Ergo ve relia A D, ad veflam E ¥, fic cirewlus 11, ad cir-
eslum B C. Igicur fune coni quorum bafes & alvitudines reciprocantur, qua-
ve per 15. prop.lib. 12. Euclid, coni AB C, & E H1, funt inser o aqua-
les. Praterea conum E M1, conflructum effe ad dasam aliisndinem E ¥,
ex ipfa conflruétione manifeflum eff.

Conclufio. _
Igitur dato cono equalis conus fub duta_eltirudine deferiprus efi: Quod

erat faciendum,
NO TA.

Anteditla conémm conflruttio ac demonfiratio applicari poreft &d fub-
’ , Jeripras
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should be noted here, viz. that since in the following proofs there will often
be question of the duplicate and triplicate ratio of the terms, the reader must
know (if he is to understand the proofs) and understand aright what is the
duplicate arid the triplicate ratio. This is indeed defined in the tenth definition
of Euclid’s 5th book. But we have found many interpreters of the elements of
Euclid who do not properly explain this passage (though it is of great conse-
quence), except the most learned Mathematician Christophorus Clavius Bamber-
gensis, the commentator of Euclid’s elements.

- Proof.
Section 1.

‘ AD has to EF the duplicate ratio of that of AD to G, for G is their mean
proportional by the construction.

Section 2.

The circle HI is to the circle BC in the duplicate ratio of that of the homo-
logous line HI to the homologous line BC, as is inferred from the 20th propo-
sition of Euclid’s 6th book. But as the line HI is to the line BC, so is AD to G,
by the inverted ratio of the construction. Consequently, the circle HI is to the
circle BC in the duplicate ratio of that of the line AD to G. But it has been
proved in section 1 that AD is to EF in the same duplicate ratio of that of AD
to G. Consequently, as the line AD is to the line EF, so is the circle HI to the
circle BC. Therefore the solids are cones whose bases and altitudes are inversely
proportional, so that, by the 15th proposition of Euclid’s 12th book, the cones
ABC and EHI are equal to one another. Moreover, it is evident from the con-
struction itself that the cone EHI has been constructed with the given altitude EF.

Conclusion.

Therefore, given a cone, a cone equal thereto has been constructed with a
given altitude; which was to be performed.

NOTE.
The aforesaid construction and proof of cones can be applied to the cylinders
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© Jeripeas cylindros, quorum bafes & altitudines quia reciprocansur , conciua
decur per 15, prop. lib. 12, Euchid. effe equales,

A

—

%‘
+ 71

PROBLEMA III.

Dato chordz fegménto fphzrali , 2qualem conum defcribere,

habentem bafin cum chordz fegmento eandem.

NOTA.

Cherdze [egmentum [pharale vocamus partem [Phere plano a4 [pher
eGlam , ratio huius appellationis vna cum rasione nominis diametralis feg-

menti [pharabis in noftra Geometria dicetur.

Explicatio dati,

Sit igirur datum chorde fegmentum [Bharale A B C , cuius diameter ba-
[is A B centrum bafis o, Vertex fegmenti C, & [egmenti maXimus Phera
circulus fic A E B C, cuius diameter CE, & fermdiameter ¥ E.

M Expli-
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shown below, for because their bases and altitudes are inversely proportional, it
is concluded by the 15th proposition of Euclid’s 12th book that they are equal.

PROBLEM III.

Given a chordal segment of a sphere *), to construct a cone equal thereto,
having the same base as the chordal segment of a sphere.

NOTE.

A chordal segment of a sphere we call the part of a sphere cut from the sphete
by a plane, the reason of which name will be explained in our Geometry along
with the reason of the name of diametrical segment of a sphere **).

1/
Given.

Let therefore the segment of a sphere ABC be given, whose diameter of the
base is AB, the centre of the base D, the vertex of the segment C, and let the
great circle of the segment of the sphere be AEBC, whose diameter is CE and
whose semi-diameter is FE.

*) In the sequel the usual term segment of a sphere will be used.
-**) Stevin, in his Meetdaet, pp. 93, 187, speaks of ,,halfmiddellijnsne” and ,,cloot-
coordsne”. i
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. “Explicatio quzfiti.
Cportear ipfy Jegmento A B C, aqualem conum defcribere , babentem
- bafin cum fegmento eandem,

Conftruéio.

. Producatur € C, in direum ad G: Inveniatur deinde quarta linew
proporsionalis per 12. prop, lib. 6. Euclid. quarum prima ¢§C E D, fecunda
eadem E D, & EF, in direllum nius linee, tertia D C, fidue quarta
D H: Deinde ad circulum cuins diameter ¢l B, & ad altitudinem D H,

" conflruatur conus 1 A B.

Dico chorde [egmento [pharali 1 B c, equalem conum H A B, effe con-

}imﬂum » babentem bafin cum daso chorde [egmento eandem , vt erat quas
1eum, ‘

Demontftratio.

DemonSCratio habetur ad
2.prop.lib, 2. do [phara & cy-

¢ indro Archimedis.
H
Conclufio.
G Lgitur dato chorde [egmento
H  Phardi . Quod erar facien=
= dum,
A Houcufy, deferipta funt que
F ad confCruslionem buins inven-
A 575 tionis funt neceffaria. Nunc ad
rem.

PROBLEMA 1L
ac quefitum buius Quarti libri: D at
atrs
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Required.

Let it be required to construct a cone, equal to this segment ABC, having the
same base as the segment.
Construction.

Produce EC to G. Then, by the 12th proposition of Euclid’s 6th book, find
the fourth proportional, the first term being ED, the second the same ED and
EF on one and the same line, the third DC; and let the fourth be DH. Sub-
sequently construct the cone HAB on the circle whose diameter is AB and with
the altitude DH. S

I say that a cone HAB has been constructed, equal to the segment of a sphere
ABC, having the same base as the given segment of a sphere; as was required.

Proof.

The proof will be found in the 2nd proposition of book 2 on the sphere
and cylinder of Archimedes. .

Conclusion.

Therefore, given a chordal segment of a sphere, etc. Which was to be per-
formed. ’

Hitherto have been described the things which are necessary for the construction
of this invention. Now let us come to the point.




Datis quibufcunque duobus corporibus Geometricis , tertium
corpus defcribere, alteri datorum fimile, alteri vero zquale.

NOTA.

Geomerricum corpus Yocamus quod Geomesrica lege conflruitur , ve eft
\ fphara, Chorde fegmontum [piare , Diametrale fegmentum [phare, Sphe-
roides , Segmentaum [pheroidis , Conoidale , Segmentum convidale, Columna,
cuins due fune [pecies , ve Cylindres, @ Prifma: Pyramis , Corpora re-
gularia , aulla corpora regularia, truncata corpora regularia.: de quorum
omnium con§Crultione in noffra Geometria abunde dicetur.
Hac inquam corpora & alia que Geomerricé conflruuntur vocamus cor-
pora Geometrica ad differentiam corporum ,ve funt plarunque filices , fraz
gmenta lapidum & [imilia..

Explicatio dati,

Exempli 1. o
Sint duo corpora quatungue , nempe duo coni A BC, & DEF, firfue
¢coni D EF alntudo, refla D G, &' bafis diameter EF.

Explicatio quafiti. ‘
Oporteat tertium conum confirucre, cono D E F firnlem & cono ABC
equalem,

Conftru&io.

Deferibatur cono AB C, equalis conus HI K, fub altitudine altitudini
DG equali , per precedens fecundum Problema , eius bafis diamerer Jie
1k Inveniaur deinde tertia linea proportionalis per 11.prop.lib. 6. Euc.
quarum ptima E ¥, fecunds 1K, fitg, tertia L: Inveniantur deinde due
medie lineae propom'onales » per precedens primum Problema , inter E ¥,
& L, quarum mediarum [equens spfam EF, fit MN:  Inpeniatur deinde
quarta linca proportionalis per 12. prop. lib. 6. Euclid. juamm prima E F,

Jecunda D G, tertia M N, fitjue quarta O P Deinde ad circulum cuiug
: M2 diame.




' 313
PROBLEM 1V,
and what is sought in this Fourth book:

Given any two Geometrical solids, to construct a third solid, similar to one
of the given solids and equal to the other.

NOTE.

We call Geometrical solid a solid which is constructed by a Geometrical law,
such as sphere, 2 segment of a sphere, a sector of a sphere, Spheroids, 2 Segment
of a spheroid, a Conoid, a conoidal Segment, a Column, of which there
are two kinds, viz. the Cylinder and the Prism, a Pyramid, the regular Solids, the
augmented regular solids, the truncated regular solids; the construction of all
of which will be dealt with fully in our Geometry.

Indeed, we call these solids and others which are constructed Geometrically
Geometrical solids to distinguish them from bodies such as, generally, stones,
fragments of stones, and the like.

Given.
of Example 1.

Let there be any two solids, viz. the two cones ABC and DEF, and let the
altitude of the cone DEF be the line DG, and the diameter of the base EF.

Regquired.

Let it be required to construct a third cone, similar to the cone DEF and
equal to the cone ABC.

Construction.

Construct the cone HIK equal to the cone ABC, with an altitude equal to the
altitude DG, by the preceding second Problem; let the diameter of its base be
IK. Then, by the 11th proposition of Euclid’s 6th book, find the third proportional,
the first term being EF, the second IK; and let the third be L. Subsequently,
by the preceding first Problem, find the two mean proportionals between EF
and L, and let that one of these mean proportionals which follows EF be MN.
Then, by the 12th proposition of Euclid’s 6th book, find the fourth proportional,
the first term being EF, the second DG, the third MN; and let the fourth be
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diameter MN, & [ub altitudine o P, conflruarur conus 0 M N,

Dico tertium conum O M N, efie deferiptum como A B C equalem , &
cono DEF fimilem, vt erar quafisum. '

A

3}

A

CE—St —F 1 — X M

P

Demonftratio.

Diltin&io 1.
Vt bafis diameter ¥ ¥, ad fui coni altitudinem D G, fic bafis diame-
ter M N, ad ui coni altirudinem O ®, per conSCruttionem , quareper 24.
definitionem lib. 11. Euclid, coni DE¥, & OMN, func fimiles, quod
primd erar dsmon§Crandum.

Sequitur wunc demonflrari conum O M N equalem effe cone A B.C, hoe
modo. ‘

Diftin&io 2.

Refla EF, ad relam v, duplicatam eam habet vationem quam refls
E¥, ad 1K, nam 1K, et illarum media proportionalis per conflruGtionem :
[equitur vt colligitur ex 20. prop.lib. 6. Eucl. (nam rele £ F, & 1 K, funt
homologe linee in fimilibus planis) rationems circuli 1 X, ad circulum E ¥,
aqualem effe rationi rele 1,adrellam E F: Sed per 11. prop. lib. 11:Enc.
vt bafis feu civculus 1 x , ad circulum EE, fic conus HiXK, ad conum
D E F, nam [unt per confCrullionem coni fub &qualibus altseudinibus:

Diftin~-
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OP. Subsequently on the circle whose diameter is MN and with the altitude OP
construct the cone OMN.

I say that a third cone OMN has been constructed, equal to the cone ABC and
similar to the cone DEF; as was required.

’ Proof.
Section 1.

As the diameter of the base EF is to the altitude of its cone DG, so is the di-
ameter of the base MN to the altitude of its cone OP, by the construction; there-
fore, by the 24th definition of Euclid’s 11th book, the cones DEF and ' OMN
are similar, which was to be proved in the first place.

Next it will be proved that the cone OMN is equal to the cone ABC, in the
following way.

Section 2.

The line EF is to the line L in the duplicate ratio of that of the line EF to IK,
for IK is their mean proportional by the construction. It follows, as is inferred
from the 20th proposition of Euclid’s 6th book (for the lines EF and IK are
homologous lines in similar plane figures), that the ratio of the circle IK to the
circle EF is equal to the ratio of the line L to the line EF. But, by the 11th
proposition of Euclid’s 11th book, as the base or the circle IK is to the circle EF,
so is the cone HIK to the cone DEF, for by the construction they are cones with
equal altitudes.
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Diftin&io 3.
Ergo vt re6la 1, ad reflam E ¥, fic conus HIK, ad conum D E Fe

Diftin&io 4.

Deinde recls B ¥, ad L, triplicasam eam habet rationem. quam ipfa E ¥,
ad reflam M N (nam quatsor contine proportionalium linearum ¥ , efC
prima, M N [ecuada, ¢ L quaria) quore per 12. prop. lib. v2. Euchid. vt
recta L, ad rectam ¥ ¥, fic ( quia’comi OMN, ¢ DEF, funt per pri-
mam dijlinctionem fimiles) conus 0 M N, ad conum D E F: Sed diflinctio-
ne tertia oftenfum oft candem varionem effe 4 cond H1K, ad eundem cox
num D EF. Ergo( quoniam quorum rasiones ad idem aquales [unt ea in-
ter fe funt @qualia) conus O M N, equalis §C cono H1K. Deinde per
conflructionem conus A B C, eft cono H 1 K equalis: Ergo (quia gue ¢ie
dem equalia & inter [e funs equalia’) conts O M N, (o0 A B C, aqud=
ls efi. -

Conclufio.
]giﬁir datis quibufoungue e  Quod erat faciendiim,
Exemplum fecundum.

AntediBla conorum confiruttio dc demenfiratio applicari poteft ad fubs
Jeripos cylindros:

A
. B
D
L 0
B~——"CH S F1I KM . N

M3 Expli-
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Section 3.

Cbnsequently, as the line L is to the line EF, so is the cone HIK to the cone
DEF.

Section 4.

Next, the line EF is to L in the triplicate ratio of that of EF to the line MN
(for of the four lines in continuous proportion EF is the first, MN the second,
and L the fourth); therefore, by the 12th proposition of Euclid’s 12th book, as the
. line L is to the line EF, so (because the cones OMN and DEF are similar by the
first section) is the cone OMN to the cone DEF. But in the third section it has
been shown that the same ratio exists between the cone HIK and the same cone
DEF.*Consequently (since things whose ratios to the same thing are equal are also
equal to one another), the cone OMN is equal to the cone HIK. Then, by the
construction, the cone ABC is equal to the cone HIK. Consequently (because
things which are equal to the same thing are also equal to one another), the
cone OMN is equal to the cone ABC.

Conclusion.

‘Therefore, given any etc. Which was to be performed.

Second Example.

The aforesaid construction and proof of cones can be applied to the cylinders
shown below.
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Explicatio dati.

Exempli tertii,
Sint duo chorde fegmenta [pharalia ABCD, & EPGH, firfus
chorde fegmenti E¥G u, alutudo 11 ¥, & bafis diameter B G.

. _Explicatio quafiti.
Oportear tertium chorde [egmentum [pharale conflruere, fegmento E ¥
GH fimile, s fegmento A B C D - aquale. '

ConftruGio.

Defecribatur conus 1 A C, agualis chorde fegmento [pharali A BcC p:
Similiter &' conus X E G, @qualis fegmento EFGH, per pracedens ter-
sium Problema: defiribaiur deinde cono 1A C, equalis conus LM N,
[fubalsitudine alsisudini X ¥ aquali per precedens_ [ecundum Probiema , .
eius bafis diameter fit MN invenatur deinde tersia linea proporeionalis
per 1. prop. lib. 6. Ewdlid, quarum prima £G, fecunda MN, Jredue ter-
3ia © B deinde inveniantur due media linee proportionales per pracedens
primum Problema inter £ G, & O P, quarum mediarum Jequens ipfam
EG, fit QRr: Inveniatur deinde quarca linea. proportionalis per 12. prop.
lib. 6. Euclid, quarum prima E G, fecunda H ¥, tertia QR, fisg, quarta
sT: Deinde ad circulum cuins diamerer QR, & fub aliitudine s T, con-
flruarur chorde fegmentum [pherale QTR s. ’

Dico tertium chorde fegmentum [pharale QTR S, effe conflructum
chorde [egmento [pherali E ¥ G u fimile, & [egmento A'B CD.aguale,
Vt erar quefitum.

Pre-
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Given.
of the third Example.’

Let there be two segments of a sphere ABCD and EFGH, and let the altitude
of the segment EFGH be HF and the diameter of. its base EG.

Regquired.

Let it be required to construct a third segment of 4 sphere, similar to the segment
EFGH and equal to the segment ABCD.

Construction. -

Construct a cone 1A4C, equal to the segment of a sphere ABCD. Similarly also
a cone KEG, equal to the segment’ EFGH, by the preceding third Problem. Then
construct a cone LMN, equal to the cone 1AC, with an altitude equal to the
altitude KF by the preceding second Problem, and let the diameter of its base be
MN. Subsequently, by the 11th proposition of Euclid’s 6th book, find the third
proportional, the first term being EG, the second MN; and let the third be OP.
Then, by the preceding first Problem, find the two mean proportionals between
EG and OP, and let that one of these mean proportionals which follows EG be
OR. Then, by the 12th proposition of Euclid’s 6th book, find the fourth pro-
portional, the first tetm being EG, the second HF, the third QR; and let the fourth
be ST. Subsequently, on the circle whose diameter is QR and with the altitude
ST construct the segment of a sphere QTRS.

I say that a third segment of a sphere QTRS has been constructed, similar to
the segment of a sphere EFGH and equal to the segment ABCD; as was required.
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NoQ T R

o Preparatio demontftrationis.
- Deferibatur conus V QR, wqualis chorde [egmento [pharai QTR s,
per pmtede;ni 3..problema. :

Demontftratio.

Secmentorum QTRS & EF G H alutudines, & bafium diametri,
Junt per conflruttionem proportionales , quare fogmenta [unt fimilia. Quod
primo eras notandum. '

Sequitur nunc demonSCrari fegmentum QT R S, aquale efée fegmento
ABCD huc modo: o -
 Conus v QR per demonSCrationem pracedensis primi exempli, equalis
eff cono 1 A C, ergo & aquals oft fegmento A BC D, (nam fegmentum
ABC D, & conus1 A C, [unt per conflruttionem equales)) & cono v QR,
aquale eff fegmentum QT R S, per praparationem demonfirationis: Evgo
fegmentum QT RS, equale ¢ft fegmenta A B C De

COﬂCl'Llf
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Preparation of the Proof.

Describe 2 cone VOR, equal.to the segment of a sphere QTRS, by the pre-
ceding 3rd problem.

Proof.

The altitudes of the segments QTRS and EFGH and the diameters of the
bases are proportional by the construction; therefore the segments are similar.
Which was to be noted in the first place. '

Next, it will be proved that the segment QTRS is equal to the segment ABCD,
in the following way: , ’

The cone VQR, by the proof of the preceding first example, is equal to the
cone IAC; consequently, it is also equal to the segment ABCD (for the segment
ABCD and the cone IAC are equal by the construction), and the segment QTRS
is equal to-the cone VQR, by the preparation of the proof; consequently, the
segment QTRS is equal to the segment ABCD.
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Conclufio.
Lgieur datis quibufeunque cre. Quod evat faciendum.

NOTA.

Non importune videtur hute Problemari appb’mri modus conflrutlionis
Archimedis eiufd in Problemais, ex propofittune 5. lib, 2, de [phara &
cylindro [umpeus , ve curves concordannia parsicu'arss defcripeionss problimas
tis Archimedis , cum vniverfali ac noflia corflruclione fit manifefla.

Explicatio dati.

Sit datum chorde [egmentum [bharale A B C D, cuins Vereex p, & fui
totius [phare diameter DE, & ipfins [phare [emidiameter ¥ D: Sitgue
alterum davum fegmentum [pharale G H 1K , cutus vertéx X, [ui totius
Jphare diamerer K L, @ spfius ]péa_:m Jermsdiameter M K, (fint praterea
bac data [egmenta equaha & fimisa duris fegmentis precedentis cxempli,
in eum finem vi comparemus [olutionem pracedentis exempli, ad folutio=
nem huius , quz debone offe aquales cum fins aqualium guefiorum [olu-
tionss.)

Explicatio quafiti,
Oporteat per modum Archimedis tertium fegmentum confCruere , fegmen=
20, GHIK fimile, & fegmento AB CD aquale,

Conftru&io.

Tnveniatur guarta linea proportionalis per v2. prop. lib. 6. Eucid. qua-
UM prima B E, fecunda B E, & EF, in dircklum vnius lizea , tertia B D,
fiegue quarta N: Similier inventatur per eandem 12. prop. lib. 6. Euclid.
quarta linea proportionalis quarum prima W L, fecunds HL, & ML, in
dircCtum ymus linee , tertia M X, figue quarta o: Deinde inveniatur -

_ quarta linea proportionalis per eandem ¥2.prop. lib.6. Euclid. quarum pri-
ma O, Jecunda G 1,tertia N, fiegue quaria p: Deinde inveniantur due an-.
. ie
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Conclusion.

Therefore, given any etc. Which was to be performed.

NOTE.

It does not seem inappropriate to apply to this Problem the construction
method of Archimedes of the same. Problem, taken from the 5th proposition of
the 2nd book on the sphere and. cylinder, in order that the agreement of Ar-
chimedes’ particular description of the problem with this general construction
of ours may be evident to anyone.

Given.

Let the segment of a sphere ABCD be given, whose vertex is D, and the di-
ameter of its total sphere DE, and the semi-diameter of the said sphere FD. And
let the other given segment be GHIK, whose vertex is K, and the diameter of
its total sphere KL, and the semi-diameter of the said sphere MK (moreover let
these given segments be equal and similar to the given segments of the preceding
example, in order that we may compare the solution of the preceding example
with the solution of this one, for they must be equal, since they are the solutions
of equal requirements).

) Required.

-Let it be required to construct, in the manner of Aréhimedes, a third segment
similar to the segment GHIK and equal to the segment ABCD.

Construction.

By the 12th proposition of Euclid’s 6th book, find the fourth proportional, the
first term being BE, the second BE and EF on one and the same line, the third
BD; and let the fourth be N. Similarly, by the same 12th proposition of Euclid’s
6th book, find the fourth proportional, the first term being HL, the second HL
and ML on one and the same line, the third HK; and let the fourth be O. Then,
by the same 12th proposition of Euclid’s 6th book, find the fourth proportional,
the first term being O, the second GI, the third N; and let the fourth be P. Sub-
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dic linee proportionales' per primum pmcedejm Problema inter AC,& P,
barum avzem mediarum oquens iplam A C, fit QR: lnveniatur deinde
qua:ta linea proportionalis per 12. prop. lib. 6. ﬁucad. quarum prima G 1,
feeunds 1 x, tertia- QR i, quarta s T: Deinde ad circulum cuius dia-
meter QR, @ [ub altitndine s T, conflruaiur Jegmentum QTR s.

Dico tertium chorde [egmentum [phaerale QT RS, efie conflrulum,
chorde [egmento [pharali G K1 K fimile, & [egmento A B C D eguale, ve
erar quefitam o

Demonftratio,
 Demonflratio babetur ad . prop. Lb. 2. de [phara & cylindro - Ar-
chimedis. ' ' » S
, Conclufio.
Igicur Problema hoc fecundum Archimedem expeditum oft, quod erat fas
" ciendum, ‘
"NOTA.

‘Dico preterza chorde fegmentum [pherale QT R's huivs confruttio-

9is, aquals & fimile offe chorde [egmento [pherdli QT R s nofCre pre-
N " ceden-
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sequently, by the first preceding Problem, find the two mean propostionals be-
tween AC and P, but let that one of these mean proportionals which follows
AC be QR. Then, by the 12th proposition of Euclid’s 6th book, find the fourth
proportional, the first term being GI, the second HK, the third QR; and let the
fourth be ST. Subsequently, on the circle whose diameter is QR and with the
altitude ST construct the segment QTRS.

I say that a third segment of a sphere QTRS has been constructed, similar to
the segment of a sphere GHIK and equal to the segment ABCD; as was required.

Proof.

The proof will be found in the Sth proposition of book 2 on the sphere and
cylinder of Archimedes.

Conclusion.

Therefore this Problem has been carried out according to Archimedes, which
was to be performed.

NOTE.

I say moreover that the segment of a sphere QTRS of this construction is equal
and similar to the segment of a sphere QTRS of our preceding construction, for
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~ cedentis conflrullionis , nam per hypothefin data fegmenta buins equalia &

Jimiiia funt dm Jegmentss ditns: Deinde quafiium huins & iilins oft idem,
guare requiruntur aquales [olutiones : Sed probata eff ab Aichimede con-
Slrutlio bhuius, & 4 n.bis probata eft conflruttio illius , ergo [egmentum
QT RS bwus , & fegmentum Q T R S illins , fune fimilia &. aqtalia,
Quarum_conflrulionum convenientiam propoficum erar éxhibere.

Poreft quogue boc noftrum Problema per numeros demonfirari, guod’
i maivrem ceclarationem efficiatur hoc-modo :

Explicatio dati.

Sic pyramss A B C, cuins bafis fit quadratum , ¢ latus B C einfdem
quadrass 2. pedum , altitudo vero pyramidis A D fir 12 pedum, guare ip-
Jius pyramidis magnitudo 16 pedum : Sit deinde pyramis E ¥ G, cuiussa-
Jis fie quadratam , & latus ¥ G eiufdem quadiass 8 pedum, aliieudo vero

pfus pyramidis EH 3 pedum.

~ Explicatio quefiti.
Oporteat per numeros eo ordine, Ve [upra per lineas falium eff, tertiam
pyramidem defiribere , yramidi E E G fimilem & pyramidi, A 8 C equalems.

Conftru&io.

Defcribatur pyramidi A B C, aqualis pyramss 1x L, Jub altitudine
I M, altisudini E H equali ; nempe 3 pedum quare einis bafis (ve fiat pys
“ramis cuius magnitudo it 16 pedum) erit guadratum cuins latus x 1 eri
4 pedum : Inveniatur deinde tertia linea proportialis , quarum prima ¥ G
8, fecunda K L 4, eritque tertia N 2 pedum: Invenianinr deinde due me-
die linex [;rot'wmo:zales inter ¥ G 8, & N 2, quarun: mediarum /equm'.r
ipfam € G, erit O P, radix cubica de 128, probatur quia 8, radix cw-
bica de 128, ¢ vadix cubica de 32, @ 2, funt quatwor numeri in con-
tinua proportione; Inveniatur deinde quarta linea proportionalis , quarum
prima €G 8, fecunda EH 3, tertis O radix cubica de 128, eritdue
guarta pro altitudine QR radiX cubica de 135, deinde ad quadvarum
’ cuus
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by the hypothesis the given segments of the latter are equal and similar to the
given segments of the former. Next, the requirements of the latter-and the former
are the same, so that equal solutions are required. But the construction of the
latter has been proved by Archimedes, and the construction of the former has
been ‘proved by us; consequently the segment QTRS of the latter and the segment
QTRS of the former are similar and equal; the agreement between which con-
structions it had been proposed to set forth. .

This Problem of ours can also be demonstrated by means of numbers, which
may be effected, for greater clarity, in the following way.

Given.

Let there be a pyramid ABC, whose base be a square, and let the side BC of
said square be 2 feet, and the altitude of the pyramid AD 12 feet, so that the
volume of this pyramid is 16 feet. Further let there be a pyramid EFG, whose
base be a square, and let the side FG of this square be 8 feet, and the altitude
of said pyramid EH 3 feet.

Required.

Let it be required to construct by means of numbers, in the same order as
has been done above by lines, a third pyramid similar to the pyramid EFG and
equal to the pyramid ABC. '

Construction.

Construct a pyramid IKL equal to the pyramid ABC, with the altitude IM
equal to the altitude EH, viz. 3 feet, so that its base (in order to make a pyramid
whose volume be 16 feet) will be a square whose side KL will be 4 feet. Then
find the third proportional, the first term being FG = 8, the second KL = 4;
then the third will be N = 2 feet. Subsequently find the two mean proportionals
between FG = 8 and N = 2, the one of these mean proportionals which follows
FG being OP, the cube root of 128; this is proved because 8, and the cube
root of 128, and the cube root of 32, and 2 are four numbers in continuous
proportion. Then find the fourth proportional, the first term being FG = 8, the -
second EH = 3, the third OP = the cube root of 128; then the fourth, viz.

the alfitude QOR, will be the cube root of 3%!556- . Subsequently, on the square
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ewius latus O ©,¢r [ub altitudine QR, confCruatur pyramis QO ®, eius
magiiiiudo erit 16 pedum : ratio oft .Zuia quadratum cuius latus ¢fi o P
radiv cubica de 128 erit radix cubica de 16384, quod multiphcatum
or altitudinem QR vadicem cubicam de- 232, facit produttum radicem
cubicam de 421'°%, . cuiustertia pars pro magnituding pyramidis QO »,
oft vadix cubica de 1332122, hoc oft radix cubica de 4096, facit v fu:

pra diftum eft 16 pedes.”

Dico tertiam pyramidem Q O P, per numeros eo ordine vt fupra per li-
neas faftum o€, effe defcriptam_pyramidi B G _fimilem, & pyramids
A B C agualem , Ve crat qhaficum.

A5 N4

Demonftratio.

* Demonfiratio 6 eo manifefla eff quod pyramis QO ®, el pyramidi
EF G fimilis , & pyramidi ABC aqualis, per ipfam. numerorum con-
frutionem.
Conclufio.

Igicur quod primo in continua quantisate eras ofCenfum , hic per nume-
ros fimiliter demonfrarum eft , quod in maiorem declarationem eras facien~-

dum. ,
N 2 Poteft




329

whose side is OP and with the altitude QR construct a pyramid QOP; its volume

will be 16 feet. The reason is that the square whose side is OP-= the cube root

of 128 will be the cube root of 16384, which, when multiplied by the altitude

QR = the cube root of 34—56, gives the product = 'the cube root of 8623104,
512 512

the third patt of which, viz. the volume of the pyramid QOP, is the cube root
66
o e
I say that a third pyramid QOP has been constructed, by means of numbers,
in the same order as has been done above by lines, similar to the pyramid EFG
and equal to the pyramid ABC; as was required.

, .e. the cube root of 4096, which makes, as said above, 16 feet.

Proof.

The proof is evident from the fact that the pyramid QOP is similar to the
pyramid EFG and equal to the pyramid ABC, by the numerical construction it-
self. '

Conclusion.

Therefore, what had first been shown in continuous quantity has here been
similarly proved by means of numbers, which was to be done for greater clarity.




1c0  PROBLEMATVM
Poeaft hoe exempluim quogue fieri per regulem que Algebradidla of, fed

illa cum vulparis fie, nion neceflariwn duimus hic xbiberi,

. NOTA

Requirehatur quidem Problemate pracedenti quarro, datis quidsfcune
que duolus corporibus Geometricis ¢re. Sed exempla fupra: éxhibita ex-
tflimamus pro quibuftungue datis corporibus fufficere , quia ommi curpori
Geometrico de quibus fupra eft fatla mentio , @qualis conus poteft deferibi
(quarsm defcriptionum Problemata in nofCra Geometria ordine collocabi-
mus) Ynde operatio in alijs datis formis corporum non eris difSimilis ab ope-
ratione pracedentinn exemplorum.

His ira demonSCratis , applicabimus precedenti quarco Problemari quod- -

dam theo.ema tale:

T HEOREMA.

Si fuerit diametrorum baffum tertia linea proportionalis, duoe
rum re@&orom conorum zqualis altitudins, fueritque prima linea
media proportienalis, duarum mediarum propostionalium, inter
primam diametrum & tertiam, fuermtque quxdam re@a linea in
ea ratiore ad illam primam mediam , vt primi coni altitudo ad
fuam diametrum bafis: Conus reQus cuius diameter bafis fuerit
illa prima medsa , alntudo veroilla re@a linea, finulis erit primo
cono, axqualis vero alteri cono.

Explicatio dati.

- Sit (i figura primi exempli pracedentis quarti Problematis) diametro-
rum bafium EF, & 1K, tertia linea proportionalis L, duvrum reflo-
rum conorum D EF, & H LK, equalis altitudiniss fitgue prima mez{ig
linea propertionalis MN, duarum mediarum proporsionalium inter primam

diamerram £ ¥, & tertiam lincam L ﬁtjm_ reéla lineca o» in es
rationg
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This example can also be dealt with by means of the rule called Algebra, but
since this is common knowledge, we have not thought it necessary to set it forth
here.

NOTE.

It was indeed required in the preceding fourth Problem that, given any two
Geometrical solids, etc. But we think the examples set forth above suffice for
any given solids, because it is possible to construct a cone equal to any Geometrical
solid mention of which is made above (the description of the Problems of
which constructions we shall include in due order in our Geometry), whence
the operation with other given types of solids will not be dissimilar from the
operation of the preceding examples.

These therefore having been proved, we shall apply to the preceding fourth
Problem a certain theorem, as follows:

THEOREM.

If there were a third proportional to the diameters of the bases of two right
cones of equal altitude, and if there were a first mean proportional of the two
"mean proportionals between the first and the third of the diameters, and if there
were a line in the same ratio to said first mean proportional as the altitude of
the first cone to its diameter of the base; then the right cone whose diameter of
the base should be the said first mean proportional, and its altitude the said
line, will be similar to the first cone and equal to the other cone.

Given.

(In the figure of the first example of the preceding fourth Problem) let there
be a third proportional L to the diameters of the bases EF and IK of two right
cones DEF and HIK of equal altitude; and let there be a first mean proportional
MN of two mean proportionals between the first diameter EF and the third line
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ratione ad illam primam mediam MN, vt primi coni DEF altitndo
D G, ad ftam dimetrum bafis E ¥,

Dico conum rellum cuins diameter bafis oft illa prima media M N, al-
titudo vero illa retla linea o ®, fimilem effe primo cono D E¥, equa-
lem vero alteri cono HIX.

Demonttratio.

Demonflratio habetur d primum éxemplum precedentis quarti Pro-
blematis , '

Conclufio.

Igivur i fuerie diametrorum ¢re. Quod erat demonfirandiim.

Quarti Libri

. FINIS,
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L; and let the line OP be to the 5aid first mean proportional MN in the same
ratio as the altitude DG of the first cone DEF to its diameter of the base EF.

I say that the right cone whose diameter of the base is the said first mean pro-
portional MN, and whose altitude. is the said line OP, is similar to the first cone
DEF and equal to the other cone HIK.

Proof.
The proof will be found in the first example of the preceding fourth Problem.

Conclusion.

Therefore, if there were etc. Which was to be proved.

END OF THE FOURTH BOOK.
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LIBER QVINTVS
IN QVO DEMONSTRAEITVR QV OMO-
do datis quibufcunque duorum fimilium Geome-
tricorum corporum homologis lineis, tertium
corpus conftrui poteft datis duobus zqua-
le, & alteri datorum
{imile.

Item quomcdo datis quibufcunque duobus fimilinm & inzqua
lium Geometricorum corporum homologis lineis , tertium
corpus conftrui poteft tanto minus dato maiore , quan-
tum eft datum minus, & alteri datorum fimile.

NT EQY A M explicetur Problematis confruttio huius Quinsi
Alibri; dicetur prins quid & quale fit, & quomodo inventum fe
Problema. ' '
_ Inprimis igieur notandum eSC varios effe modos , quibus datis duobus
. planis fimilibus , tertium planum deferibimas ,-ducbus datis aquale, & -
teri datorum fimile, quos modos exemplis explicare non videtar inutile.

CompleSemur igiur 4mea’iﬂu_m 'Problémate'_ tali,

PROBLEMA I

Datis duobus planis fimilibus: tertiom planum defcribere da-
tis duobus zquale & alceri datorum fimile. ’
Explicatio dati.
Sint duo fimilia triangula A B, & CD, quorsm homologa latera A,.
& C. .
’ : Expli-
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FIFTH BOOK, '

in which it will be shown how, given any homologous lines
of two similar Geometrical solids, a third solid can be constructed,
equal to the two given solids and similar to one of the given solids.

Likewise how, given any two homologous lines of similar and unequal Geo-
metrical solids, a third solid can be constructed, as much smaller than the larger
of the given solids as the smaller of the given solids, and similar to one of them.

Before the construction of the Problem of this Fifth book is explained, it
is first to be stated what and how it is, and how the Problem has been found.

To begin with therefore it is to be noted that there are various ways in which,
given two similar plane figures, we construct a third plane figure, equal to the
two given figures and similar to one of the given figures; it does not seem in-
appropriate to explain these ways by examples,

Let us therefore comprehend the above in the following Problem.

PROBLEM 1.

Given two similar plane figures: to construct a third plane figure, equal to
the two given figures and similar to one of the given figures.

Given.

Let there be two similar triangles 4B and CD, whose homologous sides are
A and C.
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Explicatio quafiti.

Oporteas tertium triangulum defcribere , duobus AB, & C D equale
& alteri vt A B fimile, -

103

Conftru&tio primi modi.
Defecribatur per 4. prop.lib.1. Eucl. parallelogrammum € ¥, equale trian-
gulo € » 3 Stmiliwerg, parallelogrammum G W, equale triangulo A B einf-

demgue aliitudinis cum parallelogrammo € §: Defiribatur dinde per 25.

prop. lib. 6, triangulum 3, aquale toti paralllogrammo Ew, & fimils
:rmngulo A B. : .

Dico tertium triangulum 1 effe defcriptum, quale duobus sriangulis A 5,
&G Co, & ipfi AB funile, vt crat quafirsm.

E G
D.

A C "E he 3

Demonftratio.

Demon{Cratio éx conSCrutlione oS manifeflas
Conclufio.
Ygitur datis dusbus planis &re.  Quod erat faciendum.
Conftru®io fecundi modi.

Secundus modus multo efC, facilior asque generalior quam primms : fit
. asitem
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Reqt;ired.
Let it be required to construct a third triangle, equal to the two, 4B -and CD,
and similar to one of them, viz. AB.
Constraction According to the First Manner.,

By the 45th proposition of Euclid’s 1st book construct a parallelogram EF,
equal to the triangle CD. And similarly, a parallelogram GH, equal to the
triangle AB and having the same altitude as the parallelogram EF. Then, by the
25th proposition of the 6th book, construct a triangle I, equal to the whole paral-
lelogram EH and similar to the triangle AB.

I say that a third triangle I has been constructed, equal to the two triangles
AB and CD, and similar to AB; as was required.

Proof.

The proof is evident from the construction.

Conclusion.

Therefore, given two plane figures etc. Which was to be performed.

Construction According to the Second Manner.

The second manner is much easier and more general than the first. The first,
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autem primus tantum Geometrico in yellilineis planis, fed bic fecundus mo.-
dus in cireulis '@ cirenlornm partibus habee locum | efC autem talis:

‘Ducatur rela K L, aqualis relle A, & relta X M, equalis relle C,
efficientes angulum M K U reclum, ducaturque refla LM, eui per 18 .prop,
lib.6. Enctid. vt hamologe linew cum A', confiruarur triangulus N ML,
fimile_triangulo A B - ' ‘

 Dico tertium triangulum Nm'L, offe AN
deftriptum equale duobus triangulis A B,
@ CD, & ipfi AB triangulo fimile, ve
ergt quaficum,

Demonftratio.

Demonflratio haberur ad 334 prop..
kb.6, Eudid. :

Flis de planis intellectis , [ciendum ef} fimile genevale Problema hocufgue
i [olschs non fuifle cdicum (dixi_genevale , guoniam Problema illud de du-
Plicatione cubi [r¢ciale in ea reefl) hoc tamen & nobis efe snventum in bac
- sertia parte demonfirabitur: ~ '

Primo notandum eft talis Problematis conSCrullionem in fulidis , iuxta -
primum modum fupra in plants §Cenfum , ex pracedenti Quarti libri quar-
to Problemate ejle notum , nam poft datorum [-milinm corporum additioncm,
nivil alind deeft , quom per antedi€lii 4. Problema corpors ex addiris corpo-
vibus compofico, aquale corpus d:firsbere fimile dato corpori, - -~

Tamen cum Videremus antediéium [ecundum modum in planis multo eles
gantiorem , generaliorem , atg, faciliorem effe priore , incidimus in eam opi-
nionem fimile in.folidis fieri pofSe, proprer magnam [ympathiam inter magni-
tudimem corpeream , & [uperficialem,ve fupra dictum e§C « neque fefellixnos

-inea 1e opinio , nam per [oias lineas abfque corporum converfione ,ia; alias
' ormas
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however, is performed Geometrically only with rectilinear plane figures, but this
second manner takes place with circles and parts of circles; it is as follows.

Draw a line KL equal to the line A4, and a line KM equal to the line C, making
the angle MKL right; and draw the line LM, on which, by the 18th proposition
of Euclid’s 6th book, as being the line homologous to A, construct the triangle
NML, similar to the triangle AB.

I say that a third triangle NML has been constructed, equal to the two triangles
AB and CD, and similar to the triangle AB; as was required.

Proof.
The proof will be found in the 31st proposition of Euclid’s 6th book.

These things having been understood for plane figures, it is to be known that
a similar general Problem has not so far been published for solids (I have said:
general, since the Problem of the duplication of the cube is particular in this
respect); however, it will be proved in this third part that this has been found
by us.
yIn the first place it is to be noted that the construction of this Problem for
solids, along with the first manner shown above for plane figures, is known from
the fourth Problem of the preceding Fourth book, for after the addition of the
given similar solids nothing else remains to be done but to construct, by the
aforesaid 4th Problem, a solid equal to the solid composed of the added solids,
and similar to the given solid.

However, when we saw that for plane figures the aforesaid second manner
is much more elegant, more general, and easier than the first, we hit on the idea
that a similar thing could be done for solids, on account of the great.agreement
between a solid and a plane magnitude, as has been said above. Nor were we
mistaken in this opinion about the matter, for the construction of the similar
Problem for solids will here be demonstrated by lines alone, without the con-
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formas rporuzm | guemadmodsim in planis in fupradilo. fecundo excrsplo
fatium &t | demonftrabicur hic Jimilis Problemaris cansCruchia s Jobidis.

Sed vt yna caufam inventionis aperiamus demonflrabimus ante quo<
modo tertium modum invenerimus con®Crutlionis pracedentis problematis,
Pracedenti fecundo modo fimikem , jeilicee per Jolas lineas, boc modo;

Conftru@io tertii modi.

Inveniatur tertia linea proportionalis per 11. prop:lib. 6. Euclid.' qua-
ram prima A, fecunda. C, fegue tertia O : Juveniatur deinds media linea
proportionahs per 13. prop. lib. 6. Euclid. inter A, & lineam aqualem dua
bus liness A, & 0, in direSlum nius linee , fitque illa media proportiona=
lis »,ex qua per 18.prop. lib. 6. Euclid, vt homologa linea cum A, con~
. firuatur triangulus- ® Q, [imils triangulo A B.

Dico tertium triangulum p Q_, effe defiriptum aquale duobis triana
gulis AB, & CD, @ triangulo A B fimile Vs eras quafium,

Demonftratio.
Diftin&io 1.

Retla A, ad reflam -, dupli=
cazam cam habst rationem gquam
refla A, ad relam c, per conflru~
Eionem : quare ve reéla A, ad re-

o | &am o, fic triangulus A B, ad
triangulum C D, per 20. prop. ib.
L : 6. Euclid,

Diftin&io 2, :

Luare per compofisam rationem, vt due velle A & O fimul,adrellam
A,y fie duo trianguli A B, & € D fimul, ad eriangulum A B.
O Diftin.
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version of solids into other types of solids, as has been done for plane figures
in the above-mentioned second example.

,But in order to reveal at the same time the cause of the discovery, we shall
show first how we found the third manner of the construction of the preceding
problem, similar to the preceding second manner, »iz. by lines alone, in the
following way:

Constraction According to the Third Manner.

By the 1ith proposition of Euclid’s 6th book, find the third proportxonal
the first term being A, the second C; and let the. third be O. Then, by the 13th
proposition of Euclid’'s 6th book, find the mean proportional between A and
a line equal to the two 'lines A and O, on one and the same line; and let this
mean proportional be P, from which, by the 18th proposition of Euclid’s 6th
book, as being the line homologous to A, construct a triangle PQ, similar to
the triangle AB.

I say that a third triangle PQ has been constructed, equal to the two triangles
AB and CD, and similar to the triangle AB; as was required.

Proof.
Section 1.

. The line A is to the line O in the duplicate ratio of that of the line A to the
lme C, by the construction; therefore, as the line A is to the line O, so is the
tnangle AB to the triangle CD, by the 20th proposition of Euclid’s 6th book.

Section 2.

Therefore, by the compound ratio, as the two lines 4 and O together are to the
line A, so are the two triangles AB and CD together to the triangle AB.
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Diftin&io 3. _ ,
Rella A, ad reflam aqualem dusbus reétis A & 0 frmiul, duplicatam
eam habet rationem , quam refla A, ad rellam B, per con§Crullionem,
‘quare vt reila A, ad duas 1ellas A & O, fic triangulus A, ad ‘triangue
?um P Q_, U per ipfius inverfam. rationem, vt due refle A & o fimul,
~ ad rellam A, fic triangulus ® Q_, ad triangulum A B: Sed ofCenfum eft
difCinttione fecunda, eandem *effe rationem. duorum triangvlorum A B &
C D fimul, ad eundem triangulim A B: Ergo(quia quoruss yationes ad idem
Junt aquales, eainter [ fune_aqualia) eriangulus ® Q_ aqualis eft duobus
triangalis AB @ C D.. '

Preterea fimilem offe triangulo A B ,-éx confirutlione appares.

Condlufio. |
Jgitur dasis duabus planis &re. quod erat fa’cimJum.

- PotefT quoque conflruttio anteditli Problematis-per numeros demonfiran
1 -_‘and in maiorem euidentiam cfficiatur hac modo.

. - Explicatio dati,
 Sine trianguli A B & C D, reflanguli, fiedue latws A 3 pedum, & B
_4 pedum , ynde [uperficies sriamguli A B, (quia rellangulus oft per hypo-
- thefin) erit 6 pedum: Sit praterea latus C, 6 pedum, quare latus D (quia
triangsli A B-& C D funt fimiles) erit 8 pedum; vnde fuperficies trianguli
C D erit 24 pedum.. . '

.. Explicatio quafiti. . o
Oporteat per mumeros’ tersium triangulum invetiire eo ordine e fupra.
i1 conflyuclione tertij modi per lineas falltum eft datis duobus triangulis A B
@ C D equalem, & triangulo A B fimilem.

-Conftru@io.
Procedatur per numeros o ‘ordine vt in pracedensi tertia conflrultions
per
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Section 3.

The line A is to the line equal to the two lines 4 and O together in the
duplicate ratio of that of the line A to the line B, by the construction; therefore,
as the line A is to the two lines A and O, so is the triangle A to the triangle
PQ, and by the inverted ratio of this: as the two lines A and O together are
to the line A, so is the triangle PQ to the triangle AB. But it has been shown
in the second section that the ratio of the two triangles AB and CD together
to the same triangle AB is the same. Consequently (because things whose ratios
to the same thing are equal are equal to one another) the triangle PQ is equal to
the two triangles 4B and CD.

Further it appears from the construction that it is similar to the triangle AB.

Conclusion.

Therefore, given two plane figures etc.; which was to be performed.
The construction of the aforesaid Problem can also be proved by means of
numbers, which may be done, for greater evidence, in the following way.

Given.

Let the triangles AB and CD be right-angled, and let the side A be 3 feet
~and B 4 feet, whence the area of the triangle AB (because it is right-angled by

the hypothesis) will be 6 feet. Further let the side C be 6 feet; therefore the
side D (because the triangles AB and CD are similar) will be 8 feet, whence the
area of the triangle CD will be 24 feet.

Regquired.

Let it be required to find, by means of numbers, a third triangle in the same
order as has been done above in the construction according to the third manner
by means of lines, equal to the two given triangles 4B and CD, and similar
to the triangle AB.

Construction.

Proceed by means of numbers in the same order as has been done in the
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per lineas fattum efl , inveniaturd, teveia linea proportionalis ]uarum pri-
ma A3, [emm{a C 6, quare tertia O cric 12. Inveniatur deinde media
linea proportionalisinter A 3, & lineam aqualem duabus lineis A 3, &
0 12, hoc eftinveniatur media linéa proportionalis inter A 3 & 15, facit pro
P radicem quadratam de 45, ex qua vt homologa linca cum A, conflruatur
triangulus P Q_ fimilis triangulo A B, quod flet hoc mods: Inveniatur quar-
ta linea proportionalis per.regulam proportionis, quarum prima A 3, fecunda
B 4, tertia P radix quadrata de 45, eritd, quarta pro yefla Q_radix qua-
drata de 80, quare [uperficies trianguli ® Q_(quoniam radsx quadrata de
45 multiplicata per radicem quadratam de 80, dat produllum 6o, cuius me-

dium 30) erit 3o0.

Dico per numeros tertium triangulum ® Q , inventum cfSe , eo ordine ve
Jupra per lineas failum eft datis duobus triangulis AB, @ CD &gualem,
@ triangulo A B fimilem, ve erat quzficum,

Demonftratio.

 Demonflratio éx co manife$Ca eft, quod triagulus A B 6 pedum, &
triangulus C O 2.4 pedum, fimul efficunc (vt [upra de triangulo ® Q_
oftenfum eft,) 30 pedes. Iguzur triangulus ® Q aqualis eft duobus trian-
gulis AB & CD.

Preterea latera » & Q trianguli P Q_, proportionalia funs lateribus
A, & B, truanguli A B, per numerorum conflruttionem : babent praterea
angulun angulo equalem , nempe ambo angulum retium: Ergo per 7. prope
lib, 6. Euclid. [unt fimiles. :

Conclufio.

Igitur quod primd in continua quantirate erat oflenfum , hic per numeros
Smilicer ofCenfum eft | quod in maiorem declarasionem erar faciendum.

Cum vero huius tertie conSCrutionis inentio ita certd fic comprobata,
02 veils
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preceding third construction by means of lines, and find the third proportional,
the first term being A = 3, the second C = 6, so that the third O will be 12.
Then find the mean proportional between A4 = 3 and a line equal to the two lines
A = 3 and O = 12, i.e. find the mean proportional between 4 = 3 and 15.
This makes, for P, the square root of 45, from which, as being the line homo- .
logous to A, construct a triangle PQ similar to the triangle AB, which is done
in the following way. Find the fourth proportional by the rule of proportions,
the first term being 4 = 3, the second B = 4, the third P = the squate root
of 45; then the fourth, for the line Q, will be the square root of 80, so that
the area of the triangle PQ (since the square root of 45, multiplied by the square
root of 80, gives the product 60, one half of which is 30) will be 30.

I say that, by means of numbers, a third triangle PQ has been found in the
same order as has been done above by means of lines, equal to the two given
triangles AB and CD, and similar to the triangle AB; as was required.

Proof.
The proof is evident from the fact that the triangle AB = 6 feet and the
triangle CD = 24 feet make together (as has been shown above for the

triangle PQ) 30 feet. Therefore the triangle PQ is equal to the two triangles
AB and CD.

Further, the sides P and Q of the triangle PQ are proportional to the sides
A and B of the triangle AB, by the construction by means of numbers. Moreover,
each has one angle equal to that of the other, »iz. both a right angle. Conse-
quently, by the 7th proposition of Euclid’s 6th book they are similar.

Conclusion.

Therefore, what had first been shown in .continuous quantity, has here been
similarly shown by means of numbers, which was to be done for greater clarity.
Now since the invention of this third-construction has thus been proved for
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veile videtsr ipfi conflruchioni fuum Theorema cdijcere tale.

THEOREMA.

Si tectia linea proportionalis duarum homologarum linea-
rum exiftentium in fimilibus planis, addator primz linex: Me-
dia linea proportionalis inter primam & illam compofitam, eft
potennialiter homologa linea, cum illis homologis lineis , cunfdam
plani qued fimile eft alteri datorum, & zquale ambobus.

Cum vero hunc tertium modum inveniffemus in plams , patefalla no-
bis et via fimilis invensionis. in folidis, nam quicquid in frmilibus planis
faltum oft per duplicatam rationem , id fies in folidis per triplicatam ratias
nem , neque alind ([ quis reflé animaduersar) invenietur difcrimen.
Tgitur aj rem nunc accedamus.

PROBLEMoAL I

Datis quibufcunque duorumfimilium Gcometricoram corpo-
rum homologis liness, tertium corpus conftruere datis duobus
zquale, & alteri datorum fimile. :

Explicatio dati.
Sint duo dasa fimilia Geometrica corpora’ A B & C D, quoTim ho-
mologe lince fine A, @ C.
Explicatio quafiti.

Operteat tersium. corpus deferibere datis dvobus AB & CD aquale,
@ corpori A B fimik_. '

Con-
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certain, it seems useful to add to this construction its Theorem, as follows:

THEOREM.

If the third proportional to two homologous lines occurring in similar plane
figures be added to the first line, the mean proportional between the first and
the said composite line is potentially a line homologous to those homologous
lines of a certain plane figure which is similar to one of the two given figures
and equal to both.*)

When we had found this third manner for plane figures, a way to find a
similar manner for solids occurred to us, for whatever has been done for similar
plane figures by the duplicate ratio will also be done for solids by the triplicate
ratio, and no other difference will be found (if one attends well).

Therefore let us now come to the point.

PROBLEM II.

Given any homologous lines of two similar Geometrical solids, to construct a
third solid, equal to the two given solids and similar to one of the given solids.
Given.

Let two similar Geometrical solids AB and CD be given, whose homologous
lines shall be A4 and C.
Required

Let it be required to construct a third solid, equal to the two given solids 4B
and CD, and similar to the solid AB.

*) If two similar areas 41 and A2 are to each other as the squares of homologous
lines p1 and p2, or A1 : As = p12 : p32, then A : (41 + Ag) = ps2 : (P12 + p2).
The third proportional ¢ to two lines @ and b satisfies the equation a:b = b:¢.
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Conftru&io.

' Iupeniattir sevtia linea proporsionalis per 11..prop, ib. 6. Euclid, guaram
prima A, fecunda <, firg tertia E: inveniatur dgina’e quarta linca propore
tionalis per 12. prop. lib. 6. Euclid. quarum_prima A, Jecunda C, tertia.
E, fitfue quaria ¥3 lnveniantur deinde .'dme medsie linea _proportionales .
per primum Problema pmcea’emis 4 bib.inter veClam A, & vellam equas - .
lem duabus reflis [cilicee A & F, quarum mediarum linearum fe wens -
rellam A, fit rella G, €x qua ¥ homologa lines cum lnea A, mlgm;
tur corpus G H, orpori A B fimile.

Dico tertium corpss G H, inventum efe datis dusbus A'B, & ©D
equale: & corpori AB, fimile, ve eras quefium,

03
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Construction.

~ By the 11th proposition of Euclid’s 6th book, find the third proportional, the
first term being A, the second C; and let the third be E. Then, by the 12th
proposition of Euclid’s 6th book, find the fourth proportional, the first term
being A, the second C, the third E; and let the fourth be F. Subsequently, by the
first Problem of the preceding 4th book, find the two mean proportionals between
the line 4 and the line equal to the two lines, .viz. 4 and F, and let that one
of these mean proportionals which follows the line A be the line G, from which,
as being the line homologous to the line A, construct the solid GH, similar to
the solid AB. .
I say that a third solid GH has been found, equal to the two given solids AB
and CD, and similar to the solid AB; as was required.
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Demonftratio, RS
Diftin&io 1.

Retla A, ad reflam &, triplicasam eam babet rationem quam reta A,
ad relam c, per confCrutlionem: Quare ve rella A, ad reflam ¥, fic
corpus A B, ad corpus C D, per 33.prop.lib. 11. & per 8,12, 18. prop,
Lib, x2, Euclid.

o Diftin&io 2. }
Quare per compoficam rationem, ve due re€le A, & ¥ fimul, ad reclam
A, fic duo corpors A B, & C D fimul, ad corpus A B. S

Diftin&io 3.

Rella Ay ad reltam aqualem duabus relis A & ¥, triplicatam eam
babet rationem quam refla A, ad reflam G, per conflruclionem : Quare
vt refla A, ad duas reflas A & F, fic corpus A'B, ad corpus G u: Et
per ipfius invesfam rationem , vt due refle A & Ffimul, ad rellam A,
fre corpus G H,ad corpus A B: Sed ofCenfum eft diftinGione fecunda, ean-
dem efSe rationem  duorum corporum A B, & C D, ad idem corpus A B:
Ergo (quia quorum rationes eidem funt aquales, ea inter f¢ funt equalia)
corpus G H, equale ef€ duobus corporibus A B & c D,

Prateica corpus G H, fimils effe corpori A B, ex conflruttions eft ma-
wifeflum.

~ Conclufio.
Igitur datis quibufcunque duobus ere.  Quod erat faciendum,

Pofumus quogue (in maizrem declarationem veritatis conCrutlionis
buius inventionss) conflrutionem anteditti Problematis per numeros exhi-
bere , quod efficiatur hoc modo:

Explicatio dati. ‘
Sit cubus A B, cuins magnitudo 8 pedum , quare cins latws A, radix
' cubica
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Proof.

Section 1.

The line A is to the line F in the triplicate ratio of that of the line A to the
liné C, by the construction. Therefore, as the line A4 is to the line F, so is the
solid AB to the solid CD, by the 33rd proposition of Euclid’s 11th book and
by the 8th, 12th, and 18th propositions o{ his 12th book:

Section 2.

Thetefore, by the compound ratio, as the two lines A and F together are to
the line A, so are the two solids AB and CD together to the solid AB.

Section 3.

The line A is to the line equal to the two lines A and F in the triplicate ratio
of that of the line A to the line G, by the construction. Therefore, as the line A
is to the two lines A and F, so is the solid AB to the solid GH. And by the
inverted ratio of this: as the two lines A and F together are to the line 4, so is
the solid GH to the solid AB. Bit it has been shown in the second section that
the ratio of the two solids AB and CD to the same solid AB is the same. Con-
sequently (because things whose ratios to the same thing are equal are equal to
one another) the solid GH is equal to the two solids 4B and CD.

Further it is evident from the construction that the solid GH is similar to the
solid AB.

Conclusion.
Therefore, given any two etc. Which was to be performed.
We can also (for greater revelation of the correctness of the construction of

this invention) set forth the construction of the aforesaid Problem by means of
numbers, which may be done in the following manner:

Given.

Let there be a cube AB, whose volume is 8 feet; therefore its side A will be
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cubica de 8 cric 2: Sit deinde alter eubus C D, cuing maguituds 19 pee
dum , quare eius latus C, cric radix cubica de 19, :

Explicatio quafiti.
Operteat per numeros sertium cubum deferibere (eo ordine v Jupra per
lineas deferiprus oft) datis dwobus cubis AB. & C D aqaalem. :

Conftru&to,

‘Procedsmus eo ordine vt Jupra faltum oft s invepiaturdue tertig linea
proportionalis quarum prima A 2, fecunda C radix cubica de rg,qu’ar‘e :
tertia linea E erit radiX cubica de 25", invenjatur deinde quarta linea
proportionalis guarum prima A 2, [fecunda C radi% cubica de 19, tertia B
radix cubica de 1 i Igitur quarta evis ¥ vadix cubica de %2, id efC
%2 Inveniantur diinde dua mediz linee proportionales inter reGlam A 2,0
rellam aqualem duabus reclis A 2 & ¥ 12, hoc autem in numeris ita pro=
poncriaum eft : Taveniantur dus medis numeri proportionales inter 2, ¢ 21,
‘sllorum  autem mediorum numerorum numerys , [equess numerum 2, eri
proreita G 3, | probasur : quia 2, 3, P 22y Junt in continua proportione,

Foitur ex veGa. feu latere G 3 conflruatur cubus G H, cuius '”“g”;-“‘,f,
do grit 27, pedum, =~ - ) ’

Dico tersium cubum G H, per numeros ¢ffe inventum eo ordine vt [u-
pra per lineas faftum eff, ¢ datis dusbus eubis a B & CD equalem,
Ve erac quefium. . ' ST e

Demon -
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the cubic root of 8 = 2. Let there also be another cube CD, whose volume is 19
feet; therefore its side C will be the cube root of 19.

Required.

Let it be required to construét, by means of numbers, a third cube (in the same
order as has been constructed: above by means of lines), equal to the two given
cubes AB and CD.

Construction.

" Let us proceed in the same order as has been done above, and find the third
proportional, the first term being A = 2, the second C = the cube root of 19;

therefore the third line E will be the cube root of %la Then find the fourth
proportional, the first term being 4 = 2, the second C = the cube root of 19,
the third E = the cube root of 32—' . Therefore the fourth will be F = the

cube root of 92—-:9—, ie. ag . Subsequently find the two mean proportionals be-
tween the line-4 = 2 and the line equal to the two lines A = 2 and F =l:2 ;

>

however, this has to be exposed in numbers as follows: Find the two mean pro-
_ portionals between 2 and%l ; however, the number of these mean proportionals

which follows the number 2 will be, for the line G, 3; this is proved by the fact
that 2, 3,-2, 27 are in continuous proportion.

foerefore, from the line or side G = 3 construct a cube GH, whose volume
will be 27 feet.

I say that a third cube GH has been found by means of numbers in the same
order as has been done above by means of lines, and equal to the two given cubes
AB and CD; as was required.
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B

A ¢ e

| Demonflratio.
» D_et_hénﬁratio & ¢o manifefCa et qisod cubus A B 8 pedumm, & ai-
bus c D 19 pedum, " efficiuns fimisl ‘ve [upra de cubo G H ‘oftenfum off,
2!7‘.Pedes.,\ S . : - S
Conclufio. - | )
gitur quod prim in continua quantisate erat oflenfum , bic per numeros
fimilieer oiCenfum eft, quod in maiorem declavationem erar faciendum.
- His ita demonfirasis applicabimis -precedenti primo Problemati fuum -
Theorema tale. - S S

THEOREM A

. Si- quarta linea: proportionalis daarum homologarum linea-
rum exiftentium in fimilibus corporibus,. addator primz linez:.
Antecedens linea duarum mediarum’ proportionalium inter pri-
mam & illam compofitam, eft potentiaiter homoga linea cum
illis homologis Lineis -, ‘cuiufdam corporis quod fimile eft alteri
datorum , & zquale ambobus.- '

_— P A Explis
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Proof. -~ S

. 'The proof is evident from the fact that the cube AB = 8 feet and the cube
CD = 19 feet together make 27 feet, as has been shown above for the cube GH.

Conclusion.

Therefore, what had first been shown in continuous. quantity has here been
similarly shown by means of numbers, which was to be done for greater clarity.

These things thus having been proved, we shall add to the preceding first
Problem its Theorem, as follows.

THEOREM.

If the fourth proportional to two homologous lines occurring in similar solids
be added to the first line, the antecedent of the two mean proportionals between
the first and this composite line is potentially a line homologous to those homolo-
gous lines of a certain solid which is similar to one of the given solids and
equal to both *).

) If two similar solids S; and 82 are to each other-as the cubes of homologous
lines p1 and po, or 81 : Sg = p13 : po3,then Sy : (81 + S2) = pi3 : (ps3 + p2d).
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Explicatio dati. o

Sit (in figuris pracedentis Problematis) quarta linea_proporsionalis ¥,

duartim linearsm A & ¢, éxif€entium in fimilibus corporibus A B &
C D, que linea ¥, addasur prime linez A, :

Dico antecedentem lineam & duaruem mediarum’ proportionalium inter
primam A, & illam compofizam, nempe ¢x ¥ & A, effe potentialiter ho=
mol:?gain lineam cum illis homologis liners A & C, cuiufdam corporisve G H,
quod frmile eft alseri datoram., vt i:fi A B, & eguale ambobus corporia
bus A& & C D. . I

Demonftratio.

- DemontCratio haberuy in pracedentibus demonflrationibus , tum per bi-
neas, tum per numeros.

, ' Conclufio.
]g_itur Ji quarta linea &rc. quod erat demonSCrandum.

 PROBLEMA III.

Datis quibufcunque duoram fimilium & inzqualium Geome-
tricorum corporum homologis lineis, terrium corpus conftruere,
tanto minus dato maiore , quantum eft datum minus , & alteri
datorum fimile. '

_ ‘Explicatio dati. 4 :
" Sit datum corpus minus A B, maius vero corpus C D, ipfi A B fimile,

quorum homologe linea fint A & cC.
‘Explicatio quzfiti.

Oporreat terzium corpus conflrsiere tanto minus dato maiore C D, qtian-
sum:eft datum corpus AB: Pratered vt fiz corpori C D fimile.

NOTA.,
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Given.

(In the figure of the preceding Problem) let the fourth proportional F to
two lines A and C, occurring in the similar solids 4B and CD be given, which
line F shall be added to the first line A.

I say that the antecedent line G of the two mean proportionals between the
first A and this composite line, viz. composed of F and 4, is potentially a line
homologous to those homologous lines A and C of a certain sohd viz. GH, which
is similar to one of the given solids, viz. to AB, and equal to both solids AB and
CD.

Proof.

The proof will be found in -the preceding proofs, both by means of lines
and by means of numbers.

Conclusion.

Therefore, if the fourth line-etc.; which was to be proved.

PROBLEM III.

Given any homologous lines of two similar and unequal Geometrical solids,
to construct a third solid as much smaller than the larger of the given solids as
the smaller of the given solids and similar to one of the given solids.

Given.

Let the given smaller solid be AB, and the larger solid CD, similar to AB,
whose homologous lines shall be A and C.

Required.

Let it be required to construct a third solid as much smaller than the given

larger solid CD as the given solid AB; and further that it be similar to the
SOhd CD.
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NOTA

Hoc Problema (ab’ antecedenti primo Problemaze dependens) iva fe baz
bec ad anrecedens primum Problema , vt in Arithmetica fubtraio ad ad - .
ditionem: Quare fi pracedens Problema vocaretur fimilism corporam ads.
ditio , poffer eadem yatione. hoc Problema dici [imilium ~corporum fubtra-
&io.. Lyisur ve Problematss fenfus dilucidior fiat  dicimus quafirum feré nil
abiud ¢ffe quam [ublaza & curpore € D quadam parte corpors A B equs-

b, quod & religuo oporteas corpus confiruere soi corpori .C D frmile,

Conftru&io.

Inpeniatur tertia linca proportionalis per 1t. prop. lib. 6. Euclid. gra-
r4m prima A, fecunda C, fitque tertia v: Dnveniasur deinde quarta linea
proportionalis per 12. prop. lib. 6. Euclid, quarum prima A, fecunda c,
zeriia E, fitdy quarta ¥: Inveniantur deinde due mediz linea proportiona-
les per primum Problema pracedentis quarti libri inver reflam A, & alte~
vam reélam, equalem reliquo refle ¥,. [ubdulla refla A, quarum mediarum
lingarum [equiens reStam A, fitreéla G, ex qua vt homologa linea cumlinea
A conflruatur corpus G H corpori C D fimile, L

Dico tersium tertium corpus G ¥ effe inventum ,- tanto- minus dato
corpore’ C D, quancim eft corpus A B, & corpori C D (imik, Ve erar
quafitum. . S . T '

P2
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NOTE.

This Problém (depending on the antecedent first Problem) is in the same
relation to the antecedent first Problem as subtraction to addition in Arithmetic.
Therefore, if the preceding Problem were called the addition of similar solids,
this Problem might for the same reason be called the subtraction of similar
solids. Therefore, in order that the sense of the Problem may become clearer, we
say that what is required is hardly anything else but that, after a certain part
equal to the solid AB has been taken from the solid CD, it is required to con-
struct from the rest a solid similar to the whole solid CD.

Construction.

By the 11th proposition of Euclid’s 6th book, find the third proportional, the
first term being A, the second C; and let the third be E. Then, by the 12th propo-
sition of Euclid’s 6th book, find the fourth proportional, the first term being A4,
the second C, the third E; and let the fourth be F. Subsequently, by the first
Problem of the preceding fourth book, find the two mean proportionals between
the line A and another line, equal to the rest of the line F when the line A has
been taken from it, and let that one of these mean proportionals which follows the
line A be the line G, from which, as being a line homologous to the line 4,
construct a solid GH similar to the solid CD.

I say that a third solid GH has been found, as much smaller than the given
solid CD as the solid AB, and similar to the solid CD; as was required.




51é PROBLEMATVYVM

p:
Exempll | !
xemplum )
de [pharis. B

Exemplum - g
e cylindris B q D

| ]L Il
Exeﬁzplum A
de conts,
\__/

Exemplum

de cubis,

By

=




Example of Spheres
Example of Cylinders
Example of Cones
Example of* Cubes

363




GEOMETRICORVM LIB Y, I

Demontftratio.

Diftin&io 1.

Rella A, ad relam ¥, triplicatam eam habet rationem quam reéla a,
ad reftam c, per conSCrutlionem - Quare vt recla A, ad relam ¥, fic
corpus A B, ad corpus C D, per 33.propolib. 11e o pér 8, 12, ¢ 18. prop.
lib, 12, Euclid.

Diftin&io 2. :
Quare per difiunBam proportionem, vt rella ¥ minus reéla A, ad reflam
A, frc corpus C D, minws corpore A B, ad corpus A B.

Diftin&io 3.

Retla A, ad retam ¥, minus refta a, triplicatam eam habet rationem
guam rella A, ad vellam G, per conflrulltionem : Quare vt rella A, ad
reblam ¥, minus refla A, fic corpus A B, ad corpus G vz Er per spfiws in-
Verfam proporticnem , Ve reéla ¥, minus rella A, ad retlam A, fic corpus
G U, ad corpus & B: Sed oCenfum et diftinGlione [ecunda, eandem efSe ra-
tionem corports C D, minks corpore A B, ad idem corpus A B: Frgo(quia
quorum rattones eidem [urt @quales ea inter [fe Junt aqualia) corpus G H,
aquale €T corpori C D, minus c:rpore A B, hoc eft corpus G H, tanko
minus eff daso corpori C D, quanium eft datum corpus A B .

Conclufio.

Tgitur datis quibufiungue duorum ere.  Quod erar faciendum,

Hlis ita demonflrais applicabimus hoc Problemati fuum Theoremas
tale.

THEORE M4

Si dquarta linea proportionali duarum homologarum linearum
exicnvum in fimilibus inzqualibus corporibus,auferstur minor
P homo-
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Proof.
Section 1.

The line A is to the line F in the triplicate ratio of that of the line A4 to the
line C, by the construction. Therefore, as the line A is to the line F, so is the solid
AB to the solid CD, by the 33rd proposition of Euclid’s 11th book and by the
8th, 12th, and 18th propositions of his 12th book.

Section 2.

Therefore, by the disjunct proportion: as the line F minus the line A is to the
line A, so is the solid CD minus the solid AB to the solid AB.

Section 3.

The line A is to the line F minus the line A4 in the triplicate ratio of that of
the line A to the line G, by the construction. Therefore, as_the line A is to the
line F minus the line A, so is the solid AB to the solid GH. And, by the in-
verted proportion of this: as the line FF minus the line A is to the line A4, so is
the solid GH to the solid AB. But it has been shown in the second section that
the ratio of the solid CD minus the solid AB to the same solid AB is the same.
Consequently (because things whose ratios to the same thing are equal are equal
to one another) the solid GH is equal to the solid CD minus the solid 4B, i.e.
the solid GH is as much smaller than the given solid CD as the given solid AB.

Conclusion.

Therefore, given any etc. Which was to be performed.
These things thus having been proved, we shall add to this Problem its
Theorem, as follows.

THEOREM.

If from the fourth proportional of two homologous lines occurring in similar
unequal solids the smaller of the homologous lines be taken away, the ante-
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homologarum: Antecedens linea duarum mediarum proportio-
x_mli.um, inter minorem homologam hineam , & illtus linex reliquum
cft :pofgentiahter-'5homc;log.1 linea cum ilis homologis, Cuiuf'd;m;
corporis quiod (imile ¢ftalteri datorum corporum, & tanto minus
datomaiore, quantum eft datum minus.

Explicatio .

Sit in figuris pracedentis [ecundi Problemais quarta linea proportiona:

Gs ¥, duarum homologarum linearum A & C, ex fimilibus inequalibus

corparibss A B, & C D, 4 gua linea ¥, auferotur minor homologarum a,

dico minorem lineam G, duarum mediarum proportionalium lincarum inter

niinorem homologam lineam A, & illius linea reliquum (hoc oft reliquum

. fubdidla A b ¥) effe potentialicer homologam lineam cum illis homologis

“lintis 4, @ C, cuinfdam corporis vt ipfius G H, quod fimile eft alteri da-

Sorum icorporum, Vi ipfi C D, & tanto minus dato maiore C D, quantum
& dasiim niinus corpus A B.

Demontlratio.

- De}}zbhﬁmﬁ'o buius ﬁcjmz exhibita eft. )

Adbiberemus buic fecundo Problemati demonfCrationem per numeros,
vt ad primum Problsma fathum oft, nifi vem [atis claram exiSCimare-
mas. .. oo S RS

Quinti Libri

FINIS.
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cedent of the two means proportionals between the smaller homologous line and
the rest of the said line is potentially a line homologous to those homologous
lines of a certain solid which is similar to one of the given solids, and as much
smaller than the given larger solid as the given smaller solid.

Explanation.

In the figures of the preceding second Problem let the third proportional F
to two homologous lines A and C from similar unequal solids AB and CD be
given, from which line F let the smaller of the homologous lines A be taken; I
say that the smaller line G of the two mean proportionals between the smaller
homologous line A and the rest of this line (7.e. the rest after 4 has been taken
from F) is potentially the line homologous to these homologous lines A4 and C
of a certain,solid, v/z. of GH, which is similar to one of the given solids, viz.
CD, and as much smaller than the given larger solid CD as the given smaller
solid AB. - :

: Proof.

The proof of this has been set forth above.

We should have added to this second Problem a proof by means of numbers,
as has been done for the first Problem, if we had not considered the matter clear
enough. : :

END OF THE FIFTH BOOK.




Epilogus.
Hec fint Generofifl. D. que tibi dicare deflina-

uimus , que fi A, T.grata effe fentiemus , alia habe-
mmus Mathefium. arcana [ub tus Nominis anfpicijs pro-
ditura s Interim hac qualiacunque boni confules,
Vale. - Ego tibi me quam officiofiffimé commen-
dabo Lugduni Batanorum.

ERRATA.

Pagin. 9, in explicationislinea prima , ad rectd, lege ad re &am. .14.in explicationis lin, r.ex
minoiibys, lege ex paucloribus, 14, inesplicationis 17, definitionis lin, 2. ex minoribus, lege
ex pauctoribus,  r6.incxplicationislin.g, A Gad G B,legeAGadG C.  19.lin.j.fecundam
lege fecundum, E¢in confteuRionislin.a, ARCDEElege ABCODEF, 20.in demouitratios
1 lin, 3.6cpasallclogrammum M N, lege fic paraliclogramnill L G ad parallelogrammum MN.

264n figura pro L pone M, & pro M pone L. 1).in conftru@ionis lin.1. inuenidtur legeins
veniantur, 3tinconittrutionislin.i.difcr:barur lege defesibatur, € lin.g.AB Q lge AP Q.

Etlin.g. APlege A 2 Q_ 33.anconitru@ionislin, 3.quz productziege quz produdtas 34,
indemonttiationislin. 1 7.habeat legehaber, Eilin.21, habéaclege haber. ~38.lin.1. qui breni
tet lege quam breni. 44.in conftrultisnis 4.linfiquelege fitque. 48.in.4.0ppofita 1:ge appo.
fita, Eclin.s.ba'teslegebafes, s4.lin.vltima, icofaedrum perlaterum tenias legeitofacdrume«
trapcatum pérlaterum tertias.  s6.dik.B.linz. YZlege X2,  Eilin.so.fequzncurlege feque-
tur,  s8.dift1g. ling.inre@anmilege inte@am.  6o. in figura pro3s pone §3.” 6z diftinz.
lin.8, text legetertiz, Ecdid.s.hin,'i.dodecaedri mediamicge dodecacdn in thedium, Etiio.
2.adangu ad angulos. Et lin,jquare Elegequase E 1. 63.lin.3, &alegere@a, 103.incoae
clufionzduabusleze duobus, 113.in theoreinatis lin. 4. homoga lege hesologa,
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EPILOGUE

These are, most noble Lord, the problems which we resolved to dedicate to
Thee, and if we learn that they please Thee, we shall publish other secrets of
Mathematics under the protection of Thy Name. Meanwhile Thou will take all
these, without distinction, in good part. Farewell. I commend myself to Thee most
respectfully, at Leiden.







~ DE THIENDE

THE TENTH







373

INTRODUCTION
§ 1.

Stevin published his essay on the decimal division in 1585, when he had lived
for at least four years in Holland, probably most of the time, if not all, at Leiden.
It was a period of intensive work, in which between 1582 and 1586 he prepared
for publication the whole series of books, mentioned on pp. 26-27 of Vol, L
Once he had settled down after his peregrinations, he used the opportunity to
publish, one after the other, the results of his experience and reflection.

De Thiende, English The Tenth, or The Disme, is by far the best known of
Stevin's publications; it earned him the title of inventor of the decimal fractions.
The title, if taken with a grain of salt, is deserved. It is true that decimal fractions
appeared long before Stevin, but it was largely through his efforts that they
eventually became common computational practice. It was also Stevin who first
showed the advantage of a systematic decimal division of weights and measures.

By 1585 the -system of Hindu-Arabic numerals, decimal and in positional
notation, was in common use throughout Europe. Even the particular shapes of the
ten digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 had been more or less standardized and did not
substantially differ from the shapes familiar to us at the present time. This
system supplemented, but did not supplant, the older system which made use
of counters on lines (Stevin's “legpenninghen”, p. 34 of De Thiende, French
“gettons”) (1). Schools and schoolbooks often taught both methods. On the ad-
vanced front of learning the decimal positional system had been fully accepted.
The great sixteenth-century progress in computational technique would have been
impossible without it. However, there were still many who avoided fractions as
hard to handle, and those who did use them often. worked with different no-
tations. This lack of consistency has never been completely removed, so that even

now we write 4% also in the form 414 or 4.25 (4,25; 4-25), and in angular

notation in the form 4°15". The notation 4.25 is clearly the result of applying
the decimal method to fractions with cold consistency. It is Stevin’s merit that he
demonstrated the simplicity of this approach, even though his own particular
notation was still clumsy.

The textbooks of the sixteenth century usually presented fractions with the
aid of numerator and denominator, as it is still done. There were variations in
the way these two parts of the fraction were distinguished from each other,
sometimes with, sometimes without a fractional bar, sometimes by placing one
above, sometimes beside the other. A special symbol might be introduced for

* In the bibliographical quotations, (H) means: Harvard Library; (Hu) means: Hun-
tington Library. :

(%) On the use of these countets see A, Nagel, Die Rechenpfennige und die operative Arithme-
tik. Numismatische Zeitschrift (Wien) 19 (1887) pp- 309~-368; F. P. Barnard, The Casting
Counter and the Counting Board, Oxford, 1916; C. P. Burger, ABC penningen of rekenpen-
ningen, Het Boek 18 (1929), pp. 193202, also ib. 19 (1930), p. 222; L. C. Karpinski, The
History of Arithmetic, Chicago-New York 1925, pp. 33-37.
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some simple fractions, such as 15 (2). For comparison with large denominators
sexagesimal fractions were widely used, usually without explicitly expressing these
denominators. This method dates back to ancient Mesopotamia, was used by
Ptolemy in his Almagest, and is still in use for angular measurement; in it a
symbol such as 4°21'33"14" means 4 + 25 + ;5. + sibo. Another method,
" favoured by table-makers, was to eliminate fractions altogether by the choice of
a sufficiently large unit. Here was a vital case where thinking in decimal
rather than in sexagesimal terms became more and more common when'the
sixteenth century advanced. : ’

.+ Ptolemy’s chord tables in the Al/magest had been composed for a circle with
radius R ‘= 60, and both angles and chords were expressed in the sexagesimal
system, so that chord 60° = 60°, and chord 176° = 119”55'38”, which is
~ equivalent to sin 30° = 30° , sin 88° = 59" 57/49” (3). George Peurbach, the
Viennese astronomer (1423-1416), left a table of sines computed for R = 60,000,
but with the sines expressed decimally, so that sin 30° =-30,000; sin 88° = 59,964
(sines were conceived as line segments=—semi-chords of the double arc—, not as
ratios) (4). This method was taken over by Peurbach’s pupil Regiomontanus (1436
—1476), the Ian van Kuenincxberghe of De Thiende, p. 20, Jehan de Mont:
roial of . the French edition, p. 148, who not only used the unit R = 6.104 in
the 'sine table of his Tabula directionum, but also .the unit R = 6.106:in
his Supplement to- Peurbach’s Tractatus on Ptolemy’s propositions on sines and
chords. In other tables Regiomontanus took a new step in the direction of the
decimal system. In the same Tabula directionum we find a.tangent table ‘based
on R =:105 and in the Supplement to Peurbach’s Tractatus computations based
on R = 107 (5). These tables, published many years after Regiomontanus’ death,

Y F. Cajori, A History of Mathematical’ Notations 1, Chicago, 1926, pp. 309. ff; J.
Tropfke, Geschichte der' Elementar-Mathematik ‘1, -3¢ Aufl. Berlin-Leipzig, 1930,
pp. 172 f.; D. E. Smith, History:of Mathematics 11, Boston—New York; pp. 235 f.. Thcse
books contain much information on the history of common and of decimal fractions.
For decimal frictions see also G. Satton, The First Explanation of Decimal Fractions:and
Measures, Isis 33 (1935), pp. 153—244. ) L . e

(®) The chord table is found in Book I, Ch. 2, of the 4/magest. It is equivalent witha .
table’ of sines, for angles ascending by 15°, the results are accurate to 5 decimals. We
write p (partes) to express lengths in sexagesimal units. ‘A transcription of the chord
tables in the familiar Hindu-Arabic notation e.g. in Des Claudius Ptolemins Handbuch der
Astronomie, Exster Band. . . iibersetzt. .. von K. Manitius. Leipzig, 1912, pp. 37-40.

‘(%) These tables by Peurbach ate in the Osterreichische Nationalbibliothek: Cod. Viridob.
5277, fol. 2877-289%. They are mentioned in J. Tropfke, /.c. 3y p. 175. o )

(%) We have consulted the 1559 edition of the Tabulae directionum : Toannis de Monterégio
- Mathematici clarissimi tabulae directionum projectionumgque. .. éinidem Regiomontani tabula
sinuum, per singula minuta extensa: .. Tubingae, 1559, 156 double pages (H). The tangent
table is the one page Tabula foecunda (p. 29”), which lists for tan 45° the value. 100,000,
hence R = 10° The sine.table (pp. 139 ff) lists’ 30,000 for sin 30° hence’ R = 6.108%
The first edition of this work was published at Augsburg 1490. — The tables with R =
6.168%and- R = 107 in Tractatus Georgii Purbachii super propositiones Ptolemai. de siriibus
et chordis, Nuremberg, 1541, according to J. Tropfke, Geschichte der Elementar Mathe-
matik V, ze Aufl.; Berlin-Leipzig, 1923, pp: 178, 179. See also A. v. Braunmiihl, .7/ or-
lesungen iibér Geschichte der Trigonometrie 1, Leipzig, 1900, p. 120; M. Cantor, Vorlesungen
diber Geschichte der Mathematik 11, Leipzig, 1892, Ch. 55. _ :
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enjoyed considerable authority during the sixteenth century, and helped to establish
the decimal system as the basis for the- computation of trigonometrical tables.
The great tables of that period, such as the Opws Palatinum, were all based on
a radius equal to a power of 10.
. The basis R = 1 remained unpopular for a long time, because of the lack
of a convenient notation for decimal fractions. Stevin himself, in his Tables of
Interest, which antedate De Thiende, and in his trigonometrical tables, published
afterwards, used 107 as his unit. The basis R = 1 gained acceptance mainly
through the influence of the logarithmic tables, and it was here that Stevin’s
suggestions fell on willing ears.
i. There are indications that in the period before the appearance of Stevin’s book-
let mathematicians began to appreciate the use of a decimal notation in working
with fractions. There is an early — though not the earliest — example in a
Hebrew manuscript written by Rabbi Immanuel Bonfils of Tarascon about 1350. .
Here we find a proposal for a system in which the unit is divided “into ten parts
which are called Primes, and each Prime is divided into ten parts which are called
Seconds, and so into infinity”. For such fractional quantities Bonfils gives some
rules of multiplication and division, which result from what we now call the
éxponential law 10%.10.2 = 100+0 (4, & positive integers). These rules are
applicable to denominators as well as numerators, a fact we express by allowing
a, b to be positive as well as negative. The manuscript has no numerical ex-
amples (8). It is of some importance because Tarascon, in 1350, was an important
trading and cultural centre close to the Papal Court at Avignon.

At about the same time the Paris astronomer John of Meurs (Iohannes de Muris)
computed 4/2 by means of decimal magnification; in our present notation his
reasoning.may be transcribed as follows:

V2 = 1557Y/2,000,000 = 755 14 14.

:He remarks that the result 1024’50”24"’ in sexagesimal fractions, can also
be expressed by considering V2 as equal to 1414, if the flrst digit is taken as
an integer, the next one as a tenth, etc. (7).

In sixteenth-century printed mathematical texts we find some play with decxmal
fractions, written either with denominators as common fractions, or in some
positional notation without denominator. For example, in the Exempel Biich-
lein of 1530 we find the author Christoff Rudolff teaching the compound

interest calculus with a table for 375 (1 +1%)", n = 1, 2, ..., 10. He writes

the results in a notation which only differs from our notation of the decimal
fractions in the use of a vertical dash as the decimal separatrix, e.g. 413]4375
for the case » = 2 (8). Another case is presented by Frangois Viéte in his Canon

(®) S. Gandz, The Invention of the Decimal Fractions and the Application of the Exponential
Calcnlus by Immanuel Bonfils of Tarascon (c. 1350), Isis 25 (1936), pp. 16-35

(" In Quadripartitum numerorum (c 1325), see L. C. Karpinski, T l]e Decimal Point,
Science, 25 (1917), pp. 663—665. The quotation is from Vienna Ms. 4770, fol. 224?. This
method of decimal magnification is much older, seec J. Tropfke /c.%) p. 173. On this
method see also J. Ginsburg, Predecessors of Magini, Scripta Mathematica (1932),

p. 168-169.

(9) Exempel Buchlin Rechnung belangend darbey. . . durch Christoffen Rudolff, Augsburg, 1530,
Aufg 71. Reproduced in G. Sarton, /ch) p. 225 and in D. E. Smith /¢.2) p. 241, see also
J: Tropfke /.c.%) p. 177, where we also find a quotation from another book by Rudolf:
Behend und bubsch Rechnung durch die kunstreichen regeln Algebre, Strassburg 1525. e
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mathematicus of 1579, where we occasionally find decimal fractions without
denominator; and the fractional part of the number in smaller. type than the
integral part and underlined. Writing 100,000200.00 for the.radius of a circle,
Viéte places the semi-perimeter between 314,159,26%3% and 314,159,285:37. The
commas are used to arrange the digits into groups of three. In another place in the
same book we find for sin 60° the value 86,602|540,37, in another place again we
find fractions with numerator and denominator (9).

. § 2.

Stevin’s achievement consists in divesting the decimal fractions of their casual
character. In doing this, he appealed to the learned as well as the practical
world, to the reckonmaster as well as to the merchant and the wine gauger. He ad- -
vertised the advantages of his decimal notation on the very title page of his pamphlet,
proclaiming that he was “teaching how to perform with an ease, unheard of,
all computations necessary between men by integers without fractions”.

At a time when the fractional calculus and division in general were considered
difficult operations (10), this computation by integers without fractions must have
appealed to many. Stevin in particular appealed to the man of practice, for whose
benefit he wrote in the vernacular and endeavoured to be as simple and clear
as possible.

Stevin’s claim that he could perform all computations by integers without
fractions strikes us as rather odd, since he is supposed to have contributed more
than anybody else to the introduction of decimal fractions. Yet he claimed that
he had, done away with fractions. It is true that, historically speaking, the result
of Stevin’s work was that the fractional calculus became as easy as the calculus
with integers. But it is also. true that Stevin was thinking primarily of the
elimination of fractions. He accomplished this by introducing the tenth part of
a unit, (1), the hundredth part of a unit, (2), as new units, so that for instance
the fraction which we write 47.58 and Stevin 47(3)5(1)8() was regarded by Stevin
as 4758() — a notation which he also used —, or 4758 items of the second
unit. We do a similar thing when we express miles in feet, hectares in ares,
or gallons in pints. However, especially after Napier introduced the notation
47.58 with special reference to Stevin, Stevin’s method was understood as that
of decimal fractions.

Stevin's notation seems to us clumsy and also less elegant than that which
Rudolff used more than fifty years earlier. The notation 32@5@)7(2) reminds us
of the sexagesimal notation, where a symbol such as 5°726"34"’ can only be
understood if the 5, 7, 26, 34 are separated by certain marks. This results from
the fact that this sexagesimal notation is already mingled with a decimal one, since
the number of units, minutes, seconds, etc. is expressed decimally (26 means

(®) Viete’s book is a treatise on plane and spherical trigonometry entitled : Canon mathe-
maticus seu ad triangula cum adpendicibus, Lutetiae, 1579 (H). The explanatory text of 6 +
75 pD, entitled Francisci Vietae Universalium inspectionum ad canonem mathematicum liber
singularis, has five appendices, all tables. Our examples are on p. 15 and p. 64. See also
K. Hunrath, Zur Geschichte der Decimalbriiche, Zeitschr. f. Mathem. u. Physik 38 (1893),
Hist. lit. Abt, pp. 25-27.

(%) Sce e.g. H. E. Timerding, Die Kultur der Gegenwart 111, Erste Abteilung, Die
mathematischen Wissenschaften, Zweite Lieferung, Leipzig-Berlin, 1914, p. 92A.
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2.10 4+ 6, not 2 : 60 + 6). Stevin's notation, however, is purely decimal.
He might have written 32°5'7” (as some of his successors have done), but he
preferred the O-notation which he had also used elsewhere to indicate powers,
albeit not necessarily powers of ten. This was probably due to the influence
of the Bolognese mathematician Bombelli, who, in his Algebra of 1572, had
used half circles with numbers as insets to indicate powers of the variable, an
improvement on the current Coss notation (11). Stevin had studied Bombelli,
whom he quotes in L’Arithmétique (12). This notation therefore means that
3205@Q7® = 32 . 1004 5. 101 4 7 . 102, to use our modern way of
writing. Stevin was not too orthodox in his commitment to his own notation; in

' OOe®
other books he wrote 5 7 8 9, or the simpler 732(2) for what we write as 7.32 (13).
An advantage of his method was that he could add 7@®5@8® to 4@7MD5@)
and get 11(@12D13® = 11@13D3@ =12@3®3®@, which may have been
helpful to inexperienced reckoners, who could thus keep track of intermediate
stages in the process of calculation. Stevin was also able to do away with zeros:
5(@4(5) means 0.05004 in our notation, :

Stevin gives a proof that his method allows the handling of decimal fractions
‘ a
T
appropriate power of ten, and then applying the rules for the computation with
these fractions as explained in L’ Arithmétigue. The result is then again cast into
the decimal O-notation. This proof is substantially the same we use, though,
in accordance with his time, Stevin gives numerical examples where we should
express ourselves in algebraic notation (14). He gives his demonstrations in the
classical way with the terms Given, Requirved, Construction, Demonstration, Con-
clusion, which shows that he realized that careful proofs are as necessary in arith-
metic as in geometry, an unusual thing for his day, and for many days to come.

as if they were integers by rewriting these fractions in the form —, where 4 is an

§ 3.

After the appearance of De Thiende decimal fractions appeared more and
more frequently in print. It is safe to assume that Stevin’s work contributed to this
growing popularity without ascribing the success exclusively to him. With all the
table-making and other reckoning in progress decimal fractions were “in the

(*Y R, Bombelli, L’ Algebra, Bologna 1572, 1579. On Bombelli’s symbolism see E. Boz-
tolotti, Sulla rappresentagione simbolica della incognita e delle potenze di essa introdotta dal Bom-
belli, Archivio di Storia della Scienza 8 (1927) pp. 49-03. On the Coss-notation see F.
Cajori /.¢.?), Ch III, and J. Tropfke, Geschichte der Elementar-Mathematik 111, Berlin—
Leipzig, 3¢ Aufl., pp. 31-32.

(12) L Arithmétique, see e.g. p.28. At other places Stevin uses his o-notation to indicate
sexagesimal fractions: Weereltschrift 1 p. 59, I1I p. 18.

(13) Meetdaet, sec e.g. p. 32.

(%) For this he was rebuked — posthumously — by A. Tacquet, in Arithmeticae theoria et
praxis, Lovani, 1646 (pp. 177-179 of the 2ded., Antwerp, 1665): «“Mais (Stevin) n’a pas
exposé son invention avec toute I’exactitude, ni 'ampleur nécessaire et il ne I'a pas dé-
montrée, car, ce qu’il nomme démonstration ne consiste qu’ 4 donner un example”.
French transl. of H. Bosmans, André Tacquet (S. ].) et son traité d’ Arithmétique théorique et
pratigue, Isis 9 (1927), pp. 66-82. - For a modern introduction to decimal fractions see e.g.
G. H. Hardy - E. M. Wright, An Introduction to the Theory of Numbers, Oxford, 2d ed.,
1945, Ch. IX.
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air”. Stevin himself saw to it that a French translation of his pamphlet under the
name of La Disme was published in the same year 1585 in which De Thiende
appeared. This translation was added to the collection of essays which he published
under the title of La Pratique d’Arithmétique, a collection always bound together
with Stevin's large treatise L’Arithmétique (15).. De Thiende itself was re-
printed in 1626, after Stevin’s death, this time as an appendix to a book compiled
by De Decker, who published it again in 1630 as part of another bopk (16).
When Girard, in 1634, published the Oexvres of Stevin, he included the French
version (17). There were thus several ways by which mathematicians could become
acquainted with the ideas of our pioneering engineer. )

They were not the only opportunities. Two English versions appeared, a literal
one by Robert Norton, published in 1608 (18), and a freer one by Henry Lyte,
published in 1619 (19). We have taken the Norton translation to serve as the
English version of De Thiende in the present edition of Stevin's works. In the
mean time decimal fractions had appeared in books not, or only partly, influenced
by Stevin, often rather casually, as if the authors were not sufficiently aware of
the fundamental importance of the innovation. Clavius (1537-1612), the in-
fluential Vatican astronomer and a prolific textbook writer, used the notation
34.4 for the partes proportionales in his sine table of 1593, though the sines
themselves appear as integers to the radius R = 107 (20). Less casual was the

(*%) La Disme, enseignant facilement expédier par nombres entiers sans rompug, tous comptes se
rencontrans .aux affaires des Hommes . . . Leiden, Plantin, 1585, pp. 132—160 of the Pratigue
d’ Arithmétique. .

('®y Eerste Deel van de Nieuwe Telkunst, inboudende verscheyde manieren van rekenen. .. door
Exzechiel De Decker. .. Noch is bier achter byghevoeght de Thiende van Symon S tevin van Brugghe.
Ter Goude, by Pieter Rammaseyn... 1626. — See on this book M. van Haaften, De
Decker’s Eerste deel van de Nieuwe Telkonst, De Verzekeringsbode, 25 Sept. 1920 (pp.
406-410). De-Decker’s book of 1630 is called Nieuwe Rabattafels, Gouda, Rammaseyn.

(*"y In the reprint of L’ Arithmétique and La Pratique &’ Arithmétique, discussed further
on in this volume. '

(48y Dime : The Art of Tenths, or Decimall Arithmetic, teaching how to perform all computations
whatsoever by whole numbers without fractions, by the four principles of common arithmetic, name-
ly: addition, subtraction, multiplication, and division. Invented by the excellent mathematician,
Simon Stevin. Published in English with some additions by Robert Norton, Gentleman. Imprinted
at London by S.5. for Hugh Astley, and are to be sold at his shop at St. Magnus® Corner. 1608
(H.). = The title page is reproduced in L. C. Karpinski, The History of Arithmetic,
Chicago, New York, 1925, p. 132. N S :

(**) The Art of tenths, or decimall arithmeticke. . . exercised by Flenry Lyte Gentleman. . .
London, printed by Edward Griffn, 1619. (Hu.) (The title page is reproduced in Isis 33
(1935), p.223. This booklet contains an exposition of Stevin’s method. The author has,
to use his own words, ‘sometime, now ten yeeres sithence (gentle reader) bin intreated
by divers to publish my Exetcises of Decimall...’; he acknowledges that this. ‘art of
tenths’ was ‘devised first by the excellent Mathematitian Mr. Simon Steven’. Lyte writes

© @ () G) ) . IO .

Y 7 5 8 2 (brackets instead of circles) and explains 3 4 5 as 34005 (information
from Dr. Frank Weymouth). On Lyte, who was born in 1573 as a son of Henry Lyte,
translator -of - Dodoens’ Cruydeboeck, see R. E. Ockenden, Apropos of Henry Lyte, Tsis
25 (1936). pp. 135-136. L . .

- (*% Clavius’ table appeared with his Astrolabium (1593). It also appears as a separate
item’in Tome I of Clavius’ Opera mathematica, Moguntiae, 1612, 5 vols. (H.). The title is:
Sinus vel semisses rectarum in circulo subtensarum: lineae tangentes atque secantes. On p. 54 the
sexagesimal division is compared with the decimal one, the names Peurbach, Regiomon-
tanus, and. Appianus ate mentioned, but not Stevin, See also J. Ginsburg, On the Early
History of the Decimal Point, Amer. Mathem. Monthly 35 (1928), pp. 347-349.
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Bolognese astronomer G. A. Magini, who in his text on plane triangles of 1592
taught that, in writing decimal fractions, integer and fractional part should be
separated by a comma, such as 6822,11 (21). In Magini and Clavius we probably
have the first authors to use our present notation (22).

Jost Biirgi (1552-1632), of Kassel and Pragie, who with Napier is considered
the inventor of logarithms, has a claim to the invention of decimal fractions; at
any rate, Kepler thought so. We know that Biirgi used them after 1592, but his
book Arithmetica remained in manuscript. He wrote 141y4 for 141.4. On the
title page of Biirgi’s published Progress Tabulen of 1620 we find 230270022
for our 230270.022 (28). Kepler, who claimed in 1616 that “this kind of
fractional calculus has been invented by Jost Biirgi for the calculus of sines”, used
the notation 3(65 for our 3.65. With these fractions, he wrote, we can perform
all arithmetical operations just as with ordinary numbers (24).

Another claimant for the title of inventor of decimal fractions is Johann Hart-
mann Beyer (1563-1625) of Frankfurt a. M. He called his calculus the dekarith-
mos and in his Logistica decimalis of 1619 wrote that he invented this method
of reckoning with decimal fractions in 1597 under the influence of astronomers,
or “star-artisans”. There are reasons for not taking these claims too seriously,
since Beyer's notation and nomenclature is rather reminiscent of Stevin; he quotes
the Dutch surveyor Sems, who recognized Stevin’s influence, and when, in 1619,
he dedicated another book to Prince Maurice of Orange, he may well have been
aware who was Maurice’s principal mathematical adviser. It is, of course, possible
that this indirect acquaintance with Stevin only came about after Beyer had had his

) i ) o I HIIIVV VI
happy inspiration in 1597. In his book we find such notations as 123 4593 7 2

0 VI
or 123 459.372 (25).

%Yy Toanni Magini Patavini... de planis triangulis liber anicus. .. Venetiis- 1592, p. 47:
‘Separabis virgulas duas quoque ultimas notas ad dextram sic 6822, 11 et 3117, 82: hoc
autem processu illi numeri divisi erunt per numerum 100 prior quidem intelligetur 6822
cum 11 centesimis’. Decimal fractions also appear in Magini’s Tabulae primi mobilis,
1604. See J. Ginsburg, On the Early History of the Decimal Point, Scripta Mathematica 1
" (1932), pp. 84-85. L .

22) Some writers list among the books of this period in which decimal fractions are
found Thomas Masterson, His first booke of Arithmeticke. .. London, 1592, 4 + 21 pp.
But all we find here is an occasional decimal separatrix in a division by a power of 10, £.2.
quotient | remainder

9847 35 ; . .

was not high, he refers to a correspondence he had with Stevin and with Coignet on

certain errors he had found in their work and which he proposed to correct; they seem to
deal with problems of compound interest. See our introduction to Tables of Interest, foot-

note %), ' i

(*®) Buirgi’s Arizhmetica was completed some time after 1592. It remained in manu-
script, inspected by Kepler, see footnote 24). On Biirgi’s Arithmetische und geometrische

Progress Tabulen, Prag 1610, see M. Cantor Lc. 5) p. 567; O. Mautz, Zur Stellung des

Degimalkommas in der Biirgischen Logarithmentafel, Verhandl. Naturforscher Ges. Basel

32 (1901-02), pp. 104~106.

" () ). Kepler, Ausgzug ausg der Uralter Messe Kunst Archimedis (known as Oesterreichi-
sches Wein—Visier-Biichlein), Lintz, 1616, rept. in Kepleri Opera omnia, ed. Frisch V, 1864,
Pp- 498-613. On p. 547: ‘Diese Art der Bruchrechnung ist von Jost Biirgen zu der Sinus-
rechnung erdacht. . . Indessen lesset sich also die gantze Zahl und der Bruch mit einander
durch alle species arithmeticae handeln wie nur ein Zahl’, :

(%5) Logistica decimalis : das is Kunst Rechnung der Zebentheyligen Briichen. . . beschrieben durch
Jobann Hartmann Beyern. .. 1619, Frankfurt, 230 pp. On p. 22: ‘Zu der Invention dieser

984735 divided by 100 is written: . Masterson’s opinion of Stevin
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A somewhat controversial figure in the present-day literature on the history
of decimal fractions is Bartholomeus Pitiscus (1561-1625), of Heidelberg, who
wrote a Trigonometria, published in editions of 1595, 1600, 1609, and 1612.
This is the first book to .use the term trigonometry. There is no doubt that
Pitiscus knew decimal fractions; he used them freely. The controversial question
is whether hé used a decimal point (as did Clavius). It seems that while: he
used notations such as 02679492 for our 0.2679492, and 13]00024 for our

13.00024, and also 2982 it cannot be claimed that the dots he used for breaking

up large numbers into groups to facilitate -reading can be considered as decimal
points (26).

§ 4.

The man who must rank with Stevin in his influence on the development of
décimal fractions was no less a person than the Laird of Merchiston, John Napier
(1550-1617), the inventor (or co-inventor with Jobst Biirgi) of logarithms.
Napier..is also primarily responsible for our present notation with the point as
decimal separatrix. The. first edition of Napier's Descriptio (1614) is decimal in
so as far that it contains sines based on R = 107, but there are no decimal fractions
yet. We find them, with a point as separatrix, in a passage in Edward Wright's
English translation of the Descriptio (1616) (27). Napier's Rabdologia- of
1617 hails. Stevin and adopts his principle, it also proposes the notation 1993,273

273

. . B . . ren 4 25
(with point or comma) for 1993 oo using also 821,2’5” for 821 7, as well

as a decimal fraction with 1014 fully written out in the denominator (28).

Zehentheiligen Briichen ist mir erstlichen Anno 1597. .. von den Gestirnkiinstlern fol-
gender gestalt Anlasz gegeben werden’. The whole page is reproduced on p. 221 of
G. Sarton, /.¢.%). There exists an earlier version of the Logistica decimalis: Eine neue und
schine Art der Vollkommenen Visierkunst. . . Frankfurt 1603, 191 pp., with a Latin version,
also of Frankfurt 1603 : Stercometriae inanium nova et facilis ratio. Here Beyer published
his ideas on decimal fractions for the first time. See G. Sarton, /c.2), pp. 178-180,
with facsimile titlepage reproductions. On Beyer’s relation to Sems, see K. Hunrath 2¢.9).
. (2%) On the different editions and translations of Pitiscus’ Trigonomesria, see R. C. Archi-
bald, Mathem. Tables and Other Aids to Computation 3 (1949) pp. 390—397, with full biblio-
graphy. The title of the 1600 ed. is Trigonometria sive De dimensione Triangulorum Libri
guinque. .. Augsburg 1600, VIII 4 371 pp. (H). Of the literature on Pitiscus and the
ecimal point in general we mention: N. L. W. A. Gravelaar, Pitiscus’ Trigonometria,
Nieuw Archief v. Wiskunde (2) 3 (1898), pp. 253—278; De notatie der decimale breuken, ib.
(2) 4 (1899), pp. 54-73; F. Cajori /c.2) pp. 317-322, with full discussion; J. W. L.
Glaisher, On the Introduction of the Decimal Point into Arithmetic, Report 439 Meeting
British Assoc. Adv. Science, London, 1874, pp. 13~17; J. D. White, London Times
Liter. Suppl., Sept. 9, 1909; D. E. Smith, The Invention of Decimal Fractions, Teachers
College Bulletin (New York) 5 (1910), pp. 11-21.

3"y Mirifici Logarithmorum Canonis descriptio. .. Authore ac Inventore Ioanne Nepero. . .
Edinburgi, 1614, 8 + 57 + 91 pp. Transl.: A description of the admirable table Z[
logarithmes. .. translated into English by the late... Edward Wright... London, 1616,
22 + 89 + 91 + 8 pp. The so-called decimal point may not have been intended as
such, see F. Cajori /.¢.%) p. 323. .

(*%) Rabdologiae, seu numerationis per virgulas libri duo. .. Authore et Inventore Ioanne Ne-
pere.’. . Edinburgi, 1617, 12 + 154 + 2 pp. On p. 21 is the ‘Admonitio pro Decimali
Arithmetica’ with the words. .. ‘quas doctissimus ille Mathematicus Simon Stevinus in
sua Decimali Arithmetica sic notat, et nominat (1) primas, (2) secundas, (3) tertias. ..’

The notation 821, 2’ 5% is on p. 39. .
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In the posthumous Constructio (1619) we find the Laird more consistent; at
the very beginning, in Prop. 5, we find the principle clearly stated: “whatever
15 written after the period is a fraction”. Hence 25.803 means 25‘%% (29). The ap-
pendix to the Constructio, written by Henry‘l\?’riggs',‘uses the notation 25118865 -

We pow enter the period of the great tables of logarithms, in which the
decimal notation for fractions is taken for granted. Briggs, in the Arithmetica
Logarithmica of 1624, which lists logarithms to the base 10, uses the comma
as decimal separatrix (also for other purposes, as in -4,40141,77793 for
log 25201). Vlacq, who completed Briggs’ tables, continued this practice of using
the comma, so that we find in his work such familiar expressions as 0.47712
for log 3 (30). The separation of mantissa and characteristic by some symbol such
as a point or comma is a natural result of the listing of logarithms in tables, and
leads naturally to decimal fractions in our modern notation when 10 is accepted
as the base. - C

Stevin's, Napier's, and Briggs’ contributions were combined in the Eerste Deel
van de Niewwe Telkonst (1626) and the Tweede Deel van de Niewwe Tel-
konst (1627) by the Gouda survéyor Ezechiel De Decker (31). Here we find
together Stevin’s Thiende, Vlacq's translation of the Rabdologia, and the
Briggsian logarithms of all numbers from 1 to 106. These two Telkonst books
testify to the triumph of the decimal system. They stress three essential
aspects of this victory: the Hindu-Arabic notation with the modern digits, the
decimal fractions, and the logarithms to the base of 10. One change was still to
come, though it was implicit in the frame of the decimal system: the rewriting of the
trigonometric tables to a unit R = 1. Other deviations from the decimal method,
such as the measurement of angles, of weights, of lengths, of volumes, continued
to form a subject of discussion and disputation for many years and even now have
not been removed to everybody’s satisfaction. )

§ 5.

The further history of the decimal fractions is not without a certain interest.
There were loyal Stevin followers, followers who preferred some modification of

(%%) Mirifici Logarithmorum Canonis Constructio. . . una cum Annotationibus aliquot doctissimi
D. Henrici Briggii. .. Authore’et Inventore Ioanne Nepero. .. Edinburgi 1619, 68 pp. On
p. 6: ‘In numeris periodo sic in se distinctis, quisquid post periodum notatur fractio est, -
cuius denominator est unitas cum tot cyphris post se, quot sunt figurae post periodum’, —
There exists an edition printed in Lyons, 1620, 64 pp. in which Briggs’ notation by mistake
is rendered 25118865. There also exists an English translation: The construciion of the
wonderful canon of logarithms by Jobn Napier, translated by W. R. Macdonald, Edinburgh and
London, 1889, XIX + 169 pp, with bibliography.

(3%) Tweede deel van de Nieuwe Telkonst, ofte wonderliicke konstighe tafel, Inhoudende de Loga-
rithmi, voor de getallen van 1 af tot 100.000 toe. .. door Exechiel De Dekker. .. Ter Goude,
P. Rammaseyn, 1627. Vlacq computed those tables which Briggs had not yet published.
The book was followed by Arithmetica Logarithmica, sive Logarithmorum Chiliades Centum,
pro Numeris naturali Serie crescentibus ab Unitate ad 100.000.~ aucta per A. Vlacg, Goudae,
P. Rammasenius, 1628; also in a French version of the same year. See M. van Haaften, Ce
West pas Viacq, en 1628, mais De Decker, en 1627, qui a publié le premier une table de logarith-
mes étendue et compléte, Nieuw Archief v. Wiskunde (2) 15 (1928), pp. 49-54, sce also ibid.
31 (1942), Pp. 59-64. ~ :

(1) See /.c. (*%) and (°). This Eerste Deel contains the Dutch translation of the Rabdologia.
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~ his system, but maintained special symbols for the primes, seconds, etc., followers -
of Napier and Briggs, and writers who ignored the invention. Among the loyal
Stevin followers we reckon the surveyors Dou, Sems, and De Decker, Albert.
Girard and Professor Van Schooten at Leiden. Van Schooten, in his Exercita-
tionum mathematicarum liber of 1657 preferred 525(3) to 5(2®5@®), but some-
times also wrote the redundant forms 27,3(D) or 27.3(D) (32). At the end.of the
seventeenth century we find the military engineer De la Londe with such a no-

tation as 2’,4”,3",51V or 2435V or O|2435 (38), and the mathematician Ozanam

@000 .
with 3 8 2 4 5 9 or 382459(2); both authors refer to Stevin and call his method

la dixme (34). As late as 1739 we find I'abbé Deidier teaching that decimal
fractions should be written as 89,5127V or 895276!V, though he used the

ordinary point notation for logarithms (35). The final judgment in favour of our
present notation may well be ascribed to Euler, and in particular to that book of his
which established so many of our mathematical customs (including the reference
of sines, tangents, etc. to the radius R = 1), the Introductio in analysin infini-
torum of 1748. There remained some difference in form and position of the
decimal separatrix; we still find 5,7 as well as 5.7, 57, and 5°7.

‘(3’) Francisci 4 Schooten, Exercitationum mathematicarum liber primus. .. Lugd. Bat.
1657, ptef. 4+ 112 pp. On p. 19 the author expresses ‘stuivers’ and ‘duiten’ in florins

and writes: ‘10 stuft, 8 den’, as 525(3) (one florin = 20 st.; 1 st. = 6 den.) The notation

27.3 () and 27,3 () on p. 49; on p. 99 we read 14%.

(®) De la Londe, Traité de larithmétique dixme.Litge[?]. The author was one of Vauban’s
trusted engineers, commander of the corps de génie during the first siege of Philippsburg
(Baden) in 1676. During 1682-83 we find him in charge of the Flemish Earriérc fortresses,
and in 1688 again at Philippsburg during the second siege. During this siege he was killed
by a canon ball. See A. Allent, Histoire du corps impérial du génie 1, Paris, 1805, pp. 137, 164,
221, 225, 228; Lazard, Vauban, Thése Patis, 1934, pp. 139, 140; R. Blomfield, Sebastien /e
Prestre de Vauban, 1633-1707, London, 1938, p. 86. — The title of De la Londe’s book is
given by F. T. Verhaeghe, Spreekbeurt, uitgegeven door de Kon. Maatsch. v. Vadetl. Taal-
en Letterkunde te Brugge, 1821, p. 76; S. van de Weyer Steviniana, in Simon Stevin et
M. Dumortier, Nieuport 1845, and A. J. ]J. van de Velde, Meded. Kon. Vlaamse Acad.
voor Wetensch. 10 (1948), with differing data. Terquem, Notice bibliographique sur le calcul
décimal, Nouvelles Annales de Mathém. 12 (1853), pp. 195—208, mentions a L’ Arithmétique
des ingénienrs contenant le caleul des toises, de la magonnerie, des terres et de la charpente, par M. de
la Londe, 1e ed. 1685, 2¢ ed., Paris, 1689, 144 pp. This book adopts Stevin’s system. Our
example of De la Londe ’s notation is from L. Gougeon, Abrégé de I’ Arithmétique en
Dixme. .., an appendix to Paralléle de Iarithmétique vulgaire et d’une autre moderne inventée
par M. de la Londe, ingénieur général de France, Liege, 1695, 259 pp., 2 book also mentioned
by Terquem.

(3%) L’usage du compas de proportion. .. par M. Ozanam, La Haye, 1691, 216 pp. The
Traité de la Dixme is on pp. 198—216.

(3%) Suite de 1> Arithmétique des géométres. . . par M. Pabbé Deidier, Paris, 1739, 6 + 416 p{).
The chapter ‘Des fractions décimales’ is at the end, pp. 411—416. Deidier was not the only
one to make a difference in the notation for decimal fraction and for logarithms. In the
Eléments de mathématiques par M. Rivard, 6e éd., Paris, 1768, Premitre partie, 271 pp.,
we find decimal fractions in the redundant form 4.2511(p. 208), but logarithms without
any decimal separatrix, log §7 = 17558749. For other examples of decimal notations in
the 17th & 18th centuries see the literature under %), Terquem, /.¢.33) and F. Cajori, A List
of Oughtreds’ Mathematical Symbols, with historical notes, Un. of California Publ. in
Mathematics 1 (1920), pp. 171-186, esp. footnote %). .
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§ 6.

Stevin had yet another purpose with his pamphlet. He proposed to replace
the confused systems of weights and measures of his day by a system based on
the decimal division of one unit. He did not propose anything about the nature
of the unit itself: he only pointed out the advantages of a decimal subdivision.

Attempts at the uniformization of measuring systems have been made when-
ever states were in process of consolidation. We know of such attempts by
Frankish and French kings as far back as Charlemagne and Charles the Bald. To
give an example closer to Stevin's days: in 1558 the French States General, in 2
request to Henry II, ordered the reduction of the weights and measures of the
kingdom to those of Paris (36).

Stevin’s proposal was made at a time when the Northern Netherlands, after
having officially constituted themselves as an independent commonwealth in 1581,
were faced with this task of consolidation. This must have seemed to Stevin an
appropriate time to press his suggestions. Here was a field in which the mathema-
tician and the engineer could collaborate with the man of business for the
common weal. Stevin dedicated his work to men of practice, for whose benefit
he wrote and published it in the vernacular (37). He wanted to be read outside
the charmed circle of humanists and cossists.

He pointed out how useful the decimal subdivision would be to particular
crafts. Let the surveyors apply it to their unit, the rod (la verge), the tapestry
measurers to their unit, the ell ("aulne), the wine gaugers to the “aem” (I'ame), the
astronomers to the degrees of the circle, the masters of the mint to their ducats
and pounds. Stevin knew at least one precedent: at Antwerp the “aem” was already
divided into 100 “potten”. He also knew of surveyors who, on his advice, were
using yardsticks with a decimal division (38). Stevin himself declared that he
‘would use the decimal scale in his planned treatise on astronomy. However, his
later book on this subject has no such innovations. !

It is well known that Stevin’s proposals on the reformation of weights and
measures did not meet with the same success as his proposals on the reformation of
fractions. Not until the French Revolution was anything of permanent importance
accomplished in the decimal uniformization of scales, and then it took place as
part of a reform which also standardized the units themselves. However, some

(®%) G. Bigourdan, Le systéme métrique des poids et mesures, Paris, 1901, VI + 458 pp., see
pp. 5 ff.; A. Favre, Les origines du systéme métrigue, Paris, 1931, 242 pp. Neither Bigourdan
nor Favre mentions Stevin.

(*") The French edition of De Thiende, l.c. 1), catries on the front page the words:
‘gemieremenl descripte en Flaméng, et maintenant convertie en Frangois, par Simon Stevin de

ruges.

(%) H. R. Calvert, Desimal Division of Scales before the Metric System, Isis 25 (1936),
pp- 433-436. The oldest decimal division on a scale reported by this paper is the one
described ‘in The Mathematical Jewel by J. Blagrave, 1585. The book by Henry Lyte,
(l.c.) (**) contains the following advertisement: “Those that would have either the Yard
or two foote Ruler made very well according to the Arte of Tens with tables for that
purpose I have set downe in this booke let them repaire to Mr. Tomson dwelling in
Hosier Lane, who make Geometricall Instruments.” About an assayet’s Probierbichlein
of 1578, written perhaps c. 1555 or earlier with a decimal system of weights see C. S.
Smith, Isis 46 (1955), pp- 354-357-
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attempts at decimal scales were made before that period, though they may not
always have been wholly or partly due to Stevin’s influence. We have already
mentioned - the occasional decimal division of surveyors’ yardsticks.' Of more im-
portance were the attempts at a decimal division of angles. Such attempts date
from far back; there exists in Munich a Latin codex of about 1450, in which
a certain Ruffi proposes the division of a degree into 100 minutes, and of a
minute into 100 seconds (39). The first printed tables with a decimal angular di-
visioni are found in Briggs' Trigonometria britannica (49). Briggs acknowledges
his indebtedness to an idea of Viéte, but we also know that he was acquainted with
Stevin's ideas (41). These tables still have a quadrant of 90, not of 100,
degrees (42). This was in accordance with Stevin, who did not challenge the di-
vision of the quadrant into 90 degrees, but only the subdivision of the degrees. This
reform did not meet with ready acceptance, and it was not until the period of the
French Revolution that we find tables with a decimal division of angles, now also
with a centesimal division of the quadrant. The continuity with the older work is
preserved, since both the Borda and the Callet tables, which date from this
period, refer to Briggs and to Vlacq-(whose publisher, Rammaseyn, was also
Briggs’ Dutch publisher). Laplace, in his Mécanique céleste, adopted the decimal
division of the degree, but not of the quadrant. The decimal division of the
quadrant itself is now fairly generally accepted in surveying; in other fields it is
making progress and- even when the sexagesimal division is used, the fractions
in the seconds are always decimal: 5°7'8.5” (43).

The standardization of the units themselves has also had its unsuccessful
pioneers. An example is the proposal to use the seconds pendulum as the standard
of length, to which in the second half of the seventeenth century such men as
Mouton, Picard, Wren, and .Huygens committed themselves. The system which
the French committee during the Revolution accepted, and which was based on
the metre as the forty-millionth -part of the earth’s circumference at the equator,
goes back to another proposal of Mouton (4¢). But even now there is still plenty
of disagreement on the subject of the standardization of units. It is a cause of satis-
faction that in scientific work the C.G.S. system has been uniformly accepted. No
unit in this system has as yet been called after Stevin.’

(®®y See Mathem. Tables and Other Aids to Computation T (1943~45), p- 33.

(1%) Trigonometria britannica sive De doctrina triangulorum libri duo. .. a Clar. Doct.. . .
Henrico Briggio. . . Goudae 1633. These tables are preceded by 110 pp. of trigonometry
by H. Gellibrand. The unit is R = 10%°,

(*1) On Viéte’s influence, see R. C. Archibald and A. Pogo, Briggs and Vieta, Mathem.
Tables and Other Aids to Computation 1 (1943—45), pp. 129— 130. An illustration of Stevin’s
influence is Gellibrand’s use of Stevin’s (1), ,. .. forx, x2,. .. .

(*%) A follower of Stevin was ]. Verrooten: Euclides zes eerste bockken van de beginselen der
wiskonsten, in Neerduits vertaald door Jacob Willemsz. Verrooten van Flaerlem. .. Hamburg,
1638, 344 pp., who divides the quadrant into 10 parts or (), every (D) into (@) ....;
his unit is R = 1010,

(*3) R. Mehmke, Bericht iiber die Winkelteilung, Jahresber. Deutsch. Math, Ver. 8, Erstes
Heft (1900), pp. 139-158; P. Wijdenes, Decimale tafels, Euclides 13 (1936/37), pp. 193—
217; R. C. Archibald, Tables of Trigonometric Functions in Non-sexagesimal Arguments,
Mathem. Tables and Otber Aids to Computation 1 (1943-1945), pp. 3344, 160, 400—401.

d 943-1945), PP- 3344, , 400—4

(**) G. Sarton /. 2) pp. 190-192; G. Bigourdan /.¢. %), pp. 6, 7.
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§ 7.

Two facsimile reprints of Stevin’s pamphlet have been published. The original
Dutch edition of 1585 was reproduced in 1924 by H. Bosmans, the French
version of the same year in 1935 by G. Sarton. A modern English translation
has been published by Vera Sanford in D. E. Smith’s Sowrce Book of
Mathematics (45).

NOTE. The Persian astronomer Al-Kashi, who lived for a while at the court
of Ulugh Bey at Samatkand, and died in 1429, worked freely with decimal frac-
tions. See D.G. Al-Ka$i Kljué Avifmetiki, Traktat ob Okrufnosti, translated and
ed. by B. A. Rozenfel'd (Moscow 1956), 566 pp., especially 6. 62, where, in
the “Key to Arithmetic”, is shown how to multiply 14.3 into 25.07, answer
358.501. — According to Y. Mikami, The Development of Mathematics in
China and Japan, (Abh. zur Gesch. d. math. Wissensch. XXX), Leipzig 1913,
p- 26, Yang Hui (second half 13th century) showed that 24.68 x 36.56 =
902.308..

%y The Dutch text of the 1585 edition has been reproduced in fascimile in De Thiende
de Simon Stevin. Fac-simile de Iédition originale Plantinienne de 1585. Avec une introduction par
H. Bosmans, Ed. de la Soc. des Bibliophiles Anversois Nr 38, Anvers et la Haye, 1924,
41 + 36 + (1) pp. The French text of the edition of 1585 of La Pratique d’ Arithmétique
is reproduced in facsimile in G. Sarton L¢. %) pp. 230-244. ’

The Sanford translation can be found on pp. 20-34 of D. E. Smith, Source Book of
Mathematics, New York-London, 1929. :
Here are some other publications in which De Thiende is discussed: H. Bosmans, La
Thiende de Simon Stevin, Revue des Questions Scientifiques, Louvain 77 (1920), pp. 109—
139; M. van Haaften, De Thiende van Stevin, De Verzekeringsbode, 4 Dec. 1920, pp. 73—
77; V. Sanford, The Disme of Simon Stevin, Mathematics Teacher, New York, 14 (1921), pp.
321-333; F. Cajori L¢.2) pp. 154-156; R. Depau, Simon Stevin, Bruxelles, 1942, pp. 58-70;
E. J. Dijksterhuis, Simon Stevin, ’s Gravenhage, 1943, pp. 65-69.




THIENDE

Leerende door onghchoorde lichricheyt
allen rekeningen onderden Menfchen
noodich vallende, afveerdighen door
heele ghetalen fonder ghebrokenen.

Befchreven door S1MoN STEVIN

van Brugghe .

Tor LEYDEN,

By Chriftoffel Plantijn.

M. D. LXXXV.
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DIME

THE ART OF TENTHS

or

Decimal Arithmetic,

Teaching how to perform all computations
whatsoever by whole numbers without
fractions, by the four principles of
common arithmetic, namely: addition,

subtraction, multiplication, and
division,

Invented by the excellent mathematician,

SIMON STEVIN.

Published in English with some additions
by '

Robert Norton, Gentleman.

Imprinted at London by S.S. for Hugh
Astley, and are to be sold at his
shop at St. Magnus’ Corner. 1608.1)

1) This English translation of DeT hiende was prepared by Richard Norton and published
in 1608 ; for the title see footnote 18) of the Introduction. The booklet contains a literal
translation, almost certainly from the French version, with some additions: a) a short
preface “to the courteous reader”, b) a table for the conversion of sexagesimal fractions
into decimal ones, and c) a short exposition on integers, how to write them, to perform
the main species and to work with the rule of three. This exposition is taken from Ste-
vin’s L’ Arithmétique and we deal with it in the proper place. In using Norton’s transla-
tion we have mogemized the spelling and corrected some misprints.

The translator, Richard Norton, was the son of the British lawyer and poet Thomas
Norton (1532-1584) and a nephew of Archbishop Cranmer. The father is remembered
as the co-author of what is said to be the first English tragedy in blank verse, Gorboduc
(acted in 1561) and as a translator of psalms and of Calvin’s Institutes. The son,according
to the Dictionary of National Biography 41 (1895), was an engineer and gunner in the
Royal service, became engineer of the Tower of London in 1627 and died in 1635. He -
wrote several texts on mathematics and artillery, supplied tables of interest to the 1628
edition of Robert Recorde’s Grounde of Arts and seems to have been the author of the
verses signed Ro: Norton, printed at the beginning of Captain John Smith’s General/
hbistorie of Virginia, New England and the Summer Isles, London, 1624.

On Norton see also E. J. R. Taylor, The Mathematical Practitioners of Tudor and Stuart
England. Cambridge, Un. Press 1954, XI + 442 pp.

Norton calls Stevin’s method both Dime and The Art of Tenths in the title, but in the
text only uses the term Dime.

We reproduce this translation of De Thiende through the courtesy of the Houghton
Library of Harvard University, Cambridge, Mass.




DEN STERREKYCKERS,
LANDTMETERS S,
Tapijtmeters, Wijameters; Lichaemme-
tersint ghemeene, Muncmeefters, ende
allen Cooplieden; wenfcht Simon
STEVIN Gheluck.

§W EMANDT anfiende de

cleenbeyt defes boucx, ende
D5 Grootheyt van ubeden mij-

die verghelsjckende met de

#eE. HE ER EN andevvelke bet toe-
gheeyghent vyort, (ol byghevalle uyt [odani-
ghe onevenbeyds ons voornemen onge[chic?
achten ; Macr [o0 by de Everedcnhcydt Propor-
infiet , vvelcke #s gheliick  defes Pam-"
piers Weynicheyt , tot dier Menfchelic-
ker Cranckheyt , alfoo defes groote Nut-
bacrheden, tot dier hooghe Verfanden, [al
hem bevinden de uyterfle Palen met mal- rominn.
canderen vergheleecken te bebben , yvel-
ke naer alle Everedenbeyts Verkeeringe dut
 mict en ljden: De derde dun tot de vierds.
Macer voat fal dit voorgheftelde doch fin?
eencrs yvonderlicken diepfinnighen Vonds?
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2, Neen
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THE PREFACE OF SIMON STEVIN.

To Astronomers, Land-meters, Measurers of Tapestry, Gaugers,
Stereometers in general, Money-Masters, and to all
Merchants, SIMON STEVIN wishes health.

Many, seeing the smallness of this book and considering your worthiness,
to whom it is dedicated, may perchance esteem this onr conceit absurd. But if
the propottion be considered, the small quantity hereof compared to human
imbecility, and the great utility unto bigh and ingenious intendments, it will be
found to have made comparison of the extreme terms, which permit not any
conversion of proportion. But what of that? Is this an admirable invention?




4 - '
. Neen Voorvvaer , macr eenen handel oo
~ gantfch flecht, datfe naw Vondts name
vveerdich en ss,yvant ghelick een grof Men-
Jebe vvel byghevalle eénen grooten Schadt
Vindt, om[z%' eenighe confle dacr in ghelegen
te fijne, alfo sft hier oock toegheghaen: Daer-
om 00 my yemandt om t"verciren “haerder
prouffijtelickbeyds, vuilde achten oor eenen
Eyghenlover mijns verflandss, by bethoont
Jonder tvvifffel , ofte in hem noch cirdeel
noch vyetenfchap des onder(cheydts te fijne,
van het flechte buyten et befonder of te dat
by een benijder 1s der Glhemeene vvelvaert:
- Maer tfly dacrmede hoet vyil, cm diens on-
nutte lafler, en moet defes nut niet ghelaten
[fijn. Ghelsjck_dan een Sc/sifz)er by ghevalle
Zhevonden hebbende een onbekent Eylands,
d Coninck floutelick vercluert alle de coffe-
lickbedévan dien als i1 hem te bebbe Scheo-
ne Vruchté,Goudtbergen, Luftige Landan-
vven,etc.[onder dat [ulcx tot fijns felfs ver-
heffing ferect. Alfo (ullé vvy hier Yrymoedich
[preken van defes Vonds Groote Nutbacr-
heydt
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No certainly: for it is so mean as that it scant deserves the name of an invention,
for as the countryman by chance sometime finds a greas treasare, without any
use of skill or cunning, so hath it happened herein. Therefore, if any will think
that 1 vaunt myself of my knowledge, because of the explication of these utilities,
out of doubt be shows himself to have neither judgment, understanding, nor
knowledge, to discern simple things from ingenious inventions, but he (rather)
seems envious of the common benefit; yet howsoever, it were not fit to omit the
benefit hereof for the inconvenience of such calumny. But as the mariner, having
by bap found a ceriain unknown island, spares not to declare to his Prince
the riches and profits thereof, as the fair fruits, preciouns minerals, pleasant
champions 2), etc., and that without imputation of self-glorification, even so

2) Champion, comp. French “champagne”, field, landscape. Comp e.g. Deut. XI, 30,author.
transl. of 1611: “the Canaanites which dwell in the campions”.
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heyds, Groote [eg ick,, ja Grooter danick -~
- _dincke yemandt van uheden vervvachs, fon-
der dat bet keeren can tor mijn Eygenroem.
eAnghefien dan dat de Stofle defer Voor- Hai.
gbgﬁeﬁr Thicade (diens naems Oirfake de
Volgende cerfte Bepalinghe verclaren ful) oo
15 Ghetal,yviens Dacts nutbaerbeyds yeder s
Van ulseden door de ervaring genouch bekgt
#, 0 en valt dacr af hier met vele ghefeytte
vvorde,vvant ift een Sterrekij cker, by vveet A
dat de Werelt door des Sterrecontis Re- Sf;;éfj;
keningg, als Maeckende Oirfaecke der con- roami-
Jiighe erre Seylaigen (vvant de verkeffing
des Evenaers ende Afpunts, lert [y den g
Stierman duer ¢ iddel vande Tafel des do-"" """
gelofchen afiwijck els der Sonnen, Men be-
Jckrifft door haer der plactfen voare langden
ende brecden, oock der félver Veranderingé
op yder Streecke,@/c. )eer prieel der yyelly-
Jeicheydt gevvorden s, overvisedich tot e-
e plactfen, van dies et Eertrijck daer noch-
tansuyt der Natucren niet voortbrenghen
en can. Macr vvant {elden befoeten fon-

A der
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shall we speak freely of the great use of this invention; 1 call it great, being
greater than any of jyou expect 1o come from me. Seeing then that the
matter of this Dime (the cause of the name whereof shall be declared by
the first definition following) is number, the use and effects of which your-
selves shall sufficiently witness by your continual experiences, therefore it
were not necessary to use many words thereof, for the astrologer knows that the
world is become by computation astronomical (seeing it teaches the pilot the
elevation of the equator and of the pole, by means of the declination of the sun,
to describe the true longitudes, latitudes, situations and distances of places, etc.)
a paradise, abounding in some places with such things as the earth cannot bring




6
der befueren, foen s ben oock, de moeye-
lickbeyt fodanigher rekeningen niet verbor-
ghen,door de laftighe Menichvuldighingben
endz Deelinghen,dieder rijfen wyt de tfeflich
P deelige voortganck der Boogskens, dicge-
" noét yvorden Gradus,Minuta, Secunda,
“Tertia,ctc. Muaer ift een Landtmeter hem ss
bekgt de groote yvelduet,die de Werels omt-
fangt uyt fiine Conffe, door de vvelcke vele
[vvarichede ende tvvyffen gefchouvvet vvor-
de, dic om des Landts onbekende inbout on-
der de Menfchen daghelijcx rijfen foudé. Be-
neven dit [oen [ hem oock_niet verholen
(~voornamelick den gené die van [ulex eel
te doen valt ) de verdrittighe Menichoulds--
gingen dieder kﬁ)r@ten,»glt de Roeden, Vee-
ten, ende dickmael Duymen onder malcan-
deren, vvelcke miet alleene moeyelick en fijn,
macr (hoe vvel nochtans het meten ende
dander Voorgaende recht gedaen fijn) dick-
mael oira acf van dyvalinghe, ffreckende tot
groote fchade van deféen of dien ; oock_tot
Verderfnss Vande goede Mare des Mete’:;' :
_ i
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forth in other. But as the sweet is never without the sour, so the travail in such
computations cannot be unto him bidden, namely in the busy multiplications and
divisions which proceed of the 60th progression of degrees, minutes, seconds,
thirds, etc. And the surveyor or land-meter knows what great benefit the world
receives from his science, by which many dissensions and difficulties are avoided
which otherwise would arise by reason of the unknown capacity of land; besides,
be is not ignorant (especially whose business and employment is great) of the
troublesome multiplications of rods, feet, and oftentimes of inches, the one
by the other, which not only molests, but also often (though he be very well
experienced) canses error, tending to the damage of both parties, as also to the
discredit of landmeter or surveyor, and so for the money-masters, merchants, and




-
Ende alfo met dé Muntmeeflers, Cooplieden
ende yegelick int fijne :maer o vele die vveer-
diger, ende de vvegé om dacr toe te commen
moeyelicker fijn, [o0 veel te meerder is defe
Groote Ontdele THIENDE, vvelcke
alle dhe fivaricheden gantfch te nederleghe.
Magr hoe? Sy leert (op dat ick met ¢ vvoore
vele fégghe) alle rekeninghen die onder de
Menfcten noodich vallen af veerdigé (onder
gebroken getalen: Inder vougen dat der Tel-
conftens vicr cerfle flechte beghinfelen, die-
men noemt Vergaderen, Aftrecken, Menich-
Wldtgbm,emﬁg Duelenmet heele getalen tot
defen genouch docn: - Dexgelsicke lichticheyt
oock veroirfacckende, den genen die de leg-
penmingé gebruycken, fo buer naer opentlck
blijcken fal: Nu of bier duer ghevvonnen [al
vvordden d coftelicken oncoopelicken Tije, Of
bier duer behouden fal vvords tgene ander-
[fins dickmacl verloren {oude gazn, OF bier
duer gevveert [al vvorden Moeyte, Dvvalin-
ghe; Tvuift,Schade, ende ander Ongevallen
dife gemeenclick olgends das flelle ik geer-
4 7e
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each one in bis business. Therefore how much they are more worthy, and the
means to attain them the more laborious, so much the greater and better is this
Dime, taking away those difficulties. But how? It teaches (1o speak in a word)
the easy performance of all reckonings, computations, & accounts, without broken
numbers, which can happen in man’s business, in such sort as that the four
principles of arithmetic, namely addition, subtraction, multiplication, & division,
by whole numbers may satisfy these effects, affording the like facility unto those
that use counters. Now if by those means we gain the time which is precious,
if bereby that be saved which otherwise should be lost, if so the pains, contro-
versy, error, damage, and other inconveniences commonly happening thercin be




e tot ulieden oirdecle.  Angaende my ye-
 mands [egghen mochte, dat vele faecken jnt
eerfte anfien dickmael befonder gelaten,maer
dlfmenfe int vverck yvil ffellen [0 en canmen
dacr mede miet wytrechten ende helijct met
de Vonden der Roerfouckers dickyvils toe-
gaet, vvelcke int cleene goeds fijn, macr. int
groote en dq&;gm [y niet.Dien verantvyoor-
den vuy alfulck tvvijffel bier geenfins te vve-
fen, overmidts het int groote , dat 1sinde
Jaecke felver, nu dagelsjcx metter Daet ghe-
nowch verfocht vyort, te vveten door ver-
[cheyden ervaré Landtmeters albier in Hol-
Lands, die vy dat vercluert hebben, vvelcke
(verlatende tghene [y tor Verljclgtifzghe Van
dhen dacr toe gevonden hadden elck naer fijn
‘maniere) dit gebruycken tot hun groote ver-
nouginge ende met [ulcken vruchten, als de
Nature vvijf? daer uyt nootfaeckelicken te
moeten Volghen: Tfelve (al yeghehcken van
uheden mijne E. HE E R EN vvedervare,
de doen (ullen als [yhieden.Vaere daerentuf-

Jechen vvel,ende daer nacr niet qualick. -
' CORT
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eased, or taken away, then I leave it willingly unto your judgment to be censured;
and for that, that some may say that certain inventions at the first seem good,
which when they come to be practised effect nothing of worth, as it often happens
to the searchers of strong moving 8), which seem good in small proofs and models,
when in great, or coming to the effect, they are not worth a button: whereto
we answer that herein is no such doubt, for experience daily shows the same,
namely by the practice of divers expert land-meters of Holland ¢), unto whom we
have shown it, who (laying aside that which each of them bad, according to his
own manner, invented to lessen their pains in their computations) do use the
same to their great contentment, and by such fruit as the nature of it witnesses
the due effect necessarily follows. The like shall also happen to each of yourselves
using the same as they do. Meanwbile live in all felicity.

3) This is 2 translation of the Dutch “roersouckers”, after Stevin’s French version:
“chercheuts de fort mouvements”. It probably stands for people who start moving things,
take initiative, comp. the archaic Dutch expressions “roermaket”, “roerstichter” (in-
formation from Prof. Dr. C. G. N. De Vooys). The Dutch has “vonden der roer-
souckers”, where “vonden” stands for “findings, inventions”, and the whole expression
for something like “widely proclaimed innovations”.

4) Such “expert land-meters” may have been Dou and Sems, see the Introduction,

PP 379, 382.
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)20 E TH1ENDE heeft twee
deelen , Bepalinghen ende
Werckinghe. Int ecrfte deel
fal door d'cerfte Bepalinghe

P W verclaert wordé wat Thiende
{y, door de tweede wat Beghiz , door de
derde wat Eerffe, TWeede , &c. door de
vierdewat Thiendetal beteeckent. ”

De Werckinghe fal door vier Voorftellen
leerender Thiendetalens Vergadering, Af.
trecking, Menichvuldiging, ende Deeling;
wiens ooghenfchijnelicke oirden defe Ta-
fel anwijft aldus :

Thiende.
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wat datfy. \ Eerfle Tweede,
&e.
DE THIENDE Thiendetal.
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cxempelen der Saecken.

Ay HET



401

THE ARGUMENT.

THE DIME has two patts, that is Definitions & Operations. By the first defini-
tion is declared what Dime is, by the second, third, and fourth what commen-
cement, prime, second, etc. and dime numbers are. The operation is declared by
four propositions: the addition, subtraction, multiplication, and division of dime
numbers. The order whereof may be successively represented by this Table.

) Dime,
Definitions, Commencement,
as what is Prime, Second, etc.

Dime number.
THE DIME bas two parts

Addition,
Operations or Subtraction,
Practice of the Multiplication,

Division.

And to the end the premisesr may the better be explained, there shall be here-
unto an APPENDIX adjoined, declaring the use of the Dime in many things
by certain examples, and also definitions and operations, to teach such as do
not already know the use and practice of numeration, and the four principles of
common arithmetic in whole numbers, namely addition, subtraction, multipli-




10 S. Strvins

HET EERSTE DEEL

DER THIENDE VANDE
Berarincuen.

L BEPALINGHE.

THIENDE # e [pecie der Telconflen,
door de vvelcke men alle rekeninghen onder
 den Menfché noodich allende af veerdicht
door heele ghetalen , fonder ghebrokenen,
ghevonden uyt de thiende voortganck, be-
Seaendz inde cijfferletteren duer eenich ghe-
tal door befchreven yuors.

VERCLARINGHE,

' E1 {y een ghetal van Duyft een hondert
thdc elf, befchreven met cijfferletreren aldus
1111, inde welcke blij&t, dat clc‘(e 1, hetthiende
deel is van fijo naeft voorgaende. Alfoo oock in
2 3 7 8elcke een vande 8, is het thiende deel van
elcke ecnder 7, endealfoo in allen anderen: Maer
‘want hetvoughelick is, dat de faecken dacrmen af
fpreecken wil, namen hebben, ende dacdefe ma-
‘niere ¥an rekeninghe ghevonden is uytdanmerc-
kinghe van alfulcken thienden voortganck, ja

-welentlick in thiende voortganck beftaet, als int
‘volghende claetlick blijcken fal , foo nocmen wy

Y
den
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cation, & division, together with the Golden Rule, sufficient to instruct the most
ignorant in the usual practice of this art of Dime or decimal arithmetic.

THE FIRST PART.
Of the Definitions of the Dimes.

THE FIRST DEFINITION

Dime is a kind of arithmetic, invented by the tenth progression, consisting in
characters of ciphers, whereby a certain number is described and by which also
all accounts which happen in human affairs are dispatched by whole numbers,
without fractions or broken numbers.

Explication

Let the certain number be one thousand one hundred and eleven, described by
the characters of ciphers thus 1111, in which it appears that each 1 is the 10th
part of his precedent character 1; likewise in 2378 each unity of 8 is the tenth
of each unity of 7, and so of all the others. But because it is convenient that the
things whereof we would speak have names, and that this manner of computation




THIENDE. r
den handel van dicn eyghentlick ende bequame-
lick, de Tr1enpe Doordefelveworden alle -
rekeninghen ons ontmoetende volbrochr met be-
fondere lichticheyt door hecle ghetalen fonder ge-
brokenen als hier naer opentlick bewefen fal
worden.

II. BEPALINGHE.

Alle voorgeftelde beel ghetalnocmen-yyy
B EGH IN, fijnteccken s foodanich ©-

VERCLARINGHE.
é L s byghelijckenis ecnich heel ghegheven

ghetal van drichondert vierentfeftich, wy
noement drichondert vierentfeftich BecH 1 -
SELEN, die aldus befchrijvende 364@. Ende
alfoo metallen anderen dier ghelijcken.

111. BEPALINGHE.

Ende elck thientedecl vande cenheyt des
BEGHINS, noemenvyy EERSTE,
[fiin teecken #s ©; Ende elck thiendedeel van-
de eenbeyt der Ecrffe,noemévyy T W E E-
D E, fijnteeckenis @; Ende foo voort elik.
thiendedeel der eenbeyt van fiin voorgacn-
de, altijt i doirdin cen meer.

Ve R-
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is found by the consideration of such tenth or dime progression, that is that it
consists therein entirely, as shall hereafter appear, we call this treatise fitly by the
name of Dime, whereby all accounts happening in the affairs of man may be
wrought and effected without fractions or broken numbers, as hereafter appears.

THE SECOND DEFINITION
Every number propounded is called COMMENCEMENT, whose sign is thus (9.

Explication

By example, a certain number is propounded of three hundred sixty-four: we
call them the 364 commencements, described thus 364(9), and so of all other like.

THE THIRD DEFINITION

And each tenth part of the unity of the COMMENCEMENT we call the
PRIME, whose sign is thus (), and each tenth part of the unity of the prime we
call the SECOND, whose sign is (), and so of the other: each temth part of
the unity of the precedent sign, always in order one further.




32 S. StEvVINS
VERCLARINGHE.

Ls3®7@ 53 9 ®,datis tefeggen 3 Eer-

fien, 7 Tweeden, § Derden, 9 Vierden, ende
foo mochtmen oneyndelick voortgaen. Maer om
van hare weerde te fegghen, foo is kennelick dac
nacr luyt defer Bepalinge, de voornoemde g,heta-
lendoen &, 7, 2oz, 1t tamen 322
Albooock 89 90 3(2) 73, lijn Weert 8 25, 2o,
oo datis vfamen 8-23Z- ende foo met allen
anderen dier ghelijcke. Hetisoock te anmercken,
dat wyinde T n1e N D £ nerghens gebroken ge-
talen en ghebruycken: Oock dat herghetal vande
menichvuldichcytder Teeckenen, uytghenomen
-@, nummermeer bovende 9 en comt. Byexem-
pel, wy en (chrijven niet 7 (® 12 &G maer indiens
plactle 8 2(2, want fy foo veel weert fijn.

III.. BEPALINGHE.

De gbetakb der 'Voo’rgaender'tvueeakf
ende derder bepalinghe, noemen vy int ge-
meen THIENDET ALEN.

EYNDE DER BEPALINGHEN.
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Explication

As3@D7® 5@ 9@, that is to say: 3 primes, 7 seconds, 5 thirds, 9 fourths,
and so proceeding infinitely, but to speak of their value, you may note that accord-

. . S . 3 7 5 9 3759
ing to this definition the said numbers are 5, o5, 15560 To000° together e,
3 937

e . ‘< 9 7
likewise 8 @ 9 @ 3 @ 7 @ are worth-8,7, o, 155, together 870, and so of

other like. Also you may understand that in this dime we use no fractions, and
that the multitude of signs, except (7), never exceed 9, as for example not
7 @ 12 (@, but in their place 8 () 2 @), for they value as much.

and

THE FOURTH DEFINITION

. The numbers of the second and third definitions beforegoing are generally
called DIME NUMBERS.

‘The End of the Definitions
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HET ANDER DEEL

DER THIENDE VANDE
WERCKINCHE.

L. VOORSTEL VANDE

VERGADERINGHE.

Wefende ghegeven Thiendetalen te ver-
gaderen: hare Somme te Vinden.

"G rEcHEvVEN, Het fijn drieoirdens van
Thiendetalen, welckereetfte 27 @8 4@
73, detweede, 37.06 72 5@, de'derde,
875@7(18@23, T'BEGHEERDE. Wy
mocten hacr Somme vinden « WERCKING.

Men fal de ghegheven ghe- OOCG

talen in oirden ftellen als

8
hierneven, die vergaderen- ; ; 6 ‘7’ -;'
de naerde ghemeene manie 8,578

re der vergaderinghe van
heclegetalen aldus: 241304
Comt in Somme (door het 1. probleme onfer
Franfcher Arith.) 9 41304 dat fijn (vwelck de
teeckenen boven de ghetalen ftaende, anwijfer)
941 Q@33 0@ 40. Ick{pghedefelvete welen
de ware beghcerde Somme. Bewvs. De ghege-
ven 270 8 N4 @ 73, doen (doorde 3¢. hepa-
ling) 27:%, 185 v%5, Maccké efamen 27837
Ende door de felve reden fullende 37006 ® 7
s @ weerdich fijn 378225 Ende de 87507 ®
33
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THE SECOND PART OF THE DIME.
Of the Operation or Practice.

THE FIRST PROPOSITION: OF ADDITION
Dime numbers being given, how to add them to find their sum.

THE EXPLICATION PROPOUNDED: There are 3 orders of dime numbers
given, of which the first 27 (©), 8 @, 4 @), 7 (®, the second 37 @, 6 @, 7 @,
5 ®, the third 875 @, 7@, 8 @, 2 ®.

THE EXPLICATION REQUIRED: We must find their total sum.

CONSTRUCTION CROJOXO!

The numbers given must be placed in order as 2 7 8 4 7

here adjoining, adding them 'in the vulgar manner 37 6 7 5

of adding of whole numbers in this manner. The sum 8 7 5 7 8 2
(by the first problem of our French Arithmetic 5)) is

941304, which are (that which the signs above the 9 4 1 3 0 4

numbers do show) 941 @ 5 @ 0 @ 4 (. I say they are the sum required.
Demonstration: The 27 © 8 @ 4 (@ 7 (® given make by the 3rd definition

4 847 .
before 27, = 10’ o5 1000, together 27155, 2nd by the same reason the 37 @ 6 (O

7 @ 5 @ shall make 37 1807050 and the 875 @ 7 @ 8 @ 2 (® will make 875 ‘708020 ,

5) L’ Arithmétique (1585) Work V p. 81.
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8:22 @ fullen doen 875 252 welcke drie ghe-
talen als 27 247 55074 850 782 maecken
vfamen (door het 10. probleme onfer Franfcher
Arith.) 941 X2, Macr oo veel is oock weerdich
defomnie 941 @ 3 120 3 43, hetisdan de ware
fomme,twelck wy bewijfen mocften. BestL v 1.
Welende dan ghegheven Thiendetalente verga-
deren, wy hebben haer fomme ghevonden foo wy

. voorghenomen hadden te doen.

MERCKT.

S O o iudeghegheven Thiendetalen cenich der na-
tuerlicke oivden ghelraecke , mien fal fyn plaetfe
vollen met dat ghebreeckende. *Laet by exempel de ge-
skeven Thiendetalen fiin 8@ §(©6GE ,ende 5O
7 (2, inWelck laetfie ghebreect bet Thien- 01010
detalder oirden (1, men falinfinplaesfe g 56
Sicllen © (@, nemende dan als voor ghege- 505
ven Thiendetal § @0 (D 7. dieverga- ———%
derende als vooren, in defer vossghen: 1363

Dit vermaen {:l cock dienz'tot de drie volgendé voor -
Srellz, alwaermz altijs & virden der gebreeckerder Thien-
detalen vervullen moet, gelsjck_ indir exempel gedaenis.

IL. VOORSTEL VANDE
AFTRECKINGHE.
Wefende ghegheven thiendetal duermen
aftrect,endz Thiendetal af te trecken : De

“Refte te vinden. o
TGE-
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which three numbers make by common addition of vulgar arithmetic 941 ﬁ% .

But so much is the sum 941 @ 5 (D 0 @ 4 (3); therefore it is the true sum to
be demonstrated. Conclusion: Then dime numbers being given to be added, we
have found their sum, which is the thing required.

NOTE that if in the number given there want some signs of their natural
order, the place of the defectant shall be filled. As, for example, let the numbers

givenbe 8 @ 5 @ 6 @ and 5 @ 7 @), in which ONOXO)
the latter wanted the sign of (2); in the place thereof 8 56
shall 0 (@) be put. Take then for that latter number 5 07

given 5 (© 0 @ 7 @), adding them in this sort. _
1 3 6 3
This advertisement shall also setve in the three following propositions, wherein
the order of the defailing figures must be supplied, as was done in the
former example.

THE SECOND PROPOSITION: OF SUBTRACTION \

A dime number being given to subtract, another less dime number given: out
of the same to find their rest.




THIENDE. 1§
"GHEGHEVEN. Hetfy Thiendetal dacr-
men afte® 2370@5E©73@8Q , ende

Thiendetal af te trecken. 9@ 7T 4G 9@ .

T BEG HEER D E. Wymoeté haer Refte vinden.

WERCKING. Men fal de ghegheven Thien-

detalen in oirden ftellen als hier

neven, aftreckende naer de ghe- COLEY
‘meene maniere der- Aftreckinge - 2.3 7°5 7.8
van heele ghctalcn aldus: $97409
=+~ Reft: (door het 2. Proble- ————%——

me onfer Franfcher Arith.)
177 8 2 9,dat fijn (twelck dé teeckenen boven de
ghetalen ftaende anwijfen) 177@8® 239G
Ick fegghe de felve te wefen de begheerde Refte.
Bewvs. De ghegheven 23705®7%8G
doen (door de 3¢.Bepalinge) 237 & 2 -,
maecken tfamen 237 272 Ende door de felve

reden fullende 59 @7 M4 @ 9@ weerdich fijn

249 $78
59222, welcke ghetrocken van 237 228 reft

¢door het r1e. Probleme onfer Franfcher Arith.)

177 7% : Maer fo veel isoock weerdich de voor=

noemde refte 177 @ 8(® 2@ 9 (), hetisdan de

ware Refte, twelck wy bewijfen moeften. Be-

sLvyT. Wefende dan ghegheven Thienderal

daermen aftrect,ende Thiendetal af te trecken, wy
hebben haer Refte ghevonden, als voorghenomen

was ghedaen te worden.

1II. VOOR-

1778 29, .
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"EXPLICATION PROPOUNDED: Be the numbers given 237 @ 5 O 7 ® 8 ®
&59@® 7@ 3 @ 9 @. THE EXPLICATION REQUIRED: To find their rest.

CONSTRUCTION: The numbers given shall be OROXOXO)
placed in this sort, subtracting according to" vulgar 2 37 5 7 8
manner of subtraction of whole numbers, thus.

597 39

1.7 7 8 3 9

The rest is 177839, which values as the signs over them do denote
177 ® 8 @ 3 @ 9 .1 affirm the same to be the rést required.
Demonstration: the 237 @ 5@ 7 ® 8 (® make (by the third defipition of

578
this Dime) 237 > . 100, 1000, together 237 7o

90703@90G value 59 170?:)90 , which subtracted from 237 1507080 , there rests

177 1%?;)90 , but so much doth 177 © 8 @ 3 @ 9 (@ value; that is then the true rest

which should be made manifest. CONCLUSION: a dime being given, to sub-
tract it out of another dime number, and to know the rest, which we have found.

and by the same reason the
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1. VOORSTEL VANDE
MENICHVVIDIGHINGHE.

‘ Wcﬁf_zde ghegheven Thiendetal te Me-
nichvuldighen, ende Thiendetal Menich-
Yulder: haer ‘Z/ytéreng te Vinden.

T GuecHEVEN. Het fy Thiendetal te Me-
4 pichvuldighen 32 ©® 5 ® 7 @, ende het
Thiendetal Menichvulder 89 @ 4®6E. Toe-
¢usERDE, Wymoeten haer Vytbreng vinden..
WeRrck1nGMenfal

de gegevé getaléin oir- o2
den ftellenals hier nevé, 3 2 57
Menichvuldigende naer 8 946
de gemeene maniere van 19§ 42
Menichvuldighen  mert 130 2 8
heele ghetalen aldus: 2931 3
Gheeft Vytbreng (door 2 6 o 5 6
kitxtzix)p:.o;:;;nr(:iﬁlifz ot é)(; C:C; @z
om te weten wat dit fijn,

men {al vergaderen beyde delaetfte gegeven teec-
kenen, welcker een is (2, ende herander oock (2,
maecken tfamen @), waeruyt men befluyten fal,
dat de lactfte cijffer des Vytbrengs is ® , welcke
bekent wefende foo fijn oock (om haer volghende
oirden)openbaer alle dander, Inder voughen dat
2913@7M1 @203 2@, fijn het beghcerde
Vytbreng. Bewys, Het ghegheven Thiendetal
tc menichvuldighen 3: @ s ©7@, doctbl(gél:
1
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THE THIRD PROPOSITION: OF MULTIPLICATION

A dime number being giveh to be multiplied, and a multiplicator given:‘ to
find their product.

THE EXPLICATION PROPOUNDED: Be the number to be multiplied
32(® 5 @ 7 @), and the multiplicator 89 (© 4 ) 6 @).

THE EXPHCATION REQUIRED: To find the product. CONSTRUCTION:
The given numbers are to be placed as here
is shown, multiplying according to the vulgar OJOXKO!

manner of multiplication by whole numbers, 3 2 5 7
in this manner, giving the product 29137122 8 9 4 6
Now to know how much they value, join the

two last signs together as the one (2) and the 1.9 5 4 2
other () also, which together make (@), and say 13 0 2 8
that the last sign of the product shall be (@), 2 9 3 1 3

which being known, all the rest are also known 2 6 0 5 6

by their continued order. So that the product

required is 2913 @ 7 Q1 @ 2 (® 2 (@. 2 91

@ w
®~
®
OLY
O



_ . T HIENDE. 17
blijét door de derde Bepaling) 32-5—Z— , maec-
ken tfamen 32 1X;; Ende door de felve reden
blijét den Menichvalder 89@ 4® 63, weer-
dich tefijne 89 ;% met de felve vermenichvul-
dicht de voornoemde 32 2%, gheeft Vytbreng.
(door het 12°. probleme onfer Franfcher ‘Arith.)
2913 Z2225 Maer (0o veelis oock weerdich den
voornoemden Vytbreng 291307013 :0)
2.®), hetis dan den waren Vytbreng; Twelck w
bewij{en moeften. Maerom nu te bethoonen de

_reden wacrom (@ vermenichvuldicht door G,
gheeft Vytbreng (welck de fomme der ghetalen
is) ®- Waerom ® met (), geeft Vytbreng (9),ende
waerom © met (3 gheeft 3, etc. {00 laet ons ne-
men 7 ende 35 (welcke door de derde Bepalin-
ghe fijn 2 O 3(2) hate Vytbrengis—5—, welc-
ke doorde voornoemde derde Bepalinge ﬁjn 6Q.
Vermenichvuldighende dan @ met 2, den Vyt-
breng fijn 3. BEs L vy 1. Wefende dan gegeven
Thiendetal te Menichvuldighen, ende Thiendetal
Menichvulder, wy hebben haren Vytbreng ghe-
vonden;als voorghenomen was gedaen te worden.

MERCKT. BIGY)
' 8
O o het laetfle teecken des 57
S Thiendetals te Menichvuld;- 54 @

gEende Menichvulders ongeljck. 1 5 1
Waren,als by exempel deen 3 18 9 o

7 ®8 ® ,dander § D 425 20 41
Men fal doen als vooren, ends de OIOIIOIS
ghefteltheyt der! letteren vande

Werckinghe fdl foodanich fijn: B
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DEMONSTRATION: The number given to be multiplied 32@5070® (as

appears by the third definition of this Dime), 32,,0,100, together 32100» and by the

same reason the multiplicator 89 @ 4 (@ 6 (@) value 8948

7122
10000°

oo by the same, the said

3257 multiplied gives the product 2913722 But it also values

100
W3ETO1O2020.
It is then the true product, which we were to demonstrate. But to show
why @ multiplied by () gives the product (@), which is the sum of their numbers,
also why @ by (& produces (9), and why (@ by @) produces (3), etc., let us

take 5 % and -2, which (by the third definition of this Dime) are 2 @) 3 (@), their

product is

100’

{00 5 » Which value by the said third definition 6 (3); multiplying then

@ by @, the product is (3), namely a sign compounded of the sum of the
aumbers of the signs given.

CONCLUSION

A dime number to multiply and to be multiplied being given, we have found
the product, as we ought.

NOTE

If the latter sign of the number to be multiplied be unequal to the latter sign
of the multiplicator, as, for example, the one 3 (@) 7 (& 8 (&), the other 5 D) 4 (),
they shall be handled as aforesaid, and the disposition thereof shall be thus.

C;)@@

5 4 ®

2

._.
0o
A\ IV}
=

®w
®@e
OES
O
O
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ITIl. VOORSTEL VANDE
DeeviNgHE

Wefende ghegeven Thienderal te Deelen,
ende Thiendetal Deeler: Haren Soomenich-

maclte vinden.

T Gu e ¢ HEVEN. Hetfy Thiendetal te dee-
len 3@04®43 38 @26, ende decler

9W6@E. ToeGHEERDE . Wy moeten haer

Soomenichmael vinden. Wercx 1nc. Men

falde gegevé Thicn-

detalen declen (ach- z

terlatende haer reec- ; ;? ¢ 4

kenen) nacr de ghe- 4

meene manierc%an . 7614 . @®@®
declen met heele ’);g‘gé;“ 587

etalen aldus: _
%ceft Somenichmael 9.9 4
(door het vierde Probleme onfer Franfcher Arith.)
3 587: Nuom teweten wat dit fijn, men fal af
trecken het lactfte teecken des Deelders, welck is
@), van vlaetfté teecken des Thienderals te deelen
(®, reft @' voor herteecken der lactfter cijfferletter
des Soomenichmacls, welcke bekent wefende, foo
fijn oock (om haer volghende cirden) openbacr
alle dander, inder voughendar 5@ 5 G837
fijn den begheerden Soomenichmacl. Brwys,
Hetghegeven Thiendetal 30 404G 30 5@,
2 ®doet (als blijctdoor de 3¢ Bepaling) 3 T
3 030 o1 OZ [+Xe] iOD’OD Q maCCken [{amcn3 %‘%}—OL"O;

_and' 2
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THE FOURTH PROPOSITION: OF DIVISION
A dime number for the dividend and divisor being given: to find the quotient.

EXPLICATION PROPOSED: Let the number for the dividend be
340D4@3®5@®2@ and thedivisor 9 D 6 @.
EXPLICATION REQUIRED: To find their quotient.

CONSTRUCTION: The numbers given divided (omitting the signs) according
to the vulgar manner of dividing of whole numbers, gives the quotient 3587;
now to know what they value, the latter sign of the divisor () must be sub-
tracted from the latter sign of the dividend, which is (3), rests (3) for the latter
sign of the latter character of the quotient, which being so known, all the rest
are also manifest by their continued order, thus 3 @ 5 () 8 @ 7 (® ate the
quotient required.

DEMONSTRATION: The number dividend given 3 @4 D4 ®305®20G
2

. . R L 4 3 5
makes (by the third definition of this Dime) 3, 15> 175° 71060’ 10000° 100000 °

together




: THIENDE. 19
Endedoorde felve reden blijét den Deelder o (1)
6 @ weerdich te fijne 22, door twelcke gedecle

de voornoemde 3 223> gheeft -Soomenich-

100000

mael (door het 13. lgroﬁemc.onfcrfmnfd]er A-
rith.) 3 32% . Maer (o veel isoock weerdich. den
voornomden Soomenichmael 3© 5 @837 3),
het is dan den waren Soomenichmael, Twelck wy.
bewijfen moeften. Bes L v y 7. Wefende dan ge-
gheven Thiendetal te Deelen, endé Thienderal
Deéler, wy hebben haren Soomenichmael gevon-
den, als wy voorghenomen hadden cedoen. -

I. MERCKT.

S O o deteeckenen des Deelders hoogher Waren dan
des Thiendetals te Deelen, men fal by bet Thiende-
tal tedeelen foo veel o flellen, alfinen Wil , ofte alft
noodich valt . By exempel 7 3) fijin te deelen door
.48, ick_flelle neven de 7 ettelicke o aldus y000,
dic declende als voorenge- 3 z
daci is in defér vouge:Geeft 7' ¢ ¢ ¢ (1 7 5 0 ©

Soomenichinacl 17506, 4 4 4 4 _
Het ghebuérs oock altemet -das den Soomenichmael
et gheen beele ghetalen en can uytghefproken wor-
den, als 4D, ghedeclt x x x(1 [OXTe)]
door 33 in deferma- 4 ¢ ¢ ¢ ooo{13 33
nieven :  Alwaer blyct o
datter oneyndelicke drien uyt commen (ouden , fonder
eenichmacl even uyt te gheraecken: In fulcken ghe-
valle macbmen foo naer commen als de faecke dat
voordert, ende bet averfchot verloren latzn, Vel is Waer
B2 dat
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44352 .
?;m, and by the same reason the divisor 9 @) 6 (@ valuesm, by which
587

31‘:)40305020 being divided, gives the quotient 3.~ 506" but the said quotient values

30 5@ 8® 7 @®, therefore it is the true quonent to be demonstrated.

CONCLUSION: A dime number being glven for the dividend and divisor,
we have found the quotient required.

NOTE: If the divisor's signs be higher than the signs of the dividend, there
may be as many such ciphers 0 joined to the 32
dividend as you will, or many as shall be necessary: 7000 (1750 ©
as for example, 7(2) are to be divided by 4 (5), 1 Addd
Place after the 7 certain 0, thus 7000, dividing them as afore said, and in this
sort it gives for the quotient 1750 (.

It happens also sometimes that the quotient cannot be expre.r;ed by whole
nuambers, as 4 ) divided by 3 @ in 111Q . OROXO)
this sort, whereby appears that there 4000000 a1 3 3 3
will infinitely come 3’s, and in such 333 % '




20 . S. STEVINS
dat 130303 -2, ofte 130303@350
etc. fouden bet volcommen begheerde fin, maer ons
" voornemen is in defe Thiende te Wercken met louter
heele ghetalen, Want Wy opficht bebben naer rghe-
ne in [Menfchen handel placts houdt, alWaermeh
bet duyfenfle deel van cen Mijte, van een Aes, van
een Graen ende dierghelijcke, verloren lact; o tfelf-
de oock_byden voornaemflen Meters ende Telders
dickmael onderhouden Wort , in vele -vekeninghen
van grooten belanghe: Als Ptolemeus ende lan van
Talular - Kuenincxberghe , en hebben hare Boogpees Tafe-
& chor- len met de uyierfle volmaectheyr niet befchreven,
dawn. foe Wel het door” Veelnamighe Ghetalen doen-
mios mu- lick_Was , Reden dar def onvolmaeitheyt (anfien-
™% de dier dinghen Eynde) mutter is dun foodanighe
volmaedtheyds .

1. MERCT.

™\ E Vyttreckinghen aller fpecien der Wortelen
mueghen hicr in oock_ghefchien. By exempel
om te vinden den viercanten Wortel van § G52 (3
9@ (dienende tot het inaecken der Boogpeez. Ta-
felen nacr Ptolomess wnanicre) men
Jal Wercken naer de ghemeeneghe- ¢ 2 g
bruyck_aldus : Endeden Wortel fal ————
Sijn 2. (D 33, Want den helft van 3
het laetfte teecken des gheghevens 4
is altijt het laetfle teecken des Wortels : Daerom foo
het laesfte ghegheven tezcken oneffen ghetal ware,
men
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a case you may come 5o neat as the thing requires, omiiting the remainder.
It is true, that 13 (©) 3@5% @,0r13030®3@ 3% ® etc. shall be the

perfect quotient required. But our invention in this Dime is to work all by
whole numbers. For seeing that in any affairs men reckon not of the thousandth
part of a mite, es, grain, etc., as the like is also used of the principal geometricians
and astronomers in computations of great consequence, as Piolemy and Jobannes
Montaregio 6), have not described their tables of arcs, chords or sines in extreme
perfection (as possibly they might have done by multinomial numbers), because
that imperfection (considering the scope and end of those tables) is more con-
venient than such perfection. .

NOTE 2. The extraction of all kinds of roots may also be made by these dime
numbers; as, for example, to exiract the square root of 5 @ 2 ® 9 @, which is
performed in the vulgar manner of exiraction in this 1

sort, and the root shall be 2 O 3 @), for the moiety or 329
balf of the latter sign of the numbers given is always

the latter sign of the root; wherefore, if the laiter sign. 2 3
given were of a number impair, the sign of the next

following shall be added, and then it shall be a number 4

) See the Introduction to De Thiende, esp. footnote ®) and to the Drichouckbandel.
Johannes Montaregio, ot Ian van Kuenincxberghe, Iehan de Montroial, is best known
under his latinized name Iohannes Regiomontanus (1436-1476). This craftsman, human-
ist, astronomer and mathematician of Nuremberg, born near Kénigsberg in Franconia
(hence his name), influenced the development of trigonometry as an independent science
for more than a century by his tables and his De #riangulis imodis libri qus (first
published in 1533). The sines, for Regiomontanus as well as for Stevin, were half chords,
not ratios. On Regiomontanus see E. Zinner, Leben und Wirken des Jobannes Miiller von
Konigsberg g ¢ Regi tanus, Schriftenreihe zur bayr. Landesgesch. 31, Miinchen,

1938, XIII + 294 pp.




THIENDE. , 21
wen falder noch een naeftvolghende teecken toedoen,
ende wercken danals boven. .

Infghelijcx oock int Vyttrecken des Teerlincxwor-
el , daer fal bet laetfte teecken des Wortels, altijs et
derdendeel fyjn van ber laesfte ghegheven teecken, ende

alfoo voortin allen anderen fpecien der Wortelen.

EvNpE PER THIENDE

Bs AE N-
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pair; and then extract the root as before. Likewise in the extraction of the
cubic root, the third part of the latter sign given shall be always the sign of the
root; and so of all other kinds of roots.

THE END OF THE DIME
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AENHANGSEL.

VOORREDEN.

e ADEMAEL vy bier
e vaoren de Thiende befchre-
NSO verr bebben foo verve ter
@ N xj. Saccken noodich (chijnt, (ul-
len nu commen tot de ghebruyck van dien,
bethoonende door 6 Leden, hoe alle veke-
winghen ter Menfchelicker nootlickheyt
ontmoetende , door haer lchtelick  ende
Shichtelick_connen afgheveerdicht vvorden
miet heele ghetalen , beghinnende eerf? (ge-
bick [y oocéee;ﬂ int vvercl(gej?e[t 1) ande

rekeninghen der Landtmetcrie als volghe.

I. LIDT VANDE REKENIN-

GHEN DER LANDTMETERIE.

Ew falderoedeanderfins fegghen te we-
feneen BecH 1N, datis 1 G, diedeclen-
de in thien even deelen , welcker yder doen fal
ecn Eerfle, ofte 1.@; Daernacr falmen elcke Eer-

fle
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THE APPENDIX
THE PREFACE

Seeing that we have already described the Dime, we will now come to the
use thereof, showing by 6 articles how all computations which can happen in
any man’s business may be easily performed thereby; beginning first to show how

they are to be pat in practice in the casting up of the content or quantity of
land, measured as follows.

THE FIRST ARTICLE: OF THE COMPUTATIONS OF LAND-METING.
Call the perch or rod 7) also commencement, which is 1 (©), dividing that into

7) The English “perch” or “rod” and the Dutch “roede” are both measures of area
- and of length. For information on the precise meaning of the many measures mentioned
in Stevin’s book one may consult the Oxford Dictionary of the English language.




Der THiENDE. 3.
fte wederom deelen in thien even deelen, welcker
yder fijn.{al 1 @, ende foomen die declinghen
cleender begheert, foo falmen elcke 1 @, noch:
cerimael declen in thien even declen, die elck
1 3 doén fullen, ende foo voort by aldien het
noodich viele: Hoe welfoo veel het Landumeten
belangt, dedeelen in (2 fijn cleen ghenouch: maer
tot de faecken: die nauwer mate- begheeren , als
Lootdaccken, Lichamen,etc. daet machmen de (3)
ghebruycken.

Angaende dat de meeftendeel der Landumeters
gheen roede en befighen, maer een keten van drie,
vier, ofte vijfroeden lanck , teeckenende op den
rock van het Rechteruys , eenighe vijf ofte fes
‘Voeten, et haren Duymen, fulcx mueghen fy
hier cock doen, alleenclick voor die vijf ofte fes
Voeten met haten Duymen, ftellende vijf ofte fes
Eerften met haren Tweeden, I

Ditaldus fijnde men fal int meten ghebruyc-
ken defe deelen , fonder oplicht te hebben naer
Vocten ofte Duymen dic. elcke Roede naer
Landd(ghebrayck inhoudt, endevghene naer’ die
mate {al moeten Vergadett, Afghetrocken, Ghe-
menichvuldicht, ofte Ghedeelt worden, dat fal-
men doen naer de leeringhe "der voorgaender
. vier Voorftellen.

By cxempel, daer fijn te vergaderen vier Dric-

- houcken, ofic fticken Landrs, welcker eerfte
345@7®2®@, hettweede 87205 @33,
herderde 615@4®8@, het vierde 9 5 6@

- By 8D
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10 equal parts, whereof each one shall be 1 (D); then divide each prime again into
10 equal parts, each of which shall be'1 (2); and again each of them into 10
equal parts, and each of them shall be 1 (), proceeding further so, if need be.
But in land-meting, divisions of seconds will be small enough. Yet for such
things as require more exactness, as roofs of lead, bodies, etc., there may be
thirds used, and for as much as the greater number of land-meters use not the
pole, but a chain line of three, four or five perch long, marking upon the yard
of their cross staff 8) certain feet 5 or 6 with fingers, palms, etc., the like may
be done here; for in the place of their five or six feet with their fingers, they
may put 5 or 6 primes with their seconds.

This being so prepared, these shall be used in measuring, without regarding
the feet and fingers of the pole, according to the custom of the place; and
that which must be added, subtracted, multiplied or 'OXOXO)

7

divided according to this measure shall be performed 3 4 5 2

according to theé doctrine of the precedent examples. 8 7 2 5 3
As, for example, we are to add 4 triangles or sur- 6 1 5 4 8

faces of land, whereof the first 345 @ 7 @ 2 @), 9 5 6 8 6

the second 872 (@ 5 (@ 3 @), the third 615 @) 4 ©

8 (@), the fourth 956 @) 8 () 6 (2. 2790509

8) The Dutch rechteruys, in Stevin’s French version croix rectangulaire, translated cross-
staff, was an instrument used by surveyors for setting out perpendiculars by lines of sight,
crossing each other at right angles. It was also known as surveyor’s cross. The cross was
horizontal and supported by a pole, the yard of our text, on which Stevin wants to measure
off a decimal scale. A variant of this cross was a graduated horizontal circle with a pointer
(alhidade) along which sighting could be performed, but even in the variations the basic
rectangular cross remained.

Surveyors also used chains for measuring distances, or setting out perpendiculars, in
which case they used the so-called 6, 8 and 10 rule, a popular application of Pythagoras’
theorem.

The surveyor’s cross is mentioned in many books on surveying. In N. Bion, Traité de la
construction et des principaux usages des instruments de mathématique, Nouvelle édition, La
Haye 1723, p. 133 we find it referred to as “équetre d’atpenteur”, with a picture
(information from Dr. P. H. van Cittert).




i 24" "’“ﬁ!NHANGSEL
- 8@ 6 @y Defe vergadert naer

de maniere int eerfte voorftel ol
verclaert indefer voughen: 5457 2
Harefommefal fijn 27900 g 5 , 53
ofte Roeden, 5D9E, De ¢4 s 48
voornomde Roeden ghedeelt o ¢ ¢ g ¢
“naer de ghebruyck met foveel,

2790509

~alffer Roeden op een Mor-
- ghen ofte Ghemet gaen , . v
* men (al de Morghen ofte Ghemeten hebben.

‘Maer foomen wil weten hoe veel Voeten en Duy-
men de §(® 9 @ maecké (twelck hier eens voor
al ghefeyt, den Landtmeter maer eenmael en be-
houftte doenint laetfte fijnder rekeninghen, dic
hy deneyghenaers overlevert, hoe wel den mee-
ftendeel van haer onnut achten, aldaer van Voeten
te fpreecken) men fal op de Roede befien hoe veel
Voeten ende Duyimen (welcke neven de deelen
der Thiendetalen op cen ander fijde der Roeden
gheteeckent ftaen) daerop paflen.

Tenanderen, welende van -
§7@3®2E, te tecken ©Q"?
32@ § (7@, men {al werc- A7
ken naer het 2° Voorftel in 3257
defer voughen: Ende fullen 2 47 5
reften 24, ofte Roeden,

- 7@)5@..“ E
e Ten
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These being added according to the manner declared in the first proposition
of this Dime in this sort, their sum will be 2790 (© or perches 5 O 9 @, the
said rods or perches divided according to the custom of the place (for every
acre contains certain perches), by the number of perches you shall have the
acres sought. But if one would know how many feet and fingers are in the 5 OEIO)
(that which the land-meter shall need to do but once, and that at the end of
the casting up of the proprietaries, although most men esteem it unnecessary
to make any mention of feet and fingers), it will appear upon the pole how
many feet and fingers (which are marked, joining the tenth part upon another
side of the rod) accord with themselves.

In the second, out of 57 @®3®2® subtracted 5732
32® 5 @7 @), it may be effected according to the second _—
proposition of this Dime in this manner: . 3257

2475




Der THIENDE. 24
“Ten derden, wefende te cole]

Vermenichvuldighen van 873
wegen de fijden cens Drie- 75 4
houcx ofte Vierhoucx 8@ 9 2
703@, door 7@ 5® e
4G : Men fal dosn naer. 6 ? 3 '
hS‘l: 3° voorl?cl.aldus: — 4 "
Gheven uytbreng ofte Plat §924;
65@8@{&(‘. s ' QOZEW
Ten Vierden, lact A B C D, eenvierfijdich
rechthouck fijn, waer A F B

af ghefoeden moet
worden 367 @6 @,
Ende de fijde A D,
doet 26@3 @, De
vraghe is hoe verre D C
men van A, naer B,
meten fal, om af te
fnijdende voornom-
de 367@6 .
Menfd 369G 60
deelendoorde 2 6©
3 (0, naer het vierde
vooritel aldus:
GheefrSoomenich-
maelvoorde begeer-
delangde van A, racr
B,welcke fy A F,
1309172, Ofte nactder canmen commen
foomen wil ( hoe wel het onnoodich fchijnr)
door het cerfteMerct des vierden voorftels, Van
By alle
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In the third (for multiplication of-the sides of certain triangles and quadrangles)

multipy 8 @ 7DQ3@by7@®@5 @0 4@, & OXOXO)
this may be performed according to the third 8 7 3
proposition of this Dime, in this manner: 7 5 4

. 3 4 9 2
And gives for the product or superfxcnes 65 (© 4 3 6 5 .
8 (1) etc. 6 1 1 1

6 5 8 2 4 2

In the fourth let A, B, C, D be a certain quadrangle rectangular, from which
we must cut 367 @) 6 @), and the side AD makes 26 ©) 3 (): the question is
how much we shall measure from A A F B
towards B to cut off (I mean by a
line parallel to AD) the said
367 @ 6 .

Divide 367 @ 6 by 26 ® 3 @®
according to the fourth proposition of D C
this Dime: so the quotient gives from A towards B 13 © 9 (D 7 (®, which is AF.

And if we will, we may come neater (although it be needless) by the second




26 AENBANGSEL
alle welcke exempclen de Bewijfenin hare voor-

ftellen ghedaen fijn.

II. LIDT VANDE REKENINGEN
DPER TAPYTMETERIE

E s Tapijtmeters Elle fal hem 1 @ verftrec-
chn defelve fal hy (op cenighe fijde daer de
Stadumatens deelinghen nicten ftaen) deelen als
vooren des Landtmeters Roe ghedaen is, te we-

_ten in 10 even deelen, ‘welcker yedet 1 ® fy,
endeyder 1 O wederin 10 even deelen, welcker
yder 1 (2 doc, ende foovoorts. Wat de gebruyck
van dien belangt, anghefien d'exempelen in alles
overcommen met hetghene inteerfte Lide vande
Landmeterie ghefeyt is, oo fijn defe door die,
kennelick ghenouch, inder voughen dat het niet
noodich-enis daer af alhier meer te rocren.

1I11. LIDT VANDE
WYNMETERIE.

E EN Ame (welcke ‘vAndtwerpen 100 pot-
ten doct) fal 1@ fijn, de felve fal op diepte
. ende langde der wijnroede ghedecltwordenin 10
evendeelen (wel verftaende even int anfien des
wijns, nietder Roeden, wiens deelen der diepte
onevenvallen) ende yder van dien fal 1 ® fijn,
inhoudende 10 pouen, wederom elcke 1 ® in
thien evendeelen, welcke yder 1 @ fal maeckan,

, ie
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note of the fourth proposition; the demonstrations of all these examples are al-
ready made in their propositions.

2?2
7 é
230 (8
A631
132?7;5(9 1 3 9 7
o
263%33 ©0®
2666
.22

THE SECOND ARTICLE: OF THE COMPUTATIONS OF THE
" MEASURES OF TAPESTRY OR CLOTH

The ell of the measurer of tapestry or cloth shall be to him 1 (@), the which
he shall divide (upon the side whereon the partitions which are according to
the ordinance of the town is not set out) as is done above on the pole of the
land-meter, namely into 10 equal parts, whereof each shall be 1 (©), then each
1 @ into 10 equal parts, of which each shall be 1 (), etc. And for the practice,
seeing that these examples do altogether accord with those of the first article of
land-meting, it is thereby sufficiently manifest, so as we need not here make
any mention again of them. '

THE THIRD ARTICLE: OF THE COMPUTATIONS SERVING TO
GAUGING, AND THE MEASURES OF ALL LIQUOR VESSELS

One ame (which makes 100 pots Antwerp) shall be 1 (), the same shall be
divided in length and deepness into 10 equal parts (namely equal in respect
of the wine, not of the rod; of which the parts of the depth shall be un-
equal), and each part shall be 1 () containing 10 pots; then again each 1 (1) into
10 parts equal as afore, and each will make 1 (2 worth 1 pot; then ‘each
1 (@ into 10 equal parts, making each 1 (.
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die een pot weert is, ende elck van defen we-
derom in thienen, endeelck fal 1 ® verftrecken.
Deroede alloo ghedeclt fijnde., men fal (om te
vinden hetinhoudrder tonnen) Menichvuldigen
ende Wercken als int voorgaendé 1 Lidt ghe-
daen is, welck door efelfde openbaer ghenouch
fijnde, en fullen dagr af hiet nietwijder fegghen.

Maer anghefien dees thiendeclighe voortganck
der dicpten niet ghemeen en is, foo mucghen
- wy.dacr af dit verclaren: Laet de Roede A B;;
cen Ame fijn, dat is 13 dicghedeeltfyin thien
dieppunten { naer de ghebruyck ) C, D, E, F,
G,H,LK,L, A, yderdoende 1 ®, welcke we-
derom ghedeelt mogten wordenin thienen, dat
aldus toegact: Men faleerft elcke 1 @ deelenin
tween in defer ‘voughen: Men fal wecken de
Linie B M, rechthouckich op- A B, ende cven -
met de 1 (© BC, endevinden daer naer (door
het 13¢ voorftel. des feften boucx van Euclides)
de middel Eveirednighe Linie wilchen B M,
ende haer helft, welcke & B N, teeckenende
B O even an BN, .¢ndefoodan N O, evenisan
BC, de wercking gaedt wel; Daerr naer falmen
de langde N C,, tecckenen van B naer A als
B P, welckeevén vallende an N C, ewerck is
goeds; infghelijex delangde D N, van B tot Q,
ende (oo voorts met dander. Nurrcfter noch.elck
defer lengden als BO, ende O C, etc. te deelen
in- vijven aldus.: Men fal wflchen. B M, ende
haer thiendedecl, vinden de middel Everedni-
ghe linie, welcke fy B R, teeckenende B S

even
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Now the rod being so divided, to know the content of the tun, multiply and
work as in the precedent first article, of which (being sufficiently manifest) we
will not speak here any farther.

But seeing that this tenth division of the deepness is not vulgarly known, we
will explain the same. Let the rod be one ame A B, which is 1 (), divided (ac-
cording to the custom) into the points of the deepness of these nine: C, D, E,
F, G, H, 1, K, A, making each part 1 (1), which shall be again each part divided
into 10, thus. Let each 1 (@) be divided into two so: draw the line BM with a
right angle upon AB and equal to 1 (), BC, then (by the 13th proposition of
Euclid his 6th book) 9) find the mean proportional between BM and his moiety,
which is BN, cutting BO equal to BN. And if NO be equal to BC, the operation
is good. Then note the length NC from B towards A, as BP, the which being
equal to NC, the operation is good; likewise the length of BN from B to Q;
and so of the rest.

It remains yet to divide each length as BO & OC, etc. into five, thus: Seek
the mean proportional between BM & his 10th part, which shall be BR, cutting

%) Euclid, in Elements VI 13, shows how to find the mean proportional to two given
line segments with the aid of a citcle drawn upon the sum of these line segments as
diameter.
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cven an BR; Daer naer falmen de langde S R,
teeckenen van B naer A, als B T, infghelijex
de langde TR, van B tot V, ende {00 voorts.
Sghelijex fal oock den voortganck fijn om de @
o(%e otten als BS ende S T, etc. tedeeleninG:.
Ick fegghe dat B S, ende S T, ende T V, etc.
fijn de ware begeerde 2, '
vwelck aldus bewefen
wort: Overmidis B N,
is middel Everednighe
rer by (duer ©Gheflelde) twl-
poabefin. {chen B M, ende haer
helft, oo is het viercant
van BN (duer het 17¢
voorftel des feften boucx .
van Euclides) even an
den rechthouck vanB M
ende hare helft; Maer
dien Rechthouck is den
helft des' viercants van
B M, Het Viercant dan
van BN, is even anden
helft des Viercants van
BM, }\;laer B O is
door vGheftelde ) even ;
z(m BN, ende BC an "—"'lur—-h\/[
B M, het Viercant dan
van B O, is even anden helft des Viereants
van BC, Sghelijex fal cock het bewijs fijn dat
het Viercant van B S , evenis an het thien-
dedeel] des Viercants B M, dacrom, etc.
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BS equal to BR. Then the length SR, noted from B towards A as BT, and like-
wise the length TR from B to V, & so of the others, & in like sort proceeding
to divide BS and ST, etc. into (), I say that BS, ST, and TV, etc. are the
desired (2), which is thus to be demonstrated.

For that BN is the mean proportional line (by the bypothesis) between BM
and his moiety, the square of BN (by the 17th proposition of the sixth book of
Euclid) 10) shall be equal to the rectangle of BM & his moiety. But the same
rectangle is the moiety of the square of BM; the square then of BN is equal to
the moiety of the square of BM. But BO is (by hypothesis) equal to BN, and
BC to BM; the square then of BO is equal to the moiety of the square of BC.
And in like sort it is to be demonstrated that the square of BS is equal to the

10) Buclid, in Elements VI 17, shows geometrically that when g, b, ¢ are in geometrical
proportion, ac = 42, and conversely.
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Hetbewijs is cort ghemae,overmides wy indies
nietaen Leerlinghen maeracn Meeftersfchrijven,

IIII. LIDT VANDE LICHAEM-
METERIE INT GHEMEENE.

E 1 is wel waer dat alle Wijnmeterie ( die
Hwy hier vooren verclaert hebbé) is Lichacm-
meterie , maer anmerckende de ver{cheyden dee-
linghen der roeden van d'cen buyten” dander,
oock datdit, alfulcken verfchil heeft tor dar, als
Gheflachte tor Specie , {00 mucghen fy met re--
den onderfcheyden worden, wantalle Lichaem-
meterie gheen Wijnmeteric en is. Om dan tot
de Saecke te commen, den Lichacmmeter fal
ghebruycken de Stadimate, als Roede ofte Elle
met hare Thiendedeelinghen, foo dic int cerfte
endetweede Lidebefchreven fijn, wiens gebruyck
van het voorgaende weynich fchillende,aldus toe-
gaet: Ick neme datter te meten

{y. cenige Vierhouckige Recht- De
houckighe Colomme, diens 3 2
Langde 3 (©) 2 (Z, Breede 2 (® 1 4
4, Hoochde 2@ 5@ 3@, 128
Vraghe hoe veel Stoffe daer in 6 4
{y.otte van wat begrijp fodani- PRI
ghen lichaem is. Men fal Me- 23 50
nichvuldigé naer de leering des =~
derden Voorftels. Langde door 3840
Breede, ende dien Vytbreng: 23 © 4
weder door Hoochde indefer * § 3 ©
-voughen: Gecft Vytbrengals 1 8 0 4 8 o
blijct 1 ©:8@4@8G3. CEEEOY
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tenth part of the square of BM. Wherefore etc. we have made the demonstration
brief, because we write not this to learners, but unto masters in their science. 11)

THE FOURTH ARTICLE: OF COMPUTATIONS OF
STEREOMETRY IN GENERAL

True it is that gaugery, which we have before declared, is stereometry (that is
to say, the art of measuring of bodies), but considering the divers divisions of
the rod, yard or measure of the one and other, and that and this do so much
differ as the genus and the species: they ought by good reason to be distinguished.
For all stereometry is not gaugery. To come to the point, the stereometrian shall
use the measure of the town or place, as the yard, ell, etc. with his ten partitions,
as is described in the first and second articles; the use and practice thereof (as is
before shown) is thus: Put case we have a quadrangular rectangular column to
be measured, the length whereof is 3 () 2 @), the breadth 2 (D 4 (2), the height
2 @® 3 @ 5 @. The question is how much the substance or matter of that pillar
is. Multiply (according to the doctrine of the 4th proposition of this Dime) the
length by the breadth, & the product again by the height in this manner.

And the product appears tobe 1 D 8 @ 4 @ 3 (®. OXO)
3 2
2 4
1 2 8
6 4
7.6 8 @
2 3 5 @
8 4 0
2 3 0 4
1 5 3 6

e~
® o
® o
® ~
®
@®e

11) Stevin’s division of the unit BC is equivalent to the following interpolation of
numbers between o and 1: o, %\/xo, T‘—O\/zo, ’16\/30, ey -;6\/90, 1, where BS: BT:

.... : BO = m\/xo: 1_6\/20 HP %)\/50. The squartes of these numbers ate o, :—0 s
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MERCT.

)

"X/ EManpT den Grondt der Lichaemmeterie

niet ghenouch ervaren (Want tot dien [preecken
Wy hier) mocht dincken Waeromme men fegt dat de
‘colomme bier boven maer 1 (D), etc. groot en is, nade-.

. mael fj over de 180 Teetlinghen in baer houdt, diens

Gradus,

Siiden elck van 1 @ lanck_[in; Die fal Weten dat een
Roede Lichaems nigt en is van 10 (D, als een Roede in
langde , maer van 1c00 (D), inWelchen anfien 1 (D
doct 100 Teerlinghenelck van 1 T ; Alfooder ghe-

- lijcke den Landtmeters int Plat ghenouch bekendt is,
" Want alfinen fégt 2 Roeden 3 Voeten Landts, dat
en [ijn niet 2 Roeden ende drie Viercante voeten,

anaer 2 Roeden ende (rekenende 12 Voeten voor de

" Roe) 36 viercaute voeten: Daerom foo de vraghe bier

boven gheweeft Ware van hoe veel "teerlinghen elck,
van 1D, de voornomde colomine groot is, men fonde

" £befluyt daer naer moeten voughen , anmerckende dat

yder 1D vandefe, doet 100 (T) vandien, ende yder
13 vandefé, 10D vandien, etc.. Ofte anderfins,
foo ber thiendedeel der Roede de grootfle mate is, daer

- opdlen Lichaemmeter opficht beeft, by mach dat Thien-

deel noemen Beghin, dat is ©, ende voort als boven.

V. LIDT VANDE STERRE-
CONSTS REKENINGHEN.,

E oude Sterrekijckers het Rondt ghedeelt

hebbende in 360, Trappen, bevonder: dat
. de
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NOTE, some, ignorant (and understanding not that we speak here) of the
principles of stereometry, may marvel whereof it is said that the greatness of the
abovesaid column is but 1 QU), etc., seeing that it contains more than 180 cubes,
of which the length of each side i.f 1 Q); he must know that the body of one
yard is not a body of 10 Q) as a yard in length, but 1000 ), in respect whereof
1 (O) makes 100 cubes, each of 1 (), as the like is sufficiently manifest amongst
land-meters in surfaces; for when they say 2 rods, 3 feet of land, it is not barely
meant 2 square rods and three square feet, but two rods (and counting but 12
feet 10 the 10d) 36 feet square; therefore if the said question had been how many
cubes, each being 1 (), was in the greatness of the said pillar, the solution should
bave been fitted accordingly, considering that each of these 1 () doth make
100 Q) of those; and each 1 (%) of these makes 10 () of those, éic. or otherwise,
if the tenth part of the yard be the greatest measure that the stereometrian proposes,
he may call it 1 (0), and so as above said.

THE FIFTH ARTICLE: OF ASTRONOMICAL COMPUTATIONS

The ancient astronomers having divided their circles each into 360 degrees,
they saw that the astronomical computations of them with their parts was too
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de Sterrecon fts rekeninghen der felver met ha-
ren -onderdeelen ofte ghebroken ghetalen, veel
te moeyelick vielen, Daerom hebben fy elcken
Trap willen {cheyden in feecker deelen, ende de
felve deelen andermael in alfoo veel; etc. om
duer fulcke middel aluje lichtelicker te mueghen
wercken door hecle ghetalen, daer toe verkiclen-
de de vleftichdeclighe voortganck , overmidrs

6o cen. ghetal is metelick door. vele verfchey-
* den hecle maten, namelick 1, 2,3,4,5,6,10,12,
15,202, 30. Maer foowy de Ervaring ghelooven
(met alder cerbieding der looflicker Oudtheyr,
ende door beweechniffe tor de ghemeene nue
ghefprokgn) voorwaer dz teftichdeclighe voort-
ganck én was niet de bequaemfite, immeronder
de ghene dic machrelick inde Natuere befton-
den, maer de Thicndeelighe, welcke aldus toe-
gaede: De 360. Trappen des Rondts, neemen
wy anderf(ins Beghinfelen , ende yder Trap ofte
1@ fal ghedecle worden in 10 even declen,
welcker yder ons een (@ verftre® , dacr nacer
yder 1@ , weder in 10 @, ende foo vervol-

ghens als int voorgaende dickmael ghedaenis.
Nu defe deylinghen alfoo verftaen fijnde, wy
fouden mueghen hare beloofde lichte maniere
van Vergaderen, Afurecken, Menichvuldighen,
ende Declen , door verfcheyden exempelen be-
{chrijven , maer anghefien fy vande vier voor-
gaende voorftellen gant{ch niet en verfchillen,
fulck verhael foude hier fchadelicke Tijtverlics,
ende onnoodighe pampicrquiftighe fijn, dacrom
laten
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laborious; and therefore they divided also each degree into certain pasts, and
these again into as many, etc, to the end thereby to work always by whole
numbers, choosing the 60th progression because that 60 is a number measurable
by many whole measures, namely 1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30; but if
experience may be credited (we say with reverence to the venerable antiquity and
moved with the common utility), the 60th progression was not the most con-
venient (at least) amongst those that in nature consist potentially, but the tenth,
which is thus. We call the 360 degrees also commencements, expressing them so
360 (0), and each of them a degree or 1 (9) to be divided into 10 equal parts, of
which each shall make 1 (@), and again each 1 (1) into 10 (2), and so of the rest,
" as the like hath already been often done.

Now this division being understood, we may describe more easily that we
promised in addition, subtraction, multiplication, and division; but because there
is no difference between the operation of these and the four former propositions
of this book, it would but be loss of time, and therefore they shall serve for
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- laten wy die voor exémpelen defes Lidts verftrec-
ken'. Ditnoch hier by voughende, datwy inde
. Stexrecont die wyin onfe Duyt{che Tale (dat is
~ inde aldercierlicfte alderrijckfte , ende aldervol-
. macckfte Spraccke der Spraecken, van wiens
. .groote befonderheydt wy ~cortelick noch al veel
breeder ende fecckerder betooch verwachten,
dan Pieter ende Jan daer-af ghedaen hebben
inde Bewijfcontt ofte Dialectike onlancx uytghe-
gheven) hopen telaten uytgaen, defe manicre der
declinghein allen Tafelen ende Rekeninghen fich
daer ontmoctende, ghebruycken fullen.

V. LIDT VANDE REKENIN-
GHEN DER MVNTMEESTERS,
Cooplieden , ende allen Staten van
volcke int ghemcene.

O M generalick ende int cort te fpreecken

vanden grondt defes Lidts, {00 is te weten
dat alle mate, als Langhe , Drooghe , Natte,
Ghele, erc. ghedeelt fal worden door de voor-
noemde thiendeelighe voortganck , Ende elckc
groote vermaerde Specie vah dien falmen pe-
ghin noemen , als Marck, Beghin der ghewich-
ten daer mede men Silver ende Goudr weeche :
Ponde, Beghin van dander ghemecne ghewich-
ten: Pondrgroot in Vlaenderen , Ponfteerlincx

in Inghelandt, Ducact in Spacigne , etc. Beghin
des Ghlts.

Des .
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examples of this article; yet adding thus much that we will use this manner of
partition in all the tables & computations which happen in astronomy 12), such
as we hope to divulge in our vulgar German 18) language, which is the most rich
adorned and perfect tongue of all other, & of the most singularity, of which
" we attend a more abundant demonstration than Peter and John have made thereof
in the Bewysconst and Dialectique, lately divulged 14).

THE SIXTH ARTICLE: OF THE COMPUTATIONS OF MONEY-
MASTERS, MERCHANTS, AND OF ALL ESTATES IN GENERAL

To the end we speak in general and briefly of the sum and contents of this
_ atticle, it must be always understood that all measures (be they of length, liquors,
of money, etc.) be parted by the tenth progression, and each notable species of
_them shall be called commencement: as a matk, commencement of weight, by the
which silver and gold are weighed, pound of other common weights, livres de
gros in Flanders, pound sterling in England, ducat in Spain, etc. commencement

1%) On this see the Introdiiction.§ 6, and footnote °).

13) Concerning "the use of German in the sense of Dutch, see Vol. I, p. 7, note.

14) Stevin here refers to his Dialectike, Work III (cf. the bibliography in Vol. 1, .
p. 26). — Norton, at this place, introduces a table “for the reducing of minutes, seconds,
etc. of the 6oth progression into primes, seconds, etc. of the tenth progression”, with
an explanation. . .
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Des Marcx hoochfte teeckenfal fijn @, want
1 ® fal ontrent een half Antwerps Aes weghen.,
Voor het hoochfte teecken vant Pondigroote,
{chijnt de @ te mueghen beftacn, aenghefien
foodanighen 1 @) min doet, dan het vierendeel
van 18§, , : ’

Deonderdeelen desghewichts om alle dinghen
duer te connen weghen, fullen fijn (inde plaets
van Halfpondt, Vierendeel, halfvierendeel,Once,
Loot, Enghelfche, Grein, Aes, etc.) vanelck
‘teecken §, 3, 2, 15 Datis; Naer het Pondr ofte

" 109, fal volgheneen ghewichte van § @ {doen-
de --1b.) daer naervan 3 ®, danvan 2 @, dan
van 1 (D: Endedergelijcke onder declen fal oock
hebben de ® ende d'ander volghende. -

Wy achtent oock nut dar elck onderdeel van
wat Stoffe fijn Grondt fy , ghenoemt worde met
name Eerfle, TWeede, Derde, etrc. Endedat over-
midts ons kennelick is Tweede Vermenichvul-
dicht met Derde , te ‘gheven Vytbreng Vifde,
(want 2 endcg maecken g, als vooren gheleyt
is) fwelck door andere namen oo merckelick
nieten foude connen ghefchiedén. Maeralfmen
die met onderfcheyde der Stoffen noemen wil
( ghelijckmen fege Halfelle Halfpondt Halfpin-
te, erc.) {oo mueghen wy die heeten Marcxeerffe,
Marcxt\eede, Pondtftweede, Ellenftweede, ctc.

Nuom van defen exempel te gheven, Ick ne-
me dat 1 Marck ‘Goudt weerdich fy 36 1b 5 @
3@, de Vraghe is wat 8 Marck 305340
bedraghen fullen . Men fal 36 5 3 vermenich-

C vuldigen
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of money; the highest sign of the mark shall be (@), for 1 (® shall weigh about
the half of one Es of Antwerp, the (3) shall serve for the highest sign of the livre
de gros, seeing that 1 () makes less than the quarter of one gr.

The subdivisions of weight to weigh all things shall be (in place of the half
pound, quarter, half quarter, ounce, half ounce, esterlin, grain, Es, etc. of each
sign 5, 3, 2, 1, that is to say that after the pound or 1 (© shall follow the half
pound or 5-(D), then the 3 (D, then the 2 (1), then the 1 (D), and the like sub-
divisions have also the 1 (@) and the other following. :

We think it necessary that each subdivision, what matter soever the subject be
of, be called prime, second, third, etc., and that because it is notable unto us that
the second, being multiplied by the shird, gives in the product the fifth (because
two and three make five, as is said before), also the third divided by the second
gives the quotient prime, etc. that which so properly cannot be done by any other
names; but when it shall be named for distinction of the matters (as to say, half
an ell, half a pound, half a pint, etc.), we may call them prime of mark, second
of mark, second of pound, second of ell, etc.

But to the end we may give example, suppose 1 matk of gold value 36 Ibs
5 @ 3 @, the question what values 8 marks 3 @D 5 ® 4 ®: multiply 3653 by
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vuldighen met 8 5 5 4, gheeft Vytbreng door het
derde Voorftel, welck oock is het begheerde Be-
fluyt, 3051b1 @ 7@ 1. warde 6 ®D 2 8 be-
langt, dicen fijy hier van gheenderache.

Andermacl 2 Ellen 3 @, coften 5 b2 @5 @,
watfuilen coften 7 Ellen § (@ 3@ Men fal naer
deghebruyck delactlte ghegheven Pale Verme-
nichvuldighen metde tweede,ende den uytbreng

declen door d’eerfte; Datis 7 5 3 met3 2 ¢, doct
" 24471 5,die Ghedeclt door 23, gheeft Soome-
nichmael ende Befluyt, 10166 @ 4 @.

Wy fouden mueghen ander exempelen ghe-
ven in alle de ghemeene Reghelen der Telcon-
ften in "Meofchen handelinghen dickmoacl te
vooren commende, als de Reghel des Ghefel-
{chaps, des Verloops,van Wilclinge, etc. bethoo-
nende hoe fy alle door heele ghetalen afgheveet- |
dicht connen worden; cock mede defer lichte ge-
bruyck door de Legpenninghen: Macr anghefieu
fulcx nyt hervoorgaende openbacr is fullent daer
by laten.

Wy fouden oock door veighelijckinghe vande
moeyelicke exempelen der ghebroken ghetalen,
opentlicker hebben connen bethoonen het groo-
te verfchil der lichticheydt van defe buyten dic,
maerwy hebben fulex om de cortheydroverghe-
fleghen.

TEN laetften mosten wy noch fegghen van
ecnich onderfcheydt defes feften Lidts, met

devoorgaende vijf leden, welckis, dat yeghelick
‘ pere
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8354, giving the product by the fourth proposition (which is also the solution
required) 305 1bs 1 ) 7 @ 1 (3); as for the 6 () and 2 (5), they are here
of no estimation.

Suppose again that 2 ells and 3 () cost 3 Ibs 2 (O 5 (@), the question is what
shall 7 ells 5 @ 3 @ cost. Multiply according to the custom the last term given
by the second, and divide the product by the first, that is to say: 753 by 325
makes 244725, which, divided by 23, gives the quotient and solution 10 lbs
64 ®. ‘

%DVe should like to give other examples in all the common rules of Arithmetic
occurring often in man’s actions, such as the rule of society, of interest, of
exchange, etc., showing how they can be all expedited by integer numbers, as
well as by easy use of counters; but we shall leave it at that because it is clear
from the preceding 15).

We could also more amply demonstrate by the difficult examples of broker
numbers the comparison and great difference of the facility of this more than
that, but we will pass them over for brevity's sake.

Lastly it may be said that there is some difference between this last sixth
article and the 5 precedent articles; which is that each one may exercise for

; :
15) This paragraph is omitted by Norton.
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perfoon voor fijn felven dethiende deelingen van
. die voorgaende Leden , ghebruycken can fonder
ghemeene oirdening door de Overheydt daer af
gheftelt te mocten worden; maer fulex niet foo be-
quamelick in ditlactfte wandt d’exempelen van
dien fijn ghemecene rekeninghen die ailen oogen-
blick (om foote fegghen) te vooren commen, in-
dewelcke hetvoughelick foude fiju, dat het be-
fluyt alfoo bevonden, by alle man voor goedt ge-
houden ware: Dacroin ghemerét de wonderlicke
groote nutbaerheydt van dien, het ware te win-
fchen dat cenighe, alsde ghene dier vmeciteghe-
rief door verwachten, fulex bencerftichden om
ter Daet ghebrocht te worden; Te weten dat bene-
“ven de ghemeene deelinghen dieder nu der Ma-
ten, Ghewichten, ende des Ghelesfijn (blijvende
- elcke Hooftmate, Hooftghewichr, Hooftghelr,
tot allen plactfen onverandert) noch Wettelick
door de Overheydt veroirdent wierde, de voor-
nocmde thiende declinge,op datygelick wie wilde,
die mochte ghebruycken,

Herware oock ter faccken voorderlick, datde
weerden des Ghelts voornamelick des geens nieu
ghemunt wort,op feeckere Eerffen Tweeden, ende
Derden gheweerdicht wierden.

‘Maer of dital {choone niet {00 haeft int werck
gheftelten wierde, ghelij& wel te wenfchen waer,
dacr in {al ons ten eerften vernoughen, dat het ten
minften onfen Nacrcommers voorderlick fijn fal,
want hetis feecker, dat by aldien de Mcnfcl{cn in
toecommenden tijt, van fulcker aercfiju als fy in

C:z den
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themselves the tenth partition of the said precedent 5 articles, though it be not
given by the magistrate of the place as a general order, but it is not so in this
latter: for the examples hereof are vulgar computations, which do almost con-
tinually happen to every man, to whom it were necessary that the solution so
found were of each accepted for good and lawful. Therefore, considering the
so great use, it would be a commendable thing, if some of those who expect
the greatest commodity would solicit to put the same in execution to effect,
namely that joining the vulgar partitions that are now in weight, measures, and
moneys (continuing still each capital measure, weight, and coin in all places
unaltered) that the same tenth progression might be lawfully ordained by the
superiors for everyone that would use the same; it might also do well, if the
values of moneys, principally the new coins, might be valued and reckoned upon
certain primes, seconds, thirds, etc. But if all this be not put in practice so soon
as we could wish, yet it will first content us that it will be beneficial to -our suc-
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denvoorleden gheweeft hebben, dat fy foodan;-
ghen voordeel nictaltijt verfwijmen en fullen.

. Tenanderen, foo enift voor yghelick int befon.

der de vorworpenfte weten{chap niet, dat hem

kennelick is hoe het Menfchelicke Geflachte fon-
der coft ofte aerbeydt, fijn felven verloflen can van
{oo vele groote moeyten, als fy maer en willen.
Ten lactften; hoe wel miflchien de Daet defes
feften Lidts voor ecnighen Tijt lanck niet blijc-
ken en fal, Doch foo can cen yghelick de voor.
fle vijve ghenicten, foot kennelick is dat fom-
mighe der felver nu al deghelick intwerck ghe-
ﬁclgt'ﬁjn . '

EYyNpe peEs AENuANGsELs,
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cessors, if future men shall hereafter be of such nature as our predecessors, who
were never negligent of so great advantage. Secondly, that it is not unnecessary
for each in particular, for so much as concerns him, for that they may all deliver
themselves when they will from so much and so great labour. And lastly, al-
though the effects of the first article appear not immediately, yet it may be;
and in the meantime may each one exercise himself in the five precedent, such
as shall be most convenient for them; as some of them have already practised.

THE END OF THE APPENDIX






