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INTRODUCTION
§1

Stevin's Arithmétique was published in 1585, the year in which also The Tenth
appeared. No Dutch original was published, as in thé case of The Tenth; the
Arithméiique was only presented in French. Bound together with the Arithmé-
tigue was another book, entitled Pratigue d’Arzt/JmetIque 4t mainly dealt with
commercial applications of the theory unfolded in the  Arithmétique. These appli-
cations included The Tenth and the Tables of Interest, which weré thus published
a second time, now in.a French translation. Added to the Arithmétigue was
Stevin's own and very free version of the first four books of Diophantus, at that
time available in a Latin translation by Xylander 1). Moreover, added to the
Pratique was a treatise on incommensurable quantities, with Stevin’s explanatlon
of the tenth book of Euclid’s Elements 2). When after Stevin's death Albert
Girard republished the Arithmétigue, he not only added a few remarks of his
own (clearly indicated), but also added Stevin's Appendice algébraique, a short
essay first published in 1594. At the same time Girard completed Stevin's work
on Diophantus by adding his own version of the fifth and sixth books 3).

The Arithmétique is thus a collection of several books, all loosely related to
each other and centring around the main part, which deals with the arithmetic
of integers, fractions, and irrationals, along with what we call the algebra of
polynomials and the theory of equations. Apart from The Tenth and the Tables
of Interest, published separately, the part dealing with equations is probably to
us the most interesting section of the book. It gives us a late sixteenth-century
approach to the theory of algebraic equations, including those of the fourth
degree — called, in Stevin’s words: “les équations de cinc quantitez”.

§ 2
Stevin's Arithmétique is divided into two books, one on Definitions, the other
on Operations. In the Definitions he explains his notation .and his classification
of numbers in arithmetical, geometrical, and algebraic ones. What strikes us
immediately when we begin to read the book is Stevin’s emphatic plea to consider

1) Diophanti Alexandrini Rerum Arithmeticarum Libri sex . . . A Guil. Xylandro Augusta-
no incredibili labore latine redditum. (Basle, 1575). — Xylander’s German name was Wilhelm
Holtzman ; he was a professor at Heidelberg. Rafael Bombelli, a professor at Bologna, had
already published 143 problems of Diophantus in the third book of L’.Algebra parte
maggiore dell’ Arithmetica (Bologna, 1572; there is also an edition of 1579).

%) Stevin knew Euclid’s Elements primarily from the Latin translation by Clavius:
Euclidis Elementoram libri XV, . . . accessit XV'I. De solidorum regularium comparatione .
Auctore Christophoro Clavio (Rome 1574, 2 vols, several later editions) — Clavius (15 37—
1612) taught at the Jesuit College in Rome and was an advisor to Pope Gregory XIII
on the calendar reform of 1582.

3) H. Bosmans, Ann. Soc. Sc. Bruxelles 35 (1910-11), Z¢. (35) indicates precisely the
relation between Girard’s editions and the original versions edited or supervised by
Stevin.
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one a number: “Que 'unité est nombre”. We here have to do with an opposition
to a point of view which had come down from the Greeks and which finds
expression in Euclid's Elements VII, def. 2: “Number is a multitude made up of
units (povddes)”. The unit itself is not a number, since the origin or principle
(dpx7) of a thing is not that thing itself. Similarly, a point is not a line, though
it is its origin, This analogy between the point and the arithmetical unit was
stressed in particular by the Pythagoreans, who taught that a unit is a point with-
out position and a point is a unit having position, and whose influence was felt
by Euclid. It appears that Stevin disagrees with this analogy. Two units, he points
out, form a number different from the unit but of the same nature, but two
points only form a point. If we wish to compare a point with an arithmetical
concept, we had better take zero: a multitude of zeros is still zero. We. may call
the point the “beginning” of the line (here we find the concept 4px4 again),
and zero the “beginning” of number, “l¢ vrai et naturel commencement”. This
idea is found again in The Tenth, in the second definition, where the “begin-
ning” is indicated by (9. Zero, therefore, is not a number in Stevin’s mode of
thinking."He uses the symbol zero freely, but does not accept zero as a root of
an equation.

‘But though he may exclude zero as a number Stevin is quite convinced that
the traditional number concept, as it had come down from the Greek through
the early Renaissancé and especially from Euclid, was too natrow. This number
concept included natural numbers as well as rational and certain irrational ones,
the Jatter usually conceived as radicals. Stevin now draws the conclusion that
number is a continuous quantity “as continuous water corresponds to a con-
tinuous humidity, so does a continuous magnitude correspond to a continuous
number”. There are, he states, no “absurd, irrational, irregular, inexplicable or
surd numbers”. What he means is that one number, g#4 number, is not different

from any other, 2 is the square root of 4 just as 4/2 is the square root of 2.
We can only speak of incommensurability if we consider the ratio of two numbers,

64/2 is rational in terms of '4/2, and irrational in terms of 2. Stevin is willing

to include negative numbers in his number concept; though with some caution:
they still are somewhat of a novelty to him. However, he draws the line at
complex numbers, despite the fact that his older contemporaty Rafael Bombelli
had. shown no such scruples, and had developed an algebra1) in which our

5+ 74/—1is wtitten as 5 p., 0 m. 49 land 5—7 \/Zlasim.[ 0 m. 49 |.Here

p- stand for pis, m. for meno, and the new radicals are called piz di meno
when they are added, and meno di meno when they are subtracted (Stevin’s “plus.
de moins” and “moins de moins” in Probl. 69). Stevin does not see the use of
these novel numbers: “There are enough legitimate things”, he writes, “to work
on without need to get busy on incertain matter” 4).

This extension of the number concept is typical of sixteenth-century mathe-
matics; it is due to the enormous amount of numerical work which was done
. and to the general reluctance to let the Greeks dominate all intellectual endeavour.
We here witness a gradual process rather than a conscious break, and thus we
find Stevin making concessions to the Ancients which look quite antiquated to us.

) Arithmétique, p. 309
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An example of this is formed by the part of the Definitions which deals with
“geometrical” numbers, numbers such as squares, cubes, roots, etc., still tradition-
ally connected with geometrical figures (our terminology: “square”, “cube”, still
preserves this ancient trait). However, Stevin breaks with the old Coss notation
and introduces the new exponential notation of Bombelli to denote the powers
of a given number, so that he writes

@2, @4 (@8 @16 ...
3, ®9, ®27, @81, ...... ;
in our notation: if 2« = 2, then 42 = =8, at =
if a = 3, then a2 = 9, 43 = 27, a4 = 81,

Here (@) stands for the i™ power of a given number. Stevin is perfectly willing
to take 7 fractional, () means a squaré root, (§) the root of a cube; thus () means
4/ (sometimes he also writes+/(3) instead of (. Since (D) is the expression

of the length of a line segment, (2) stands for a square, @ for a cube, for
a segment which is the mean proportional between the unit segment ¢ and (@):

O =@ :1 .
QO =0:®=0® 1

Since space has three dimensions, the geometrical expression of (@) also calls
for an artifice, and Stevin again uses a proportion

@:0=0:0

which, by comparing (@ and the cube (3), expresses (@) as a rectangular block,
having the square (2) for base, and a height such that the volume of the block
is to that of the cube in the ratio of (@) to (3); here @) and (1) are numbers. In
the same way (), (5),... can be interpreted as solids. )

Similarly: 5

‘This is a clumsy procedure. The way out towards spaces of higher dimensions
only appeated in the nineteenth century at a level of mathematical understanding
far different from that of Stevin's days. However, there was another way out,
which was implicit in Stevin's work and was actually adopted by Descartes not
long after Stevin’s death. It consisted in applying the method used to interpret
@ alsoto @, @, @, etc,and writinge: O = @ : @, ©Q: @ =@ : @. In
this way every power can be expressed in terms of the unit line segment, and
we have arrived at the correspondence between numbers and line segments on
which analytic geometry is based 5). We see in this example how great were
the obstacles that had to be overcome in order to reach such a simple thing —
simple to us — as analytic geometry.

§.3

The second book of the Arithmétique deals with Operations and consists of
three parts. The first two parts do not contain much of particular interest to us;

8) E. J. Dijksterhuis, Simon Stevin, p. 72.
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they expound the rules of ordinary arithmetic with integers, fractions, and ra-
dicals, and teach proportions and the “regula falsi”. The subject matter does
not differ appreciably from that of our present textbooks, e.g. the multiplication

and division of fractions such as (v/2 + v/6) / (v/2 + 4/4), and the reduction
of ]//7 + 4/48 to4/3 + 2. It is a little more elaborate than our present treat-

ment, because Stevin insists on proving some of his results with the aid of geo-
metrical figures in the Euclidean tradition, about which more is to be said below.
He has our signs + and —; the sign of equality, if he needs it, is :. In an-
other place he uses M for multxpllcahon D for division.

The third' section of this book On Operations contains the algebraic part, the
theory of polynomials, and that of equations. Here we meet with “algebraic”
Jumbers. To define them, Stevm again introduces the exponential notation (),

but this time to indicate the i " power of an indefinite quantity, i.e. what we

usually denote by x*.. By a combination of these symbols we obtain an “algebralc
number, for instance : :

®000

which amounts to what we now write as #yx3 + ayx2 +agx + ag. Here the sym-

"bol @ therefore stands not only for x*, but for any positive multlple ‘of x* ; the
+ sign is omitted, if not required. When the coefficient is given, it has to be
indicated: 5@3) stands for 5x4. In this case the sign for the summation or sub-
traction appears 6):

4 @ + 12 means 4 x + 12.

Stevin then teaches the principal operations with polynomials (multinomials,
as he calls them), very much following the methods he used for expressions con-
taining radicals. Here we find, for instance, the division of polynomials, such as
4x7T — 2x6 — 6x5 + 9x4

2x% + 3x3
idea of Stevin, the method for finding the greatest common divisor (G.C.D.) of
two polynomials. He states that he was led to his discovery by some remarks of

= 2x3 — 4x2 + 3x, This is followed by an original

%) We have to bear in mind that Stevin uses Bombelli’s exponential notation in four
different ways:

a) In The Tenth, to indicate decimal units;

b) in his Trigonometry, to indicate sexagesimal units;

c) inL’Arithmétique, to indicate powers of a given positive number, in practice 2 or 3,
hence to indicate our 22 ; 2 being a constant;

d) also in L’ Arithmétique, to indicate powers of an indefinite quantity, hence our x?,
and under certain citcumstances even a multiple of x? , hence our ax? . But when the a is
specifically given, he writes it, e. g. 5(2) means 5x*. — On Bombelli’s notation, see our in-
troduction to The Tenth; also H. Wieleitner, Zu Bombelli’s Begeichnung der Unbek,
und ibrer Potenzen, Archivio di Storia delle Scienze 7 (1926), pp. 29-33; E. Bortolotti, Sulla
rappresentagione simbolica delle incognita e delle potenze di essa introdotte dal Bombelli, ib. 8

(1927), pp. 49-63.
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Pedro Nunes (1502—1578), a Portuguese mathematician, whose latinized name
of Nonius is preserved in the measuring instrument better called a vernier.
Nunes, in his Libro de algebra™) of 1567, had derived some methods for the
factorization of certain polynomials 8). This brought Stevin in search of a general
method to reduce rational algebraic fractions to their simplest form, to a discovery:
the generalization of the Euclidean algorithm for finding the G.C.D. of two
positive integers to two polynomials 9). This is the way we still find the G.C.D.
of two such forms 10). . _
The remaining part of L'Arithmétique is devoted to the theory of equations.
Before we discuss it, we have to report on one other aspect of Stevin's notation.
Though it is true that Bombelli’s exponential notation (?) is an advantage over
previous notations which denoted every power of x by a symbol of its own, there
is a difficulty when two or more indefinite quantities have to make their ap-
pearance. We now meet this difficulty by introducing other letters, y, z, etc.

Stevin cannot do this, and so, where we write y, 72, ...... he writes sec (D), sec
(O ; where we continue with 2z, 22,...... , he writes ter ), ter @,...... The
5x2 z3

result is that the term which in our notation is

, appears in L' Arithmétique

as 5@) D sec @) M tér (3). We can now appreciate better the advantages of
Descartes’ x, 3, 2...:... notation. '

§ 4

The chief theoretical achievement of sixteenth-century mathematics is the
development of algebra, and this development was primarily due to the advance-
ment in the theory of equations. During this century the solution of the third and
fourth-degree equations was added to the classical solution of the quadratic
equation, and methods were found to deal with the numerical solution of equa-
tions of higher degrees. The algebrists — or “cossists”, as they were called —
created an algebraic symbolism and improved the notations step by step. They
abandoned the exclusive concentration on positive numbers, and admitted negative
and even imaginary numbers. On the one hand these men showed increased skill
in numerical work with large integers, fractions, and irrationals, on the other hand
they reached greater abstractions in their treatment of equations.

The theoty of equations reached the mathematicians of the Renaissance period

") P. Nunes, Libro de algebra en arithmetica y geomeiria (Antwerp, 1567). This was a
translation by the author into Spanish from the original Portuguese. See H: Bosmans,
Sur le “Libro de algebra® de Pedro Nufieg, Bibl. mathematica (3) 8 (1908), pp. 154-169;
id., L’ Algébre de Pedro Naunez, Annaes de Acad. Polyt. do Porto 3 (1908), 50 pp.

8) See the account in Bosmans, /. (7) Bosmans points out that thete is no reason to
belfeve (as Stevin seems to suggest) that Nunes tried to find the G.C.D. of polynomials
and failed. ‘

%) Elenients VII, Prop. I, IL. Euclid’s proofs are geometrical, and make a discrimination
between the cases that the G.C.D. is 1 and < 1;this is done because of the assumption that
one is not a number.

10) For a modern discussion, see H. Weber, Lebrbuch der Algebra 1 (Braunschweig,

1898), p. 37.
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primarily in two ways 11): through Euclid’s Elements 12) and Al-Khwarizmi's
Algebra 13). Both were available in Latin translations 14), though Al-Khwarizmi’s
book remained in manuscript. The two texts were not independent, since the
Arabic writer showed the influence of the Elements. But whilst the Elements
followed an abstract-geometrical pattern, the Arabic text contained numerical
examples and used geometry only for illustration, or as a means of demonstra-
tion. Since Stevin's exposition is strongly influenced by both Greek and Arabic
writers, some understanding of their methods is necessary for the understanding
of the Arithmétique.

§ 5
Euclid’s theory of what we call linear and quadratic equations has, at first
sight, little in common with them. It is cast into the form of questions and de-

Fig. 1

1Y) For a general exposition, see J. Tropfke, Geschichte der Elementar-Mathematik 111
(Betlin-Leipzig, 3eAufl., 1937), 239 pp. An appendix contains samples of different
notations, including some taken from Stevin’s L’ Arithmétigue on pp. 222~223. A some- -
what different treatment of quadratic equations is found in J. Troptke, Zur Geschichte der
quadratischen Gleichungen diber dreieinbalb Jahrtausende, Jahresber. Deutsch. Math. Ver. 43
(1934), pp - 90-107; 44 (1924), pp. 26—47, 95-119 (On Stevin, see p. 119). Comp. also D.
E. Smith, History of Mathematics 11 (Boston, New York, etc., 1925, XII - 725 pp.), Ch. VI
and M. Cantor, Vorlesungen 1, 11,

12) Euclidis opera omnia ediderunt J. L. Heiberg et H. Menge, vol. VI (1896). See T L.
Heath, A History of Greek Mathematics; Oxford, 1921, 2 vols. XV + 446 pp., XI + 586
pp.; ., A Manual of Greek Mathematics; Oxford, 1931, XVI 4 552 pp.). Thete is no
translation of the Dara into any modern language.

13) The Algebra of Al-Khwarizmi was only available in manuscript copies, either in
Arabic or in Latin, In 1831 the Arabic text was published, together with an English
translation: The Algebra of Mohammed ben Musa, ed. and transl. by F. Rosen (London, 1831).
See also L. C. Karpinski, Robert of Chester’s Latin Translation of the Algebra of Al-Kho-
warigmi (New York, 1915, 164 pp.).

4) See e.g. the translation Zc. 2)
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monstrations concerning the so-called application of areas (mapaBolh Tév xwpiwv)
It is required to construct in a given angle a parallelogram, one side of which
is to lie along a given segment PQ, while its area A is to satisfy certain
conditions. The area A is given as that of a convex polygon, which can always be
transformed into a triangle or parallelogram of given size and equal area. The
simplest case is that of Elements Prop. 1, 44, 45, where it is required to apply
in a given angle to a given segment PQ as base a parallelogram of given area I'.
The construction is equivalent to the solution of the linear equation ax sin ¢ = I,
when 4 is the length of segment PQ.

We atrive at the equivalent of the quadratic-equation when to PQ is to be
applied a parallelogram equal to a parallelogram of a given area 4 and deficient,
resp. exceeding by a parallelogram similar to a given parallelogram B ‘(which, of
course, has angle ¢). This means (Fig. 1) that we have to find on PQ -or its
continuation a point R such that the parallelogram of area A on PR in case (1)
falls short of parallelogram PS on PQ by the parallelogram RS similar to B; in
case (2) exceeds parallelogram PS by the parallelogram QT similar to B. In case
(3), where PS is equal to A, we are back to Prop. I, 44, 45.

H |

[/

S

3 M R Q
. Fig. 2

Case (1) is solved in Prop. VI, 28 of the Elements. Bisect PQ at M (Fig. 2)
and erect on MQ the parallelogram MQIH similar to the given one B; its
area be AB, Construct at H a parallelogram HT 2long HI and HM with area
equal to AB—A, which requires 1B>>A. The vertex T lies on diagonal HOQ.
Then parallelogram PT is the required parallelogram on PO of area A. Indeed,
since arca PT — area MS + area MT — area MS + area T1, area PT = \B —
(AB—A4) = A.

To obtain the algebraic equivalent of this construction let PQ be 4, TR = x and
RQ = p x (u given through parallelogram B). Then parallelogram PT has the area

2
x(a—pux) sin o = A, 2 sing = A
4/4, -

When we take ¢ = 90° (which does not impair the generality), we are led

to the quadratic equation

ux2 —ax + A= 0,42 = dp A, u=>0, a>0.
For RQ = ux we find
2

a
= - — |/ — — ud.
M= R
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The case = 1 corresponds to the application of an area deficient by a square,
favorite with Stevin.

a ]/ 7
The root ux = — + %-— pA is missing in Euclid. It is obtained by

placing the parallelogram of area A\B—A at H on the continuation of QH. The new
point R lies with respect to P as the old point R lies with respect to Q and thus
offers no eisentially new geometrical solution.

Case (2) is solved in Prop. VI, 29 of the Elements. The solution is very
much like that of case (1), which the exception that now (Fig. 3) the parallelo-
gram at H has the area AB + A. We find for the corresponding quadratic
cquation ux2 4+ ax — A = O (p = 90°), a>>0, u=>>0.

H 1

P R

Y o

S T
Fig. 3

) . o
ForRQ:Mwefind#x=_§+ V“T + wpd.

The other solution makes no sense for Euclid, since it is negative. We can
say that it corresponds to a new point R lying with respect to P as the old point
R lies with respect to O and offers no essentially new geometrical solution.

These two quadratic equations are therefore of the form I) ux2 — ax + &6 =
0, or ux2 = ax—b, II) ux2 4+ ax—b =0, or ux2 = —ax + b (u, 4, b>>0).
The first type has two positive solutions for a2>> 44, of which Euclid mentions
only one, the second type has one positive solution. There exists another type
with one positive solution:

) ux2 —ax — b = 0, ux2 = ax + b,
which does not appear in Euclid’s Elements. However, Prop. 84 of another
book by Euclid, the Data12) also deals with an application of areas, and this
proposition requires (in geometrical language) the construction of two unequal
segments x and y of given difference x—y = a (x>>y), forming a parallelogram
of given angle ¢ and given area 4. Then x—y = 4, xy sin ¢ = 4, or
bx2sin(p—axsin¢;——A =0,
the equation of type II). In this case y = x—a satisfies an equation of type
II). This is substantially also Euclid’s solution, since he shows how Prop. 84
can be reduced to Prop. 59 of the Data, which is equivalent to Elements
VI 29.
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The Elements contain another approach to these problems, which we can
interpret as follows. If one of the positive roots is p, then type I can be written,
for 4 = 1, as follows:

b= plap) = (92— (£ —p)2 (o5 p(p—a) = (G — )2 — (5)?
for p > 4) and type II: l
b=pletp) ==+ )= (D

These identities are the (algebraic) content of two geometrical theorems,
listed as Prop. 5, 6 in Book II of the Elements. (Prop. 5 states that if a
segment 4 is divided into two parts @, 4o, then the area of the rectangle with

4g

. sy . Ay — dg .
sides 4y, a5 plus that of the square with side —1——2—— is equal to that of the

; take 2, = p,

2
square with side Nk =2 a4, + (al — 42> =(al+a2)2
2 2 2 2
a; = (a — p). These identities are demonstrated with the same figure used
later in Prop. VI 28, 29. Euclid here confines himself to the rectangles, and
since he only develops the theory of proportions in Book V, he does not use the
concept of the application of areas; the coefficient of x2 in the corresponding
quadratic equations is 4 = 1. However, this formal relation to the theory of
quadratic equations is the reason that many authors quote the Prop. II 5, 6 rather
than those of Prop. VI 28, 29 as the basis of their geometrical theory of quadratic
equations 15).

Quadratic equations also appear, in some form or other, in the works of other
Greek authors known to the mathematicians of the sixteenth century (Heron,
Diophantus). The main line of development, however, starts from Euclid.

§ 6

The Algebra of Al-Khwarizmi (Bagdad), ¢. 825 A.D.) 13) was so influential
that the name “algebra” is derived from the Arabic title of his book. It attests
to the influence of Euclid, but also represents a characteristic Oriental tradition,
which can be traced to ancient Mesopotamian sources as far back as the second
millennium B.C. 16). The emphasis is here on numerical computation; geometrical
demonstrations are incidental and lack the axiomatic precision of the Greeks,
while homogeneity is not preserved. Euclid never adds areas to lengths, Al-
Khwarizmi has no objection to this. .

Al-Khwarizmi has no algebraic notation, he writes his problems and answets

15) For further accounts of what has been called the “geometrical algebra” of the Greeks
see the books on Euclid by Heath /.¢. 12); H. G. Zeuthen, Die Lehre von den Kegelschnitten
im Alterthum (Kopenhagen, 1886); L. C. Karpinski, /¢. 1%), and E. J. Dijksterhuis, De
Elementen van Euclides, 2 vols (Groningen, 1929, 1930).

16) Description and source material in O. Neugebauer, The Exact Sciences in Antiquity
(Princeton, 1952, IX + 191 pp.). :
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out in full. He recognizes six types of equations, which the Renaissance authors
often rendered as follows:

Latin English modern notation
1) census aequatur radicibus  square equal to roots x2 = ax
2) census aequatur numeris square equal to numbers x2 = a
3) radices aequantur nume- roots equal to numbers ax = b
ris . .
4) census et radices aequan- square and roots equal to x2 4+ ax = b
.tur numeris numbers
5) census et numeri aequan-  square and numbers equal to x2 + a = bx
tur radicibus roots
6) radices et numeri ae- roots and numbers equal to ax + b = x2
quantur censui square

“The coefficients are all positive. The types 5), 4), 6) are the three types I, II,
IIT of Euclid. Al-Khwarizmi illustrates each type by means of one typical example

I) x2 421 =10 x, II) x2 4+ 10x = 39, III) x2 = 3x + 4.

These examples became standard ones. L.C. Karpinski remarks ‘that “the
equation x2 4 10x = 39 runs like a thread of gold through the algebras for
several centuries” 17). The solution is first obtained by using a certain recxpe one
for each case:

I) x=5 = 4/25—21 = 5*+/4=5=+2=7or3,
) x = /25 +'3_9—3:\/EZ—3:5

HI)?‘.:]/(—) +4+2 ]/6 +— 4.

In type I) Al-Khwarizmi gives both roots. Only positive roots are recognized.
In the first type of the Latin list, ¥2 = ax, the only rcot is x = a; the root
x = 0 is not recognized, since 0, as we have seen, is not considered a number 18).

The arithmetical formula for the solution of quadratic equations requires a
proof, which Al-Khwarizmi gives by following the Euclidean procedure. Since
all his examples have 1 as the coefficient of x2, the application of areas can be

17) L. C. Karpinski, /.¢. 13), p. 19. :
18) F. Rosen, /.¢. 1), p. 5; L. C. Katpinski, /. %), p. 67 (“nihil aliud esse numerorum,
nisi quod ex unitatibus componitur™). The concept is of Greek origin, see above, pp. 2-3.
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performed with squares. For x2 + 10 x = 39, Fig. 3 is used, in the followmg
form (Fig. 4):

H |
25 Sx
M e R
sx x?
L S T
Fig. 4 Fig. 5

This can be changed into a more symmetrical form (Fig. 5). In Fig. 4 the
“gnomon’ IQMLT has area x2 + 10 x = 39, in Fig. 5 the shaded cross has
the same area. The large square has area (x + 5)2, the “quadratic supplement”.

For x2 + 21 = 10 x, Fig. 2 of Euclid is used (with a slight modification;
Fig. 6): H )

P M R Q
Fig. 6
-No figure is given for the second root. For x2 = 3x + 4 =ax 4 b a specxal
figure appears (Fig. 7) 19):

T o
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H ! :
1
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|

1

P M . Q R

Fig. 7

19) F. Rosen, /c. 1%), p. 19, L. C. Karpinski, Z¢. %), p. 87.
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If PQ = a, MQ = 4/2, then square HQ — (4/2)2, square MD — (4/2)2 +.5,
then TR = =x.

Al-Khwarizmi solves many other quadratic equations, such as x2 = 12x + 288;

(10 — x)2 + x2 + (10 — x) — x = 54; 10 — X4 X = 2-l_ In later
X 10 — x 6

authors, writing in Arabic, we also find quadratic equations with irrationals: thus
Abu Kamil, “the Egyptian calculator” (¢. 900 A.D.) 20), has equations such as

(4 VD e+ VD = 20,x= bt ik - o YT -3

; §7 ‘

The mathematicians of the Christian world followed Al-Khwarizmi and
other Islamic authors, such as Abu Kamil, both in their numerical work and in
their geometrical proofs. They recognized the three types of quadratic equations,
solved them either by a formula or by completing the square, and then had a
figure equal to or resembling the Euclidean rectangles. Gradually some changes
appeared. In the first place, an algebraic notation was developed, different in
different authors; symbols like +, —, y made their appearance, and the nume-
rical symbols began to look like ours. Michael Stifel (. 1487—1567), in his
Arithmetica integra (1544) 21), tried to find one formula for the solutions of
all three types of quadratic equations. For this purpose, he wrote the equations
in the following forms:

I) x2 = ax — b, II) x2 = b — ax, III) x2 = ax + b, so that, in Stifel’s
eyes, the solution of a quadratic equation was equivalent to the determination of
a root, “radix”: x = /b — ax, etc. Then Stifel’s Unica regula Algebrae consists
in the one formula

x-V( b+

where 2 and b have the same sign in the formula as they have in the equation.
After certain initials in the Latin formulation of the rule, it was called
AMASIAS 22). This, however, is in reality not a single formula, since Stifel al-
ways had to explain when to add, when to subtract. The first actual “unica
regula” is due to Stevin.

29) L. C. Karpinski, The Algebra’ of Abu Kamil Shojac ben Aslam, Bibl. mathem. (3) 12
(1911-12), pp. 40-55; id., The Algebra of Abu Kamil, Am. Math. Monthly 21 (1914), pp.
37-48.

2) M. Stifel, Arithmetica mlegra (Nurembezg, 1544) fol. 241.

22) L. ), fol. 48, 248-250.
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An example of Stifel’s notation is 1 ¥ aequatur 1 1Q + 35156 for x2 =

x 4 35156, ¥ standing for “census”, and R for “radix”. This is a typical

notation of the so-called Cossists.

Geronimo Cardano, (Cardan, 1501—1576), in his Ars magna (1545) 23),
. had no rule of unification, but had a rule expressed in verse, quoted in Probl.
68 of the Arithmétique. He was, however, freer than Stifel in his occasional use
of negative roots (aestiniatio ficta 24, e.g. x2 = 4x + 32, x = 8, — 4) and even
of complex ones. Solving the set of equations x 4+ y = 10, xy = 40, he found:

x =5+ 4/—15,9 =5 — 4/—15,
in his notation:
Sp 2 m 15, 5m :m @ 15,

“quae quantitas vere est sophistica”, he added 25).

In his acceptance of complex numbers Cardan may have been influenced by.
Bombelli, whose Algebra, however, was not published until 1572 25). Here
negative and complex numbers were. accepted quite freely, though the emphasis
in their use, as in Cardan, was on cibic rather than on quadratic equations. Bom-
belli’s notation for x,x2,...... S (&, Zyeeeeo ; this is the beginning of an ex-
ponential notation and adopted by Stevin. By .this time the algebraic work had
become quite independent of any geometrical interpretation, but Bombelli still
found it necessary to interpret his solutions of quadratic equations with the aid
of the Euclidean square figures. Even Stevin maintained this tradition.

§ 8

The numerical solution of the general cubic and biquadratic equations was an
achievement of the sixteenth century and was felt at the time as a great and
revolutionary discovery. For the first time mathematics had passed beyond the
limits of the centuries-old Greek-Arabic cultural domain. The importance of this
step was enhanced by an atmosphere of public disputations and nasty priority
squabbles. Cardan’s book, which made the discovery known to the learned world
at large, was proudly called Ars magna.

In our days, when this chapter of algebra has become a minor and slightly
boring part of the theory of equations, some effort is required to understand
what its development meant historically. It stimulated numerical work and im-

23) H. Cardanus, Artis magnae, sive de regulis algebraicis liber wunus. Nuremberg, 1545 ,fol 3
verso.
24) /.¢. #3), fol. 66 recto.

) R. Bombelli, L’.Algebra (Bologna, 1572; another ed. 1579); abstract in L’ Algebra
Opera di Rafael Bombelli da Bologna Libri IV e V... publ. a cura di E. Bortolotti (Bo-
logna, 1929, 302 pp.), pp. 25—46.
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proved its notation, made mathematicians familiar with negative and complex
numbers, helped to ‘remove the Euclidean conventions still adhered to in algebraic
work and the associated acceptance of the homogeneity of the equations. It
encouraged further pioneering in equations of degrees higher than four, and the
study of the theory of equations in general. Girard, Stevin's editor, was the first
to state that every equation of degree # has » roots 26),

Equations of degrees higher than two, or problems leading to such equations,
appear occasionally in Greek and Arabic literature. The most famous of them
are the problems concerning the trisection of the angle and the duplication of
the cube. The only systematic treatment of cubic equations before the Renaissance
“cossists” is that of ‘Umar Al-Khayyimi (Omar Khayyam, ¢. 1038/1048 - c.
1123[24, Nishapiir, Persia), who solved cubic equations by the intersections of
conics 27). The method itself was not new and of Greek origin, Omar only knew
positive roots and gave no. numerical examples. However, there is no evidence
that his work influenced the “cossists”. Paciolo, in his Summa (1494), declared
that the solution of equations of degrees higher than two was still wanting:
“P’arte ancora a tal caso non a dato modo si commo ancora non a dato modo al
quadrare del cerchio” 28).

The solution of the cubic equation, found in the early sixteenth century at
the university of Bologna by Scipio Del Ferro and his associates, was rediscovered
by Tartaglia and published by Cardan in his Ars Magna29). The solution, called
after Cardan, requires that there be no term in x2, but Cardan showed how this
can always be achieved by a substitution. For instance, the equation x3 = ax2 +

2 3
b can be transformed into y3 = iS—y— + 3247- + & by the substitution x =

7 4+ 4/3. Since Cardan knew only positive coefficients, he started with 13 dif-
ferent types, but he managed to reduce them to the three types:

x3 =ax + b, x3 + ax = b, x3 + b = ax.

The second type was the starting point of Tartaglia, who solved it by writing

a3
#—v =b u = (?) , and found

x=8Bu — Bv .

28) A, Girard, Invention nouvelle en Ialgébre (Amsterdam, 1629), fol E 4; new ed. Am-
sterdam (1889).

27) The Algebra of Omar Khayyam, by D. S. Kasir (New York, 1931, IV - 126 pp.)

28) Summa (1494), fol. 1501.

29) The story of the discovery of the solution of the third-degree equation has often
been told. See, for instance, the histories of mathematics by M. Cantor, F. Cajori, G.
Loria, et al., ot O. Ore, Cardano, The Gambling Scholar (Princeton, 1953, 249 pp.). Also:
E. Bortolotti, L’algebra nella scuola matematica bolognese dal secolo XVI, Periodico di Ma-
tem. (4) 5 (1925), pp. 147-184; id., Manoscritti matematiche, riguardanti la storia dell’ Algebra,
esistenti nelle’ Biblioteche di Bologna, Publ. Circ. Mat. di Catania, Esercit. Matem. 3 (1923),

pp. 69-91.

|
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Cardan gave corresponding solutions of the other cases. He reduced ‘the case
x3 + b = ax to that of y8 = 4y 4+ b by showing that in this case y2 -—xy =
a4 — x2, so that one value of y gives two values of x. Cardan recognized that
there may be three roots (e.g. the equation x3 4+ 10x = 6x2 4 4 has the roots

2, 2 +4/2, 2 —4/2) and remarked that their sum is equal to the coefficient of

the quadratic term. He studied the ‘general cubic equation, and also admitted
complex roots 30). He tried to add a geometrical interpretation to the solution
of the cubic équation, but did not get very far. The study of cubic equations
was thus an important factor in the gradual elimination of the Euclidean ap-
plication of areas from algebra.

Cardan’s Ars-magna also contains Ferrari’s solution of. a biquadratic equation
by the reduction of the problem to that of a cubic equation 31). Ferrari's example is

xt + 6x2 + 36 = 60x,

which he solved by adding to both sides first 6x2, than 2y (x2 4 6) + y2. He
obtained in this way: " '

(x2 + 6 + N2 = (6 + 2y)x2 + 60x + (12y + »2),

the second member of which is a perfect square in x, if

V(25 + 6) (125 + J2) = 30, or 3 + 1552 4 36y = 450,

which gives what we call the cubic resolvent, to be solved by Cardan’s method 32).
Cardan explained that biquadratic equations can have four roots. — Bombelli's
merits mainly consist in the competence he shows in the numerical handling
of cubic equations, including those with imaginary roots. He also faced the
“casus irreducibilis”’, where the equation x3 = ax 4 b has a real root appearing
as the sum of thé cubic roots of two conjugate complex expressions. If x3 =
-ax 4 b, then ! :

. 3 S 3 S ———
b b 2 3 b b 2 3
"=V?+V(?) - +]/;—]/(;) -3

this case presents itself when (%)2 < (%)3; Bombelli understood this

to mean that the two cubic roots must be conjugate complex 33). Bombelli also

39) An extensive study of the Ars magna in N. L. W. A. Gravelaer, Cardano’s transmu-
tatiemethoden, Nieuw Archief v. Wisk. (2) 8 (1909), pp. 408—443. The three transformations
used by Cardan to transform cubic equations of one kind into another were x 4 — y,
x =y + k& x =ylk ’ ’

31y _Ars magna, cap. 39, fol. 22 v. :

32) Comp. E. Bortolotti, Sulla scoperta della risolugione algebrica delle equazioni del quarto
grado, Per. di Matem. (4) 6 (1926), pp. 217—230. : )

33) 1.’ Algebra (1572), pp. 293—295. Cardan, in the second edition of the Ars magna
(Basel, 1570), also discussed the casus irreducibilis in his so-called Regula Aliza, but re-
mained, as Stevin remarked, rather vague (L’ Arithmétique, 1585, p. 309). See also
E. Bortolotti, La trisegione dell>angolo ed il case irreducibile della equazione cubica nell’ Algebra di
R. Bombelli, Rend. Accad. Sci. Ist. Bologna 1922-23, 16 pp.




474

solved some equations..of the fourth degree, e.g. x4 4 8x3 + 11 = 68x, for
which hé found two roots: x = — 1 ==+/12 34). :

§9

Stevin's theory of equations testifies to great skill, but is not particularly
original 35). In his theory of quadratic, cubic, and biquadratic equations he fol-
lows his “cossist” predecessors, of which he mentions Paciolo, Cardan, Tartaglia,
Stifel, Bombelli, and Nunes. He quotes “Mahomet”’, which may mean that he
had studied a manuscript of Al-Khwarizmi, but may also indicate that he took
the name from Cardan or some other author. A new feature in his work
is'a curious theory for explaining the character of an equation, which he’ thinks
will-help to overcome the difficulty of ‘those people who think that an “equation”
is something unusual. This seems to have been 2 common reaction in the sixteenth
century, since we also find Stifel interested in explaining the difficulty away.
Stifel, we have seen, explained a quadratic equation as the taking of a square root,
e.g. x = A/ ax + b. To Stevin another point of view appealed more. An equation,
says Stevin, is nothing but a proportion, and solving an equation is simply equi-
valent to applying the well-known rule of three. The three types of quadratic
equations, for instance, can be written as follows (in modern -notation):
2 2

2 x x

X

x ad ¥ X
b — ax b ex—4b  p’ oax+b  p

provided we add the condition that x = p. This does not seem a particularly
helpful remark, but it must have had a clarifying effect on some of Stevin’s
contemporaries, who were brought up on the rule of three 36). For instance,
when Stevin wrote: “given three terms, of which the first is (2), the second O,
the third an arbitrary algebraic number, to find the fourth proportional term”,
or, i1n our notatrons: :

34) I’ Algebra ibid.

) An extensive study of L’ Arithmétigue, and of Stevin’s theory ot equations m paru-
cular, by H. Bosmans is to be found in the following papers:

Notes sur I’ Arithmétique de Simon Stevin, Annales Soc. scient. Bruxelles 35 (1910~11),
2e partie, pp. 305—313; .

Remarques sur ' Arithmétique de Simon Sievin, Mathésis 36 (1922), pp. 167~174, 226-231,
2752871, '

La résolution des équations du 3¢ degré d’aprés Simon Stevin, ibid. 37 (1923), pp. 246~254, 304~

11, 341-347;

’ Lasre';olution des équations du ge degré chex Simon Stevin, ibid. 39 (1925), pp. 49~55.
See also the long extracts in G. Maupin, Opinions et cariosités touckant la mathématigue
(deuxiéme série). Paris, 1902. : )

36) Stevin’s interpretation of equations as proportions was criticized by Viéte in Ad
problema quod omnibus mathematicis totius orbis construendum proposuit Adrianus Romanus
Francisci Vietae responsum (Patis, 1595), Cap. 2, fol. 2. Stevin is not mentioned, only
Romanus, who had adopted Stevin’s interpretation.
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he meant what we express by the equation
x? X 2
sy S I =ax+b. ,

In his theory of quadratic equations Stevin also tried to improve:on Stlfel
who in his rule AMASIAS had given one single formula for the solution of all
three types of quadratic equations. However, Stifel failed to explain when to
use +, and when —. Stevin's rule is such that the directions for solving these
equations have the same words in all three cases. He arrived at this by writing
the equations in Stifel’s form and considering a negative term, such as —uax, as a
term with coefficient —a. Where Stifel still had to make a difference between
adding and subtracting, Stevin could always say “addmg" 37). He proved the
correctness of his formulation by an algebraic reasoning, since the classical geo-
metrical constructions are typically different in the three cases. With Stevin we
therefore have essentially our present single formula for the solution’ of all
quadratic equations, and this in itself was another step in the. gradual elimination
of all Euclidean proofs from algebra. Stevin even included the case of a, double
root.

Stevin had no objections against negative roots, but felt that they called for
an explanation. They.are, he stated, the positive roots of the equation obtained
by changing x into —x. The idea of introducing negative dumbers by changing
the sense on a line is a thing. of later age. The concept of derCt’Cd magnitudes
was still undeveloped. i

We have already seen that Stevin rejected complex roots. Even' much later,
after mathematicians had — almost grudgingly — accepted them, they were felt
as something awkward. This did not change substantially until Gauss related
them also to the concept of sense, this time in two dimensions. - .. .

For Stevin's ample discussion of quadratic, cubic and ‘biquadratic equations we
may refer to the text. He has an excellent exposition of the theory, covers-all
cases, and shows a considerable computational ability in handling them It was
probably the best exposition of this theory so far presented. oo

“We have not reproduced the whole text, but have made those selections which
can best give an idea of 16th century algebra and arithmetic and in especial
show’ Stevin’s characteristic methods of exposition.

. § 10 :

Another contribution to the theory -of equations is to be found in the Appen-
dice algebraique of 1594, which Girard later inserted in the text of the Arithmé-
tigue, as a Corollarium to Problem LXXVII. This Appendice originally ap-
peared as a pamphlet of six pages, of which only one copy preserved in the
University library of Louvain was known. The fire which destroyed this library
in 1914, during the first World War, also destroyed this pamphlet 38). It con-
tained, as “appendix” to the ‘Arithmétique, a numerical approximation of a po-
sitive root of an equation of any-.degree.

37) Cardan had already made the remark that to add — means to subtract + : “quamvis
minus cum additur . . . plus cum detrahitur”, Ars magna, Cap. XVIIL.

%) On the history of this book in Louvaln see Ph. Gilbert, Bull. Acad. roy. Belgique
(ze sér.) 8 (1859), pp. 192-197; H. Bosmans Annales Soc. sc. Bruxelles 30 (2 part.)
(1906), p. 275 ; H. Bosmans, Nouvelle b1ographxe nationale XXTII (Bruxelles, 1924) art.
Stevin, . )
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Cardan had already published such a. method, substantially an: extension of

the rule of the doubly false supposition. Let f(x) = apx” + ax™" + ... +
ax = k be an equation with positive coefficients. Then, if for a positive
integer x = « the inequalities f(2) > &, f(2 + 1) <{ & hold, there exists a
root x between # and 2 + 1. If we write ’

) —f@) - _

fla + 1) — f(a)

then §< 1 and we can take x = 4 4 6 as a second approximation. In this way
we can proceed further 39). Stevin's method is different and holds for equations of
the form f(x) = g(x), each member having only positive coefficients, such' as

x3 = 300 x + 33915024, He first finds a value x = 10% (% a positive integer)
such that £(10%) < g(10%), £(10**!) > g(10**"). Then he tries out 2.10%,
3.10% ...,9.10*% till he findsa number 4. 10* such that f(;t.loé) < g(a.lok),
f(}le'.w’*) >g (I+—f.1o‘), etc. After having found the integer part of x

(in his example 323), say x = A, he tries Ml-oié, £ =12,..., 9, etc.

>

Stevin did not apply his decimal notation, though the article was published in
1594. He mentioned that his friend Van Ceulen also had a general method
of solution. This may be true, but we do not know this method, since Van Ceulen

never published it.
§ 11

Stevin’s version of the first four books of Diophantus does not claim to be
a translation. Stevin simply used Diophantus’ text as a source for problems which
he could solve with the aid of his theory of equations. When he found it con-
venient, he also changed the numerical values in the problems. He was en-
couraged in this free treatment of a classic by the fact that Xylander's translation
was based on a bad Greek text anyway. The result is that Stevin's Diophant is
simply a continuation of the theory of equations in the Arithmétique. We have
not republished this part. The genuine Diophantus is now readily available 40).

Nor have we republished the first section of the Pratigue, which deals with
problems of commercial arithmetic, or the last part of the section, which contains a
treatise on incommensurables with an explanation of the tenth book of Euclid.
Stevin first gives, in Euclid’s spirit, a geometrical interpretation of radicals of the
form Va — Vb, and then reinterpfets Euclid’s classification of these forms in
terms of radicals. It is a creditable performance, but offers little which interested
readers cannot find much more easily in modern commentarises 41).

39) This was the “regula aurea”, Ars Magna, Cap. XXX, fol. 53. Cardan applied it to

several cases, ¢.g. x* -~ 3 x® = 100,

49y See, Diophanti Alexandrini Opera Omnia cum graecis commentariis ed. P. Tannery. 2 vol.
Lipsiae, 1893, 1895 or the French translation: Diophante &’ Alexandrie . . . oenvres traduites
... par P. Ver Eecke (Bruges, 1926, XCI + 299 pp.)-

4 T, L. Heath, The thirteen Books of Enclid’s Elements Vol. 111 (Cambridge 1908) 1-255.
: E. ]. Dijksterhuis, De Elementen van Enclides 11 (Groningen 1930). 167-199.

Ruth Struik in G/i Elementi &’ Euclide ¢ la critica antica ¢ moderna, editi da Federigo En-

« rigues. Libro X (Bologna 1932).




LARITHMETIQVE

DE SIMON STEVIN
DE BRVGES

Contenant lescomputations des nombres
Arithmertiques ou vulgaires :
Aufii I Algebre, asiec les equations de cinc quantitez..
Enfembleles quatre premiers liures d Algebre
de Diophantcd’ Alexandrie, maintenant pre-
mierement traduiéts en Frangois.

Encore vn liure particalier de La Pratique & Arithmetique,
contenant entre autres,Les Tables d Intere§l, La Difme;
Et vn trailté des Incommenfurables grandeurs :

De I'lmprimerie de Chriftophle Plantin.
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AV TRESDOCTE

ET VERTVEVX

SEIGNEVR M IEHAN
CORNETS DE -CROOT.

POCL OMBIEN guentreles duer-
[es tnchmations que- la Nature &
X4 Aistribue anx Hommes, il meSE
o). ¢fchen pour ma part , le defir
d entendre chefes rares; fans , helas | pounoir
artaindre le but propof¢ : Si e5t ce toutesfors

welle y a tellement pouruen , que lennui de
Zattmte e§t ancunement (oulagé, par le confore
procedant de befpoir de quelque fors y paruenir.
Mz comment? (ertes par la continuelle fami-
liarité, mon Treshonnoré Seigneur, liquelle
m a rendwcertain, non [eulement de vostre in-
fatiable <5 flagrante cupidizé , de comprendre
chofes hautes ¢>+ vertuenfes ; mass qu outre
cela vous eSties hewreufement parnenn a la
cognoiffance dz plufienrs mySteres ; (7 qoai, &
canfe de vostre benigne €/ communicatine af-
[feStion, mest deuenn comme ferme refuge de

Yoz

mes




mesdifficultez.  Car, quelle partic de la “Philo-

fophie fe pourroit il rencontrer, que vous 'y
fotez cversé; mon pas [elon le vulgare; mass par
Jfolscle intellsgence des caifes ? Certes les difcpli-
nes Mathematiques men font en partie tef-

‘moinage; Veu quentie autres les (ubtilz. Pro-
blemes ¢/ Theoremes Catoptriques & Albaze-

ne, Vitelle, @ & Euclide , ne vous pownosent

contenter., [ans Veoir par [experience lewrs ra-

res effelts, preparant, @ fafant preparer en

toute diligence, les appartils y neceffasres. €nla

Mufique , par deffus bexerace de la oicx, des

Inftrumensvoire de la Compofition en laguelle

(filon peut croive Leffect) vous westes pas des

moindres: vous cvons effes encore diligemment

exercé en la Therorie dicelle, nous en propofant

¢ refolwant argumens non ulgaires. Quant
a vostre erudition en la uriSprudence, “Phyfi-

que, &/ “Poifie, elle ¢St notoire dvn chafoun ;

mass & moi en particulier , Voftre diligence e

trauail, en basancement des chofes tendantes i
bytibse de la Republique: lefquelles (motennant
que Laneugle enmemie de Rasfons onla termi-
- nante
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nante Cloto ne Lempefchent)) [eront plus gran-
des que bon na attendy des Hommes de noftre
temps: de [orte que ie me [ens faire ancumement
mon debuoir, quandiestudse ¢o~ mefforce , de
Jaire chofé agreable a voftre trefillustre ESprit:
(¢ que 1e ne puss miewx faire pour ceStefors,
wen Vous deciant b Arsthmetique, enfemble
Pratique dicelle , meflees dancunes (telles
quelles [ont) miennes inwentions | propres a
mon auss, pour bvtilité commune : L anance-
mient ¢ profperité de laquelle effant voffre
deleElation ¢ finguliere eftude | ie ne doubte
point quselles ne vous donneront quelque con-
tentement. Recenes doncques bemgnement, ce
tefmoinage de zele, ¢+ dummortelle affz&hion,
dle celiy qui fouhaite Phewrenfe ifTue de tons voy

hauts &5 vertuens: concepts, ceSt de

L'entierement voftre.
Simon Steur.

*

3 AD

Note: The dedication is to Johan Cornets de Groot (1554—1640), burgo-
master of Delft from 159195, father of -Hugo de Groot (Grotius, the author
of De Jure Belli ac Pacis (1625), see Vol. I, p. 6, note 15). The poems are by
Dominique Baulde (le Bauldier, 1561—1613), in 1603. professor extraordinatius,
in 1613 professor ordinarius, at Leiden, Franciscus Bertie Anglus, apparently
an Englishman, and the same Johan de Groot, first under an anagram of fanus
Grotius, then under one of Ian de Groot. Another poem by de Groot: Vol. I,
- p- 51, ‘
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AD

SIMONEM STEVINVM
BRVGENSEM.

Multas Bruga dliss excequat laudsbus vrbes,
At cunclas anteit landibus ingeni).
Testes tot palfim popilos vulgata per omnes
Nomna vel potins numina que peperit.
1ss non S ap!zix parsvilaintatia remanfit
Quam potss bumana percipere arte labos.
Sola M sthematice miro tendebat amore
(#lsorem é celebri deligere vrbe fibi,
Tendebat frustra, finete STEV I NE fuiffe:
Qui Dinarn officio profequerere tuo.
FalixtuPatrid, falix te “Patria alumno:
Sed mage in hac fuhsx Patria parte tamen,
Quo precioftor eff mortalss muncre vite,
. Nafcendique brew [orte perenniss honos.

Dominicus Baudius Infulénfis.

IN
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IN OPVS SIMONTIS
STEVINI BRVGENSIS.

Grecia Dulichium mirata eft:Ronsa Catonem:
Et Demofthenicos Attica turba fonos.
Eft quodsattet opes nato te, Belgia STEVIN,
LacZabit primum te, tuaBrugga fuum.
Fatlices quibus ifta licent: funt 1§24 lsboris
(Crede mibi )meriti pramia digna tui.
Tam bené fuccedunt non ommbus ommia
STEVIN '
uain bene fuccedwnt hec tua [Criptatibi.
€1t aliquid [cripto dottii placwsffe: peritos
Atque etiam ignaros qai docet, ille docet.
Hoc opus, bic labor ef8, illo tibigratulor ipfo
Ars tua tam facils quod docet ire via.
Non quod Arsthmeticam facilé eff docunffe Ma-
Lro
Te /in{2 (vera loguar) non bene docta fust.
Stic numeros numerare prius,poft Addita primis
Quam bene conuensant ars twa doéta docet.
Nec [atss hoc,numero cum fint Diwfa priors,
Ni doceas qua quss Subtrabat arse iam.
’ Fraltique




Fratlique per partes, numeroreddenda priors,
Et non fraéta prim',jua ratione potes.
eASpice quim dotZa quid Radis [eribitur arte,
A[pice qua bene fit RegulafcriptaTrium.
Teg. autor(Diophante)iterum [ traxit ab Orco
V't nowa,quend [unt bec tuafcripta putent.
Sew numerare voles, [¢u menfurare bibebit,
Huc ades: i§te tibi prestat verumaque bber.
Sic patrie prodeffe fudes, fic nafcimur ommnes,
Quam tuus in patriam eSt officiofiss amor !
Vade bberneque te pudeat recitare MagiStrum
Sed caput attollas doctaper ora virum.

Francifcus Bertic Anglus.

DE
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DE OPERE OPERIBVSQVE
AVTORIS SERMO.

P YERTS internifJa diu, mtermiffes Apollo,
Jntermsffa Charss, intermiffique labores
Fngenui antiquo [atagunt includere Zw/o
Militie Sacrz defertorem. Quid amicss,
Quid Patrie, quid debuerim Maioribus, ¢/
quid .
Poftremis mihs nulla vnquam me obliuio cepit:
Quidvero, tibi STEVINT, ignorantia craffa.
Proximus ergo dolo latam committere culpam,
Improbus ¢ potui crafse ignorare quod ommes
Seuw norunt,fiue ignorent,poffent tamen omnes,
Optandium [imulatque operepretiii foret; atqus
(redo equidern norunt communiter, aut ‘melior
ArS. :
Non ego iam dico MONADI fins vt locus inter
eAffertuss Numeros,Quid Principinm Nume-
roram '
Qv oD Numerus non fit, veluti neque li-
764 PYNCTVM.
Magnus enim fst bi error, pars maxima vers
“Decepts (pecie. Dic, Lefor, fons, &/ origo
s Herbus




Herbis arboribusque , e que fit denique

2

Num Radux: dices 2 Erras.num [emina 2 ve-
rum

Dicts. at in Numerss fimils ratione, modogue

E[2 quod feminss obtineat vim;fons &/ origo

Hec Numerss, Numerum quem [i quss dixerit,
errat.

_ . Longe est dsuerfum Radix quod dicitur? illam

wacnes ” Dicere fas Numers partem , Numerumque

eidre No-
bie-rd- pocare.
Qulibet vt carnss pars est caro, quelibet offis
Os, fic @ Numers Nymerus pars quelibet.
hinc est ,
V't non immerito Nurseros genus hoc Radices
Sise- Appellet. Iam Caecus, Inesctricabilss, atque

bres ab-

swdsiera- Sygrdus ¢/ Abfurdis Numerus, Ratioms ¢o»

tonels,
fﬂ“f:“‘:;‘ expers,
s ou
turls. Que Monflra hac rear offe! Humana forte
‘creatos
Auritos, Oculatos, Participes Rationss
Forte velis Numeros 2 spje expers es Rationss.
Abfurds nibil in Numeris 4%;7135 fedinte

(Ne
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(Ne itij infimsulato probos) in te impyobe to-
tum eSt.
Pluribus hoc equidé vitiwm mortalibus, artes
Obfcsri accufant, mente ipfi ac lumine capts.
Scriptores itium le Zorem decipit, buins
Jngeninm tardwm [criptorem ; Ars criminis
exfors.
Tanto iustins hic qui. nil molstur iniquum,
Artibus vt fit honos [uns hoc agit, &/ mdlé f;
quid
Antiquis [Criptum, aut nec [criptum, corrigit,
auget. :
Ingenium noStrum tenebris, €&/ carcere cato,
No res claufasacet. Euclidss afymmeterille  Desives

menfura-
bles gran-

lle biber Decimus quam non mortalia torfit  Giesti

Pectora! Claratamen res eit, tantum arvige™
mentem.

Te ]pme.r arbitrium, tua fit cenfura,paratam

Ad muoraviam inuenies. STEVINIVS ille eft

Now fummm ex fulgore.fed ex fumo dare lucem

(ogitat, vt [peciofa debinc miraculapromas. .

Sume voum ¢ multis. qwd non Decarithmia 35ims

Prxﬂdt- pag.13s

Diwinum




Disinsm [Criptorss opus 2 cui non ego 5 el

Aurea mivox fit centum lingue,orag. centum,

Ommi et ate queam lawdes perfoluere dignas.

Sed qmdqego hec memorem 2 multo maiora

canebat

Qui mibite notum STEVINI €5° me tibifecit.

Nempe cancbat vti m;gnum er inane remotas

Longunqus [patiss andsre @/ reddere cvoces

Nouerss, ignotas alisf que notare ﬁz;unu.

Nec mibi credibiss vifa effet fabula, mi me

(Federe feciffet comments Pythagorai

Fama vetus. magss ecce fidem [uperare videtur

“Per Vada per fcopulos intastas poffé carinas

Siftere. “Parte alia, quid, quod dicare recepto

Terra Neptuno miracula promere rerum !

LQuicquididef, fupera inuidsam, quodiue

Vtile cenfes

Cenfeat hoc 1pfum, ¢>» Res Publica [entiat,
Vt te

Maturo Vums Visum dignemur honore.

IAGIVS TORNYVS
QIAOM{LOHE.

AV
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AV LECTEVR
 POVR LOEVVRE

Ami Leewr,puss que V O STR E amitié

" Nous aimons tawt qu'vn corps aime fon ame ;

Anime nous, par amowrs, de ce bawme
De ta faucur caufant VIV ACIT E'.
Anime nous, @/ [erés amené
Dans v vergier, dont bamoureufe flamme
Tous vertwewx a contempler enflamme,
Vergier ie dy plain de felicite.
La cuesllirés les [ecrets de nature,
Dont mon STEVIN grand nobre vous procure,
Nombre fi grand qwonc nombre nombrera.
Nombre [ans nombre es nombres trousera
Qus de ceff art 8 N O M B R E R aura cure.
En anez vous, ami Lellenr? Voila. <&

Darie Togon.

~




AY LECTEYVR

2D Ev que PArithmetique fe-
‘:&‘\( ¢ lon le jugement de tous, eft
e%‘}‘ I3 {cience vtile a vi chafcun en

_f.p( particulier, & en general 2
toute Republique, voire vn des fores &
principaux fondamens de la confervation
de rout ceft vniuers; Certes plufieurs Phi:
lo{fophes anciens & modetnes, ne fe font
pas exercez fans raifon i diligemment en
icelle,ny fans bonne caufc (confiderant la
digpite de {i grand {fubie&) n'auons nous
emploie noftre temps & trauail , 4 en
cueillir & defcripre, ce que la perfuafion
nous fift efperer de pouuoir avancer 4 la
Commune; Maisqu'cft cela? Ceft @ fin
d: le comprendre fommairement en trois
poinéts) premierement lordre,tel qu'il eft
mien. Au fecond quelques noz inuen-
tions. Au ticrs refutation de quelques ab-
furditez enuicillics en ecfte {cience; Def-
quels nous pourrions dire plus ample-

ment

489




490

ment en particulier , mais pofant le fui-
uant effect pour declaration, & vous be-
ning Leceur pour iuge, nous le pafle-
rons outre. Vous fuppliant nous vouloir
excufer des vulgaires fautes, qui pour-
rofent proceder de Imprimerie, ou pat
quelque oubliance, quant aux autrcs,cﬁc
vous eftimerez,peut eftre, fortir de noftre
mefentendement, les vouloir debonnai-
rement corriger par certaine affection 2
Faugmentation de la {cience , non pas
aigri fur noftre ignorance, veu que nous
fommes tous fubie&s 4 faillir.
Ce que faifant , n'obligerez pas feule-
ment de plus fort noftre affeCtion,du rout
voute A voftre feruice, mais donnerez
auffi courage aux autres, de manifefterce

qui fera vtile 2 la Chofe Publique.

ARrRGv-




ARGVMENT

o v s diuifons I'Arithmetique.en |

deux parties comprennans chafcune

en vn particulier liure,defquels le premier -

fera des definitions, qui feront de I Arith-
mctique, & des nombres Arithmetiques
(pour premiere partie du premier liure) &
des nombres Geometriques(pour la deu-
xiefme partie) Et des effects des nombres
procedans de leur comparaifon, comme
Raifon & Proportion (pour la troifiefme
pattic) & de leur compuration qui eft

rationelle & proportionelle : Rationelle -

(pour la quatnielme partie) comme les
quatrc computations generales, 2 {Cauoir
Aioufter,Soublftraire, Multiplier,& Diui-
fer (di&e computation rationelle; par ce
qu'il y afeulement mutuelle habitudede
termes & point comparaifon d’egales rai-
fons comme en la proportion) proportio-
nelle (pour la cincquiefine partie) comme
Reigle de trois, Regle de proportionelle
partition, Regle de faux.

Le fecond
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Lefecond linre eft deToperation,quife-
1a des nombres Arithmetiques entiers &
rompuz (pour premiete partic du fecond
liure) & des nombres Geometriques qui
font racines ou radicaux fimples, & mul-
tinomies(pour deuxiefme partie)ou quan-
titez Algebraiques entieres & rompues
(pour troifiefme partie) Etladicte opera-
tion, defdictes fes foubdiuifions fera Ra-
tionelle , & Proportionelle; Rationelle,
comme les quatre computations genera-
les;Proportionelle,comme Regle de trois,
Regle é)c proportionelle partition,& Rei-
gledes faux. Et en plus grande euiden-
ce nous comprendrons I'Argument en
telle table:

» %

Arithme-
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LE PREMIER LIVRE

DARITHMETIQVE
DES DEFINITIONS.

PREMIERE PARTIE DES
DEFINITIONS; DE L'ARITHME-
tique ¢ des nombres Arithmetiques.

» A RCE quelArithmetique(ce qui eft
aulli commun aux autres ars) Cexpli=
;lue par motz comme fignes de l'af-
ection de 'ame, lefquels fe deno-
Veh tent par efcriptures; 1l nous faut pre-
“~& micrement defcripre la fignification
des propres vocables de cefte fcience, Car aunantque
'on comprennela matiere dela dotrine, in conuient
entendre les motz par lefquels on 'explique. Nous fe-
rons doncques noftre premicr liure de leurs defini-
tions,de(cripuam toufiours du commencement (en
tant quil nous fera poflible) ce qui confifte premier
en lanature.

AVERTISSEMENT
A L'APPRENTIF.

V gvquil viendra bien d poiné foubs aucunes defi-
nitions, d’arguméter des proprietez des nombres
(lefquelles apprentif pour le premier n'eft pas tenu de
fgauoir) il m'a femblé bon I'aduertir comment nous
auons appliqué tels argumens diftin&ement auec

LY leurs

First Book, on Definitions
First Part

Defs. I and II define arithmetic as the science of numbers, and number as
“that by ‘which the quantity of each thing is explained”. Indeed “as unity is the
number by which we say that the quantity of an explained thing is one: and two,
by which it is called two: and half, by which it is called half”. Now it must be
made clear THAT UNITY IS NUMBER. Stevin does not like to use the excuse
of many others, who, when dealing with some difficult matter, state that they
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Le 1. L1vRE D'ARITH,
leurs tileres (oubs leurs definitions,  fin que pour le
premier fe contentant des definitions, & de leurs ex-
plications, il puifle 4 fon plusgrand prouffitles pafler
oultre.
DerIiNITION I,

A Rithmetique oft lu feience des nombres.

DeriNITION 11,
Nombre eft cela, par lequel [explique la
quantité de chafcune chofe. -

ExPLICATION.

Comme P'vnité eft nombre par lcgucl la quantité
d'vnechofeexpliquée fedic vn: Et deux par lequel
onlanomme deux : Etdemi parlequelonl'appelle
demi; Etracine de trois par lequel onla nommeraci-
ne de trois, &c.

QVE 'WVNITE EST

N OMBR E.

Lufieurs perfonnes voulans traiGer de quelque
matiere difficile, ont pour couftume de declairer,
coment beaucoup d’empefchemens, leur ont deftour-
bé en leur concept,comme autres occupations plus ne-
ceflaires;de ne feftre longuement exercé enicelle eftu-
de,&c.4 fin qu'il leur tourneroitd moindre preiudice
ce enquoi il {e pourroient auoir abufé, ou pluftoft, c5-
meeftiment lesaucuns, 3 fin quwon diroit. §'il & fres
executer celaeftant ainfi deflowrbé, quweaft il faict fil en
suft efté libre? Nous {gaurions faire le femblable en ce
que

have not been able to study the subject exhaustively, in order that it may be said
“if he has been able to do this under so many distractions, what would he have
done if he had been free?” Stevin has had every opportunity of consulting ancient
atd modern writers and of discussing this subject with contemporaries.

-Usually we hear that unity is not a number, but only its principle or beginning
[see our Introduction], just as a point is on a line. This is denied by a syllogism:

“The part is of the same matter as its whole,

Unity is part of a multitude of unities,

Hence unity is of the same matter as the multitude of unities; .
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DES DEFNITIONS. 2
que nous voulons ici dire deF'Vnité, mais non pasen
verité, carie n'ay point fealement leu 4 bon loifir, &
fans empefchement d’autres affaires, tous les Philofo-
phes anciens & modcrnes, queie trouuois traicter de
cefte matiere, mais 'enay anfli communiqué de bou-
cheauec quelques dockes, certes de ce temps pas des
moindres , & en celte matiere d’autre opinion que
nous: Mais pourquoi cela? par ce que ie doubtoisen
ce que ie propofois de Pvniré ? non certes, car i'en
eftois ainfi afleuré , comme fi la Nature mefme me
Peuft di& de fa propre bouche,voire ie le voiois (com-
me feront aufli de brief ceux qui ne font pas du tout
aueugles) par infiniz effects , qui n’ont point mefticr
de preuue: Pourquoidonc? Afin que ie ferois d'au-
tantinieux pourveu,contre toutes obiections que i'en
attendois.

Ordoncques pourvenir 4 la matiere ; Il eft no-
toire que lon dict vulgairement; que Pvnité, ne foit
point nombre, ains feulement fon principe, ou com-
mencement, & tel en nombre commele poin@ en la
ligne; ce que nous nions & en pouuons argumenter en
cefte forte:

Lapartie ¢t de mefime matiere quest fon entier,
Vnité eft partie de multitude dvnitez.,
Ergo Lvnité cft de mefine matiere queft lamultitude
d>vnitez.;
Mais la matiere de multitude d'vnitez. eft nombre,
Doncques la matiere d'vnité eft nombre.
. Etquilenie, fai comme celui,qui nie quvnepiece
de pain foit du pain. Nous pourrionsaufli dire ainfi:
i dunombre donné on ne foubflraict nul nombre, le
nombre donné demeure,
** 3 Soit

But the matter of a multitude of unities is number,
Hence the matter of unity is number.
Who denies this behaves like one who denies that a piece of bread is bread.
We can also say:
If we subtract no number from a given number, then the given number remains,
If three is the given number, and if from this we subtract one, which — as
: you claim — is no number,
Then the given number remains, that is, three remains, which is absurd.”
When, in the olden days, men wanted to explain the quantity of things, they
called a simple thing, one; and when a similar thing was added to it; they called
it two; and when it had to be divided into equal parts, they called each part one




497

Le 1. L1VRE DARITR.
Soit trois le nombre donné , & du mefme foubfirahons
v,qui n'eft point nombre comme tu veux.
Doncqucs le nombre donné demcure, ceft & dive qu'il
yreftera encore trois, ce quieft abfird.

Nous pourrions auffi reciter plufieurs fubtiles & fo-
Egi(h'quesv queftions, Gui nous ont efté propofees de

uche par les fufdictes perfonnes,en fcm'lpale noftre re-
futation d’icelles,& mille abfurdités en fuinires : mais
les omettant (car il empliroit bien vn pacticulier &
grand volume)& a fin de ne perdre huile & labeur,ve-
nons aux caufes mefmes, la cognoiffance defquelles
déne parfaiéte intelligence. 1l faut doncques feauoir,
3uc les Hommes i’adis voians, qu'il leur eftoit meftier

¢ parler & auoir intelligence de la quantité des chofes
ils nommoient chafque chofe fimple,vn; & quand i fa
mefime eftort appliquée encore vne autre, les appel-
loient enfemble deux,& quand la propofée fimple
chofe eftoit dinifée en deux parties egales, ils nom-
moient chafcune partic demi, &c.

Puis confiderans que vn,deux,trois,demi,tiers,&c.
¢ftoient noms propres,& conuenables, pour Pexplica-
tion de ladi&e quantité, ilsont veu qu’if1 eftoit necel~
fairede comprendre toutes ces clpeces foubs vn genre
(car telle eft leur maniere de faire en tous autres fem-
blables comme bled, orge, avoine, ils le nommenten
genre Grain; aigle, tourterelle, rofignol, en genre
Ofeau) lequel genre ils appelloient nombre; Eftant
doncques par les principes ou caufes mefmes chafcun
d’iceux nombre, fans doubte ils fuivent leur opinion
errante,qui en apres fans confideration des caufes,ont
excluPvnite. Mais quelcun me pourra maintenant
dire felon la communc fentence des Philofophes,que

pour

half. And just as wheat, barley, oats, etc. were called grain, so one, two, three,
one half, one third, etc. were all proper names, used to express that quantity,
which they called number. But some people might say that in order to treat a
given quantity properly we must begin with its principle, as in extension, where
the manifest principle is the point. However, it was an “unfortunate hour in which
this definition of the principle of number was first produced. Oh, cause of dif-
ficulty and obscurity of what in Nature is easy and clear!” What do unity and
point actually have in common? Two unities (one is'wont to hear) form a number,
“but two, yea a thousand points do not form a line”. Unity is divisible into parts
(which cannot be gainsaid, see e.g. Diophant IV, 33; V 12, 13, 14, 15), a point is
indivisible; unity is a part-of number, a point is not a part of a line. To point

4
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ﬁ’ur trai&er ordonnéement de quelque quantité, la
ature tefmoigne qu'il faut commencer de fon srin—
cipe, comme il appert en la quantité grande, de la-
quelle le manifefte principe eft le poinct, mais il y a
ici queftion dcla quantité qui {e di& nombre, ily faut
donc dire du principe on commencement du nom-
bre: Certesie ne le concede pas fimplement, ainsFaf-
ferme par la fuinante 3¢ definition,car veuque la com-
munauté & fimilitude de grandeiir & nombre, eft fi
vniuerfelle qu'il refemble quafi identité , fans doubre
le nombre auraquelque chofeen foi, qui fe refere au
poin&. Mais que ferace? llsdifent Pvnité: O heure
infortunée en laquelle fut premierement produicte
cefte definition du principe du nombre! O caufe de
difhiculte & d’obfeurité de ce qui enlaNature cft fa-
cile & clair! O domimageableaduis de ceux qui 'ont
concedé,ce qui nous a faict tel avancementen I’ Arith-
metique, comme il euft efté 4 1a Geometrie , ils enf-
fent concedé que le poinét foit quelque partie dela
ligne, car comme de ceftui lan’euft fuiui que abfurd,
ainfi (parce que du faux ne procede que faux)de ceftui
ci. Maisquelle communauté (ievous fupplie) y a il
entre 'vnité & le poinct 2 certes nulle feruant au pro-
pos; car deux vnitez (comme ils difenr) font nombre,
mais deux , voire mille poin&s ne font nulle ligne:
D'vnité eft divifible en parties (vraieft qu'ils le nient
mais mille leurs diftinctions ne font pas {uffifantes, de
pouuoir ainfi opprimer la nature du nombre, qu'clle
ne manifefte par force fon effence, es Arithmetiques
operations de pluficurs Autheurs, comme entre autres

‘par Pabfolute partition de I'vnité de la 3 3¢ queftion du

4" liure &la 12, 13,14, 15.queftion du cincquicfine
liure

corresponds 0, commonly called zero, which we call beginning in the following
Definition III. This results not only from what 0 and point have in common,
but also from their effects. What they have in common are the following facts:

“Just as a point is an adjunct to a line and not in itself a line, so 0 is an adjunct

to number, and not a number itself.

Just as a point cannot be divided into parts, so 0 cannot be divided into parts
Just as many points, yea an infinity of them, do not make a line,

0’s, even an infinity of them, do not.form a number.

Just as the line AB cannot be increased by the addition of the point C, so the

number D = 6 cannot be increased by the addition of E = 0”
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liure du Prince des Arithmeticiens Diophante) le
poinét eft indiuifible : L’ vnité eft partic du nombre,le
poinét n'eft pas partie de la ligne, & ainfides aurres:
L'vnité doncques neft pointtelle en nombre comme
le poinét en ligne. Qu’ettce donc quilui correfpond 2
Iediqueceft o (qui {e ditt vulgairement Nul, & que
nous nommons commenceienten la {uivante 3¢ de-
finition) ce que ne tefmoignent pas feulement leurs
parfaites & generales communautez , mais auffi les
irrefutables efects. Les communautez font tclles :

Comme le poinét eft aioinct de laligne, & lui mef-
me pas ligne, ainfi eft o aicinét du nombre, & lui
mefme pas nombre.

Comme le poiné ne fe diuife pasen parties, Ainfi
le o ne fe dinife en parties.

Comme beaucoup de poindts, voire & quils fuf-
fent de multirude infinie,nefont pas ligne; ainfi beau-
coup deso encore qu'ils fuffent en multitude infinie
ne f?)nt nul nombre.

Commelaligne ABnefe A B D¢
peutaugmenter par addition  ——-
dupoin& C, ainfi ne fe peur  C. Eo
le nombre D6,augmenter par
I'addition de E o,caraiouftant o 4 6 ils ne fontenfem-

bleque 6.
Maisfil'on concede A B C DE
que A B foit prolongée  +——-t—t 6o

iufques au poin C,

ainf1 que-A C foit vne continue ligne, alors A B faug-

mente par Faide du poin& C; Et femblablement fi

T'on concede que D 6, foit prolongé infques enEo,

ainfi que DE 6o foit va continue nombre faifant
foixante,

“But if we concede that AB can be produced to the point C, so that AC is a
continuous line, then AB is increased by means of point C. Similarly, if we concede
that D = 6 can be produced to E = 0, so that DE = 60 is a continuous num-
ber making sixty, then D = 6 is increased by means of E = 0”. )

From the following Def. XIV and Def. II of The Tenth it is clear that 0 is
the true and natural beginning. '

[Note: The Diophant quotations are labelled IV 31, V 9, 10, 11, 12 in T. L.
Heath, Diophantus of Alexandria, Cambridge, 2e ed., 1910. They all deal with
divisions of one into parts, e.g. IV, 31: to divide unity into two parts such that,
if given numbers are added to them respectively, the product of the two sums
gives a square. Answer: €.8. -26—5

>

% if the given numbers are 3 and 5.1
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foixante, alors D 6 (augmente par Paide du nul o, &
ainfi en plufieurs autres que nous paflons outre pour
brieueté.

Quant aux effects. nous pourrions dire du com-
mencement de quantité ‘algebraique, defini 4 la fui-
uante 14° definition, aufli du commencement defini 4
la deuxicfime definitiondela b 1's M g,par les conftru-
&ions defquelles, il appert fuffifamment, que leo eft
le vrai & naturel commencement, lequel comme fer-

- me fondament nous 4 condui& 4 quelquesinuentions
defcriptes (telles qu’elles font) au fuivant : Maisa fin
quelon n'eftime que ie veux propofer outrecuidee-
ment, mes inuentions 4 telle preuue, nous prendrons
autre matiere fuffifante, non pas d'autheurs depeu

‘eftime, mais entre autres les tables de Peolemée,Al-
fonfe, Nicolas Coperne, Iechan de Montroial, & fem-
blables, efquelles la defcription, ou fignification du
poinét geometrique , {e rencontre founent entre les
nombres. Prennons pour exemple les tables des Sinus
de Iehan de Montroial, la ou chafque degré eft vne
ligne oblique, delaquelle lalongueur eftla 25 de la
peripherie du circle, lextremité de laquelle ligne , eft
le poiné Mathematique dontnousauons dict cidef-
fus: Maisauecquoieft fignifié chafcun diceux , qui
fontiufques 4 nonante? certes (en mon exemplaire)
par oau commencement de chafque premiere colom-
ne , & femblables exemples font fort communs en
plufienrsautres tables. Orfiencore le o ne fuft pas
cela en nombre, ce que le poinct eft en ligne, le(dicts
grans mathematiciens, voire la nature auec eux, ont
en ceci tous falli; Soic ainfi, doncques au puin& fe re-

‘fere quelque autre chofe que o, pofons que ce lfoi.;

te On

[Note: The meaning of the next paragraph seems to be the following. Take
the sine table of Regiomontanus, based on sine 90° = 107, see our Introduction |
to the Trigonometry and The Tenth. It looks as follows:

minutae sinus minutae sinus
gradus 0 ‘gradus 3
0 } 0 0 523360
1 : 2909 1 526265

In other words: sin 3° = 523360, sin 3°1’ = 526265, sin 1’ = 2909. Hence
sin 1’ may not be taken as “beginning”, since sin 3°1’ is not the same as sin 3°,
but sin 3°0’ is.the same as sin 3°. The line (half-chord of the double arc) re-
presenting sin 3° is not increased by a point, but the line representing sin 3°1’
is increased by (about) 2909.}
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felon voftre opinion 1,& en examinons la verité, met-
tant 1 pour lecommencement ou extreme poinét (par
exemple) du 3¢ degré, auquel correfpond 523360 (ie
patle delatable de Iean de Monctroial, la oule demi-
diametre fai&t 10000000) maisceci eft faux, car 4 1
comme demonftse ladicte table, correfpond 5262652
Oubien pour veoir double rencontre, i} appert que o,
commencement du nombre,correfpond a o,poin¢t &
commencement du quadrant, alencontre duquel
veux mettre 1, maisd 1 correfpond 2909. Doncques
1 ne fignifie pas le poinét, mais o; Etquinele peut
veoirlauteur de Nature aye pitic de fes inforunez
yeul, car la faute n'eft pasen Pobie, ains 4 la vene
que nousnelui fcanons pas donner.

QVENOMBRENEST POINCT

QVANTITE DISCONTINVE.

N ovs pourrions ici defcripre plufieurs inconue-
niens, procedez du fufdi®& faux fondament,
mais veu qu'ilavroit bien meftier d’'vn trai¢te parti-
culier, ce ne fera pas ici {on lieu: Mais parce que nous
auons dic ci deffus, que 6,prolonge iufques en o,faik
vn continue nombre de (oixante, contre le vulgaire.
Nombre est quartite difeontinse ou diftoindle. il nous faue
encore refuter cefte impropre definition ainfi:
Tout ce qui w'eft qu'vne quantité, i’eft poinct quan-
tité difioinite;
Soixante fclon quil eft nombre, eft vne quantité (3
feanoir ynnombre.)
Soixante doncques felon qu'il eft nombre, n'ef} point
quantite diffoinite.
nant

Stevin then argues THAT NUMBER IS NOT DISCONTINUOUS QUANTI-
TY. He presents the syllogism: )

“All that is only a quantity is not a discontinuous quantity. Sixty, since it is
number, is a quantity (to wit, a number). Hence sixty, since it is number is not a
discontinuous quantity”. : :

It cannot be argued that because this integer quantity can be divided into
sixty unities, thirty dualities or twenty trinities, it is discontinuous, since the
proposed magnitude [ represented by sixty} can equally be divided into such parts,
which would show that a magnitude is discontinuous. “To a continuous magnitude
cotresponds the continuous number to which it is attributed”. “Number is some-
thing in magnitude as humidity is in water, it penetrates like this into every part
of its magnitude; and just as to a continuous water cortesponds a continuous
humidity, so a continuous number corresponds to a continuous magnitude”, and
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Quant 4 ce que vousdiuifez par voftre imagina-
tion , cefte propoféc vnique & entiere quantitc en
foixante vnitez (ce que pourries faire par mefine rai-
fon entrente dualitez,ou vingt trinitez, &c.) & que
puis apres vous definezle diuife, ce n’eft pas definition
du propofé dont il eft queftion : vous pourriez fem-
blablement diuifer la propofée grandeur par I'imagi-
nation en {oixante parties, & puis par mefme raifonla
definir eftre quantité difcontinue , ce quieftabfurd,
Commedoncques la generale communauté de gran-
deur & nombreaux autres, ainfi en ceftui ci;  feauoir
4 vne continue grandeur, correfpond le contibue
nombre qu'on lui attribue, & tclle difcentinuité que
puis apres recoit la grandeur par quelque diuifion,
femblable difcontinuité recoitaufli fon nombre. Et
a find'en parler par exemple, le nombre eft quelque
chofe telle en grandeur, comme'humidité en Pean,
car comme cefte ci feftend par tout & en chafque
partic de Peau; Ainfi le nombre deftiné i quelque
grandeur feftend par tout& en chafque partie de fa
grandeur:Item comme a vne continue eau correfpond
vne continue humidité, ainfi a vne continue grandenr
correfpond vn continue nombre: Irem comme la
continue humidité de Pentiere eau, fouffre Ia mefme
diuifion & dificinction que fon cau, Ainfile continue
nombre fouffre la mefime divifion & dificinction que
fa grandeur; De forte que fes deux quantitez ne fe
peuuent diftinguer par continue & difcontinue, dont
nous pourrions exhiber plufieurs argumens, mais
nous le conclurons par cefte leur contradi@ion. Nom-
bre (difent ils) et quantité difioinde , & alieurs au con-.
traire Nomlre eft quantité conioinéte ou compofie de mul-

2 tisude

is subjected to the same division and disjunction. Stevin refers to his Mathema-
tical Thesis 1 (p. 202).

[Stevin uses the terms nombre, quantité, grandenr, here translated by number,
quantity, magnitude. The relation of number to quality is expressed by Def. I;
magnitude is more concrete. Stevin says that number explains quantity, but exists
in magnitude as humidity in water. See further p. 10. Stevin here wrestles with
what we now understand as the arithmetic continuum, that is, with the notion of
real number, see our Introduction}).
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titude d'vnite2. : Certes fi les vnitez font conioindtes,

elles ne font pas difioinctes , ny par confequent leur
conionction, ne produi& poinct quantité difioincte.
Nousaccomplironsla refte par la premiere thefe de
noz thefes Mathematiques.

DeriniTION 111,

LescharatZeres Pa} [e[quel.v fe a’enotém les

nombres font dix : a[{anotr o fignifiant com-
mencement de nombre, Et 1 cun, €t 2 deus,

Ez 3 tross, €t 4 quatre, Et scinc, €4 6 fix, €t
7[ept, Et 8 huitt, €t 9 neuf. »
’ DesiNITION 1111.

Cbafqzm tross charateres dvn nombre

[appellent membre, defquels le premier, font

les premigrs tros charalferes d la dextre, Etle .

Jecondmembre , les tross charadteres (winans
cvers la feneStre ; Et ainfipar ordre du troi-
Jiefime membre, €/ antres [uwinans,tant quily
enanra au nombre propofé.

' ExrLICATION.

Soitquelque nombretel 3 578762 97. Les2gy.

Cappellent premier membre,& 8 7 6 fecond, & 3 $7
woifiefme.

Derie
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or a composite multitude of unities”
see our Introduction.}

’

In Defs. III—XIII the number symbols 0, 1,...., 9 are introduced, together
with some elementary concepts, such as prime and composite number. In Def. VI
Arithmetical Number is defined as abstract number, conceived as devoid of
magnitude. In Def. VII Stevin stresses his position: “An integer number is unity
[a direct challenge of Euclid VII Def. 2,
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DEriNITION V.

Le premier charatiere du premicr membre
commengant d dextre vers lafenestre , flgmfee
[implement (a valeur, le fécond amtmtai 013
dix qwil contient vnitez,, le troifie[me, autant
des foss cent quil contient vnitez_ ; Et e pre-
mier characere du [econd membre | autant de
Sfois mille quil contient vnitez ; &/ ainfi par

- dixiefme progreffion des autres charaleres con-

tenuz_en tout nombre Propq/é’.
ExriicaTtion.

Soit quelque nombre tel 756871 3078 9276,
Doncques felon cefte definition le premier charactere
6, faict fix, & le 7 fuinant feprante, & le 2 fuinant denx
cent, & le 9 neuf mille,& ainfi des autres. Pourdonc-
ques expliquer ce nombre,, on mettera fur chafque
premier charactere de chalque membre (excepté le
premier) va poinét; Puison dira, feptante cinc mille
mille mille mille (2 fGavoir autant des fois mille
qu'ily ades poinéts depuis le 7 jufques 4 la fin) fix
cents huiGantefept mille mille mille, cent trente
mille mille, fept cens huiGanteneuf mille, deux cens
feprante fix.

DEFINITION VI

Nombre Arithmetique oSt celus quwon expli-
que [ans adieChf de grandeur.
A ExrrLi-
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ExrricATION.

Le nombre d deux efpeces, delquelles 'vnceft ex-
“pliquée paradiectif de grandeur, comme les nombres
quarrez , cubiques, racines, quantitez, &c. lefquels
nous appellons nombres Geometriques, & feront de-
finiz 2 la feconde partie fuiuante; laatre efpece eft
fimplementexpliquée fans lediét adie&if, comme v,
deux, trois, trois cincquiefmes, &c. Nous appellons
tels nombres par diftinétion del'autre efpece, nom-
bres Arithmetiques. ‘

DErFINITION VII

Nombre entier of vnité, ou compofee mul-
titude dvnitez.

DerFiNITION VIIZ.

Nombres entre eux premicrs [ont ceux qus
nont point de multitude dvmtez, pour com-
mune mefure.

ExrricaTrion. .

Comme §&70u10& 13 & femblables: par ce

qu'ils n’ont point de multitude dvnitez, qui leur foit

commune mefure , fappellent nombres entre eux
premiers.
DEFINITION IX.

Nombres entre eux compofez_font ceus qui

ont multitwde dvuitez, pour commune mefire.
ExprLis
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ExpLicATION.
Comme 9 & 12 parce que nombre de multitude

d'vniteza {Gauoir 3,cftleur commune mefare, ils fap-
pellent, nombres catre cux com pofez.

DerrniTION X0

Nombre rompueft partie on parties de
nombre enticr.

ExrrLicATION,

Commeeftant vn diuifé en trois parties egales,vne
des mefmes eft nombre rompu, quw'on defeript ainfi
+ 8 Fappellevn tiers. Ou eitant 1 pard en quarre

arties egales, trois des mefmes eft nombre rompu:
fequel fe defcriprain(i-3- & Fappelle trois quarts. ou
eltant 1 parti en trois parties cgales, fept de telles par-
ties eft nombre rompu qu'on defcriptainfi . & fap-
pelle fepe troifiefines

DerINiTION X1I.

Numerateur de rompu,eft le nombre [upe-
riewr exl)lz'cmt la multitude des partiesy con-
tenues.

ExrricaTion.

Soient trois quarts defcripts ainfi 3-, doncquesle 3
fappelle numeratcur, par ce qu'il explique ou nombre
la multitude des parties contenues an mefime rompu:
car 3-eft vn rompu compofé de quartes, & le 3 nous

4 monftre
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monftre(comme en nombrant)que des mefimes quar-
tesil en y a wois, d’ou il et appelle numerateur.

DeriniTiON X121,
Nominateur de rompu, eft le nombre infe-
riewr exphicant fa qualite. |
ExrricaTION,

Soient trois quarts delcripts ainfi -3-: Pinferieur
nombre donc 4 parce quil explique fa qualité on qu'il
nomme quel rompu ceft, 4 fcauoir vi rompu de
quarzes, on lappelle nominateur.

DEFINITION X511,

Rompu premicr et celui duquel le mumera-
teur @) nominateur [ont nombres entre eux
premicrs.

ExrricAaTronN.
Comme - ou-3- & femblables.

LA
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9
LA SECONDE PARTIE,

DES DEFINITIONS DES
NOMBRES CEOMETRIQUVES.

Q PR ES que lesanciensauoient apperceu la ver-

tu de la progreffion des nombres comme ceux
ciz2. 4. 8.16. 32. &c.ou 3. 9. 27.81. 243,&c. laoule
premier multiplié par foi,donne pour produictle fe-
cond delordre, puis le fecond autrefois multiplié par
le premier, donne le troifie(ine de Pordre, & le troi-
fiefine multiplié parle premicr donne le quatriefine
de l'ordre & ainfidesauttes; car 2 par foi faict 4, le
mefme par 2 faict 8, & ceftui ci par 2 faict 16, &c.
Semblablement 3 par foi faict 9, le mefme par 3 faict
27,& ceftui-ci par 3 faict 81,&c. Ils ont veu quil
eftoit neceffaire, de donner des propres noms a. ccs
nombres, par lefquels on les pourrait diftinétement
fignifier, appellans le premier en Iordre Prime, que
nous figniherons par (L, & le deuxiefme enlordreils
le nommoient Seconde, que rous denoterons par (2,
& ainfides autres, par exemple: :

®z2. ®4. @8 @®16. 32 564, &e.
' Item
®3. @9. @27. O81. B243. ©729:&c.
Puis voians que ce premier nombre, eftoit comme
cofté de quarté, & le fecond fon quarré, & letroifie(-
me le cube du premier, &c. & que cefte ﬁmilimde des
nombres & grandeurs, manifeftoit plufieurs fecrets

des nombres, ils leur ont aufli attibué les noms des
Ay grandeuts

Second Part

If we take sequences like 2, 4, 8, 16, 32, etc, or 3, 9, 27, 81, 243, etc. [,
a2, a3, a4, . ...}, the first number is called prime and denoted by (@), the second
is called second and denoted by (2), etc. [These symbols thus stand here for ex-
ponents of arbitrary numbers.} “In view of the fact that this first number is
like the side of a square, and the second like its square, and the third like the
cube of the first, etc., and that in this similitude of numbers and magnitudes
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grandeurs, appellans le premier Coffé, le fecond
Quarre , le woiliefme Cube ,&c. & confequemment
tous ces nombres en general Nombres Geometrigues.
Mais confideré Iviilité dela parfaicte intelligence de
la communauté de ces nombres auec leurs grandeurs,

nous defcriprons ces grandeurs par ordre comme leur
fondament, en cefte [orte:

DESCRIPTION DV FONDE-
MENT DES NOMBRES
GEOMETRIQVES.

S ort tirée la ligne A, de laquelle laquantité foit

plus grande que vnité comme 2 (2 doigts ou pieds,

ouce que Fon voudra) Puis {oit efcript Je quarté B,
duquelle cofté foit egal A la ligne A,& femblablement -

le cube C,duquel le cofté foitegal 4 A. Item le docide

D (ceft a dire poutre ou folide rectangle, qui ale cofté

entre deux quarrez oppofites plus long que le cofté du

quarr¢) en telle raifonau cube C,commele nombre

expliquant le quarré B, au nombre expliquantla A, &

& que fa bafe quarrée (comme aufli de tcus les doci-

des fuinans) foitegal auquarré B. Puisle docideE,

' en telleraifon a D,comme D 2 C. Item le docide F,en

telle raifon 4 E, comme D C: & ainfi on pourroit

continuer plusauant. Puis {oit tirée la ligne G, refpon-

danted I'vnit¢: 4 fGauoir 4 telle vnité,comme A en

£ai 2. Irem foittirée la ligne H, moienne proportio-

nelleentre G & A.Item la ligne [ antecedente ci)c deux

moiennes proportionelles entre G & A. & les quanti-

tezdes grandeurs feront telles A 2,B 4.C 8.D1G.E 32,

F 64. H. racine quarrée de racine quarrée de 4 (4

. feauoir

many secrets of the numbers are revealed, the Ancients also gave these numbers
the names of magnitudes, calling the first Side, the seco_nd qufare, the thlrc’ly Cube,
etc., and consequently all these numbers in general Geometrical Numbers”. [On
the different names given to the powers, see J. Tropfke I, pp. 132-.16,2’; $tevm s
contention that “the Ancients” called the first power “costé”, “side”, is only‘
partly correct, since there were other expressions. A term in common. use was
“cosa”, Latin “res”, usually for the first power of the unknown quantity, but in
P. Ramus’ Arithmetices_libri dno, Basle, 1569, we find the name “latus”,
which means “side”.}
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fcauoir du quarré B) & I racine cubique, de racine cu-
biquede 8 (4 fcanoir du cube C)& L vaudra 1. Etfera
acheué le premier reng procedant de laligne A maicu-
te que vnité,

Soitaufli defcript de mefme forte le reng XK. L. M.
N.O.P.Q_R.S.defquelles N, foit ligne refpondante
ala A, & faquanticé foit de vnité, & O foit quarré,

* quantité refpondante  la B,& ainfi des autres, & tou-
tes les quantitez comme P QR S,feront cubes & la
quantit¢ de chafcune grandeur fera 1. Etfera achené le
fecond reng procedant de la ligne N, de laquelle la
quantité elt vaite.

Et de mefme forte foit defeript le reng T.V.X. Y.
Z.A A.BB.CC.D D.defquelles Y foit ligne refpon-
dante 4 la A, & faquantite {oit moindre que vnite,
comme &, & Z foit quarré,quantité refpondante d la
B, & ainfides autres, & les quantitez BB.CC.DD.
feront proportionels plinthides, c'eft 4 dire willesou
folides reGtangles, qui ont le cofté entre deux quarrez

- oppofices plus court que le cofté du quarré, & leurs
quarrez font egaux auquarré Z. Et les quantitez des
grandeurs feront telles Y §-. Z-X. AA5.BB .
C C 5. DD &. X racine quarrée de racine quarree
de %, 4 fcauoir du quarré Z, &V racine cubique de
racine cubique de —-, 4 {cauoir du cube A A,& T vau-
dra1. Etferaparfai& e troifiefime reng procedant de
laligne Y moindre que vnité.

G.L

Stevin then shows how well these numbers correspond to their magnitudes.
[See the figures: here the line segment A represents 2 > 1, Stevin's (D), here
equal to 2; square B represents 42, cube C stands for 43. To represent a4 = 43.4
Stevin piles cubes C 4 times in top of each other and gets 2 “docid” D, ie. a
rectangular block for which the side between opposite square faces is longer than
the side of the square, here D : C = B : A. For the representation of 45 = 43.42
cubes C are piled up in number 42, 42 now taken as an abstract (arithmetical)
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number; the result is a docid E, E : D = C : B, etc. This is repeated for the
case a = 1, which gives the sequence N, O, P, Q, etc,, and 4 < 1, which gives
the sequence Y, Z, AA, BB, etc.; AA is called a “plinthid”, i.e. a rectangular
block for which the side between opposite square faces is shorter than the side
of the square, from wAivdos brick. Some people represent F = 46 = (42)3 as a
cube with side 42, but then we must say that the side of F is 42, of which the
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side is 4, and Stevin does not like this. — Stevin writes M/ 4 for our VVZ,

w (®8 for our VI)T'ﬁ ‘=p72. To represent\/z_ (see figure) he takes a line
of unit length G, and then constructs a line H as the mean proportional between
GandA;G:H:H:A,G:l,A:Z.WhenG:I:I:']:
J : A, he gets I = 13-z, The same is done for « <1, where K and T are unit
segments. Hence () is defined by 1 : =0®: Q@




14 LE 1. LIVRE D'ARITH.
Voilaacheuée la defcription du fondement des
nombres Geometriques, par lequel nous efperons fa~
cilement demonttrer leurs vraics proprietez, & refu-
ter legitimement quelques abfurditez en vfe.
Premierement faut confiderer, que au lieu deno-
fire {exte quantité F quieft docide,& de la fexte quan-
tit¢ D D quieft plinthide, il eft vulgaire d’en faire ve
cube quilsappellent cube de quarré, ou quarré de cu-
‘be. Etfemblable difference y a il cn toutes les figures
fuinantes la quarte quantité : mais que ces formesci
font les vraies & naturelles & pas cellesla , apperten-
tre beaucoup dautres par la racine, ou le coft¢ des
mefmes quantitez. Par exemplePon requiertla raci-
neoule cofte de ladiéte fixiefme quantité F 64, nous
difons tous qu'il eft 2, Or voions quelle des figureseft
propre, vraiement c’eft le docide, & point le cube:: car
ilapperten noftre figure F,que chafque cofté des bafes
eftegald A, qui faiCt 2 par PHypothefe: maisquand
aulieu de F docide, fera faié vn cube; fon cofté fera 4:
ondira doncques que le cofté de 4.¢ft 2,qui et abfurd.
Et de mefme forte quand le cofte de tel cube fera 100,
tu le diras eftre 10. ltem quand pour la fixiefme quan-
tité D D - qui eft plinthide,on met vn cube,nous di-
rons tous que fon cofté¢ fera -, ce quieft vrai au plina
thide, mais au cube il fera manifefte qu'en tour fon
corps 1’y a aucune ligne fi- longue , car {on cofté fera
feolementde -, ergo abfurd. Ec femblable impro-
prieté fe pourra demonftrer aux autres quantitez. Tel-
les figures doncques nenous expliquent pas les vrais
fondemens.
Aufecond; veu que la proportion des quantitez cft
continue,¢’cft equitable & vtile, que la mefie conti-
naité
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nuité appert aufli 4 P'eeil aux figures, comme au prece-
dent fondement. Larefte dependant de cefte matiere
feradeclairée au fuivant chafcun en fon lieu,la ouil
viendrad poin&.

DEFINITION XITII.
(smmencement de quantité, eft tout nombre
Arithmetique ou radical quelconque, fon cha-
raltere esttel ©.

ExrLicATION.

Comme (parexemple) Ceft autre chofe auzodia-
quele commencement du Bellier,autre le premier de-
gré du Bellier: carPvn eft poin, Paatre ligne : 3 fca-
uoir la ¢ de {on circle. Ainfi voulons nousici par ¢5-
mencement de quantité fignifier autre chofe que par
premiere quantit¢ de laquelle la definition fenfuit.
Doncques tout nombre Arithmetique ou radical
quelconque, qu'on vie en computation algebraique
comme 6on ¢ 3o0uz 43, &c.nous Fappellons
commencement des quantitez, le characterc le figni-
fiant eft tel (©:mais fera feulement vie quand les nom-
bres Arithmetiques ou radicaux ne feront pas abfolu-
tement defcripts.

DeriNiTION XV,
Prime quantite,e5t vue ligne droicte nom-
bre expliquee, fon charastere et tel ©.

ExrLICATION.

CoMmmMeE la ligne A, nombre expliquée 4
{cauoir

Defs. XIIII—XVIII define the beginning (9), prime quantity (7), etc. to fourth
quantity (9. The beginning of quantity is an arithmetical number or a radical, such

as 6,4/3, 2 + 1/3. [Stevin here makes a remark similar to that on p. 4: the be-

ginning of Aries is different from the first degree of Aries. We notice that Stevin’s
(©), unlike our 4°, is not identified with 1. Stevin has to discriminate between
an arithmetical number and a radical, since a radical is a2 geometrical number, see

Def. XXX}
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fcauoir 2 fappelle prime quantité, & de mefme forre
eft prime quantit¢ laligne N, de laquelle le nombre
Texplicanteft 1. Item laligne Y de laquelic le nombre
Pexplicanteft 5-.

DeriNiTION XVI.

Seconde quantité, eff vn quarre defcript
done ligne egale 2la prime quantité, fon cha-
ratere efttel @ . *

ExrricaTronN.

Comme le quarré B, {appelle feconde quantité, &
d= mefime forte font fecondes quantitez les quarrez
O&Z.

DEeriNITION XVII.

Tierce quantité,eft vi cube duquel le coffe

efl egal i la prime quantisé, fon charatZere eff
el .
ExrrLicaTION
Commele cube C, fappelle tierce quantite, & de
meline {orte font tierces quantitez lescubes P & A A,

DEFINITION XVIII.

Quarte quantitc, eft vu [olide reStangle, du-
quel dewx Zg,’é: oppofites font quarrez_egaux a
la fecond: quantité, &/ en telle raifon 3 1 tierce

quan-

515




1516

Des pEFINITIONS. 17
quantite, comme le nombre de lafeconde quan-
tite am nombre de la prime quantite: fon cha-
raltere eft tel © . Quinte quantité ¢St vn [olide

rettangle duqueldeus: bafes oppofites font quar-

rex egaux & la [econde quantité, ¢/ en telle rai-

- fon alaquarte quantssé,comme la quarte 4 la

tierce - fon charattere et tel ®. Et lamefme

raifon atoute autre quantité confequente & fon

antecedente.

ExrricATION.

Commeles folides re€tangles D.Q. B B. fappel-
lent quartes quantitez. Item les folides retanglesE &
R & C C fappellent quintes quantitez, & F.S.D D.
fextes quantitez & ainfi des autres femblables.

NoraA.

1l eft 3 noter queles trois premietes quantitez def-
quelles auons dict ci deflus (3 fGauoir prime, fcconde,
& tierce quantité)ne changent point de forme,comme
faiét la quatriefme & autres enfuivantes: C’eft  dire ©
eft toufiours quelque ligne droiéte,, & @ roufiours
quarré. Et la troifiefme quantité toufiours cube,
mais la quarte quantité & autres fuiuautes ne {ont pas
toufiours figures de méfine forme:car quand le nom-
bre dela T eft maieur que vnité, feront tous docides,
& eftant vnité feront tous cubes: mais eftant moindre
que vnité feront tous plinthides.

B Que
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QVE LES DIGNITEZ OV DE-
NOMINATEVRS DES QVANTI-
we [ont pas nece([airememt nombres entiers,
mas potentiellement nombres rompuz. ¢
nomlvlrj’e.r radicanx guelconque:.

1l eft affez notoire a ceux qui fexercent en compu-
tations algebraiques (car Ceft a cux que nous parlons
ici) que quand il y ad extraire racine quarrée de (,ou

, de (3}, ou bienracine cubiquede (2 & de femblables,
quil faucdire, que Ceft racine d'autant. Par exemple
racine quarrée de 4 @ fe dict +/ 4 @, la raifon eft, qu'il
n’y aen vicaucunes algebraiques quantitez qui pour-
roient autrement fignifier telles racines. Toutesfois le
2 en circle feroit le characere de racine de (), parce que
le mefme (fuivant la reigle de multiplication desau-
tres quantitez) multiplié en foy donne produiét ®, &
par confequient i en vn circle {eroit le charactere dera-
cine quarrée de (), par cequetelle ? en circle multi-
pliée en foi donne produict (3, & ainfi des autres; de
forte que par tel moien on pourroir de toutes fimples
quantitez extraite efpeces de racines quelconques,
comme racine cubique, de (2 {eroit { en circle, &c.

Or parla confideration de ces chofes nous eft deue-
nu manifefte ce qui au parauant nous eftoit plusob-
feur, 4 fcauoir que la prime quantité,laquelle les alge-
braiciens vient pour l'infericure ne Peft pas, confideré
ce qui confifte potenticllement en eux: mais commeil
y avn infini maieur progres des quantitez depuis I'vni-
té,oude la prime quantité en afcendant, comme @ (2
@.&c.ainfiya il femblable infini moindre progres de

la prime

N A

It is not necessary to consider only integers inside the circles (9), since (3) can
stand- for the square root of (), and (3) for the cube. root of (). {The number
inside the circle is called “dignity” or ,,denominator”, our. “exponent”. Stevin
does not think much of their use in the theory of equations; perhaps. they might
be convenient if equations more complicated than biquadratic ones could be solved
with their aic\l, but he did not succeed in doing so. As a matter of fact, even now
we solve equations with fractional exponents by reducing them to equations
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la prime quantité en defcendant, qui {e pourroit figni- -
fier par 2. 2.t encircles, & fi pourroiton par les melmes

roceder comme par denominateurs entiets.

Or fil'viage de telles quantitez pouuoit ananceren
la reigle de trois algebraique(vulgairement dicte equa-
tion) a fCauoir que paricelles vn fceult venirau deflus
desquantitez @ @) (2 © @ de Lois de Ferrare (ce qu’-
auons tenté,mais cdbien quiainfi ie pouuois extraire ra-
cines de toutes quantitez;toutestois n’y auons peu aue-
nir,comme 4 fon lieu en dirons plus amplement)certes
leur vfage feroit parraifon 4 conceder. Mais n'eftant
cela pour Pheure pasainfi, vferons feulement les vul-
gaires entieres, dantant plus que toutes compurations
algebraiques fe peuuent acheuer fans icelles. Cardla
fin autant faifons par racine de 4 (), comme par 2 mis
deuant} en circle. Tellement que par ce difcours auons
feulement voulu manifefter ce qui confifte porentiel-
lementenla matiere, 4 fin que par ainfi rengifﬁons le
fubie& plus noroire. Il pourroit aufli auenir que cette
fouuenance cauferoit a vn autre quelque auancement,

DeriNviTION XIX.
Nombre dlgebraique entier, e5t quantite ou

compq/ée multitnde de quantitez..
ExprrLIicATION.

Il eft i confiderer quintegrité ou fraction de nom-
bre algebraique, ne fe refere point au nombre de mul-
titude, ou valeur de la quanuté ; mais feulement 4 la
denomination ou dignit¢ dicelle,car 2 M ou ¢/ 2.3)
& femblables, fontautant nombres algebraiques en-
tiers come 3 (D,par ¢ que come nousauons di& nous

‘ B2 prennons

with integer exponents. Stevin seems to have played with the idea that just as
there exists a specific theory for equations of degree 1, 2, 3, and 4, there might be
a specific theory for equations of degree 1/y, 1/5,... The Louis de Ferrare of
p- 19 is Ludovico Ferrari (1522—1561), who reduced the solution of the bi-
quadratic equation to that of an equation of the third degree, see our Intro-
duction. }
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prenons feulement regard 4 la denomination de la
quantité, qui cftici entiere: mais fraction algebraique
eftrelle comme ladefinition en fui&.

DeriNtTION XX, )
Nombre algebraique rompu, ¢St partic ou
parties de nombre 4£geémique entier.

ExrricaTiON.

Comme :‘9 eft nombre algebraique rompu, qui
fexplique ainli; deux primes diuifégs par trois {e-
condes.

DeriNITION xX1I.

Quantutez_entre elles premieres, font celles
qui 1 ont point de dinerfes efpeces de quantitez,
posr commune mefure.

DEFINITION XX1IT.

Quantitez_entre elles compafees font celles,
qui ont dunerfes cﬁece: de quantitez_pour com-
mune mefure.

DEeEFINITION XXIIT.

Rompu algebraique premier o5 celus duquel
le numerateuwr ¢&) nominatewr [ont nombres
entre eux premiers.

DerrviTiowN xxIIrr
Quantitex continues en bordre, [ont celles
entre

Defs. XIX—XX give the definition of Algebraic Number. An integer algebraic
number is a quantity or a composite multitude of quantities, a fractional algebraic

number is a part or consists of parts of integer algebraic numbers. Hence %@,

‘ — . . 2 . .-
v/2 (3, 3 () are integer algebraic numbers, —3® is a fractional one. [Thus we
have: a) arithmetical numbers, which are abstract numbers, b) geometrical num-
11
bers, which are of the type 4, 42, 43,..., 22, 4% ,..., and c) algebraic num-
bers, which are multiples of these with arbitrary coefficients, or quotients of such
multiples, hence numbers we should write with negative exponents. |
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entre le[quelles ne defaut ancune quantité de
lewr natwrelle progrefSion.

ExrricaTiON
Comme @& ®. IemB&Q. IemTEC G @
&e. Pappellent quantitez continues. Et par le contrai-
re eft manifefte qu'elles quantitez font difcontinues, 4
fcauoir comme (D) & @3, 0u @ & ), &¢.
DeriNtTION XXV,

Supericure quantite ¢St celle, de laquelle le
nominasenr bexplicant eff masewr.

ExrricatiOoN

Comme @ appellons ﬁlFetieurc ou plus haulte
quantite que @ ou (,& parle contraire eft manifefte
qu'elle eft quantité inferieure. Nous appellons telle
quantité, quantité fuperieure;a fin d'ofter lambiguité
qui fe rencontre enles appellans quantitez maieures:
par exemple foient 6 ®.& 3 @, Or fi l'on patle ici de
maieure quantité ferachofe ambigue quel des deux
{erala maieure: 4 fcauoir fi le vocable maieure fe deura
referer au nébre de la multitude des quantitez:en quel
refpect feront maieures les 6 (D;0u en refpect des no-
minateurs des quantitez, felon lequel font maicures,
les3@. Ou enrefpedt deleurs valenrs, felon lequel
chafcun pourra eftre le maieur. Par exemple filava-
leur de 1 ® fuft 2, les trois (@ feront maieures, car
vauldront 24;& les 6 () feulement 1 2:mais fi la valeur
de 1 ®fuft 1, alorsau contraire les 6 © {eront maieu=
res:car elles vauldront 6, & les 3 (2 feulement 3: mais
quand nous difons de la fupericure quantité, ce fera

fans doubte parlé des 3 2. '
o B3 DEery-

[In Defs. XXI—XXVI we find a number of elementary properties of
algebraic numbers defined; Def. XXVT introduces us to algebraic multinomials;
or, as we say, polynomials, such as 343 + 542 — 4a + 6. Mark that Stevin
here uses + and — signs, which he does not use in some other places.
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DEFINITION XXVI.

Multinomie algebraique ¢ff vn nombre
confiftent de pluficurs dinerfes quantitez.

ExpricaTION.

Comme 3 @ + § D — 4 ©® 6 fappelle multi-
nomie algebraique. Et quand il aura deux quantitez
comme 2 O+ 4 @ fappellent binomie, & de trois
quantitez fappelleratrinomie,&c.

DEFINITION XXVII.

© applicquée a @nous nsmons quantitex pri-
mitines. €t quantise quelconque [upericure que
ey alaplz(quee a @ lewrs deriwatives, @/ toutes
quantitez_ appliquees 4 © anfquels n'exiffont
astres inférieurs denominatenrs de quantitez &
Lurs denominatenrs proportionels nous nom-
mons primitiues, ég° welles proportionelles lewrs
derinatives. :

ExrricaTion,

Comme ® & (@ nous ndmons quantitez primitiues,
& leurs deriuatiues comme 2 @, ou® @,0u ® @,
&c. Maisquand ity a plus d'vne quantité appliquée a
©@comme GOE,ou @ ©®O, onG 3O, 0u Q)
CGOE,ou®PFOE,ou® 3@ DOE, &c. aul-
quels n’exiftent autres inferieurs denominateurs 4

leurs denominateurs proportionels & de mefine mul-
titude, nous les nommons primitiues; & quand autres

appliquez

- Def. XXVII makes a distinction between polynomials such as ax + b,
px2 + gx + r, Ix3 + mx + n, which are called primitive, and such as ax2 + b,
cx3 4+ d, pxt + gx2 + r, Ix6 + mx2 + », which can be obtained from primi-
tive polynomials by replacing x by a power of x. These are called derivative.
Stevin observes that the theory of detivative equations is the same as that of the
primitive ones. On his mode of calling the theoty of equations “the rule of pro-
portion of quantities”, see p. 264 and our Introduction.
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. pliquez nominateurs font a iceux appliquez denomi-

nateurs proportionels nommons iceux autres leurs de-
riuatifs,come @ (& @ font derinatifs defdicts @ @ ©
patce que comme 2 a 1 (denominateurs) ainfiga2, &
parcillement dirons ) 3@ eftre derinatifs defdicts
(3 @ ©@,par ce que cdme 2 2 5 ainfi 6a 3.Etde melme
{orte dirons 75) 3 (® eftre derinatifs de @ @@. Et
femblablement® G ® @@, on () O G © eftre
deriunatifsde @ 3 (3 @ @, & ainfi dcsautres.

Mais pour dire delviilité de cefte definition faut
fcauoir qu'en laregle de proportion des quantitez,laou
par trois termes donnez, nous cherchons vn quatrie(=
me proportionel, les deriuatifsontla mefine maniere
d’operation que leurs primitifs. Comme fi les deux
premiers termes furent deriuatifs, tels 2@,0u3:©@
ils auront vne operation femblable 4 cclle de leurs
primitifs () & @.Irem files deux premiers termes fu-
rent @ & 2 @, ou (G & 3 ©, &c. ils auront vne ope-
ration femblableble a icelle de leurs primitifs (2; &
(I ©.Etainfi de tous autres: d'ou Lenfuiura qu'enva
feul probleme, 3 fcauoirle 78. comprehendrons tous
les deriuatifs (qui font en infini)des antecedens primi-
tifs ; Pourtant celui qui voudra bien enténdre ledit 78
prob. il fera neceffaire de bien entendre cefte defi-
nition.

DerINITION XXVIII.

Quantitez_poflpofees font celles qui en bal-
gebre [z pofent arcunefois apres les pofftiues.
ExrrL1cATION

Toutes les quantitez d’vne algebraique operation,
4 qui
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qui ne font pas notees du figne des poltpofees quanti-
tez font toufiours pofitiues ou premieres pofees, &
d'vne mefme progreflion, mais par ce queen aucuncs
operations eft neceflaire de pofer quantitez d’vneau-
. tre progreflion que n'eft la premiere, appellons les
mefmes poftpofees quantitez, & leprs fignes fonttels,
1 fec ® fignifie vne {econde @,c‘sﬁ adire 1 @ fecon-
dement pofée, car toutes quantitezqui n'ont point tel
vocable comme 1 (T ou 3 Z,8c. font pofitiues ou pre-
mierement pofees. Item 1 ter (O fignifie vne tierce (0
cefta dire 1 (D tiercement pofée. Item 2 fee G, figni-
fie 2 fecondes (3),4 fcanoir 2 @) procedans dela 1 fec (.
Irem 3 ® M fec @ fignifie 3 @) multiplices par1 fec (D, ’
oule produiét de 3 (O multipliees par 1 fec (. Item 3
(O M fec @ M ter (2 fignifie 3 ® multiplices par1 fec
@ & le mefme multiplié par 1 ter 2.
Item § & D fec® M ter @ fignifie 5 @ diuifees
par 1 fec ©,& le mefine multiplie par 1 ter @, &c.

DEFINITION XXIX.
La prime quiantité qui eff egale aw coste de
chafque quantité, [ appelle auffi racine, la mar-
que de cofte ou racime eff telle v

ExPricarions

Laprimequantite dela 1§ definition fappelle auffi
metaphoriquement racine; & cela i canfe quecomme
Ia racine eft fource de tout ce qui croift fur lui, ainfi re-
femble la prime quantité la foutce ou racine de toutes
les quantitez de fon reng, & eft toufiours egal 4 chaf-
que coft¢ du mefine,comme A au fondement eft cg?tl?

au cofté

In Def. XXVIII 1sec) is introduced as a second (1), an operation
which we perform by writing & instead of 4, or y instead of x. When we need
a third symbol ¢, or z, Stevin writes 1ter(). In this case (@) is called positive or
first-posed, sec (D), ter (@), .... postposed, more specifically, posed secondly,
posed thirdly, .etc. Stevin's 3(DMsec() is our 3ab, 3xy, 3pg, etc., his

2
3(MMsec(DMter(®) our 3abe2, etc., his 5@)Dsec(DMter(?) is our 'S%- 2, etc.
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aucofté de B,de C,de D (d fcauoir au moindre cofté
de D.)Lamarque fignifiant racine ou cofté eft telle 4/,
laquelle mife deuant 3) comme 4/ G denote racine de
aﬂ)e,ou racine de tierce quantité:& femblablement o/
@ fignifie racine de quarte quantité. Et de mefine
forte pourrions dire 4/ (3 fignifier racine de quarré,ou
de feconde quantité, mais pour la fignifier il eftenvie
(a caufe de brieuet¢) de delaiffer le figne 2,8 mettre
feulement 4/, par lequel on entend racine ou coft¢ de
quarré,

QVE RACINE EST VOCABLE
CONVENABLE A LART.

1l y adesaucuns qui reietansle vocable racine,di-
fent,cofté de quarré ou de cube,ne fe pouuoir nommer
racine finon ineptement, mais 4 mon auis ils n'exhibéc
pas conuenabledittinétion. Car combien que raci-
ne eft roufiours egale  cofté; toutesfois autre quantité,
eft racinecomme A, que cofté de B ou de C: pourtant
quand nousdifons racine de B, c’eft 4 dire A: car Aeft

fa racine ou fource:mais quand nous difons cofté deB,
quieftala A egal,adonc nous parlons ducofté eflentiel

‘de B. Nous vferons donc 4 bon droict auec les anciens

le vocable racine 13 ou il viendrad poinct.
DEFINITION XXX,

Racine de quarré de racine de quarré oft vne
ligne moyenne proportionelle entre la prime

- 7 5 \ 4
uantite, ¢/ vne ligne reSpondante  lvnité de
amefme: (amarque ef telles/. €t racine cu-
bique de racine cubique,eft bantecedente ligne
B s de deux

In Defs. XXIX—XXX the symbols for square root, fourth root =
square root of square root, etc. are explained. \/ means square root, or V(2. The
meaning of Stevin’s symbols in our notation is as follows:

1

S— 1 1

V@i—vi=a® W @a=VvVi=d" wt@a=VVva-a
‘ — 1 33— 1

W @ =¥ ama? W, @a= ‘/,3/];/‘;:“27

o]~

V®a=¥a=a
1 _ 1

v @a=o=d" W @a=V¥a=at etc.
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dle deus: lignes motennes proportionnelles entre
la prime quantisé @ vne lgne respondante 2
bvnité de lamsfme fa marque eft telle w’ & .¢o»
ainfi des autres [emblables.

ExrrricATION.

Comme la ligne H fappelle racine quarrée de raci-
ne quarree, 4 fgauoir du quarré B, car par la conftru-
¢tion du fondement clle eft moienne proportionelle
entre A & G laquelle G refpond i I'vnite de la A,Sem-
blablement dironsla M, & X eftre racines quarrées de
racines quarrées. Et de mefme {orte entendra onla
racine quarrée de racine qnarrée de racine quarrée de
Beftrela moienne ligne proportionelle entre G & H,
delaquelle la marque eft telle ue/. & femblablement
procederaon en infini pour lesracines quarrées de ra-
cines quarres quelconques.

Item laligne I fappelle racine cubique de racine cu-
bique (3 fcauoir du cube C) car par lalconftruction du
fondamentelle eft antecedente ligne de deux ;moien-
nes lignes proportionelles entre la prime quantie¢,&
vne ligne refpondanted vnité delamefme. quieft en-
e G& A. Etfemblablementdirons leslignes L&V
eftre racines de racinescubiques. '

De mefme forte entendra on la racine cubique de
racine cubique deracine cubique de C eftre antece-
dente ligne de deux moiennes proportionelles entre G
& I, fa marque fera telle wa/ 3). & ainfi procederaon
en infini pour racines deracines cubiquesde racines
cubiques quelconques.

Etainfi procedera on en toutes fes autres quantitez,

' car

Hence V(@) is the same as W numerically, but there is a difference in di-
mension (p. 30). The prime quantity (D) of Def. XV is considered the root, or
source of all other quantities, and is also.the side of square (2), and hence can
be written V(). This (D) is also the side of cube (3) and can thus be written as
V@), or Va2 = a,B- @3 = a. Hence V stands for “root” or “side”,

The term “root” is appropriate despite the objection of some people, who claim
that a side cannot be called a root, because-in the figure A is always the “root”
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car laracine de racine de quarte quantité, eft Pantece-
dente ligne de trois lignes moiennes proportionelles
entre G & A, delaquelle lamarque feratelle w/ @.

Norta 1
Nousauons dict 4 fa 29. definition que racine de
quarré d marque telle 4. Tremala 30. definition, que
racine de quarré,de racine de quarré a marquetellew/,
mais faut bien noter cefte fyllabe de, car 4/, ne fignifie
pas fimplement racine, mais il y fautencore adioufter
{)edi& de,veu quil y a grande difference entre racine,
& racinede. Comme par exemple 4/ 4 fignifie racine
de quarré 4, laquelle vaut 2, mais racine quarrée 4,
vaut 4,comme le quarré 16,4 fa racine 4,& Yoint A 4.
Ledi&t auertiffement du vocable de, appliquera on
aufli 4 toutes autres racines comme #/ (3, 4/ @,8&¢.
: Nora 2
Cefte marque fignifiant racine dequarré telle +/, &
de racine deracine de quarré telle s/ eft par plufieurs
envie,eft aufli fort commode pour telle Jigniﬁcation,
& continuant telle progreflion fenfuit que we” doibt
fignifier racine deracine, de racine de quarré. Ils font
donquesimproprement ceux qui par ws/ veullent fig-
nifierracine de cube, veu qu'autte chofe eft racine de
cube, que racine de racine, deracine de quarré. Carla
ligne A aufondament eft (comme auffi de toutes les
quantitez fuiuantes) egale a la racine du cube C. Mais
racinede racine, de racine de quarré, eft la ligne moi-
tienne proportionclle entre G & H.laquelle eft bien
d'autre quantité (excepté quand la racine eft 1,comme
au fecond reng des figures du fondement) Etpour en
donner exemple ¢n nombres, il eft notoire que w/
256.eft 2, mais4/ Q) 256, eft plus que 6.
Con-

or “source” of square B or cube C. [Stevin always regards the various fractional

1.1 1 .
owers g2, ‘@3, a4 ...., with unit fractions as exponents, as line ‘segments.
’ bl

In Nota 1 we are warned that there is a difference between.“réot” and “root of”,
V means “root of’, V4 is the root of 4, or 2, but when we speak of 4 as “root”,
we think of 16. “Which warning about the vocable of will' also"apply to all
other roots such as V(®), V@), etc.” In Nota 2 stress is laid on the difference
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Concluons doncques que 14/ ne peult diftinéte-
ment fignifier racine cubique.

Quant aux figures comme ¢ % &c. quau-
cuns fuinans les anciens vlent au lieu de noz mar-’
ques O @ @ (quaufli a v{é Raphael Bombelle,
cxcepté @) peuceftre que les mefmes ont vulgaire-
ment (comme auptes de nous L cincquante,C cent, M
mille,&c.)aupres les Arabesinuenteurs de Falgebre fi-
gnifieles mefme que 1.2.3.&c.on @ @ @ . Mais quoi
quilen foiti’entens la fignification de telles chara&eres
neceflaires 4 PArithmeticien pour entendre les au-
theurs qui les vient: mais en noftre Arithmeticque ne
les vicrons pas, ny aufli ceux qui feront felon noftre
confeil: car Pviilite des marques @ ® @ G- @, &e-
cftrelle, que Poperation qui par iceux charadteres eft
obfcu're,(}aborieufé, & ennuieufe, ( parce que telles fi-
gures ne nous fignifient pas vulgaircment ce qu'ils de-
notoient d’auenture aux Arabes)fera par ces marques
claire,legiere,& plaifante. Car comme les charatteres
1.2.3.4.§.6.7.8.9. 0. (en refpe de pluficurs autres
marques fignifians nombres) ne font feulemét bricues,
mais neceflaires:voire il femble que fansleur conuena-
ble & naturel ordre, il euft efté impoffible 4 Fhomme
de paruenir aux fecrets &’ Arithmeticque quil a acquis;
Etde mefme forte entendra on que ceci fontles chara-
Cteres qui au naturel ordre font requis; lefquels aux
quatre numerations generales, & principalement aux
rompuz des mefmes qui fouuentesfois fe rencontrent,
voire (par toutes computations algebraiques, donnent
telle facilicé,que ce qua plufieurs ferontautrementim-
poflible de comprendre, leur fera facile,mettantle tout
au iugement de ceux quientendent la chofe. o

r

between V/, 14/, mw/ , etc. and roots such as V(3); m 256 = 2, this being
’ . 8

18728, and V(@) 256 is more than 6, this being 2 5 ~ 635.....0n p- 28
Stevin proclaims the advantage of his symbols (@, (@, (@), etc. over the
“cossist” notation used by many sixteenth-century mathematicians, in which sy-
stem every power of the unknown is represented by its own sign. His symbols
are those of Raphael Bombelli (see our Introduction), with the exception of (D).
Stevin errs when he states that the “cossist” symbols are of "Arabic origin; see
J. Tropfke I, pp. 148 et seq.}
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Or eftant ainfi definies les grandeurs du fonde-
ment, faut maintenant venir 4 leurs nombres.

DeriNITION XXXT.

Nombre expliquant la valeur de quantite
geometrique, [appelle nombre geometrique, ¢/
obtient le nom conforme & bespece de la quantité
guilexpligue.

ExrricaTION.

Comme le nombte 2. explicantla valeur dela pri-

me quantité A, ou le nombre 1.la valeur de laprime
uantité N, ou le nombre } la valeur de la prime quan-

tiee Y, Cappellent(par ce que les mefmes primes quan-

tes font racines) nombres radicaux. "

Item le nombre 4, explicant la valeur dela feconde
quantité B, & femblablement 1 de O, &} de Z,fe
nomment (par ce cg.le les mefmes fecondes quantitez
font quarrez) nombres quarrez.

Item le nombre 8, explicant la valeur dela tierce
quantit¢ C, & femblablement 1 deP, & j de A A,
fappellent (parce que les mefmes tierces quantitez
fontcubes) nombres cubiques.

Item le nombre 16 explicantla valeur de la quarte
?uantité D, & femblablement 1. de Q&% de BB,
"appellent (par ce que les me(mes font quattes quanti-
tez)nombres de quarte quantité; & ainfi des autres
femblables.

Item le nombre 2 explicant la valeur du cofté
de B, & femblablement 1 du coft¢ de O, & 3 du
coft¢ de Z, fe nomment (parce que fe font co-
ftez de quarrez) coftezde quarrez. Et 2 explicant la

valeur

{Though the geometrical number has already been introduced on p. 10,
its definition is only given in Def. XXXI as the “number expressing the value
of a geometrical quantity and receiving its name in conformity with the operation
it expresses”.} Hence 4, a2, 43, ... are called radical number, square number, cubic

aumber, ..., Va, 874, ... side of square, side of cube, . .. Then follows a pole-
mic against those who deny THAT ANY NUMBERS CAN BE SQUARES,
CUBES, ETC.,, or that any root is 2 number; who deny, for instance, that 6, 7,
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valeur du cofté de C, fappelle cofte cubique, & de D,
cofté de quarte quantite, &c.

Itcmclle nombre 44/ 4 explicant la valeurde H, &
femblablement 4w/ 1 de M, & /' de X, fe nomment
racines quarrecs de racines quarrees, parce que telles
lignes par la 30 definition font racines quarrees de ra-
cines quarrees.

Item le nombre 4/ 3 8 explicantla valeurdel, &
femblablement 4/ @) 1de L, & w0/ (3 yde V, fappel-
leat racines cubiques de racines cubiques; parce que
telles lignes par Iz 30 definition font racines cubiques
deracines cubiques. Norta.

11 eft vrai que +/ @ vautle mefine que #/,comme
&/ ® 81 vaut 3, comme faictaufli w/ 8 1. Maisentant
quelvneeftligne comme H, & Lautre cofté de quan~
ticé comine D, elles fontpar raifon a diftinguer.

QVE NOMBRES QVELCONQUVES
PEVVENT ESTRE MOMBRES QVARREZ,

cubiques etc. Aufii-que racine quelconque St nombre.

Puis que les nombres explicans les valeurs des
quantitez geometriques,regoiuent v nom conforme d
la mefme quantité (comme 4 ou 9 & femblables expli-
cans les valeurs des quarrez, fappellent pourtant nom-
bres quarrés, Item 8§ & 27, &c. explicans les valeurs
de cubes,fappellent pourtant nombres cubiques)fen-
fuitque 6ou 7 ou 8, & femblables explicans les valeurs
des quartez, {é nommeront pourtant aufli nombres
quarrez. Et g ou 10,etc. explicansles valeurs des cubes
fappelleront pourtant aufli nombres cubiques. Ce que
eftant apertement ainfi, fenfuit que ceux la fabufent

qui

8 can be called square numbers, or 9 and 10 cubic numbers. Stevin’s main argu-
ment is that /8 is part of 8, and hence of the same matter, which is number. It is,
he says, only possible to say that the roots of 4 and 9 are commensurable with
them, while the roots of numbers like 8 are incommensurable with them.
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qui veulent le contraire. Mais quelle cft.leur rai-
fon? 8 medira quelque aducrfaire ne peut eftre nom-
bre quarr¢, par ce qu'il ©’y 2 nul nombre qui mul-
tiplie en foi, produife 8. Il eft vrai (dirail) quera-
cine de 8 enfoiles produict, mais elle neft pas nom-
bre: Or ic luy pourrois nier quaucun nombre foit
pourtant nombre quarré, par ce qu'il fe trouue nombre
%ui multiplié en foi produiét lc mefine nombre, confi-
der¢ quilobtient fenlement le nom de quarré, pource
qu'il explique fa valeur, & point pour quelque autre
accident: de forte que 4 ou 9,oufemblables eonfiderez
fimplement, & abftraiéts de quarrez,ne font pas nom-
bres quarrez: Mais paffant tout ceci,nouis refpondrons
4 fon propos,prounants quela 4/ 8, eft nombreen cefte
forte: La partie eftde Ia mefme matiere qu'c fon en-
tier; Racine de 8 eft partie de fon quarré 8: Doncques
A/ 8 eft de la mefie matiere queft 8 : Maisla matiere
de 8 eft nombre;Doncques la matiere de 4/ 8 eft nom-
bre: Et par confequent o 8, cftnombre. Auffique fe-
roitce dedire,le quarré de 47 8 eft 8, mais 8 n’eft point
quarr¢ 2 vraiement Ceftabfurd, & ne fe peut par di-
ftinétion tant faire, que tel fondement ne demeure
confus. Doncques 4/ § eft nombre,8& par confequent
8, voire & nombre quelconque, comme 4/ 6,0u 4/ 3
3 & femblables expliquant la quantité d'va quarré,
ouen effe&t,ou feulement parI’hypothefe,eft nombre
quarre. Ileftvraique 4 &9, & femblables font quar-
rez de quelque autre propricté quen’eft nombre quar-
1¢ 8, & requicrent diftinétion;mais pas faulfe,n’y cau-
fant confufion, mais pluftoft facilité; laquelle ferajque
ceux fa {ont nombres quarrez a leurs racines com-
menfurables, ceux ci incommenfurables.

: Nous
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Nous pourrions faire plus long difcours fur cefte
matiere; mais tranfportant le different entre noz the-
fes mathematiques; Concluons ici pour les raifons-
fufdictes,que tous nombres quels qu’ils foient penuent
cftre nombres quarrez,cubiques, &c. Aufli que racine
quelconque cft nombre. ) '

QVELA QVINTE QVANTITE
NE SE DOIBT POINT NOMMER

Surfolidum, onplus long dvn coffé.

~ Les aucuns nomment la quinte quantité furfoli-
dum; lesautres pluslong d’vn cofté: par furfolidum
denotentilz vne fourde quantité {olide;Sourdc(difent
ilz) par ce qu'elle n’a ny racine quarrée,ny racine cu-
bique difcrete; enquoi ils fabufent: car combien que
tel accidentauient d aucunes,il n’aviendra pointd in-
finies autres,car racine de quinte quantité 10 24,eft 4,
&laracine quarrée dumefme nombre 1024, eft 32.
Item la racine de quinte quantité 32768, eft 8, & raci-
ne cubique dumefime nombre eft 32. Auflila poten--
ce de quinte quantité de 64, aura (par la 9 proportion
“dug liure d’Eucl.) racine de quinte quantité,& racine
quarr¢e, & racine cubique; Etencore que celane fuft
pas ainfi, ce feroit mauuaife confequence de dire; la
quinte ?uantité n’apoint de racine quarrée, ou cubi-
que difcrete ; ergo elle eft abfurde ; car comme le
quarté tient {a racine quarrée, & le cube {a racine cu-
bique,ainfitientla quinte quantité, fa racine de quin-
te quantité. Doncques la quinte quantité n'eft point
fourde, ny furfolidum.
. Quantal'appellation de pluslong d'vn cofté, elle

et aufli

Stevin states that THE FIFTH QUANTITY SHOULD NOT BE CALLED
“SURSOLIDUM”, or “longer at one side”. Some people use the term sursolidum
for (5) because it is a surd solid, having no square or cubic root. But this is nhot so,
since 1024 has both a fifth root 4 and a square root 32, and 32768 has a fifth
root' 8 and a cubic root 32. Just as a square has its square root, so (5) has its fifth
root. [This term sursolidum is found in Riese, Rudolff, and others for #5, but

~
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eft auli mal propre; veu que la quinte quantité R,eft
vn cube; aufli que plufieurs autres quantitez comine
les quartes D, & B B, quifontaufli plus longues d'vn
cofté, toutesfois ne font pas quintes quantitez. A fin
doncques d’ofter d’vne part toutes ambiguitez, & im-
proprictez, & que d'aultre part aurions vocables fer-
uans 4 la facilité de la doétrine, nous les appellons
quarte,quinte, fexte quantité, & c.

QVIL NY A AVCVNS NOMBRES
ABSVRDES, 1RRATIONELS, IR-
reguliers, inexplicables, ou {ourds.

Ceft chofe trefvulgaire entre les Autheurs d’ Arith.
de trai®ter de nombres comme 4/ 8, & femblables,
qu'ils appellent abfurds, irratiorels, irreguliers,in-
explicables,(ourds, &c. Ce que nous nions,a quelque
nombre aucnir : Mais par quelle raifon I'aduerfaire le
prouuera ilefprouuer ? Il me diét premieremét,que ra-
cine dehuict eft 4 nombre Arithmeticque (cme 3 ou
4) incémenfurable, ergo 4/ 8, eft abfurde irrationelle,
&c. Mais la cenclufion eft abfurde, veu que lincom-
menfurance e caufe pas abfurdité des termes incon-
menfurables, ce que Pefproune par laligne & fuper-
ficie qui font grandeurs incommenfurables; ceft 4
dire, qu'ils ne regoiuent point de commune mefure,
toutesfois ny ligne, ny fuperfice n’cft quan:ité abfurde
ny inexplicable car difant que celle la eft ligne,& cefte
ci fuperficie,nous I¢s expliquons. Etencore que cefte
incommenf{urance procreaft(ce que toutesfois ne peut
eftre;maispofons les cas)abfurdité a I'vne des quatitez
edparées, nous trouucrons le nombre Arithmeticque

C autan

Stevin’s derivation of this term from “surdus” and “solidum” is not generally
accepted.} The term “longer at one side” is also wrong, since the fifth quantity
R (p. 13) is a cube, and the fourth quantities D and BB are also longer at one
side. [This term may also have been taken from Rudolff, who remarks that
Boethius calls our 45 “altera parte longior”. See J. Tropfke II, pp. 148-149, and
our Introduction.}
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autant coulpable , que le radical,car comme la Sphere
autant que le cube,& le cube autant comme la Sphere,
eft caufe de leur diffimilitude; ainfi de ces nombres.
Mais pour fairc encore autre prenue par deux quititez
d’vn mefme genre de grandcur,prenons le cofté & dia-
gonale d’vn quarré,quifont lignes entre cux(par la der-
niere propofition du 10.liure d’Euclide incommenfii-
rables, touzesfois ny diagonale, ny coft¢ (abftraict de
nombre)n’eft ligneabfurde ou irrationelle,lincommé-
furanee doncques des quantitez,n’eftpas labfurdité d’-
icelles, mais ceft pluftoft leur naturelle mutuelle habi-
tude. L’aduerfaire me replique qu'ily alignes rationel-
les, & irrationelles(defquelles traicte Euclide en fon di-
xiefie liure)les definitions defquelles (felon Campane
defi. 5 & 7.que Zambert metla 7 & 8)font telles: Toute
ligne droiite propofée fappelle rationelle. Et les lignes
& icelle incommenfurables , (¢ nomment irrationelles :
Dontil conclud que les nombres explicans ces lignes
irrationelles,{ont nombresirrationelz. Ie refponsqu'il
eft notoire que ceft argument {oit inartificiel confiftant
en feuleauthorité,dlaquelle il faut preferer lirrefutable
raifon,qui eft; Premicrement que demonftrerons con-
tradition en cefte forte: Soit ligne propofée la diago-
nale (car la definition di¢t de toute ligne) d'vnquarré
duquelle cofté cft 2: Or cefte ligne propofée(dict il)eft
rationelle, & le nombre I'explicant fera de mefme qua-
lit¢; parquoi le nombre explicant cefteligne qui eft 4/
8. fera rationel: & d"aultre parcdiét que 4/ 8, eftirra-
tionelle;cequi eft contradiction. Anfecond nous pou-
uons demonftrer(mefines felon le dire de l’aduetl}:ire)
. quenulleligne n’eft par {oi irrationelle:car fil dit que
ceft celle la (4 fgauoir diagonale ou coft¢ de quarré)
qu'on

Now Stevin draws his conclusion “THAT THERE ARE NO ABSURD, IR-
RATIONAL, IRREGULAR, inexplicable or surd numbers”. Such numbers as
V8 are often treated in this way. It is true that V8 is incommensurable with an
arithmetical number, but this does not mean that it is absurd, etc. Or take, for
instance, a line and an area, which are incommensurable magnitudes,.since they
have no common measure. Moreover, if /8 and an arithmetical number are in-
commensurable, then it is as much (or as little) the fault of V8 as of the arith-
metical number, The side and the diagonal of a square are incommensurable lines,
but are not absurd. [Here Stevin quotes Euclid X Prop. 118, see Appendice p.
200.} If, following Euclid, in the Campanus and Zamberti edition, we introduce
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qu'on explique par nombre Arithmetique; & Pautre
irrationclle, fenfuit que {elon Partribution du nombre
Arithmeticque, le cofté pourraI'vne fois eftre rationel,
autrefois irrationel;doncques il ne Peft pas par foi, mais
enrelpect d’vn nombre dont il y a ictqueftion : Tel
argument doncques weft pas pour lui; ains pluftoft
vae declaration de la confufion confiftante en fon opi-

nion. Qu'eft cequ’il aencore?
1 me mande queielui explique quelle chofe {oit 4/
8. Ieluy refpens qu'il m'explique quelle chofe foicne
2(qui felon fon dire fontrationels) & puis e fa lui ex-
pliquerai; Hme dira d’aduenture que 2 (pour changer
devoix) (ont§. Eticlui refpons que 4/ 8 elt #/¥. 11
di&t que? font d tout nombre Arithmeticque com-
méfurble, & 4/ 8 4 nul d’icenx; e lui refpons que 4/ 8,
eftainfiniznombres comme 4/ 2.4/ 2. commenfu-
rable,& 2 a nul d’iceux. Il me di&,que {i onpartift vne
chofe en 4 parties egales, que 2 cft cela qui denote la
quantité de trois d'icelles parties; & ie lui refpons que
fila grandeur d'vn quarré fuft 8, que 4/ 8 cft le nom=
bre qui denote la quantité de fon cofté. Itemn fionluy
demande combien foitle quotient de ladiuifionde 3,
par 4, il refpondraque c'eft lc quotient de la diuifion
de 3 par 4: Ettout par mefme elegance dil-ie qu'en
extrahant racine quarrée de 8, ce qui enfort eft racine
quarrée de 8. Ou fil penfe de fatisfaire par quelque
changement de voix,qui en effett ¢t le mefime, difant
que tel quotient font trois quarts, ic lui feraile fem-
blable furla racine, difant que ceftle coft¢ de quarré
8. Il veult que nous appliquons les nombres comme %
& 4/ 8, 4 quelque matiere,comme 4 vne aulne, & dict
quil me pourra monitrer legitimement les ¢ d'vnc
C 2 aulne

the definition “Every given straight line is called rational. And the lines in-
commensurable with them are called irrational””, then we must not believe that
the numbers which express these irrational lines are themselves irrational. If
the given line is the diagonal of the square of side 2, then V8 is rational, and
V8 cannot be rational and irrational at the same time. Indeed, just as 34 is
commensurable with all arithmetical numbers, so is V8 commensurable with an
infinity of numbers such as V2, V32, etc. And when you think that you can
refute this by a change of expression, then I can answer the same way. If my
opponent quotes Euclid VI Prop. 9 to show how to construct 34 of an ell in a
legitimate way, then I quote Euclid VI Prop. 13 to show how to construct
legitimately V8 of an ell. [The “Campanus and Zamberti” probably refers to
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aulne par la 9 propofition du 6 liure d’Euclide ; Et moi
ie lui monftrerailegitimement laracine quarréedes8,
d'vneaulne parla 13 propofition du 6 liure du mefine
Euclide. Carla ligne moienne proportionelle entre
toute Paulne & vne huictiefine partie d’icelle, et 4/ 8,
de la mefine aulne.

Les qualitez doncques de 4/ 8 & (entant que
touche celte queftion) font femblables.  Or de cho-
{es femblables fe fai& mefme iu;lgcmgm; par quoi fi
4/ 8, eft nombre abfurd, irrationel, irregulier, inexpli-
cable, & fourd: lestle {eront aufli; Mais l’aducrﬂfire
ne concede cela aucunement; ains veut tout au con-
traire, il faut donc de neceflité qu’il confefle que +/8
eft excellente, rationelle, reguliere, explicable,& bien
oyante. Ce que nous avons demonftré de 4”8, fera
auflientendu de o/ (3, & autres racines quclconques:
car cdbien que de touteligne ne pouvons legitimemet
couper racine cubique (2 caufe que les deux lignes
moiennes proportionelles entre deux lignes donnees,
nefont encore geometriquement inuentees) comme
faifons racine quarrée, cela n'eft pas la coulpe des
nombres; car ce qu'en lignes ne {cauons faire, nous
I’acheuons par nombres facilementr.

Mais a fin que parlions aufli de P'viilit¢ de cefte
matiere, & que Pon neftime que ce foir difpute de
I’'ombre de l'afue, faut feanoir que cefte abfurde opi-
nion de nombres nbfurc?s,que ce ne feroient pas nom-
bres, &c. a tellement ob{curci lado@rine desincom-
menfurables grandeurs, que la difficuleé du dixiefme
liure &’Euclide (qui traicte de cefte matiere) eft a plu-
ficurs deuenu en horreur, voire iufques a lappeller la
croix des mathcmaiiciens,matiere trop dure a digeter,

& cn

Euclidis Megarensis mathematici clarissimi Elementorum geometricorum  libri
XV, Basileae, 1546, which has printed the expositions by Bartholomeo Zamberti
as well as those by Johannes Campanus. The Campanus version, of thé middle of
the thirteenth century, was used for the first printed Euclid (Ratdolt, Venice,
1482), and, in a modified form, for the Euclid edition by L. Pacioli (Venice,
1509). The original Zamberti edition of Euclid. appeared in Venice, 1505, and
was a Latin translation of the Greek text; the Campanus text was from the
Arabic. Euclid VI Prop. 9 shows how “from a given straight line to cut off a
prescribed part”, and proves it for the case that this part is one third; VI Prop.
13 shows how “between two given straight lines to find a mean proportional”.}
The same holds for cubic and other roots, even though we cannot construct the
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& en laquelle mappergoiuent aucune viilité: Ceft
auff ce ferme fondament, qui nous 4 auancé en la de-
feriptiond'icelles qui fenfuiuera en vn traité particu.
lier, la ou font renju faciles & claires (4 mon auvis) en .
3 problemes feulement, lez difficiles & obfcures pro-
ofitionsdudict Dixiefme,quien contientfelon Zam-
%ert 118, Voire non pas feulement ce qui eft contenu
audict dixiefine mais encore vn facile infini progres
deschofesy commencees,lequel(infini progres dif-ie)
femble incomprehenfible par tel foudamenr. Et celui
qui donnera plus de lieu d Ia raifon,qu’a vaine opi-
nion, plus de credit aux defenfeurs des parfaictes &
diuines Mathematiques, qu'a ceux qui l'accufent
drimparfetion & d’abfurdité, ne trouuera pas moin-
dre facilité , en plufieurs operations Mathematiques,
qui femblent autrement fore difficiles.

Nous concluons doncques qu'il n’y a aucuns nbres
abfurds,irmtiOnels,irrcguliers,inexplicablcs,ou fourds -
maisqu’ily a eneux telle excellence, & concordance,
‘que nous auons matiere de mediter nuick & iour en
leur admirable parfection: Et fil falloit dire d’abfur~
dité, ie la concederois pluftoft en noftre entendement,
lequel ne peut autant comprendre des fecrets qui con-
fiftentenla nature, qu'il foitdigne de comparaifon 3
cequilignore. Finalement ce que nous n’auons fatif~
faict en cefte matiere par les argumens precedens,
nous Paccomplirons contre tousaduerfaires, parlag®
thefe de noz thefes Mathematiques.

Nora.

Aucuns au lieudela quarte quantité difent quarré
C3; de

cubic root of a.line (since it involves two mean proportionals). This is not the
fault of the numbers, since we can achieve easily with numbers what we cannot
do with lines.

“This absurd opinion of absurd numbers, that they are not numbers, etc., has
obscured the theory of incommensurable magnitudes to such an extent that to
many people the difficulty of the tenth book of Euclid (which deals with these
matters) has become such a horror that they have called it the cross of mathe-
maticians, a subject too hard to digest and without any use”. Stevin has devoted
a special essay to its explanation. Appendice, pp. 187-201, see also the fourth of
his Mathematical T heses, ib., p. 202. -
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de quarré; Etdela fexte quantité, quarré de cube, ou
cube de quarré; Etdela huiGtiefme,quarré de quarré
de quarre; Etde la neufiefme, cube de cube,&c.ce qui
{ont des noms de ce qui ne confifte point en grandeur,
vraieft quils ont quelque ﬁmilimdg i leur fubie@ en
tant qu’il eft nombre, mais trop obfcure : Nous n’vfe-
rons doncques pas de ces noms, d’vne part pour les
incommoditez qui en procedent, d’autre part pour la
facilite des autres, comme apparoiftra aux computa-
tions qui fen feront ciapres.

DerINITION XxXXII,

Racine quarrée agebraique de Ztmt[te',
est celle gm‘ maultiplice en [oi,produict la mefme
quantite. Racine cubique algebraique de quan-
tite, eSt celle qui multspliée cubiquement, pro-
duitE la me[me quantité; Et ainfi de la quarte
quantité €5 autres [uinantes.

ExrrricAaTIiON,

Comme 3 @ fappellentla racine quarrée algebrai-
que de 9 (@, parce que multiplices en elles produifent
9@ ; Et pour mefme railon 4 (3 fe difent la racine
quarréede 16@; Et 2 (3 + 3 @, laracine quarréede |
4®+120-+9@; Et20® la racine cubique de .
8®;Et3®@ + 2 ®laracine cubique de27 @ + 54 _ |

In the Nota Stevin warns his readers against the use of expressions such as
square of square for the fourth quantity, square of cube for the sixth, etc., as too
obscure. [This is directed against the use of such terms as zensu de zensu, zen-
sicubus, etc., used by Rudolff and Riese, see J. Tropfke II, p. 199; also pp.
136, 137.]
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Q+36@D+83.Ecv/3 ®, laracinede 3 @, &
ainfi d’autres femblables.

DEFINITION XXXIII.

Le nombre Arithmetique denant la marque
de quantité, [applle nombre de multitude
dis quantitez ; ¢ dedans la marque, deno-
minasenr, o dignitc de lmmtite’ s mass der-
riere la marque, valewr de quantite.

ExvricaTION. C

Entoute quantité qu'on vie cnoperation algebrai-

ue, il y a d confiderer trois nombres differens;comme

e mulritude, denominateur , & valeur de quantité,

Parexemple 3 (® 12, Ceft 4 dire trois fecondes guami-

tez vallans douze, de forte que le 3 eft nombre de mul-

titude des quantitez, & 2 denominateur de quantité,
mais 12 valeur des quantitez.

Confideré bien cefte definition,a fin que au fuiuant
la difpofition des characteres ne vous abufe : carcom-
me 19 font les mefines cyfres que 91, toutesfois I'vne
cft maicure quantité que Pautre. Toutainfi(3) 8, font
les mefmes charaterés que 8 (3),mais ceftui ci eft bien
vn autre que ceftui la: car () 8 fignific cube,duquel la

valeur eft 8. Mais 8 (3, denote huict cubes defquels la
valeur eft ici encore incognue.

DerFiNITION XXXIV.
Le nombre radical mis denant la marque de
Zmntite' ¢ft feparé par figne tel X fera nom-
re de multitude des quantitez: mass [ans

L2

Defs. XXXII—XXXVIII introduce a number of concepts. In our notation:
2x2 4 3x is the square root of 4x¢ + 12x3 + 9x2; in 3x2 = 12 the 3 is
called “the number of multitudes”, the 2 the “denominator” or “dignity”, 12 the
“value” of the quantity, {Stevin writes 3(2)12, the sign = for equality does not
appear until the 17th century}; x3 = 8 is different from 8x3 [(3) 8 is different

from 8®}; and x24/5 = /9. x2 is different from Vox2 = 3x. In Def.
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icelui figne de [eparation, alors o/ denote la
racine du nombre de multitude , enfemble la

racine de la qmmtite’.

ExprLicATION.

Comme 4/ 9 X (@, cefta dircracine de 9 fecon»
des, mais confideré que la 4/ fe refere feulementau g,
& pointd (?), ce que denote la marque de feparation
X:deforte que 4/ 9 X (@, vautautant (veu ques/ 9,
fai&t 3) comme 3 (z; Mais quand le nombre radical
fera a nombre Arithmeticqueincommenfurable,com-
me s/ § X @,il faut qu'il demeure ainfi; Mais fans
icelle feparation de lamarque X, comme 4/ 9@, Ce
feraanfli i dire racine de 9 fecondes, mais confideré
(pat ce qu'il n’y a point de marquede feparation) que
la v/ ferefere & 29,8 a @, deforte ques/ 9 (@ vaut
autant comme 3 . Item 4/ @ 8 @ aurant com-
me 2 (.

DEFINITION XXXV,

Toute quantité [appelle la potence de [a

racine.
EXPLICATION.

Comme quarré ¢ fappelle la potence quarrée de fa
racine 3; Et 8, potence quarrée de 4/ 8; & 27, potence
cubique de faracine 3 ;& 81, potence de quarte quan-
tité de fa racine 3. & ainfi des autres eninfini.

DEFINITION XXXVI.
+ Signifie plus &/ — (ignifie moins.

_ExrricaTion.
1l auient i caufe de Pincommenfurance des nome-

XXXIV the first case is expressed by 1/9 X (@), the second by 4/9 (@); every
number is the “power” of its root; + means plus, — minus [here Stevin follows
Riese and Rudolff rather than Bombelli]. Defs. XXXVII and XXXVIII in-
troduce commensurable and incommensutrable numbers [though Stevin has used
-the terms before, see p. 35}. In the Nota to Def. XXXVIII Stevin makes a
distinction between three types of binomials, following distinctions made in.

Euclid’s tenth book: 1) like 5 + 6, 4/3 + 1/ 12, where the two terms are com-
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bres qu'il les faut coniondre ou difioindre, par les
motz de plus & moins. Mais par ce que les mefmes
{e rencontrent founent aux operations arithmetiques,
tant des nombres algebraiques ou quantitez, que des
nombres radicaux, I'on vfe pour bricfueté des fignes
fort commodes, 4 {¢auoir - fignifiant plus, & —de-
notant moins.

DEriNITION XXXVII.

Nombres commenfurables font cenx:_ auf-
quels exifte quelque nombre qui leur foit
commune me[ure.

ExpLICATION.

"Tous nombres Arithmetiques comme 7 8 9 (auf-
quelsPvnité eft la commune mefure)fappellent nom-
bres commenfurables. Semblablement beaucoup des
nombres geometriques comme 4/ 27,& 4/ 3, lelquels
ont pour commune mefure 4/ 3, comme apparoiftera
parie 20 probleme.

DEFINITION XXXVIIIL

Nombres incommenfurabies font ceux auf*
quels rexiste quelque nombre qui lewr foit
commune mefure.

. ExrricAaTION.
Comme 4 & 4/ 6, & autres {emblables, par ce
w’iln’y a aucun nombre qui leur foit commune me-
ure, fappcllent nombres incommenfurables.

Nora.
Les commenfurances & incommenfurancesdes
nombres qui fe rencontrent aux binomies (car ceft des

mensurable; 2) like 4.+ 4/7, whete the squares 16, 7 are commensurable, 3) like
4+ 177, where the squares 16, v/ 7 are incommensurable. To' call [with Euclid}

4 and4/7 “commensurable in the square” seems to Stevin confusing; he prefers
to say “4 and /7 are incommensurable, but their squares are commensurable” —
that is language which even the dullest people can understand. . :




42 LE 1. LIVRE DARITH.

binomies que trai&erons d'orefenauant)fe diftinguent
communcmenten trois efpeces, defquelles la premie-
re felon noftre manierc eft telle:

Quelques deux nombres font de telle condition,
qu'ils fontcommenfurables, comme § & 6, ous’ 3 &
& 12 & femblables. :

DEVXIESME ESPECE.

Autres deux nombres ya il de telle qualité, quils
fontincommenfurables,mais leurs quarrez font com-
menfurables. Comme 4 & +/ 7, fontincommenfura-
bles: Mais leurs quarrez comme 16 &7, font com-
menfurables. ‘

. TROISIESME ESPEcCE.
11y a autres deux nombres de telle condition,qu'ils
fontincdmenfurables,& leurs quarrez fontautli incs-
men{urables;comme 4 & w/ 7 fontincdmenfurables
& lears quarrez 16 & 4/ 7 font auffi incomen(urables.

Or pour diftin&ion de ces trois differences, les au-
tres nomment la premiere vulgairement (par fimilitu-
de deslignes defquelles-traicte Euclide es definitions
de {on dixicfine liure) commenfurables en longitude;
La feconde incommenfurables en longitude; mais
commenfurables en potence. Etla troifiefme incom-
menfurablesen potence & longitude.

Mais felon mon opinion nous nommons ces ditfe-
rences plus clairement, difans abfolutement que rous
deux nombres propofez font commenfurables, ou in-
commenfurables. Quantd la commenfurance ou in-
commenfurance qu'il y a entre leurs potences ou
quarrez, celle lane faut il pas attribuer aux propofez,
mais abfolutement d leurs potences. Et pout en par-

ler par exemple, qu'eft ce fi quelcun di€t que la peri-
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pheried’'vn circleeft droicteen fon diametre? Vraie-
ment veu que toutes peripheries font obliques, il n’y a
pointde fens, mais {i Fon di¢t que les peripheries font
obliques, & que leur diametres font dﬁf)ié’ts,on expli-
que la vraie qualité de I'vn & I'autre: Ainfi de dire que
4 & /7 font commenfurables en leursquarrez ou po-
tences (veu qu’ils font incommenfurables) il n'y a
point defens. Maisfilon di&, que 4 & 4/7,fontin-
commenfurables & que leurs potences font commen-
furables les plus rudes le pourront entendre.

DEFINITION XXXIX.
Multinomie radical, eff v nombre corZi—
Jant de plufienrs nombres incommenfurables

ExrricATION,

Comme 4/ 3+ 4/ §, parce qu'il confifte deplu-
fieurs nombres incommenfurables, fappelle multino-
mie radical: Radical, pour diftinction du multinomie
algebraique de la 26 definition.

DEriNITION XL,

- Binomie vadscal , eft multinomie confiffant
de dewx nombres incommenfurables: Trinomie
radical de tross (@ ainfi des autres le multino-
mit [appelle [elon la multitude des nombres in-
commenfurables dé[quels il exifee.

ExpPLICATION.
Comme 2+ ¢/3 eft binomie, parceque28& 4/ 3




44 Le 1. LIVRE PARITH,

font deux nombres incommenfurables, & pour mef-

me raifon fappelle 2 — 4/ 3 auffi binomie. Et /2

#/34 5 (parcequiilatois nombres incommenfu-

1ables) trinomie, o
COROLLAIRF,

D'ou fenfuit que 4/2 + 4/'8 & femblables ne font
pas binomies, par ce qu'ils font commenfurables, &
won les peut expliquer par vn nombre, comme fera
chonftré au 24 probleme. Toutesfois il auiendra
drauenture que nous metterons quelque fois en vn
multinomie quelques nombres commenfurables;mais
ce {era pour exemple & bricfueté, & on les vfera par
hypothefe, comme fils fuffent incommenfurables,
comme le femblable ferencontre fouuentesfois enla
Geometrie, la ou quelque figure fera d'auenture tra-
. peze,qui doib eftre quarré. Mais pour en patler pro-
prement , deux noms commenfurables ne font pas
deux noms en vne multinomie, veu (comme nous
-auons di&t) quel'dn en peut faire vn.
DeriNrTION XL,

Chafeun nombre dvn multinomic fappelle
nom defquels le maiewr (¢ diE maienr nom, @/
le moindre, moindre. =~

Exrricarron
Comme de binomie 4/ 34-4/2, la ¢/ 3, fappelle

maieur nom, & la +/2 moindre nom.
~ DerFINITION XLIT. C
Multinomie conioin(Z, eft celui duquel les
noms font conioinéts par plus.

543
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ExrricaTiION.
Comme 4/ 3+ 4/ 2, eft binomie conioin&, &
ainfio/ 5+ 4/ 7+ 43 rinomie conioin@.

DeFiNIiTION XxLIII.
Multinomie dsfioinét , est celus duquel les
noms [ont difioincts par moins.

ExrricaTtion,
Comme + 3— 4/ 2 eft binomie difioin¢t, qu'au-
tresappellent auffi apotome, refidu, ou refte. Item § —

4/ 2— 4/ 5 cft rinomie difioin&.

NorTa.

La binomie difioiné, eft par Eaclide appellé apo-
tome ou refte, & femble qu’il ne I'a voulu nommer bi<
nomie, par ce que I'apotome eft vae ligne, qui ne con-
tient point en {oy 'vn des noms qu'on explique. Mais
veu que P'appellation de multinomie n’eft pointen re-
fpe& de quantité, felon laquelle rout mull:inomie eft
auffi bien vne feule ligne comme celle d’vn nom; Mais
en refpect de qualité: Senfuit que I'apotome fera aufli
bien binomie; 4 fcancir difionin@ (veu qu'en Fex-
plicant,il faut vfer d§e deux noms)comme le conioinct.
Doncques par binomie difioinct (qui par plufieurs au-
tres, eft aufli en vfage, & 4 mon auis il eft plus propre)
entendra on le mefine ; cc que Euclide fignifie par
apotome. .
DeriNiTiON xLIDII.-

Multinomie en partie conioiné &/ en partie
difioinéZ, oft celuy qui a noms conioinéts par
plus, &/ autres diftoinéZs par moins.

Defs. XXXIV—XLIIII introduce “multinomials” — binomials, trinomials, etc.
— as numbers consisting of two or more incommensurable numbers, “conjoint”
with 4-, “disjoint” with —. Our “term” is rendered by “name” (Def. XLI).
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EXPLICATION.

Comme & 7 -+ +/ 2 — #/ §,eft mulinomie
en partie conioinét & en partie difioin¢t, Cefte de-
finition ne compete point au binomie qui eft feule-
ment ou conioinét ou dificinét.

NorTa.

Entre les multinomies les bingmies font de Iaplus
grande confideration, 4 caufe que toutes leurs cfpeces
font plus notoires, les mefmes a Euclide diligemment
defini & diftiftingué es lignes enfon 1oliure;lefquel-
les appliquerons aux nombres comme fenfuit:

Il'y adouze efpeces de binomies, defquellesles 6
font conioinétes, & 6 difioinctes, & chafcune fixaine
adeux fortes; defquelles les troisfonttelles,que ladif-
ference des potences quarrées deleurs noms, tientra-
cine quarre i fon maieur nom commenfurable. Les
autres trois binomies font telles, que la difference des
potences quarrées de leurs noms tient racine 4 fon
maieur nom incommenfurable ; Etde chafcunde ces
trois binomies,les deux ont chafcun vn nom d nombre
Arithmeticque commenfurable; mais le troifie(me d
fes deux noms, A nombre Arithmeticque incommen~
furables. Er pour plus grand efclarifement diftin-
guons leurs differences par telle table.

[Here, in the Nota following Def. XLIV, followed by Defs. XLV to
LVI, Stevin presents the classification of binomials into 12 classes according' to
the tenth book of Euclid, using numbers where Euclid uses line segments, e.g.

Def. XLV: “first binomial”, exemplified by 3 + /5, where 32 — (\/;)2 =

4, \/4 is commensurable with 3; general expression: Ap + Ap VI—u2, 1, n
positive rational fractions, Ap in Stevin’s examples is an integer. The full list
of these twelve binomials, in modern algebraic notation, can be found in T. L.
Heath, The thirtcen Books of Euclid’s Elements 111 (Cambridge, 1908), pp.
104—1091. '

Note: Def. LVII defines as “respondent conjoint and disjoint binomials”
those with equal terms. We use the expression: conjugate binomials.
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TROISIESME PARTIE
DES DEFINITIONS DE LA
RAISON ET PROPORTION

Arithmetique,¢s de lewrs dependances.

Table demonftrant I'ordre de laraifon Arith-
metique des definitions fuiuantes.

SI‘M[IC’ { Suptrp;mim!ien.

Superparticnte.
£ mz'n Lagulle 5 explique
u:'; é. rpu nombre entier fou-
r et lement comme Multi-
Egale Coromsg - ple. ,
“r furable. { Compofie ,
Rara- ' ﬁ
ot Multiple
mbu{ - uperparti=
p Laguete | L1
‘fi“‘ Sexplique
! { par nom- <
bre en-
foge tier &
De moindre inegale. | yerpu I Maiple
86,07 regort les mefimes \ comme Juperpar-
foubduusfians, commg L g
celle de masenre ine«
_ | galité, lewr propofans
mi:}:-- toufiours le Wr{ble
ble. « Jub, commefuperpare

srcsliere,etc.

Quve 2.4.80V 2.3. 4.6, ET
SEMBLABLES, NE FONT PAS PROPOR-
sion geomesvique. Auf§i que nombres conime 1. 2. 3. on
12, 10. 6. 4. & pareils, ne fomt pa proportion Arithme -
tique, Itemque 15 3. 14.4. 136. ¢ femblables , ne font
s proportion barmonique.

Third part

[While in Part II Stevin has explained subject matter pertaining to Euclid
X, in this Third Part we find Stevin's adaptation of Euclid V and VII, the
theory of proportions.}

The table gives a survey of -the different orders of ratio to be discussed.
Stevin then explains that “proportion, to discuss it somewhat in general before
we come to the particular, is the similitude of two equal ratios. Ratio is the
compatison of two terms of a similar kind of quantity. And if all the terms
of a proportion were magnitudes, it would be a geometrical proportion. But if
they were all numbers, the proportion would be an arithmetical one, and if they
were all harmonic sounds, it would be a harmonic proportion. Similarly, if the
terms are parts of predication or proposition, the proportion is a dialectical one.
Thus every proportion receives its name in conformity with the nature of its terms’.
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La proportion pour en parler vn peu en general,
auant que paruenir au particulier, eftla fimilitude de
deux raifons egales. Raifon eft comparaifon de deux
termes d'vne mefine efpece de quantité. Etfitous les -
termes d’vne proportion fuffent grandeurs,ce fera pro-
portion geometrique.Mais f'ils eftoient tous nombres,
fera proportiou Arithmetique. Eft eftant tous fons har-
monieux, Ceft proportion harmonique, Semblable-
mentquand les termes font parties de predication ou
de propofition, c'eft proportion dialectique. De forte
que toute proportion obtient le nom conforme 4 la
matiere de fes termes. Ce qui ¢ftant ainfi, fenfuit que
ceuxla Fabufent, difans que nombres comme 2. 4. 8.
ou 2. 3. 4. 6. font proportion geometrique, 'vne conti=
mue L ajure difcontinue, veu qu'il n’ya ici nulles gran-
deurs, qui toutesfois pour la raifon que deffus & parla
3& 4 geﬁnition du gliure d’Eucl.font en toute pro-
portion geometrique requifes, veu avfli que ceft
vne manifefte proportion Arithmetique. Item,que
riombres comme 1§3. 144. 136. {eroient poportion
harmonique, puis que les fons entre euxen telleraifon,
ne font qu’'vne abfurde refonance. Iremquer. 2, 3.&
1 2. 10. 6. 4. foit proportion Arithmetique, I'vne con-
tinue P'autre difcontinue, confideré que c'eft contre la
21 definition du 7 liure d’Euclide, approunée de tous
fonnant ainfi: Nombres font proportionels, quand le
premicr eft telle multiplicité partie ou parties du fe-
cond , comme le troifiefme du quatriefme. Nous pour-
rions argumeniter de cefte matiere plus amplement,
cfprouuant en beaucoup des manieres, noftre propos,
& quele concedé du contraire eft vne confufionenla
difcipline mathematique, laquelle n’enfeigne pasque

Numbers such as 2, 4, 8 and 2, 3, 4, 6 form not a geometrical, but an
arithmetical proportion [2 : 4 = 4 : 8, called by Boethius and others “proportio
continua” 2 : 3 = 4 : 6, “proportio discontinua”.} And 1, 2, 3, or 12, 10, 6, 4
do not form a proportion at all, because of Euclid VII Def. 21: “Numbers are
proportional when the first is the same multiple or the same part, or the same
parts of the second that the third is of the fourth”. [This definition is at "
present labelled 20; 3 — 2 = 2 — 1 is called a continuous arithmetical pro-
pottion in the Pythagorean school, and since 12 — 10 = 6 — 4, these numbers
form 2 discontinuous arithmetical proportion. Stevin here opposes a number of
definitions which via the Pythagoreans and Boethius had entered into sixteenth-
century literature, and adheres more closely to Euclid. See J. Tropfke 111, pp.
1-—19.1 ' ' .

'
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Ceft proportion: mais pluftoft empefche d pluficurs de
uuoir fuffifamment comprendre fi grand myftere.
Ce quieft auffi Poccafion pourquoi la corie.dc mufi-
queeft (aurefpet de ce qui confifte potentiellement
enlanature) fi obfcure & de fi peu de perfonnes exer-
cée,dontentre les compofiteurs d'icelle(pour le defaule
de vrai & ferme fondement) naiffent pluficurs diflen-
tions,comme en fon lieu en traiGerons quelque fois
plusamplement. Mais veu que cedifferent fera tranf-
porté entre noz thefes mathematiques, nous en ferons
ici vne fin; Concluans,que proportion geometrique eft
celle, de laquelle les termes font grandeurs pro{rorn_o-
nelles, les definitions defquelles nous auons defcript
autrepart:Item que Proportion harmoniqueeftcelle,de
laquelle les termes font fons harmonieux, defquels de-
fcriprons les definitions ailleurs : Auffi que la propor-
tion Arithmetiqueeft celle, delaquelle les termesfont
nombres proportionels, defquels declairerons les defi-
nigions en cefte forte.

[In Defs. LVIII—LIX arithmetical term and arithmetical ratio are defined,
and in Defs. LX—LXXIV different kinds of ratios, e.g. Def. LXVIII: multiple
superparticular, (k2 + 1) : a, £ integer >> 1. See our Introduction. In Defs.
LXXV—LXXIX, LXXXI—LXXXIV different kinds of proportions are defined,
again in accordance with Euclid V and later authors, such as Boethius, e.g. con-
tinuous and discontinuous proportions, see above (Defs. LXXVIII, LXXIX),
or invertendo, from a : b = ¢ :dtob:a = d:c Def. LXXXII).} Def.
LXXX introduces homologous terms of a proportion, such as 4, ¢ or b, d in a :
b = ¢ : d. Def. LXXXV introduces the concept of double and triple ratio in
proportional terms: if 2: b — b : ¢ = ¢ : d, then a : ¢ is said to be the double ratio
of @ : b, and a : d the triple ratio of « : 4. Since ajc = (a/b)2, and afd = (a/b)3,
we here have to do with the ancient nomenclature for fractions found in such
writers as Boethius, see our Introduction. :
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BRIEFVE - COLLECTION

'DES CHARACTERES QVON
VSERA EN CESTE ARITH,.

V ev que la cognoiffance des characteres eft de
grande confequence,par ce q]u‘on lesvfeenlA-
rithmetique au licu de motz, nousles aicufterons ici,
(combien qu’au precedent chafcun & ¢fté amplement
declairé en fa definition) par ordre tous enfemble com-
me fenfui.

Les chara&eres fignifians quantitez ,defquels
Pexplication fetrouuces 14. 15. 16, 17. 18. defin,
font tels.

© Commencement de quantité qui eft nombre Arith,
ou radical quelconque.

(D prime quantité.

@ feconde quantité.

@ tierce quantité.

® quarte quantite, &c.

Les charaeres fignifians poftpofees quantitez,
defquels Pexplication fe trouue a la 28 definition,
font tels:

[The Fourth Part, with Defs. LXXXVI—C, deals with “rational com-
putations, such as addition, subtraction, multiplication, division, and what depends
on it; the illustrations use simple integers, e.g. 3 times 2 is 6. The Fifth Part,
Defs. CI—CIII, introduces the rule of three, the rule of proportional partition,
and the regula falsi. In the first we compute x from @ : 4 = ¢ : x, in the second
we solve the equations x + y = p, x : y = a : b, here p, 4, b, ¢, are given
numbers, see Euclid VI Prop. 12, 10, where these problems are solved geome-
trically. The regula falsi, not explained by Stevin, is considered so important that
“Algebra (also called Almucabala, Ars magna, Regula de cosa) can be called
the regula falsi of the quantities”. On the meaning of the regula falsi and the
three ancient terms, see our Introduction].
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1fec ® Vne prime quantité fecondement pofée.
4ter @ Quartre fecondes quantitez tiercement pofées,

ou procedans de la prime quantité tierce-
ment pofée,
1 @ fee @ Produi@® d'vne prime quantité par vne
prime quantité¢ {econdement pofée.
§ ® ter @ Produict de cineq quarres quantitez par vne
feconde quantité tiercement pofée.
Les characeres lignifiansracines defquels 'ex-
plication fe tronuc dla 29 & 30 definition font tels;
#/  Racinedequarré.
#/  Racinede racine de quarré,
s/ Racine de racine de racine de quarré.
v/ Racine de racine de racine de racine de quarre.
# 3 Racine de cube.
w” (3 Racine de racine de cube.
#/ ® Racine dequarte quantité,
w/ ® Racine de racinefde quarte quantité,&c.

Le charactere fignifiant la feparation entre lefi-
gne de laracine, & la quantité, duquel Pexplica.
tion fe troune ala 34 dehnition, eft tel,

X, Comme +/3 X @ n'eft pasle mefmeque +/ 33,
comme dict eft a ladie 24, definition,
Les characteres fignifians plus & moins,comme
i la 36 definiuon, fontzels:
-+ Plus.
— Moins.

Et pour expliquer la racine d'vn multinomie(au’-
aucuns appellent racine vniuerfclle) nous vlcronsle
vocable du mulanomie comme:

#/ bino2 -4/ 3, ceft 4 direracine quarrée de bino-
mie,oudelafommede 2 & 4/ ;.
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&/ mios/ 34+ 2 —# §,Ceftd direracine quarrée-
de trinomic, ou de la fomme de /' 3 & &/ 2 &

. —4 .

¢ bmo & 24/ 3, et A dire racine cubique de

binomies/ 2 -+ 4/ 3.

#/ bino 2@+ 1 @, Celt 4 dire racine quarrée de bi-
nomie 2 @ -+ 1 ©.

&/ @ bino2 @41 ®,ceft ddire racmceubxque de

binomie 2@ 41 ®, &c.

FIN DV k. LIVRE,

" Then follows an explanation of the seven terms problem, given, required, con-
Struction, preparation of the demonstration, demomtmtzoﬂ and conclusion; further
theorem and hypothesis.

{For the explanation of the symbols, see above. It will be seen that
Stevin has no fixed convention for the sign of equality. The last three expres-

sions mean B V2 + V3,4/242 + 4, B7 242 + 4, where 4 may be replaced
by any other symbol, e.g. x7J.
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LESECONDVLIVRE
DARITHMETIQUVE

DE LOPERATION.

Premiere partie de l"opemtion des nombres
cAritbmetique.r.

Premiere diftinGion des quatre nu-
merations des nombres Arith-
metiques entiers.

De Paddition des nombres  Arithme-
tiques entiers.

PROBLEME L

E ST AN T donnez_ nombres Arithmetiques
entiers a aiouSter: Trouer lewr [omme.

Explicationdy donné. Soientles nombres donneza
aiouftertelz 379, & 7692, & 4545. Explication dure-
quis. 11 faut trouuer leur fomme. Conflruction. On dif-
pofera les nombres donnez comme ci deffoubz; de
forte que leurs premieres characteres versladextre,
correfpondent I'vn foubs I'autre, & que pareillement
correfpondent leurs deuxiefmes characteres, & autres
enfuiuans, tirant au deffoubs vne ligne; Puis en aiou-~
ftera tous les characeres du premierreng vers la dex=
tre, difant 9 & 2 fonr 11,& § font 16,defquels on met-

We omit most of the First and Second Parts of this Second- Book. The First
Part, Probs. I—XVII, deals with operations on arithmetical numbers. Prob. I
shows how to add, Prob. II how to subtract, Prob. III how to multiply, Prob. IV
how to. divide-integets. Prob. -V shows how to find the greatest common divisor
of two integers. The next problems deal with analogous operations on fractions.
We reproduce Probs. III and IV to show how Stevin multiplied and divided, and
Prob. IX to show how he reduced fractions to a common denominator, using
a X sign. _ .
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tera le 6 foubs le premier reng, & le 1 defdicts 16 aion~
fteraon au fecond reng, difant, 1 & 7 font 8, & 9 font
17, & 4 font 21,defquels on mettera le 1 foubsle fe-
cond reng, & le 2 adiouftera on au troifielme reng, di-
fant2 & 3 font 5,8 6 font 11, & 5 font 16, dct%ucls
onmettera le 6 foubs le troifiefme reng, & le 1 faiou-
ftera au quatriefme, difant 1 & 7 font 8, & 4font 12,
- lefquels on mertera entierement foubs leur reng en
cefte forte.
Iediquer26.1 Geftlafomme
Nombres 379 tequife. Demonftration. Sides
donnez 7692 groisnombres donnez on foub-
4545  ftrai& les denx premiers don-
Somme 12616 nez, tefterale dernier nombre
donné 4 5 4 s,&fidela fomme
trouuée 1 2 6 1 6 onfoubftraict auffi les deux premiers
nombres donnez, refte auffi 4545, Mais parle c6mun
axiome;i de chofgs egales on foubftraic chofes egales
lesreftes feront egales,& au reuers fi les reftes font ega=
lesaux reftes, & ciofes foubftraiGes aux chofes foub~
ftraickes, leurs tous fontegaux; Doncques 1 2 6 1 Geft
egal aux trois nombres donnez, c'eft doncques parla
86 definition leur fomme; ce qu'il falloit demonttrer.
Conclufion. Eftantdoncques donnez nombres Arith-
metiques entiers 4 aioufter, nous auons trouué leur
fomme; ce qu'il falloit faire.
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Dela multiplication des nombres «Arith-
mesiques entiers.

PROBLEME IIL

STANT donné nombre Arithmetique
entier 4 multipher, &/ nombre Arithmeti-
que entier multiplicatewr : Trouner leur pro-
dmiét.
Explication du donné: Soit d6né nombre 4 multiplier
5§46, & multiplicateur 37. Explicationdurequis. 1l faut
trouuer leur produic. N o 1 a. Pour facilement foluer
celte propofition, il conuient de fcauoir par memoi-
re, la multiplicaticn des neuf fimples characteres
1.2.3.4.§.6.7.8.9. entre eux:comme,que § fois 7 fone
35, & que 9 fois 6 font §4, & ainfi des autres: Or pour
facilité du mefime on prepare communement vne ta-
11203141 51617 181 9 ble comme ci defloubs,
’ : vulgairement dicte la
table Pytagorique , fon
31619 [12]15]18|2124]27] viage eft tel: voulant
4 [8 |12]16}20]24]28[32136] fiauoir le produict de
s ltolts[20l25]30]3 5|4ol45| deux characteres pro-
G|12|18[24[30]36]42148]54] pofez, on .cherchc Pvn
S lralat B8l sz leals6163 en la premiere colomne

a la feneftre, & lautre
8 116]24132140148{56[64|72| on |5 fuperieure ligne,

2]4|6 |8]iofr2]1af16]18|

o

~

~

commun demonftre le produ &. Par exémple voulant

9]18|27(36]45]54|63|72/81] & le nombreenlangle




De rorERATION. 8s
fgauoir combien foit 8 fois 3,0n cherche 8enla pre-
miere colomne 4 feneftre, & 3 enla fuperieure ligne,
& enl'angle commun ¥ 224, quidenote 8 fors 3 faire
24, & ainfi des autres. Conflraction. On metterales
nombres I'vn foubs Pautre, tirit vn tret comme ci def-
foubs; Puis on dira 7 fois 6 font 42, mettant 2 foubs le
7, & retenant (4 cauft des quatre dixaines) 4 4 la me-
moire; puis 7 fois 4 font 28,8 4 qu'on tient4 la me-
moire, font 32, defquels on metterale.2 foubsle 3, re-
tenant 3; puis 7 fois 5 font 3 5, & 3 qu'on aretenu font
38;lefquels on mettera pareillement deffoubs le tret:
De mefine forte multiplieraon les 546 parle 3 du mul-
tiplicateur, difant 3 fois 6 font 18, mettant le 8 foubs le
3,8 ainfi des autres:puis on tirera vn tretaionftant par
le 1 probleme toutce qui eftentre les deuxlignes en
cefte forte, ~
Nombred multiplier 546  le di-que 20202 eft
Mulriplicateur 37  le produi@ requis.
——=<.— Demonflration. Le

. 63832' 20202 contientle 37
. —23%  autant de fois, qu'il
Produic 20202

y a vnitez en §46;
Doncques par la93 definition ceft multiplication le-
gitime, & 2.0 2 0 2 eft leur produi&; ce qu’il falloit de-
monttrer. Conclufion. Eftant doncques donné nombre
Arithmetique entier i multiplier,& nombre Arithme-
tique entier multiplicateur , nous auons trouué leur
produi; ce qu'il falloit faire;

- Deladiuifion de nombres Arithme-
tiques entiers.
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86 Ls r11. LI1VRE D'ARITH,
PROBLEME III1, )
STANT donné nombre Arithmetique

entier A duuifer, ¢/ nombre Arithmetique

entier diusfeur : Trouser leur quotient.
Explication du donné. Soitdonné nombre a diuifer
99 §, & diuifcur 28. Explivation durequis. 1l fauttrous
uer leur quotient. Conffrution. Onmetterale nomnbre
4 diuifer & diuifeur en ordre, tirant vne ligne oblique
comme ci deffoubs:difant combien de-fois 2 en 92faict
3 fois (ileft vraiqu'il en y a 4 fois reftant 1, maisnous
dirons ci deffoubs la raifon pourquoi il fant dire feule-
ment 3 fois) qui denote 3 pour premier charadtere du
quotient, lequel 3 on mettera derriere la ligne oblique,

" &le jreftantfurle 9, trenchantle 2 & 9. Puison mal-

tipliera le 8 du dinifeur, parle 5 du quotient, faict 24
lequels foubftrai@ de 39 (ici appert Poccafion pour-
quoi nous auons dictcideflus, que le 2 eft en 9 feulle-.
ment 3 fois, car fi nouseuflions di¢t 4 foisreftant 1 fur
le 9, & que nouseuffionsalorsmultiplié le 8 par tel 4,
ce feroit 32,lefquel feroit 4 foubftraire de 19 reftant par
deffusle diuifeur, ce qui feroit impoflible, pourtantil
faut tonfiours mettre tel nombre 4 laligne oblique,
quon puiffe fubftraire tel produic d'icelle refte) refte

- 15, lequels on metteradeflusle 39, trenchant& le 39,

- &le 8, & feraalorsladifpofition des charateres telle.

Or pour trouuer le fecond charactere-
X du quotient, il faut mettre autrefois le
¥s diuigur foubs le nombre a diuifer,
g9s (3  metant le8 du divifeur foubs le 5, &
z8 le 2 foubs le 8 du premierdijuifeur,difant
combien de fois 2 en 152 faitk 5 fois
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PROBLEME VIIL

E STANT donné fation drithmetique

maigure que vité : Trouuer combien des
- wnitez, ¢ plus quelle fration moindre que
Ynité, lafrattion donnée contienne.
Explication dudonné. Soit fralion donnée maieure
que vnué=E. Explication duvequis. 11 fault trouner com-
bien des vnitez, & plus quelle fraction moindre que
vnité, ladicke fraction L¢ contienne. Confrattion. On
diiferale numerateur 14, par le nominateur 3, donne
quotient 4-3-. ledique 42 eft e ndbre requis. Demon-
- firation. Premierement que 4 -3 fontquatre vnitez, &
plus fraction 2- moindre que vnité eft par foi manife-
fte: Au fecond, que les 4 - font egaux 4 1%, appert par
le 7 probleme; ce quil falloit demonttrer. Conclufion,
Eftant doncques donnée fraction Arithmetique, &c.
ce qu'il falloit faire. o
PROBLEME IX. .

ST A N'T donnez nombres Arithmetiques
~ rompuz, d’inegmx nominatewrs: Les redui-

re en rompuz. de commun nominatenr.

Explicationdu donné. Soient les rompuz donnez 3-8
.. Explication du requis. 1l les faur reduire en nombres
rompuz de commun nominateur,c'eft 2 dire qu’il faue

trouuer deux autres rompuz egaux aux donnez, &

aiansegaux nominateurs. Conffruttion. On multiplie=
rale 4 par 3 fai 12, lequel e mettera fur le 4, fembla-
bleméton multiplicra 2 par g,fai¢ 10,les mefimes met-
teraon fur le 2, puis 3 par g faitk 1 5, lequel on mettera
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‘ De rorgrATION. 91
defloubsen cefte forte. Je di queZ3& 1= font les nom.
bres requis, {cauoir aians vn commun

10 12 . .

o nominateur 1 5. DemonSlration. Que ces
= Xi nombtes trouunez ont 15 pour commun
3775 nominateur eft manifefte,& que les+3

font egales a -, apert en cela, que -2~ font le pre-
mier rompu de 13 par le 6 probleme ; Sembla-
blement font les 15 egales 4 les % ce qu’il fal-
loit demonttrer, Autreexemple. Siles nombres don-
nez fuf®ent plus que deus, comme par exemple ces
trois - % *.On muldpliera 3 par 5 faict 1 5,lefquels
autrefois multipliez par 7 font pour commun nomina-
teur requis 10§; puis pour trouuer le numerateur re-
fpondant aux3- donnez,on multipliera les 10§ par les
2 des-2- faict 210:les mefimes divifez parle 3 des mef-

‘mes-3-, donné quotient 70,pour numerateu refpon-

dant les 3-donnez.Et par mefme moien on trouuera
que aux-% refpondent 84 & aux.-3-. 9o; Doncques
i & J35 font les trois nombres aiantvn comun
nominateur 10, comeil eftoit requis,dont la demon-
ftration depend de la precedente. Etla difpofition des
chara@eresdel'operationeft telle. Conclufion. Eftant
20 84 9o doncquesdonneznombres rompuz

% —f- d’inegaux nominateurs, nous les’
10§ auons redui€ en rompuz de com-

mun nominateur; ce qu'il falloit faire.

2
3
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The Second Part, Probs. XVII—LII, deals with operations on geometrical
numbers; that is, operations on radicals. Prob. XVIII demonstrates the extrac-
tion of the square, cube, fourth and fifth roots of an integer, beginning with

v/ 186624 (= 423) and ending with ¥"3570467226624 (= 324). For- this
purpose Stevin, following Stifel, constructs a “Pascal triangle” (p. 106). Prob.

XIX shows how two roots of different kinds, such as 4/ 5 and B76, are reduced

to roots of the same kind, here 19/?5 15 36, Prob. XX how to find out
whether two roots are commensurable or incommensurable. Here we find a first
illustration of Stevin’s method of dealing geometrically with an arithmetical theorem,

that is, by referring to Euclid. To show that 4/ 50 is commensurable with 1/2, two
squares are taken, A of area 50, B of area 2, and two other squares, C of area
50/2 = 25, D of area 1. Since A : B = C : D, Euclid VI Prop. 2 teaches that

side A : side B = side C : side D, or v/50: v/2 = 5 : 1, so that 4/ 50 is 5

times v/ 2. (Euclid VI Prop. 2: If four straight lines be proportional, then the
rectilinear figures similar and similarly described upon them will also be pro-
portional; and if the rectilinear figures similar and similarly described upon them
be proportional, then the straight lines will themselves be also proportional, see
T. L. Heath I, pp. 240-247). In an analogous way Euclid XI Prop.-37 is invoked

in order to prove that 8724 and B3 are commensurable. The next problems,
XXI-XXV, deal with multiplication, division, addition, and subtraction of roots.
As to Prob. XXV, see Prob. LIL i
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166 Le 11, LIVRE DARITH
Troifiefme diftinction des quatre numerations
de multinomies radicaux entiers.
- THEOREME. .
E) lus multiplic par plus donner groduib? ‘plus,
¢ moins multiplié par moins, donner pro-
dui 2 plus,¢o» pluus multsplsé par moinson moins
minltsploé par plus, donmer produsét moins.

Explicationdu donné.Soit 8— g multipli¢ parg—7,en

. cefte forte; —7 fois—g, font—+ 35 (435, parce que

commedi¢t le theoreme,— par —,fait +-) Puis—7

- fois 8, faiGk — 56 (— 56,par ce que comme dict eftau

theoreme, — par -+, fai¢t—) Etfemblablement. foit
8 — 5, multiplié parle 9, & donneront produicts 72
— 45; Puis aiouftez 4223 § font107. Puis aiouftez
les— 56 —4 5, font—1o01; Et foubftraictle 101 de1oy
refte 6,pour produiét de telle multiplicatié. De laquel-
leladifpofition descharacteres de'operation eft telle:
‘ Explication durequis. 1l faut de-

8— ¢ montftrer par ledi¢t donné, que 4

9— 7 multplié par+, fai& -+, & que—
:m - par—, faict -+, & que—+par —sou

~— par —+, fai& —. Demonflration. Le

-———  nombre A multiplier §—g, vaut 3, &
le multiplicateur 9 —7 vaut 2; Mais
multipliant 2 par 3, le produict eft 6;
Doncquesle produi@t cideflus aufhi 6, eftle vrai pro-
duick: Mais le mefmeeft tronué par multiplication, la
ounous auons dié que + multiplié par—+, donne
produict -+-,& — par— donne produict -+ & -+ par

6

This Theorem teaches that + times + gives +, — times — gives +, +
times — and — times + gives —. The arithmetical and the geometrical demon-
stration are both based on the identity (¢—b) (c—d) = ac — ad — bc + bd.
This proof, based on the distributive law combined with the associative law
for addition' (the commutative law is taken for granted), is essentially identical with
the modern way of proving the theorem (in the theory of rings). It will be seen
how freely Stevin uses the notation of negative numbers: -7 times .5 gives

+ 35, etc.
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~-ou — par + donne produi¢t — doncquesle theo-
remeett veritable, . ‘

- Autredemonfiration geometrique,
D:2F 7 - SoitA B 8—¢
—. (d fgauoicr AD 3
_ —DBj ) Puis
5| 10 § ACo—7(ifca-
35 uwoirAE9g—EC7)
: leur produict fera
B G CB: ou bien fe-.
3| 6 2t lonla multiplica-
3 tion precedente
ED7.—EFs6
A2 C 7 E  _DG4s+G

F3 g, Lefquelles nous demonfirerons eftre egales a

C Benéefteforte, - De toutle E D + G F, foubftraiét’

EF,& D G,refte CB. Conclufion. Plus doncques mul-
_ tiplié par plus, donne produict plus. & moins multi-
plié par moins, donne produict plus, & plus multiplié
par moins, ou moins mulriplié par plus, donne pro-
duict moins; ce qu’il falloit demonftrer. ’
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Then follows in Prob. XXVI an application to the multiplication of radical
multinomials, illustrated by the multiplication of v/7 4+ 4/5 — /6 by

V4 — 4/8 + /3, and another Theorem with the sign rule for division, Prob.
XXVII serving as example. This is followed by addition, subtraction, multiplication
and division of radical multinomials, integer as well as fractonal ones. This brings
us to Prob. XXXIV, which shows how to find out which of two multinomials

is the largest; the example is 3 + v8and8 — v/5 (3 +vV8 T8 —+57
then V8 =5 — /5, 8 = 30 — 1/500,0 = 22 — V500, V500 = 22,
v/500 2 4/ 484, hence >>). Probs. XXXV—XXXVII are substantially arith-
methical expressions of the two lemmas of Euclid X Prop. 28: To find two

square numbers such that their sum is either also a square, or not a square, see
T. L. Heath, III pp. 63-—66; for the history of these numbers before Stevin see
L. E. Dickson, History of the Theory of Numbers 1. Washington, 1920, pp.
165—167. Then in Prob. XXXVIII Stevin returns to the topic aiready taken
up on pp. 46—54, and shows how to find examples of the twelve binomials
of Euclid X.

This is followed in Prob. XXXIX by 16 examples showing how to extract
the square root of the twelve Euclidean binomials and of some multinomials,

the 16th example being Vl? + 1140 + V84 +160 — V56 — V40— 24

(=v7+ V5 + V3 — +/2). Stevin points out, pp. 209—211, that not
all cases have been sufficiently investigated, for example the case in which the
square root of a quadrinomial is also a quadrinomial: such cases exist, since

'VIS 4 4/216 + V200 +4/1921is V6 + V4 + V3 + /2 (the square
of Va+ Vb++vec+Vdisa quadrinomial if @: 6 ==¢ : ). In Probs. XL—
XLIII we find a discussion of the multiplication, division, addition, and sub-
traction of the roots of radical multinomials, e.g. the division of

l/\/g + V30 + V14 + V12 (written V quadrinomie v/35 + V30 + .
Vﬁ+ \/ﬁ)by l/\/S_‘I" V2 (written V/ bino V'S + V/2), ans.:

l/}/_;--l- 4/6. Prob. XLII shows how to subtract ‘/]/—3_——1— V2 from

VV243 + viez.
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De la fonbitrattion des racines de multi-
" nomies radicanx. ‘

PROBLEME XLIIL
E §tant donnée racine de multinomie radical
de lagiielle on [oubfPra: &6 racine de mul-
 tinomie radical & [oubStraire : Trowwer lewr
reste.

Explication du donné. Soit donné racine de multi-
nomie de Jaquelle on foubftraitt telle : o/ bino. /" 243
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D2 L'OPERATION, 217
4+ o/ 162, & ¢/ bino. 3 foubftraire telle: 4/ bino.
& 3-++/2. Explication durequis. 1l faut trouner leur
refte. Construition. Ondiuifera la 4/ bino. v/ 243 -
o/ 162, par o/ bino.+/ 3+ 4/ 2, donne (par le 41 pro-
bleme) quotient 3 (£ils fuflent incommenfurables, on
les folueroit par—)du mefme, pour regle generale,
foubftrait 1, refte 2, qui vaut 4¢/ 16, & parlamefme
diuifé le dinifeur o bino. o/ 344/ 2, faik 4/ bino. o
48 + ¢/ 32laquelleic dieftre la racine requife. Demon-
$tration. Tout quotient moins vn multpli¢ par fon
diuifeur, donne produict egal au refte dela foubftra-
&ion du divifeur de nombre 4 diuifer, par le theore-
medeuantle 2 5 probleme.’

Noftre quotient moins vnn (quieft 44/ 16)eft mul-
tipli€ par dinifeur /' bino. /'3 + 4/ 2. donnant pro-
duit v/ 48+ 4/32. Ergo ¢/ bino.+/ 48+ 4/ 52 elt
egale au refte du foubftrattion de le divifeur 4/ bino.
v/ 3+ 4/2, dunombre d divifer 4/ bino.4/ 243 4+
162, Ceft A dite que ¢/ Lino. 4/ 48 - ¢/ 32, eftla refte
requis; ce qu'il falloit demonftrer, Conclufien. Eftant
doncques donnée racine de multinomie radical, de la-

uelle on foubftrai, & racine de multinomie radical
- a foubftraire; Nous auons trouué leur refte; ce qu'il
falloit faire.

THEOREME L

€ multinomie ne [ peut duifer en autres
noms de mefme multitude.

Nor a. 1l faut entendre que nous parlonsici de
propre multinomie, ceft duquel tous les noms font
entre eux incommenfurables, car4/' 2 -+ ¢/'8, n’eft pas

In Theorem I we are taught that a binomial of the form @ + /', or \/;—{—\/;,
whem the terms are incommensurable, cannot be reduced, that is, if
Vb =a +Vb, VI + V7 = VP + v thena = ay, b = b,
P = P1» 9 = 4,- An analogous property holds for multinomials. Theorem II
states that £ (4/, "+ 4/b) is pot only commensurable with Ve A if ks

integer, but is also of the same type in the Euclidean classification of bino-
mials (comp. pp. 46-54).
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binomie, comme ncus anons diét au corollairedé la
qodefinition. Explicationdudomné. Soitdonné bino-
mic tel: 4 + 4/32. Explication du requis. 1l nous faue
demonttrer que le binomie donné 4 4/ 32, ne fe
peut diviferen autres deux nows : Ceft d dire, quon
ne peuttrouucr deux autres noms, lefquels enfemble
foicnt egaux, aufdilts 4 + +/32; Et iour encore explie
quer plus claitement le fens de ce theoreme, pofons

6 +- 4,comme il fuft binomie,le mefime {e peut divi-

ferenautres deux parties, comme 7 -+ 3, qui vallent
aufli 10: Oril nous faut demonfirer, que ke femblable
eft impofhbl- en vrai binomie. Demonfiration.
Soubftrahons premierement du nom ¢/ 32 quelque
partie comine 2, commenfurable au 4, & reftera ¢/ 32
— 2,puis aionftons le 2 premierement foubftraict, 4 4
font 6,8 nous aurons alors 6 + ¢/ 32 — 2,qui eft egal
a4 + ¢/ 32, mais ce n’eft pas binomie.
Soubftrahons au fecond, de ¢/ 32, quelque partie
telle, que le refte foit imple nom comme 4/2,& refte-
ra¢/18; Puisaiouttant lag/2,3 4 ferag - ¢/2,& le
toutenfemble fefa 4+ ¢/ 2 + /18, lequel combien
quil eft egald 4 + ¢/32, toutesfois ce n'eft pas bi-
nomic. .
Soubftrahons au troifiefme, de /32, quelque par-
tie incommenfurable, & chafcun nom du binomie

donné, comme 4/7, I'aiouftant A 4,8 demeurera alors
4+ 744 30— +/7,quiett aufliegal d 4 +4/32, -

toutesfois ce n’eft pas binomie. Le mefimefe demon-

ftrera en tous autres femblables. Conclufion. Le multi-"

nomic doncques, nc {e peut diuifer en autres noms
de mefine multitude; ce qu'il falloit demonitrer.
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DE vorERATION. 219
THEOREME IL

Sfon multiplie ou duife multinomie radical,

par nombre Arithmerique: Le produi? on
quotient [era multinomie, de me[me multitude
de noms., €&/ de me(me ordre, comme le multi-

nomie multiplié, ou dinsfé. JLera auffi commen-
Surable audi€t mulsinomie mulsiplie on dimf,

Explicationdu donné. Soit donné binomie 4 multi-
plier ou diuifer tel /12 —4/24; Et nombre Arithme-
tique muldplicateur ou diuifeur 2. Explication du requis.
Il faut demonftrer que le produict, ou quotient, fera
binomie de mefime multiude de noms, & de mefme
ordre, comme#/ 12— ¢/24: Item que tel produi&
ou quotient fera commenfurable audi& binomie ¢/ 1 2
— 4/ 24. Preparationdelademonstration. Multiplions
412 — /24, par 2, & donne produit par le 26 pro-
bleme ¢/ 48 — 4/ 96; Puis diuifons le mefme binomie
/12— 4/ 24, par 2,& donne quotient par le 27 pro-
bleme v/ 3 — /6. Demonfiration. Que le produict
v/ 48 — ¢/ 96; Irem le quotient ¢’ 3 — +/6 font bino~
mie comme le donné,eft manifefte. Il appert aufli par
la 56 definition quils font de mefme oraﬁc: a fGanoir
toutes trois le douziefimeen [ordre: Irem que ledi
produi¢t & quotient, font commenfurable au bino-
mie donné, eft aufli manifete ; car par la preparation
de la demonftration, le produiét eft le duple du donné
& le quotient fon fubduple. Conclufion.Si doncques on
muldplie ou diuife muf:inomie nombre, par nombre
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Arithmetique; Le produiét ou quotient, &c. ce qu'il
falloitdemontftrer. . v :

COROLLAIRE I

S’enfuit par le rencrs de ce 2 theoreme, que fi deux
multinomies font commenfurables, qu'ils feront de
mefme multitude de noms, & de mefme ordre.

COROLLAIRE 1II.

1 eft aufli notoire pat le precedent theoreme, que fi
on multiplie, ou diuife quelque fimple racine, par né-
bre Arithmetique,que le produié ou quotient, fera ra-
cine de mefime qualité comme la racine multipliée, ou
diuifée.Par exemple 4/ 3(qui eft  nombre Arithmeti-
queincsmenfurable) multpliée par 2 donne produiét
/' 4 qui eft auffi racine de racine, & i nombre Arith-
merique incommenfurable.

Nor a. Les precedens deux theoremes, nous ferui-
ront entre auttes, pour quelques demonftrations en
noftre traicté des incommenfurables grandeurs.

Prob. XLIV shows how to find a fourth proportional to three given radical
numbers, in our notation /7 : 4/5 =4/6 : X, ans.: x = 1/570; Prob. XLV
how to find mean proportionals to two numbers, examples: 1) 2 : x = x : 10,

ans. x—=1/20, then 2) 2:x = x:y = y: 10, ans. x = B 40, y = ¥200,
then similarly three, four, and five mean proportionals. In Prob. XLVI we learn

how to divide a geometrical number in a given proportion; the example is /7,

to be divided in ratio of 4/2 to 4/5 (Stevin's answer is incorrect). Probs.
XLVII and XLVIII deal with the rule of the false and of the double false
position for radicals. ’
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TR“OISIESME PARTIE
'DE L’OPERAT[ON DES’

NOMBRES ALGEBRAIQ\VES

' : i

; Premnerc dxﬁm&mn,des quatre numerations
dcs nombres algebralques entiers. .

THEOREME

Vantzte  dlgebraique multzpltee par qmmtt—
- ¢ a@ebmzque,donmr Prodm&' uantise
.dchqw[lelenommdtmreﬁ egal 4 la fomme des
nominatewrs dela qmmt;te P multtﬂter, & dw
'multq;lmtmr. R F
P : " Exemple 1. v '

i

Explmmon dudonné. Soientau Fondement des fom-
bres gcomemques deuam la 14 deﬁnmon, la feconde
quanure B 4, & latierce quanme C'8: Explicationdu -
vequis. 11 fautdemonftrer que B, mulu plié par C,don- .
nent produl& quinte quantité, 4 fcauoir la fommie de
leurs nominateurs quifont 2 & 3, faifans enfemble §,
nominateur de la quinte quantite. Demmn't’rmm,Mul-,"t
tiplions 4de B par 8deC, font 32, qul eft la- qumte
quanme E. '

Exemple . :

Nous duons demopﬁre cideflus¢ que ﬁmple quan-
tité , multlpllee par| ﬁmple quannte, ‘donne_ pro-
duié certaine imple quantité; Il nous faut demon-
ﬂ:rerle meﬁne » en quantités compofees, A laquclle_

. Third part

First section

The theorem states that an algebraic quantity multiplied by an algebraic
qQuantity gives a product quantity of which the exponent [Stevin's term is no-
minator} is equal to the sum-of the exponents of the quantity to be multiplied and
of the multiplier [ for the definition of algebraic quantity see Def. XIX-XX]. The

theorem states that ma}D ndl — mnaﬁ T 7 and is demonstrated by an arith-

metical and a geometrical proof for the case that p and q are posxtlve integers.
Prob. XLIX then shows how to multiply “integer algebraic numbers”, that is,
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fin,foitdefcript laligne A B, qui foit 1 @ vallant 3,8
B Cegaledla A B, {oit aultre 1 @), de forte que toute
la A Cfera 2 ; Puis foit defcript le quarré DE, du-
quelle cofté foitegal dla AC,le mefine ferade 4 3,0u
4quarrez, defcriptsde A B; Puis foit defcriptle cube
FG , duquellecofté foitegal 1A C,

le mefme fera de8(3), 0u 8 cubes de- H\

ﬁ:r:_pts de1 @ A B; Puis foit defcripe
le folide reftangle HI, de 16®, &
ainfi pourroit on proceder es aualtres
quantitez en. infini, Doncques 1 ®
ABvallant 3, les 2 @ A C vauldront
6,&les 4 @ DE 36, & les8®F G
216,&les 16 @ HI 1296. Explication
dudonné. Soient donnez aux figures
cideffus2 DA C6, &8QBFG 216. i :

A D F
3
B
, .
C E . G 1
206 4336 8Q 216 16®r296

Explication du requis. 11 faut demonfter que A C,mul-
tiplié par F G,donnent produict quartes quantitez HI,

1 .
4 {¢auoir la fomme de leurs nominateurs, qui font 1

& 3,faifans enfemble 4,nominateur dela quarte quan-
tixe. Demonsiration. Multiplions 6de A C, par216de
F.G, font 1296, qui eft la quarte quantic¢ HI. Conclu-
Jion. Quanriré doncgues algebraique multipliée par
quantité algebraique donne produict quantité, de la-

algebraic multinomials such as 243 — 442 4 34 and 244 +- 3483, ans.:
447 — 246 — 6a5 + 9at, a procedure which also holds for radicals such as

V342 + 2aand v/ 542 + 4a, ans.: 4/ 1544 + 2243 + 8a2.

The “Démonstration” on p. 231 has misprints, corrected by Stevin at the end of
his book: The first sentence should be “La démonstration de ce probléme est mani-
feste par les démonstrations des problémes des multiplications précédentes. Ou
autrement...... ” ’
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quellele nominateut eft egal dlafomme desnomina-
teursdela quantité 4 multiplier, & du multiplicateur;
ce qu'il falloit demonftrer.

NoTa. 4

On entendra par ce theoreme, que (2 multiplié

par @, donne produict @),comme 3 @, multipliés
par7 @, font 21 @; Et2 (3), par4 @, fait 8@; Et g
3, par 2,(qui eft par 2 @) faire 10 (), &c.

Delamultiplication des nombres alge-
braigues entiers.
PROBLEME XLIX.

E §tant donné nombre algebraique entier 2
mulsipher, ¢~ nombre algebraique entier
multiplcateur: Trowuer lewr produiéi‘.

Explicationdudonné. Soit donné nombre algebrai-
que ender 4 multiplier tel: 2@ —4@-+3®; Et

- multiplicateir 2 @+ 3. Explication du requis. 11

faulttrouuer leur produi&. Constradion. On difpofera
les donnez en ordre vulgaire comme defloubz, difant

~+ 3 ® fois + 3 @,font + 9 @(car tel produict eftre
—appert parle theoreme deuant le 26 probleme. Aufli

.que c'eft @), appert par ce precedent theoreme, lacuil

eft demonftré, que ©® multiplié par (3, donne pro-
dui@ @) & ainfi des autres; Puis aioufte ce qu'il y aen-
tre les deux lignes;ily aura produit4 @ — 2@ —6
® -+ 9®; Ladifpolition des charatkeres de I'opera-
tioneft telle.

-




Dz I.'OP!RATIOIN. 231
Nombre 4 multiplier 1D—40+30
Multiplicateur ‘ +2:0+30
+6@—12(0)+9®

4P—8@+ 60
Produi® 4Q—20—6Q+9®

Te di que ledi& produit, eft le produict requis. Et
de mefme forte multipliant 4/ 3 ©, par#/ 2 @), faick
V60, '

Item muldpliant4/ 3 X @, par ¢/ 2 X @) faik
43¢ A

Item pour muldiplier 4/ 3 Y( @ par#/2 3, on con-
uettirala prime quantité,aufli en racine, quicft ¢/ 3@,
& lear produi¢t fera s/ 6 ®.

Irem multipliant 4/ bino. 3 @+ 2 ®,par +/ bino.5
@+ 4® font s/ trio. 1§ @+ 22+ 8.

Item multipliant &/ bino. +/3 @+ 4/2 @, pars/
bino. v/ s @+ 4w/ 4 @, font &/ quadrino. 4/ 15@
V1204 100+80. _

Demonsitration.

La demonftration des cesexemples, des multiplica-

tions precedentes eft manifefte par les demonftrations
des problemes; Ou autrement par la divifion du fui-
uant probleme. Conclufion. Eftant doncques donné
- nombre algebraique entier 4 multiplier, & nombreal-

febraique entier multiplicateur ; nous auons twouué .

eur produict; ce qu'il falloit faire.
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, THEOREME.
Vantité algebraique diuife par quantisé
w algebraique,donner quotient quantise,
de laquelle le nominatewr 5t egal @ lareste de
nominateur dw disifeur foubStrailE du nomina-

tewr de la quantité a dimifer.
Exemple 1.

Explication du donné. Soient au fondement des nom-
bres geometriques deuant la 14 definition la fexte
quantité F 64, & la feconde quantité B 4. Expli-
cation du requis. 11 faut demonftrer que F, diuifée par
B,donne quotient quarte quantité D, quieft quantité
delaquelle le nominateur eft egal 4 la refte de 2, foub-
ftraict de 6, nominateurs des dgonnez. Demonstration.
Diuifons 64 de F, par 4 de B, donne quotient 16, qui-
eft la quarte quantite D.

Exemple 11.-

Explication dudonné. Etpour demonttrer le mefme
en quantitez compofees; Soient aux figures deuant le
49 probleme 16 ® H11296,& 8 @ F G 216, Expli-
cation du requis. 11 faut demonttrer que HI, divifé par
F G, dounent quotient primes quantitez A C; quifont
quantitez de laquelle le nominateur eft egal 4 la refte

_ de 3 foubftrait de 4, nominateurs des donnez. Demon-
* fivation. Divifons 1296 de HI, par 216 de F G, donne
quotient 6,qui fontles 2 @ A C. Conclufion. Quantité
donctlues algebraique, diuifée parquantité algebrai-
que, donne quotient quantité de laquelle, &c. cequ'il
alloit demontftter. ,

Then follows another Theorem, stating that ma® s = min. 1 for
p > ¢, demonstrated for p, ¢ positive integers. In a Note Stevin remarks that
8 (3 divided by 2 is the same as 8 (3) divided by 2 (o), hence 4 (3. Prob. L
gives examples of this theorem, the first being 9a¢ — 1443 + 6a — 5 divided
6a 5

by 342, answer 342 — 4%;, 4 2

2 T (Stevin has no negaﬁve exponents),

. . . 4 . 3 _ :
which is also written as9‘l . 14‘; 2+ 6a > ; the third example is 3243 + 4
Q'
divided by 42 + 2, answer 842 — 4a + 2.
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‘NoT A On entendra par ce theoreme que () diui»

fée, par (9, donner quotient (3, comme 6 (3, diuifees

par 3 (®,donnent quotient 2 @; Et8 Q,diuifees par 2,
(quieft 2@) donner quotient 43, &c.

* De la dinifion des nombres algebrai-
ques entiers.,

PROBLEME L.
 Stant donné nombre algebraique entier 2

dinifer,@/ nombre dlgebraique entier duw-
feur: Trouuer lewr quotient. o
Exemple 1.

Explicationdu donné. Soit donné nomnbre algebraique
entier 4 diuifer tel: 9 ® — 14 @+ 6 ®— 5; Etdiui-
feur 3 (3. Explication durequis. Il faut trouuer leur quo-
tient. Construdtion. On difpoferales nombres donnez
comme ci deffoubs, difant combien de fois 3@, en
9® rfai¢ 4 3& (- par le theoreme devant le 27
probleme & @ parle theoreme deuant ce so proble-
me) le(quels 3 (2,0n metteraau vulgaire lieu (su quo-
tient, & alors leur difpofition {ératelle.

FO—14Q+6O—;5 (3O
3@ '

Puis on metteraautrefoisle diuifeur 3 @, foubz —
14, & on dira;combien de fois + 3@,en — 14 Q¢
faié — 4 -3 ©; Puis mettat autrefois le diunifenr foubs
-+ 6 (, ondiracombien de fois+3 D en+6D?
faict + 2 (ceque deuint toufiours telle fraction al-

gebraique,quand le nominateur du diuifenr eft maieur
que le nombre 4 diuifer) Puis on mettera autre fois le

573




574

234 "Le 11.LIVRE DARYTH,
diuifeur foubz — ,difant;combien de fois 3 @,en —
5 2 fait —3’3. Etladifpofition des charatteres del'o-
peration acheuée fera telle:

IO— 14 O+O— (30 —4FO+B— 75
1@ 1@ 70 5O _
ledi que 3@ — 43 ®+ 58 — 5% eft le quotient
requis. : R
Lon pourroitaufli pour folution mettre le nombre
4 diuifer fur vne ligne, & le diuifeur deffoubs, & le

quotient requis feroit fraction telle, .
ID—14Q+6D—5
3@

Exemple 11.

Explication du donné. Soit donné nombre algebrai-
gue entier 4 dinifer4@—2:@ —6®+9@®. Et
ivifeur 2 @ ~+ 3 Q. Explication du requis. 1l faur
trouuer leur quotient. Conftrudtion. La conftruction
fera parla conftru&ion du precedent premier exemple
affez notoire , parquoi nous metterons feulement
la.udiﬁaoﬁtion des chara@eres de Poperation acheuée
telle: ’

$5® 50 %
#2—20 —3D+gD(:20—40+30
t@+5Q+50+50
z®4+z@® '
ledique :— 4@ + 3 @, eft le quotient requis.
Exemple 111, -
Explication du donpé.  Soit donné nombre alge.
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braique entier a dinifer 32 @ =+ 4,8 diuifeur 4 ©~+-2.
Explication dt requic. 11 faut trouuer leut quotient. Con-
frugtion. Ondifpofera les dopnez en cefte forte:

‘ Puis on dira, combien de fois 4
3:@+4 en32 Q@ fai@8Q fois, les metrant

4® =2 aulieu duquotient, puison multiplie-

rale2 j’a_t 8 (®, font 16.(, qui foub-
firaites de ce quiilya deflus, reftera —16 @ +4&
Jeur difpofition fera alors telle: h

' ' Puis on metteraautrefois le
—160® diuifeur, difant,combien de fois

2O +48® 4D en—16@2faik —4 O

4+O+z fois, les mettant au lieu du quo-.

- tient; puis on muldipliera le 2
par—4® faict — 8 ®, qui foubftrai& de cequiily a
deffus, reftera 8 @ —+ 4, & leur difpofition fera alors

telle: Puis on mettera autrefois lé diuifeur, di-
‘ fant, combien de fois

8@ 4 ® en §@? faitt2

— 1 fois,le mettantaulieu

720 +4 (80—40. du quotient, puis on
4O+ 2z : mulupliera le 2 -da
4O+2 divifeur , par 2 da

. quotient font 4, qui
foubftraict de ce 9u’il y adeffus, ne reftcrarien;& leur
difpofition acheuee fera alors telle:

0] Te di que8 ®

— 1503, O F2, et
72Q+4 B@—40O+2 le quotiét requis.
2+®O+z Etde mefme for-
4Oz te,eftant A divifer

4O +1 . A6@+u,parz’
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® 2 on trouuera (fnivant le precedent exemple)

poutquotient, 3 @) — 3 © +3 + 5.

Irem divifant 4/ 6Q), para/ 3 ®, donne quotient
V20 '

Item divifanta/ 6 X @), par#”3 X ®,donne quo-
dent /2 X @, - '

‘Item pour divifer +/6 @), par+/3(®, on conuet-
tira la prime quantité auffi en racine,quieft /3 3, &
leurquotientferas/2@. -

Item divifant 4/ trino. 15 @ +2: O +8 0O, par-
#/bino.3 @+ 2 ®,donne quotient +/ bino. § D4 4(D.

Item divifant o/ quadrino. 4/ 15 @ +4/ 12 @ 4+
&/ 10Q ~+4/8 @, par 4/ bino. o/ 3 @+ 4/ 2D,don-. .
ne quotient 4/ bino. 4/ s @ ~+ 4/ 4 (®. :

La demonftration des fufdiéts exemples, eft mani-
fefte par les demonttrations des problemes des diui-

fions precedentes. Ou autrement par la mult:';)lic_a';ion

du precedent probleme. Conclufion. Eftant oncques
donné nombre algebraique entier 4 diuifer,& nombre
algebraique entier diuifeur, nous auons trouué leur
quoticent; ce qu'il falloit faire. C

Probs. LI and LII show addition and subtraction of algebraic numbers. One

-example, using a method already previously explained, is

V2742 + 184 — 4/ 3a% + 2a =

v

2742 + 18a
342 4 2a

- l)v”—gaz ¥ 2a=(3—1)V3& ¥ 24 = vi2a? T} 8a.




Scconde diftin&tion des quatre numerations
des nombres algebraiques rompuz, &
d’autres computations 3 icelles
apartenantes.

» PROBLEME LIIL

E Stant donnez_ deux multinomies algebrai-
ques : Trouwer lewr plus grande commmne

meure. :

N o1 A. Petrus Nonius au commencement de la
troifie(me partie de fon Algebre, eftimoit qu'alors ce
problemen’eftoit par generale reigle intenté, parquoi

il en defcripuoit quelque maniereataftons. Nous de--

fcriprons {alegitime conftruction, qui fera femblable
i Poperation de Pinuention, de la plus grande com-
mune mefure des nombres Arithmetiques entiers du
5 probleme:a {cauoir on divifera premierement le ma-

icur par le moindre, & puis le diuifeur autrefois par la -

refte, iufques , 4 ce qu'il oy refte rien,&c. commele

tout fera plus chir par exemple.

" Explication du donné. Soientdonnez deux multi-
nomies algebraiques tels: Fva 1@ 1@, laulte

577

Prob. LIII demonstrates Stevin’s method of finding the greatest:common divisor
of two algebraic numbers. See our Introduction p. 462. The method is illus-
trated by finding the G.C.D. of 43 + 2 and 42 + 74 + 6, ans. 62 + 6. We
do not find the remark that any multiple of 2 4 1 will serve the same purpose.

The method is applied in Prob. LIV, where

1
o

%a-i-l

a3 4 a2
a2 + 72 + 6

is reduced to
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t @+ 7 @46, Explication duregais. 1l faut tronuer

leur plus grande commune mefure. Consfrution. On

divifera le multinomie auquel eft la fuperieure quanti-
té, comme eftici le premier donné 1 @+ 1@, par
l'autre (du quotient qui eft 1 @ comme audi& § pro-
bleme,ne prenons ici cure) en cefte forte:

Etreftera —6@—6 (@,

—6@—6®  parlesmefines on diuifc-
fQ+r®. ¢ (1O raaume foisle precedent
1@+70+§ - divifeur én cefte forte:

L Et reftera 6 ® -6, par

6® les mefmes fe diuifera au-

I®O+HD+6 (4 tre fois le precedent divis

F—BDO feur en cefte forte:
o Ecn’y refterien, parquoi
—f@—F® (—1@® iedique6®+6,cftla
AOE 7 plus grande comiiine
g * mefure requife. _

- Demonstration. Sil'on mefure combien de fois ily a
6®+6,n1 3+ 1@, (Ceft adire fi on diuife 1Q)
<+ 1'@par 6 -+ 6) fetronue (parle so probleme)
-+ @ fois: Semblablement combien de foisles mef~
mes 6 ® -+ 6,fonten r@—+ 7O 6, fe trovne %
®—+ 1 fois : Maisque c’eft aufli ]a plus grande com-
mune mefure, eft manifefte par.ce que +-@& +
@ 1, fontquantitez (par Ja 2 1 definition)entre elles

_premieres; ce qu'il falloit demonftrer.. * Conclufion.

Eftantdoncques donnez deus multinomies algebrai-
ques, nous auons trouué leur plus grande commune
mefure; cequ’il falloit faire.
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: PROBLEME. LIIIL
_ E Stant donné nombre algebraique rompu:
“ Trouser fon premier rompw.
Explication dudonné. Soit donné rompu algebrai-
que tel %. Explicationdu requis. 1} faut trouver
fon premier rompu. Conltruétion. On touuerala plus
grande commune mefure, de 1D+ 13, &1 3 +
7 D+ 6, qui parle 53 probleme fera 6 ® ~+ 6:par les
mefines fe divifera 13 + 1 (@,donnequotient (parle
so probleme) -5~ @, lequel on mettera fur vne ligne;
Fuis ondiuifer:les 1t @+ 7 © =+ 6, par lefdicts 6@

- =+ 6,donne quotient ¢ ® - 1, lefquelson mettera

foubz ladice ligneen cefte forte:

L1 Ie di que le mefmeeft le premier
_1__6_. rompu requis. Demonfration. Eftant
+ O+ numerateur & nominateur de* nom-
* 1 & bresentre eux premiers par la 21 de-
——S5 = finition ils feront le premier rompu,
<+ O+ ~durompu Z2HL var [a 23 defin.
cequ'il falloit demonftrer. Conclufion. - Eftant donc-
ques donné nombre algebraique rompu , Nousauons
trouué fon premicr rompui; ce qu'il falloit faire.
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Probs. iV—LX go on to deal with fractional algebraic numbers, e.g.
943 4a 1845 — 1245 645,
324~ 242 646 646°

latter fraction, which he leaves in the form LXO) In Prob. LXI we find 5 rules

YNGR
for the extraction of square roots from mlﬁ%nomia.ls, and 4 rules for the
extraction of cube roots, with examples, e.g. 34 is the square root of 942, 242 4
3a is the square root of 4a% -+ 1243 + 942, 24 4 3 is the cube root of
843 4 3642 + 54a + 27. Stevin recognizes that the square root may have two
values: the square root of 444 — 1248 + 942 is 242 — 34 as well as — 242 + 3g,
but he only points it out in cases where the multinomial has both 4+ and —
terms, not in a case like 4a¢ 4 1243 -+ 942, where 242 + 34 is the only root.

Probs. LXII—LXV deal with the elementary operations performed on what
we call algebraical forms in more than one variable, in the notation of Def.
XXV, pp. 24-25.' Example: (462 + 54) (362 + 2a), written: 4 sec (3) +
S@per3sec® + 2 @ Ans.: 12 sec @ + 23 (@D M sec @ + 10 @), or
1264 + 234b2 + 1042 (Prob. LXII).

Prob. LX). Stevin does not reduce the
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Cincquiefme diftinction, de la reigle de
trois des.quanutez.

V £ v que les nombres Arithmetiques,& radicaux,
4 la precedéte 1. & 2°. partie de ce fecond liure,
onteuapres leurs computations rationelles, auffi leurs
coputations proportionelles; Senfuit (felon qu'il aefté
promis en Fargument) qu'en cefte troifiefme partie,
apres les precedentes computations rationelles des.
quantitez, il nous fautauffi defcripre leurs computa=
tions proportionelles, & premierement leurreigle de
trois. Maisauant que 'y venir nous annoterons quel-

ques articles neceffaires,defquels le premier efttel:

LA RAISON POVRQVOI
NOVS APPELLONS REIGLE DE
troi,om iruention de quatriefme pro-
portionel des quantitez; ce que
~walgairement [e dict equa-

tion des quantites, _
‘ Tev ﬁ;le les noms conuenables,font en les fcien-

cesde grande importance, & principalement es
difficiles, ce n'eft pointa tort, que nous les choififfons,

If we follow the same order of treatment as in Parts I and II of this Second
Book, with respect to arithmetical numbers and radicals, then we must now come
to proportional computations with quantities, and in the first place to the
rule of three. But we must first explain THE REASON WHY WE CALL
RULE OF THREE, or invention of the fourth proportional of quantities, that
which is commonly called equation of the quantities.

Since convenient names are of great importance in the sciences, it is not without
reason that we select them, and so we call invention of the fourth proportional
what is commonly called equation. There are indeed always three terms to
which a fourth proportional has to be found. If we ask how much 3 ells the
value of 2 Ib. is equated. But the word equation has made students think that .
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au lieu desinconuenables: ce qui feraici, deFinuen-
tion de quatriefme p_roportionc(} des quantitez, qui fe
di¢t vulgairement equation; Nous le nommons ainfi,
parce qu'il eft plus commode 4 la doctrine;; Car puis
quil y-a toufiours donnez trois termes, aufquels on
cherche vn quatriefine proportionel (comme appa-
roiftraen fonlieu) pourquoi ne fappelleroit cect pas
auffi bien inuention de quatriefme p[gportioncl, com-
me en tous autres? Quantd ce quelon me dira, que
Ceft aufli equation, certes ic le concede, & non pas
feulementen quantitez algebraiques, mais en tous au~
tres. Parexemple 6 aulnes couftent 4 15, combien 3
aulnes ? 'on tfouue fon quatriefme proportione] 2 1b,
ce qui eft aufli equation, caron egaled la valeur des 3
aulnes,la valeur de 2 1b:toutesfois il n’eft pointen vie,
de le nommer equation; mais on Fappelle (& a bon
droi,puisqui'il eft plus propre)inuention de quatriefs
me proportioncl : Et pour'la mefine raifon le nom-

_monsnousici ainfi,d gn que le grand mifterc de pro-
portion en quantitez, enfemble %cs caufes des chofes,
foientplus faciles & notoires,que oncques au parauant.
Car ce mot d’equation  faiét penfer aux apprentifs,

ue Ceftoit quelque maticre finguliere,laquelle toutef-
?ois eft commune en la vulgaire arithmetique,car nous
cherchons 4 trois termes donnez, vn quatriefme pro-
portionel. Mais comme cela qu'ils nommentequa-
tion,ne confifte point en cgaleté des gnantitez abfo-
lues ains en egaleté de leurs valeurs;Ainfi confifte cefte
proportion en la valeur des quantitez, comme lefem-
ﬁlable eft vulgaire , aux communes choles corporel-

Ies. Parexemple vn beuf vaut 2 moutds auec 8 b ,ergo
1 mouton vaut 4 Ib, lefquels font quatre termes pro-

it is something singular, though it -is really something common in ordinary
arithmetic, since we seck a fourth proportional to three given terms. When we
speak of equation we do not mean equality of absolute quantities, but of their
values, so that we can write, if one ox costs 16 Ib., equal to two sheep plus 8 Ib.:

1 ox 2 sheep 4+ 8 Ib. 1 sheep 4 Ib.
16 lb. 16 ib. 4 Ib. 4 1b,

and 16 is to 16 as 4 is to 4. Equally, when 1 () is equal to 2 ) + 8, then
1 (@ is worth 4 [if x2 = 2x + 8, then x = 4], and one can write

1@ 2@ + 8 1 ® 4
16 16 4 4.
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portionaux, non pas felon la quantité, en refpect de la-
quelle, le produi& des cxtremes, n'eft point egal au
produic des moiens, mais felon la valeur: car comme
16 1b valeur du beuf,a 16 It valeur de 2 moutons auec
81b,ainfi41b valeur de 1 mouton,a 4 Ib valeur du qua-
triefme terme, lefquels termes proporuonels , nous
metterons en ordre, pour plus grande euidence, en
cefte forte: :

rbeuf. 2moutons--81b. 1mouton. 41b

161b. 161b. © . - 4ib. 4ib

Le mefme fentend auffi des quantitez:-car quand
nous difons, 1 @eft egalejouvaut2 O + 8, ergo1 ®
vaut 4, ce font quatre termes proportionaux; mais au
relpe& deleurs valeurs, defquellesle produiét des ex--
tremes, eft feulement egal au produict des moiens.

* Leur difpofition conforme i la precedente cft telle:

10. 2048 - 10. 4
16.° ‘16, 4. 4.

DES TROIS TERMES

DONNEZ, AVSQVELS POVR LE
temps prefent, on [cait legitiniement
trouncr vn qtmtrieﬁ//c

proportionel.

oM ME tous problemes en la geometrie, ne font

C encere inucntez; Carl'ony defirela quadrature
du circle, aufli Pinuention de deux lignes moiennes
roportionelles entre deux lignes donnees,&c. lefquel-
es. tousesfois nous fentons par la raifon, {e pouuoir

[Hence x2 : (2x 4+ 8) = x : fourth term, and as x2 = 2x + 8, x is equal to
the fourth term. The symbols (1), @), ... here stand for unknown, so that we can
render them by x, x2, ... The distinction between known quantities 4, &, ¢, ... and
unknown quantities x, y, 2, ... dates from Descartes’ La Géométrie of 1637, in
which x, x2, ... are also for the first time consistently considered as quantities of
the same dimension. For Stevin there is always a distinction between a “quantity”
such as 2 and its value, which is a number].

OF THE THREE GIVEN TERMS TO WHICH AT THE presen: time a
fourth proportional can legitimately be found.
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trouver ; Ainfi nous auient le femblable en P Arithme-
tique 4 l'nuention du quatrie{me terme proportionel
des quantitez; Car quand le premier & fecond, fone
compofez de ces cincq-quantitez ®3@OE,oude

artic d’icelles, ou de leurs deriuatifs,ou quil noys foit
oflible de conuettir les donnez A telles efpeces, par
Faredu&ion (laquelle reduction fe declairera ci def-
foubs) alors Fon en peut trouner (foitle troifiefme ter-
me de quantitez quelconque)le quatriefme proportio-
nel: excepté quelque difficulté quife rencontre aucu-
refoisen @ egale 2 (D -+ (@, comme nous en dirons
plus amblemem,ila findela premiere difference du
69 probleme. De tous les autres n'eft pour Fheure
(combien qu'ileft poffible) trouuée legitime generale
Jeigle. Les différences qui fe rencontrent defdickes cine
quantitez (defquelles nous defcriprons onze proble-
- mes) [onttelles:
' 1l eft vraiqu'ily auroitdes’
differences beaucoup d’auan-
: taige , prenant @ ¢, ale 2 @,
OE pour vie & @ cgale iC®,
[©IC) pour autre,&c. . Mais veuque
1@®®  ceci font derivarifs desautres
arla 27 definition , delquels
"operation fera femblable &
©]0) celle de leurs primitifs nous les
QOO comprendrons tous foubs vn
®®®  probleme, qui ferale 78. Et
(@@®@ apresle mefime, fuiveroni en-
core deux problemes, de I'in-
uention de quatriefine terme proportionel des poft-
pofées quantitez. ‘

®O
o¢

L

DOOOONCORO
'LQ?;L
®0
o6
)

A\

Not all problems in geometry have been solved, since we should like to find the
quadrature of the circle or the construction of two mean proportionals between two
given lines [see Problemata Geometrica, Introduction.} It is the same in arithmetic,
where we can only find the fourth proportional if the first and second terms
are composed either of x4, x3, x2, x, x0, or some of them, or derived forms
[Def. XXVII], or if we can reduce our problems to these. [From now on we
render (@), (3), etc. by x4, x3, ..., but we must not forget that Stevin’s symbols may
mean any multiple of x4, x3, ...: if Stevin wants to express our x4, he writes
1 @] An exception must be made for x3 = ax + b, where there is some
difficulty, as we shall see in Prob. 69. For all other cases there is a legitimate




585

268 " LE 11.LIVRE DARITH.
DES INVENTEVRS DE CES
REIGLES DETROIS DES
QVANTITEZ.

l Es inuenteursde cesreiglesde trois des quanti-

tezant efté,
h 5@ egale 3 ©@.
Mahomet filz de Mofe Arabiende< Leurs deriuatifs.
(@egaled ®EO.

Etquelque autheurincognu Leurs deriuatifs.

* Quelque autre autheur incognu{% Zg:i: i g g

LouysdeFerrare Degri®BEO.
Quant 4 Diophante, il femble qu'en fon temps les

inuentions de Mahomet aient feulement efté cog-
nues,comme fe peult colliger de fes fix premiersliures;
Hleft vraigu’il {olue de merueilleufes queftions,com-
me nous declarerons en fon'lieu,mais il condui¢t com-
munement fes operations par vne admirable fubtilité,
ainfi, que le premier & fecond terme, deviennent @

) egale d ©, ou leurs deriuatifs, & aucunefois , Mmais ra-
rement,a (@ egale 2 ® ©. '

Les deriuatifs de (2 egale 2 ©), inuentez par le
fufdict premier autheur incognu, font deferipts par
Lucas Pacciolo. B :

Quarit aux inuentions du fecond autheur incognu,
Cardane fe diét les auoir trouné par efcript; mais
qu'elles meftoient point diuulgees; Aufli que Scipio

. Ferreus de Boloigne, aie trouué la premiere forte, qui
eft de Qegale a® @ Augquel fuiuoit Nicolas Tar-

general rule. They are [Stévin always takes the term with the highest exponent
on the left hand side and gives it the coefficient 1, see Rule II, p. 272}: x = g4,
x2 = ax + b, x3 = ax2 + b, x3. = ax2 + bx + ¢, x4 = ax + b, x4 =
ax2 4+ bx 4 ¢, x4 = ax8 + b, x4 = ax3 + bx + ¢, xX* = ax3 + bx2
+ ¢, x4 = ax3 + bx2 4+ ¢x + d. [a, b, ¢, d may be positive or negative].
Equations such as x2 = 4, x4 = ax2 + b can be reduced to previous types, see
Def. 27 and Prob. 78.
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talia Breffian , mais par occafion de quelque difpute
qu'il euft de celte matiere,auec Antonio Maria Flendo
Vepetien , dilciple dudi& Scipio, en laquelle il dif~
conura quelque chofe, par laquelle Nicolas le conie-
¢tura, & wouua; Lequel apres beaucoup de prieresde
Cardane: le luia declairé¢, ce que luy Cardane eftoit
fondement, par lequelil cft venu au gout de pluficurs
demonftrations geometriques, de @ egale 3 @ ©©,
& leurs dependances, dontil 4 defcript va liure intitu- -
1& Ars magua.

Maisl'inuention de Louys de Ferrare eft n’agueres
diuulgués en langus ltalienne par Raphael Bombelle
grand Arithineticien de noftre temps.

DE LA REDVCTION.

A v A N T que venir 4 ces problemes de la reigle de
troi$ des quantitez, il nous faut confiderer; que
fouucntesfois lefdicts premier & fecond, ou egaux ter-
mesdonnez, ne femblent au premier regard point de
ceux dont nous auons dict ci deflus, 4 fcauoir defquels
on {Gait trouuer le quatriefme proportionel; toutesfois
eftant reduiés, on trounera qu'ils le feront. Il nous
faut doncques declairer apertement cefte reduction.
& pour I'expliquer premierement par quelque exem-
ple vulgaire ; Pofons lecas qu'il y a' propoféz trois ter-
mes defquelson requiert le quatriefme proporrionel,
tels: 8 aulnes de drap, plus 2 linves de poiure, moins 3 liures
de canelle, vallent 2 liuves de poiure, plus 2 4 efcuz., meins 3
liures de canelle, combien vaudront 2 aulnes de drap? Or
par ce que le premier & fecond terme, ont desaioinéts
de plus & moins, il y a propofé quelque queftion , qui

[This historical survey ascribes to Al-Khwarizmi (“Mahomet son of Moses the
Arabian”) the solution of the equations x = 4, x¢ = ax + b and the “deriva-
tives” of x = a (Def: 27), to an unknown author the derivatives of x2 = ax + b,
to another unknown: author the solution of x3 = ax + b and x8 = ax2 + b,
and to Ferrari that of x4 = ax3 + bx2 + c¢. At present, with better information
available, we may allow ourselves a smile when we read that Diophantos (¢. 250
A.D.) may have known of the inventions of Al-Khwarizmi (c. 800 A.D.). The
book by Pacioli which Stevin mentions is his S#mma of 1494. As to the solution
of the cubic equation, Stevin knows of Scipio Del Ferro, Tartaglia and his
dispute of 1535 with Florido, of Cardan, Ferrari, and Bombelli; so that he is
well-informed on the history of the subject in his own century}.
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femble confule, car de multiplier le woifiefme parle
fecond, & duiifer le produict par le premier, comme
ilz font propofez (pout cn trouucr Je quiattiefme pro-
portionel} ce feroit chofe tresfacheufe, & obfeure, par-
quoi il faut remedier 4 ce plus & moins (lequel reme<
deappelle ici reduction)en cefte forte: Puis que le
premicr & fecond terme donnez; font par Phypothefe
d'egale valeur, fenfuit que fi d'vn & d'aultre cofté,
nous aiouftons, & foubftrahons, chofes egales; que
fommes & reftes feront egales, lefquelles nous feruent
aulicu des premiers donnez (conimele femblable eft
chofe vulgaire en autres compurations communes.
Parexemple fi 'on dick, 4 aulnes vallent 6 1b, cGbien ]
aulnes? ou autremét 2 aulnes vallent 3 1b,cobien saul-
nes? I'vn & Pautre d5ne vn mefime quatriefine}Soub-
- ftrahons doncques de chafcun terme,a fcauoir dupre-
mier & fecond 2 liures de poiure, & demeurcrdt § aul,
de.drap,moins3 liures de canellejequivallas A 24 efcuz,
moins 3 liures de canelle: Puis aiouftons (pat cequily
amoins) d chafcun defdicts termes 3 Liures de canelle,
& lafomme de 'vn fera 8 anlnes de drap, & de Pautre
24 efcuz,lefquels feront autrefois d’cgale valeur & ceci
font les termes reduicts, par lefquels on pourra facile-
ment venir au requis; Car difant 8 aulnes de drap val-
lent 24 efcuz, combien 2 aulnes?le requis fera par vul-
gaire folution 6 efcuz. Tout de mefine forte faut iten-
tendre, qu'en la reigle de trois des quantitez pour le
plus & moins & autres femblables occurrences qui fe
rencontrent en icelle) eft ancunefois neceMaire tcﬂe re-
duction,aucuncfois n'cft il pasbefoing, comme appa-
roiftraen fon licu par les exemples. Et Cappelle ceci re-
duction, parce quon reduit les termes donnez, en

\

ON REDUCTION

There are problems which at first sight do not seem .to belong to. the rule
of three of the quantities, but still can be reduced to them. For instance, what
is the price of 2 ells of linen if 8 ells of linen plus 2 1b. of pepper minus 3 Ib.
of cinnamon are worth the same as 2 Ib. of pepper plus 24 goldpieces minus
3 Ib. of cinnamon? [8x + 2y — 3z = 2y + 24 — 3z]. This problem cannot
be solved by applying’the rule of the fourth proportional because of the terms
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autres termes, qui font de maieure ou moindre valeur,
que les premiers, combien qu'ilz demeurent entre enx
en'la mefme egale raifon.

Or-aiant declairé quelle chofeeft reduction, nous
viendrons i la pratque de reduire,& la comprendrons
€n 10 rciglcs,dl;fqucllcs la premiere eft telle:

with plus and minus, [solving the unknown u from (8x + 2y — 3z) :
(2y + 24 — 32) = 2: uwould be wrong], but can be reduced to it by addition or
subtraction of the terms with plus and minus on both sides {subtract 2y, add
3z, hence 8x = 24]. Now we can apply the rule of three: if 8 ells cost 24
goldpieces, how much do 2 ells cost? [ 8 : 24 = 2 : x, x = 6] We shall
give 10 rules for such reductions to the rule of three.
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The ten rules for reducing equations to the standard forms of p. 267 can be
illustrated as follows:

Rule I:
Rule II:
Rule III:
Rule

Rule V:
Rule VI:
Rule VII:
Rule VIIIL:
Rule IX:
Rule X:

IV: Given 9x3 + 5x2 = 4x9 4 7x, reduce to x3 :»‘Z-x2 + -i—x S

Given 2x¢ = 6x3, reduce to 2x = 6.

Given 3x3 = 9x2 4 12, reduce to x3 = 3x2 + 4 (cbefficient of
x3 is made 1). '

Given 4x3 — 7x = 2x2 + 3x, reduce to 4x3 = 2x2 + 10x .
Given 4/ 27x2 + 18x = 3 + 4/ 3x2 4 2x, reduce to

v/ 12x2 + 8x = 3, or (Rule VI): 12x2 + 8x = 9.

4
4x

S 5x2 + 6 ,
Given 3x = 4/ 2, reduce to 9x2 = 2.

Given 2x = 1/3x3 + 4x, reduce to 4x2 = 3x3 + 4x.

Stevin remarks that if 2x3 4+ V/3x2 = 5x2, then the common method
is to write 4/3x2 = — 2x3 + 5x2, from which follows

Given — 2 reduce to 10x2 + 12 = 12x,
3

x4 = 5x3 — 345 x2 + % . There is, howevgr, a shorter method, ex-

plained in Rule VII.

Write in the previous example 2x2 = 5x —y/ 3, which is easier
to solve by means of the fourth proportional than the

x4t = 5x8 — 541 2 4 —‘3; obtained by Rule VI. Other example:

2x3 +44/9x2 = 7x2, which according to Rule VII becomes
2x3 + 3x = 7x2, of which (Prob. 68) the root is 3; however, according

to Rule VI it becomes, by squaring, x4 = 7x3 — 12%«2 + -Z— , which

also gives x = 3 (Prob. 76). ‘ ‘

Stevin does not pay attention to the possible introduction or sup-

pression of roots. This rule of taking square roots does not lead to
2

1 1 o . . . . 2
results in a case like 1352, or x 3 (which Stevin writes “5 en
circle”.

Given 16x4 + 24x3 + 9x2 = 25, reduce to 4x2 + 3x = 5 by
taking the square root on both sides. The possibility 4x2 + 3x = — 5
is omitted. . o -

Given 200x2 = 300x + 400, reduce to 2x2 = 3x + 4'by dividing
by the G.C.D. of the coefficients. : L )

Given 8x5 4 6x3 = 12x% 4 20x3 4+ 9x2 + 15x, reduce to
2x2 = 3x + 5 by dividing by the G.CD. 4x3 + 3x of both
sides. Stevin discards the possibility 4x3 + 3x = 0, which has no
roots recognized by him.

In a Nota he points out that there are also other forms of reduction, such as the
transformation of x3 = ax + b into x8 = ¢, or x4 = ax3 + bx2 + ¢x + d
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PROBLEME LXVI,

Yo Stant donnez_trois termes, defquelsle pre-
= mier1 © ke fecond® , l trosfie[me nom-
bre algebraique quelconque: Trouuer leur qua-
trie[me terme proportianel. '

- Explication du donné. Soient donnez trois termes fe-
lon le problemetels : le premier 1 ), le fecond 4, 1e
woifiefme § @. Explicationdu requis. 1l faut trouuer
leur quatriefime terme proportionel. Conffruction. On
mulupliera le troifiefme terme donné § @, parlefe-
cond 4, f2i& 20 @; Puis on diuifera les mefines par le

* - premier terme-donné, quiett 1 O, & donne quotient
“(par le.go probleme) 20: ledi que 20eftle quatriefme -
~_terme proportionel requis. . Demonfiration. Puis que.
nous difons par ce probleme,que § @ vallent 20lar@®
vaudra 4. Mettons doncques foubs chafcun terme fa
* ‘valeur en cefte forte : '

a0 4 5O 20.
4. 4. 20. 20.

~Et appert que 20 eft leur quatrie{me terme propor--
tionel, car comme 4 4 4, ainfi 204 20; ce qu'il falloit -
. demonftrer. ’ R
N o T A.Etde mefime forte fentendra,que 1 (@ val-
. lantg,les § ® + 3, vauldront 23, car les 5 @ vallent
~ parice probleme 20, & plus 3 font 23.
Item 1 @ vallant 4, les s ® — 3, vauldront 17, car
5 ® vallent 20, par ce probleme,defquels foubftraict 3

“refte 17.

into x2 = px + ¢, which will be specially discussed in later problems. These
are the cases treated by standard rules. From now on begins the discussion of
these standard rules. a

Pr.ob.’ LXVIL [Given x = 4, what is the value of any multinomial in x, or
quotient of two multinomials? In the Nota this is extended to such. cases as:
given x3 = 3x 4 2, what is 3x2 + 4x? For this, first solve x3 = 3x + 2,
answer x = 2 (Prob. 69). Then 3x2 + 4x = 20]. '
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Item 1 @vallant 3,alors 1 @) (veu que 1 @ et I
potence quarréede 1 @) vauldra 9. _
Trem 1 © vallant 3, les 4 @ vauldront 4 fois 9, qui
eft 36. .
I?cm 1 ®vallant 3,1a1 ® (veuque 1 @ eftla po-
-tence cubique de 1 ) vaudra 27.
Irem. 1 @ vallant 3, les 4 @ vaudront 4 fois 27 qui
eft 108. \ , o
Item 1 @ vallant §,les 2 @ -+ 6 @ vaudront 8o;¢at
2 ® vallent 50,& 6 (Dvallent 30, font enfemble 8o.
Item 1 @ vallant 2, les 3@+ 4@ — s O+ 7
vaudront 37, carles 3 @ vallent 24,& 4 @ vallent16,

& 7 vaut 7, defquels fa fomme (a {Gauoirde 24.16.7) . .. .
eft 47,des mefmes foubftrai@ 10 pourles — § @,refte -

© pour folution c;)lrfmc delﬂhs 3o i

Item1 @ vallant 3,les ——(5-—@"‘ F3=7 vaudront 22,
cales2: @+ 30 ——’7vallgm ;c?,'gc les3® .—-4’@
~+ 6 vallent g1. '

Item 1 @ vallanta/2, alors 3 @ vaudront trois fois
#/2,quieft parle 22 probleme v/ 18,

Item 1 @ vallant 4”2, alors 1@ (veuque 1 @ eft
potence quarrée de 1 @) vaudra 2, & 3 (3 vaudront 6.

Item 1 @ vallant4/ 2+ 4/3,les 3@ vaudront trois
foisautant,quieft ¢/ 18 ~+.4/ 27.

Jtem 1 ® vallant 4/ 2 + #/3, la-1 @ vaudra le
quarréde+/2 <4/ 3 qui eft 4~ +/24. Etainfi d’au-

tres femblables. Conclufion. Eftant doncques donnez-

trois termes defquelsle premier 1 (@, le fecond @, le

troifiefme nombre algebraique quelconque, nous
auons trouu¢ leur quatricfme terme proportionel; ce
quil falloit faire.

Nora. Ce66 probleme diffcre du fuiuant feule- -
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ment en cela,que fon premier terme donné eft d’'vne
prime quantité;mais le fuiuant de multirude de J)rimes

quantitez quelconque, aufli que les exemples du pro-

bleme precedent ontle troifiefme terme donnéde plu-~
fieurs quantitez mais le fuiuant toufiours de 1 @.
Ecpou dite de fon vtilité & proprieté, faut fcauoir,

quaux problemes fuiuans de trois termes donnez, le
woifiefime fera toufionrs nombre algebraique quel-
conque. foutesfois nous ne donnerons en lesexemples
des mefmes: pour troifiefine terme, autre que 1 @
Comment doncques (pourroitquelcun dire) fera on

uant le troifiefme terme fera quelque multinomie
3gcbmique, felonla propofition 2 Ierefpons que par
double operation; Premierementon trouuera lavaleur
de 1 (D, parfon probleme, qui eftant cognu, on trou-
ueraalors par ce 66 probleme la valear du multino-
mic propof¢ pour troifiefine terme donné, difant 1 @
donne autant,combien tel multinomie? Par exemple,
fi les trois termes donnez fuffenttels: le premier 1 @),
le fecond 3 ®—+ 2, le wroifiefime 3 @+-4 @: On di-
roit premierement, 1 @ vaut 3 @+ 2,combien 1 M2
£2i@ parle 69 probleme 2. Puis pour feconde opera-
tion, on diroit autrefois 1 (D) vaut 2, combien 3 @+
4 ®, faiék par ce 66 probleme pour le quatricfie
terme proportion’el requis, 20. Et ainfi d’aultres fem-
blables. Ce probleme feruira auffi, pou les demon-
ftrations Arithmetiques, des problemes fuiuans,com-
me le tout apparoiftra par les exemples , chafcun .
en fon lien.
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PROBLEME. LXVIIL

E Stant donnez_tross termes, de[quels le pre-
~ mier © , le fecond ©, le troifiefme nombre
dlgebraique quelcongue: Trousier lewr quatrie/-
me terme proportionel.

Explication du donné. Soient donnez trois termes
felon le probleme tels: lc premier 2 ), le fecond 6, le
woifiefme 1 . Explication durequis. 1l faut trouner

- leur quatriefme terme proportionel. Construdtion. On
diuigta le 6 du fecond terme, par 2 du premier terme
(car puis que le nombre du woifiefme terme eft 1, il ne
ferabefoing de faire la vulgaire multiplication du troi-
fiefme & fecond terme, qui feroit 6 ®) donne quo-
tient 3. Iedique 3 eft le quatriefme terme proportie-
nelrequis. Demonfiration. Puis que nous difons par ce
probleme, 1 @ valoir 3,doncques par lc 66 probleme,
2 @ vaudront 6,méettons doncques foubs chafcun ter-
me f{a valeur en cefte forte:

SYON 6. 1 ®. -3
6. 6. 3. 3.
Etappert que 3 eft leur quatriefime terme propor-
tionel, car comme 6 2.6, ainfi 52 3; ce quil farloit de-
monftrer. Quanta lademonftration geometrique, la
chofeeft fi noroire, queil nefemble point de meftier.
No T a. Silestrois termes donnez fuflent tels: le
premier § @), le fecond ¢/ 3. le woifiefine 1 @,0n divi-

fera (comme deflus) 4/ 3,par §, donne folution +/ 2%
Autrementon pourroit foluer cefte queftion reduifant

Prob. LXVII. [This is the modification of the previous problem for the
case ax = b, a = 1].
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les termes egaux parla 6 reigle delaredution, 3 fca- -
uoir prenant la potence quarrée, de chafque terme,&
feront § 2, egales d 3, & feroit alors queftion, requi-
rant Poperation du 78 probleme.

Item fi les trois termes donnez fuffenttels: ie pre~
mier 3 ©, le fecond /3 + /2, le troifiefme 1 @;0n
divifera(comme deflus) 43 44/ 2 parles 3(des 3 )
donne folution <-4~ 4/ =-. Erainfi d'autres fem-
blables. Conclufion.” Eftant doncques donnez trois ter-
mes defquels le premier @, le fecond @, le troifiefine
nombre algebraique quelconque; Nous auons tronué
leur quatriefine terme proportionel; ce qu'il falloit
faire.

Prob. LXVIII. This is the theory of the quadratic equation. There are three
cases (“differences™): 1) x2 = ax 4 5, 2) x2 = — ax + b, 3) x2 = ax — b,
where 2 and b are positive. The case x2 = — ax — b is omitted, because
it only leads to negative solutions, see Art. VIII after Prob. 70. Stevin claims
that, contrary to Stifel and Cardan *, he will solve all cases by one method “so
that, without change of one syllable the operation will be the same in all

*Cardan’s rule: Querna, da bis, refers to the case x? = ax + b; querna is abbrevia-

. . . at .
tion of guadratus aequatur rebus et numero; da bis means: add twice, namely — to b in
4

the radical, and % to the radical. Nuguer, requan refers similarly to b = ax + x%, x*+ b

==ax (Ars magna, Ch. V). On Stifel’s Amasias see the Introduction.
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PROBLEME LXVIIL

E Stant donnez_tross termes, defquel.r le pre-

mier @, le fecond © ®, le troifiefme nem-
bre lgebraique quelconque: Trouser leur qua-
triefme terme proportionel.

NoTa. Le binomie du fecond terme donnéde
c¢ probleme fe peut rencontrer en trois diflcrencesd
fcavoir: . .

@ Defquelles les autres en donnent trois
_ ®I @' diuerfes operations , aufquels Michel

* Stiffle d accommodé ce mot Amtfias.

O—-@ & Cardane liure 10 chap. § ce carme,

Querna, dabis. Nuquer, admi. Requan, Minue damii.
Mais nous demontftrerons vne feule manicre; par la-

quelle fans varier d'vne fyllabe, l'operation fera en tou-
tes trois la mefme: Parquoi faut {Gauoir que nous ne'les

these cases”. This rule, in our notation, is that if x2 4 px + ¢ = 0 (p, ¢ pos.
or neg.), x = — —g- il/’; — ¢, on the understanding that only positive
values of x ate selected (negative roots form a subject of later discussion, see Prob.
70). The method is first verified by direct substitution of the answer in the
equation (“arithmetical demonstration™), then verified geometrically in the
manner familiarized by the Greek and Arab writers (see our Introduction),
and finally proved algebraically in a section called On the origin of the con-
struction of the preceding problem. Here follows a paraphrase of the “arith-
metical” and of the “geometrical” demonstration in the case of x2 = ax + 4,
Stevin’s “first difference”, example x2 = 4x + 12, solution: x = 6.
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appellons pas Differences, en refpeé des operations;
car comme nous difons , Poperation eften toutes la
mefine; mais en refpect des' diuerfitez, de la difpofi-
tion des quantitez, du {eeond terme donné,

PREMIERE DIFFERENCE DE
SECOND TERME O~ (.

Explication du domné. Soient donnez trois termes
felon le probleme tels: ‘le prémier 1 3, lefecond 4 ®
—- 12, lewroificfine 1 D.  Explicationdurequis. 1l fauc

+ wouuer leur quatriefie terme proportioncl.

Constraition.

‘Lamoidede 4 (des4 @) eft : 2
Son quarré ’ ‘ 4
Au mefme aioufté le © donné quieft a2
Donne fomme ' 16
Sa racine quarrée .

Ala mefme aioufté 2 premier en I'ordre faict 9

Iedi que 6 eftle quatriefine terme proportionel requis.
Deinonflration Arithmetigue. Puis que nousdifons 1 @
valoir 6, doncques par le 66 probleme, 1 @ vaudra
36, & 4 @~ 12 vaudront aufli 36; Parquoi mettons
foubs chafcun terme favaleur en cefte forte:

1. 4O+ 12, 1(®. 6.
36. 36.. 6. 6.

Et appert que 6 eft leur quatriefine terme pro-
portionel.

Given x2 = ax. + b (x2 = 4x + 12). To find x.

2 . .
Construction. Ta.ke% (= 2), square it: a: (=4,add b toit:

‘a
‘; + & (= 16), take the square root: V% + & (= 4), to this add

S (= s i
— + 4—+b( 6). This is x.
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Autredemoniiration geometrique.
Soitdefcriptle quarré A B C D, denotant 1 (3); donc-

ues fon cofté B C (lequel prouucrons valoir 6, dla
n de lademonttration) fera 1 ®, car multipliant 1 @
: en {oi,fai® 1 . Puis
A G E B foitmenéelaligne EF,
parallele avec A D, &
foit AE 4; Ergole re-
. &angle A F (veu que
1 H ADeft 1 @) ferag (@,
Or puis que tout le
K quarré A B C D, qui
eft1®,cftegald 4 ©
-+ 12,& quele re¢tan-
gle AFfai@ 4 ©,lere-
D F C  Q&angle E Cfera 1..
Doncques les trois ter-
mes donnez en nombres, nous les auons ici en gran-
deurs, 4 fcaucit ABCD 1 ®,egaled AF 4 ®+EC
12;Et BCeftla 1 @). Or faifons maintenant la con-
ftruction par ces grandeurs, femblable i Ia precedente
des nombtes eft cefte forte:
Lamoitiede A E4,qui¢t G Ecft 2
Son quart¢ GEHI _ 4
Au melmeaiouftele @ donné ceftadire EC 12
Déne fomme,pour le gnomon HIGBCF, ou pour
lequarré G BK L (qui eft egal audiét gnomon) 16
Saracine BK
A lamefmeaioufté G E 2 premier enl'ordre,ou
enfonlicu KC (car K Ceftegal 4 G E)faict
pour B C 6
Cequil falloit demonftrer.

Other demonstration, a geomelrical one. Let square ABCD be x2, hence.side
BC = x (which will be shown to be equal to 6). Draw EF parallel to AD, let AE
be 4 (= 4). Hence rectangle AF = ax, and rectangle EC = x2 — ax
—ax + b—ax = b (b = 12). Hence x2, ax, and b are each represented by

. I :
areas, and x by a line. Now construct GE :% AE = -a (= 2); area ‘square

GEHI = L 42 (= 4). Add to this EC = 4 (= 12). Then gnomon HIGBCF =
N 4 T
square GBKL = }42 + b (= 16). Then BK = V% a2 + b (=4). Addto

this GE = %d:KC.ThenBC:%a-{-%a? + b = x
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NorTA. Le quatriefme terme proportionel vient
aucunefois a nombre Arithmetique incommenfura-
ble, duquel nous metterons deux exemples.
~ Soientpremietement les trois termes , defquels on
requicrt le quatriefine proportionel, tels: le premier
12, lefecond 6 @ + 3, le trofiefme 1 @.

Construltion.

Lamoitiede 6 (des 6 @) eft 3
Son quarré 9
Au mefmeaiouftele @ donné guieft 3
Donne fomme 12
Saracine quarrée Va2
A lamefmeaioufte 3 premier en ordre, faick

pour folution AMi2+3

Soient au fecond les trois termes defquels on re-
quicrt le quatriefme proportionel'tels : le premier 1 @),

lefecond 4/8 X @ le troifiefme 4/ 3.

- Construction. :
Lamoitieden/S(dea/Sx ®)eft 2
Son quarré 2
Au mefme aioufte le @ donné, quieft V3
Donne fomme : 2443
Saracine quarrée b2+
A lamefieaioufte 4/ 2 premieren lordre,

faict pour folution 244/ bino. 2+ /3

Seconde maniere de confiruition.

Autre maniere d'operation y a il, laquelle demon-
ftrerons en toutes les trois differences, aufi la mefing;
parlaquelleil ne fera meftier de conuertir parlaz rei-
gle de reduction le nombre de multitude de @, en

. This is the construction given by Al-Khwarizmi, see the Introduction. A “gnomon”

is the L shaped figure which remains when from a square, e.g. ABCD, a‘smaller
square, e.g. GBKL is cut out (squares may be replaced by rectangles or parallel-
ograms). The term appears in Euclid’s Elements 11, Def. 11. See T. L, Heath,

Manual, l.c. footn. 12) of our Introduction, pp. 44-45.
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yué. Etcelui qui voudra fuiure cefte reigle euitera
aucunefois les rompuz,, qui procedent de telle re-
du&ion.

Soient par exemple les trois termes, defquels onre-
" quiert lequatriefme proportionel, tels: le premier 3 3;
le fecond 8 @ ~+ 16, le troifiefme 1 (.

Conitrultion.

Lamoitiede 8 (des 8 (D) eft ; 4
Son quarré 16
Au mefme aioufte le produict de 3 (des 3 @)par .

le @ donn¢, quieft 48
Donne fomme 64
Saracine quarrée 8
A lame(me aioufte 4 premier en Pordre.faict 2
Qui diuifé par 3 (des 3 @) donne quotient & fo-

lution 4

DEVXIESME DIFFERENCE,
DPE SEGOND TERME — (DO~ @.

Explication dudonné. Soient donnez trois termes fe-

- lon le probleme tels: le premier 1 @), le fecond —6 @

~~ 16,le wroifieline 1 @. Explicationdu requis. 11 faut
trouuer leur quatriefine terme proportionel.

Construction.
Lamoitie de — 6 (des — 6 D) eft” —3
Son quarté (car — 3 par— 3 fai& —+9) eft 9
Au mefine aiouftele © donné, qui eft 16
Donne fomme 2

. Saracine quarrée ‘ )
- Ala mefme aioufte — 3 premieren ordre, fait 2

Stevin's examples are: for case 1): x2 = 4x 4 12; x = 6; x2 = 6x + 3;

x=+412 4+ 3; 22 = xv/8 + V3,x= V2 + V2+ +/ 3 (there is a mis-

print 2 for \/23; 3x2 = 8x + 16; x = 4. In this last example a “second
way of construction” is shown, in which the two members of the equation are not
AN
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Ie di que 2 eftle quatrielme terme proportionel requis.
DemonStration Arithmetique. Puis que nous dilons

1 © valoir 2, ergo par le 66 probleme 1 @ vaudra 4, &

— 6 @ ~+ 16 vaudront auffi 4, Mettons doncques

foubs chafcun terme fa valeur en cefte forte :

1. —6®+16. 1 ®. 2.
4. 4. , 2. 2.,

Et appert que2 eft lear quatric(me terine propor-
tionel requis. ’

Autre demonfiration Geometrique.

H G I Soitdefcript lequarré A B-
' C D, denotant 1 3, ergo
foncofté A B ( lequel prou-
uerons valoir2ala fin dela
D —IF  demonftration) fera 1 @.
Puis foit produicte la ligne
] AB,enE,quifoit BE,& de
A B E BE,&BC,foit defcript le
re¢tangle BEFC, & {em-
blablement foit produi@ B C.en G, & foit CG 3,&
de C G, & C D, foit defcript le re@tangle DCGH,
Ergolerectangle BEF C, (veu que EBeft3, & BC
1(D)fera3 ®. Et femblablement fera le reGangle
CDGH 3®. Or puisque lequarr¢e ABCD 13,
eft egal 2 — 6 -+ 16,& quelesdenx reGangles CE,
C H font 6 . fenfuit que le gnomon CFEAHG,
fera16. Doncques les trois termes donnez en nom-
bres nous les auésici en grandeurs; 4 fauor ABCD

1@, egalea~CECH6@+CFEAHG 16; Et

first divided by 3. This second way amounts to the use of the formula

a 2
x2 = — 6x + 16; x = 2;'4x2 = — 4x + 24; x = 2. The last example admits
of some variations of the previous formula: '

x = x_%p_’i:]/i"_'_ aq % , if ax2 = px 4 g¢. Case 2) is illustrated by
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ABeftla1 @. Orfaifons maintenant laconftruétion

ar ces grandeurs,femblable 4 Ia precedente des nom-
ﬁrcs en cefte forte:
La moitie des deux lignes FC, & C G, qui foit

FCell —3

'~ Son quarr¢ CF1G ,
.Au mefine aioufté le @ donné, c'cft 4 direlegno-

mon CFEAHG 16
Donne fomme pour lequarré¢ A ETH 25
SaracineAE
A lamefme aiouft¢ — F C 3 premierenlordre,

ouenfon lien— B E 3, faict pour A B 2

Ce qu'il faloit demonttrer.
Seconde maniere de constraition, qui eft (ans
conuertir le nombre de mulsitude de-
@ en vnité.
Soientles trois termes, defquels on requiert le qua=
triefime proportionel, tels : le premier 4 @, le fecond
— 4 ® - 24, le woifiefme 1 .

_ Confiraition.
Lamoitie de — 4 (des— 4 @) eft —_z-
Son quarré
Au mefmeaioufté le produict de 4 (des 4 @) par

. le@donné,quielt , 96
Donne fomme » 100
Sa racine quarré io

A lamefie aioufté — 2 premier en Pordre,fai 8
Qui diuifé par 4 (des 4 (®) donne quotient & {o-
lution ' 2
Etencore pourroiton par Forigine des conftructions
de ce probleme(laquelle origine nous defcriprons der-

6o1

a4y

* = Yal2Va

fl/‘sa TR (2fa V(ﬁ:) e

(Stevin forgets in the “Autrement” to square his p/2¢/2 (= '1). Case 3) is
= 6x — 5, x =.1, x = 5; both roots are accepted since they
are positive. Special attention is paid to the equation x2 = 12x — 36, x = 6,
which we consider an equation with a double root, but for Stevin it is just one
root instead of two, to be found in the same way as all others by the general rule.

illustrated by x2
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tierete probleme) former beaucoup d’autres reigles,

des mefmes conftru&tions,& viendroient toutes a vne
- mefime folution. Nous en donncrons deux fur la que-

ftion precedente (qui fe peurroit aufli appliquer tantd

la ditfgrence precedentc,qu’ala fuinante)en cefte forte:

Lamoitiede — 4 (des— 4 ®) eft —2
Son quarré 4, qui diuif¢ par 4 (des 4 ) donne
quotient 1
Au mefime aioufte le (© donné, qui eft 24,donne
fomme 2§
Saracine quarrée §
De la mefme foubftraic laracine de 1, fecond eri
Pordre,qui ett 1, refte 4
Qui diuifé parla racine de 4 (des 4 @) quieft par
2,donne quotient & folution commedeflus - 2
«Autrement.
Racinede 4 (des 4 @)eft 2; fon donble 4,parle
- mefme diuilé 4 (des 4 ©) donne quotient 1,
Aumefme aioufte le @ donné,quielt 24,donne
fomme 2§
Saracine quarrée 5
De la mefme foubftraict la racine de 1,fecond en
lordre,quieft 1, refte 4

Qui divif€ par la racine de 4 (des 4 (@) qui eft par
2, donne quotient & folution comme deflus 2
Maisla premiere de ces trois conftructionseft la plus
commode pour cuiter computations radicales,qui fe
rencontrent fouuentesfois en la deuxiefme & troifief=
me maniere, leiquelles nous mettons, plus pour rendre
notoire les caufes (qui par Porigine apparoifteront)
qu'autrement.

As he explains in Nota I: though some call this an exceptional case, it is only an-
other application of the general rule. In Noza II Stevin explains how reasonable
the case of two roots can be: if it is asked to divide 6 into two parts of product 8,
then both roots 4 and 2 are solutions.
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TROISIESME DIFFERENCE
DE SECOND TERME D—(@©.

Explication du donné. Soient donnez trois termes
felonle probleme tels : le premier 1 3, le fecond 6 (7)

— §,letoifielme 1 @. Explication du requis. 1l fanr
trouuer leur quatriefine terme proportionel. .

Confiruction.

Lamoitiede 6 (des 6 @) eft 3
Son quarré : 9
Aume{meaiouftéle® donné,quieft —5
Donne fomme 4
Sa racine quarrée _ o2
A la mefmeaioufte 3 premierenlordre,faict .

- pour maieure folution 5

Quautrement foubftraict ledict »..de 3 premjeren
T'ordre(ce quiett le propre de cefte troiffefime
difterence, dont la raifon fera manifefte,par l'oz
rigine dé ces conftiuGions fuivantes)refte pour
moindre folution 1
Iedi que & 5 & 1 cft le quatriefme terme proportio-
nel requis. Demonftration Arithmetique. Puis que nous
difons 1 ( valoir §; erge parle 66 probleme, 1 @) vau-
.draa§,&les 6 ® — § vaudronraufli » §;Mettés donc-
ques foubs chafcun terme fa valeur en cefte foree:

1@ 60=5 10

S "
2§. 25, . 5- 5.

Et appertque 5 eft leur quatricﬁ‘nc.-tcrme propor-

tionel requis,

603
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Mais que a folution 1 eft auffi veritable, fe demon.
ftre par mefme maniere. Mettons foubs chaftun ter-
me {2 valeur en cefte forte :

1. 6@D—jg. 1@, 1.

I. 1. I. 1,

Et appert que 1 eft leur quattiefime terme propor-
tionel requis. ’

Autre demonfFrasion Geomesrique.

- Ef” F Soit defeript le
A p quaré ABCD,de-
notant 1 (3,ergofon
M cofté A D (lequel -

GL H * prouuerons valoir. §
alafin de la demon-
ftration ) fera 1 .

K L Puis foit produict la

N ligne D A,en E, &
D J C forctoutelaDE6,&
I de AE, & AB, foit

defcriptle rec¢tangle
A EFB,ergolere@tangle DEF C (veuque DEeft 6,
&D C1®)fera 6 ®: Orpuisquelequarte ABCD,
qui cft 1 @, eft egald 6 ©— 5,8 que le rectangle -
D EFC faic 6 ©), ergole rectangle A F fera 5. Donc-
ques les trois termes donnez en nombres nous les
auons ici en'grandeurs,  (Gauoir A B CD1(®, cgale
aDF6@®—AFj; EtADeftlar (®. Ot faifons
maintenant la conftruction par ces grandeurs,fembla-
blea laprecedente des nomgres en cefte forte:
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Lamoitiede E D 6, qui foit G D, fera 3
Sonquarré GHID

Au mefme aioufté le — ¢ donné, cett 4 dire
moins le gnomon K L 1D G M, qui foit egal

auretangle AF —_
Donnefomme pour lequarre M HL K 4
SaracineM Kou G N eft 2

A Jamefine aioufté G D 3 premier enl'ordre,ou en
fonlicu GE 3, fai® pour NE . Mais AD cft
egaled N E (lequel fe prouue, foubftrahant A D
sde ED 6, refte AE 1, qui multiplié par AB
5, donne fon vrai produié §) fai¢t doncques

. pour AD 5
Cequ'il falloitdemonftrer.  Mais que la folution
1 eft aufli veritable (e

E F deméftre geometrique-
mentainfi: Soit defcripe
le quarr¢ ABCD, de-
notant 1 (2),ergo fon co-
ft¢ A D, (lequel nous
prouuerons valoir 14 la

~ findela demonttration)
: fera 1 (©. Puis foit pro-

G duiétD A enE, & foit

toutela D E 6, & de

AE,& AB, {oitdefcript

lerectangle AEF B; Er-

AL B g 8oleredtangle DEFC

DCi1®)feraé . Or
puis que le quarr¢ ABC
D C I D,quieft1@,eftegald

(veu que DE eft 6 &
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6 ®— 5,8 quelere@angle DEF Cfaick 6 Osergole

rectangle A F fera s.Doncques les trois termes donnez
en nombres,nous les auons ici en grandeurs, 4 fcauoi
ABCD1(®, egale ADEFC6@®—AF;s; EtAD
eftla1 @. Or faifons maintenant la conftruction par
ces grandears, femblable 4 la precedente des nombres
en cefte forte :

La moitiede ED 6, qui foit G D fera 3
' 9

SonquarréGHID
Au mefine aiouftele — § donné,ceft a dire moins

legnomon B KID G M,qui foitegalau rectan-

Somme pourlequarre MHK B 4

SaracineM Bou G Aeft 2

La mefine foubftrai& de G D 3,premicr en Pordre
reftepour A D I

Ce qu'il falloit demonftrer

NoTa 1. QuantiPexception quancuns fonten
cefte troifiefine difference ce ne doibt (3 mon auis)
point eftre d’exception; veuque nous venons au vrai
requis par generalereigle, & par vne mefme manicre.
Prenons pour exemple, que les trois termes, defquels
on requicrt le quatrie(me proportionei foient tels: le
prémier 1 (3, lefecond 12 ©— 36, le troifiefme 1 @,
& faifons en operation, femblable 4 la precedente en
cefbe lorte : ’ :

Lamoitie de 12 (des12 @)eft N6
Son quarré o 36
Au mefine aioufté le @ donne, qui eft — 36

Donne fomme o

Satacine quarrée : ' o
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Ala mefmeaioufté 6 premieren Pordre fai& pour
premiere folution 3

Ou autrement o cincquiefme en Fordre foub-

ftraiGkde 6 premier en Pordre, reftera pour fe-
conde folution , _ 6
Etappert quecelui qui foiuerala generale reigle, ne fe-
ra enrien deceu. : :
~ NoTta 2. Quelquvn pourroit doubter,que veult
fignifier la double folution de cefte woifiefme differen-
ce(qui fe peurient rencontrer,cOMME en aucuns exem-
les {uiitians en fix dinerfes fortes) & comment Fvne &
F’autre pourra eftre bonne. Or combien que ceciappa-

roiftra aflez en diverfes exemples d'algebre fuiuans;

Toutesfois pour ceux qui ce pendant pouroient eftre
en doubte,nous en dirons;ici quelque chofe. Pofons le
cas, qu'il y a propol€ de partir 6 en deux partiestelles,
que leur produict foit 8. Ontrouuera par la premiere
maniere que P'vne nomibre requis fera 4, & par Pautre
maniere, fe trouuera 2. Mais que I'vn & l'autre folu-
tion foit bonne, & manifefte. Car fi on dict quel'vn
nombre eft 4, doncques foubftraict 4 de 6,refte 2 pour
Pautre nombre, lefquels 4 & 2 donnent produié felon
le requis 8, On fion di& par la feconde maniere que
Pvn nombreeft 2, ergo-foubftraict 2 de Grefte 4 pour
I'autre nombre, lefquels 2 & 4 donnentle mefine pro-
dui@ requis 8. Encefte queftion doncques & fembla-
bles voit onlvfage decefte double {olurion.

Nota 3. Nouspourrions donner exemplesenla
{econde & trotficlime ditference, la ou fe rencontrent
nombres radicanx ,comme nous auons faict 4 la prece-
dente premiere difference; Mais venque T'operation
eft en toutes trois la mefme, comme il appert, &
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comme nous auons promis d’exhiber au commence-
ment de ce probleme, il ne fera pointde meftier.

DE LORIGINE DELA CON-
STRVCTION DV PRECEDENT LXVIIL
PROBLEME.

Nous auons amplement fait aux conftrutions
precedentes leurs demonftrations tant Geometriques,
«qu’ Arithmetiques; Mais encore n'eft pas notoire, par
icelles Poccafion quia fai€ inuentera Mahomet telle
reigle. A fin doncques que la chofe foit entendue par-
faictement nous la declarerons par fes caufes comme
fenfuit. . _ .

Quand @eft egaled O ©, nous la pouuons redui=
reen O, egaled @, & alorseft la valeurde 1 ®no-
toire par le precedent 67 probleme, & de.telleredu-
&ion,eft colligéela maniere de ladi&te conitruction
commeapparoiftra. Soit parexemple:

1 @Degalea — 6O+ 16,

Qui font le prémier & fecond terme, de la premiere
conftruion,de la feconde ditference; Et aiouftons 4
chafque partie 6 @, & fcront

: - 1@+ 6Degalesd 16,

Refte maintenant de trouuer quelque@, qui aiou-
fi¢ 4 1 @+ 6 D,que tel trinomie aie racine, qui {oit 1’
©—+quelque©. Or pour trouuer tel nombre, il ne
faut que multiplier la moitie de 6 (des 6 ®) qui eft 3,
en foi faiét 9, & on I'aura (la raifon pourquoi le quar--
ré de la moitie du nombre de @, eft toufioursle @,
qu’il faut aioufter 4 tel binomie, eft par cela manifefte,
que le produict du nombre de @),qui eft ici vnité,mul-

Stevin shows how Al-Khwarirmi found the method to solve the quadratic
equation, namely by completing the square. Though negative solutions are not
admitted, negative numbers are used as elsewhere in L’Arithmétique: the
equation x2 = 6x — 5 is written x2 — 6x = — 5, then x2 — 6x + 9 = 4,
hence x — 3 = 2and — x + 3 = 2, 0or x = 5 and x = 1. The case
that the coefficient of x2 is not unity is also discussed.
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tiplié parle ), eft toufiours egal au quarré dela moitic
du nombre de ; Etqui encore veut{gauoir pourquoi
tel produi eft toufiours egal au quarté,de la moitie
du nombre de ®; Qil multiplie 1 @+ quelque©,
en foi; & facilement verra la caufe, es nombrespro-
cedans de Poperation de telle multiplication) Aiouftos
doncques 9, 4 chaftune des egales parties,& feront

1@+ 6 @D+ 9,egalesd 25, -
- Puis extrahons de chafque partie racine quarrée, &
feront: ‘
. 1@+ 3,egalesd .
Puis foubftrahons d¢ chafcune partie 3, & fera -
1 Degale, ouvaudra pour folution 2.

Et par ceftc maniere, nous pourrions {oluer tous
femblables exemples;Mais d fin que telle inuention de
valeur de 1 @, foit plus’ commode onl'a redige en
ordre, & on en a fai& vne reigle;confiderant d’ou nous
procede tel 2, valeur de 1 ©, & nous voions aperte=
ment, qu'on aioufte toufiours le quarré du nombre de
@®,2u @, & que nousextrahons de la fomme racine
quarrée, & que de telleracine,on foubftraiétencore la
moitie du nombre de @, & pourtant eftce,qu'on dap-

“pliqué ces chofes ainfi en reigle de lagi&cv con-
ftruétion. - _ .

Quant 4 l'origine dela feconde conftruction, quil
y aen chafcune ditference, elle eft femblablea la pre-
cedente. ‘Soient parexemple 4 @,egalesd —4 O
24, qui font le premier & fecond terme de lafeconde
conftruction, de la feconde difference; Er aiouftons 4
chafcune partie 4 ©,& {eront

4@+ 4 ®,cgalesd 24, :
Refte inaintenant de trouuer quelque @,qui aioufté
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3 4@+ 4 @; le winomie aie racine, qui oit ©
quelque@®. ,

Or pour le trouuer, il ne faut que multiplier la moi- -
ticde 4 (des 4 ) quieft 2, en {oi, faict 4, & diuifer le
melme par 4 (des 4 @) donne c}uoticnt 1, pour tet
nombre requis:la raifon pourquoi ['on trouue tel nomn-
bre toufioursainfi,eft notoire par ce que nous en auons
dit ci deffus. Aiouftons doncques 4 chafcune partie 1
& feront '

4D+ 4O+ 1,egalesdag.
Puis extrahons de chafque partie racine quarrée,

& feront
' 2(D+1,egales a 5. ,
Puis foubftrahons de cﬁafque partie 1,& feront
2(D,egalesa 4° . ,
~ Diuifantdoncques 4 par 2 (des 2 D) on auralava-
leur de 1 (@,qui fera 2;Ecappert que de cefte operation
eft colligée la reigle de Pun des exemples de ladicke

. deuxiefme difference.

Item fi lon confidere, que nombre de multitude de
® diuifé par le double de Ia racine du nombre de mul-
titude de (3, donne toufiours quotient @, duquel le
quarre aioufté au binomic; lui faict trinomie, aiant ra-
cine compofée de @) & @, onen colligera encore vne
autre maniere. : Co

.Etparleschofes deffus dictes eft affes notoire Fori-
gine desautres deux differences, toutesfois parce que:
nous auons dict, qu'en Forigine appert pourquoi la
troifiefime difference a deux folutions, nous la ?ieclai .
rerons. Soit 1 (3), egaled 6 D — §.qui lont le premier
& fecond terme del'exemple de la troifiefme differen-
ce, & foubftrahons de chafcune partie 6 (D, & fera
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1@—6®,egaled— §

* Refte maintenant de trouuer quelque @,qui aioufté

a1(®-— 6 @, le trinomie aie tacine qui foit 1 O'&

_ quelque ®, le mefine pour les raifons que deflus fera g

(4 fgauoir le quarré de — 3 moitie¢ de — 6 der — 6 @)
Aiouftons doncques a chafcune partie 9,& feront

: 1@®— 6@+ 9,egalesa 4. ‘
. Puis extrahons de chafcune partde racine quarrée,

& fera .
: 1(D—3,egaled 2.
ou autrement
~ 1 @~ 3,cgale a2,

* Carantant 1 ®— 3,comme—— 1 O -3, efk raci- .

ne de 1 ® — 6 @+ 9; quand doncques nois Pofons'
pour racine 1 O — 3 egaled 2, il faur aioufter a chaf-
cune partie 3 & 1 @ feraegale,on ‘vaudra 5. Mais fi
nous pofons pour racine — 1 (D4 3, egale d 2,il fau-
dra foubftraire de chafque partie 2, & reftera — 1 (®.
~+1,egaled o;Etaiouftant a chafcune parte 1 ®,alors
fera 1 (D egale ou vallant 1. Eteft lacaufede ladouble
folution,a ladi&te troifie(medifference par ces chofes
fi manifefte, qu'il et wefticrd’én fonner plusmor;
Laquelle origine il faloit declairer. Conclufion. Eftant
doncques donnez trois termes defquelsle premier 3

le fecond @ @ le troifiefroe nombre algebraique quel-

Conquft nous auons thlH]é leur quatricfmc terme Pl:0~
portionel; cequ'il falloit faire.
~ Nor a. Voila acheuéé l'inuention du quatriefine
terme proportionel iadis pradtifée par Mahomet.S’en-
fuiuent celles de fes fuccefleurs ; Maisauantquey ve-
nir. nous defcriprons quelque theoreme neceffaire a
_ leurs operations & demontftrations , que nous auons

611
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colligé du theoreme de Tartalia,defcript par. Cardane
chap. 6 liure AL e B.& formé fclon noftre guife, 3
noz demonftrations plus commode, comme fefuit.

~ -THEOREME. ’

\ 1 o coupe Ve ligne droiéZe ex liew quelcon-
que, le cube de toute la ligne, fera egal aux
dewx cubes , des parties, &/ trou o:?i-]&lz&
re&Zangle, contenw foubz_les dewx parties , ¢o*

toute la ligne. , .
Explicationdudonné. Soitlaligne droite A B cou-
péeouquece foiten C. Explication du requis. 11 fauc
: o demon-
B : F E firer que
: : le cube;
delaAB, -

eft Cfﬂ .

aux deux

cubes de

AC, &

I cB, &

_ troifoisle
folide re-
cangle ,
contena
foubs A -

|H /N C,&CB

Preparation de la demonitration.
Defcriuons dela ligne A B,le cube ADEB, qui

Here begins the theory of the cubic equation. It starts with the Theorem,
taken from Cardan, Ars magna, Ch. VI, and called after Tartaglia. It is the
identity (¢ + 5)3 + b3 + 3ab (4 + b), geometrically demonstrated
according to Cardan, by dividing up a cube AEDB by a plane CF parallel to square
BE, then by a plane GHI parallel to the base AK such that HB =-CB, and
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foit coupé par le plain CF, parallele au quarré BE, &
puis par le plain G H1, parallele 4 la bafe A K, & ainfi
que HB f{oitegale 3 CB, puis par le plain L N, paral-
lele au quarré A O, & ainfique HM foit egaledla
HB. Demonstration.

Toutes les parties font egales 4 leur tour,

Deux cubes de A C, & C B, & les trois reangles
contenuz fonbs AC,& C B,& A B,ou foubs leurs
egales fonttoutlecubede A B,

Ergo lefdictes parties font egales au cube de A B.

Laflomption fe prouue ainft; le cubede A Ceftce-
lui duquel le quarré eft L F, & le cube de'C B eft
C HN,& lestrois folides rectangles font L H, & N F,
& G C, (nousdenotons par G C, le folide re@tangle
confiftant foubs la fuperfice G C) lefquelles font les
parties integrantes du cube A E. Mais que lefdiéts
trois {olides reGtangles, font contenuz foubz trois lig-
nesegalesd A C, CB, & A B, fe demonftre ainfi: du
folide LHlaHOeftegaledlaAC.&HM,i1aBC,
& G H,ila A B, & femblable fera la demonftration
des deux autres folidesNF,& GC. - :

Lon pourroitencore prendre les trois {olides re@an
gles d"aultre forte que deflus;d {canoir LC, & HF,&
N LNous denotons par N1, le folide rectangle confi«
ftanc foubs la fupetfice N I, .

wApplication des nombres aux gran-
deurs ci deffus.
Soittoute la A B quelque nombre comme ro; &
A Cfoit8,&BC2,ergole cubede AC §12
Etlecube de CB 8
Ec le folide rectangle L H 160, fon triple pour les

finally by a plane LN parallel to the square AO such that HM = HB. Then
the cube AE is equal to the cube on LF (L is such that DL = DF) plus the
cube on CN 4 the three “solid rectangles” LH, NF and that on GC (hence if
AB is divided into AC = 4, CB = b, then cube AE = (# + 4)3 = 43 4 53
+ 3ab (4 + b)).
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-~ rois folides retangles o 480
Leur fomme : , . 1000
Egaleancubede ABioquieftaufli. = 1000

+_Conclyfion. Si doncqueson coupe vneligne droicte
en lieu quelconque, &c. ce qu'il falloit demonftrer.
: CoROLLAIRE L _
Happert, que le quarré A B;eft egal au quarté de
AC,aueclegnomon PO B A. -
o COROLLAIRE II. :
1l eft notire que le gnomonP O B A, eft egal au

(quarré deC B, & le double du produiét de A C,

& CB. v
' COROLLAIRE IIL

- 1l eft manifefte, que le nombre des trois folides re-

¢angles LH, NF, G C, eft egal aunombre de 6 quar- -
rez de A C,& 12 lignesde A C. Par exem lccies 6
quarrez de A C(veu que nous pofons A C 8)&1}; 3845
& 12 fois A C fai& 96,qui auec 384 faict 480: Eraufli

- font480le(dicks trois folides re€tangles.

COROLLAIRE 1111.
Heft enident,que lc,ﬁqmbrc ducubedelaligne A B,
éftegal au nombre ducubede A C, & de 6 quarrez de

A C,&de12lignes A C,& du cubede CB.

- Car, le nombre du cube de A By pofant pour

* Bio, & pourC B 2, comme deflus) eft 1006
‘Qui fera egal au nombre du cube de A C s12
Etde 6 quarrez,de AC " 384
Etder:lignes AC ' ’ 96

Etducube,dé CB ' ' 8
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Defquelsla fommeeft aufi , 1000
COROLLAIRE V. .

Ilappert, quele quarré de A B, excede auquarré de
AC,0uPG, au gnomon PO B A, d'ou fenfuit que
fix quarrez de ABjexcedent fix quarez de AC, en
fixgnomonsP O BA, &c.

PROBI_EME. LXIX,

E Stant donnex_tross termes, defg wels le pre-

mier @ , l fecond ® ©,l trozf eme nom-
bré 4{geémtque quelconque: Trouuer leur qm—-
trie(me terme proporttonel

O+ NoTa. Le binomie dufecond ter-
—®-+@ medonnédece probleme; fe peut ren-
®—@ contrer entrois differences, d fcauoir:
Lelquellestrois differences nous de-
clairerons fepareement. :

'PREMIERE DIFFERENCE DE
. SECOND TERME ®+@

Explicationdudonié. Soientdonnez trois termes fe-
lonle probleme tels: le premier 1 ®,lefecond 6 @+
40,letroifiefme 1 @. Explication du requis.1l fauttrou-
‘uer leur quatriefme terme proportionel.

Constraition.
I.e quarré dela moitie de 46 donné eft 400
Du mefme foubftraict le cube de 2 (ticrsde 6 de
6 ®) quicft 8 refte 392,fa racine 4/ 392, qui

Prob. LXIX. This is the solution of the cubic equation of the form x3 =
px + ¢, with the three cases (“differences”): 1) x3 = ax + b,
2) x8 = — ax + b, 3) x3 = ax — b (a, b positive, similar to the three cases
in the theory of the quadratic equation). There is no announcement that
only one comprehensive solution for all cases will be given — this had to wait
until the eighteenth and the nineteenth century. In case 1) the solution is in the
form

T VT

An example is x3 = 6x + 40, x = ]/.-20 +}/392 +1/20— }/59—2
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aiouftée & 20, moitic dés 40 donnez ,
faict o 20+4/392
Saracine cubiqueeft & B bino. 20+ 4/ 392
A laquelleaioufté fon refpondant binomie o
dificiné comme - / Qbino. 20—/ 392
Donne fomme & Qbino.204+4/392 + 4/

@ bino. 10— 4/ 392 .
Laquelle ie di eftre le quatriefme terme proportionl
requis. Demonslyation Arithmetique. Sila conuerfion du

‘muldriomie de cefte folution en nombre Arih. fuft Je-

gitimemér inuentée (quand il fera poffible cémeici)ce
{eroit finguliere inuention, feruant aurant aux proble-
mes {uitians, comme d ceftui ci; &.le trouuerions va.

loir 4, parlequel nous pouuons faire demonftration 5

mettant foubs chafcun, terme ‘fz valeur en cefte forte:

13. 6O 440. 1®. . 4

64. 64. - 4 4.

Et appert que 4 eft leur quatriefne terme pro
portionel. - )

Quant 4 I'addition, que nousauons di&t generale,
parle motendu theoreme du 24 probleme;d fauoir
quemultipliant le quorient des deux racines-cubiques
plusvn, parle divifeur; Elle ne nous faille en rien;mais
patce que les parties font incommenfurables, a1a fin
nous reuiennent les mefines deux racines cubiques
‘des binomies donnez. o

Preparationdantre demonstration
' . Geometrique.
Soicatala figure du theoreme deuant ce 69 proble-
me felon la precedente operation , deux cubes L F 20

If x

# + v, then Stevin knows that » + » = 4, but has no way of
reducing # and » so as to obtain 4 (though, as he observes a little later on
in the book,-he can approximate to 4 as closely as he likes by evaluating the square’
and cube roots). He proves the answer, as in the case of the quadratic equations,
first by direct substitution of x = 4 in the equation (“arithmetical demon-
stration”), then by using Tartaglia’s theorem on the division of a cube into
sections (“geometrical demonstration’). This amounts to the following:

since 43 + 93 = 20 44/392 + 20 —/392 = 40, and #v = B-40 — 392 = 2,

x8 = u8 + v3 + 3uv (# 4+ v) = 40 + 6x. A second example is
© 13 = 3
x3 = 12x+46,‘x: VS-F,\/O‘I'VS + 0—=4
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447392, & CHN 20 —4#/392,leur fommeeft 405
& leur produic 8; Doncqueslecofté DF,ou AC, faict

. &/ Qlino. 2044/ 392, & le cofté CB,fai&k 4/ B bi-
no. 20— 4/ 391, lefquels deux coftez AC,& C B,
aiouftez;font pour lé cofté AB;du cube A E,+/ 3) birio.
2044/ 392+ 4 @ bino. 20— 4/ 392. 1l faurde-.
monftrer; que tout le cube'A E vaudra 6 @ ~+ 40, qui
eftanc fai& nous aurons le réjuis; car {i on demonftre
quele cibe qui et AE, de 1 @ AB &/ Q) bimo. 20

-+ 392 4 Qbino. 10—/ 3gi,vaut6 ® =+ 40;
Doncques on conclurd pat la renuerfe raifon que du
cubé AE6 ®—+40,1a1 ®AB vaudia4” @ bino. 20 -
44/ 392 4B bino. 26 — 4/ 392, & par confe-
quent 1 @ .vallant 6 ® -+ 40,qu’alors 1 @ vaudra /
Q@ bino.20+4 o/ 393+ &/ B bino. 20—/ 392.
Démonistration. ‘Le produiét de AC 4/ Q) bino. 10~
& 392;pat CB 4/ 3 bino. 20 — 4/ 392.eft (par le 40
probleme) 2, pourr la fuperfice G.C, parquoi la fuper-.
fice M O feraauffi 2 qui multipliée par t © G H (car
G Heftegaled 1 @ A B) donne prdgui& pour le foli
de re&ingle LH 2 @, & femblablement feront les
deux folides redngles N F;& G C,auffi chafeun 2 ®,
& tous trois enfemble feront 6 @). Item les deux cubes
L F, 8 CHN (vei queleuts coftez font comme def~
fiis)font enfemble 40;doncqués tout le cube AE, faict
6 D 40; Etgo, &ci ce quil falloit demonftrer. . .
Norta. llauient aucuncfoisque lesracines cubi-
ques deFoperation vallent nombre Arithmetique,def-
quels Poperation peut eftrela mefine.comme deflus.
Parexemple 1 Q) vaut12 @ 16, & on requiert la -
Valcut de I @a .

There is an “imperfection” for certain cases, which Bombelli has solved with
his plus de moins and moins de moins, in our notation + 4/ — 1=+ iand
—4/— 1 = — i. (This is the so-called casws irreducibilis, where

5\2 3 :
(_b_> < (f.) ). Stevin's example-is x3 = 30x 4+ 36, x = B 184 264

2 3 . . ‘

-+ B-18 — 26;; Stevin writes for 26i: “4 de — 26”’; and for — 26;: “— de — 26”.
He then writes: ‘ .

“Now, if by means of the numbers of this solution we would know how
to approximate infinitely closely to 6 (because that is precisely their value),
as is done with the numbers of the solution of the previous example, then
certainly this. solution would be in the desired perfection. Cardan also
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Constraition.
Le quarré de lamoitic de 16 donné, eft 64; du
“mefime foubfiraict le cube de4 (tersde 12
des 12 (D)qui eft 64,refte o,fa sacine 4/0,qui
aiouftéed 8, moitiede 16 donné, fai&t 8+
+/ofaracine cubiqueelt &/ Qbino. 840
A laquelle aioufté fon refpondant binomie
dificin& comme v Qbino. 8 —4/0
Donne fomme pour folution -~ 4/ @) bino. 8 +
Ao+ 4/ Bbino.8+4/0. ‘ _
Qui vaut 4. Et ainfi d’autres femblables.” Nous appel- -
Jons ceci racine cubique de binomie, non pas que ve-
ritablement il le (oir;Mais a fin de demontftrer la gene-
ralité de Pordre de la conftruétion, Cefte note foit aufli
pour auertiffement aux problemes fuinans.la ou le
femblable poutroit auenir; Car de defcripre diuerfes
reigles (comme fontaucuns) de cequi fe peut faire par
vne reigle generale, il femble inutile. '

DE LIMPERFECTION QVIL Y A
EN CESTE PREMIERE _nxnr.nwca;

1l auienten aucuns exemples de cefte difference,que
le quarré de la moitie du © donné, fera moindre que
le cube du tiers du nombre de mulutude de @ donnée;
D’ou fenfuit que le mefme cube, ne fe. pourra foub-
ftraire d'iceliy quarré, comme veut la reigle dela pre-
cedente conftruétion; de forte que cefte premiere dif=
ference: ( enfemble aucuns exemples des problemes
fuivans, qui fe conuertiffent en icelle) eft encoreim-
patfaicte. Rafael Bombelle la folue par diction de
pls de moins & moins de moins en cefte (grte: Seient les

puts some cxamples in his Aliza *) pertaining to this matter, but not
general ones, so to say feeling his way, by which after much work one can
often get nowhere. As to myself, I consider it useless to present here
similar examples. The reason is that what cannot be found by means of
a certain rule seems unworthy to take a place between legitimate pro-
positions. On the other hand, if same problem can be solved in this way,
then Good Luck deserves as much credit for it as he who carries it through.
Thirdly, there are enough legitimate things, to wit an infinite amount, to

"y De Alizaregula, 111 pp., in Cardan’s Opus novum, Basiliae, 1570; the term Aliza
appears already in the Ars magna, £.31 v., also in connection with the casus irreducibilss.
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trois termes doanez, defquels on requiert, le quatrie(-
me proportionel, tels: le premier 1 (), lefecond 30 ®
=+ 36, le troifiefme 1 @,

- Construition ]érixlvlaélc a laprecedente.

Lequarrédelamoitiede 36 donnéeft 324
Du mefine foubftraict le cube de 10 (tiers de '

" 30des 30 @ données) quieft 1000, refte

+ —67 6,faracine 4~ de — 26,quiaioufté

4 18, moitie des 36 faict 18—+de—26
Saracine cubique - Q@ bing. 18 4~ de— 26
A laquelle aioufté fon refpondant binomie e

‘dificint,comme  * 4/ Q) bino. 18 —de — 26

Donne fomme& folution «/ 3 bino. 1 8 4-de— 26
-+ ¢ @ bino.18 —de—126. - .
O fi parles nombres de cefte folution,Fon fceuft ap-
procherinfinement 4 6 (car ils vallent precifement au-
tant) comme on fai& par les nombres de la fol ution,
du precedent premier exemple, certes cefte difference
feroitenfa deEréc parfection. ‘
Cardane metauflien fon dlizg quelques exemples,
feruans 4 cefte matiere, mais pas gencraux »ainsa ta-
ftons, par lefquels apres grand trauail, on ne peut fou-
uentesfois rien effe¢tucr. Quant d moi, i'eftime inuu-
ledeneferipreici de femblables; La raifon eft,que ce
qui ne {e peut trouuer par certaine reigle,femblo indi-
gne: d’auoir lieu entre les propofitionslegitimes.D*au-
tre part, que de ce qui fe E)lue en telle maniere, la For-
tune - enmerite autant d’honneur, comme I'sfficient.
Au ders, quiily a-affez de matiere legitime, voire en
infini, pour fen exercer, fans foccu per, & perdre le
temps, en les incertaines: pourtant nousles paflerons

work on without any need to get busy, and to lose time, on uncertainties;
therefore we shall let it alone. Those who like such examples can do with
them what they please.”

It may be noted that by the theorems of De Moivre and Euler, discovered
in the 18th century, Stevin’s criticism; that Bombelli’s expression of the roots in
terms of imaginaries could not provide us with an approximation to the real roots,

; —_— — o o o

has been met. In our particular case B 18 + 26; =4/10 (cos 5 + 7 sin 5 ),
13 o — 2 i

tan ¢ = -2 (a <C90°), hence the root x = v//10 cos 3

In “On the origin of this difference” Stevin shows in a geometrical way how
AY
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outre. Ceux aufquels plairont tels exemples, ils en
pourront faire dleurplaifir. -
DE LORIGINE DE CESTE
. PREMIERE DIFFERENCE
Leorigine de la precedente conftruction apparoiftd
1a figure du theoreme deuant ce 69 probleme en cefte
forte: Veu qu'ily a propofé, que 13 quifoit A E, eft
Egale 46 O+ 40, & que l'on defire fgauoir la valeur
le 1 @ A B, nous diftribuons ces deux parties, comme
6,8 40,3 les parties integrantes du cube A E,&
pofons que les deux cubes comme L F, & C H N,font
40, & que les trois folides re&tangles comme L H.NF,

"G C fontles 6 @; Doncques chafque folide rectangle

fera 2 (); 4 {Gauoir la tierce part des 6 @; Mais la lon-

. geur de chafque folide retangle eft 1 (D,4 fgauoirle

cofté ducube A E : Diuifé doncquesle folide 2 @,gar

- foncofté 1(2), donne quotient 2, pour vne fuperfice

comme A P. Eftant doncquesla fuperfice A P 2,il faut

ue A C, multiplié par P C, face 2; Mais AC,&PC,
{font lesdeux coftez des cubes L F,8 C HN, qui font
enfemble 4o par Lhypothefe: Ergo les nombres de
A C,& P C,fonttelsque lenr produicteft 2,& la fom-
me deleurs cubes eft 40,Mais C Bcft egale d P C,ergo
les nombres de A C & C B, font tels leur produict eft
2, &la fomme de leurs cubeés eft 40.

Quand doncques nous aurons trouuez tels deux
nombres, la fomme des mefmes (veu que A B,eft la
fomme de A C & CB) fera la requife valeur de 1 ©
AB. Etpourtant difons nous en cefte premiere diffe-
tence par reigle generale, que quand deux nombres

- multipliez, donnent pour produict le tiers du nombre

the solution of x3 = ax - & has been obtained. In algebraical terms, it amounts
to this: take x = # + v, then 43 4 93 + 34y (4 + v) = ax + b =
a (# + v) + b. Take 2 = 3av, b = #3 + 3, which gives two equations
for # and », which can be solved according to the 7th question of Prob. 81,

that is, substitute v = ;;Tin b = 43 4 v8, which gives a quadratic equation for #3:

u8 = bud — (-:f)sz 0. Hence # = %:}:V(f.)z _ (_“.) 3
. : 2 3

. . 3 Y
; ; -4 _ b b2 a3
]fszé the IO(.),t ,Wlth the + sign. fI’hex-l v = = l/_z__V (T) _ (?) .

The equation x3‘ = 6x + 40 thus also solves the problem: to find two numbers

_#, v such that their product be 2 and the sum of their cubes be 40.
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demuldtude de la ® donnée , & que la fomme de
. leuts cubes eft egale au © donné,’ que la fomme
d'icetx deux nombres ferala valeur de 1®.Quieftant
ainfi nous metterons vne queftion telle: Trouuons deux
nombres tels que lewr produict foit 2(qui eft le tiers de 6 des
§ ©donncz) & La fomme de lewrs cubes 40 (quieftle 40
donné) Eteft ceftela 7 queftion du 81 probleme, par
Poperation delaquelleil appert eftre colligée la reigle
de la conftruétion precedente.Laquelle origine il nous
falloitdeclarer. . L R
SECONDEDIFFERENCE DE
‘ SECOND TERME —Q+ @, -
Explication dudonné. Soient donnez trois termes fe-
lon le probleme, tels: le premier 1 ®),le fecond — 6 @®
~+ 20, le troifiefme 1 . Explication du requis.. 11 faur
trouuer leur quatriefine terme proportionel.

- Construction. v RO
Le quarré dela moitie de 20 donné eft - 100
Au mefme aioufté le cube de 2 (tiersde 6 des

6 ©) quieft 8,faick 108,fa racine quarrée
efta/ 108, quiaioufté d 10, moitic des 20
donnez, faict . . A108+10
Saracine cubiqueeft | ’Q bino.s/ 108 -+ 10
Delaquelle foubftraict fonrefpondant
binomie difioin& comme - 4/ 3) bino.4/108 — 10
Larefte fera W Qbino.#/108 4- 10— 4/ Q)
bino. 4/ 108 —10. : S
Laquelleiedi eftrele quatriefine terme proportio-
nelrequis, Demonfration Arithmetique. La folution ci
deflus pour valeurde 1 ® vaut 2, mettons doncques
par le moien du 66 probleme, foubz chafcun terme 2
 valeur encefte forte: '

The second case (“difference”): x8 = — ax + & is 'splved_ bx’ 'm'eans of
thé formula PR L

=Y BT G- f/]/(%)? (5 L e

X3 = — 6x + 20, x = ]y\/ﬁé + 10 — I/3 v/108 — 10, which
must be equal to x = 2. This is again verified by substitution and geo-
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!-@. » —6 @ + 20. I @- . 2.
8. ’ » . » 80 o ‘l_.. . 2
~ Etappertque 2 éft leur quatriefie terme pro-
portionel. ' » ‘
Preparation d antre demonfiratiou

: Geometrique.
~ Soient i lafigure du theoreme deuant ce 69 probl.
felon la precedente Qperation,'dcux cubes AE4/ 108
~=10,& C HN 4108 — 10, leur difference (qui eft
le cube L F, auec les trois folides rectangles LH,NF,
G C)eft 20,& leur produit 8; Doncques le cofte A B,
fai& 4/ Q) bino. /PxoS-}- 10, & lecoft¢ CB &/
bino: #/ 168 — 10; Puisfoubftrai¢t le cofté C B,du co-
fté A B, refte pour A C, cofté ducube L F, 4/ Q) bino.
&/ 108 + 10 —4#/ @ bino, ¢/108—10° Ilnous faut
demonftrer que le cube L F, vaudra—6 @ 20,
zni eftant faiét,nous aurons le requis,car fion demon--
teque lecube (quiet LF)de 1®DF.ouACY @
bino. 4/ 108 + 10— 4/ @) bino: 4/ 108 — 10, vaut—
6(® <~ 20: Doncqueson conclura par la renuerfe rai-
fon,quedu cube LF << 6 @+ 20,la1 ® DFou AC,
vaudra 4/ @ bine. ¢/ 108 + 10— &/ @ bino. 4 108
—ro. Et par confequent1Q vallant —6 @ - 20,
qu'alors 1 () vaudra 4/ B) bino. ¢/ 108+ 10—/ Q
bino. +/ 108 — 10. Demonsiration. Le produict de A B
&/ @ bino. 4/ 108+ 10, par CB ¢/ P bino. 4/ 108 —
10 eft 2 (par le 40 probleme) pour la fuperfice G B,
parquoila fuperfice L O fera auffi 2,qui multipliée par
1 ®HO (car HOeftegale 3 1 @ A C) donne pro-
duié pour le folide rectangle L H 2 ©,& femblable-

metrical demonstration, and “the Origin of this Difference” is geometrically
explained by a method which amounts to this: let x = # — v, then 43 — 23 4+
3uv (u — v) = — ax + b; take « = 3uv, b = #8 — u3; this pair of
equations can be solved according to the 8th question of Prob. 81, that is, by

means of .the quadratic equation #6 = bu3 + (i)3 .
3




De T'OPERATION, . 313,
ment feront les deux folides re¢tangles NF & GC
«chaftun 2 ®,& toustrois enfemble feront 6 ©,aux
mefmes aioufté le cube L F,font par la preparation 20,
des mefmes autrefois foubftraict les trois folides re-
Ganglés vallans 6 © reftera le cube L Fvallant—6 @
<+ 20. Ergo, &c. cequ'il falloit demonftrer.

DE LUORIGINE DE CESTE
| SECONDE DIFFERENCE.

© Lorigine de la precedente conftruétion, procede
(commie celle de la premiere difference) de la figure,
du theoreme deuant ce 69 probleme, en cefte forte:
Veu qu'il y-a propofé, que 1 (3, qui foitle cube L'F, eft
egaled — 6 (D + 20, & quel'on defire fcauoir la va-
leur de 1 ® D F, ou A C, nous diitribuerons ces deux
arties,comme — 6 (@ 20,ainfi : Pofons quele cu-

L F,auec les trois folides reétangles LH.NF.GC,
{oit 20,& que les trois {olides re&tanglesfoient6 O, &

demeurera,felonI'hypothefe, t @ LF vallant — 6 ®
~+20.0r puisque les trois folides reGtangles font 6 ®,
doncques chafdue folide retangle fera 2 @; Mais la
largeur de chafque folide rectangleeft r @, ifcauairle
cofté du cube LF, oubienlaligne HO, Diuife donc-

quesle folide L H 2 @, pat foncofté H O 1 @, donne -

quotient-2 , pour vne fuperficecomme L O,ou A H;

Or eftant la fuperfice A H 2, il faut que-A B, multiplie.

par B H, face auffi 2; Mais A B, & BH, font les deux
coftez descubes A E, & CH N, dcfquelsla difference
eft 20, car leur difference eft le cube L F, auec les trois
folides retangles, qui tous enfemble forit 20 par 'hy-
pothefe : Ergo les nombresde A B, & B H, font tcl);,

623
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que leur produicteft 2, &la difference de leurs cubes,
eft 20; Mais C Beftegale 4 B H;ergo les nombresde
A B. & C B, fonttels,que leur produicteft 2,& la dif-
ference de leurs cubeseft 20; Quand doncques nous
aurons trouué'’ tels deux nombres, la difference des
mefmes (veu que AC eft la difference entre A B &
C B) fera larequife valeur dex @A C: Et pourtant
nous difons en cefte feconde difference par zeigle ge-
nerale; que quand deux nombres multipliez, donnent
pour produick le tiers du nombre de multirude de Ia -
(@ donnée,& que la difference de leurs cubes,eft egale
au © donné, qu'alors ladifference d’iceux deux iom-
bres, ferala valeur de 1 ®. Qui eftant ainfi nous met-
terons queftion telle : Trounons deux nombres tels, gue
lewr produigt foit 2. (qui eft le tiers de 6 des 6 () donnez)
& ladifference deleurs cubes 20( qui eft le 20donné) Et
eft ceftela 8 queftion du 81 probleme. Et appertque
parFoperation dela mefne, eft colligée la reiglede Ia
conftruction precedente. Laquelle origineil nous fal-
Joitdeclarer. ‘

DIFFERENCE TROISIESME

DE SECOND TERME O—@.
- Explication du donné. Soient donez trois termes fe-

~ lon leprobleme, tels : Le premier 1 3, le fecond 7 ®

—6,letroiliefme 1 ©. Explication du requis. Il fauc
trouuer leur quatriefme terme proportionel.
‘ Constraction.
On mettera (pat reigle) +- au lien du— donné,de
 {orte que 1 B),fe poferaegale 4 7 (D~ 6,defquels
- la valeurde 1 ,par la precedente premiere dif-
erence, eft 3,auquel appliqué @ fera 3@
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Etle quarré dudi@ 3, eft 9, quifoubftrai® duy
(des 7 ® donnez) refte —z

Puis 1 ( (par reigle)donne 3 D (premier enlor-
dre) — 2 (fecond en P'ordre) combien 1 @2
faick par le 68 probleme - - zourx
Ie di que autant 2 comme 1 eft le quatrie(me terme

proportionel requis. Demonfiration Arithmetique. Mer-

tons par le moien du 66 probleme, foubs chafcun ter~
me fa valeur, en cefte {oite: -

4 Premiere [olution.
10. 7®—6. 1®. 2.
8. 8. 2. 2.
_ Seconde [olution. -
10. 7O—6. 10, 1.
‘1. 1. I. I.

Et appertque 2 ou 1 eft leur quatriefme terme pm;
portioner:cquis.

DE . L’O_RIG'IN,E DE CESTE
TROISIESME DIEFERENCE,

A fin de declairer premietement en general cefte
origine, faut {cauoir, que nous tachons daioufter 2
chafque partie des egales parties donnees, vn mefme
nombre, tel, qualors diuifée chafque partie par quel-
que commun diuifeur, que les quoriens foient @ egale
A ® @, defquels lavaleur de 1 ®, fera notoire parle

. 68 probleme, dont nous dirons maintenant plus parti-
culierement en cefte forte::

The third case x3 = -ax — b is reduced to the first. Let x = p be a root
of x3 = ax + b, hence p3 = ap + b. Then x3 + p3 = a (x + p);
dividing by x + p we get x2 — xp + p2 = a, hence a quadratic equation
for x. (This is also to be found in Cardan). Example: x8 = 7x — 6; since
p =3 is a root of x3 = 7x + 6, we find ¥2 — 3x + 9 = 7, or
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~Quand nous diuifons 1 @ + quelque @, par 1
® + quelque @, eftant ce divifenr commenfura«
ble au nombre 4 diuifer, il eft notoire, qu'il en for-
tira neceflairement 1.3 — quelque @ + quel-
que ©. Il appert aufli par la mefme diuifion, que
le ® du nombre 2 diuifer, fera-toufiours le cube du
© du diuifeur, pourtant il faut que le nombre que
nous aioufterons 4 chafcune partic, foit le cube du
©, quil nous faut trouuer, pour appliquerdla 1 @.
Aufecond il eft manifefte, que pour diuifer les 7 ©
— 6 donnez & -+ quelque @, par 1 @ + quelque @,
ainfi que le quotient {oit @, il fera neceflaire (comme
vn chafcun pourra facilement veoir par I'experience,
en toutes telles diuifions) que le quotient multiplié par
le @ dudivifeur; le produict foitegal au © du nombre.
Adiuifer, dont il appert, qu'il nous faut auoir quelque
‘nombre deceftequalité: Trounons vi nombre cubique qui
duec— G (pour le— 6 donné) face autant,comme le co-
Se dudict cube, multiplic par 7 (7 des7 ® donnés) Qui
eftla 9% queftion du 81 probleme, & a pert par la
mefine, que le nombre requis, qu'il nous faudra aiou-
fter d chafque partie donneée, fera 27, duquel laracine
cubique 3, eft le nombre, qui faudra eftre aioufté 3 la-
di¢te 1 ®, pourauoir lediét commun dinifeur,qui fera
1 ®+ 3. Aiouftons doncques 273 chafque partie
des egales parties données (qui eftd 1 3),&47 @ —
6) & - |
1 @+ 27, ferontegalesa 7y ®+ 21.
Puis diuifons chafque partie par lediét commun diui-
feur 1 ®~- 3, & parle go probleme,
1 (@3 ®- 9, feront egales 3 7.

Lefquelsreduictes; 1 3 feraegalea 3 ® — 2, defquels

x = 2,x = 1. The root x + p = 0, in this case x = — 3 is not considered,
though Stevin is aware of it later (in his remarks on negative roots after Prob.
70, Art. VII). Reference is made to the 9th question of Prob. 81, in wln_ch
the equation x3 — 6 = 7x is solved: x = p = 3. There is also a special
demonstration, in algebraical terms, that (x3 + 27) : (x + 3) = x2 — 3x + 9.
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(parle 68 probleme) 1 (@ vaudra 2, pour folution com-
me deffus. o

Mais pour demonftrer que ces chofes font Porigine
deladicte conftru&ion,auife que le — 6 donné deuiée
aufufdi@® 9 exemple du 81 probleme, apreslaredu-~
tion faiCke, a eftre + 6; pourtdnt nousauons dict en
la precedente conftruétion, qu'on mettera par reigle
—+, au lieu du — donné,& que felon tels termes(parce
queaudi¢t 9 exemple, 'on trouuoitla valeurde 1 @,
eftant 1 @ egale d 7@© - 6) Fon prendra lavaleur de
1 D,quieft 3.

Mais pour clairement demonttrer la refte, nous
metteronsici les characteres de la dinifion, qui fe fai-
foitde 1 3) + 27, par 1 ® -+ 3, parce que le fuivant
en depend: en cefte forte : Or nous voions quele fuf-

: di& 3, valeur de1
4O @ fetrouue deudt
—_F®@ : la ®, de ce quo-

r@+z4(1@—3O~+9 tient. & ledernier

rO+ 3 nombre du mef~
1O+ 5 - me quotient (c6-
t®+ 5 meici g) eft touf-

- Jours le quarré de
- hdice valeur der @ (comme icide 3) Puis il ap-
pertaufli enlareduGtioncideflus,de 1@ — 3 O-49
egales 47; en 1 3 egaled 3 O — 2, que Pexces —2
dudi& 7 (quieftle7 de7 @ donnés) pardeflus leo,
eft toufiours le © des derniers termes egaux. Et parce
que ceci eft ainfi perpetuel entous exemples, nousde-
laiffons ces laborieufes computations, & le compre-
nons en vne reigle plus bricfue , comme ladicte con-
fruction demonftre. Laquelle origine il nous falloit
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18 LE 11. LIVRE DARITH. ‘
declairer. Conclufion. Eftant doncques donnez trois
termes, defquelsle premier @), le fecond ® @, le troi-
fiefme nombre algebraique quelconque, nous auons
trouné leur quatriefme terme proportionel ; ce quil
falloit faire.

PROBLEME LXX.

E Stant donmez_trors termes, de(quels e pre-

~ mier ®, le fecond @@ , le troifie[me nom-
bre algebraique quelconque : Trouner lewr qua-
trie[me terme proportianel.

NoTa Lebinomie du fecond terme donné de ce
probleme, fe peult rencontrer en trois differences 4
f5auoir: .
Lefquelles trois differences nousauons

@+0© redui& a vne mefme maniere d’opera-
—@®@-+@©@ tion,lefquelles nous defcriprons fepa-.

@—@ rement pour plus grande cuidence, en

cefte forte:

PREMIERE DIFFERENCE DE
‘ SECOND TERME (- (@.

Explication du donné. Soient donnez trois termes
felon le probleme tels: le premier 1 3, le fecond 6 @
~+ 400, le woifiefme 1 (. Explication du requis. 1]
nous faut trouuer leur quatriefine terme proportionel,

NoTta. Cefte conftruttion fe peut faireen deux
Afortes ; L'vne procedant d'origine a laquelle fe faict
«conuerfion des termes donnez, en Qegaled @+ ©;

Prob. LXX. This is the solution of the cubic equation of the form x3 = px2 + 9,
again with three cases: 1) x8 = ax2 + 5, 2) x8 = — ax2 + b, 3) x3 =
ax2 — b. The first case, x3 = ax2 4 b, is solved in two ways: a) by means
of the formula (explained in a more complicated way than is strictly necessary)
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L'auteen @) egaled — O+ ©@.0rquand @ cft ega-
lea O, alors la valeur de 1 @ fe trouue parla
premieredifference du 69 probleme : Mais qluan telle
folution ne fe pourra faire paricelle, pour les raifons
que nous en auons dict a la mefmedifferéce,alors ne f&
pourra auffi faire, partelle maniere,en cefte premiere
difference ; Pourtant on la pourra foluer par ladi&e
deuxiefme maniere, 4 {Cauoir, procedant de reduétion
en 3 egale d— © —+ ©; Laquelle eft generale, Par-
quoi nous defcriprons les manieres toutes deux; Et
premicrement la conftruction procedente de conuer-
fionen (3 egale A ©+ © comme fenfuit. ’

Conftrultion.

Letiersde 6 (des6 @) eft 2
Qui multipli¢ par fon double 4 faict 8, au mef-

me aioufté¢ le quarré de 2 premierenPordre, " -

. fai& 12 auquelappliqué @ fera 12D
Puisde 400 donnez foubftraictlecubede 2 pre-
" mier enlordre, qui eft 8,rcfte 392

Au mefine aioufté le produi& de 2 premicren -
Fordre, par 12 dufecond enlordre, quicft
24, faict 416
Puis on dira 1 @) (parreigle) vaut 12 (fecond
enlordre) + 416 (quatriefme en ordrc)
combién 1 (D2 fai(par!la 1 difference du 69
probleme) 4/ @ bino.208 -4/ 43200+4"
bine. 208— v/ 43200 '
Au mefmeaioufté 2 premier enordre, faick
& 3 bino. 208 44/ 43200 + o/ @ bino, 208 —
& 422002, , . ~
Ie di que le mefme eft le quatriefme terme proportio-
nel requis. :

3= 2 g - = £ 4 y. The equation in y belongs to case 1
P= 5y + 25 +hvwherex= =+ y Theeq y belong )
of Prob. 69. The example is x3 = 6x2 + 400, reduced to y3 = 12y + 416;

x=24+ V 208 4 4/43200 + Vzog — 4/ 43200 (= 10). The other
) b
way is b) by means of the formula y3 = — aby 4 &2, where x = 5 the

H

equation in y belongs to case 2) of Prob. 69. (On these Cardanic trans-
formation methods see N.L.W.A. Gravelaar, Lc. footn. 30) of our Introduction).

In'our example- y3 = — 2400 y + 160000, x = % = 10 (Stevin has 1600 in-

stead of 160000, in his “Seconde maniére de construction™).
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DemonStration Arithmetique. La folution ci deffiss,

pour valeur de 1 Deft egale 4 10; metons doncques

par le moien du 66 probleme, foubs chafcun terme {2

valeur en cefte forte:
13, 6@ - 400. 1O, 10.
1000. 1000, 10, 10.

Et apiert que 10 eft leur quarriefme terme pro-
portione )
Preparation dautre demonfiration
Geomelrt'que.-

Soit 4 la figure du theoreme deuantle 69 probleme,
13 A B, egaleouvallant 6 @ A B+ 400; Etfoit CB
2,d fGauoit le tiers de 6 des 6 () donnez.

1 taut demonttrer que fon cofté ou 1 @ A B vaudra
&/ bino, 208 + 4/ 43200 —+ &/ B) bino. 2c8 —4/ 4
3200-+ 2. Demonfiration.1 (3 A B eft parI'hypothefe,
egalea6 (3 A B 4 400

Mais 1) AB, eftegale 41 3 A C + le gnomon
P OB A, parle 1 Corollaire deuant le 69 probleme;
parquoi 6 (® A B,fontegalesa 6 3 A C + 6 gnomons
POBA; ’ :

Ergo 13 A B,eftegale 46 @ A C + ¥ gnomons
POBA-+400. ' :

Mais legnomon POBA, eftegal d 1@ CB+le
double du produic de 1 @ A Cpar CB 2 parle 2Co-
rollaire deuant le 69 probleme parquoi 6 gnomons
POBA, fontegauxi6 @ CB—+24 ©DAC.

Ergo1®AB, clt egalc a6 @®AC+6@®CB -
24 ® A C+4-400. o :

Mais 6 ® CB,; fontegalesd 24 (car C Beft 2) par-

The second case, x3 = — ax2 + b, is similarly reduced by x = — % +
to y3 = ? y+ b — 2-5;;, which in Stevin's example x3 = — 6x2 + 32,
y3 = 12y + 16, the root x = 2 belongs to case 1) of Prob. 69.

The third case, x8 = ax2 — b is similarly reduced'by x = % + 7y to

a? a® . . .,
=y — — hich St 1 3 = 6x2 — 32,
y3 =57 b + 227, which in Stevin's example x: X

3 = 12y — 16, x = 4, belongs to case 3) of Prob. 69 (this x = 4 is what
we call a double root).
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uoi 6 @ C B (veuque chafque cube de CB vaur$)
?ont egalesd 3 @B _

Ergo 1®AB,eltegale 46@AC+30CB
—+ 24 DA C 4~ 400. '

Mais1 (3 AB;cftegaled i AC+1G CB+
3 folides retangles L H.N F. G C. par le me{me theo-
reme deunantle 69 probleme.

Ergo1® A C+ 1 ®CB~+ 3 folides reGtangles
LH.NF.GC,font egales a6 @AC+3CB+
24 M A C + 400. .
~ Maislestrois folides retangles L HNF. GC,font
egax 6@ A C412® A C, parle 3 corollaire de-
uantle 69 probleme; .

Ergo i AC+1QCB+6@AC +12.0
AC, font egales a6 AC+30CB +24®AC
=+ 400.

Puis foubftrahons de chafque partiet @CB +-6
@AC+120ACG; '

Ergo reftera 13 AC, egale 2 CB+120

A C - 400. ' -
Mais 2 @ C B (parce que C B fai& 2) vallent 16;
Ergo1®AC, fera egaled 12 @ A C—+416.

Maiseftant 1 @ A Cegaleouvallant 12 @A C +
416, alors parle 69 probleme 1 @ A C vaudra 4/ Q@
bino. 208 + 4/ 43200 4 &/ (D bine. 208 — 4/ 43 200.
Alame(me A C,aioufté C B 2, fai¢t pour1 @ AB4//
@ bino. 208 44/ 43200 + &/ @ bino. 208 — ¢
432004 2;cequ'il falloit demonttrer.

The solutions are again accompanied by an “arithmetical” and a “geo-
metrical” demonstration, as well as a proof in the sections “On the Origin of the
construction”. The “geometrical” demonstration in the case of the first “differ-
ence”, x3 = ax2 + b, example x3 = 6x2 + 400, consists in taking the figure

a

belonging to Tartaglia’s theorem, with AB = x, AC = y, CB = 3 (= 2),
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SECONDE MANIERE DE
CONSTRVCTION, QV! EST GENBBA!..H"'
procedante de conuerfion des termes
dornez,enQ egale i— O+ Q.

Explication du donné. Soient donnezles mefines ter-
mesde la precedente premiere maniere,tels:le premier
1Q),lefecond 6 @ + 409, le troifiefme 1 @.  Expli-
cationdu requis. 1lfaut trouuer leur quawicfine pro~
portionel. - .

Conitruition,

Le produi@ des 400 donnez parle 6 des6 @
donnez, fai& 2400, auquel appliqué —

& ®fai¢t —2400(®
Lequarréde 400 donnéelt 1600

Puis 1 @(parreigle)donne — 2400 @ =+ 1600
(premier & fecond enlordre) combien 1 @2
fai& par la 2 difference du 69 ?roblcmé 40
Parle mefme diuifé le 400 donné donne quotient 10
Iedi que 1o ¢ft le quatriefme terme proportionel re-
quis, dont [’ Atithmetique & geometrique demonttra-

* tions font faictes ci deuant, mais l'origine fenfuiuerad

lafin de ce probleme.
SECONDE DIFFERENCE DE
SEGOND TERME —@+0O.

Explication du donné. Soientdonnez trois ‘termes
felon le probleme tels: le premier @), le fecond —6
@+ 32,lc roifiefime 1 ©. Explication durequis. 11 faue
wouucr leur quatrie(me terme proportionel.

x=7+ —:— Then squafe ABL = square on AC + gnomon POBA, gnomon
POBA '
or ax2‘
B=ap+ L+ L 2yt b (=626 (_‘;_)2 + 24y + 400). We also.

know that according to Tartaglia’s theorem x3 = y3 + (%) 43 % y (y + _;)_

square on CB + twice rectangle AP, or x2 = y2 4- (%), + 2 % 9

= ay? + a( (%)2 + —z— y). But 13 = ax? + b, so that

@ 2 _ a,3 a?
Henceay2+?+3—a2y+b_y3+(3_) +ay2+?y,




633

De vorErATION. 323

Conityuition [emblable dla premierecon--
[iruction,de lapremiere difference.

Letiersde—6 (des6 @) eft —2
Qui muliipli¢ par fon double — 4, fiic 8, au
mefme aioufté le quarré de — 2 premieren .
Yordre,fait 12,auquel appliqué @ fera 12®
Puis des 32 donnez, Hmbftra‘ic"t lecubede—2 )
. premicren l'ordré,qui eft — 8 refte 40
Au mefme aioufte le produict de— 2 premier
enlordre,par 12 fecond en I'ordre,qui eft —
24, fai&k 16
Puis on dira 1 ) {parreigle) vaut 12 @ (fecond en
l'ordre) +16 (quatriefme en Fordre) combien
1 D fai€k par le 69 probleme
Au mefime aioufté — 2 premier enl'ordre faict 2
Ie dique 2 eft lequatriefine terme proportionel re-
gu'is. Demonftration Arithmetique. Metrons pat le moien
u 66 probleme foubz chafcun terme fon valeur en
cefte forte:

1. — 6@ 432, 1®. 2.
8. 2 2.

Ec appert que 2 eft leur quatriefme terme pro-
portionel.

Prepardtion dautre demonitration
Geomerrique.

Soit 4 la figure du theoreme deuant le 69 probleme,
1 ® AC,cgaleouvallant— 6@+ 32; Ecfoit CB 2,
a cauoir le ders de 6,des 6 @ donnez. Il faut demon-~
frer que fon cofté,ont ® A C vaudra 2,

(6y2 + 3(%—)3 + 24y + b = 3 (%)3 + 6y2 4 12y) or 33 = —;- a2y +

% a8 + b (33 — 12y + 416). It will be observed that where we distinguish

between the two variables x and y, Stevin distinguishes between () AB and
(D AC. He does not here use his “quantités postposées” (@) and sec (©) re-
introduced in Prob. 78 and thereafter. :
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Derhonflrasion. 1 @ A C, eft par’Thypothefe egale
i—6@ACH 3. L
Aiouftons doncques 4 chafcune patiic 6 @A C;
Ergo 1 ®AC+6 @ AC,feront egalesd 32
Puis aiouftons i chafcune partie 1 @ C B+ 3 foli-
desreftangles LHNF.GC;

Ergo tQAC+6@AC+1QCB+3 foli-

desreftangles LH.NF. G C. ferontegales ii1QCB
~+ 3 folides reXarigles LHH.NF. G C +4-32.

Mais 1 @A C+ 1@ CB —+ 3 folides rectangles
LH.NF. GC, font egales 3 1 (D AB par lc melme

theoreme deuant le 69 probleme.

: ErFm @ AB+6@AC,ontegalesd 1 @CB'

3 folidesreGtangles L H.NF. G C +- 3.

Maisles 3 folides reangles LH.NF.GC. font

egalesi6 @A C+12 ® A C,parle troifiefme corol.
deuantle6g probleme. '
Ergo 1 DAB+6@AC,lontegalesd 1 ®CB
+6@DAC+120ACH32. '
Puis foubftrahons de chafque partie6 @® A C;
Ergo1 A B, demeurera egale 4 1 CB 4=
12®ACH+32. C
Mais 12 @ AC,fontmoindresque 12 @ A B,en 12
@ C B;Parquoi aiouftonsd chafcune partic 12 @ C B;
Ergo1t®AB+12®CB, ferontegales 4109
CB+12:®AB +32. ‘ -
Mais 12 ® C B, fontegales 4 3 @ CBjcareftant
chafque C Bz, fenfuitque 12 CB font 27, Irem
que 3 OCB ferontaufli24; :

Ergo1 ®AB—+ 33 CB,fontegalesd 1 @ CB

+12OAB - 32. , o
" 'Puis fouftrahons de chafque partie 1 @ C B;

In order to prove the method in case 1) (the “geometrical demonstration™ is
supposed not to be a proof, but a verification), Stevin, in his “Origine de la
Construction”, changes x3 = ax2 4 b into x3 — ax2 = b, which he transforms

‘intox3—,ax2+ e (i\z = @y (f.s
« 3 5) =br T (5) e

a?
- X
3. +

a
X — —:
3

b— (2 =22 L e— () + %

\ 3 3 3

y;i:§y+b+.22—a;—(x3=6x2+400,x3

x8 — 6x2 + 12x — 8 = 400 4 12x — 8, (x——2)3 =
12 (x — 2) + 416). » .

(v 5] =
;, ’O'r if y =

— 6x2 = 400,
12x + 392 =
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Ergo1 @ AB 2 @CB demeurera egaledns
®AB~+ 3. o
Mais 2 @ CB (veu quechafque CB faic 2) font
‘egalesd 16; o _ S
Ergo1® AB +16,fontegales 3 12 ® A B +32.
Puis foubftrahons de chafcunc partie 16; '
Etgo 1 ) AB,demeurera egaled 12DAB+ 32,
Maiseftant 1 Q) A B,egaleonvallant 1. ® AB 4
16, alors parle 69 probleme 1 @ A B vaudra 4. Puis
deladicte A B foubftrai@ C Ba,reftera1 @ AC 2;ce
qu'il falloit demonttrer. -

TROISIESME DIFFERENCE

DESECOND TERME @®D—0..

Explication du donné. Soient donnez trois termes
felon l¢ probleme tels: le premier 1 3), le fecond 6@
— 31, le troifiefme 1 @.  Explication du requis. 11 faut
trouner leu quatriefme terme proportionel.

Conftruition.
Letiersde 6 (des6 @) et . '
Qui multiplié par fon double 4 fi& 8 au mef

me aioufte le quarré de 2 premier en Fordre,

fai&k 12,auquel appliqué @ fera 120
Puis des— 32 donnez,foubftraiét le cube de 2 pre-

mier enl'ordre quieft 8, refte S 40
Aumefmeaioufté le produi de » premierenlor-

_ dre,par 12 fecond en Pordre quieft 24, fait — 16
‘Puisondira1 3 (par reigle) vaut 12 ® (fecond
- enlordre) — 16(quatriefme en I'ordre) com-

bien1 @2 faid par le 69 probleme : 2

In order to prove the second method in case 1) Stevin replaces the prot;lem
by another one: to find two numbers x and y such that xy = 400, x3 — 6:; =
400; then applying the solution of Question 10 of Prob. 81, he finds orb2y
the equation y3 = — 2400y + 160 000, equivalent to our y3 = — aby + b2.
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Aumefmeaioufté 2,premier enPordre fait 4
Ie dique 4 eft le quatriefine terme proportionel re-
uis. Demoniration Arithmetique. Mettons parle moien
u 66 probleme foubs chalcun terme fa valeur en
cefte forte:
1. 60— 3. 1 ®. 4
64. 64 4 4
Ec appert que 4 cit leur quatriefme terme propor-
tionel requis. '

Preparation d autre demonitration
' Geometrique,

Soit4 la figure du theoreme deuant le 69 probleme
10A B,cgaﬁ:“;; vallant 63 AB— 32;Et{oit CB 2
3 fauoir le tiers de 6 des 6 (3 donnez; 1l faut demon-
ftrer quefon coftéou1 (A B vaudra 4.Demonilration.

13 A B, eft parT'hypothefe egale 46 3) AB— 32,

. Mais1®AB,eft egale 4 1 A C - le gnomon
POBA, par le 1 Coroliairedeuant le 69 probleme,
parquoi 6 (3 A B,fontegalesd 6 @) A C +6 gnomons..
POBA; ‘ ’ .
Ergor (3 A Byeft egale 4 6 @ AC +- 6 ghomons
POBA—3sa. ' '

Maislegnomon PO BA, eftegal 1@ CB-+le
double du produictde 1 & A C par CB 2, parle 2 co-
rollaire denant le 69 probleme, parquoi 6 gnomons

POBA,fonteganxa 6@ CB+24DAC;

" Ergo 1@ AB,eftegale 16@AC+6@CB
24 OAC—32. S

- Mais 6@ CB, fontegalesd 24 (car CBeft 2) par-
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uoié 3 CB (veu que chafque cube de C B vaur8)
?ontc alesd3 O CB; -
1go1 D AB,eftegale i6®AC+ 33 CB

+24OAC—32, :

Mais1 D AB, cftegaled 1  AC+13CB 4
3 folides re¢tangles LH. N F.G C par le mefme theo-
remedeuantle 69 probleme; =~
. Ergo 1 ®A C+1 (@ CB - 3 folides reftan-
glesLH.NF.GC,{bmcgalcs;iG@A C+33CB
“+24OAC—3a,

Mais les erois folides reftanglesL H. N F.G C.font
egauxié @AC—+ 12 @ ACpar le 3 corollaire de-
uantle 69 probleme. ;

, Ergor@AC+x’©CB+6®AC+xz®
Agfontegales i6@®AC 4 3QCB+4240
AC—32. ' .

Puis foubftrahons de chafque partie 1 3) CB +- 6
@AC+1:®AC

Ergo reftera 1QPACegaled2CB+120
AC— 325 ’ ’
Mais 2 @ C B (parce que C B faick 2) vallent 16;
Ergo1@ ACferacgaled 12 ®AC—16;

Maiseftant 1 @ A Cegaleouvallant 12 A C—
16, alors parle 69 probleme 1 O AC vaudra 2, 4 la
mefme ACaioufte CB 2,faict pour 1 ® A B 45ce quil
falloit demontftrer.Conclufion. Eftant doncques donnez
ois termes, defquelsle premier @), lefecond @6, le
woificfme nombre algebraique quelconque : Nous
suons trouué leur quatriefme terme proportionel; ce

quil falloit faire,
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DE IORIGINE DELA CON-

STRVCTIONDYV PRECEDENT
PROBLEME.

- Quand Qeftegaled @& @, nousles pouuons re~
duire,en @, cgale i@, & @, on en Pc aled @, &
alorsdeuient 1a valeur de 1 @ notoire par fc precedent
69 probleme, & de telle redu&ion eft colligéela ma-
niere de ladice conftruGtion comme il apparoiftra,
Soit par exemple: BT ‘

- 1Qegalead @+ 400.

Qui font le premier & fecond terme de la premiere
difference; Etfoubftrahons de chafque partie 6 @;

Ergo 1 @ — 6 ®, demeurera egaled 4o0.

Puis aiouftons 3 chafque partie quelque @, & @,
telles que la premiere partie aie racine cubique de 1 @
~+quelque@. Orpour trouuer telles quantitcz, ne
fautque multiplier en foi cubiquement 1 O — letiers
dc 6,des 6 @,qui eft 1 ©® —2 (la raifon pourquoi il
faut prendre le tiers de 6 des 6 @, eit, que la porence

- cubique de 1 ®— @, atoufiours le nombre de fes @,

triple au @ de la racine, dont la raifon appert, es
nombres - procedans de Poperation de telle cubique
multiplication) Etdonne produi® 1@ —6®@+12
(®— 8; du mefine foubftrai& la premiere des-egales -
parties 1 @ — 6 @,tefte 12 @ — 8 quiaionftez d chal~
que partie, fera que la premiere partie aura racine.cu-
biquede @ & (@) aiouftons les doncques 4 chafque
partic; : :
~ Ergo1®—6®@+12(D0—38, feront egales d
12 O+392.

Puis extrahons de chafque partie racine cubique.
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Ergo 1 O—2, feront egales 4 ¢/ @ bime. 12D

-+ 392. .
Or parce quela feconde partic n'a pointderacine
feruant A noftre popos, il nous faudra acheuerla refte

ﬁat Paide,de la figure du theoreme deuantle 69 pro-

lemeen cefte forte : Soit chafcune ® de noz cgales
partieslaligne AB;
Ergot ® AB—2, fera egaleds/ @ bimo. 12
®AB—+392.
Puis pofons que C B foit 2;
Ergo 1 @ A C,feracgale,av/ @ bino.12 DAB
+ 392. -
Puis prenons la potence cubique de chafque partic;
Ergo1® A C feracgaled 12 @AB+ 392.
Mais12 ® A B,valent12 @A C 24 (car 12 fois
C B 1,fai@ 24) oftons doncques les 12 DA B, &en
fonlienpofons 12 MAC +-24; - -
Ergo1 @ AC, feracgalear2 ® AC —+4416,
- Etainfiaulieu des donnez 1 @ A B,egaled 6 @ AB
-+ g00,nousauons 1 3 A Cyegaled 12 ® ACH- 416,

Defquelles eftanttrouué lavaleurde 1 ® A C, qui par.

Ie 69 problemeeft 4/ Q) bino. 208 + 4/ 43200+ Vv
@ bino. 208 — 4/ 43200; Penluitque pour auoir lava-
Teur de toute la A Brrequife,qu'il y faut encore aioufter
Ia C B, qui par l’hypo:Lefe eft 2, & fera pour folution
comme deflus ¢/ O) bino. 20844/ 43200 +4/Q

bino. 208 &/ 43200+ 2. .
Or que ceci eft Porigine deladi@e conftrution,eft

manifefte; toutesfois pour plus grande euidence nous

repeteronsen brief le fufdict en cefte forte: ‘
Premierementil appert (par les nombres faifans Ia

cubique multiplication de 1 ® —2) que letiers de 6

639




640

330 Le 11. LIVRE DARITH.
des 6@ quieft 2, multiplié parfon double f2ik 8, &
aumefime aioufté le quarré dudi&t 2 faic (roufiours
pour nombre des ® reduictes) 12 & les applicant @
font . _ 52

Il appert aufli que des 400 donnez,on 3 Gubftrai®
le cube dufufdi& 2, quieft 8, & refloit 392,aux mef-
mes faioufta le produit dudiét 2,parledict 12, quieft
24,fai&k Stouﬁours pour le @ reduiét) 416

Puis il appert,queftant1 Qegale 4 12 AC <4
416,quonen cherche lavaleur de 1 @ par le 69 pro-
bleme qui eft4/ 3 bino. 208+ &/ 43200 +- ¢/ @
bino. 208 —4/ 43200

Puis qu'au mefme on aioufte encore ledié tiers de
6des6 @,quictt 2, fai& pour folution &/ @) bina.
208 < ¢/ 43200 =4/ bin0.208 — ¢/ 43200 2.

De forte qu'il appert de pointen point, que ceci eft
la vraieorigine de la conftruétion dela premiere diffe-
rence;Et celui qui entendra bien cefte ci,entendra auffi
celles desdeux autres differences. Laquelle origineil
nous falloit declarer. '

DE LORIGINE DE DE LA

SECONDE CONSTRVCTION DE LA
precedente premiere difference.

~ Quand @ eftegale d @ -+ @, nous la pounons re-
duireen Q) egalea— ® + @, & alors deniét la valeur
de 1 (@ notoite par la feconde difference du 69 proble-
me, & de telle reduction eft colligée la manieredela

-+ feconde conftruction dela precedente premiere diffe-

zence, comme il apparoiftra. Soit par cxemple 1 3,
egalc2 6 @ -+ 400, qui fontle premier & fecond ter=
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mede ladicte difference. Mais pour clirement ex-
pliquerle propofé, nous metteions defloubs noz qua-
tre termes leurs valeurs,en celte forte:

10. 6 @ - 400. 1@ 10..
1000, 1000. 10. 10

Oril eftnotoire par les mefmes,quele cube de la va-
leurde 1 ®, eft egal 4 fix quarrez du mefme valeur -+~

400: Pourtant fi nous auions nombre tel, quede fon-

cube foubftraittles fix quarrez du mefme nombre, &
quelarefte fuft 400, il eft mani fefte, que tel nombre
feroitlavaleur de 1 @ requife. Pourtant mettons ceci
en queftion telle: Trousons ynnombre tel, que de fors cube
foubstraict les fix quarvez. dudic nombre,laresie foit 400,
O fi nous commengames d befoigner felon la vulgai-
re maniere, qui fera enfeignéeau 81 probleme, nous
trouuerions a la fin, egalete de termes, qui feroient les
melimes que les termes donnez;de forte que ne proufhi-
terions ainfi rien ; Parquoi 1l nous faut mettre autre
queftion que la precedente , laquelle eft inuentée en
cefte forte : Ie voi aux fufdicts quatre termes, que fi ie
dinifoisle 400 donnez,par le 10 valeur de 1 ®,le quo-
tient feroit 40: Doncques 40 & 10 {ont deux nombres
tels, que leur produiét eft 400, & du cube de Pvn{(d
fcauoir du 10) foubftraict les 6 quarrez du mefme
nombre, refte 400, parquoi ie propofe ceci en queftion
telle : Trounons deux nombres tels, que leur produict foit
400.Cr du cube de I'vn, foubStraidt les fix quarrez. du mefme
pombre, Lareste foit 400. Eteft notoire queftant trouuez
tels deux nombres, I'vn fera celui que nous cherchons:
_Orcefte queftion eftfa rodu 81 probleme, par ope-
sation de laquelle, il eft notoire eftre colligée ladicte
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conftruction ; Car apres la reduction, 1 Q) fe trouua
egalea— 2400 @ —+ 160000,maisce 2400,¢ft le pro-
" dwi& de 6 & 400 donnez, anquel precede —, & leur
quantité eft @: Etle 160000 eft le quarré du 400 don-
ne, ce qui auientainfien tons exemples femblables;&
ourtanteft ce, quel'on 4 mis tout ceci en rergle plus
oricfue. Qnantau 400 qui fe divife finalement parle
40 trouué; Laraifon en eft notoire audi& 1o exemple
du 81 probleme. Lagquelle origine il nous falloit
declarer.

DES SOLVTIONS QVE L'ON PEVT

FAIRE PAR — SVR LES PRECEDENS
PROBLEMES.

Aucuns des precedens problemes, de la proportion
des nombres algebraiques, regoiuent par deffus les fo-
lutions ci denant données, encore d*ausre folution par
—;Etcombicn les mefmes ne femblent que folutions
fongées, toutesfois elles font vtiles, pour venir parles
mefmes aux vraies folutions des problemes fuiuis par
~+; Lacaufe eft,quiau valeurde 1 @) trouué par quel-
que des problemes precedens, il faudra aucunefois
encorcaioufter quelque certain nombre,comme appa-
roiftra; d'ou fenfuit, que quand le nombre 4 aioufter,
feramaicur que ladicte folution par—, que leur dif-
ference fera vraie folution par+. Or lefdictes folu-
tions rar—.(lcﬁ)uellcs nous expliquerons par articles
felon Pordredes problemes, &xﬂurs differentes prece-
dentes fontrclles: '

Articre 1. Eftant 1 @ egaled @, la valeurde
1®, ne peut eftre —, la raifon eft, que la valeur du

Fap . =

Now follows Stevin’s introduction of negative roots:

OF THE SOLUTIONS THAT CAN BE MADE BY — ON THE
PRECEDING PROBLEMS. :

“Some of the preceding problems have in addition to the given solutions also
other ones by —. And though they only seem to be imagined solutions, they are
at any rate useful in order to come to true solutions of the following problems
by +. The reason is that we sometimes have to add a certain number to the x
which is found in preceding problems, so that if that added number is larger
than that solution by —, their difference shall be a true solution by + [what
is probably meant is that an equation such as x3 = 6x — 5, if solved by
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premier terme feroit coufiours —, & du fecond terme
toufiours +-, lefquels ne peunent eftre egaux.

ArTticie 11, Eftant@egalea ®+ ©,la fo-
lution ce peut faite par —; Parexemple 1 ®) vaur 4 ®
~21, combien 1 @2 On changera le fecond terme
donré ainfi: 1@ vaut—4 ®— 21, combien1(D?
£2ic par le 68 probleme 3,lequel appliqué 4 noftre
queftion,nous dirons que la folution eft— 3. PArith-
metique demonftration en eft telle: '

1®. 4O+ 21, 1 ®. -3,

9 - —Ia21. =3, -3

ARrTic1E 111. Eftant® egalea— @+ 0©,h
folucion fe peut faire par —. Parexemple 1 (3) vaut—
4 @~ 21,combien 1 @ ? On changera le fecond ter-
medonné ainfi: 1 @vaut4 O -+ 21 combien,1 ®?
faic par le 68 grobleme 7, lequel appliqué 4 noftre
queftion, nous dirons que la folution eft — 7; PArith-
metique demonftration enefttelle:

1I® @ —4®—421. 10 —_.
49.. 28421, —_7. =7

ArTicre 1111 Eftant@egaled ©®—0, la
valeur de 1 D ne peut efire —: la raifon eft, que la va-
leur du fecond terme: feroit toufiours -, & du fecond
termie toufiours —, lefquels ne peuuent eftre cgaux.

ArticLE v.- Eftant@® egale 3 ©® + @, on
verrafi le produict des - du nombre.de ®), parlara-
cine quarrée de £ du mefine ndbre, eft Egal, Maieur,
ou Moindre, que @ ‘donné. Car ?uand tel produick
eft egal , ou maieur, ils auront chafcune voe folution

x =y 4+ 2, gives y3 = 12y + 1 with a root y = — 1, which gives x = 4 1;
rejection of y. = — 1 would result in rejection of x = 4 1]. Such. solutions
by — are as follows:

Article 1. 1f x = a (a positive), then there is no solution by —.
Article 1. 1f x2 = ax + b (a, b positive), then there is a solution by —, e.g.

ifx2=—4x 421, x=3 (Prob. 68, No. 3), then x2 = 4x + 21 has a root
X =—3 o _ - :

Article III. ' If x2 = — ax + b, then there is a solution by —; e.g. if
x2 = 4x + 21, x = 7 (Prob. 68, No. 7), then x2 = — 4x + 21 has a root
x = — 7. [In other words, x2 = 4x + 21 has two roots x = 7, x = — 3;

x2 = — 4x + 21 has two roots x = 3, x = — 7}.
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par—, mais eftant moindre il ne I'aura pas. Etpre:
mierement nous donnerons exemple, auquel fe ren-
contre egaleté, ainfi: 1 @ vaut 12 @ -+ 16, combien
1 (D2 Carle produict de 8£four les -—;—dc r2des12 @)
par 2 (pour la racinede: - defdicks 12) faict 16,qui eft
egal au@ donné, ils aurontdoncques vne folution par
—,laquelle on-trouucen cefte forte: Onchangerale
fecond terme donné ainfi: « ) vaut 12 @ — 16,coma
bieni 1 (2 fait parle 69 probleme 2, lequel appliqué
d noftre queftion nous direns,que la folution fera— 2.
I Arichmetique demonftration en eft telle ;

1. 12 (D416 1D, —2,
-~ 8. —24~16. —_—2. -2

Ereftantledict produi& Maieur, les donnez auront
aufli {comime: nous auons dict) folution par —. Par
exemple, ¥ @ vaut 12 ® 9, combien 1 @2 On
changera le fecond terme donné ainfi: 1 @) vaut 12 ®
— 9, combien 1 ©1 faik par le 69 probleme, pour
maicure folution 3, lequelappliqué a noftre queftion,
nous dirons que la folution eft — 3, Larithmetique
demonttration en eft telle: '

1Q. 2O0+9. - 1@ —3.
—27. —3649. . —3. —3

~ Maiseftantledit produié moindre, ils ne peuuent
(comme nous auons dict deflus)auoir folution par—,
laraifon eft quela valeur du deuxiéfime terme donné
feroit toufiours neceflaitement maieur, que celui du
premier, -

ARTICLE VI Eﬁéht@egalc&—@—l—@,[a -

Article IV. If x2 = ax — b, there is no solution by —, since the second member
would always be' —, and the first always +. :

Article V. If x3 = .ax + b, we must find out whether ';' a V%a § b.

If Z, there is a solution by —; if <, there is none. For instance, if x3 = 12x -+ 16,

.where 8v/4 = 16, we write x3 = 12x — 16, x = 2 (Prob. 69, No. 2); hence
x3 ='12x 4 16 has the root x = — 2.
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valeurde 1 ® nepeuteftre —, la raifon eft, quela va-
leur du premier terme feroit toufiours —,& du fecond
terme tonfiours -+, lefquels ne peuuent eftre egaux.

ArTicLE viI. EffantQegaled @ —©),)lafo-
folution fe peut faire par —. Par exemple 1 @) vaurz
® — 215 combien 1 @? On changerale fecond terme
ainfi ¢ 1@ vaut 2 D - 21, combien 1 @2 faic parle
69 probleme 3.lequel appliqué 4 noftre queftion,nous
dirons que la folurioneft— 3. L'arithmetique de-
monftration eneft telle:

l@. l@';ZI. 1@ -3

-—27. —G—21, -3 -—3.

ArTicie vt Etfilon pofoit t Qegalea—
3 @ ~ 4,la folution fe pourroit auffi faire par— chan-
geant le (econd terme comedeflus, encefte forte: 1 Q)
vaut — 3 ® - 4, combien 1 @? fai parle &9 pro-
bleme 1; Lequel appliqué 4 noftre queltion, nousdi-
rons que la folution eft — 1, L’arithmetique demon-

ftrationeneft telle : » _
19 —3@0—4 10 —1
], ~+3—4 —1, ==

ArRTIiCcLE 1X. Eftant@egaled @+ @, lava-
leur de 1 @ ne peut eftre —, laraifon eft, quela valenr
du premier terme, feroit toufiours —,8 du fecond ter-
me toufiours—+-,lefquels ne peuuent eftre egaux.

ArticLE x. EftantQegaled —@+@; On
verra i le produi& de +-dunombre de @,par lequar-
1é des -, du mefme nombre, eft Egal, ou Maieur, out

Moindre,que @ donné, Car quand tel produick eft

[This example is one taken from Cardan, Ars magna, £.4 1, where x = 4 is
an aestimatio vera of x3 = 12x + 16, and x = — 4, written m : 4, an

aestimatio ficta of x3 + 16 = 12 x]. And if x3 = 12x 4+ 9, where 84/ 4
> 9, we write x3 = 12x — 9, x = 3 (Prob. 69), hence x3 = 12x + 9 has the

root x = — 3. But if 24 VL,, < b, then b + ax will always be >> x3, hence
3

there is no solution by —. [This reason is rather cryptic, but it can readily be
seen from the Cardanic formula that in this case x is positive, since both # and »
in x = # + v are positive. '

Article VI. 1If x3 = — ax + b, there is no solution by —.
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egal, ils auront vne folution par—. Eteftant maieur,
ils auront deux folutions par —: maiseftant moindres,
ils n’anront point de folution par —, Etpremierement
nous donnerons exemple, auquel {e rencontre egaleté,
ainfi 1. 3) vaut— 3 @ —+ 4;combicn 1 @? Carlepro-
duic 1 (pour 3-de 3.des 3®) par4 (pour lequarré
des3-defdicts 3) faict 4, quieft egalau @ donné. 1ls
auront ddcques vne folution par—,laquelle ontrouue
en cefte forte: On changera le fecond terme donné |
ainfi 1 @) vaut 3 @ — 4 combien 1 @? faidk parle 70,
probleme 2,lequel applique d noftre queftion,nous di-
rons que la folution eft — 2. P'Arithmetique demon-

ftration en fera telle: - o
1Q.  —3@+4. 1. —2,
—8  —I2 4 —_2 — 2.

Et eftantledic produict maieur, nousauronsalors
deux folutionspar —. Par exemple 1 Qvaut— 11 ®
~+72,combien 1 @2 Onchangera comme deffus, le
fecond termeainfi: 1'Q) vaur 11 @® — 72, combien 1
@ fai¢t par le 70 probleme, pour majeure folution 3,
& pour moindre folution ¢/ 40— 4, lefquels applic-
quez i noftre queftion, nous dirons que la folution eft -
& — 3, & — 4/ 40 —4. I'Arithmetique demonftra-
tion en eft telle: '

10. —1@+72. 1O -3

—27. =99 +7r =3 —3.
_ .. Ttem. -

1Q®. —11@~+72. 1@, —+/ 40—4.

S1309760-3544.~V309760=616 +720~/40—Ge —140~4

Mais eftant ledi& produi® moindre., alors ne fe

Article VII. If x8 = ax — b, then a solution 'by — is possible, e.g. x3 =
2x — 21; since x3 = 2x + 21 has the root x = 3 (Prob. 69, No. 3), x3 = 2x — 21
has the root x = — 3.

Article VIII. If x3 = — ax — b, a solution by — is also possible, e.g.
x3 = — 3x — 4 has the root x = — 1 because x3 = — 3x + 4 has the root + L.
Article IX. If x3 = ax2 + b, there is no solution by —.

Article X. If x3 = — ax2 + b, for L 4 (i4)2 = there is one solution

by —; if >, there are two such solutioné, and if <<, there are no such
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pourra (comme nous auons diét deflus) auoir folution
par —: laraifon elt que la valeur du deuxie{me terme,
deuient toufiours neceflairement maicure,que celui du
premier. :

ArTrcre x1. EftantQegaled®— @, lafo-
lution {€ peut faire par—. Par exemple 1 3) vaut\6 @
—400,combien 1 ®? On changera le fecond terme
ainfi,1 @ vaut 6 @ = 400, combien 1 @ fai¢t par le
%0 probleme 10. lequel appliqué 4 noftre queftion
nous dirons que la folution eft — 10. L’arithmetique
demontration en efttelle: '

13. . 6(3@—400. x@ —10.
“— 1000i. ~—600 “—400. —10. -— 10,

. 1 2a2\? < (4?3 7 )

_ solutions. a[I>n.deed, from "y (b —_ 2—7) S (3) , see Prob. 70, case 2)
-follows ii‘i Z b} For example, x3 = — 3x2 + 4 has the root x = — 2 because
x3 = 3x2 — 4 has the root x = 2; x3 = — 11x2 + 72 has the roots x = — 3,
x = —4/40 — 4, because x3 = 11x2 — 72 has the roots x = 3, x = 4 + 1/40.

[Stevin writes 1/ 40 — 4].

Article XI. If x3 = ax2 — b, a solution by — is possible. [ Among Stevin’s
examples that of x8 = 6x2 — 400, is wrong, the solution by — is not — 10,
but — o, 5.8 < « < 5.9} , , '

[The cases x2 = — ax — b, x3 = — ax — b, x3 = — ax2 — b arec not "
" discussed}. o : ’ -
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Prob. LXXI contains the theory of the general cubic equation, in 7 cases, all
discussed separately:

1) x3—ax2+bx—|-r,2)x3:—-ax2——-bx——c, 3) 8 = ax2 + bx — ¢,
4) x8 = — ax2 + bx — ¢, 5) x3 = ax2 — bx + ¢, 6) x8 = — ax2 — bx
+ ¢, 7) x3 = ax2 — bx — ¢, but not x3 = — ax2 — bx — ¢, which has no

positive roots. If we cast all types into the form x3 = px2 + gx + r (p, g, r
Ppos. or neg.) they are solved by the substitution x = y + -’L, which leads to the

equation 33 = y (¢ + P ) L 2p + pq + 7, to be solved by the methods of
Prob. 69. The number of (posmve) roots presented by Stevin is for the different
cases:

1)1;2)1;3)1;4)1;5)10r2;6)10r2;7) 1lor2.

The equation in y is obtained by writing

x3 — px2 +£;x - (%)3 :gx+r+%2x—(—':-)3, or
_2ys = Py _ (g 12y 2 Pyr oL, 2y
(x 3) §q+3)x (q+3)‘3+(q+3)5+r (3),
2 3
=+ y+ 2+ By
The sections in L’'Arithmétique dealing with cubic equations have been
analyzed by H. Bosmans, Mathésis 37 (1923). See footnote 35) of the In-

troduction. In this article several examples of Stevin’s text have been given in the
original and in the modern notation.
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PR‘OBII.EJV‘[E LXXIL ‘
' E Stant donnez_trois termes, 'de]éuelr le pre-
mier ®, le fecond ©®, ke trovfiefme.nom-
bre algebraique quelconque : Trouer ler qua-
triefme terme proportionel.

Nota Lebinomic du fecond terme donné, de ce

probleme, fe peult rencontrer en trois differences
fgauoir:

Probs. LXXII—LXXVII bring the theory of the Biquadrati¢' equation, Prob.
LXXII that of x4 = px + ¢, LXXIII that of x4 = px2 4 9% + ¢, Prob.
LXXIV that of x4 = px3 + ¢, Prob. LXXV that of x4 = px3 + gx +'r,
Prob. LXXVI that of x4 = px8 + ¢x2 + 7, Prob. LXXVII-that of x4 = px3
+ gx2 + rx + 5 (p; q, 1, pos. or neg.). Only in Probs. 72-74 all possibilities
as to the signs.of the coefficients are taken into account; in the discussion of the last
three problems only some examples are given, with the statement: “The con-
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O+6 Defquelles trois differences les autres

j-_ CZ) en donnent trois diuerfes manieres

—0 @ d’operations, mais nous en donnerons
o— vne fimple & generale en cefte foree:

PREMIERE DIFFERENCE
" pE SECOND TERME O—+Q.

Explication du donné. Soient donnez trois termes
felon le probleme tels: le premier 1 ®), le fecond 12 D
~+ 5, lewcifiefme 1 .  Explication du requis. 1l fauc
trouuer leur quatriefme terme proportionel,

Copftruition.

+ O (parteigle) + 5 © (pourle 5 donné,luy
applicant () vallent 36 (quarré de 6, moitie de 12
des 12 ® donnez) combien 1 ©? fai& parle 69
probleme : ’
Le quarré de {a moitie 2 eft
Au mefmeaioufté 5 donné,fai
Saracine quarrée

De la mefme foubftrait 2 moitie de 4 premier
enlordre, refte .

Laracine quarrée de 4 premierenl'ordre, eft 2,
laquelle quand au + ou — fera par reigle com-
me les 12  donnez, quifont +, fera doncques
~- 2, 4 laquelle appliqué @ par reigle feront 2 ®

Puis ondira 1 (@ (parreigle) vaut 2 @ (fixief-
me en Pordre)—+ 1(cincquiefmeen I'ordre) com-
bien 1 D ? fai par le 68 probleme W21

Ie di que 4/ 2 -+ 1 eft le quatriefme terme propor-
tionel requis. Demonitration Arithmetique. Mettons par

w\O B

-

struction will be similar to that of the preceding problem.” The method used
is that of Ferrari, familiar through Cardan’s Ars magna. In the case of Prob.
72 Stevin explains it as follows (in “Of the origin of the construction of the
preceding problem™):

Given x4 = px + 4. Add to the left and the right side terms of the form
Ix2 + m, such that we obtain in x4 + /x2 + maswell asin /x2 + m + px + ¢
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le moien du 66 probleme, foubs chafcune terme fa va-
Ieuten cefte forte:

1®. 12045, x@.' 241
17447288, 1744288, #2+1. v 2+ 1.

Etappert que #/2+ 1, eft leurquatriefme terme
proportionel. _ :
DEVXIESME DIFFERENCE
DE SECOND TERME —(D+©.
Explication dudenné. Soient donnez trois termes fe-
lon le probleme tels: le promier 1 @, le {econde — 32
© 6o, le troificline 1 @. Explication du requis, 1l
faut trouuer leur quatriefme tecme proportionel.
Conitruction.
-+ @ (par reigle) -+ 60 ® (pour le + 6o donné,
luiapplicant @) vallent 2 §6 (quarté de — 16, moitie
de— 32des — 22 (D) données) combien 1 @ @ faik

par le 69 probleme, 4
*Le quarre de famoitie 2 eft 4
Aumefme aioufté 6o donné, fait 64
Saracine quarrée : 8
De la mefme foubftrai 2, moitie de 4 premier
enl'ordre,refte . 6

Laracine quarrée de 4 premieren Pordreeft 2, la-
quelle quantau +- ou -, fera par reigle com-
me les — 52 @ donnez, qui font—, fera donc
— 2,4 laquelle appliqué O (par reigle)fera —2 @
Puis on dira — 1 ( (par reigle)vaut — 2 @ (fixief~ *
me en Pordee) -+ 6 (cincquiefme en lordre)

a perfect square. vHehce, ifm = (%.)2, ! =y, the condition that
. y . i - .
I+ px +m+q=py2+ px+ ()2 + qxsaperfectsqga_rens
\ 2 .
y 3 (_g_) +q g = _({_)2,0;—};’3 =—9qy+ (%)2 Thus we must find

two numbers y and z such that ( % )2 =25+ 4)+ ( ‘:; )2', a problem solved
in Prob. 81, No. 11, and this amounts to the solution of the cubic equation in y. The
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combien 1 @, faiét parle 68 probleme’”  #/7 —1

Ie dique 4/7 — 1 eft le quatriefme terme propor-

tionel requis. Demonsiration Arithmetique. Mettons par

le moien du 66 probleme foubz chafcun terme {2 va«
leur en cefte forte:

' 1®. —320+60. 1 N7—1
92—4/ 7168, 92—4/7168. 47— 1. 4/7—1

Et appert que 4/7 — 1 eft leur quatriefme terme
proportionel. '

TROISIESME DIFFERENCE
DESECOND TERME O—0.

Explication du donné. Soient donnez trois termes
felon le problemetels : le premier 1 @), le fecond 4 ®
— 3, le woifiefme 1 @. Explication durequis. 1l faut
wouuer leur quatriefme terme proportionel.

. Conitraction.
= @ (par reigle) — 3 @ (pour le — 3 donné, lui

applicant (D ) vallent 4 (quarré de 2 moitié de 4 des

4 g)) combien 1 2 faick par le 66 probleme

Le quarré de fa moitie 2 eft

Au mefmeaioufté — 3 donné faic

Saracine quarrée

De la mefme foubftrai& 2,moitié de 4 premicren
Pordre, refte :

La racine quarrée de 4 premier en lordre,eft 2 fa-
quelle quand au + ou —, fera par reigle com-
me les 4 @ donnez,qui font ~+,fera donc - 2

dlaquelleappliqué @ (parreigle) fera -~ 2 @®

"momaah

b ¢

root y then gives (x2 + % 2 = (Vyx + l/‘, (%) + ¢, 0r x2 + %: Vxy+
1/(}'7)2 Y og w2 E Yy "2'. +V(%)2 + g. Stevin's example is
M= 1245l s sy by =g =402 4 2= 20 4 3,

x =3/2 1,5w-hic.h is indeed the only positive root. Nowhere, in his theory
of the biquadratic equation, ‘does Stevin ask for negative roots. . .
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Puiséndira 1 @ (par reigle) vaut 2 @ (fixiefme -
enPordre — 1 cincquiefme en I'ordre) com-

bien 1 @2 £2i& par le 68 probleme I

Ie di que 1 eft le quatriefine’ terme proportionel re-
quis. Demonfiration Arithmetique. Mettons par le
moien du 66 probleme, foubs chafcun terme f2 valeur

en cefte forte : _ . .
1® . 4O—3 1 ®. I
1. 1. 1. 1.

Etappertque 1 eft leur quatriefme terme proportic-
nelrequis. Conclufion. Eftant doncques donnez trois
termes, defquels le premier @), le fecond @ @), le troi-
fiefme nombre algebraique quelconque; Nous auons
trouué leur quatriefine proportionel; ce qu'il fal-
loir faire.

DE LPORIGINE DELA CON-
STRVCTIONDYV PRECEDENT
PROBLEME,

Quand @ eft egale a (D (@,nous les pourtons redui-
re;en @, egaled (O ©,&alors deuient [avaleurde 1 @
notoire par le 68 probleme, comme apparoiftra. Soit

- 1®,egaled 12 ® + §; Quifontl¢ premier & fecond
- terme dela premiere differéce. 1 faut dscques trouuer
quelque @ & @ telles,queaionftées d la 1@ ha fomme
foit trinomie, duquel la racine (oit 1 @~ quelque @.
Puis lefdites 3 © aiouftez aux 12 @+ §,que la
fomme {oit erinomie,duquel la racine foit @ & @. Or
.pourles trouuer, il fera premierement neceffaire , que
le quiarré dela moitie du nombre de multitude des @,

. The general solution is outlined in Prob. LXVIIL Here the-equation is written
xt — px8 = ¢gx2 + rx + 5. Make the left hand side the sAqua_revof -a form

x2 4 Ix + m: T ) .. i
(=2 + Ix '+ m)2 = xt 420x3 4 (2% 2m).x2 + 2lmx = m2,

hence / = ——‘:i Write m = y: _ .
(2= Lx k2= g box b+ (B w2 < gt 2

= (Z gt Fr—p) F R E
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- foit egal au (), car autres@ & © aiouftez a1®, ne
peuuent faireque la fomme aie racine feruant a noftre
propos. Au fecond,que le produict du nombre des (@,
ar la fomme de tel (@ trouué & les doné foitegal 436,
a [Gauoir au quarré de 6,moitiede 12des 12(D,car autres
@ & @ aiouftezd 12 © -+ § ne peuuent faire, que la
fomme aie racine feruante 4 noftre propos. U nous faut
doncques trouuer deux nombres tels, que le quarré de la
moitte du premier foit egal au fecond, ¢ que le produict du
premier par le fecond + 5 foit 36, & eft cefte queftion la
11 du 81 probleme, par laquelle il appert, que le pre-
mier eft 4, & le fecond auffi 4, le premier doncques fe-
rale nombredes @,& lefecond le @. Deforte queles
deux quantitéz requifes, feront 4 @+ 4. Aiouftons
les mefmes 4 chafcune de. noz egales parues données;
Ergo1 @+ 4® — 4, feront egalesi4 @+ 12

O-+o9. : )

Puis extrahons de chafcune partie racine quarree;
Ergo 1 (® <+ 2, ferontegalesd 2 O~ 3.
_ Puis fouftrahons de chafque partie 2 ;
Ergo 1 (®,demeureracgaled 2 @+ 1.

Et ainfi au lieu de 1 @, egale 4 12 @+ 5, nous
auons 1 (@), egale d 2 @+ 1. Etlavaleurde 1 @, par
le 68 probleme eft 42 + 1. Eteft manifefte que ceci
eft Porigine de noftre conftru&ion du precedent pro-
blemé. Laquelle il nous falloit declarer.

PROBLEME. LXXIIL

E Stant donnez_tross sermes defquels le pre-
mier @, ke fecond @ ©O, le troifie/me

We have to find y such that

s L 1
E+ra+m) 02ty = 10—z o
which is Prob. 81, Nos. 21, 22, and leads to an equation solved by the methods
of Prob. 71. If y is solved from this cubic equation, then

e L,y EE s,
B— T hy=x gt 2+ VR 4

from which qﬁad’ratic equation x can be found.
Stevin's e);ampl_e is x¢ = — 4x3 + 4x2 + 40x 4 33:
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nombre dgebraique quelconque : Trouuer lear
quatrie[me terme Propartionel. '

No T a. Letrinomie dufecond terme de ce pro-
bleme fe peut rencontrer en fept differences 4 {gauoir:

Q+O4@ Lefquelles fept differencesre-
—@+®+©@ goiuent plufieurs diuerfes manie-
@+ ®—@ res doperations felon les autres
— @+ ®—@ aurres autheurs, mais nous en.
@—®+ @ auons fai¢t vnefeule & generale,
—@—®+® comme fenfuit. .
@—0—0

PREMIERE DIFFERENCE
DE SECOND TERME @+ O+ ©.

Explication du donné. Soient donnez trois termes
felon le probleme tels: le premier 1 ®, lefecond 3@
~ 30 @ = 16 le troifiefme 1 © Explication du requis.
Il faut cronuer leur quatriefme terme proportionel,
- Conftrultion.
+ @ (parreigle)+ - @(pourle - parreigledes
3 @ donnez) + 16 (pour le 16 donn¢ lui ap-
plicant ®)vallent 177(excesde 22 5 quarré dela
moitie de 30 des 30, donnez, fur 48 produict
de 16donné par3 (des 3 @ donnez) cambien
1D faiét par le 70 probleme
Auquel aioufté 3, des 3 @ donnez, fai&
Lequarté de 3,moitie de 6 premierenl’ordre cft
Au mefme aiouft¢ 16 donné, faict 2

“ O\ .

(27 +8) (2 + 33) = (40 + 42

3 = —2y2 + 7y 4 68;y = 4.
Hence x2 4+ 2x + 4 = 4x + 7;x = 3,
indeed the only positive root (there is a negative foot x = — 1, not mentioned
by Stevin). Stevin also solves an equation in which the coefficient of x4 is different
from unity: ’

Ox4 = — 12x3 + 30x2 4+ 204 + 171; x = 3.




656

I  roPERATION. T35S
Sa facine quarr - _
De la mefme fou .itraict 3, moitic de 6 premier ez
Pordre, refte 2

La racinc quarrée de g fecondenl'ordre eft 3, d la-
quelleappliqué (@ par reigle feront '

Puison dira 1 (2 par reiglc, vaut 3 © (feptiefme
enlordre) + 2 ({ixiefime en lordre) combicn

1 O? faié par le 68 probleme V414

Ie di que les mefmes font le quatriefme terme pro-
portionel requis.

Demonstration Arithmetique. Mettons par le moien
du 66 probleme foubs chafcun terme fa valeur en
cefte forte: :

1@, 3@+300-+16. 1 O 4+15-

1 X x y 1 1 T, I A
soT+v§464T.80 T+u64.64—4-_—.t/474—-f~x—;.v4:-4-_—1-x z

Et appertques’/ 4 o + 1 - eftleur quatriefime
terme proportionel; ce qu'il falloit demonftrer.

Veu que lareigle de cefte conftruction eft geneljalc,
nous n’appliquerons pas ( comme nous auons aufli
faict au 71 probleme) les efcriptures aux nombresdes
ordres, pourla multicude desdifferences.

' 1 ®cgalea N o 14, Quant le fecond
15@—+ 36 ®—~+27 termedonné tient racine qui
.—6 foit- binomie , Pon extraira

9 gour plusgride facilité ( com-

9 tenquela reigleci deffuseft

36 generale)de chafque partie ra-

6 cine. Soit par exemple 1 @,

eglled 4@ +12O+9.0r

3 parce que le fecond terme,
#/ 114 -1 tent telle racine, onFextraira

The sections in L’Arithmétique dealing with biquadratic equations have been
ahalyzed by H. Bosmans, Mathesis 39 (1925), see the Introduction 35). In this
article several examples of Stevin’s text have been given in the original and in the
modern notation. S : ’ o
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dc chafqueterme & 1 (@ fera egale 42 @ 43, & par

‘le 68 probleme 1 ® vaudra 3. -
DEVXIESME QVATRIESME

DIFFERENCE DE  DIFFERENCE LB
SEGOND TERME SECOND TERME
—@+0O+0. —@+0O—0.
1 ®cgalea 1® egale a

—1@+40+3 —2@+8@—5§

2 ~ ' 6 :

I 4.

! 9

4 4

2 2

1 —I

:@ 1@ .
4/-%'—*"—;' I

TROISIESME
DIFFERENCE DE

Voila les quatrc itc'ml(%
SECOND TERME

res differences acheuées,

- . & {fonscellesqui onttou-
@+0—0. tes eues au {'c(gond terme,
1® cgalea ~ lamoienne quantité 4,4
8@+ 160—12 fgauou ~4- @ ;fenfuiuent”
8. maintenant les trois an-
16. : tres, qui ontladx&c moi-
16. : enne quantité —; Et re-
4 ~ ceuronten la coﬁm&mn
2. quelque petite mutation;
—2. - La raifon et , que leurs
4® ongmes mefmes lesre-
Soluti- (2 442 - goiuent; qui- ptocede (co-
onou 2 -2

657
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meapparoiftra plus amplement enfon lien) de cela,
que @ — © +©, ont autant —® + @, pour ra-
cine,comme (D — (9, defquelles ne fcauons en l'o-
rigine mefme queelle fera la vraie, par ce que la valeur
des quantitez que nous cherchons, nous eft incognue,
Drou fenfuit que defdites differentes fuinantes on
pourra faire deux conftrutions,qui feront aucunefois,
toutes deux bonnes; aucunefois feulement Pvne, def-
quelles nous pourrons choifir la vraie,

Or la premiere de ces deux conftruéions, differe
de la precedente feulement en cela, qu’il faut, quele
feptifme nombreen Iordre (lequel ci deffus fa touf=
iours efté di& ~+) foit par reigle —. v

Etla deuxiefme de ces deux conftruions, differe de
la precedente feulementen cela, qu'il faut que le cinc-
quicfine nombre en Fordre (lequel ci deffuss fa touf
iours di& —+) foit par reigle —.

Lefquelles chofes eftant fort enidentes,nous en don-

nerens feulement les exemples par les charateres des
nombres de Pordre,

CINCQVIESME DIFFERENCE DE
SECOND TERME Q— D-+0©.
1® egale a 1 ® egale a 1® egale a
14@—160+3. 1A—18@+8. 10@—40D-16
2

2 —2 —2 6 6
16 16 9 9 16 16
} O 1 1 1 9 9
4 4 9 9 25 25
2 -2 3 —3 3 —3s
1 —2 2 —8

-3 4
—40 40.—30 0. 4O 4O
VTt 31 ot Ve—r i
. _

I vrai¢ fol
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N oTa. Quand lefecond tesme donné, aura raci-
ne qui {oit binomic, on en pourra faire comme nous -
auons dit foubs la premiere forte.

SIXIESME DIF- ~ SEPTIESME

FERENCE DE SE- . DIFEERENCE DE
COND TERME SECOND TERME
—@O—0+0: @—0—0.
1®@ecgalea 1@ egale a
—3@—60+5 19@®@—200—5
4 6
1 25
4 9 :
9 4 ’
3 —* :
1 -
A/—;-E-—--L‘ 23-@—}-4/1 .
. 2 ou{z%__‘/l%r

La demonftration dechafcune difference fera fem-
blablcd celle de la premiere difference. ‘- Conclufion.
Eftant doncques donnez trois termes defquels le pre-

mier 4, le econd @ @ @, le o fiefme nombre alge-
braique quelconque; nous auons trouué leurquatrief-

me terme proportionel ce quil falloit faire. v
DE LORIGINE DE LA " CON-

STRVCTION DV PRECEDENT
PROBLEME.

Quand @cftegale 22 ®@; nousles poﬁuon§ re-




660

- DB PoPERATION, 359
duireen @), egale 3. ® ©, & alors deuient la valeur de
1 (D notoire par le 68 probleme, commeil a paroiftra.
Soit 1 @, egale 4 3 @+ 30 ® <16, qui g)ntle pre-
mier & fecond terme dela premiere ditference. Il faut
doncques trouuer quelques @ & @), tels que aiouftez
ala 1 @, lafomme foit trinomie, duquel Ja racine foie
1 @—+quelque ©; Puis leldittes 2 @, aiouftez aux
3 @ 30 ® -+ 16, lafomme {oit trinomie, duquel la
racinefoit 1 @& ©; Or pour les trouuer, il fera pre-
micrement neceflaire, que le quarré de la moitie du
nombre de multitude des @ foit egal au @, car autres
@ & @aiouftez d 1 @), ne peuuent faire que la fomme
aie racine feruante 4 noftre propos, parla note du 2
exempledu 61 probleme. Au fecond, quele produi&
delafommede 3 (des 3 @donnez) & le.nombre des

* (@ trouné,par la fomme de 16 donné, & du @ trouné,

foiregald 22 5,4 fgauoirau quarré de 15, moitiede 30
des 30 (D donnez, car autres @ & ©, aiouftez 3 3

" ~+ 30D — 16 ne peauent faire quela fomme aie ra-
cineferuanted noftre propos, par ladite note du 61

probleme. Il nous faut doncques trouner deux nombres tels,
quele quarré de la moisie du premier foit egal aufecond, &

-quc le produiét du premier - 3 par le fecond - 16 foit 225,

Eceft cefte queftionla 12 du 81 problenie;par laquelle
appert, que le premier eft 6,8 le fecond g; le ‘premier
doncques fera le nombre des 3,& le fecond fera le @.
De forte que les-deux quantitez requiles feront 6 @
~+ 9t Aiouftons les mefmes 4 chafcune de noz egales
arties donnees; -

Ergo 1@ ~+6(® 9, ferontegalesd 9 @+ 30
@~ 25. _ :

Puis extrahons de chafcune partie racine quarrée;
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Ergo 1 ®—+ 3, fcront egalesd 3 @+ §.
Puis fouftrahons de chafque partie 35
Etgo 1 (3, demeureracga ed 3O+ 2.
Etainfiaulicude 1® egaﬁei 3@+ 30O+ 16,
nous auons 1 () egaled 3 © —+ 2; Dont la valeur de
1 (D parle 68 p'robﬁ:me et o/ 45 41>

Et eft manifefte, que ceci eft Forigine de noftre con-.

" firuétion du probleme precedent; Laquelle il nous fal-
loit declairer. ’

PROBLEME LXXIIIL

E Stant donnez_trois termes, defquels le pre-
* mier ® , le fecond ® @, le trovfiefme nom-

bre algebraique quelco(zquc: Trouser lewr qua-

triefme terme proportwml.

Norta Lebinomie dufecond ter-

. ®—+® me donnéde ceprobleme fe peut ren-
— @+ @© contseren trois telles differences:

@®—®@  Delquelles nous donnerons trois con-

. ftru&ions, toutes d’vne mefme manie-

red'operation, : '

PREMIERE DIFFERENCE

pE SECOND TERME O+ (0.

Explication du donné. Soient donnez trois termes
fclon le probleme tels: le premier 1 ®, le fecond 2 @
~ 27, le troifiefme 1 @. Explication du requis. 1l faue
trouuer leur quatriefme terme proportionel.
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DE 'oOPERATION, 361
Confiraition.

1® (parreigle) + 2 ® ( pour 2 des 2 donnez
les applicant ©) vaut 3 (racine cubique des 27
donnez) combien 1 (D ? faic parle 72 proble-
me 1,par le mefme dinifé ledict 3 racinede 27
donne quotient ’ 3
* Tedi que 3 eft le quatriefme terme proportione] re-
vis. Demonstration. Mettons parle moien dué6é pro-
bleme , foubs chafcun termefa valeur en cefte forte:

1®. 2@+ 27, 1O 3.
8r. 81. 3 3.
Etappertque 3 eftleur quatriefme terme proportio-
nel; ce qu'il falloit demonttrer. ‘ :

SECONDE DIFFERENCE DE
sEcoND TERME —Q+0. '

Explication du donné. Soient donnez trois termes fe-
lon le probleme, tels: le premier 1 ®,le fecond — 2 @
~+ 32,letroifiefme 1 @. Explication du requis. 1l faut
trouuer leur quatriefme terme proportionel.

Conftraltion. :

1 @(par reigle)— 2 ®(pour — 2 des—2 @ don-
nés,lesapplicant ®) vaut 4/ B) 32 (d fcauoir ra-
cine cubique des 32 donnez) combien 1 ®2
faiét par le 72 probleme +/ () 4,par la mefme
dinifeladicte 4/ 3 32 donre quotient 2
Ie dique 2 eft le quatriefine terme proportionel re-

quis. Demonftration. Mettons par le moien du 66

probleme foubz chafcun terme fa valeur en cefte forte: -
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1®. —20Q+32 1®. 2.
16. 16.. 2. 2

Et appert qﬁc 2 eft leur quatriefme terme propor-
tionel requus; ce qu'il fallorr demonftrer.

TROISIESME DIFFERENCE

DE SECOND TERME @ —(©.

Explication du donné. Soient donnez trois termes
felon le probleme tels: le premier 1®, le fecond 3 @)
—8,le troifiefme 1 (D. Explicationdu vequis. 11 faut
trouuer leur quatriefme terme proportionel.

Conitruction.

1 ® (par regle) 4+ 3 @ (pour 3 des 3 @ donnez, les
applicanta @) vaut — 2 (4 fgauoir racine cubique des
— 8 donnez) combien 1 @? faié parlc 72 probleme
— 1. par le mefine diunif¢ ledi®& — 2 racinede — 8
donne quotient 2

Ie dique 2 eft le quatrie(me terme proportionel re-

is; Demonftration. Mettons par le moien du 66 proz
bleme,foubs chafcun terme fa valeur en cefte forte:

1@. - 30—8. 1@, 2.
16, 16. 2. 2.

Etappert qﬁe 2 eft leur quarriefme terme proportio-
nel requis; ce qu'il falloit demontftrer.

DE LORIGINE DELA CON-
STRVCTION DE CE LXXIIIL
PROBLEME. :
Pofons que 1 @ foitegaled— 2 @~ 3; Oubien
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De roPERATION. 363
(ce qni vautle mefme) 1 @+ 2 (D,egalesa 3,defquels
nous cherchons la valeurde 1 ®, que nous fcauons
eftre 1; Diuifons par le mefme le 3 donné, dohne quo-
tient 3; doncques 1 & 3, font deux nombres, defquels

 le produiét faict le 3donné,& le produiét dudi¢t nom-
bre 1par —2(des — 2 donnees)quieft — 2 aioufté
ala potence de quarte quantité dudiét nombre 1,refte
ledi& nombre donné 3.Quand doncques nous aurons
trouué tels deux nombres comme fontlefdicts 1 & 3,
ileft notoire que I'vafera la valeur de 1 ® requife.
Pourtant mettons le fufdi& en forme de queftion
ainfi: Troustons deux nombres tels que leur produict foit 3,
& que le produict de L vnnombre par 2 aiousté & la potence
de quarte quantité dudict vn nombre, la fomme foit aufss 3.
Quieftla 13 queftiondu 81 probleme; Et appert aux
termesreduléts, que 1 @ fetrouua egaled 2 -+ 27
(lequel 27 eft le cube du 3 donné,defquelsla valeur de
1 @ eft 3; Par le mefine (pour trouuer Fautre nombre
requis) (e diuifale 3 (quictt le 3 du (econd terme pofé
ci deflizs,Quand doncques 1 @®,eftegaled — 2D +-3,
alors pour trouuer la valeur de 1 (D, nous pouuons
(comme par reigle generale) mettre en leur liew, 1®
egaled 2 3 (4 fgauoir -2 au liendu — 2 donué & Q)
aulieu de @ donnée) - 27 (pour le cube de 3 donné)
diuifantla racine cubique de 27, parladiéte valeur de
1 ®,lequel quotient fera le requis. Etparlereuersde
ces chofes, Quand 1 @eft egale 42 @ +-27, alors

our trouuer la valent de 1 @ nous pounons mettre ch
eurlieu 1 ®,egaled —2 @+ 3,divifant par lavalear
de 1 ® laracine cubique du 27 donné; quieftPopera-
tion dela fufdiéte premiere difference {emblableaux
deux autres. Laquelle origine il nous falloit declarer.
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Nora 1. L'on pourroit encore defcripre autre
maniere de confiruction que n'eft la precedente; 4 f¢a-
uoir par l'operation du 14 exemple du81 probleme;
Mais nous le paffons outre 4 caufe de bricfueté.

Nora 11. Confiderant d'vne part que Forigine
des conftrucions des trois problemes fuiuans, eft en
tousaflez la mefme; Erd'autre pare,la multicude des
diuerfités des differences que regoiuent aucuns d’iceux

roblemes, nous defcriprons leurs origines mefmes,au
ricu de conftruction, commengant a ce 74 probleme,
duquel nous donnerons(outre les conftrucions prece-
.dentes)autre maniere de conftruction,comme fenfit.

Explication du donné. Soient donnez trois termes
felon le probleme tels:le premier 1 @, lefecond 6 @) +-

35 le woifiefme 1 ©. Explication durequis. 11 faut
wouuer leur quatriefie terme proportionel.

NoTa Afin de declarer le fens, autant decefte
conftrnction,comme des trois problemes fuiuans, faut
{Gauoit, que noustachons d'aiouftera chafque partie,
quelques quantitez egales, telles, que chafque,(gmmc‘
aie racine de moindre multitude gc quantitez que les
quantitez donnees; & deuiennent ainfi finalement
conuertiz en (Z egale 4 © @, defquelles 1a valeur de
1 ©eft alors noroire, par le 68 probleme.

Confiruition.

On appliquera les @) données, ou paregale addi-
tion, ou par egale foubftraction, toufiours 4 Lh1®,il
fauedoncquesici foubftraire de chafque partie 6 3);

Ergo 1 @ —6 (), demeureront egalesd 3 -

Puis il faur aioufter 4 chafcune partie quelques

® © ©;ainfi que 'vneaie pour racine quarrée, trino-

665




666,

-

Dz r'oreraTION, 36y
mie,& l'autre binomie. Or puis que les deux premiers
characteres dela premiere partie;font 1 @ — 6 @il eft
notoire que les deux premiers chara&eres de la racine
(apresladdition defdictes & ® @)feront1 @ — 3 @
(comme il appert par la multiplication de quantitezen
eux) 4 fgauoir— 3. (des— 3 ) pour moitie de — 6
(des— 6 (® donnés) Il refte maintenant d’appliquer
aiceux 1 @ — 3 @, quelque © tel, que le quarré de
tel trinomie aie les quantitez comme @ ® @, telles,
que les mefmes aiouftez i la feconde partie,qui eft 35~
12 fomme aie racine qui foit @) (@,qui fera (par la note
au 2 exempledu 61 probleme) quand le quarré de la
moitie du nombre de multitude des @, {oit egal au
produi du @@, par le nombre de muliitude des @;
Mais veu qu'enl'inuention de ce @), qui doibt eftre ap-

" pliquéd 1 @ — 3 ®,nous n’auons que faire des fignes

des quantitez, nousles dclaifferons, 4 fin quelles ne
nous caufent confufion, & que ne foions cétrainés de
befoigner par poftpofees quantitez difant ainfi : Trou-
wons vn— @© (car ceft notoire que + @ ne le pourra
eftre)qus appliqué a 1— 3.Et puis tels trois nombres multi-
pliez par eux mefines diftinemet,felon la maniere de multi-
plication des quatitez. algebraiques, Et au dernier nombre du
produic diouste 3—-.quwalors lequarré delamoitie du cing-
quicfme.foit egal au produiit du quatriefme par le fixiefine.
Eteft cefte queftionla 15 du 21 probleme,par laquelle
il a‘Ppert que le nombre requis eft — 2, qui appliqué
auldits 1@ — 3 @, fera 1 @ — 3 © — 2,fon quar-
ré1® —6Q 4 § @+ 12 @+ 4.du mefme foub-
ftraict la premiere de noz egales parties , tefte § (@ ~+
12 (D -+ 4, aiouftonsles mefmes A chafcune de noz
egales partics;
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Stevin does not follow the example of Cardan, who in. the 18th chapter of

the Ars Magna studies some cubic equations such as x3 4 10x = 6x2 + 4, finds

three roots (all positive), 2, 2 +4/2, 2 — 4/2, and concludes that their sum

is equal to the coefficient of x2. Stevin’s main concern is the finding of positive
roots, and, at one place, of negative ones, but even here with an eye to the possible
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positive roots that he may discover by not neglecting negative ones. Although he
usually detects all positive roots, he occasionally omits some just because of his

lack of interest in negative roots or in the root x = 0. For instance, among his

examples in Prob. 71 are the following:
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Dont les demonftrations feront femblables aux prece-
dentes. Conclufion. Eftant doncques donnez trois ter-
mes defquels le premier @), lefecond @) ©@); le woifief-
me nombre algebraique quelconque; nous auons trou-
ué leur quarriefine terme proportionel; ce qu'il fal-

loit faire.
PROBLEME LXXV.

E Stant donnez_tross termes, defquels le pre-

mier ®, le fecond @©©, I troifiefme,
nombre algebrasque quelconque : Trouuer leur
quatrie[me terme proportionel.

Explication du donné. Soient donneztrois. termes

felon le probleme tels : le premier 1 @®,lefecond 4 @) -

~+ 8 ®— 32, leuoifiefme 1 @.

Explication durequis. 11 faut trouuer leur quatriel=
meterme proportionel.

ConStrudtion. Laconftruion fera femblable i celle
duprecedent probleme. Etle 6 (derniere quantité de
I @— i (D= 6) eft rouné parla 17¢ou 18¢queftion
du 81 probleme;la difpofition des chara&eres deI'ope-
ration, femblable aux procedenteseft telle : '

3

669

x3
x3
x3

6x2 + 4x — 24; x = 6
6x2 +-3x — 18; x = 6
6x2 4 3x — 44; x = 4.

The corresponding equations in y = x — 2 are:
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In the first. example Stevin omits the positive root. x = 2, because he

0 as a root; in the second example he omit;s x = 4/'3, because he

discards y

discards y = — 2 '+ 4/3, a qt_égatii/e root; and in the third example he omits

1 + 24/ 3, because the equation y3 = 15y + 22, which,

34 24/3, 9

according to his method of Prob. 69, he needs'in order to solve y3

X =

15y — 22,

\
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has a root y = :— 2;-which he discards.’

““In Prob. 75 he only has the positive root x = /5 — 1 -of thé equation

x4 .= — 8x3 4. 40x _—_-_v32>'and omits x. =4/ 17:—. 3, bec'z‘mse" iri»extfacting

(2x — 2)2 he only takes x2 4- 4x.—.6

2x — 2 and omits x2 4+ 4x — 6 = — 2x + 2. It seems that Stevin added

the square root from (x2 + 4x — 6)2.
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pleted the major part of his theory
at he had read in the Ars Magna

the section on negative roots after he had com
of equations (perhaps after reflection on wh

2x,

on the relation between the roots of x3 4+ 16 = 12x and those of x3 — 16

sée Stevin's Article V of his section on solutions by —), and did not check

up again on all his examples with this new theory in mind.
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| De rorerATION 373
Et appertqueautant 3 + +/3,comme 5 — ¢/;3cft

leur quatriefine proportionel; ce quéil falloit demon-
ftrer. Conclufien. Eftant doncques donnés trois ter~

mes defquels le premier @), le fecond @ @ @), le troi-
fiefme nombre algebraique quelconque. Nous auons
trouué leur quatric{ime terme proportionel; ce qu'il

falloit faire.
PROBLEME LXXVIIL

: E Stant donnez tross termes, defquels le pre-

mier ®, le fecond @@ ©®, le troifiefme

nombre algebraique quelconque: Trouner lewr
quatrie[me terme proportionel.

Explicationdudonné. Soient donnez trois termes fe-
lon le probleme tels: le premier 1 @, le fecond — 4
@+ 4@+ 40® + 33, le woifielme 1 @.

Ecxplication du réquis. 11 faut trouver leur quatrie(-
me terine proportionel.

Constraltion.

- La conftruction fera femblable 4 celle du precedent
probleme. Etle4 (derniere quantité de 1@+ 2 @
—+4) cft trouué parla 21° ou 22° queftion du 81 pro-
blerre: La difpofition des characteres de I'operation
femblable aux precedentes eft telle ;

At the end of Prob. 77 Albert Girard, in his edition of Stevin’s works (1634),
places a Reigle, which is no other than the Appendice algébraique of 1594, see
our Introduction. We republish it separately at the end of L’Arithmétique.
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Prob. LXXVIII deals with equations with “derivative” quantities (Def.- 27),
which can be reduced to previous types. Examples: x9 = 2x3 4+ 496;
x = 2; x18 = 2x12 4 3x9 4 2x6 4 22912; x = 2. When reducing this last
equation to y5 = 2y¢ + 333 + 2j2 4 22912 by means'of y = x3, Stevin
introduces for the first time in his theory of equations (see our remark to Prob.
70, third case) his “quantités postposées” of Def. 28 and Probs. 62-65, that is,
he writes 1 sec (8) for 1 @), or y5 = x15. In order to explain how to operate with
these new quantities he adds Probs. LXXIX and LXXX and six theorems.
theorems.

Prob. LXXIX. If py is an expression in x (p being a number), what is y? This
is extended to such problems as: if 4y = 8x8 — 4x, what is 2y2 + 3y? Ans.:
8x6 — 8x% 4 2x2.

Prob. LXXX. If xy is an expression in x, what is y? This is .extended to

such problems as: if 2x2y3 = 6x4, what is y? Ans.: B 3x2. It is also noted
that 3x2.4y = 12x2y. Division is taken into account.
Then follow six theorems, taken from Cardan’s Ars Magna, Ch. X, and here

formulated in our own way:
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" Theorem
Theorem
Theorem
Theorem

Theorem

T heorem

I
11
IH.
v.

V.

VI

Ifxy +ay =bx,thenx:y=(x +4a): b.
Ifxy =ay + bx,thena: (x —a) = (y— &) : &.
Ifay = xy + bx, then (a —x) : x = b : y.
Ifx2_axy+by,then1)x y=b:(x—ay),"
2)x:y = (ax + b) :x.

If xy = ax2 + by, then 1) y:ix= (y — xa) : b,

2)x:,'-a-'—(x%b) _
If ay = xy + bx2, thenl)a (y—l-bx) =x:},

a—x

2) x: y_ 5 X

All these Theorems have been provxdcd with an “arithmetical”- and a “geo:
metrical” demonstration. The first is a numerical verification. The  geométrical
demonstration consists in a reasoning which invokes a theorem of Ewuclid's

Elements.

We reproduce Theorem VI
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396 LE 11. L1VRE DARITH,
THEOREME VL

Q’aml quelgues fec.©, font egales 3 1®
Mlec. O+ quelgues® : Alors comme
e nombre de multitude desfec. @, @ ls fomme
de lavalenr de 1 fec.©, ¢~ le produic dis nom-
bre de multitude des @, par la Valewr de 1 @,
ainfila valewr de 1 ©, & la valewr de 1 fec. ©.
Ytem la Valeur de 1 ©eSt moien proportionel
entre lavalewr de 1 {ec. ©, e5° e quotient pro-
cedant de la duifion de bexces 314 nombre de
multitude des fec. ®, fur la valeur de1®, par
le nombre des @. .

Explication dudonné. Soicnt 4 fec. (D cgalesd 1D
MJec. © +6@. Et la valeurde 1 ® foit 2, & de 1
Jec. @ fera neceflairement 12. Explication du requis. 1l
faut demonttrer le requis du theoreme. Demonffration

. Arithmetique. Comme 4 (nombre de fec. (D)3 24(fom-
mede 12 valeurde 1 ffc. @, & 12 produiét de 6 nom-
bre de multitude des @ pat 2 valeurde r(®)ainfi2
(valeurde 1 ) 4 12 (valeurde 1 e, ®.) '

Item 2 (valeurde 1 ) eft moien proportionel en-
ue 12(valeur de 1 fec. (D) & - (quotient procedant de
ladivifionde 2 excesde 4 nombre de multitude des
Sfec. ©, fur 2 valeur de 1 (®), par 6 nombre des @).)

Ausre demonfiration Geometrique. Soit AB 1 fec. D 12,
& B C 4;Doncques C A feront 4 fec.(D egales par 'hy-
pothefe, 1 ®M fec. @+ 6 (@), les melmes foient

Theorem VI. Let 4y = xy + 6.%2, then if x = 2, y=12. .
Arithmetical demonstration: 1) 4 124 = 2 112

o 2)2:12=%:2.
Geometrical demonstration: Let AB be y (= 12), CB be « (= 4), then area
CA = ay is equal to xy + bx2. Let AD be x (= 2), then DB = xy, if
BE = bx (= 6x), then area DE = xy 4- 42. According to Euclid VI Prop. 16

N
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DEifGauoirD A 1 @ 2, parquoi DB 1@ M fee. ®,
&BE, fera fextuple 4 FB 1 (@, ceftd dire que BE
fera6 ,ergoFE6 (2. . _
- Nous auons doncques en cefte
2Dz A figureles egalesquantitez donnees.
 Or quelaraifon de CB 4 (nombre
de multitude des fec. @) A AE 24
(fomme de AB 12 valeurde 1 fec.
®,8 BE 12 produict de 6 nombre
12 de mulitude des @ par 2 valeurde
1®) cft comme D A 2 (valeur de
1®)aAB 12 (valéurde 1 féc. @)
eft par leurs nombres manifefte. -
C.F B Mais pour demonftrer le mefme.
2 geometriquement faut {Cauoir que
- CAeftegald D E par Ihypothefe :
Ergo par la16 propofition du 6 liure
d’Euclide comme C B, 1 AE, ainfy
12 DA,i AB.Conclufion. Quand donc-
~ ques quelques fec. @ font egalesa
&e. cequ'il falloit demondtrer.
| Eftant doncquesainfiacheuce la
2 E  reigle de proportion des quantitez,
nous viendros 4 leur reigle de faux.
Il eft bien vrai que fuiuant I'ordre des nombres Arith-
metiques & Radicaux precedens, qu'il nous fauldroit
premicrement defcripre la reigle de proportionelle
partition des quantitez,qui feroit chofe affez facile,
mais ne voiant pour le prefent Jeur veilité nous la pafle-
rons oultre.

(when four lines are proportional, the rectangle contained by the extremes is
equal to that contained by the means, and conversely) CB : AE = AD : AB, or
a:(y+ bx) =x:5 Also BF: AB=CF:BEorx:y = (4 —x): bx.
For the purpose of this proof 4 has the dimension of a line, 4 of a number.

Now follow 22 Questions, which end the book. They are solved “by Algebra”.
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Sixiefme diftinion, delareigledes faux des
nombres algebraiques, dicte reigle de

ALGEBR E‘_
PROBLEME LXXXI

Stant propof¢ question qus [¢ folue par Al-
Egebre:P Lf /blug' par A@Zbre. e :

Or nous fommes venuzau demier probleme de ce
liure, quieft dela treffinguliere, & admirable Reigle
d&’ Algebre, 'Inexhaufte f%ntaine d’infiniz Theoremes
Arithmetiques, Reuelatrice des myfteres cachez en
nombres: De laquelle nousauons declairé la methode

ar finilitude, en nombres Arichmetiques; au 16 pro-
lerne, nousla demonftrerons maintenant par effe
enlachofe mefme. Maisauant que nous y venons,il
fautencore dire vn mot, 4 fgauoir : Commeil eft me-
ftier 4 lapprendf, auantqu'il vienne d la reigle de faux
des nombres Arithmetiques (que nousauons defcripe
audiét 16 probleme) qu'il cognoiflelesleures des cyf-
fres, quil fcache les quatre generales numérations, &
y la reigle de trois des nombres Arithmetiques, quiau
parauant auotent efté defcriptes, fans lequel il commé-
ceroit defordonneement ,& i pea de prouffit, 4 icelle
Reigle des faux, parce quelles font matiere & inftru-
mens, par lefquelles il fa::t operer : Tout ainfieft il ne-
ceflaire, auant que venir 4 cefte Reigle de Faux, ou Al-
gebre, que Pon cognoiﬂé fes pro res: charaéteres, fes
quatre numerations generales, Reduction,& Reigle de
proporticn de{es nombres Algebraiques. Lefquelles

* Sixth distinction, of the rule of false position . A
"' of the algebraical numbers, ¢alled rule of ALGEBRA . 7. 7

Prob. LXXXI: ' Let. a-question be proposed. that can be solved by Algebra:
solve it-by Algebra. . .~ e e S o

“Now we have come:tothe last problem -of this. book, which is. on'the highly
singular-and .admirable Rule of ‘Algebra, the Inexhaustible fountain. of .infinite
Arithmetical Theorems, Revealer of the mysteries hidden . in numbers. Of which
we have declared the method by similitude, in Arithmetical :numbers, in Prob.
16; we shall now demonstrate it in effect in terms of x”. [“chose” = “cosa’” =




682

DE UoPERATION, 399
font copieufement defcriptes aux precedens, & fansla
cognoiffances d'icelles,on commencera defordonnee-
ment, &  peud'viilite, parce ?u'ellcs {font aufli mate-
re & inftrumens, nc‘ceﬂ{ircs a Popetation d'icelle.

Item commeil n'eftoit paslale lieu, d’enfengner ou
repeter la manicre de Aioufter,Soubftraire,Mulriplier,
Diuifer, &c. des nombres Arithmetiques, Mais cela fe
faifoitau parauanten fon propre lieu : Ainfi ne fera ce
pasicilelieu de repeteren celte operation la maniere
&’ Aioufter,Soubftraire, Multiplier, Diuifer, Reduire,
tronuer quatricfme proportionel, des nomb_rc:s Alge-
braiques; Car ccla confondroit & noftre diftinét or-
dre,& me(me lappredf; mais il faut que tour ceci (‘aR.
prennc aux precedens; Ce que nous confeillons de fai-
re 4 ceux quicn requirent facilement patuenir a chef.

QVESTION L
' TRcmuom vn nombre , qui auec [a moitie,

face 18.
CONSTRVCTION.
Soit le nombre requis 10
Sa moitie +®
Leur fomme 1 ©
Egalea 18

Puis on mettera vne ligne, ioignant les nombres al-

ebraiques , & alors leur difpofidon fera comme ci
geﬂ'us.-

Puison dira 1 -5~ @ eft egale, ouvaur 18, combien

1 @2 fai parle 67 probl.12. Doncques 1 O premier

enlordre vaut 12,& la+- ® fecond en 'ordre vaudra

(par ledi&t 67 probleme) 6, & la 1 3~ ® woiliefmeen

“res”, the 16th century expression for the unknown x]. The pupil is advised to
study the operations with arithmetical numbers before hé begins to study the
present rule of false position. Problems such as: how to find a number which to-
gether with its half gives 18, Question I of Prob. 81, were solved “arithmetically” by
saying: let the number be 1, then together with its half it will give 13. But it
must be 18, which is 12 times 13, hence the required number is 12 times 1, or
12. This rule of similitude was the so-called “rule of false position”, or “regula
falsi”, explained by Stevin in Prob. 16. This rule was extended to all problems
leading, in algebra, to linear equations and even to equations of higher order:
“double false position”. Stevin now shows how to do these problems, and many
more, by Algebra, that is, by the use of x in the theory of equations.
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Pordre vaudra 18;Lefquelles valeurs fe metteront chaf-
cune joignit fa quantité, & feraalors ladifpofition des
chara&ceres de la conftruion(lefquelles nous deferip-
rons autre fois en cefte premicre queftion pour plus
grande cuidence) comme ci deflous:

Soitle nombre requis v 1012
Samoitie _ O] 6
Leur fomme - 1 —1—@ 18
Egale d : . 1818

Iedique racft lenombre requis, Demonftration.12

auec {a moitic 6, faict felon le requis 18;ce qu'il fal- -

loit demonftrer.

Nor a. Semblable fera Ia methode, en toutes les
queftions fuiuantes; 4 {gauoir apres que (paroperation
conforme 4 la petition) onaura tronué deux quantitez
cgales, on trouucra par icelles la valeur de 1 @, par
quelque probleme des problemes 67. 68. 69.70.71.72.
73.74.75.76. 77. 78. 79. 80. 4 lui refpondant; qui
eftant cognu, on trouuera par la mefme valeur de 1 @,
la valeur de toutes les quantitez en Pordre, par le 66
probl.& l'on aura les nombres requis 4 la propofition,

L’on peut aufli fouuentesfois trouuer les autres
nombres requis par le premier nombre trouué, fans
trouuer par les 66 problemela valeur des quantitezde

Iordre. Par exemple, feachantci deffus que le nombre -

requis eft 12, nous pourrions prendre {2 moitie, qui eft
6, & Paioufter 4 12,fai¢t felonle requis 18: de forte

ue par'vne & Pautre maniere Fon vient 4 ladefirée
olution ; Mais par ce qu'il auient fouuentesfois, que
la raifon du nombre premier trouué eft aux autres
nombres requis trop obfcure, voire aucunefois pas de-

683

Questions.

In our notation: x + 3x = 18; x = 12. Stevin presents his scheme for
easily verifying the answers to his questions: '

I

.

Required number x 12
Half of it ix 6
Their sum 13x 18
Equal to 18 18

13x = 18, x = 12 (Prob. 67).

Questions 1I-—VI lead to quadratic equations.

x + 3y = 5, xy = 6, solved, as all questions before No.
the notation of only one unknown: y = x — 5, x.(5 — x) = 6;
x=39y=2 .‘

3

XXIII, with
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terminée, comme il apparoiftra en plufieurs queftions
dufecond liure de Diophante , & autres fhiuans ; 'on
trouuera alors la valeur des quantitez en Fordre, com-
me deflus, par le moien du 66 probleme. "

Item la ou (au commencement dela conftrucion)
nous auons pol€ pour le nombre requis 1 @. On peut
rofer nombre algebraique quelconque, & tel qui en
‘operation nous {emblera le. plus commode, felon la
qualité de la queftion. Parexemple, i 4 canfe d’eni-
ter fradion, nous euffions voulu pofer pour le nombre
requis, 2 (0, fa moitie fera 1 @, font enfemble 3 ®.
egalesa 18, & parle 67 probleme 1(® vaudroit 6:Ergo
les propofees 2 @ (par le 66 probleme) vaudroient 12,
“qui eft le mefme, ce que deffus valoit la pofée 1 ®, &
nous vient la mefme folution.

Prennonsautrefois pout nombre requis 4 (@), fa moi-
sie fera 2 @fontenfemble 6 (P egales 4 18 & par le 78

robleme 1 (® vaudra 4/ 35 Ergoles 4 @ pat le 66 pro- -

leme vaudront comme deffus 12. Et aiofi d’autres
quantitez quelconques. -

' QVESTION I,

P Artons 5 en deux parties telles, que leur
produict [oit 6. :
NorTa,

Nous dirons ici éncore vne fois pour tout, que les
nombres derricre la ligne, font les nombres de la folu-
tion; 4 {Cauoir les valeurs des nombres algebraiques,
au(quels ilz correfpondent, & fe mettent apres que la

valeur de 1 @ eft trouuée.

OL x24j)2=7x2—2=1;x=2,9=+/3.
VL 2xpim g/ 48, X2 §2 = Ty x = 2,y = +/3.

V. 2xy = — \/EO,AZIxz = V40, 2yz = ¢/ —24i x = 1/?,_1 =
3z = V2 ' o

VI 2xy = 4/140, 2xz ="3/84, 2yz = /60, 2xu = — 1/ 56,
2 = — /40,220 = — /25 x = V7,9 = V5,2 = V3,
4 = — +/2; the numbers have been selected in such a .way. that an

.-+ .. answet is possible; but Stevin does not comment on this. -
Questions VII—XII lead to cubic equations. : o B
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CONSTRVCTION.

Soit Pvne partie - SRR (3] I

EtPautre fera neceflairemen el @451 2

Leur produict L =1+ s5Of 6

Egalesda - - : 6
Lef%uels termes reduicts, parla 4 reigle deuantle

66 probleme, 4 fzauoir mettant la fupericure quantité

feule, &c. 1 @ fcracgaled s ®—6, & parle 68 pro-
bleme, 1 @ vaudra 3 ou 2 {oit 3.

. ledique 3 & 2 font les nombres requis. Demion-
firation. Que '3 & 2 fontles pardesde § eft notoire,&
leur produict eft 6 felon le requis;ce qu'il falloit de-
monftrer, '

QES TION IIL. QVI ENSEMBLE
LES IIICS V& V1. QVESTIONS, SVIVAN-
tes, {eruenti Porigine desextrations des
racines quarrees, des multinomies
radicaux du 39 probleme.

"I‘Romzm: deux nombres tels, que leurs quar-
reX facent 7, & quebun quarré foubitrai&
de Lautre, refte 1. o

CONSTRVCTION.

Soitle premier nombre requis 1®] 2
Son quarré pour premier quarré 1] 4
Ergo le fecond quarté (puis qu'auecle
premier quarré il doit faire 7)fera ne- _
ceflairement ‘ —1@+7] 3

VIL

VIIL

=28+ p=dox=1" 20+ v392,. .. .
3/ 8 - —
y= ;6-—_-'_ Voo = I/3 20 —¥392 . This question has been referred-

to in Prob. 69, solution of x3 = ax + &.

Xy = 2, x3 — y3 = 20, X = VVE§ + 10,‘ B

3 e . . Co Toterirrary R K . H
y = ]/“xb_ls—.-a-—;; This question has be.en.._referfe_d :to“irg Rrob, 69,
solution of x8 = — ax + b.
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$a racine quarrée , pour le fecond nombre

requis. & bine.—1@+7|v'3
Difference des quarrez - 2@=—71 1
Egalea 1
Lefquels termes reduicts, 2 3 ferontegales 4 8; Et par
le 78 probléme¢ 1 ® vaudra 2,

Iedi que 2 & #/ 3, fontles deux nombres requis -

- Demonfiration. Les deux quarrez de 2 & de +/3,qui
font 4 & 3, font enfemble7. Trem foubftraict 3 de 4
refte 1, {elon le requis; ce qu'il falloit demonftrer.

NoT .. Lon pourroit encore faire cefte conftru-

&ion ainfi: _
Soit le premiet nombre requis 1®©4'3
Son quarré pour le premier quarré 1@ 3

Ergo le fecond quarré (puis que du premier
il doibt differer en 1) fera—+41ou—1,
foit 1@4+1] 4
Sa racine quarrée pour le fecond nombre '
: Vbino. 1@41} 2

requis ‘
Somme des quarrez 1@Q+1] 7
Egale 4 . 7

. Lefquels termes redaiéks 2 @ feront egales 46; Et
parle 78 probleme 1 ® vaudra+/ 3.8 les deux nom-
bres requis feront comme deflusz2 & ¢/ 3.

QVESTION IIIL

Y~ Rouisons deux nombres sels, que le double
L de lewr produiét foit ¥ 48, & la fomme de
leurs quarreg 7.

IX. 83 —6 = 7x;x = 3.
X. xy = 400, x3 — 6x2 = 400; x = 40, 10.

XL (Z) =px(+5) =36x=4y=4

XIL (_’z‘_)2 =y (x+3)(G+6) =225x=6y=9. - .
Questions XIII and XIV deal with biquadratic equations, Questions XV-——XXII

with those cubic equations (resolvents), to which biquadratic equations of dif-
ferent types are reduced. In Probs. 72-77 there are references to these problems.

XII. xy=32y+ 4 =3x=3,y=1
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CoNSTRYVCTION,

Soit le premier nombre requis . - r®f 2

Ergole fecond nombre(puis qu'il faut que
e doubledu produi& du premier & fe-
cond foit ¢/ 48) fera
Le quarré du ‘Prcmicr nombreeft 1
Le quarré du fecond nomibre eft
Lafomme des quarrez

Egale 4

e
»

1

1
‘1
L

19+

o

'I

€

O

&

-

NECRCE
\lw-h\»\

&

Leﬁ;ucls termes reduicts 1 @ feraegaled 7@ — 12
Etparle 78 probleme 1 ® yaudra 2. - _
ledi que 2 & 4/ 3,font les deux nombres requis,
Demonftration. Le produictde 2 & +/3, et 4/ 12, fon
double 4/48; Item la fomme des quarrezde 2 & ¢/ 3,

elt 7, felon le requis; ce qu'il falloit demonftrer.

No 1. Lon pourroit encore faire cefte conftru-

&tion ainfi: , A
Soit le preinier nombre requis - 1® 2
Son cllmrré pour le premier quarré 1® 4
Ergo le fecond quarré (puis qu'auec le pre-

mier quarré il doibe faire 7) fera necef~

fairement —1@+7| 3
Saracine quarrée pour le fecond nombre

requis vhin.—1@+7) 3
Produi@ du premier & fecond nombre,

eft ¢ bino. — 1 D+ 70, fondou-

‘ble v/ bino.—4® + 283} 4/ 48
Egalesd V48

Lefquelstermes reduis 1 @ feraegalea 7 @ —1 2
Etpar lc 78 probleme. 1 ® vaudra 2,& les deux nom-=

bres tequis feront comme deffus 2 & ¢/ 3.
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XIV.
XV,
XVI.
XVII,
XVIII.
XIX,
XX.
XXI,
XXII.

xy=27,y4—2y8 =27;x =9,y = 3.

92 = (—2y + 9) (y2+3%),x:—y;x=—2--

i_(s—zu)z = 2x + 4) (x2 —32); x = 6.
4x2 = (2x + 8) (x2 — 12); x = 4.

(2x + 20)2 = (2x + 8) (x2 + 33); x = 4.
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QVESTION V.
Rouuonstrows nombres tels,que le double du
produict dupremier & [econd,fois—+/ 604
Etledouble du produict du premier par le troi-
fiefme, f0it v/ 40, Etle do,u[le du produict du fe-
condpar le premier fois — o/ 2 4, ’

ConsTRvCcTION.

Soitle premier nombrerequis |, 1 v

Erio le fecond(puis qu’iﬁgut quele dou- O s

ledu produict du premier & fecond

foit— 4/60) fera I —y3

Etle toifiefime (puis qu'il faut que le dou- R
bledu produi& du premier& troificfme

{oit ¢/ 40) fera =1 &
Le produict du fecond =E 5t & troifief- e :

me 2 eft U /2y
Egald — 4 24

Lefquels termes reduicts — 4/ 24 X @ feront epa-
lesd — 4/600; Etparlc 78 problcme,lx(g vaudra 4§ [

Iedique 4/ 5 & —4/38 ¢/2 font les trois nom-
bres requis. Demonitration. Le produi@ de /s & —
¢ 3,elt—¢/14,fon double — /60; Item [ produict
dec/s 84/ 2, et/ 10, fon double 4/ 40; Item le
produit de — ¢/ 3& 4/ 2, elt — o/ 6, fon double
— A/ 24, felon le requis; ce qu'il falloit demonfirer,

.~ QVESTION VI
T Rounons quatre nombres tels, que le double
du produiét du premier & fecond , foir
¥ 140, Etdupremier & troifiefme o 84, Et

Each equation in the last eight questions, appears in two of them. In each
of the pair the formulation is different. For instance, Prob. XXI has the form:
let (@ + 6+ x)2 =42+ 2ab + (2x + b) + 4x + x2 =14 '+ II 4+

IV + V. Thensolve L (IV + g)2.= (I + p) (V + 1), ori(ax + g)2=

(2x 4+ b2 4+ p) (x2 + r), wherea = 1, b = 2, p. = 4, g = 40, r =133,
This equation has the form of the cubic equation of Prob. 77, and the curious
way in which the question is stated is due to Stevin’s attempt to relate it as closely
as possible to Prob. 77. Prob. XXII states the problem as follows: to find -an.x

such that (x2 4 33) times (2x + 22 + 4) is equal to % (4x + 40)2.

The last five questions’are formulated with the aid of the “quantités post-

posées”, sec ), ter ), quar Q.
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du [econd & -troifie[me o 605 Et du premier
& quatriefme— #/ 5 6, Et du [econd & qua-
sriefme—4 go; Et dutroifiefme & quatricf-
me—+~24. o L
' CoNSTRYCTION,

Soitle premier nombre

requis 10} S V7
Ergolefecond ‘-;—’?—’ 'S
Ergolewoifiefme =~ %% :
Ergo le quatriefme
Doubleduproduitdufe- S
conde & troifiefme 222321 . #6o
Double du produit du fecond | - :
& quatriefme  =23€e - —4/ 40
Double du produi¢tdu
moifiefme & qua-
triefime . :"T‘é’—‘ —a/ 24
Somme de cestrois pro- :
dui&s (quand aux au-
tres produicts requis
les mefmes fe trouuét _
felon la queftion) eft - ,
v2940-y1960-vINIS} 4/ 60—t/ 40— A 24
Ega.le_éA/Go—A/4o—4/z4 - .
“Lefquels termes reduicts /60 X @ —4/40 X @
,-—z4.Xl@ feront egales 44/ 2940— ¢/ 1960 —¢/1176;
Et parle78 probleme 1 @ vaudra 4/7. »
ledique /7,& 4/ 5, ¢/ 3, & — /2, fontles qua-
tre nombres requis. Demonffration. Le double du pro-
dvi@des/7 & /5, et 4/ 140; Etde 47 & #/3, eit
v/84;Etdey § &a/3, cft/60; Et dea’7 &—4 2

—.14
1

51
!
N

XXM, x—y=3xy=10;x=5,y = 2.

XXIV. x+y+2=10,y+z2+2=14,z2+ # 4 x = 13,
udx+y=1l;x=2,y=32=54=6._ . .

XXV. 3xy 4 4x2 = 2x2,x2 + 2 =29;x =5,y = 2. '

XXVL L = 3x2 + 4x, x2 + 2y = 84; x = 2, y = 40.

X
XXVIL 2xy + 6y =32, x +y+2x 4+ 6=26x =2,y = 6.
yix=x:2z,x+ y+ z=26,2xy 4 6y2 = y2.
From the last equation follows, according to Theorem IV which follows Prob.
- 80, that y : x = x : (2x + 6), hence z = 2x + 6. From the second equation
follows y = — 3x + 20, hence (— 3x + 20) (2x + 6) = x2; x = 6,
y=2z=I18.
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et —/56Etdes/ s & —a/2clt—/40;i.:de /3
&—4/ 2,¢eft — 4/ 24, felon le requis; ce qu'il falloit
demonttrer,

QVESTION VII, LAQVELLE
ENSEMBLE LES QVESTIONS SVIVAN-
tes iufques i la 18 feruent auxorigines -
des conftructions desproblemes
69.71.72.73.75.76.77.
‘Rouner deux nombres tels,queleur produié?
foit 2,6 La formme de leurs cubes 40.

CONSTRVCTION.

Soitle premicr nombre
requis 1OV Qlino.2o+4/392
Ergole fecond nombre,d
fin que le produi& du
premier & fecond foit

2 (qui fetrouue diui-

fantz par1 @)era - g V3 romesT
Le cube du premier nom- .
bre 10} 20447392
Le cube du fecond nom-~ . .
bre W $59333
-Sommedes cubes 1 Q)+ fg » Pot 3:3
Egaled 40

Lefquels reduis 1 @ feraegaled 40 @ -_— 8,& par
le 78 probleme 1 (D vaudra 4/ 3 bimo. 20 + 4/392.

Iedique o/ @ bino.20+4/ 30: & &/ @ 533557
font les deux nombres requise Demonflrasion. Leur




408 Le 11. L1 VRE DARITH.
produiét pat le 4o problemectt 2,8 Ia lomme deleurs
cubes par le 28 problemecft 40,(lon le requis; ce quil
falloitdemontftrer.

NoTA. Cefte queftion (commenousauons di&
dTorigine du 69 probleme) fert pout declarationdela
conftrucion du mefme 69 probleme; Maisil faut fca-
uoir qu'icelle conftrution eft colligée des nombres
procedans del'inuention du valeur de 1 @,quand 1@
vaut 40 ®—8. o v

Quant ce quelon prentla pout le deuxiefme nom-
bre +/ @ bino. 20— 4/ 392,& que nous trouuons ici
¥ @ soiy57 il fautfcauoir,que Ceft tout le mefme
par le 27 pro%leme,cardi‘ui(ant le numerateur 8 parle
nominateur 2044/ 392, &c. Doncques povr euiter
fration, on prent la toufiours le binomie dificinét,
refpondantau premier conioiné.Et le {emblable fen-
tendra fur la 8¢ queftion fuivante.

_ QVESTION VIIL .
T Rouwons deus nombres tels , que lear pro-

duiét [oit 2, & la difference deleurs cu-

bes zo.

CONSTRVCTION,

Soitle premier nombrere- B _
quis 1®| ¥ binoa/ 108+ 10
Er%o le fecond nombre a
n que le produi du
premicr & fecond foit 2 :
fera : - YV Orras
Lecube du premier nom- :
' 10 108+ 10

{e

®

691




692

. DE "OPERATION: 409
Le cube du fecond nombre i%p‘ o
Difference des cubeseflt 1 O — 55 . .
oubicn——q@+;%) {oit ;@.__1_85 20
Egaled . 2ol

. Lefquels reduiés 1 () feracgalea 20 @ + 8;Etpar
le 78 probleme 1 @ vaudra 4/ @ bino. #/ 108+ 10.
Iedique &/ @ bino.4/ 108 410 &V Qvrsizrs
font les deux nombres requis. Demonflration. Leur
frodui& (par le qoprobleme) eft 2,& ladifference de
eurs cubes (par le 29 probleme) eft 20, felon le requis;
cequ'il falloitdemonftrer. :

~ QVESTION IX.

Rounonsvn nombrecubique, qui anec— 8,

L fuce autant comme le cofté dudiit cube mui-
tiplié par 7. ‘

CONSTRVCTION.

Soit le nombre cubique 10|27
Auquelaioufté — 6 faict 13—6]z2t
Eg:r:i 1 ® (cofté cubique du premier en Fordre) } -

multiplié par 7 quiefta . 7 @l 11
Lefquels reduiGs, 1 @) feracgalea7 ©® - 6; Etparle
69 probleme 1 @ vaudra 3.

Iedi que 27 eftle nombre requis. Demonsiration:27
eftle nombre cubique qui auec— 6faict 21. Aufli
fai& 21,le cofté 3 dudi& cube multiplié par 7; ce quil
talloit demontftrer. '

QVESTION X.

TRamwm deus nombres tels, que lear pro-
dui? foit 400, du cube de l'vn [bgﬁ-
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[iraictsles fix quarreX dumefime nombrela refle
[fois 400,

CoNsTRVCTION.

Soit le premier nombre requis @) 40
Lefecond doncques fera neceffaitement 4321 10
Son cube 24205221 1000
Dugquel foubftraitt les fix quarrez du fecond :

en Pordre,qui font 9829921 Goo
Refte R —960000@;}-@649@0 (X 400
Egal 4 ’ 400 :

Lefquels reduis, 1 () fera egale 2 2400 @
160000 & par la 2 differ. du 69 prob.la 1 @ vaudra 40.
Ie di que 40 & 10, font les deux nombres requis.
Demonflration. Le produictde 40& 10, eft 400, & du

cube du 1o, qui eft 1000, foubftraict oo, poutles fix-
" quarrez de 10, refte 400; ce qu'il falloit demonttrer. -

QVESTION XL -

TRomwm deux nombrestels, que le quarré
de lawmoitie du premier [oit egal au fecond,
& quele produiit du premier parle fecond -5
foir z6. _ '
ConNsTRVCTION,
Soitle premier nombre requis : 10} 4
Samorie eft -3~ @,fon quarré + @sergolefe-
cond nombre 0| 4
Produict du premict 1 @,parle fecond -@ 5|
cft 2O+50]36
Egale 3 36
Lefquels reduicts 1 @ feraegale d = 20 ©® =+ 144;

693
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Et par le 69 probleme 1 @ vaudra 4. ,

ledi que 4 8 4 fontles deux nombres requis. De-
monstration. Le quarré dela moitiedu premier nom-
breeft 4, & eft egal au fecond nombre 4; Irem le pro-
duict de 4 par 4 + 5 (qui eft le premier nombre parle
fecond + §) eft 36, felon le requis; cequ’il falloit de-
monftrer.

QVESTION XIL

Rouuons deux nombres tels ,que le quarré
de lamoitie dajremier [oit egalan fecond,
& que le produict du premier -3 parle [econd

-+16,f0it.225. -
- CONSTRVCTION.
Soit le premier nombre requis 1] 6
Sa moitie eft = @), fon quarré - @; Ergole
" fecond nombre =@ 9

Produi du premier 1 ® - 3, pat le fcond l

L @416t TQF+ B H+16D+48] 225
Egales ' 22§

Lefquels redui@ts 1 Qferaegale a—3®—64®
-+ 708; Etparle 71 probleme 1 @ vaudraé. '

Ie i que 6 & 9, font les deux nombres requis. De-
monsiration. Le quarré de la moiti¢ du premicr nombre
Gelt 9, cft egal au fecond nombre g;ltem le produict
du ‘premier 6+ 3 patle fecond 9+ 16,¢ft 225, fe-
lon le requis; ce qu'il falloit demonitrer. .

- QVESTION XIIL

Tnodwm deux nombres tels , que lewr pro-
duit [oit 3, & que le produsit del'vn nom-
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bre par 2,aiouité d lapotence de quarte quantisé
dudici vn nombre,la fomme [oit aufii 3.

CONSTRVCTION.
Soit le premier nombre requis 1®]3
Ergole fecond nombre fera : €-® 1
Qui multiplie par 2 faick ‘ 5l

Le mefme aioufté 4 la potence de quarte quan-
tité du fecond nombse fecond en P'ordre,qui ot
e & ] . v .
Faict soul?
Egales 4 ' Y
Lefquels redui@ts, 1@ fera egale 423 -+ 27; Et
parle 74 probleme, 1 ® vaudra 3,

1

Iedique 3 & 1 fontles deux nombres requis. De-

monfiration. Le produictde 3 & 1,¢it 3; Etlc;{prodm&

de 1 par 2 eft 2, qui aioufté 4 la potence de quarte

juamité dudi€t 1,1afomme eft aufi 3;ce quil falloic
emonttrer, :

QVESTION XIIIL
TRomwm deusxc nombres tels, que leur pro-
duiét [oit 27,0 dels potence de quarte qui-
bité de v, foubsiraidt fes deux cubes,la reite
Joitaufii 27, ’

CoNsTRVCTION.

Soitle premier nombrerequis 10] 9
Ergole fecond nombre fera 271 3
Sa potence de quarte quantité - 131442) gy

Delaquelle foubftraicts les deux cubes du fe-
+_ cond ngbrefecond en Fordre, quifont 32766} ¢4

Refte =39366@353149: 27
Egalesd - '

27

3.
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Lefquels reduiéts, 1 @ feracgale a — 1458 ® 4+
19683; Etparle 72 probleme 1 ® vaudra 9.

Tedique 9 & 3 fontles deux nombres requis. De-
monflration. Le produi® de 9 & 3 eft 27;Puis dela po-
tence de quarte quantité de 3 qui eft 81, foubftrait les
deux cubes dudi& 3, qui font 54, larefteeflt aufli 27,
felon le requis; ce qu'il falloit demonttrer.

QVESTION XV.
T Rownons vn — ©, qui applique d1— 3 &

pus telstrois nombres multipliez par eux
mefmes distinctemet felonla maniere de multi-
plecasionde quantitealgebraiques, & auder-
nier nombre du produist aiousté 3 :qu'alors le
quarréde ls moitie du quatriefme, [oit egal an
produilt du troific[me par le cincquicfme,

CONSTRVCTION.

Soit le nombre requis —1[—2
Qui appliquéa 1 — 3 fai® 1 —3—1 0@
multiplions les par eux mefmes diftin-
&emét, felon la maniere de muldplica-
tion des quantitez algebraiques en cefte

forte: _

O o R L)

-1 —3 —1®f

—1®., <+30. 41

xo. _‘30 —2.@-1-9.-‘-6@. +l®

’
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Doncques le eroifiefine nombre du produid

eft ' —2®+9| §
Etle quatriefime 6O} 12

Etle dernicr eft 1 ®sauquel felon la queftion
ajoufté 3 ;- le dernier fera 1@Q+3 7%
Refte maintenant quele quarré de 3 © :
(moitie du quatriefme) qui eft 9@! 36
Soit egal au produit du troifiefine, par le
dernicr quieft —23)+-9@—6——0O+28+1 36
Lefquelsredui&s 1 @) feraegalea—3 - ® 414
<;Etr® Fa; le 69 probleme vaudra 2, & par confe-

quent la pofé

¢e — 1 © vaudra— 2.

ledi que— 2 eft lenombre requis. Demonsiration.
Multipliant 1 — 3 — 2,par eux melmes dinftinéte-
merit, {elon la maniere de multiplication algebraique,
le produict fera 1 — 6 + § + 12+ 4; Doncques le
woifiefme nombre du produi&, eft 5, & le quawie(me
12, &le dernier 4: auquel dernier aioufté 3 —,fera
7 -+~ qui multiplié parle woifiefme y, faict 36 egal au
quarré de 6, moitie du quatriefme, felonle requis; ce
qu'il falloitdemonftrer.
QVESTION XVIL'

Rouuons v — @ tebque fon quarre+34,

multiplié par la fomme du double dicelui
— @, & le quarré de— 3,leproduiét [oit egal
au quarré du produilt de —3, par icelui— ©
requss.
: CoNSTRVCTION,
Soitle nombre requis —_—1 O] —2
Son quarré eft 1 (D, auquelaioufté 3-3-

fa l@-l—;-;— 7—’5'
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Qui multiplié par la fomme du double du
nombre requis, & le quarré de ~—~ 3 qui
eftpar— 2 @+ 9 fait
—2QQ+9@—65+O+28%136
Egal au quarré du produict de — 3 par—1 (©

premicren l'ordre, quiefta 9C I 36

Lefquels reduiéts 1 () fera egale 2 — 3 - D -
28 % Etparle 69 probleme 1 @ vaudra 2.

Iedi que—2eft le nombre requis. Demonfiration.
Lequarré de — 2 eft 4, auquel aioufté 3 - fack 7 -,
qui muldiplié par 5 (5 pour la fomme du double de
— 2 &le quarré de— 3) faict 36 , qui fontegales au-
quarré du produict de— 3 paricelui — 2; felonlere-
quis; ce qu'il falloit demonttrer. »

QVESTION XVIL

’][' Rouuons vn @, qui appliqué 4 1—2, &

puis tels tyoss nombres multiplieX par eux
mefmes diitinciement, (elon lamaniere de mul-
siplication des quantitez algebraiques , & an
dernier nombre du produict aiousté — 32, & au
quatrie[me nombre du produict aionsté 8: Qua-
lorsle quarré dela moitie du quatriefme , [(ois
egal an produict du troifie[me par le dernicr.

CONSTRVCTION..

Soitle nombre requis 1®] 6
Quiappliquéa 1 —2,fai@ 1 —24-10,

qui multipliez par eux mefmes diftin-
&ement, fclon Ja maniere de muldplica-
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tion des quantitez algebraiques comme nous
les auons muldplié a la 1§ queftion, donnent

roduit 1.—4. 2 @ = 4. —4D.1 3.
doncques le troifiefme nombreeft 1 @+ 4| 16
Etlequatriefime — 4 @, auquel aioufté 8

fera . —4®+8]—16
Et le dernicreft 1 @, 4 laquelleaioufté ' .
—32fera ' 1®0—32) 4

Refte ‘maintenant que le quarré. de
~— 2+ 4 ( moitic du quatriefine) . :
quieft . 4@®—16D+16] 64

Soitegal au produi& du troifiefme nombre,,
parledernier,quielt 20+4@—64@®—128] 64

Lefqucls reduiéts, 1 @ fera egale 4 24 ©+72; Ee

pat le 69 probleme 1 @ vaudra 6.

Ie di que 6 eft le nombre requis. Demonftrasion:Mul-
tipliant 1 — 2 + 6 par cux me(ines diftinGtement, fe-
lon J]a maniere de multiplication algebraique, le pro-
duick fera 1 — 4 + 16— 24+ 36. Doncques le troi-
fieline nombredu produi@ eft 16,le quatriefme — 24,
le dernier 36, puis audernier aioufté — 32, & au qua-
triefme 8, alors fera le woifiefme 16, le quatriefme
— 16,& ledernicr 4; Etle quarré de — 8, moitie du

quatriefme,eft 64,& eft egal au produi du troifiefme.

16, pir le dernier 4, felon le requis; ce qu'il falloit de-
moftrer. : : '

QVESTION XVIIL

Tnmmom' vn @ tel,que fon Zuarré — 32 mul-

tiplié par la fomme du double d icelui ©, & le
quarréde— z,le produiit [vit egal an quarré de
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la moitiede la fomme de 8 & du double du pro-

» duictdicelui @par— 2. -

CONSTRVYCTION.

Soitlenombre requis = - 1| 6
Son quarré 1 (@, auquel ajoufte — 32

faict S 1@—32 4
Qui multiplié par lafomme du double du

- nombre requis, & le quarré de— 2, qui B

eft par 2 @ + 4,fai&t 2D-+4@—64D—128| 64
Egal au quarré de la moitie de la fomme de '

8,& du double du produiét de 1 © pre-

mier en lordre, par — 2. c’eft a dire,egal

auquarréde—2 O + 4 quieft '

' 4@—16D416|64
" Lefquels reduicts 1 @ fera egale 4 24 ® —+ 725 Et
parle 69 probleme 1 @ vaudra 6.

le di, que 6 eftle nombre requis. Demonration. Le
quarré de 6 eft 36, quiauec — 32 funt 4, (]ui'multiplié
par 16 (16 pour Ja fomme du double d'icelui 6 auec le
quarré de — 2) faick 64, qui fonr egales au quarre de
la moitie de lafomme de 8, & dudouble du produict
dudi& 6 par — 2, felon le requis ; ce qu'il falloit de-
monftrer.

QVESTION XIX.
Rounons vn O,quiappliquéd 1— 2,¢& puss
telstross mombres mulsiplieX par enx mef=
mes distinifement, (elon lamaniere de multipli-
cationdes quantitef algebraiques, & andernier
nombredu produiit aionfté —12; & av troifief-
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me nombre du produict aionfté 4: Qualors le
quarré delamostie du quatriefme, [oit egal an
produiit dutroifiefme par ledernier.

CONSTRVCTION.

Soitle nombre requis 10D 4

Laquelle appliquec a 1 —2 fait 1—2
—+ 1(©,qui multipliez par eux mefmes
ditinctemér, felon la maniere de mul-
dplication des quantitez algebraiques,
comme nous les auons mulriplié 4 la
11 queftion, donnent produict:

1. —4 20+4 —40. x@;

Doncques le dernier nombre eft 1 (3, a
laquelle aioufté — 12 faick 1®@—12 4

Etle quatriefmeeft —4®|—16

Etle woifiefinc eft 2 @ -+ 4, auquel aion- :
fté 4,faick - 2(O-+8 16

Refte maintenant que lequarré de—2 ©@ .
(moitie du quatriefme) qui eft- 4®| éa

Sait egal au produict du troifiefme 2 @
~4-8, par le dernier 1 ® — 12, qui
efta 1Q+8@—24O—96| 64

Lefquelsreduicts 13 feraegaled—2 @412 @
~-48;Et 1 @ parle 71 probleme vaudra 4.

Ie di que 4 eft le nombre requis. Demonfiration.
Multipliant 1 — 2 -+ 4 par eux mefmes diftin&tement
felon la maniere de multiplication algebraique, le pro-

-duié fera 1 — 4 -+ 12 — 16~ 16: Doncques le der-
nicr norabre du produict eft 16,& le quatricfme —16,
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& letroifie(me 12: puisau dernier aioufté — 12, & au
woifie{me 4, alors fera le dernier 4,le quatrieline—16,
& le troificlme’ 16,8 le quarré de — 8,moitie du qua-
wricfme eft 64, & eft egal au produict du wroifiefme 16,
par le dernier 4, felon le requis; ce qu'il falloit de-
monftrer. .

QVESTION XX. _

Rounonsvn O©selygue fon quarré—12 mul.-

tipliépar la fomme du double dicelui ©, &

le quarré de—2.¢ 4, le produict [ois egal an
quarrédu produilt de — 2 par icelui © requis.

‘CONSTRVCTION,

Soitle nombre requis 1®O] 4
Son quarré 1 (3, auquel aioufté — 12
fai&k 1®—r12| 4

Qui multipli¢ par Ia fomme du double duné-
bre requis,& le quarté de — 2 & 4, quieft
par2 O+ 8,fai :@+-8D — 24D —96| 64

Egal au quarré du produi& de— 2, par 1 ®
premicrenlordre, quiefta - To)

Lefquels reduicts, 1 @ fera egalea —2@0+120

=t 48; Et 1 © parle 71 probleme, vaudra 4.

Tedique 4 eft le nombre requis. Demonfiration. Le
quarreé de 4 eft 15,qui auec — 12 faict 4, qui multiplié
par 16 (16 pour la fomme du double diceluy 4,& le
quarré de — 2 & encorc 4) faict 64, quifontegales au
quarte du produict de — 2 par le 4 trouné, felon le re-
auis; ce qu'il falloit demonftrer. '
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QVESTION XXIL

T Ronuonsun © qui appliqué 31 +2,6 puss
tels tross nombres multipliez par enx mef-
mes diftinitement, [elon la maniere de multi-
plication des quantiseX_algebraiques, & auder-
nier nombre du produict aionflé 33, & au qua-
triefme 40,0 ausroifiefme 4. Q4 alors le quar-
rédelamoitic du quatrie[me, (o1t egal au pro-
duict dusroifiefme, parledernier.

CONSTRVCTION,

Soitle nombre requis 1®] 4

Quiappliquéd 1 +2,fait 1+2 41 @,
qui multipliez par cux mefines diftincte-
ment, felon la maniere de multiplication
des quantitez algebraiques, comme nous
les auons multiplié 4 la 11 queftion don-
nent produict

I. 4. 21D+ 4. 4®. 1.
Doncc}ucs le dernier nombre eft 1 @), auz

quelaioufté 33, faick 1@+
Etle quatriefme nombre 4 (O, auquel aiou-~ B
fté 40, faict. 4©-+40| 56
Etle troifiefme nombre 2 @ - 4, auquel

aioufté 4, faict 2 O8] 16

Refte maintenant que le quarré de 2 ®
-+ 20 (moitic du quatriefme) qui eft- _
4@+ 80O 400|784
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Soit egal au produit du troifiefme 2 () ~+ 8,
par le dernier 1 @+ 33, quiett :
—204+8@+ 66O+ 264 784

Lelquels redui@s 1 Q) fera egale d—23@4+70
—+68;Ec1 @ parle71 probleme, vaudra 4. -

Ie di que 4 eft le nombre requis. Demonfiration.
MultiFliant I+-2 - 4 par cux mefmes diftincte-

elon la maniere dé multiplication algebraique,

le produict fera 1, 4. 12. 16. 16. Doncques le der-
nier nombre du produicteft 16, auque] ajonfté 33,
faict 49; Etlc quatriefme nombre du produiét eft aufli
16, auquel aioufté 40, faict §6; Etle troifiefime nom-
bre eft 12, auquel aioufté 4, faict 16.

Orle'quaree dela moitie du quatriefime §6.eft 784
egal au produi& du troifiefme 16, par le dernier 49, (e~
lon le requis; cc qu'il falloit demonftrer.

QVESTION XXIL

’][' Rounons vn © tel, que (on quarré =+ 33

multipli¢ par la (omme du double d'icelui ®,
& e quarréde 2,6 encore 4, le produict [oit
egalanquarréde lamoitie de la [ommede 40,¢
du double du produit de 2 paricelui®,

CoNsTrRVCTION.
Soitle nombrerequis 1 I
Sonquarté 1 (), auquel aioufté 32 f2i&k 1@+-33
Qui multiplié par la fomme du double du nom-|
bre requis & le quarré de 2 & encore 4, qui eft
par 20+8,fai& 2 @ + 8@ - 66 © - 264

49

784




422 Lr 11. LIVRE DARITH, .
Egal au quarré de 2 © —-20(pour lamoide
delafommede 40,& du doubledu pro-
duitde 2 par 1 @ premier en l'ordre)
quieft 4@ 80D ~400] 784
Lefquels reduicts,1 @) feraegaled 2 @ +70-+68;
Et1 (@ par le71 probleme, vaudra 4.
Ie di que 4 eft le nombre requis.. Demonfiration. Le

quarré de 4 eft 16, quiauec 33 faict 43, qui multiplic..
par 16(16 pourlafomme du double de 4,8 e quarre

de 2, & encore 4) fai€t 784 qui font egales au quarré de
28 (quieftlamoitie de lafomme de 40, & du double

du produi de 2 par 4) felon le requis;ce quil falloit

demonftrer. ,

Nota. Lesexemples fuiuans feront ceux la, ault
quels {e recontrent poftpofees quantitez: Mais il faut
fcauoir quie touteoperation quife fait par icelles, fe
peulrauffi faire par pofitiues; mais parce que la raifon
des nombres requis eft aucunefois forr obfcure, de
forte que pour Fabfoluer par pofitiues quantitez, I'on
auroit meftier de quelques theoremes, ou autres indu-
&ions, lefquelles fouuentesfois ne nous viennent d la
memoire, pourtant on les defpefche pour le plus com-
* mode; par les poftpofees. Nous donnerons doncques
deux exemples de poftpofees quantitez point multi-
pliees ou diuifées ; Puis vn de poltpof€e quantité mul-
tipliée; Ex puis vn autrede diuifée; Evaudernier vn au-
tre par lequel fera demontftré I'vfage des 6 theoremes
fuiuansau precedent 8o probleme. -

QVESTION XXIIL

r Rousons deux nombres de(quels ladifference
[oit 3 & lenr produilf 1 0.
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DE I'oPERATION, 423
NoTA. Pourdeclairer ce qui eft generalement re~
quis es operations des poftpofces quantitez,il faut fGa-
uoir, quapresqu’il y a pofees, quelques poftpofees
quititez il faut opeter pat les mefmes, fel5 la queftion,
comme Fon a fai& ci deuant par les pofitiues : mais
cftant venu d Pegaleté, on ne trouuera pasparicelle la
valeur de 1 @, comme Pon 4 faict deffus, mais on
trouuterala valeur des poftpofees en pofitiues,par les
79 & 80 problemes, puison commencera autre ope-
ration femblable a Ia premiere , mais entierement de-’
pofitiues quantitez, comme les exemples le declaire-.
ront plus amplement.
CoNsTRVCTION,

Soitle premier nombre requis r®
Erfoitle fecond nombre 1 fee®
‘Leurdifference ‘ : 1O—1f.O
Egale 4 3

Lefquelsreduiéts (mettantla 1 fec. @ feule) 1 foc.(D
fera egaleou vaudray © — 3.

Or aiant touvé que la 1 fec. @ ci deffus pofée fe-
cond en lordre vaut (en quantitez de la mefme pro-

greflionqueeft la pofitiue 1 @) 3 @ — 1, onrécom-

mencera Poperation femblable 4 2 precedente en

cefte forte: ‘

Soit le premier nombre requis @ s

Ecfoit le fecond nombre (carautant eft tronué

- valoir la 1 féc. © premierement en la pre-

miereoperation pofce) o1 —3y 2

Leur difference {clon le requiseft 3, refte
que leur (i»rodui& foit iomaisilet 1@—3® |10

Le mefme doncques eft egal & o

1
Lefquels redui@ts; 1 @ fera egaled 3 @ + 19
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Etparle68probleme 1 @ vaudrag. -~

Ie di que §, 6 2 font les nombres requis. Demon-
Sration. La difference de 5 & 2 eft 3. Irem le produick
de § & 2 eft 10, felon le requis; ce quil falloitde-
moniftrer. : ’
QVESTION XXIIIL -

Rousuons quatre nombres tels, que la fomme
du premier [econd & troifie[me [0it 10, o
du [econd troifiefme & quatrie[me 14, & du
troifie[me quatriefme & premier 13 & du qua-
triefmepremier & fecond 11. :
CONSTRVCTION.

Soit le quatriefme nombrerequis, & 1 ® le pre-
mier 1 féc. @, & le fecond 1 fer. (@ ,&le troi-
fiefme1 quart.(®; Doncques la fomme du qua-
triefime nombre auec leswrois autreseft 1 ® 10

Etdu prerier nombre auec les 3 autres,cft1 /6. O-+14

Etdufecond nombre auecles 3 autres,eft 1 ter.D—413
Et du troifiefme nombre auccles trois autres,eft 1 quar.
@+ 11
Lefquels quatre fommes font entre eux egales; ergo-
1 fec.® + 14, ¢ft egale 1 ® —+ 10, foubltra-
hons doncques,de cha(?ue partie 14,& demeu-

rera 1 fé¢. (D egale ou vallant 10—4
Et rour femblable raifon,la 1 ter. ©® vaudra 1 ®—3
Etla 1 quart.® vaudra 1@ —1

Or aiant des poftpofees quantitez trouué leur va-
leur en pofitiues , nous commencerons par les mef=
mes ‘autres operations femblables dla precedente, en
cefte forte:
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De r'oPERATION,

Soitle quatriefme nombre autrefois R
Etlepremier, (au lieu de 1 fec. @ que nous

pofames premierement)fera 1 O—4
Etlefecond(au licude 1 ter. ® que nous po-

fames au commencement) fera 10—}
Etle troifiefme (aulieude 1 quart. ® que

nous pofames au commencement)
" fera 1O—1
Leur fomme ~ 4@O—8
Egaleau quatrie{me,& les troisautres 1 @ <+ 10

425
6

2

5

)
16

16

Lefquels reduicts 3 © ferontegalesa 18; Erparle

67 probleme, 1 @ vaudra 6.

Ie di que 2. 3. 5. 6. font les quatre nombres requis.
Demonflration. Lafommede 2. 3. §.eft 10,&de 3.4.6.
eft 14, & deys. 6. 2.eft 13, &de6. 2. 3. eft 11, felon

le requis; ce qu'il falloit demonftrer.
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The “first part” of the Prétique consists of eleven problems, of which the
first four deal with the addition, subtraction, multiplication, and division of
money, the others with the theory of ratio. This theory, in geometrical form,
was presented in the Problemata Geometrica, First Book. In the Pratigne we
find an arithmetical theory. It is based on conventions going back to Books V and
VI of Euclid’s Elements, where the concept of “compounding” of ratios is in-

troduced; if f;- — % . ib , the ratio% is said to be “compounded” of the
ratios —:—and —:;— s if —: :% the ratio —2— is called the duplicate of :— s if

: d . - L
a__a ¢ d ¢ X — 2 ‘the tatio % is called the triplicate ratio, etc.

=075 T =7 =g

(See T. L. Heath, The Thirteen Books of Euclid’s Elements, 2nd ed., 1926, pp.
132-133). This “compounding”, which we see as a multiplication, was conceived as
an addition. In following this method Stevin explained himself by writing that,
though there exists a controversy between the mathematical authors (and prin-
cipally between the commentators on the Sth Definition of Euclid V) concerning
the computation of ratios, — because some call addition and subtraction what
others call multiplication and division —, some practice will clear matters up,
notably by means of the theory of music and the rule of company. The subject
has not been discussed in L’Arithmétique because that book deals with numbers,
and Ratio is not number. The problems are:

V. Addition of ratios: 2 + % = 2 (the fifth plus the fourth pro-
duces the octave; in modern notation ib . %: Z—[ . (We shall
write +, —, X and :, though St.evin. does not use any symbols).

. .3 4_s,a ¢ _d
VL Subtraction of ratxos.7_?_? (:7 =% ).
VII, VIII. Ratio multiplied by number: 2 x 4 =% 4 3.2
2 16’ 9 2 27

a.p a? Ta P V/aP .
() = »0’ (‘b‘)q ) E)’ the multiplier is a number.

Ratios cannot be multiplied, no more than we can multiply 3 lb. by
4 1b., but only 3 Ib. by 4.
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IX. Ratio divided by ratio: 2% (ratio) : % (ratio) = 3 (if

2 _(Ly? , p is the quotient of £ and £_Y. Although ratios cannot
b )P q b 4 &

be multiplied, we can divide ratios by ratios as well as by num-
bers, just as a line can be divided by a line and gives a ratio,

and by a number and gives a line. Similarly: I?O (ratio) : —g— (ratio)

raison gl
= 2 + a fraction. Stevin writes 27;7 s whi;h means that
raison =2-
2 .
o3 _ 2 2 3 _4 0 _ 3 _to
3 2 7 9 7 9 2_27>1,but27 z""81<1'
X, XI.  Ratio divided by number: °% (ratio) : 4 (number)=2.,

. d
2 B a a —
% (ratio): 5 (number) = 287 (7 : _;._> () 7).

On this method of computation with ratios, see Introduction Problemata
Geometrica, footoote 3); F. Cajori; A History of Mathematical Notations
(Chicago, 1928) I, pp. 248-250}:

{The “second part” of the Pratigue contains some rules of commercial arith-
metic: the rule of three, the rule of five, the rule of company (or fellowship),
and the rule of alligation (or mixture), all standard topics in commercial “arith-
* metic for many centuries. These rules are simple applications of the theory of
proportions, e.g. when A, B, C trade together with 2, 3, 4 Ib. respectively as
their capital, and on these 9 Ib. make a profit of 5 Ib., how is it to be divided?
This is an example (given by Stevin) of the rule of company. He then gives the
French translation of his Tables of Interest, followed by a few .examples of the
rule of false and of double false position (see Introduction) and some geometrical
problems, partly solved by 1), partly by arithmetic. One of the latter is based
on a theorem found in Ch. 12 of Ptolemy’s Almagest (Ch. 13 in modern ed.):
If a line BD is drawn through a point B on side AC, and a point D on side CF
AC __CF DE
AB— FD * EB’
with the continuation of AF. Stevin writes: the ratio of AC to AB is composed
of the two ratios CF to FD and DE to EB. This part of the Pratique ends with
the French translation of The Tenth. Then follows the Treatise on Incommensu-
rable Magnitudes, which we reproduce. :

of a triangle AFC, then . where E is the intersection of BD
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"TRAICTE DES

" INCOMMENSVRABLES
' "GRANDEVRS

Auecvne Appendice de 'explica-
tion du Dixiefme liure d Euclide.

Defeript par S1MON STEVIN
de Bruges. |

Treatise on Incommensurable Magnitudes
Stevin decided to write this treatise after the repeated study of the Tenth
Book of Euclid’s Elements and of several commentators. Some of these had de-
clared it to be the most profound and incomprehensible subject in Mathematics,
and others the cross of the Mathematician, but after due study Stevin had become
‘convinced that there are not so many difficulties as is commonly believed.
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PRES que nous anions Veu ¢ov
 reuess le “Dixiefme liure dEucli-
de trailtant des Incommenfora-
e  bles Grandenrs,auffilew e5° relen
plufrenrs commentateurs [ur le mefme,defquels
ancuns le iugeoient pour la plus profonde ¢o+
incomprehenfible matiere de la Mathematique,
Les antres que ce font propofitions trop obfcures,
€ lacroix des Mathematiciens; Et quontre
celase me perfusadois (quelle follie me faiéE Lopi-
nion commettre awx hommes ?)dentendre ceffe
maticre par fes canfes, ¢ qu'elle naen o tel-
les digfscultez_comme bon eftime Vulgairement,
¢ me [uis addonné den deferipre ce traréts.
Mass i fin que nous difions premierement,
dou lgs hommes [ont cvenuz_a la cogneiff ance
exercice de ces Incommenfurables Gran-
deurs, faut [ganoir, que comme beaucoup des
theoremes des nombres [e defcripuent [ounent
par lacognoiffance de.:;randeur:; lefquels theo-

remes nous [erosent difficiles, oire ancunefoss

- In order to learn-how the knowledge of these incommeénsurable magnitudes
was ‘acquired, so Stevin writes, we must understand ‘that any theorems about
numbers are often described: by’ means of magnitudes, theorems often difficult
or impossible to- find by simple numbers (as e.g. the theorem on the cube
before Prob. 69 -of L’Arithmétique). And conversely there are often” pro-
positions about magnitudes by means 6f numbers, which could not be discovered
by magnitudes alone, e.g. that 1 is incommensurable with V 2, hence the side
of the square is incommensurable with the diagonal, something we could not
know without the numbers. Hence, since there are numbers incommensurable
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imipoffibles de tronuer par les fimples nombres
(comme [¢ peut colliger entre antres par le cube
auec [es. (orollaires deuant le 69 probleme de no-
[ore Arithmetique )ainfi [¢ trounent au contrai-
re [ounent propofitions des grandeurs par ie
moten des nombres, le(quelles propofitions ne [¢
pourroient inuenter par les jm/f.r grandeurs.
Pay exemple nows [{auons que 1 et inccmmen-
Jurable aw/ 2, Mass comme 1a 2, ainfi le
cote duquarré dfadiagondle, parquoi le cofté
ds quarré eff incommenfurable & [a diagonale,
ce qus mous [eroit impoffible de (tamoir fans les
nombres. “Doncques comme il y a des nom-
bres entre eux incommenfurables, ainfi y ail
des lignes entre elles incommenfurables; Mass
i y aen [ natwre douze certasnes epeces de
wombres incommenfurables, qui [appellent bi-
nomies, defquelles bon extralt douze yacines
de dinerfes qualitez ;U 9 a doncquies auffi en la
nature dowz e telles eSpeces de hgnes, anec fem-
blables racines, de la confiruttion ¢/ proprieté
defquelles, Euclide & defcript (on dixie[me liure.
Lagquelle raifon dou les hommes [ont venz,

‘with respect to each other. there are also lines incommensurable with cach
other. This holds for the 12 types of incommensurable numbers called binomials
and their roots; hence there are 12 such types of lines with their roots,
described in Euclid X.:To all who know the nature of radical numbers this is
easy to understand, though it is the cause of the obscurity of this book X. Hence
we know that the inventors of the propositions of this book had binomial
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A,Zz cognaiffance &/ exercice des incommenfis-
rables grandewrs, nous awions propofé de de-
clairer. Mass vew que tout cef? aff aire eftfa-
cile, @/ fans difficulté aux experts en la nasure
des nombres radicanx (la cognoiffance defquels
¢ff meceffaire, veu que fans la mefme bon [¢
tourmente en ~vain encefte matiere) ilrefe en-
core de dire queelle eft la canfe de Lobfcurisé du-
ds 6t dixtefme lure : T faut doncques [fanoir,
ue les inuentewrs des propofitions du mefme,
}e propofosent nombres binomianx, ¢o* par les
udlstez_ quilz_trouuosent enleurs noms (lef-
quelles qualitex font dzﬁhjer depuss la 45 defi-
nition, wfques alas7 de noftre Arithmetique)
ils ont defcript des lignes de [emblable qualite’
Outre ce, par les oper ations des extractions des
racines des nombres binomianx (qui font.de-
Jeriptes au 39 probleme de b Arithmetsque) ils
ont coL/iie' [emblables extrachons de racines
dicelles binomies lignes, &/ par les qualitex des
racines de ceux la, anffi de[cript [emblables qua-
litez_ de cewx ci. Par exemple dls ¢ propoforent
W 6+ 2,qu eff binomie cincquie/me, par la 49

numbers in mind -and using their qualities described lines of similar qualities,
as described in Defs. 45-47 of L’ Arithmétique. The same holds for the extraction
of the roots -of these binomials. For example, they took V6 + 2 (type 5 of .

Euclid’s binomials) and took a »line of this length, then took +/ V6 + 2 =

Vyraz + yiz + ]/}"1 12 — J1/2, from which they inferred that a
line of this length is also the root of the binomial line of length V6 + 2, and

also has its qualities, such as that the product of the parts }/}/1'1[2 + Yi/2

and }/;/f 1/2 - ~"/1_/3 is an arithmetical number, to wit 1, and that the .
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definition de b drithmetique, dow ils 'Voioieni
que laligne longue de o/ 6 3~ 2 pieds efboit bino-
e ligne cincquiefme de [emblable qualité: Puirs
extrabant racine dudit binomie nombre, felon
la doErine du 5 exemple du 39 probleme la
trouwoient de &/ bino. vi1-i4 /X 4w
bino.: £ —/ L, douils cogneurent que lu
ggne d telle longuewr eftost auffi racine de la-

&te binomie ligne, €5 pour les qualitez qu'ils
Voioient ¢n icelle racine de binomie nombre
(qui font que le produiS3 de [és parties, comme
vbino.v 1L+ v S para/bino. y £ —
-+, ¢ft nombre Arithmetique,d [fanoss 1.
Jeem que la [ornme des deux quarrez. a’eﬁ{i es
dewx parties , eff racine de Jimple nom 4 fon
quarre incommenfurable, & [{anoir /6 comme
mous anons diét ala N O T A dudi s exemple
dus 39 probleme ) ils conclioient femblables qua-
litez_en cofte (a respondante racine de binomie
ligne: Or ceci leur effant ainfi notoire en toutes
les douze eSpeces de binomies lignes , &/ de
lewrs racines, ils en ont defcript diuerfés propo-
[itions; Mass ils en ont desenn les nombres, qui

sum of - their :squares is:\/6; a'simple ‘root incommensurable w_ith its square. The
numbers -wefe then':taken :away and ‘we: were-left with the imperfect lines —
imperfect: since the:numerical multinomials cannot be separate;d from line multi- -
nomials, because no line is in.itself multinomial, but only with respect to- some
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lewr anoient eSte guide affeurce, pour compren-
dre parfaiétement laproprieté dicelles hgnes,
Jans le[quels nombres, ils ne pounoient rien ef-
fectuer, @ nous onit ainfi lusffé ces lignes im-
parfaictes : le di imparfaittes , parce que les
mltinomies nombres [ont infeparables de mul-
tinomies lignes, 'veu que nulle ggne west par fos
multinomie, mas en respect de quelgue multi
nomie nobre explicant (4 quantité,car e mef-
me ligne [¢ peut dire en quelque ville de s pieds,
laquelle fera en vne autre peut eftrede 4 +/ 2
pieds: Deforte quil lewr eSto beauconp plus
[facile dinwenter ¢ deferipre ces lignes, gua
astres entendre lewrs propofitions ; De laguelle
. imparfechion [eiE enfuius, que o afien Zze.
ver en ces lygnes, felon ce qus eStoit le but de leur
defcription, comme couper lignes proportionel-
lement felon la yaifon donnée, non feulement de
laquelle les termes [ont nombres Arithmeti-
ques comme Veullent les exemples dela 9 pro-
pofition du 6 liure d' Enclide, ne point fatisfui-
Jans dlapropofition mats de mombres radscaus

&/ multinomies quekonqzm,@ pouss claire ¢on

number multinomial: In fact, a line can be called 4 feet in one town and 4 4+ V2
feet in another. The result of this imperfection has been that we:do not kpow
how to operate with these lines, e.g. how to cut them proportional .to a given
ratio, not only in ratio of arithmetical numbers (as done in Euclid- VI, Prob. 9),
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parfaicte extrallion de toutes vacines des mu~
tinomies lignes, comme des nombres. Parquoi
ces Mathematiciens [emblent ancunersent awoir
lewrs raifons, cofeffans ne lewr pounoir animad-
wertsr aucwne Veuité andsc? dixie[me linre, vew
que bon 'y traz}SZ;Point abfoluement , mass le
tout _par maniere dobfcurs enigmes , ¢ celad
canfe (comme mous awons dist) queles infepa~
rables nombres ne lewr font pas asoinkls. Mask
pourquoi les ont ils amfi detenw_, plus- que
dautres propofitions Geometriques., aians me-
Sfher de nombres Arithmetiques? Certes ie ne
Voi antre raifon, finon queils ne les tenoient pas
pour nombres, ains pour quantitez, irrationel-
les, irregulieres, inexphcables, [ourdes, abfur-
des, @ pas dignes dgs’lre citees en propofitions
- Mathematiques : SMais parce quz nous anons
refuté en fon liew ceSte irrationelle, irreguliere,
inexplicadle, fourds, es* abfurde opimon, o
que nous eSperons en temps oportun daff crmer
plus amplement parla4° thefe de noz. thefes
Mathematiques, que ces nombres font en par-
feStion @ excellence, Vi des grans MySteres

but also in ratio of radical numbers, their multinomials, or their radicals. But
why have radical numbers been withheld (and not the arithmetical ones), so
that Mathematicians have found no utility in Book X? The reason probably is
that these Mathematicians did not consider these radicals as numbers, but as
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de la Nature, ala parfaicte compreben fion du-
wel elle #avouln faire capab£ tons entende-
mens; Telle faufJe perfuafion n a empefche no-
fEre concept, ains an contraire ,le vrai fenti-
ment nous & ([elon la nature du vrai, duquel
e procede que "vrai )conduié? & la cognotffance,
dz ce que nous cherchions, a [Cawoir dela gene-
nerdle defcription defdiéZes incommenfurables
grandeurs ,non pas [eulement des douz.e bino-
mies lgnes ¢ lewrs racines , comme audié¥
dixiefme linre, mass de millenomies lignes. ¢
delewrs racines de racines iufques en infins,
comme apparoi§tra au traiété (uinant. Quant
a ce que quelcun nons pourroit accufer, dauoir
ousrecuidierient meSprifé le Dixiefme liure
dEuclide, certes il pourroit suger [elon [es hu-
meurs, mass pas ]flon la dewotion, &/ humble
affection que nous portons toufiours  la vene-
rable antiquite, la. diligence @ tranail de la-
quelle & defcounert dfes fucceffeurs la fontaine
de pluﬁeur: [ingulieretez ;Carya fin de confeffer
le vras, quelle chofe nous eustefmen, de tras-
Eler des sncommenfurables grandeurs.fi lewr

irrational, irregular, etc., quantities, not worth being quoted in mathematical
propositions. Since we have refuted this opinion (see Thesis TV) and shown that
these numbers are perfect and excellent, we can arrive at the comprehen- -
sion of one of the great Mysteries of Nature, which she has not allowed to all
people. Thus we can come to the true understanding, not only of the twelve
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deuancement e nous eust pas enhorté, de cer-
cher ceSte matiere 4 la fource dow ils Fanosent?
pent eStre querien. Aw fecond, quand Lopi-
nion de que?que perfonne , differe de celle dvn
autre, comment pourroit | mieux mansfester
lewr difference, que par equitables raifons des
diuerfitez_ confistentes en eux ? Nous les laif-
ferons doncques dive, parachenans ce pendant
felon nostre pounoir, ce qui fera vtile & lacom-
mune. Mass (me dira quelcun) quelle peut
eStrelvtilise de ceSte matiere, vew que les cho-
ﬁ.r qui font & mefurer ou partir-aux negoces
des hommes ,ont point de meStier de ceSte
extreme parfection, [elon la raifon des nombres
radicanx propofez_, par ce que mous troutons
en leur hew , nombres Avithmetiques fi pess
differens dicenx radsicawx , qibil ne pourra
monter partie vifible, voire es maicures ma-
tieres corporelles donnees : nous lui refpon-
dons, que bon pourrait dive pareillement, pour-
quoi les operations de la Geometrie, cemme les
elemens d'Euchde , (ont faiStes par Lextreme
perfeltion ; Mass comme cela ne femble: pas

1

{

binomial lines and their roots, but of millenomial lines and their roots of roots
in infinite succession. As to those who might accuse us of presumptiously having
shown contempt for this Book X, we testify to our devotion and humble affec-
" tion_ for this source of many singular things. Moreover, if a man’s opinion
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digne de refponce, & canfe des abfurditez_ fus-

uantes de [on contraire (car telles parfaittes
operations,donnent parfaibies intelligences,qui

/gﬂt canfes des parfaitls @ admirables ef -
Sebts que produsét la Mathematique) ainft de

ceStws ci.

ARGVMENT.

C‘E trait¢ auradeux parties,I'vne de 5 de-
/ finitions. L'autre de I'operation, conte-
nant 3 problemes,

Apres le fufdict fuiueravne Appendice de-
clarant fommairement le contenu du Dixief-

me liure d’Euclide.

differs from that of another, how could he show their difference better than by
stating it by fair reasons? But if a man asks what can be the use of dealing
with matters of such extreme perfection, we answer him that this can be asked
of all operations of geometry. such as found in Euclid’s' Elements. Such perfect
operations lead to perfect understanding, which in turn leads to the perfect and
admirable results of Mathematics. '
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PREMIERE PARTIE

DES INCOMMENSVRABLES

GRANDEVRS, QVI EST
DES DEFINITIONS.

V £ v quelesplus propres definitions, fontcelles
qui expliquent le mieux I'eflence du defini, &
quel'incommenfurance des grandeurs,eft trouuée, &
feulement notoire parles nombres, nous vierons des
nombres en ces definitions, comme le plus commode
inftrument 4 tel effe@. 1left vrai quwEuclide en 2 2¢
propofition du 102 liure,di€t ainli: Si dedeux grandenrs
inegales données, Lon coupe foufiours lamoindre de la ma-
ieure, & que larefte ne meftre iamais fagrandeur prece-
dente : Telles grandeurs font incommenfurables. Mais
combien ce theoreme eft veritable, toutesfois nous ne
pouuons cognoiftre par telle experience, l'ifconimen-
furance dé deux gandeurs propofées; Premierement
parce quacaufe gc I'erreur de noz yeux & mains (qui
ne peuuent parfaiftement veoir & partir) nous iuge-
rions 4 la fin, que tous grandeuts tant incommenfu-
rables que commenfurables, fuffent commenfura-
bles. Au fecond, encore qu'il nous fuft poffible,
de foubftraire par attion , plufieurs cent mille fois
la moindre grandeur de la maieure , & le continuer
pluficurs milliers d’annces , toutesfois (eftant les
deux nombres propofez incommenfurables) I'on
trauailleroit eternellement , demeurant toufiours ig-
norant, de ce qui 4 la fin en pourroit cncore auc-
nig; Cefte maniere donc de cognition n'eft pas legi-

First Part. Definitions.

We shall use numbers in the definitions as the most convenient tools for
our purpose. True, Euclid in Book X, Prob. 2 states “If, when the lesser of two
unequal magnitudes is continually subtracted in turn from the greater, that
which is left never measures the one before it, the magnitudes will be incom-
mensurable” — but this statement gives no means of verification. The reason
lies firstly in the errors of our eyes and hands, and secondly in the impossibility
of continuing the experiment infinitely often, while at each step we are uncertain
of what might occur at the end. Incommensurability is only recognizable for
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time, ains pofition de l'impoffible, 4 fin dainfi aucu~
nement declairer, ce qui confifte veritablement en la
Nature; cefte incommenfurance doncques eft feule-
ment notoirc(par les nombresincommenfurables; ce
que Euclide {¢achantfort bien, auffi que telle inucn-
tion d'incommenfurabilité neftoit fuffifante pour fes
propofitions fuiuantes ( car fa dixiefine propofition
enfeigne trouuer grandeurs incommenfurables par
le moien des nombres) il I'a expliqué 4 la 8¢pro-
pofition legitimement felon les nombres, & ainfi le fe-
rons nous cn cefte premierc partic des definitions
comme fenfuit.

DEFINITION I.

G‘Rmdeur: incommenfurables [ont celles,
defquelles les nombres les explicans font
incommenfurables. :
~ DerinNITION T1.
Multinomie grandewr est celle,quion ex-
Plique par multinomie nombre.

DeriniTION 111,

Binomie grandeur ¢St celle, quon expligue:
par binome nombre ; &/ Trinomie grandeur,
qu on explique par trinomie nombre, €/ ainfi
par ordre des autres.

DeriNITION 111L
Binomie ligne premicre est celle; qu on ex-

numbers, a fact well known to Euclid, who in his Prop. 8 teaches a criterion for in-
commensurable magnitudes by means of numbers (and in Prop. 10 how to find
‘such magnitudes by means of numbers). We shall do it by means of the following
definitions: '
I. Incommensurable magnitudes are those of which the numbers expressing
them are incomimensurable. : ,
II. Multinomial magnitude is that which is explained by multinomial number. .
HI. Binomial magnitude is that which is explained by binomial number, and
trinomial magnitude is that which is explained by trinomial number, and
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plique par binomie nombre premier, €t binome
ligne feconde quon explique par binomie nom-
bre [econd; Et ainfi par ordre des antres iuf-
ques ala douzsefme.
DEFINITION V.

Racine quarrée de ligne, e§t la bgne moien-
ne proportionelle entre la ligne donnee nombre
expliquee, ¢ la ligne re[pondante i lvnité de
la donnee.

Finde la premiere partie.

Iv.

-so the others in due order.

First binomial line is that which is explained by first' binomial number,
and second binomial line is that which is explained by second binomial
number, and so the others in due order up to the twelfth.

Square root of a line is the mean proportional line between the given line,
explained by number, and the line corresponding to the unity of the given -
line. : '
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SECONDE PARTIE
DES INCOMMENSVRABLES
GRANDEVRS DE
LOPERATION.

} PROBLEME L
Stant donnee ligne droicte, ¢ dewx nom-
bres:Trouuer vneligne droi&te en telle rai-
Jona ladonnée, comme le nombre au nombre.

ExeMrpPLE 1.

Explicationdu doriné. Soitdonné laligne A B,& les
nombres donnez ¢« § & 3. “Explication du vequis. 11
faut trouuer vne ligne en telle raifond la A B, comme

*#/ 54 3. Conflruction. On prendrales potences quar-
rees des nombres don- :
nez,qui fontg & § , puis D
on produita A B en C,
ainfi que A Baie telle rai-
fon ABC, commeg a s,

“puis fe trouuera la ligne S
moienne proportionelle  C 1B 3 A
entre AB,& B C,parla13 _
propofition du 6° liure d’Euclide, qui foit BD.

Iedique B Dettla ligne requile, aiant telle raifon
ala A B,comme/ § & 3. Demonstration. Pofons que
A B(oit 3; Mais comme 9 a §, ainfi (par la conftru-
&ion) AB 34 B C,doncquesB C failk 1 -, mais le

A S A - ..Second Part. Operation. * e
“In Prop.-I'a line is constructed such that.it has to a given line a ratio expressed
by two numbers: This is shown by the- ratios ¥/5 : ]/’3, W2 13, o
- . e L - ’ V2 4 V?’ :. VZ :_'_«“}/5.
(V10 + #715 £2): Y7,(/3 +V5) : (Y6 + V7 +V2), SV e
BY6 + V5 + V2 - (Y3 + V2). The corollaries show how to construct multi-
nomial lines corresponding to a given multinomial number with an arbitrarily pre-
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reftangle de AB 3,enB C 1 3-faict 5,pourle quarré
de B D (car B D eft moienne proportionelle entre A B
& B Cparla conftrution) parquoiB D faik 4/ . It
ya doncques telle raifon de BD, 4 A B, comme de
4 54 3, cequ’il falloit demonttrer.

NoTa 1. Silonvoulut pofer pour A B quelque
autre nombre que 3,0n viendra toufiours 4la mefme
demonftration. Pofons par exemple pour AB g, &
BCferas,&BD ¢/ 45, lefquels 9 & 4/ 45, font en
la mefme raifon que 3 4 4/ §,car divifantI'vn & Pautre
patle commun difeur 3, viendra 3 & ¢/ 5.

Nota 11.Silesnombresdonnez fullent o/ 5 &
&/ 10, 'operation feroit femblable 4 la precedente,car
Pon produiroit A Ben C,ainfi queA B eutt telle rai-
fond B C, comme 104 §, quarrez des nombres don<
nez & puis commedeflus.

ExeMPLE 1T,

Explication du donné. Soit donné la ligne A B, &
nombres donnez w/ 2 & o/ 3. Explication du requis.
11 fdut trouuer vne ligne en telle raifon 4 la A B, com-
mew/234¢/3. Conflrudtion. On prendralespotene
cesquarrees des- nombres ‘
donnez, qui forit ¢/3& D
¢/ 1,puis on produira A B '
en C, ainfi que AB aie
telle raifon 4B C,comme
#/334/2 (quife ferapar
le moien du prcce(.i_cnt- A w3 Bwi +C
_premier exemple) puison
prendralaligne moienne proportionelle entre A B &
BC, par la 13 propofition du 6¢liure. d’Euclide qui
foit BD, '

scribed measure, as V 6 + V5 + V7 by taking an arbitrary line AB as \/6, to con-
struct a multinomial line corresponding to V5 + V7 + V 2, when its term

VS is given as a line AB, to construct a line corresponding to ';"T(i + BI15 + 2,
if AB is given as V/7, and to construct multinomial areas and solids.
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Ie dique B D eft laligne requife, aiant telle raifon
4 laAB,comme «/2 as/3. Demonfivation. Pofons
que A B foit w/ 3, maiscomme ¢/ 3 44/ 2,ainfi(parla
conftruction) AB w3, 4 BC, doncques B C faik
w/1--;MaislereQanglede ABw/3,en B Cwi4-
£2i& 4/ 2,egal au quarré de BD,parquoi BD faié s/ 2;
11y adoncques telleraifon de B D, 4 A B, comme de
&/ 2,30/ 3; ce qu'il falloit demonttrer.

Nora. Siles nombresdonnez fuflent w/2,8 4,
Foperation feroit femblable 4 la precedente, car I'on
produiroit A B en C (par le moien du premier exéple)
ainfi que A B,euft telle raifon 4 B C,comme #2216,
qui font les quarrez des nombres donnez , & puis
comine defus.

‘Maisfi les nombres donnez fuffent /3,8 ¢/,
Fon Produ‘iroit ABenC, ainfique A B cuft telle rai-
fonaBC, comme #/32 5,qui font les quarrez des
nombres donnez, & puis comme deflus.

Et fi les nombres donnez fuffent we/3; & we/6,
Pon produiroit A Ben C, par le moien de ce fecond
exemple, ainfi que A B eutt telleraifond B C, comme
- s/ 3,24/6,qui font les quarrez des nombres donnez
& puis commedeflus. Etainfi en racines de racines
quelconques. : ’
ExeMprLE 111,

Explication du domné. Soit donné la ligne AB, &
nombres donnez ¢/ 10 ‘
Wis—+2,&/7. Expli- A B
cationdurequis. Ilfauttrou-  jm—my
uer vneligne entelléraifon C D E F
d la AB, comme ¢ 104~ o it
Wis-+2,i¢7.

pomm—
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_ Conflruition. On trouuera par le premier exemple
laligne C D; entelle raifond la A B;comme +/104d
+/7, femblablement D E en telie raifon 4 Ia A B,com-
me w/t 5,4 4/7;puisEF entelle raifona A B, com-
mexdd/7.
Ie dique CFseft lalignerequife, dont lademon-
ftration eft manifefte par la conftruction.

No ta. Mais fily cufteu aux donnez quelque
nom auec —,pat exemple 4/ 104 w/15—2, &v'7
on trouueroit les noms comme deflus, mais le derniet
nom E F, ne fe aioufteroit pasa la C E comme deffus;
mais fe couperoit dela mefme, com= :
tneen cefte figure; de forteque CF C FD E

- feroit laligne requile. s I I

 ExEMPLE IT1iI.

Explication du donné. Soit donné la ligne AB, &
1es nombres donnez 4/ 3 4 4/ 5. & 4/6-44/7 44 2,

Explication durequis. 11 faut rouuer vneligne en telle

faifon 4 laAB, comme 43 4 ¢/§,d 46+ 7+
7 2.Conflrudtion. Polonsque AB face s/ 6+ 74+
#/ 2,& coupons de la me(me quelque fon nom (pat

le fuiuant 2 probleme) qui foit A C, faifant /6. Puis

fetrouuera la ligne DE, (par le 1 exemple) en eelle
raifon 4 1a AC, commes/ 34

/6, puisla ligncEF, entelle A V/6C B
riifon 4 la A C, comme ¢/§ = +—-——=_
dv D E F

6. .
Ie di que D Feftla lignere-
quile, dont la demonftration

eft manifcfte parles precedens.
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' Exemrie v,

Explication dudonné. Soit donnéla ligne A & nom-
bres donnez 3352 & V152, Explication du reguis.

1l faut rouuer vne ligne ‘en telle raifon i la A, com-
L2-4a/3 A v2eS . .
me 355 a e Conflrudion. On conuertira les

nombres rompuz donnez, en multi-

nomies nombres entiers dela mef= A

me raifon des donez, les muldipliant e ey
parcroix Ceftd dire /3 + 4/6 par B
1/1,—*—4/3,&&4/6’—}—1/12—!—,; ety
~+4/18; Puisa/ s+ ¢ 7pare/ 2 :

~+ /5, fai® /1045 + /14 4+ 4/ 35.

 Puis fe trouuera par le precedent 4% exemple Ia ligne
Bentelleraifondla A, comme &/ 6+ 4/ 12+ 3 4~
V18,4 10+ 5 +4/ 14+ 4¢/35. le dique Beft
laligne requife, dontla demonltration eft manifefte.

Exemris vi.

Explication du donné. Soit donné la ligne A, &
nombres donnez / trino. /6 +4/ 5+ 42 ,& 4/3
—+4/ 2. Explication durequis. Il faut trouucr vne ligne
entelleraifonala A, comme '

Vitin 64+ s+ 2, Ay

i/ 3+ 2. Conffrution. B +——e—ey
Ontrouveralaligne B, parle C +—=
4eexemple, entelleraifon 4 1a

A, commea6+44/§+4/2,34/3-+42, Puis
on prendrala racine quarrée de ladi&te B, par le fui-
uant 3°probleme laquelle foitC. Ie di que Ceft Ia
ligne requife , dont la demonftration eft manifefte.

Conclufion.Eftant doncques donnée ligne droicte,&
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deux nombres , nous auons trouué vne ligne droicte
en telle raifon 3 l2 donnée, comme le nombre 2u -
nombre,ce qu'il falloic faire.

COROLLAIRE I.

11 eft manifefte par les precedens , comment Pon
pourra faire voc multinomie ligne, conforme au mul- -
tinomie nombre donng¢, fans prefcripte mefure. Par
exemple, Pon veur faire quelque multinomie ligne de
&6 V' s—+4¢/7; le mells quelque ligne 4 plaific
AB,pofant quelle valle #/6,puis ie trouue 4 la mefme,
laligne B C, parle 1 exemple, entelle raifon 312 A B,
comme ¢/54 46, puis CD,cn telle raifon 32 AB,
comme¢/734/6; & la :
ligne ABC D,fera'la A B C D
multinomie ligne con-  +———p—c o ——qy
forme au nombre donné,

COROLLATRE 1II.

1 eft aufli notoire, commentl'on pourra faire vne
mulrinomic ligne felon quelque fon nom donné. Par
exemple 'on veur faire voe multinomic ligne de 4/ 5
~+4/7+4/2,delaquelle lenom+/ et A 8. L'on
trounera B C, en telle raifon 4
AB,commes/7,4 ¢/5,puis A B C D
CD, en telle raifon 4 AB, F——t-——ait—euy
comme ¢/2,34/ 5.

COROLLAIRE 111,
II' appert quon pourra faire vne binomie lig-

ne felon quelque mefure donnée. Ie prens quelon

cuft requis au 3 exemple vne multinomie ligne de
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/10 +1/ 1§+ 2 de tellelonguenr comme A B fait
#/7,8& nous dirions que CF eft la ligne requife.

. COROLLAIRE II1I.

Ileft manifefte, comment on pourrafaire vne mul-
tinomie fuperfice,ou multinomie corps,conforme aux
multinomies lignes des precedens trois Corollaires.
Prennons en quelque exemple femblable d celui du
uoifiefme Corollaire;, & foit la mefure donnée le pa=
rallelogramme A B C D, duquel la fupetfice foit +/'3
& le maltinomie nombredonné +/8 +w/17 + 4—
+/7. On produira quelque cofté comme A B, iufques
en E, ainfi que B E, aie telle raifon ila A B, comme
Vv 8+w 17 +
a—v 7,34/ 5,& A B E
puis Pon parferale
parallelogrimeBE
FC. Eteftmani-
fefte par la 1 pro-
pofiiondu6livee ¢ : F
d’Euclide, que le o ,
mefme parallelogramme B E F C fera le parallelo-
gramime requis, :

Mais fila mefure donnée fuft le parallclepipede A B
CD EFGH,duquella quantité fuft /3, & le muolti-
Eomie nombre E F L

onnéa/ 8 ' .
Wiy 44— A y
+/7,L’on pro- .
duiroit quel-
que cofté co- ‘
me DC,inf- D C R |
ques a I, ainfi que CIauroit telle raifon aD,C, com-

M
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med/8+w'174-4— +/7,a4/ 3, & puisl'on par-
feroit le parallelepipede BKICFLM G, & eft ma-
nifefte par la 1 propofition du 6¢ liure, & la 2 5 propo-
fition de 11 liure d’Euclide, quelediét parallelepipede
feroit le requis,

PROBLEME IL

€ la ligne droitte donnee, Couper par-
tie requife.

Nora. Ce probleme eft la g propofition du 6
liure d'Euclide, laoularequife partie aux exemples de
la mefine, eft toufiours expliquée par nombres Arith-
metiques; MaisI'on peut aufli bien requirer partie i la
ligne donnée incommenfurable,que commenfurable,
neus defcriprons doncques ici pour parfeion dicelle

~ propofition, la maniere de couper parties incommen-

furables. Explication du donné ¢ requis. Soitlaligne
donnée A B, de laquelle il faut couper {a4/ ~+ Con-
Jruftion. On menera du point A,

quelqueligne A C, faifant quelque G
angle BA C, pofant que la mefme | Y

A C face /3, nominateur donné;

puisl'on trouuera AD (par le prece-

dent 1 probleme ) en telle raifon i A EB
A C,comme 4/1 tumerateur donné,

d 4/ 3 nominateur donné, puis fc menerala ligne C B,
& (a parallele D E. Ie di que A E eft la requife &+ de
ladonnée A B; Demonffration. La ligne A D;a telle
raifond laligne A C, comme +/1,3 ¢/ 3, parla con-
ftrucion ;mais comme AD a2 AC,ainfif AEaAB,
parla 12 propofition du 6 liure d’Euclide; Doncques

Prob. II is the generalization of Euclid VI Prop. 9 to the general case of
incommensurable lines: From a given straight line to cut off a prescribed part.

Where Euclid’s example is the third part (we write p = %), Stevin shows the

construction for p = V?,p = Y2 +¥3 P = VVs +v3
} VT4+V6+¥s V6 +V5+72

always be <C 1. In this wé.y every term of a multinomial line (area, body) can
be found.

; p must
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AE 3 telle raifona A B, comme /1 2 ¢/ 3, parquoi
AEcfts/ 5-de A B;cequ'il falloit demonttrer. Con-
clufion. Nous auons doncques coupé partie requife de
1a ligne donnée; ce qu'il falloit faire.

Nota 1. Silon euft voulu couper dela ligne
A B cideflus, 2 v iveriylon dircit A Cfaire 4/ 7
—+4/6 +4/5,& de lame(me fe couperoit la ligne
AD, faifant 4/ 2+ 4/3, puis menantles paralieles
CB & D E comme deffus, bonauroit le requis.

%ais ﬁlcm euft voulu couper de ladicteligne A B,fa

ine V§ 44 OV H g

s oy s londiroit A C faire #/trino.a/ 6 +

s -+ ¢/ 2 & dela mefine fe couperoitla ligne A D(la-

uelle fe trouueroit parle 6 exemple du premier pro-

bleme) faifant +/ bino. § + 4/ 5,puis menant les paral-
leles CB & D E comme deflas, Pon auroit le requis.

NoTa 1r1.Ilfautquele nominateur du nombre

“donné,foit toufiours maieur que le numerateur, par
exemple fi quelcun requiroit d'auoir coupé d'vne lig-
nefa %, ou +/ -2~ ce [eroit petition de l’impoﬂibfc,
veu que toute partie ¢t moindre que fon entier.

COROLLAIRE 1.

1 eft manifefte par ce probleme , comment Pon
trouuera les noms d[e): toute multinomie ligne donnée,
par cxemple de A B ’
fifant /'8 + 3+w/ G
15§ +~ w10 — 4 3. <
Car lon feroit quel- ©
que multinomie ligne °
(par le premier Corol-
laire du premier pro-

bleme) conforme au A H 1 KB
muldnomic nombre donné, laquelle foit A C, les

© 733
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noms de laquelle foient AD 4/ 8,DE $,EFw/ 15,
FG 4/ 10,G C /5, puison mencra laligne C B,& fes
parallelesFK,E1, DH,de forteque AH +/3,HI 3,
IK4/15,KB 4/ 10— 4/ s [eroienc les noms requis.

CoRoLLAIRE II.
Il eft auffi noroire, comment I'on pourra couper
- toute fuperfice & corps, ‘conforme 4 la maniere de fe-
&ion delaligne A B, du precedent premier Corollai-
re, comme nous auons fai¢t le femblable aux Corol=
laires du precedent premier probleme.

PROBLEME I
Stant donnée lgne nombre ex[zlique'e :
Trouuer [a mcinequarré. -

Explicationdudonné. Soit donnée laligne AB, de
laquelle la quantité foit /8 +-4/ 1§+ W/ 255 +4 .
— a4/80 Explication durequis. Il faut tronuer faracine
quarrée.  Conffruction. On coupera par le precedent
2 probleme, quelque nom de la ligne donnée A B, foit
A C,refponccilant a4 8. .

Puis on trouuera par le 1 E
probleme quelque ligne ' 4 A
droicte en relle raifon d Ia -
AC,comme 14 +/8, qui .

{oit l]a ligne AD; Puisfe DiA C B
trouuera par le 13 proble- F -
medué¢ liure &’ Enclide, =

laligne moienne proportionellé entre D A & A B, qui
foit AE. Iedique A E eft la racine quarrée requife de
AB. Demonfiratian. Veuque A E eft lamoienneligne

Prop. III states how to find the square root of a line explained by a given multi-
nomial number, the square root of a square root, etc. Cube roots can only be
constructed if two mean proportionals between two given lines can be found,
and this is possible if one is satisfied with one of the many existing methods
[these methods, .named after Plato, Hero, etc. can all be found in Eutocius’ com-
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proportioncllc entre la ligne donnéeAB,& la DA,
refpondanted P'vnité de ladicte A B, fenfuit par la
precedente 5° definition,que A Eeftla racine quarré
de A Bjce qu'il falloit demonttrer. Conclufion. Eftant
doncques donné ligne nombre expliquée, nous auons
trouué fa racine quarrée; ce qu'il falloie faire, '

Nota 1. Heftmanifeite par ceprobleme com:
ment on trouuera de la ligne donnee toute racine
quarrée de racine quatrée, iufques eninfinj;Par exem-
ple,, pour auoir la racinede racine dela ligne ABci
deflus, on trouuera la ligne moienne proportionelle
cntre D A, & A E, qui foit F, doncques F eftla racine
quarreé de racine quarrée de A B.Etde mefme forte {6
pourroit trouuer la ligne moienne proportionelle entre
D A, & F, qui feroit racine de racine eracine,deA B,
& ainfi on pourroit proceder en infini,

- Norta 11. Quant aux cxtralions des racines
cubiques, & autres operations des mefmes qui {e ren-
contrent en nombres,nous les fgaurions legiumement

" imiter en grandeurs, i Fon fgeut trouuer geometrique-
ment deux lignes moicnnes proportionelles entre
deux lignes donnees, car racine cubiquedeligne,c'eft
la confequente de deux lignes moiennes proportio-
nelles, entre la ligne donnée, nombre expliquée, & la
lignerefpondante dPvnité deladonnée. Vraieftque
fi’on fe vouluft contenter (comme 4 faidt Archimede
en fa defcription de la fphere & cylindre , & autres)
desinucntionsde deux lignes moiennes proportionel-
les, par quelque manicre des inuentions de Platon,
Heron, Phylon Byfantin, Appollone, Diocle, Pappe,
Spore, Menechme, Archite, Eratoftene, ou Nicome- .
de, 'on pourroit proceder de mefme ordre en racines

mentaries to Archimedes’ Sphere and Cylinder, see T. L. Heath, Manual, In-
troduction, footnote 12), pp. 154-170, and footnote 24) of the Introduction to
the Problemata Geometrica). If a line representing V7 + V5 + 13-4 and
AC. = V7 are given, then it is possible to construct 13-4. The final construction
deals with a binomial line of the fifth type; it is shown, given line A = V3

how to construct VViz + 2 = VY3 + V2 + VyY3 —y2 (L' Arithmétique,
Prop. 39), and how to séparate the two parts. '
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cubiques,comme nous auons f2ict ci deffus en racines
quarrees: Etle femblable fentendra d'autres racines
quelconques, comme de quinte, fexte quantité, &c.
lefquelles fe trouuent generalement par Pinftrument
d’Eraftotene, mais nous n’en donnons point des
exemples, parce qu'eftant cognues telles racines, la
refte eft notoire parce quien eft dic ci deflus.

1l eft aufli 4 confiderer, qu'eftant compofé quelque
multinomieligne de racines cubiques ou autres auec
racines quarrces, ou nombre Arih. que I'on peut fou-
uent parfai¢tement operer par icelles. Par exemple
eftant quelque multinomicligne AB, de +/7+4/ 5
~+ 4/ 4, de laquelle foit cogneu le nom AC de
14/ 7,ton peut aufli wouver C DB
es deux auatres noms, car

. — bt
coupant de la C B,la ligne
C D,entelleraifond le A C,comme ¢/5 3 4/7,larefte
D Bferalenom de /(3 4. Item fi quelque multino-
mielignefult dea/2+ 4/ Q@ 5 ++®7,& que le
nom ¢ 2 fuft cogneu, il eft' notoire quon pourraex-
traire legitimement racine quarrée de telle ligne, &
ainfi de plufieurs autres femblables.

Nota 111. Nousanionspromis au commence-
mentde ce traicté, d’exhiber la maniere des conftru~
¢tions des douze binomies lignes auecleurs racines
deferiptes au 10tliure d’Euclide, ce que nous auons .
abondamment faict aux trois precedens problemes,
non feulement de binomies, mais de noms en multi-
tude infinie; Toutesfois nous donnerons en plus gran=~
de cuidence, encore vnexemple propre de binomic
ligne cincquicfine,par Ia conftrution de laquelle tou-

v Appendix
This is a summary of Book X of Euclid’s Elements in Stevin’s arithmetical
language. It ends with a “Conclusion”, in which Stevin announces the Weegh-
const, in which the theory has been supplemented by experiments performed
together with Johan Cornets De Groot (see Principal Works -of S. Stevin 1,
p. 6, footnote 15). Stevin also announces the works of his friend Ludolf Van
Collen, with whom he has constantly been in touch on problems of algebra, in-
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tes les autres feront encore plus manifeftes en cefte
forte: Il'y a quelque ligne A, f4ifans 4/ 3,bon vequiert
Ve biromie ligne cincquiefme, disifee en fés noms,de +/ 12
—+ 2,2 feanoir telle o/ 12— 2, comme A failt & 3 ; Puis
Fon veut que de telle binomie ligne fextraict racine quarrée,
& quelamefmeracine foit diuifee, cn les parties delaguelle
elleeft compofée. Loon trouuera par lc precedent pre-
mier probleme laligne BC,en telle raifon 4 la ligne A,
comme /123 /'3 puisla ligne C D, en telle raifond
IaA, comme 224/ 3, & A

B CD,ferala binomielig-
nerequife. Puisfe tirera fa
racineparle 3e probleme,
qui foitEF. Or i fin de
-diuifer cefteracine EF en
les parties de laquelle elle
eft compofce, Pextraispre- gE T C D
mierement racinequarrée .

dunombre 412 —+ 2, qui eft par le 39 probleme de
noftre Arihmetique)a/ bino.a/ 3~ 4/ 2 + 4/ bino./ 3
— #/ 2.1 faut doncques que I'vne partie de cefte ligne
foitde o/ bino.4/ 3+ &/ 2,& Lautre o/ bino.a/ 3—n/ 2,
parquoi diuifée la ligne E F, par le fecond problemeen
G,ainfique E G, aic telle raifona G F,comme 4/ bino
V34 4/2,34/ bino. /3 — v/2,lon anra lc requis.
Nous pourrions donner femblables exemples de tou-
tes les autres onze binomies lignes, qui font deferiptes
audiét ro*liure d'Euclide. Mais veu que le progres ft
en toutes le mefine, voire non pas feulementen ces 12
binomies lignes, mais en infinies autres, ce feroit inu-
tile perdition de temps. Voila doncques ce que nous”
auions promis.

Finde lafeconde partie,

« commensurable magnitudes, centres of gravity, and other subjects. (Van Collen’s,
or Van Ceulen’s best known work is Van Den Cirkel, Delft 1596, 2nd ed. 1615,
Latin ed.: De Circulo, Leiden 1619, See: H. Bosmans, Annales Soc. Scient. .
Bruxelles 34 (1910), pp. 88-139, and Niesw Nederl. Biogr. Woordenboek).
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202

THESES
MATHEMATIQUVES.

THESE 1
QV € lonité est nombre.

THESE 11.

- Que nombres quelcongues peunent eStre
nombres quarrez., cubiques, de quarte quan-

tite, &e.
Que racine quelconque et nombre.
B THESE 1111,

Qa’i[ n) a awcuns nombres abfurds, ir-
rationels, irvegubiers, inexplicables, ow [ourds.

TuEesE 111.

THESE V. ‘

Que nombres comme 1. 2. 3. ou 12. 10.
6.4- € [emblables ; ne font pas proportion
eArithmetique. v 4 4

THESE VI,

Que nombres comme 2. 4. 8. 04 2. 3. 4. 6.

1L
III.
Iv.

Mathematical Theses
That unity is number.
That any numbers can be square, cubic, biquadratic, etc. numbers.
That any root is a number.

That there exist no absurd, irrational, irregular, inexplicable or surd
numbers.
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oo~ femblables e font pas proportion Geome-
trique, mass Arithmetique.

THESE VIL

| ine nombres comme 153. 144. 136. &/
[emblable

) ne{bnt pas propartion Harmom'que.

Nous auons trai€ des fufdictes Thefes 2
la precedente Arithmetique, au commence-
ment puispage 30° 33° 55°.

L’heure & lieu de leur expedition f¢ de-
clairera a temps oportun.

TasiLe
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V.
VI

VIIL

VI, VII see the beginning of Book I, Third Part].

That numbers like 1, 2, 3 or 12, 10, 6, 4 and similar ones do not form an
arithmetical proportion.

That numbers like 2, 4, 8 or 2, 3, 4, 6 and similar ones do not form a
Geometrical, but an Arithmetical proportion.

That humbers like 153, 144, 136 and similar ones do not form a Harmonic
proportion.

[On Thesis IV see L’ Arithmétique, Def. 31 and what. foll_ows; on Theses V,- »
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APPENDICE ALGEBRAIQUE

The Appendice Algébraique of 1594, of which the only copy so far discovered
was destroyed in 1914 when the University Library at Louvain was burned, was
first described by P. I. Gilbert (see footn. 40), Introduction). The text itself was
reproduced in French in Book V (Des Meslanges), pp. 7-10 of the Mémoires
Mathématiques de Simon Stevin (1608), also in the reprint of L’ Arithmétique
by A. Girard of 1625, whence Girard introduced it into the Oewwres of
1634, in both editions at the natural place, after problem 77. Stevin gave a
Dutch version in Book V of the Wisconstighe Ghedachtenissen (Ghemengde
Stoffen), pp. 7-10 (1608); a Latin version appeared in the Hypomnemata Ma-
thematica, Book V, pp. 7-9 (1608). The edition of 1594 contains, apart from
a slight change in the opening words, a terminal paragraph not reprinted in later
editions, in which Stevin states that his “special and familiar friend, Master
Ludoif van Collen” has told him that he has also found a general method to solve
equations, which method he has promised to publish (French text in Gilbert and
Bosmans’ articles). This method van Ceulen does not seem to have been published.

In his Appendice Algébraique Stevin states that after the publication of L’ Arith-
métique he has found a general rule to solve all equations either perfectly or with
any degree of approximation. This example is x3 = 300x + 33915024, To find
- a first approximation for x, try x = 1, then x = 10, 100, 1000, ...... The result
is that for x = 1, x = 10, x = 100, the value of x3 is less than that of 300x +
33915024, but for x = 1000 it is larger. Hence the first result is 100< x < 1000.
To find a second approximation for x he now substitutes x = 100, 200, 300, 400
and finds 300 <C x <C 400. Now he tries x = 310, 320, 330 and finds 320 <
x < 330, then x = 321, 322, 323, 324. It appears that for x = 324 both sides
of the equation are equal so that x = 324 is the root.

The method can also be applied if the root is not an integral number. If x2 =

300x + 33900000 we find 323 << x << 324. Then write x = 3:%_) and proceed
as above, first with ;15- , then I—;T) , etc. This can go on indefinitely. If, for in-
1000 ’

stance, the root were x = %—, the method gives first -183, then 180—50, then 233

then —8—3Q, and so we can approach the root as closely as we like. The same
10000

. .holds if x were a radical, incommensurable with common numbers. Note that

Stevin does not use the decimal notation of -his Tenth.
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REIGLE.

E Stant donnez trois termes de nombres Algebraiques quelcon-
ques : Trouver lenr quatriefme proportionel, ou parfaict, es
avec infini approchement.

T'ay defcrit (depuis le 66 probleme jufques au 80)
Pinvention du quatriefme terme proportionel, de trois
Algebraiques donnez, & cela fi avant comme j'eftime
qu'icelle matiere eft cognue: Maisj'ay puisapres trouvé
une reigle generale, pour de tous trois termes Algebrai~
ques donnez trouver le quatriefme , ou valeurde 1 ®
parfaiéte, ou avecinfini approchement, ce quen lapra-
&ique nous donne quafi autant comme une oietation
qui confifte en (a parfai&te demonftrarion Mathemati-
que; car comme ch finus font en leurs tables impar-
faicks, & toutesfois en la pradique for.t autant comme
fi ceftoyent multinomies radicaux accomplis , ainfi fe
fait le femblable en cefte matiere Algebraique.

Le donné. Soyent donnez trois termes felon le proble-
me tels: Le premier 1 ®), le fecond 300 B+ 33915024,
le troifiefme 1 (@), :

Le requis. 1l nous faut trouver leur quatriefme terme
proportionel. :

Conftruction. Pour premierement declarer en gene-
ral la methode fitivante je diqu'ontrouvera de com-
bien de characeres doit eftre la valeurde 1(@): Laquel-
le multitude de charaeres eftant cognue , on trouvera
puis apresle premier charaere, qui feraun de zes neuf,
1,2,3, 4,556, 7,8, 9: Puis fetrouvera femblablement le
deuxiefme, 8 tous lesautrestant qwil yena.

Or pour venird la chofe, & premierement trouverde
combien de characteres doiteftre la valeur 1(3 donnée;
jemets pouricelle 1, enquiers par le mefme ce quil en

741
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fortira, difant, veu que 1 () faitr, les joo @font 300,
par le 67 probleme: aiix mefmés adjoufte 33915024, fait
pourla valeur du deuxiefme terme 339153141 Et lepre-
mier terme, a fcavoir 1(3), feratant feulement1: Ce qui
eftanttrop peu, parce que la valeur du premier terme
doiteftre egalavecla valeurdu fccond, & pourtant je
metsau fecond 10 pour lavaleur de 1(2), & enquiers par
le mefime comme deflus, & trouve la valeur du feeond
terme de 33918024, & le premier terme derooo: Ce
quicftant autrefoistrop peu, je mets au troifiefme 100
pour valeur de1®; le mefme eftant aufli trop peu, je
mets ag quam'cﬁne 1000, pat lequel je trouve le pre-
mier terme trop grand : Pourtant la valeur de 1@ eft
moindre que 1000, & majeur que 100, cllceftdoncne-
ceflairementde trois chara&eres.

Oreftant cognu que la defirée valeur eft de trois cha-
raderes, il faut que le premier foirun de cesneuf, 1,2,3,
45,6,7,8, 9. Maisil eft cy deflus enquis avec le pre-
micr charactere 1, 4 {¢avoir avec 100, & trouvois trop
peu, pourtant je l'eﬂ%:;'c maintenant avec le premier
charatere 2, mettant 200 pour valeurde 1 @, & trouve
trop peu: Ie 'enquiers puis apres avec 300,8 vientaufh
trop peu : Puisavec 400, & trouve trop, cc qui me de-
note que le premier characere doit eftre 3.

Or pour trouver le fecond chara&ere, il doit necef-
fairement cftre ou 0,1, 2,3, 4, 9,6, 7,8, 0u 9 : Maisil eft
devantefprouvé avecle fecond chara&ere 6, 4 fcavoir
avec 300, & vint trop peu, pourtarit je mets mainte-
nant le fecond cara&ere 1,4 fgavoir 310, & trouve trop
peu: puis aptes 320 , vient aufli trop peu: puis 330, &
vient trop; ¢e qui me fignifie que le {ccond charaétere
faue eftre 2. _

Pour trouver maintenant lc troificfme charaéere, il
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doit eftre neceflairementou ©,1,2,3, 4,5,6,7,8, ou 9.
Maisileft dcflusenquisavecle troifiefme charatere 0,4
fcavoir par320,& vint trop peu; pourrant je mets maif-
tenant l‘; troifiefime charactere 1,4 f¢avoir321; 8 trouve
trop peu; puis apres 322, & vient aufli trop peu;puis 323,
vient trop peu; puis apres 324, & trouve pariceluyla va-
leur du premier terme, egal dla valeur du fecond,d fca-
voir I'un & I'aucre de 3401222 4;ce quime demonfire que
324 eltlavaleurde 1 @, & quatriefme terme proportio-

nel requis ; car comme 34012224 valeur du premier 4.

34012224 valeur du fecond terme ; ainfi 324 valeur du
troifiefme eu quatriefme 324 '
' COROLLAIRE '
11 appert par le fufdit, que quandlavaleurde1 (Deft

nombre entier, que lamefme valeur. fe peut toufiours

trouverparfai¢tement.

Maisfile fufdit compte:n’euft pas venu ainfi ptecife-
ment, comme par exemple,que le ©ou nombre Arith-
merique donné aulieude 3391501 4,euft tanc feulement

efté33900000,alors 323 cuft efté peu, & 324 trop,ccqui

me certifie que la valeur de 1(?)fait 323 avecunrompu
moindre que unité. Or pour trouver le mefme rompu,
ou d'yapprocher irifiniment; je mets 323 avec encore un
oydeflusune ligne comme numerateur, & 1o defloubs
comme nominateur,en cefte forte 3312: Ce rompu fait
323,qui eftancrop peu, il faut que o du numerateur face
o avecquelquerefte,ou,2,3,4,5,6,7,8,0u9: Le mefme
chara&ere eftant tronvé comme deflus,& quiil y a eifco-
requelque fuperflu,bnadjouftera au numerateur & no-
minateur autrefois o , enquirant comme deflus, ce que
doit venirau lien d'iceluy o du numerateur: Et proce-
dant ainfi infiniment , I'on approche infiniment plus
pres au requis. _

743




744

54 Lg IL tivre D'ARITH.

Mais fi la defirée valeur de 1 @ fut rompumoindre
que usizc, l'on enquettera premierement avec >qui
eftant trop grandavec 53 guis aprcs 5 5 &c.Or pofé
le:cas que 12 fut trop grand, mais 15 5 trop peuts cecy
me certifie que defluus le nominateur 10000,doit venir
un nombre comme nurherateur majeur quel, & moin-
dre que 10, le mefme fera neceflairement un chara&ere,
comme1avec quelque fuperflu, ou 2,3, 455,657,8,0u9:
Iceluy chara&ereeftant trouvé auplus pres & moindre,
&quilya cncorc;quelqucreﬁduj’on agrandira nume-
rateur & nominateur chafcun d’un o, enjuirant puis
apres comme defluis, ce que doit eftre icelux dernier odut
numerareur, & ainfi desautres.

Avifez encore qu'eftantlavaleurde 1 nombre rom=
pu. il peut avenir qu'on pourra approcher infiniment au
requis, fans toutesfois par cefte maniere pouvoit parve-
nit 4 la parfaicte folution: Comime pat exemple, pofons
que Fincognug.valeur de 1D fufk$, & que I'on met le
nominatent fclon la fufdice reigle,on trouve que deflus
le mefme 10 faut venir 8, en cefte foree ;2: Mais parce
qu'ilelt trop peu,je mets pres de chafcun nombre o,ainfi
22, & cerchant puis apres quel chara&tere doit venir
au lieu de o du numerateur, je trouveau plus pres &
moindre 3,ainfi & : Et faifant le femblableau troifief-
me, je trouve ;832 Et aw’ quatriefme 2323, Et proce-

10000 .
dant ainfi avec les autres, I'on voit qu'on peut infinimét
approcher, fans toutesfois parvenir aux- accomplies,d
caufe qu'il n’y a nul nombrec entier en telle raifon aro,
100, 011 1000, (& femblables defquels le premier cha-
ra&ere eft 1, avec lesfuivans o) comme g 6.

Nous pourrions encore donner exemples laoulava-
leurde 1 () eft d& nombres radicaux 3 nombre Arith-
metique incommenfurables : mais.yeu que Vinfini ap-
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prochement eft aflez notoire par les.precedens, il ne
femble point meftier d'en faire propres declarations.
Or eftanttous les fu{Jicks exemples notoires par leur
opcration, nous n'en faifons point des particulieres de-
monftrations. Comclufion. Ekant doncques donnez treis
termes de nombres Algebraiques quelconques, nous a-
vons trouve leur quatriefine proportionel,ou parfaictes
ment,ou par infiniapprochement, ce qu'il falloit faire.
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INTRODUCTION AND SUMMARY
§ 1.

Stevin's trigonometry is the first part of his cosmography and bears the title
Driehonckbandel, in French Traité des triangles, in Latin De triangulorum
doctrina. The first to use the term trigonometry scems to have been Pitiscus,
whose book Trigonometria made its first appearance in.1595, but in 1608, when
Stevin’s book appeared, the term had not yet been generally accepted (1). The
book consists of four parts, the first dealing with the construction of goniometrical
tables, the second with plane triangles, and the remaining two parts with spherical
trigonometry. When Stevin wrote his book, in the course of his discussions with
Prince Maurice, the subject had already been treated in several excellent text-
books, to which Stevin added hardly anything but his personal clarity of exposition.
De Driehonckbandel, like De Meetdaet and L' Arithmétique, is a substantial
textbook, but it is the least original of the three. It is mainly of interest to those
who wish to see what trigonometry was like in the sixteenth century, long before
Euler, in 1748, introduced the present notation (2). It also has some distinction
as the first complete. text on trigonometry written in Dutch; and one of the
first — if not the first — written in any vernacular (8). We shall only reproduce
2 short section.

Trigonometry, as part of astronomy, dates back to Antiquity, where it was
taught by Ptolemy in his Almagest. It was cultivated during the Middle Ages,
among others by mathematicians writing in Arabic, in whose hands it gradually
developed into an independent science (). The first book in Latin is by the

(*) B. Pitiscus, Trigonometria, sive de solutione triangulorum iractatus brevis et perspicuus,
57 pp, published as an appendix to A. Scultetus, Sphaericorum libri tres (Heidelberg, 1595).
There were revised editions, published as separate books, in 1599 and in 1608. Sec
N.L.W.A. Gravelaar, Pitiscus’ Trigonometria, Nieuw Archief v. Wisk. (2) 3 (1898),
pp. 253 — 278; R. C. Archibald, Bartholomius Pitiscus, Mathematical Tables and Other Aids
10 Computation 3 (1949), pp. 390-397. There is also information on Pitiscus in A. von
Braunmishl, Vorlesungen iiber Geschichte der Trigonometrie 1 (Leipzig, Teubner, 1900), VII
+ 260 pp. The term 7 rigonometria appears in Holland in the 1629 ed. of Girard’s tables,
(see (18).

(’)( L.) Euler, Introductio in analysin infinitorum (Lausanne, 1748), 2 vols., reprinted in
Opera omnia, Ser. 1, Vols 89 (Leipzig, Berlin 1922, 1945).

(® It was not the first trigonometry written by a native of the Low Countries, since it
was preceded by Ph. Van Lansbetgen’s Triangulorum geomeiriae libri quattuor, of which the
first edition appeared in 1591. There is also a good deal of trigonometry in L. Van
Ceulen’s Van den Circkel, of which the first edition appeared in 1596. Van Ceulen intro-
duces trigonometry for his purpose of computing 7. There is also some trigonometry
in the Flemish version of Apianus’ Cosmographia: Cosmographie, oft Beschrijvinghe der ghe-
beelder Werelt van Petrus Apianus. . . ghecorrigeert van Gemma Friso (3d ed., Antwerp, 1561;
the preface is dated 1545).

(%) For details on these points, as well as on all other questions concerning the general
history of trigonometry, see Von Braunmiihl, /c.1), as well as J. Troptke, Geschichte der
Elementar-Mathematik V (Betlin-Leipzig, 2e Aufl,, 1923), 185 pp. See also S. Giinther,
Geschichte der Mathematik 1 (Leipzig, 1908, 427 pp.), pp. 393—404, and M. Cantor, Vor-
lesungen 11. ‘
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Nuremberg astronomer-craftsman-publisher Regiomontanus, who wrote it around
1464. This book, entitled De triangulis omnimodis, also treats trigonometry
as an independent science; it is already of considerable maturity, and both
in manuscript and after its publication in 1533 remained for a long time the
standard text to which all later authors referred (5). Sines, in Regiomontanus’
work as well as in all other works up to the middle of the 18th century, are
conceived as line segments, and their numerical value therefore depends on the
length of the radius R of the circle to which they are referred. Regiomontanus
also pubhshed tables of sines, first with a sexagesimal base (R = 6.104, ‘then
‘R = 6.107), later with a decirial base (R ="107) (8). These tables only ap-
peared after his death. The decimal table, with values for the sines of all angles
from 0° to 90°, ascending from minute to minute, served as an example to several
later mathematicians, ‘including Stevin. Regiomontanus also composed a table
of tanigents for R = 105 for angles ascending from degree to degree (7). - .

The prmapal improvement on Regiomontanus during the sixteenth century
consisted in table computation. This culminated in the monumental works of
Rhaeticus (also” known as the friend and admirer of Copernicus), which
consist of the Canon doctrinae triangulorum of 1551 (8) and the posthumous
Opus Palatinum of 1596 (9). The Canon contains tables of all six goniometric
functions in seven decimals (that is, for R = 107) for angles ascending ffom
10” to 10”. The Opus Palatinum extends this work to 10 decimals, and for sines
(and cosines) even to 15 decimals. Rhaeticus also published Copernicus’ in-
vestigations on trigonometry (1542), which were later included in the latters
book on the revolutions of the heavenly bodies (1543) (10).

The theory itself, both plane and spherical trigonometry, was explained.. and
gradually improved in a series of textbooks; of which we only mention those
by Bressieu (1581), Fink (1583), Clavius (1586), Van Lansbergen (1591), and

() Doctissimi viri. .. lo. de Regio Monte de triangulis omnimodis libri quingue (Nuremberg,
Petreius 1533).

(*) The table with R= 6. 10* appears in Joanni de Monteregio. . . tabulae directionum ])ro-

« fectionumaque (Augsburg, 1490; also Tibingen, 1559) as an appendxx entitled (at any rate
in the 1559 ed.): Sequitur nunc eiusdem Ioannis Regi s , per singula minuta
extensa.

The tables with R= 6. 10" and R= 10" appeat, according to Von Braunmiihl /¢, ‘),
p. 120, in a book written by Regiomontanus’ teacher Peurbach: Quadratum geometricum
praec/art.mmz mathematici Georgii Burbachii (Nuremberg, 1516; dedication of 1515). The
copy of this book in the Harvard Library does not contain these tables. According to
Tropfke, L¢.4), p. 178 we can find both tables in the Tractatus Georgii Purbachii super pra-
positiones Ptolemaci de sinibus et chordis (Nuremberg, 1541). .

() This so-called “sabula foccunda” appears in the Tabulae directionum of 1490.

(8). Canon doctrinae triangulorum, nunc primum a Georgio Joachimo Rhaetico in lucem editus
(Leipzig, 15 s 1). Von Btaunmuhl states that it belongs “zu den kaum mehr auffindbaten
Seltenheiten”, /c.b), p. 14

(®) Opus pa/atmum de tnangu/t.r a Georgio Toachimo Rhastico coeptum: L. Valentinus Ot/Jo
Principts Palatini Friderici IV electoris mathematicus consummavit (Neustadt, 1596). i

(*°) Chapters 13 and 14 of Book I of Copernicus’ classic De Revolutionibus orbium coelestium,
(Nuremberg, 1543) were published in 1542 by Rhaeticus as De Jateribus et angulu ;‘rmn—
gulorum, tum planorum rectilineorum, tum sphaericorum, libellus. . ., scriptus a... D. N:m/ao
Copernico Toronensi. See v. Braunmuhl Le. (%), pp. 140-143.
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Pitiscus (1595) (11). Bressieu and Van Lansbergen are of interest because Stevin
quotes them explicitly in his own trigonometry, and Fink has the distinction of
“having introduced the names. tangent and.secant in’their present meaning!(the
tetm sine. already appears in Regiomontanus), though Fink considered :them::line
segments, :a custom' followed . until the middle of the eightéenth -century, ds-in
the case of ‘the sines.  Clavius, who was’ the most influential mathematical text-
book writer of his period, immediately adopted Fink’s terms, and it is not un-
likely .that thtough the study of Clavius' book Stevin became familiar- with' these
expressions. The most original writer on trigonometry in the sixteenth. century
was Viéte, who in a series of books, written between 1579 and his death in 1603,
edriched .goniometry with a wealth of new methods, especially in the domain
of the equipartition of angles (12). We may state that-it was Viéte who establishéd
goniometry. as a science by itself, a distinction all the more brilliant wheii'we
see-that -even Stevin, in 1608, treated gomometry su’nply as a set: of rules for. the
computation of tables. - T

By Stevin’s . time gomometry, with its appllcatlon to plane and spherical tri-
gonometry, was in substance not so very much different from the present éle-
mentary goniometry of our secondary school instruction. However, though the con-
tent has not changed much, the form has changed enormously. Since our formal appa-
ratus did not exist, all tules had to be expressed in words as so'many additions to
Euclid’s Elements. Moreover, the goniometric expressions were not conceived as
ratios of lines, that is, as numbers, but as line segments, constructed in relation
to a circle of given radxus in Stevin’s case, R = 107 units. Since lines, areas, and
volumes could not be compared with each other, all.rules had to satisfy ‘the
condition of homogenelty For instance, the law of cosines for spherical
triangles, which we write in the form cos ¢ = cos « cos b + sin « sin & cos C, - was
expressed by Stevin in terms equivalent to the formula . .

sin 4 sin 2 (sin 90°)2 = [sin vers ¢ - sin vers (- b)] : sin vers C.

‘Here sin 90° (the sinus totus) is equal to R, the radius. As to the sinus versus,
which in the modern approach can be written as sin vers ¢« = 1 — cos 4, Stevin
. defined it as the arrow (“sagitia”’) belonging to the chord of which sin « is one
half. Stevin did not introduce special names for the cosine, cotangent or cosecant;
when he needed these quantities, he expressed them as sines, tangents or secants
of the complementary angle. Like his contemporaries, he only considered the- gonio-
metric expressions for angles between 0° and 90°; when obtuse angles appeared,
he turned immediately to the corresponding acute angles.

(“) M. Bressieu (M. Bressius), Metrices Astronomicae (1581); Th. Fink (chhms), Gea-
metria rotundi (Basel,1583); C. Clavius, Theodosii Trs, /po/ttanae Sphaericorum libri tres (Rome,
1586). This book has an appendlx “.S'eqmtur tabula sinuum rectorum per singula quadrantis
minuta extensa, et a loan. Regiomontano quondam supportata, nunc auntem per me examinata et
plerisque in locis castigata, atque correcta”; Ph. Van Lansberge (Lansbergius), see (3).; B.
Pitiscus, see (1). .

(3®) See Francisci Vietae Opera mathematica, in unum volumen congesta. . . opera atque studio
Francisci a Schooten (Leiden, 1646, VI X 554 pp.). Von Braunmuhl, Z¢. 1), Ch. VIII glves a
detailed account of Viéte’s achievements.
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§2

The first part of the Trigonometry contains tables for the sine, tangent, and
secant for angles ascending from 1’ to 1’ and computed for R = 107. It strikes
us that Stevin, as late as 1608, did not use his own decimal-fraction notation,
taking R = 1. The reason may have been that Stevin's printer preferred to take
the tables straight from some other book. It may have been that Stevin himself
decided to go easy on his own invention. However, it should not be forgotten
that in a strict sense Stevin's Thiende was never conceived as a system for counting
with decimal fractions, but as a system for avoiding fractions altogether. If we
take R = 107 as one of Stevin’s “Thiendetalen”, perhaps as his “Beghin” (o),
then his tables may be fitted into the scheme of De Thiende.

The tables contain nothing new and go back to Regiomontanus 6). They can
be found, for instance, as an addition to Clavius’ edition of the Sphaerica of
Theodosius (1586) (13). This is not the only place where Stevin’s text either
resembles or directly follows that of Clavius’ book — though Stevin never
follows it slavishly and maintains his own independent position throughout. The
tables are accompanied by a long introduction, in which their construction
is explained; it follows closely the procedure already adopted by Regiomon-
tanus. The first to be computed are the sines of all angles which are multiples of

45'; this can be achieved by repeated application of such formulas as sin —;— =

1-cos & . . . . 540-30°
—Tto sin 909, sin 36°, sin 30°, and sin 12° = sin——>—. After

this table has been completed, the sines of all other angles can be found by an
interpolation. Stevin shows how it is done in the case of sin 1°, which is found
by interpolating between % sin 45" and % sin 1°30" 4+ —§- sin 45’. The con-
struction of the tangent and secant tables is not explained, but it is demonstrated
how they can be used.

The interpolation formula is based on the inequality sin 3a + —;sin 3a >

sin 4 >'sin 3o + %(sin Ga—sin 3a), valid for 0° < & <C 90°, and applied
to the case oo = 15’. We can derive it immediately from the fact that f (x) =
sin x—sin A4
x—A

then take A = 3a, and x successively 0, 4a, Ga. Sixteenth-century mathematicians
derived the formula geometrically from a theorem by Theon of Alexandria, which
states that when « increases uniformly from 0° to 90°, the increase of sin a de-
creases (as follows from our formula d sina = cosa dx) (14). We shall return to
it in our text.

In the second part of Stevin’s book, which contains the trigonometry of plane
triangles, the central theorem is the law of sines. The law of cosines is missing,

(0° << A < 90°) is monotone decreasing for 0° < x <C 90°, and

(%) See Clavius Z¢. (1),
(*) See Von Braunmiihl, /.c. (), pp. 28, 121.
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though Viéte (15) had formulated it in 1593 in the homogcneous form (sides
a4, b,'c; angles A, B, C):
2ab: (a2 + b2 — ¢2) = (sin 90°): sin (90°-C°).

Like the older writers, including Regiomontanus, Stevin prefers to apply the
law of sines also to the case where 4, b, C are given: this can be done by drawing
an altitude. The law of tangents is also wanting, though it appears not only in
Viéte, but also in Clavius. Using the law of sines alone; Stevin shows how the
angles or sides can be computed when three of them are given; he covers all
cases, including the case where 4, 4, A are given, when two solutions are possible.
Like Clavius, he concludes with an enumeration of all cases at the end. He adds
a discussion of polygons, especially quadrangles, where he distinguishes between
the cases 2) that all the angles are <{180°, b) that one angle is>>180°, and ¢) that
two sides intersect. Here he shows how all 8 angles and sides can be found, if 5
independent ones are given.

The third part of the book contains the tngonometry of spherical triangles.
This is preceded by an exposition of spherics, or the geometry of the sphere, its
great circles and triangles, such as was known from Theodosius or Menelaus.
Then follows the set of rules for the computation of rectangular spherical tnangles,
which is complete in the sense of our elementary spherical trigonometry: all six
fundamental theorems are present. In the case of oblique triangles (Stevin, like
all mathematicians before M&bius, concentrates on angles between 0° and 180°),
Stevin solves his problems with the aid of the law of sines and the two laws of
cosines (each proved separately). Here again we find 2 convenient table of all
(thirteen) cases at the end, with special discrimination between acute, right, and
obtuse angles, followed by a discussion of spherical quadrangles.

The fourth patt deals with the application of spherical trigonometry to problems
in astronomy. In an appendix Stevin presents some additional observations on his
own terminology and the work of others; among them we find a remark’ that
modifications in the theory of spherical triangles must be made when the angles
or sides are >>180°.

§3

There exists a German translation of a part of Stevin’s trigonometry (by an
anonymous writer), published in 1628 by Daniel Schwenter,-a professor at the
University of Altorf neat Nuremberg (18). Schwenter must have had a mutilated
copy of Stevin’s book, since he claimed that Stevin had not written anything about
spherical triangles. He therefore published only the first two books together with
the tables, adding four “axiomata” on spherical trigonometry from Pitiscus’
Trigonometria.

Around the same time Ezechiel De Decker, the Gouda surveyor and admirer
of Stevin, used Stevin's Dutch nomenclature for trigonometric lines when he

() F. Vieta, Variorum de rebus mathematicis responsoram liber octavus (1593), Opera No XII,
see (12

1G] Simonis .S' tevini Kurizer doch grindlicher Bericht, von Caleulation der Tabularum Sinuum,
Tangentium und Secantium. Sampt derselben gebrauch. .. Sampt einer Vorrede M. Danielis
Schwenters (Nuremberg, 1628).
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published his complete tables .of Briggsian logarithms (17). Also. -around.;this
time, Girard published at the Hague tables of sines, tangents, and -secants-for
R = 107, as Stevin had done, and with a text in French (18). He was not the
only:one; in the same year (1627) appeared a plane trigonometry written: by
Professor. Van Schooten with similar tables, but a Dutch text (19). Girard’s tables
were reprinted in.1629, Van Schooten’s in 1632, corrected and enriched. with
a: spherical trigonometry written by Stampioen De Jonge (20). In 1628-Van
Lansbergen’s Cyclometria nova was' reprinted (21), in 1631 his Triangulorum: geo-
metria. When therefore, in 1634, Girard published Stevin's Oewvres, there was
no dearth of information on goniometry and. trigonometry in the Seven Provinces.
This may have been the reason why Girard omitted the tables from his edition
of the Trigonometry. :
In-1900 Von Braunmiihl, in his history of trigonometry, paid considerable at-
tention to Stevin’s work in this field. He claimed that Stevin's treatment. of
spherical triangles was superior to. that of his predecessors (22). We reproduce
in our edition only a short section of Stevin’s trigonometry, for the sole purpose
of showing how a typical sixteenth-century trigonometry presented this subject.

‘(*) (E. de Decker) Nieuwe Telkonst, inhoudende de logarithms voor de ghetallen beginnende van
I fot 10.000,. .. Mitsgaders De Tafels van Hoeckmaten ende Raecklynen door het ghebruick van
Logarithmi, de Wortel 3 ynde van 10.000.000 deelen. .. Gouda, Rammaseyn, 1626.

() Tables des sinus, tangentes et sécantes selon le raion de 10.000.000 parties. . . par Albert
Girard. La Haye, Elzevier, 1626, 1627. The edition of 1629 continues on the title page:
Avec la Trigonometrie tant plane que sphérigue d’une méthode plus succincte, et d>une maniére plus
JSacile que janiais anparavant. The first edition has instead of this: Avec uan traicté succint tant
des triangles plans que sphérigues. The word “traicté” has been changed to “trigonométrie”.

(1°) Tabulae si , tangentium, secantium ad Radium 10.000.000. Met *t ghebruyck der selve
in Rechtlinischen Triangula. Door Fr. van Schooten, Professor Matheseos tot Leyden. Amsterdam,
W. J. Blaecuw, 1627. ’ .

(%°) This second edition has the following words added to the title: Ende uit cort by
gevoecht, dontbindings der sphaerischer Triangulen. . . door I. I. Stampioen d’Ionge. Rotterdam,
Wed. M. Bastiaensz 1632. See H.Bosmans, Revue Quest. Scient (4) II (1927), pp. 113—-141.

(*") Philippi Lanshergii Cyclometriae novae libri duo. Middelburg, Z. Romanus, 1628 (first
ed. 1616). This book is dedicated to Prince Maurice. The book on triangles (/.c. (%)) was
reprinted by W. Blaeu, Amsterdam, 1631. .

(*2) Von Braunmiihl, Z¢. (1) pp. 226-228, claims that it is Stevin’s merit to have stated
for the first time that the six formulas which we use at present for the computation of
rectangular spherical triangles are sufficient for all cases: ,,Stevin kanate nicht nur Vieta’s
trigonometrische Arbeiten, sondern erkannte auch ihren bedeutenden Wert; so nimmt
er .dessen Formeln zur Berechnung des rechtwinkligen sphaerischen Dreiecks direkt
heriiber, reduziert sie aber auf jene 6, deren wir uns noch heute bedienen. Sein Verdienit ist
es, xum erstenmale ausgesprochen xu haben, daff diese 6 Formeln zur Losung aller miglichen Dreiccks-
Jalle ﬂa//.)rtiz‘ndlg ausreichen.” (Italics by v. Braunmiihl, who quotes Hypomnematap.p..61,
208-217). .
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ON PLANE TRIANGLES
1st THEOREM. | 1st PROPOSITION.

As the right side of a plane triangle is to the left side, so is the sine of the
left angle to the sine of the right angle.

Because one of the compared sines relates to either an acute or a right or an
obtuse angle, we shall give three different examples thereof.

15t Example, where both the compared sines relate to acute angles.

SUPPOSITION. Let ABC be a plane triangle, whose compared angles B and C
are both acute, and about the point B as centre let there be described, with BA
as semi-diameter, the arc AD, whose sine shall be AE, at right angles to CB. In
the same way, about the point C as centre let there be described, with CF equal
to AB as semi-diameter, the arc FG, whose sine FH is also at right angles to CB.

WHAT IS REQUIRED. We have to prove that as the right side AB is to the
left side AC, so is the sine FH of the left angle to the sine AE of the right angle.

PROOF. Because in the triangle ACE there are two parallel lines, viz. FH and
AE, AC is to AE as FC to FH. But 4B is equal to FC by the supposition. There-
fore,

As AC is to AE, so is AB to FH.

And by the alternate ratio: ’

As AB is to AC, so is FH to AE.

2nd Example, where one of the compared sines relates to a right angle.

SUPPOSITION. Let ABC be a planc triangle, whose angle B is right, and
about the point B as centre let there be described, with AB as semi-diameter, the
atc AD, whose sine must be AB. In the same way, about the point C as centre
let there be described, with CE cqual to AB as semi-diameter, the arc EF, whose
sine is EG.
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WHAT IS REQUIRED. We have to prové that as the ri;ght side AB is to the
left side AC, so is the sine EG of the left angle to the sine AB of the right angle,
it having to be borne in mind that the same AB here serves as side and as sine.

PROOF. Because in the triangle ABC there are two parallel lines, viz. EG
and 4B, 1 say:
As AC is to AB, so is EC to EG.
But 4B is equal to EC by the supposition; therefore:
As AC 1s to AB, so is AB to EG. .
And by the inverse ratio:
As AB is to AC, so is EG to AB. :

3rd Example, where one of the compared sines relates to an obtuse angle.

SUPPOSITION. Let ABC be 2 plane triangle, whose angles of the compared
sines are C and ABC, of which the angle ABC is obtuse, and about the point B
as centre let there be described, with AB as semi-diameter, the arc AD, whose

_sine shall be AE, at right angles to CB produced. In the same way, about the
point C as centre let there be described, with CF equal to AB' as semi-diameter,
the arc FG, whose sine FH also comes at right angles to CB. WHAT IS RE-
QUIRED. We have to prove that as the right side 4B is to the left side AC, so0
is the sine FH of the left angle to the sine AE of the right angle. PREPA-
RATION. Draw AI on CB produced, in such a way that the angle AIB be equal
to the angle ABI.

PROOF. Since the angle AIB is equal to the angle ABI, the line Al has to be
equal to AB. But AB is equal to CF by the supposition. Therefore Al is equal
to CF, and AE is also the sine of the angle I. Therefore I say, by the 1st example
of this proposition, that:

As the right side Al of the triangle ACI is to the left side AC,

So is the sine FH of the left angle to the sine AE of the right angle.

But AB is equal to AI, and AE is also the sine of the angle ABC of the
triangle ABC by the supposition. Therefore:

As the right side 4B is to the left side AC,

So is the sine FH of the left angle to the sine AE of the right angle.

CONCLUSION. Hence, as the right side of a plane triangle is to the left
side, so is the sine of the left angle to the sine of the right angle; which we
~ had to prove.

.







DE MEETDAET

THE PRACTICE OF MEASURING




INTRODUCTION

The Meetdaet is primarily a textbook for the instruction of those who, like
Prince Maurice, wanted to learn some of the more practical aspects of geometry.
The course was not one for beginners, knowledge of Euclid’s Elements being a -
prerequisite, while the reader was also supposed to know something about the
measurement of angles and Stevin’s own calculus of decimal fractions. There is
little or no original maferial in the book, though the selection of the subject
matter has an unmistakable Stevin touch. Parts of the contents were taken from
the Problemata Geometrica, the book which Stevin published in 1583, but to
which he, curiously enough, nevet refers. Other parts show the influence of Ar-
chimedes and of -contemporary writers such as Del Monte and Van Ceulen. Al-
though in accordance with the title strong emphasis is laid on the-practical ap-
plications of geometry, many theoretical problems are discussed. For Stevin
theory and application always went hand in hand.

The Meetdaet appeared in 1605, but it was drafted more than twenty years
before. Already in the Problemata Geometrica Stevin refers to a text on geometry,
“which we hope shortly to publish” (1) and in which the subject was to be treated
by a method parallel to that used in arithmetic. At that time Stevin's L’ Arithmétique
was already either finished or well advanced. We get the impression that in this
period, 1583—'85, Stevin decided to publish his full text on arithmetic, but
of his text on geometry only those parts which he considered novel. The general
outline of the two texts was laid out at the same time, and in close parallel. When
at last the Meetdaet appeared, it had undergone many changes, resulting partly
or wholly from lengthy discussions with the Prince of Orange. The underlying
idea, however, remained the same.

In the introduction to the Meetdaet Stevin explains what he means by this
parallelism of arithmetic and geometry. In arithmetic we begin by introducing
the numerical symbols, and follow this up by naming them and interpreting their
value. Then come the four species, the theory of proportions, the theory of pro-
portional division, and finally the reduction of fractions to 2 common denomi-
nator. Similarly, in geometry, we begin by showing the student how to draw figures,
then we name them and explain how to measure them. Then follow the four
species, the theory of proportions, of proportional intersections, and the re-
duction of figures into others of given form and equal length, area or volume. Since
these topics are taken in six groups, and each group with lines, plane figures, and
solids, the Meetdaet consists of six books, each consisting of three parts.

The opinion of Stevin that geometry and arithmetic have to run parallel is not
so artificial as it appears at first sight. Stevin expresses an opinion common to
the mathematicians of his age, who insisted on enlarging the field of numbers
with irrationals to something like an arithmetic continuum, who applied these

() Problemata, lib. 11, Inttoduction,
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numbers without discrimination to the measurement of figures, and for whom
numbers were not so much the object of abstract speculation as the tools for
surveying, navigation, and astronomy. The subject matter of geometry is con-
tinuous quantity, wrote such men as Tartaglia and Clavius. It seemed natural
that there should exist relations and analogies between the professed geometrical
and the intuitively felt arithmetical continuum (2). Stevin only gave an early
sixteenth-century version of a point of view which was to lead, within the next
generations, to analytic geometry. Consciousness of the analogy between arith-
metical-algebraic and geometrical considerations continued to work as a leaven
throughout the further development of mathematics. Later we find it in Leibniz’
proposal for an algebra of directed quantities. In another form it appeared again
more recently when Hilbert probed the consistency of geometrical axioms by
means of a corresponding algebraic counterpart.

Book I of the Meetdaet, in accordance with the author’s program, teaches
methods for drawing lines and certain plane figures, and for constructing certain
solids. With his keen sense of the interdependence of theory and practice Stevin
gives not only rules for the drawing board, but also for the surveyor and. in-
strument-maker. We thus meet here with a description of the surveyor’s cross ot
diopter, already described by Heron (3) and used for setting out perpendiculars
by lines of sight. With a graduated circle instead of a cross it becomes a so-
called circumferentor or theodolite. The plane figures discussed are the circle,
_ the conic sections, and the Archimedean spiral. No fewer than four methods are
given for constructing points of an ellipse when the principal axes are given
in position and magnitude. One of these constructions is the ancient “gardener’s
construction”, based on the property that the sum of the distances from a point on
the circumference to the foci is constant (the foci are not yet referred to by a
special name). Stevin believed that he had found this construction somewhere in
a book of Del Monte, who himself had discovered it in some old manuscripts (4).
Stevin also took another construction from Del Monte (5), this time based on
the property that any point P on a line segment whose endpoints A and B are

(%) See E. W. Strong, Procedures and Metaphysics. A Study in the Philosophy of Mathematical-
Physical Science in the Sixtéenth and Seventeenth Centuries (Betkeley, Cal., 1936, VI + 301 pp.),
Ch. III, IV. On Stevin see pp. 105, 106. Compare also our Introduction to L’ Arithmé-
tigue. ~

(%) Heronis Alexandrini opera, ed. W. Schmidt, IIT (1903). Commentatio dioptrica. — On
early surveying instruments, including the diopter and triquetrum (with illustrations) see
e.g. R. T. Gunter, Early Science in Oxford 1 (1921, V + 407 pp.), I (1923, XV + 408 pp.);
F. Schmidt, Geschichte der geodetischen Instrumente und Verfabren im Altertum und Mittelalter
(Neustadt a.d. Haardt, 1935) and our footnote (8) on the ,rechtcruys” to the English
translation of De Thiende. Also: Edmond R. Kiely, Surveying Instruments, Their History and
Classroom Use (New York, 1947, chapter IV).

(*) The proposition on which the “gardenet’s construction” is based can be found in
Apollonius’ Conics, Book III, Prop. 52. We first meet with the construction in a fragment
on Burning Mirrors by Anthemius of Tralles (died ¢. 534); see T. L. Heath, Bibliotheca
mathematica 7 (1907) pp. 225—233. See further J. Tropfke, Geschichte d. Elem.- Matbem. VI
(2nded., 1924), p. 154. - ,

(%) Stevin writes that he had forgotten where in Del Monte’s works these constructions
appear. As Chasles has observed, it is in the Planisphaeriorsn: universalium theorica (Pesaro,
1579). See M. Chasles, Apergu historique sur Porigine et le développement des méthodes en géomeé-
trie (Paris, 2nd ed. 1875), p. 89.
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forced to move on two perpendicular axes describes an ellipse (8). Since this
property also holds for a point P on the continuation of A4 B, we are led to the
third construction, in which the length of A B is taken as 4—& and the point P is
at a distance & from either A or B (we call 4, & the lengths of half the major and
minor axes). Stevin also uses this theorem to find one of the principal axes of an
ellipse when the other principal axis is given in length and position, together with
an arc of the curve. The fourth ellipse construction is equivalent to the one we
often use at present, and by which we find points of the ellipse by considering
it the oblique parallel or orthographic projection of a circle with one of the axes
as diameter. This construction may in this form be original with Stevin, though
it is closely related to another one, also presented by Stevin, in which he shows
how the conic sections can be constructed as plane intersections of a right circular
cone.. His method amounts to what we now call orthographic projection. Stevin
may have been led to these constructions by Diirer (7).

Other interesting parts of Book I are the passages where Stevin uses his decimal
notation in the form 168() for 16(0)8(); here we also find 3691(2) printed as
36.91(2). This may be taken as an eatly example of something like a decimal point,
but we also meet with the notation 84.26 for an angle, meaning 84gr 26(2), or
84°26' in our notation. Here the dot is not a decimal; but a sexagesimal point.

Book I also contains Stevin’s description of the five regular and of eight Ar-
chimedean solids, taken from his Problemata Geometrica (perhaps we should say:
which in 1583 he had lifted from his manuscript to be published in the Proble-
mata Geometrica). For some reason or other he omits {203, 1214} and {125, 204},
though he had found them himself. The three other Archimedean solids are also
missing, despite the fact that Pappus’ work, which describes these solids, had by
this time become accessible in print (8).

In Book II we find observations on the lengths of line segments and curves,
the areas of two-dimensional figures, and the volumes of solids. Some surveyor’s
instruments appear, among them the ancient “traprondt” or graduated circle for
measuring horizontal angles (9), and the equally ancient triquetrum, consisting
of two arms of equal lengths, hinged to a third; they are graduated and have
sighting devices. The triquetrum, also called Ptolemy’s rods or parallactic
instrument (10), is used by Stevin to determine a triangle similar to a triangle in the
fields, though in his days it had also received attention as a favourite measuring
instrument of Copernicus and Tycho Brahe. As an application of the triquetrum
Stevin shows us how to measure the distance from a given point to a point beyond

(®) This construction can be found in Proclus, Euclidis elementorum libram c zarif,
ed. G. Friedlein (Leipzig, 1873), Def. IV to first book of Euclid, p. 106. Stevin might
have found it in the Latin translation of Proclus by F. Barozzi (Padua, 1560). See also the
German translation by P. Leander Schonberger (Halle, 1945) or the French translation
by P. Ver Eecke (Bruges, 1948), p. 96.

() A. Diirer, Underweysung der Messung mit dem irckel und richtscheyt (Nurenberg, 1525);
see also J. L. Coolidge, The Mathematics of Great Amateurs (Oxford, 1949, VIII + 211 pp.),
p. 64. Stevin’s fourth ellipse construction can immediately be derived from Diirer’s
method.

(8) See Introduction to Problemata Geometrica,

(®) On this see footnote (3).

(*%) See e.g. R. T. Guanter, /.c. ?) I p. 344, II p. 15. The triquetrum is described by Pto-
lemy in the Almagest: V, 12 (ed. Heiberg, Leipzig 1898, p. 403 ; translation by Manitius,

Leipzig 1912, p. 295).
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reach. A number of other exercises in surveying follow, and also such problems
as the computation of the altitudes of a triangle with given sides. In the section
on the measuring of circumferences and areas we find a discussion of the value
of 7 with due references to Archimedes, Romanus, and Van Ceulen; 5 is given
in 20 decimals, the value which Van Ceulen had published in 1596 (11).

Stevin continues the discussion of areas with that of the ellipse and of the
parabolic segments, both derived by Archimedes. He has the correct value nab for
the area of the ellipse, but a wrong one for that of the parabolic segment. This
is not a mere misprint; the error recurs in Book VI, though it is not clear what
may have led Stevin to it. There is also a discussion of the area bounded by an
Archimedean spiral. : :

Book III contains the application of the four species to geometry, with reference
to the parallel treatment in L’ Arithmétigue. Multiplication and division of seg-
ments, areas, and volumes is only performed-by means of numerical factors; there
is no reference to the multiplication of segments so as to form areas. Of some
interest is the addition and subtraction of solids, but the only case discussed is
that of similar figures. Here Stevin entered a field to which he had paid particular
attention in Books IV and V of the Problemata Geometrica.

In Bock IV we find a theory of proportions. It is shown how areas and volumes
proportional to given line segments can be found. The most interesting part is
that in which the two mean proportionals between two line segments are dis-
cussed.  As in the Problemata Geometrica, reference is made to Hero’s con-
struction according to Eutocius. The Eratosthenes construction is mentioned, but
not further discussed.

Book V contains the division of plane polygons into parts of given ratio by a
line satisfying certain conditions, another of the topics of the Problemata Geo-
metrica. Here Stevin goes a little beyond the text of 1583. He had been reading
up on the literature and had not only become acquainted with the earlier work
of Tartaglia — who had reported on that of Cardan and Ferrari — but had also
read the book which Benedetti had published in 1585 (12). As a result he not
only modified some of the proofs of the theorems already discussed in the Pro-
blemata, but added the cases where the line of division has to pass through a
point outside or inside the polygon. These cases had already been a subject of in-
vestigation by Euclid, in his book on Division of Figures, and Stevin may have
gained an inkling of it through Clavius’ remark in his Euclid edition (12). In-
stead of this, Stevin contented himself with a reference to his favourite theory
that all these solutions have come down to us from the “Wysentyt”, the supposed
Age of the Sages. Stevin also deals with some problems on the cutting of solid
figures in a given ratio.

Finally, Book VI deals with some transformations of figures into others of
given form and given length, areca or volume, such as the (approximate)
construction of a straight line equal to the circumference of a given circle, of a

(%) L. van Ceulen, Van den Cirkel. .. tot Delf, bij J. Andriesz, 1596, 14r. There exists
2 posthumous edition of 1615. Van Ceulen’s value of & with 33 decimals was published
by his widow in Arithmetische en geometrische fondamenten (Leyden, 1615), his value with 35
decimals was published by W. Snellius in Cyclometricus (Lugd. Bat., 1621), p. 54. This
was the value engraved on his tomb in the Pieterskerk at Leyden, see W. Hope Jones-
C. de Jong, Mathem. Gazette, 22 (1938), pp. 281-282.

(12) See footnote (10) to the Introduction of the Problemata Geometrica.
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¢
triangle equal in area to a given circle, of a sphere equal in volume to a given
cone, of a cylinder equal in volume to a given sphere, and of a segment of a sphere,
similar to one of two given segments and equal in area to the other. Here we
‘meet again with some problems from the Problemata with a few modifications
and additions (14). .

We thus see that the Meetdaet is far from being a systematic textbook. The
author, within the framework of an apparently rigorous scheme based on a paral-
lel with arithmetic, wanders freely through the fields and culls the flowers which
appeal to him and to his prince and master. What is lost in originality is gained
in freshness of approach and selection of topics. Written in Stevin's vigorous
Dutch, it is one of his most readable books. Scanning its pages, we still can see
before us the studious Flemish engineer and the martial stadtholder of Holland,
perhaps sitting together in front of a fire in some old Gelderland farmhouse
during a campaign, or in the prince’s palace at the Hague, absorbed in the study
of the ancient and contemporary geometers they both admired.

Again we reproduce some specimen-pages.

(*4) There is an account of the Meetdaet in M. Cantor, Vorlesungen iiber Geschichte der
Mathematik 11 (Leipzig, 1892), pp. 529-531. In his exhaustive analysis of the Problemata
Geometrica, Gravelaar also deals with the Meetdaet, especially with those sections where
the two books overlap. (Nieuw Archief v. Wisk. 5 (1901), pp. 106-191).
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' 7
EERSTE DEEL DES
"EERSTEN BOVCX VAN

HET TEYCKENEN
DER LINIEN

1 VOORSTEL.

Rechtelinien te teyckenen.

] E rechte linien worden inde daet door verfcheyden middelen gheteyc-
D kent,elcke na gen eyfch der omftandighen,waer af de drie voornaemfte
die my nu te voorcomimen,ghedaen worden ten cerften met een rech-

tetije: Ten anderen met een flachtlijn:Ten derden met fichtftralen,

1 Voorbeelt vant teyckmén der rechtelinimet een rije.

TGHEGHEVEN. Lact ABtweepunten fijn. TBEGHEERDE. Wymoe-
ten vant een tottet ander een rechte lini teyckenen met een rije, welcke manier
meeft dicnt op papierende ander cleenc effen gronden.

 TWERCK _
kkneem ecn rechterijeals C,legghende d'een cant op de punten A, B, trec-

kende daer langs henen cen fienlickelini A B, meteen penne, paffer, priem,
inckt of crijt,na den cylch vanden grondt,ende heb het begheerde. :

A B
| - < T
2 Voorbeelt vant teyckenen der rechtelini met een s flachlgn.

TGHEGHEVEN. Laet A Biweepunten fijn. TBEGHEERDE, Wy moe:
ten vant een tottet ander een rechte lini trecken met een flachlijn,dat is een dun
coordeken mer crijtbeftreken, C'welck ghefpannen flacnde , ende ghetrocken
fijnde foo dattet teghen den gront flaef;teyckent dacr met Juttel mocyte een feer
rechte lini. Welcke manier feer ghebruycke wort onderanderen by timmerluy-
den,int teyckenen van haer wercken, oock by faghers ; om foo wel doorcrom:
mealsrechre boomen,rechte fneen te faghen.

TWERCK
Ick neem de voorfz. becrijte flachlijn C D, die mijn tweeder ghefpannen
ftellende over de punten A B, treckfedacr naals de peez van eenbooch, ende
crijch de begheerde rechte lini A B.
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MEETDAET
BOOK L

FIRST PART OF THE FIRST BOOK.
OF THE DRAWING OF LINES.
7

1st PROPOSITION.
To draw straight lines.

In practice straight lines are drawn by various means, each in accordance with
the requirements of the case, of which the three principal ones which now occur
to me are performed: firstly with a straightedge; secondly with a chalked line;
thirdly with lines of sight.

15t Example, of the drawing of the straight line with a straightedge.

SUPPOSITION. Let A and B be two points. WHAT IS REQUIRED. We have
to draw a straight line from one point to the other with a straightedge, which
method usually serves for drawings on paper and other small, smooth grounds.

PROCEDURE.
I .take a straightedge, such as C, placing one edge on the points A and B,
drawing along it a visible line 4B with a pen, compasses, an awl, ink or chalk, as
the ground demands, and then I have what was required.

2nd Example, of the drawing of the straight line with a chalked line.

SUPPOSITION. Let A and B be two points. WHAT IS REQUIRED. We
have to draw a straight line from one point to the other with a chalked line, 7.e.
a thin cord covered with chalk, which, when taut and drawn so that it strikes
against the ground, draws thereon a very straight line with little effort. Which
manner is widely employed among others by carpenters in the drawing of their
constructions, and also by sawyers, for the sawing of straight sections through
_crooked as well as straight trees.

PROCEDURE.

1 take the aforesaid chalked line CD, holding it with the aid of someone else
taut over the points 4 and B; I then draw it like the string of a bow, and get
the required straight line AB.




VANT TEYCKENEN DER GROOTHEDEN. 17
8§ VOORSTEL

Wefendeghegeven cen decl vanden omtreckdes rondts,
den heelen omtreck te vol tcyckcncn. '

TGHEGHEVE N. Laetden boochABC decl vanden omtreck eens rondts
fijn. TBEGHEERDE. Wymocten den heclen omtreck volteyckenen: -

TWERCK.

Ick ftel inden ghegheven booch eenighe drie punten, welé--
keick neem D, B,E, te wefen,ende treck de rechteJini D B,dact ‘B
‘na ophaer middel F,delini F G rechthouckich op D B; Sgclijex '
treckick B E, ende op haer middelH de lini HI, rechthouc- F ,
kich op BE ende ghenakende FG in I: Twelck foo fij ijjn-4. “\g »
de, I is middelpuntdes begheerden o ntrecx , daerom opt fel- s O
 ve befchreven den booch CK A,men heeft den heelen begcer-
denomtreck AB CK, wacr af t'bewijs openbaer is deur het 25 voorftel des
3 boucx van Euclides. TBESLVYT. Wefendedan ghegheven een deel van-
‘den omtreck des rondts , wy hebbcn den heelen omtreck volteyckent na dcn
eyfch. -

VE‘RVO‘LGH-

Hict uyt is kennelick hoemen dooratle drie gheghcvcn punten dicin gheen
fechse lini en flacn,een rondis omtreck fal fchrijven.

9 VOORSTEL.

Opde ghcghcvcn grootfteende cleinfte middellijn des
* lanckrondes fijn omtreck te tcyckcncn.

. Hetteyckenen van defen omtreck heeft onder ofider anderen fijn gebruyck
in Plarclootfche tuyghen , als voornaemlick des ghemeenen Platcloots daer
Guido Vbaldus afhandelt, oock int teyckenen der overwelffcls van gheftichten.
TGHEGHEVEN. LagtA Bde grootfte middellijn wefen , ende CD de -
cleenfte,;malcanderdoorfnyendein E.  TBEGHEERDE. Wy moeten dact
opdeslanckrondis omtreck teyckenen. '

TWERCK.

Ghelijckmen metten paffer den omtreck des rondts befchn)f( alfoo den oni-

~ treckdes lanckrondts metten byghcﬁcldcn tuych, van defer ghedaente fijnde:
FG is cen beweghende rye mét een fplect int middel , waerin.twee flijlkens H,
Ighefchrouft worden: Ant eynde by Fis een punt, dacrmen den omtreck me
teyckent,K L ecn kruck, oock meteen fpleet M N.

Het teyckenen des bcghccrdcn omtrecx met defen tuych gaetaldis toe: De -

" punt vant tijlken H, wort foo wijt vanden punt F ghehecht, als van E 1ot C,
ende het ftijlken 1 foo verre vande felvepunt F, als van Etot A: Daer na ﬁclt-
mcn depinne F opden punt C , ende het ﬁx;lkcn H, opt punt N, dlfoo dat
deryc FG opt middel der kruck comr, paflendede liniK L opAB ; Dacrna ’

ftdjckmen het ftijiken Hreghendefi ;dc KL, latende het Rijlken I ﬁ;n loop
B3 nemen

Ellipfa,
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MEETDAET
BOOK I
ON THE DRAWING OF AN ELLIPSE

9th PROPOSITION.

On the given larger and smaller diameter of the ellipse to draw its circum-
ference. ' ‘

The drawing of this circumference finds application, among other things, in
astrolabes, chiefly the ordinary astrolabe with which Gxido Ubaldus deals: also -
in the drawing of vaults of buildings.

SUPPOSITION. Let AB be the larger diameter and CD the smaller, inter-
secting each other in E. WHAT IS REQUIRED. We have to draw thereon the
circumference of the ellipse.

PROCEDURE.

Just as the circumference of a circle is described with the compasses, the
circumference of an ellipse is drawn with the instrument shown overleaf, which
has the following form. FG is a movable ruler with a slit in the middle, in which
are screwed two small pegs H and I. At the end, at F, there is a point, with
which the circumference is drawn. KL is a handle, also with a slit MN.

The drawing of the required circumference with this instrument takes place
as follows. The point of the peg H is fastened as far from the point F as E is
from C, and the peg I as far from the same point F as E is from A. Then the
pin F is put in the point C, and the peg H in the point N, so that the ruler
FG comes in the middle of the handle, the line KL fitting on AB. Upon this
the peg H is passed along the edge KL, while the peg I is allowed to take its
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N

M

nemen inde fpleet M N: Twelck foo fijnde de pinne F befchrijft den halven

beghcerden omtreck: Ende doendeder ghelijcke over d'ander fijde, men heeft
den heelen omtreck. ) ‘

TBEWYS.
Hier af is ghedaen na mijn onthoudt deur Guido Pbaldus in eenich boucxken
datick verloren heb.
Andermaniervan vvercking.

TGHEGHE VEN. Laet A B degrootfie, C Dde cleenfte middellijn wefen,

malcander doorfnyende in E. TBEGHEERDE. Wy mocten daer op des
‘lanckrondts omtreck ieyckenen.

TWERCK«
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course in the slit MN. This being so, the pin F describes half the required circum-
ference. And when the same is done on the other side, the whole circumference
is obtained.

PROOF.

I scem to remember that this was dealt with by Guido Ubaldus in a small
book, which I have lost.

Other Method of Operation.

SUPPOSITION. Let AB be the larger diameter and CD the smaller, inter-
secting each other in E. WHAT IS REQUIRED. We have to draw thereon the
citcumference of the ellipse. '




VANT TEYCKENEN DER GROOTHEDEN. 1i¢
TWERCK
Ick treck C D voortwaetttot F , alfoo dat C Feven fyran E:A , ‘neémidaer na
metten pafler de langde E F,ende ficl d'een voctin EF daert valt , ickneem ant
punt G, d'anderin E A welcke daer come ncem ickan t'punt H; treckdacr na
G Hvoortwacrt tot 1, fulcx o
dat Hl even fijn an EC;

Twelck foo wefende, 1 is
ecn punt inden omtreck r c

des lanckrondts, vallénde, K
dzerom derghelijcke pun- 4 H
3

tenalfoo ghenouchgevon-
den,fulcxdatmen vand'een
tot d'ander rechte linikens
treckende , de felve vanden
warer omtreck geen merc-
kelick verfthil en hebben,
men heeftt’begheerde, als
denomtreckAICBD,

T

e

Anghefien datinde voorgacnde ecrite maniici der wercking , de langde FH
des tychsaldaer befchreven,evenwasan C;E, endeFlevenan AE, ende dat
alfdoen t'punt Fin des begheerden lanckrondrs omtreck was, foo moetin defe
‘tweede manier der wercking t'punt Loock inden omtreck des begeerden lanck-
rondts wefen ;ghemercke de felve reden der wercking hier ghevolghtis, want
ghelijck ginder FH even wasan haer C E, alfoo hiér 1 Han haer C E, endeghe-
lijckgindérH I'even wasan t'verfchil tuffchen degrootfte en cleenfte half mid-

-dellijn,alfoo is hier oock HG,even an t'verfchil tufichen de groofte en cleentte
halfmiddellijn, '
Derde manicervan vvercking.
TGHEGHEVEN. Laet A Bdegrootfic middellijn wefen,C D.decleentte;
'malcander doorfuyende in E. TBEGHEERDE. Wy mocten dace op des
lanckrondts omtreck teyckenen, '

: TWERCK.
Ick vervough de langde AE van D totF, oock van D tot G, indelini AB,
teyckenende beydede uyterfte punten F G, neem daer na cen dract oo lanck als

" A B,die echtende met haer uyterfieninde |
puntenF G;Ick ftel dacr na¢en penne of

ptiem daer toebereyt , teghen den dract H ¢
rechthouckich opt plat daer de form in %\

_ gheteyckent wort, welcke priemick hier 4 _ T~ 8
neem te wefen tei' placts van H, alfoodat Q) E F
de tweedcelen des dractsGH , HF ghe- K
fpannen ftaen,de pricmdaerna voortghe- D

trocken fijndevan A over CtotB (wel- ) _

verftacnde datden draet G H Ealtijt foo even ftijf ghefpannen blijft fonder ree-

kenalsdoenlick is)foo wort dacr mede befchrevenden halven omtreck ACB.
Ende
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PROCEDURE.

I produce CD to F so that CF be equal to EA, thereafter take between the
compasses the distance EF and put one leg on EF in any place, I assume in the point
G; the other on EA, which I assume to come there in the point H; then I produce
GH to I so that HI be equal to EC. This being so, I is a point falling on the circum-
ference of the ellipse. Therefore, when enough such points have been found,
so that if from one to the other straight lines are drawn, the latter do not differ
appreciably from the true circumference, we have what was required, v7z. the

circumference AICBD.

PROOF.

Since in the preceding first method of operation the length FH of the in-
strument there described was equal to CE and FI equal to AE, and the point F
was then on the circumference of the required ellipse, in this second method of
operation the point I also has to be on the circumference of the required ellipse,
considering that the same train of thought for the operation has here been
followed, for as yonder FH was equal to its CE, so IH is here equal to its CE,
and as yonder HI was equal to the difference between the larger and the smaller
semi-diameter, so HG is here also equal to the difference between the larger and
the smaller semi-diameter.

Third Method of Operation.

SUPPOSITION. Let AB be the larger diameter and CD the smaller, inter-
secting each other in E. WHAT IS REQUIRED. We have to draw thereon the
circumference of the ellipse.

PROCEDURE.

I mark the distance AE from D to F, also from D to G on the line AB,
drawing the two extremities F and G; then I take a string the length of AB,
fastening it with its extremities in the points F. and G. Thereafter I put a pin or
awl, adapted for this purpose, against the string at right angles to the plane
in which the figure is drawn, which awl I here assume to be in H, so that the
two parts of the string GH and HF be taut. When the awl is thereafter drawn
from A via C to B (it being understood that the string GHF should always
remain as uniformly taut, without stretching, as is possible), half the circum-
ference ACB is described therewith. And when the same half circumference has




Colind.

. plar overcant ghefien fireckende deur t'puntl recht- G

20 .1 Bovck DER .MEETDAET

Endedergelijcken halven omtreck over d'ander fijde oock befchreven fijn-
de als B D A, men heeft het begheerde : Defe manicr van wercking mertet be-

wijs meyn ick befchreven ghefien te hebben by GuidoVbaldus int voorfeyde ver.

loren boucxken daer hy noch by verclacrde dat hy fulex ghevonden hadin ec-
nighe oude handtfchriften.. : : .
Vierde manier van vvercking.

TGHEGHEVEN. Laet A Bdegrootfte middellijn CD decleynfte wefen,
malcander deurfnyendein E. TBEGHEERDE. Wy moeten dacer op des
Janckrondts omtreck teyckenen. '

-TWERCK.

Ick treck BF rechthouckich op A B endeevenan EC,treck oock A B voor-
waert tot G,daer op befchrijvende het vierendeelrondis BF G:Deel dacrna BG

- in eenighe even deelen, ick neem'in vié-

ren,, ter-plaetfen van H, I, K, treckende CRg » s,
HL,IM, KN cvewijdcghe met BF,ende g -
alfoodatdcuyterten L, M, N, commen 4

inden booch FG, deeldaerna E B in foo - Q ‘—.”j HIKR
veel even deelen als B G gedeelt wiert , te .

- wetenin vicren,ter plaetfen van O, P,Q, D

treck voort O Reven anH Lyen PSeven .

an I M;oock Q_T even an K N,endcalle drie evewijdeghe met EC: Twelck foo
fijndc dedrie puntenR,S, T, commen inden begheerden omtreck,daerom foo-
men B Gen EB in veel meer even declen ghedeelt had dan vier , fulcx dat de
rechtelini tufichen twee punten gheen merckelick verfchil van haerbooch en
had, men foude dan deur dric en drie punten boghen menghen trecken, (na de
leering des vervolghs vant 8 voor(tel)ende t'vierendeel hebben des begheerden

. omtrecx:Voleyndende d'ander drie vierendeclen op de felve wijfe.

TBEREYTSEL. Laet A BC D cen * feul wefen diens grondtsmiddellijn
{yD C:Defefeulfy dcuifncqn meteen plat EF fcheefhotickich- op de uyterfte
lini AD,welck plat EF als verclaert wort int eerfie bouck van Seresus cen
lanckront is, diens grootfte middellijn EF, encleenfte

" eenlinievenan C D. Laet andermael de feul gefneen

worden met ecn plar'G H evewijdich vande grondt,en \/4 M B

fal die(ne een rondt wefen , t'welck overcant ghefien.
de liniGH{y, fnyends EF inl, fulcx dat1Fdoceen E
‘vierendeel vanEF, en fal die GH oock fijn desfelfden ,
rondts middellijn: Opdefe middellijn G H fy befchre- '
ven het rondt GKH L rechthouckich op de grondt
D C,en oock opt lanckrondt ‘EF. Diaer nafy M Ncen

houckich optrondt GKH L. ' T H
TBEWYS. F L

Want GF evewijdeghe is met E H ;foo moet den
drichouck G 1F ghelijck fijn anden drichouck HIE, D N (o)
endacromghelijck Fl tot I E, alfoo G I'tot 1 H:Maer FI
is eenderdendeel van 1 E, of éen vierendeel van F E deur t’bereytfel,dacromG I
isoock cenderdendecl van1H,of een vierendeel van G H:Voort fooisde lini

1L even®
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also been described on the other side, viz. BDA, we have what was required.. 1
believe I have seen this method of operation with the proof described by Guido
Ubaldus in the aforesaid lost book, to which he had added the statement that
he had found-this in some old manuscripts.

Fourth Method of Operation.

SUPPOSITION. Let AB be the larger diameter and CD the smaller, inter-
secting cach other in E. WHAT IS REQUIRED We have to draw thereon the
circumference of the ellipse.

PROCEDURE.

I draw BF at right angles to 4B and equal to EC, and also produce 4B to G,
describing thereon the quarter of a circle BFG. I then divide BG into a number
of equal parts, I assume into four parts, in the points H, I, K, drawing HL, 1M,
KN parallel to BF and so that the extremities L, M, N, come on the arc FG.
I then divide EB into as many equal parts as BG has been done, to wit into four
patts, in the points O, P, Q. Further I draw OR equal to HL, and PS equal to IM,
as also QT equal to KN and all three parallel to EC. This being so, the three
points R, S, T come on the required circumference. Therefore, if BG and EB
had been divided into many more equal parts. than four, so that the straight line
between two points did not differ appreciably from their arc, arcs might then
be drawn through three and three points (as taught by the sequel to the 8th
proposition), and thus the quarter of the required circumference would be
obtained. Upon which the other three quarters could be completed in the
same way.

PREPARATION. Let ABCD be a cylmder the diameter of whose base shall
be DC. Intersect this cylinder by a plane EF at oblique angles to the outer line AD,
which plane, as is explained in the first book of Serenus, is an ellipse, whose
larger diameter is EF, while the smaller is a line equal to CD. Let the cylinder
once more be intersected by a plane GH parallel to the base, then this section
will be a circle, which, when viewed transversely, shall be the line GH, inter-
secting EF in I.so that IF be one fourth of EF, and let this GH be the diameter
of the said circle. On this diameter GH shall be described the circle GKHL,
at right angles to the base DC and also to the ellipse EF. Thereafter MN shall
be a'plane which, when viewed transversely, passes through the point I at right
angles to the circle GKHL.

PROOF.

Because GF is parallel to EH, the triangle GIF must be similar to the triangle
HIE, and therefore as FI is to IE, so is GI to IH. But FI is one third of IE, or
one fourth of FE, by the preparation; therefore GI is also one third of IH, or one



VANT TEYCKENEN DER GROOTHEDEN. 21

1L evenandelini int plat des lanckrondts van I tot in des lanckrondts omtreck
(want de middellijn G H vaft blijvende,en het rondt daer op ghedraeyt totdat-
tet evewijdich is mette grondt des feuls, foo isdan 1L mette voorfchreven lini
al een felve) daerom alfmenghelijckint werck ghedaen is, op de lini even ande
cleenfte middellijn eenslanckrondis een rondt befchrijft,en datmen opt vieren-
.decl der felve een lini rechthouckich treckt totinden omtreck , en datmen daer
na even fulcken lini treckt rechihouckich op de langfte middellijn des voor-
fchreven lanckrondts , foomoet het uyterfte punt derfelvein deglanckxondts
omtreck commen. En ghelijck dit hier bewefenis op der middellijn vierendee-
len , alfoo ift openbaer de reghel placts te houden overalle ander hacrdeelen,
waerdeuralle punienalfooghevonden in des lanckrondts omtreck vallen,
TBEsSLYYT. Wy hebben dan opde ghegheven grootfte en cleenfte mid-
dellijn des lanckronds fijn omtreck gheteyckent naden eyfch.

MERCKT,
Daercan noch cen s manier van wercking ghedaen worden,deur de teycke-
ning der keghelhe dacrwyint 12 voorfie) affegghen fullen. '
1o VOORSTEL.
Inde gheghevenomtreck eenslanckrondts,de grootfie

en cleenfte middellijn te teyckenen.

TGHEGHEVEN. Laet ABC Ddenomtreckeenslanckrondts fijn.

TsEGHEE R DE Wymoeten dacrin de grootfte en cleynfte middel-
{ijn teyckencen,

TWERCK

Ick treckinde gegeven omtreck eenige twee evewijdege,dicickneem CEBE
te wefen,ende door haer middelt derechte lini A D,welckecen middellijn {ijn-
de foo moet haer middel G des lanckrondts middelpunt wefen: Macr nict noot-
fakelicken ifle de grootfte of cleenfte middellijn : Om nu dic te vinden, ick
fchrijf opt middelpunt G, mette halfmid- -
dellijn foot valteen rondtHIK L,fnyende .
het lanckrondt inde vier punten HIKL: B LH »
Treck daer na deur M middel desboochs / 3
KL , cnde deur N middel des boochs ¢ _ i P
HT, deliniO P, voor begheerde grootte &\ B
middellijn ; Ende QR rechthouckich op g =71
OP is de cleenfte , Wacr af-'bewijs deur R~

-t'weick openbacris.

TBESLVYT. Wy hebben danindeghegheven omtreck eenslanckrondrs,

de giootfte en cleynfte middellijn gheteyckent nadeneyfch.
VERVOIGH
Tis hier door kennelick hoe t'middelpunt vanden omtreck des Janckrondts

ghevonden wort.
" VOORSTEL.

Wefende ghegeven een deel vanden omtreck deslanck-
rondts ,endede grootfte of cleynfte middellijn : De ghe-
brekende middellijn te teyckenen.

TGHE-
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fourth of GH. Further the line IL is equal to the line in the plane of the ellipse
from I to the circumference of the ellipse (for when the diameter GH remains
in its place and the circle on it is revolved until it is parallel to the base of the
cylinder, IL and the aforesaid line are one and the same); therefore if, as has
been done in the procedure, a circle is described on the line equal to the smaller
diameter of an ellipse, and 2 line is drawn at right angles at one fourth of the
latter up to the circumference, and thereafter exactly such a line is drawn at right
angles to the longer diameter of the aforesaid ellipse, the extremity thereof must
come on the circumference of the ellipse. And just as this has here been proved
for the fourth parts of the diameter, it is evident that the rule applies to any
other parts of it, in consequence of which all points thus found fall on the
circumference of the ellipse.

CONCLUSION. Hence, on the given larger and smaller diameter we have
drawn the circumference of the ellipse, as required.

NOTE.

A 5th method of operation may also be used, by means of the drawing of the
conic-section, about which we shall speak in the 12th proposition.







DE DEURSICHTIGHE

PERSPECTIVE






INTRODUCTION

The Deunrsichtighe (Perspective) was, as Stevin tells us in his preface, the out-
come of discussions between himself and Prince Maurice. Maurice, who knew
how to read horizontal and vertical projections in the art of fortification, also
wished to know perspective drawing, to explain his views better in discussions
concerning landscapes, cities, etc. Disappointed with the existing explanations,
given by painters, which were too empirical and too inexact to satisfy him, he took
the matter up with Stevin. Stevin, who had looked into the subject when he
wrote his Huysbou (Architecture), now went deeper into it and arrived at a
mathematical theory.

He was obliged to perform a considerable amount of original work, since most
of the books at his disposal, as we shall see, had been written by and for painters
‘and architects, and were rich in directives and deficient in mathematical demon-
strations. The only textbook comparable to that of Stevin in mathematical clarity
and antedating it was the Perspectiva of his contemporary and colleague Guido
Ubaldo Del Monte (1545—1607), which was published in 1600, only five years
before the Deursichtighe 1). o -

Stevin’s work contains two books. The title of the first book, Verschaenwing,
is Stevin's translation of the Latin word scenographia. The term Deunrsichtighe,
as we saw, is his translation of the word perspectiva. Since the second book of the
Deunrsichtighe contains the principles of Spiegelschaenwen (theory of reflection
in mirrors, translation of catoptrica), perspective in Stevin’s terminology comprises
both scenography and catoptrics. It also includes the principles of refraction,
called Wanschaeuwing, but this subject is wanting in the book. .

The French translation of the title Deursichtighe is Optique, so that here per-
spective and optics are identified. As a matter of fact, the term perspective, in
Stevin's days, was not yet exclusively applied to that form of central projection
in which figures, often in or on a ground plane, are mapped from an eye on a
picture plane, preferably placed between the eye and the figures. In its oldest
meaning it was a patt of geometrical optics — we may even say that it was
geometrical optics — and dealt with the way objects appeared when seen by the
eye. The classical text on this form of perspective, or the theory of ,,appearances”,
was' the Optics of Euclid, existing in two versions, one ascribed to Fuclid him-
self (but not printed until 1882), the other to his later commentator Theon of

Yy Guido Ubaldi ¢ Marchionibus perspectivae libri sex. Citra dolum fallimur. Pisauri, 1600.

The author, a nobleman born in Pesaro in 1545, was a pupil of Commandino, studied at
Padua, and took part in the war against the Turks. After his return to Pesaro, he devoted
his life to study. His best-known work is Mechanicorum liber (Pesaro, 1577). In 1588 he
became inspector general of the fortifications of Tuscany, which compelled him to live in
Florence, where he encouraged young Galileo. He died in Pesaro in 1607.
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Alexandria. There also existed the pseudo-Euclidegn Catoptrics2). A typical pro-
position of the Optics is Prop. XXIII, which states that a sphere seen from a
single eye appears smaller than the hemisphere, and the part that is seen appears
as a circle. The Catopirics deals- with: reflections in plane, convex, and concave
mirrors, and has a statement on refraction. The Theon versions of the Optics

.and of the Catoptrics were published during the sixteenth century in different

editions with Latin translations, the editio princeps being that of Jean Pena
(1557) 3). There were translations into other languages in which the term “per-
spective” was used for this kind of optics, for which the Italians used the term
“prospettiva”; an Italian translation by E. Danti was entitled La prospettiva di
Euclide (1573) 4) and a French translation by Fréart de Chantelou of 1663 still
bore the title of La perspective d’Euclide 5). .

Another classical author whose text on perspective was known. to the Renais-
sance — though in most cases indirectly — was Ptolemy. His Optics not only
deals with reflections, but also contains a theory of refraction 6). Both Euclid’s
and Ptolemy’s texts inspired later investigators, notably Ibn Al-Haitham (c. 965 -
after 1039), whose book on optics was published in a Latin translation under
the title of Opficae thesanrus Albazeni (1572) 7), and Witelo (second half 13th
century), whose Optics, written under Ibn Al-Haitham’s influence, was first
printed in 1535 8). This theory of optics formed part of the Medieval and
Renaissance university curriculum 9).

Perspective, in our sense, was hardly known in Antiquity, in so far as we can
judge by the texts 'and by the paintings that have been preserved 10). Yet, some
form of projection must have been-used by the architects of the buildings that
graced the towns of the Ancient World. An idea of their methods can bé gained

*) Best edition of the three wotks: Euclidis Optica, Opticorum Recensio Theonis, Catoptrica,
cum Scholiis antiquis edidit . L. Heiberg, Euclidis Opera omnia V11, Lipsiae 1895. See: Fucli-
de, L’Optique et la Catoptrigue, oeuvres traduites pour la premiére fois du grec en frangais
avec une introduction et des notes par Paul Ver Eecke, XLVII + 126 pp. (Paris, Bruges,
1938).

93) )Optim et Catopirica, numquam antebac Graece aedita. Eadem Latine reddita per Joanneunm
Penam (Paris, 1557).

%) La prospettiva di Euclide, nella quale si tratta di quelle cose, che per raggi diritti si veggono:
di quelle, che con raggi reflessi nelli specchi appariscono. Tradotta dal R. P. M. Egnatio Danti.
(Fiorenza, 1573). : :

%) La Perspective d’ Euclide, traduite en frangois sur le texte grec de I’ Autheur, et démonstrée par
Rol. Fréart de Chantelou. (Le Mans, 1663). .

%) Ptolemy’s Optics is only known through a twelfth-century Latin translation from the
Arabic; part of it has been preserved. The first published text dates from 1885 : Gilberto
Govi. L'ottica di Tolomeo da Engenio, ammiraglio di Sicilia, scrittore del secolo XII, riditta in
latino sovra la traduzione araba di un testo greco imperfetto. (Torino, 1885). See also Bibl:
mathem. 1888, pp. 91-92, 97-102, Bull. di mat. Boncompagni 19 (1886), pp. 115—120.

) Opticae thesaurus Alhazeni Arabis libri septem . . . Item Vitellonis.. . . libri decem. Omnes
instaurati . . . . @ Frederico Risnero (Basiliae, 1572).

8) See footnote 7). The first printed edition of Witelo’s book was Vitellionis
el onTwens, . . . quam vulgo perspectivam vocant libri X (Nuremberg, 1535, repr. 1551).

%) A'number of other books on this aspect of perspective appeared from Witelo’s

. time to the seventeenth century, see Poudra, Histoire de la perspective ancienne et moderne

(Paris; '1864, 586 pp.), pp. 42-84.

19) An attempt to prove a considerable knowledge of perspective in Antiquity was
made by L. F. J. Hugel, Geschichtliche und systematische. Entwicklung und Ausbildung des
Perspektive in- der classischen Malerei. Wiirzburg, 1881, 97 pp:
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- from Vitruvius' famous De Architectura (fitst century B.C.), of which the editio
princeps appeared ¢. 1486 11). Vitruvius distinguished between what he called
ichnography, orthography, and scenography, a distinction which goes back to
the Greeks. The first two sciences teach-us how to find the horizontal projec-
tion of a building and the projection of its altitudes, and thus contain the principle
of what we now call orthographic or Monge projection. Scenography is supposed
to give some idea of the way objects appear to the eye, especially buildings and
stage scenery. There is a hint here of what we call perspective, but Vitruvius,
though indicating that certain rules do exist, remained quite vague. The term
scenography remained. in use during Renaissance days to indicate. the art of
studying how objects appear to the eye, and thus became identified with our per-
spective 12). This is the way in which Stevin uses the expression, in accordance
with other writers of his period; the choice of the word may also have been in-
fluenced by the desire of these Renaissance authors to show the use of their
science in the magnificent pageantry of their days. :

Perspective in our present sense was developed by the painters, sculptors, and
architects of the early Renaissance as a result of their desire to create a direct
and faithful representation. of an object. Out of a study of the nature of vision
and the art of representation there emerged certain empirical rules of draftsman-
ship, which originally may have been kept as professional secrets in the work-
shops of the master craftsmen. Whatever secrets may have existed, they gradually
came to light in the paintings of the fourteenth and fifteenth centuries. Italy
had the lead, especially Florence, but the new methods also found their way across
the Alps. By 1340 the vanishing point of lines in the ‘ground plane orthogonal
to the ground line appears in some pictures, in the early decades of the fifteenth
century painters are acquainted.with the vanishing points of: other sets of hori-
zontal lines. Vasari, in his Life of the Painters, tells us that Florentine artists of
that period, such as Brunelleschi, Masaccio, Ucello, and Alberti, studied the art
of perspective drawing; the correct convergence of lines and the rules of fore-
shortening 13). Alberti even wrote about these subjects in-a section of his book
Trattato della pittura (1435) 14). Alberti’s exposition centred around the per-
spective image of a square in the ground plane with two sides parallel to the
ground line. At the time he wrote, or shortly after it, rules for the correct per-
spective image of more complicated figures became known, as we can study in
the drawings and paintings of the' period, which show how delighted their
creators were with their knowledge of correct rules. Ucello’s ,,Mazzocchio”, an
elaborate perspective drawing of a turban-like figure, of which the cross-sections
are regular hexagons with corresponding vertices forming regular polygons of

1y Vitruvius, De architectura libri decem. An edition with French translation by A.
Choisy (Paris, 1909, 4 vols.); English translation by M. H. Morgan (Cambridge, Mass.,
1914). See also G. Sarton, Introduction to the History of Science 1 (Baltimore, 1927), pp. 223~
225,

12) Webster’s dictionary of the English language still lists the word “scenography”,
in the meaning of “perspective”. ’

18) G, Vasati, Vité de’ pin eccellenti pittori, scultori ed architetti italiani. First ed. Florence
1550, enlarged 1568. Many later editions.

14) The first edition is in Latin (Niirenberg, 1511). Modern edition by G. Papini,
G. B. Alberti, Trattato della pittura (Lanciano, 1913).
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32 sides, with some four-sided pyramids added, is an interesting example 15).
This mastery of the rules is particularly clearly revealed in the text prepared,
probably between 1470 and 1490, by the Utrbino painter Piero dei Franceschi.
The title of his manuscript, De prospettiva pingendi, shows how the practical
painter approached scholastic optics: the ancient Euclidean pyramid of vision is
cut by the painter’s plane between object and eye; the ,,perspective” of Euclid is
made useful to the painter. This text remained in manuscript until 1899 16), but
we know that it was studied by later artists and authors. Piero taught how to
construct the perspective image of rather complicated figures, such as a cube, in
a general position, which involves the study of the rotation of planes into the
ground plane. His pride in mathematically correct perspective was shared by the
artists of the early Cinquecento, and especially by Da Vinci, Rafael, and Michel-
angelo. Da Vinci greatly praised knowledge of perspective in his notes, and
Rafael’s great picture ,,The School of Athens” displays the numerous figures with
the right amount of foreshortening. Their respect for mathematical accuracy was
shared by Diirer, whose book Underweysung der Messung mit dem Zirckel und
Richischeidt (1525) taught not only rules for perspective drawing, but also for
orthographic projection, two hundred and fifty years before Monge 17). In this
book Diirer not only evinces the influence of his Italian “Wanderjahre”, his interest
in orthographic projection shows the medieval architect’s approach, the influence
of a tradition kept alive in the ancient mason guilds, the “Bauhiitten”.

The intense mathematical interest of painters, typical of the Renaissance, begins
to wane in the later decades of the sixteenth century with the advent of the
Baroque period. By 1607 we even find a definite aversion to mathematics, for
instance in the philosophy of art professed by Frederigo Zuccari. Zuccari, presi-
dent of the Accademia di S. Luca in Rome, and himself a leading painter, at-
tacked Da Vinci, Diirer and Michelangelo by name, asserting that “the art of
painting does not derive its basic principles from the mathematical sciences......
This art is assuredly not the daughter of mathematics, but of nature itself” 18). It
is well known how little interest in accurate perspective is shown by Guido Reni,
Caravaggio, and many great Flemish and Dutch painters of the seventeenth century.

Although the painter lost interest, the military engineer and the architect con-
tinued to appreciate the art of perspective. The time when painters also combined

13y G. J. Kern, Der “Mazzocchio™ des Paolo Uccello. Jahresber. preuss. Kunstsammlung
36 (1915), pp. 13-38.

18) Petrus Pictor Burgensis Prospectiva Pingendi, herausgegeben von Dr. C. Winterberg
(Strassburg, 1899); also: G. Nicco Fasola. Piero Della Francesca. De prospettiva pingends.
Edizion: critica (Firenze, 1942), 218 pp. The name of the painter is found in different
formes Pietro Dei Franceschi, Piero Della Francesca, etc.

17y A. Diirer. Underweysung der Messung mit dem Z, irckel und Richtscheydt, in Linien, Ebnm
und gantzen Corporen (Niirnberg, 1525, many later editions).

Latin translation: A/berti Dureri Nurembergensis . . . adeo exacte quatuor his suarum Imt:—
tutionum geometricorum libri (Paris, 15 33).

On the development of perspective in the chalssance see E. Panofski, Albrecht Diirer 1.
(Princeton 1945, XI + 311 pp.); G. Wolff, Mathematik und Malerei (Leipzig-Berlin,
2e Auflage, 1925, 85 pp.). On Alberti’s, Piero dei Franceschi’ s, and Diirer’s contri-
butions to perspective in particular-see J. L. Coolidge, The Mathematics of Great Amateurs
(Oxford, 1947, XX + 555 pp.), pp..270 fL.

-18) F, Zuccaro, Idea dei scultors, p;ttort e architetti (1607); see E. G. Holt, Literary Sources
of Art History (Princeton, 1947, XX -+ 555 pp.), pp. 270 fL.
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the other professions in their own person was past, a certain amount of speciali-
zation had set in. During the sixteenth century Italy was still leading, as is shown
by the number of publications, but France’s contribution was also important; as a
matter of fact, the first printed text on perspective came from Lorraine. It was
a booklet entitled De arttficiali perspectiva, written by Viator, pseudonym of Jean
Pélerin, canon of Toul (1505) 19), and it contained a number of drawings with
directions which show a knowledge of the vanishing point of parallel horizontal
lines in any direction, and may be called a codification of the old draftsmen’s
methods. Some of its technical terms, such as puncius principalis for the eye, linea
terrea for the ground line, and tercia puncia for the distance points, reappear in
the later literature. ;

Alberti’s book, written in 1435, was first published in 1511, and was often -
reprinted, also in translation. During the sixteenth century, more books on per-
spective appeared, all of them semi-empirical, semi-mathematical, some of them
with beautiful and interesting figures, all written by men of considerable learning
and craftsmanship. This is apparent from such writings as the books by Diirer
(1525)17), Serlio (1545)20), Commandino (1550)21), Barbaro (1559)22), Cousin
(1560)23), Du Cerceau (1576)24), Barozzi da Vignola-Danti (1583)25), Benedetti
(1585)26) and Sirigati (1596)27); of these authors, Diirer and Cousin were famous
painters; Serlio, Du Cerceau and Vignola equally famous architects; while Com-
mandino, Benedetti and Danti made a name in the exact sciences. The book of
Barbaro has been praised for its new constructions. These authors derived their
knowledge not only from their immediate predecessors, but also from Euclid,
Ptolemy, Alhazen and Witelo; accordingly, they often present perspective in the
modern sense, mixed with the theory of appearances.

With Guido Ubaldo Del Monte’s Perspective of 1600 we arrive at a text in
which stress is laid on the mathematical structure of the theory. This work, which
Gino Loria has called “one of the most precious gems of the Italian mathematical
literature of the sixteenth century” 28), consists of six books. The first book is of
importance because it is here that we find at last the explicit formulation and proof

19} De artificiali perspectiva. De perspectiva positiva: compendium. First ed. Toul (1505),
2nded. 1509. Photostatic reproduction by A. de Montaiglon (Paris, 1860), and by W. M.
Ivins, On the Rationalisation of Sight (New York, 1938). See Poudra, /c., ®) pp. 132-136,
and T. Viola, Sulle origini della prospettiva, 11 Filomate 1, Luglio-Agosto 1948, 11 pp.

20y S, Serlio. Tutte opere d’architettura (Venezia, 1560); Book II, the Prospettiva, was
first published in 1545. -

%) Prolemai Planisphericum, Jordani Planisphericum, Federici Commandini Urbinatis in
planisphaerium commentarius in_quo universa scenographices ratio quam brevissime iraditur ac
demonstrationibus confirmatur. (Venetiis, 1558).

%) Lg pratica della Perspettiva di Monsignor Daniel Barbaro, eletto patriarca d’ Aquileia,
opera molio profittevole a pittori, scultori et architetti (Venetia, 1569).

23) [ jpre de Perspective de Jehan Cousin Senonois, maistre Paincire & Paris (Paris, 1560).

26) L econs de perspective positive, par Jacques du Cerceau (Paris, 1576).

25) e due regole della prospettiva pratica di M. Jacopo Barozzi da Vignola, con i commentari di
Egnatio Danti (Roma 1583, 2nd ed. 1644; Vignola’s text dates from before 1573). The
book was translated into several languages.

29y Diversarum speculationum mathematicarum et physicorum liber (Taurini, 1585).

27) [ g pratica di Prospettiva del cavaliere Lorenzo Sirigati (Venetia, 1596).

*%) G. Loria, - Perspektive und darstellende Geometrie, in G. Cantor, Vorlesungen siber Ge-
schichte der Mathematik, IV (Leipzig, 1908), pp. 577-637, see p. 585.
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of what we may call the fundamental theorem of perspective, the theorem that
any system of parallel lines in central projection passes into a system of lines
through “a point, the pwnctum concursus or vanishing point. Del Monte also
proves that the pancta concursus of systems of parallel lines parallel to the same
plane are on the same line. The second book contains the perspective projection
of points in the ground plane in no fewer than 23 different ways. Here the author
discusses what happens when the plane of projection rotates into the ground
plane about its line of intersection; the details are such that we may say, in modern
terms, that Del Monte gives us a good account of a homology. In the third book
we find the perspective of a point in space, determined by its projection on the
ground plane and its altitude. This principle is applied in the fourth book to
figures such as the regular polyhedra, the circle, and the sphere. Shadow construc-
tion follows in the next book; scenography, also in the sense of theatrical stage-
setting, in the sixth. The second book has some remarks on the inverse problem
of perspective, i.e. how to. find the position of the eye when a figure in the
ground plane and its perspective are given 29).

§ 2

There is much in Stevin's book which reminds us of Del Monte’s, notably the
extensive use of rotations and the introduction of the inverse problem of per-
spective, and the double solution of certain problems, called here the “mathemati-
cal” and the “mechanical” way. The two men had much in common; both were
experts on fortifications, both were mathematicians deeply interested in problems
of mechanics, both combined a love of theoretical study with engineering prac-
tice. It is understandable that their approach to perspective was similar, and it
is not unlikely that Stevin thoroughly enjoyed Del Monte’s work. Despite this
influence (which has to be inferred rather than proved by quotations) Stevin’s
work is an achievement of remarkable originality. He probably had a good deal
of the contents of his work ready before he studied Del Monte’s Perspective (if
ever he did), and maintained his particular way of exposition and selection
throughout the book. .

Stevin himself mentions in his work some authors he consulted; Diirer, Serlio
and Vitruvius in the Scenographia, and Euclid, Alhazen and Witelo in Book II
of the Deursichtighe, dealing with catoptrics. There is, as we have seen, some
implicit evidence that he knew Del Monte. We have shown above what books
he may also have studied; we may be sure that he read all those available to him.

The Verschaeuwing itself opens with certain postulates, showing how seriously
the author tried to base his work on a correct mathematical foundation. One of
these postulates is that a point and its perspective image lie in a straight line with
the eye. Stevin’s explanation of the necessity of this postulate is that the physical
eye is not a mathematical point; by pressing the eye we can obtain a difference
of as much as 33° in the image of a given point.

Among the first constructions are. the classical ones of finding the perspective

B

#9) For this description of Del Monte’s book see also Loria, /¢, 28), pp. 585—587, re-
peated in G. Loria, quoted in 39),
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images of a point and a line. Here we meet the demonstration of Del Monte’s
theorem that all sets of parallel lines have images in lines passing through one
point. This point, “saempunt”, is Del Monte’s “punctum concursus”. Then comes
Stevin’s new approach: he takes the picture plane (the “glass™) no longer perpen-
dicular to the ground plane (the “floor”), but at an arbitrary angle. This leads him
to two new theorems (Props. 7 and 8), by means of which the construction for this
case is reduced to the case of the vertical picture plane. We summarize these theorems
in the following way: If the glass, the eye O, and the point P (to be projected
from O) are rotated in the same sense through the same angle about the ground
line (the “glass ground”) and the lines drawn parallel to it through the horizontal
projections O, of O and Py of P respectively, then the image of P in the glass
does not change. This theorem led G. Loria to call a more comprehensive theorem
after Stevin, which can be stated as follows, in modern terms:

If a plane 7 (not passing through the eye or parallel to the picture plane =)
is rotated into the picture plane =, then there exists between the projection F’
and the rotated points F of the figures of » a homology which a) has as its axis
the intersection of 7 with the plane 7, b) has as limiting line of F’ the vanishing
line of =, ) has as centre of homology the point in 7 where the eye arrives upon
the rotation of the plane parallel to = through the eye 30).

Stevin now undertakes the construction of the perspective images of several

figures, including that of a “tower”, a quadrangular pyramid on top of a cube
with a face of the cube as its base; the cube is standing on the-ground plane. He
also constructs the ellipse as the image of a circle. Some methods of checking
the correctness of constructions follow. :
" These propositions can be considered as forming the first part of the Ver-
schaenwing. The second part (from Prop. 12 onwards) deals with the inverse
problem of perspective, a subject already touched by Del Monte. Given a polygon as
image, and another polygon in the ground plane turned into the picture plane: to
find, if possible, the eye; the angle between picture plane and ground plane-is given
and is not necessarily 90°. Stevin solves the problem in certain special cases; the
solution of the general problem had to wait until the nineteenth century.

The text ends with an “Appendix”, which contains certain observations on termi-
nology, a correction of certain constructions by Setlio, and a description of a
model described by Diirer, which caught the fancy of Prince Maurice to such
an extent that he had it constructed. It was an instrument for drawing the per-
spective of a figure on a glass plate; it had helped Stevin himself to gain a better
understanding of the theory.

Book II of the Denrsichtighe, the Catoptrics, is short and does not contain much
that is of interest. We shall not reproduce it; those who like to study this ancient
science can find the essentials in Euclid’s Catoprrics, available in Ver Eecke's
beautiful French translation 31). Stevin must have added the sixteen pages as a
tribute to an ancient tradition, but he did not develop the subject with his usual
thoroughness. That part of the Catoptrics which deals with refraction and which
was announced in the Summary, Van de Wanschaeuwing, was not even published.

'2%) G, Lotia, Vorlesungen iiber darstellende Geometrie I (Leipzig, 1907), p. 131.
31) Ver Eecke, /c. 2).
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§3

Stevin.was not the only author in the Northern Netherlands of his days to write
on perspective. At about the same time that his Verschaenwing was published ap-
peared the Perspective of Hans Vredeman De Vries (1527—after 1604). Vredeman
De Vries was an architect and decorator, famous in his days, who after travelling
widely had finally settled at Leeuwarden, his native city. His works on archi-
tecture and perspective were first published around the time of his death by Samuel
Marolois, a surveyor and military engineer, and they passed through several .
editions in different languages 32). The perspective of Vredeman De Vries 33)
lacks the mathematical character of Stevin’s book, but this flaw is more than
compensated by the magnificent illustrations, many of buildings, due to the
engraver Hendrik Hondius (1573—1648). Marolois, or Marlo, was an ac-
quaintance of Stevin, with whom in 1611 he was on the examining committee for
intending surveyors 34). Marolois’ own work, published as his Optica sive Per-
spective, contains a Scenographia, hence a perspective. It is mathematical in charac-
ter and, at any rate in the edition of 1633, was also illustrated by Hendrik
Hondius. The perspective first appeared in 1614, and passed through several
editions 35). : )

By this time Stevin's book had also been republished. It was translated into
French — though not completely — for the Mémoires Mathématiques of 1608,
and into Latin for the Hypomnemata mathematica of the same year. Later Girard
included the Optigue in his collection of Stevin's papers brought out in 1634 36).

In this competition against the Marolois-Vredeman De Vries books — if we may
put it this way — the book of Stevin seems to have lost out. At any rate, we do
not know of any later 17th- or 18th-century author who quotes Stevin, against
several who prove to be acquainted with Marolois and Vredeman De Vries. The
reason probably is that perspective continued to appeal: primarily to engineers
and architects, and for- them the practical and artistic approach of Marolois- -
Vredeman De Vries had a stfonger appeal than Stevin’s strictly mathematical
exposition. This, of course, does not mean that Stevin's perspective was not read;
it is mentioned in the correspondence of Christiaan Huygens and it is not unlikely

32) On Vredeman De Vries and Marolois see Alg. Ned. Biographisch Woordenboek.

33) Perspective Pars Altera. . ... Avuctore Jobanne Vredemanno Frisio. Henric. Hondius
Sculps. et excud. cum Privil. Lugduni Batavorum (publ. 1605, there exists a first part of
1604; dedication to Prince Maurice, signed Lugd. Bat. 1) Marti 1605. There also exists
an edition: Perspective se partie de Ioan Vredem. Vriese. Augmentée et Corrigée en divers
endroits par Samuel Marolois, 1615, Hagae Comit. Hollandiae apud Henr. Hondium. Cum
privil. Arnhemi apud Johannem Janssonium Bibliopolam.

31) Th. Motrren. Dossier Simon Stevin. Municipal archives, The Hague. See E. J. Dijk-
sterhuis, Simon Stevin (s Gravenhage, 1943, IX + 379 pp.), p. 17: On Feb. 17, 1611 Stevin
examines, together with Marlo, a candidate for the function of surveyor.

_ 38) Perspective contenant la Théorie et Practicque d’icelle, par Sam. Marolois, a 1a Haye, chez
Henr. Hondius, 1614.

There also exists a2 French edition in:

Opera mathematica ou Oenvres Mathématicques traictans de Géométrie, Perspective, Archi-
tecture et Fortification, par Samuel Marolois . . . Hagae-Comit., Ex officina Henrici Hondii
1614. : . T
The ed. of 1633 is: Samuelis Marolois . . . Opticae sive Perspectivae: pars prima. (Amstelo-
dami, 1. Ianssonii). ’ '

8) Work XIII.
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that young s Gravesande had studied it before he wrote his Essai de perspective
(1711) 37). And so Stevin’s book remained in relative obscurity until it was
rediscovered by Michel Chasles in his Aper¢u historigue (1837). Chasles admired
the book: “...... mais nous nous étonnons que l'on passe sous silence Stévin qui......
avait aussi innové dans cette matiére, qu'il avait traitée en géométre profond, et
peut-étre plus complétement qu’aucun autre, sous le rapport théorique™ 38).

After Chasles” rediscovery of the book, its contents have received the attention
of Poudra, Loria and Dijksterhuis 39). \

In the translation we have tried to maintain the flavour of some of Stevin’s
terms, using “glass” for picture plane, etc. The text itself gives the explanation.

37) W. J. ’s Gravesande. Essai de perspective (La Haye, 1711); C. Huygens, Oesvres
complétes VI, p. 216.

38) M. Chasles. Apergu historigue sur I’origine et le développ t des méthodes en Géometrie . . .
(Bruxelles, 1837, 2nd ed., 1875), 2nd ed., p. 347.

39) Poudra, /.¢. ?), Dijksterhuis; /¢. 39), Lotia /L. 28), also G. Lotia, Storia della geometria
descrittiva dalle origini sino ai.giorni nostri, Milano, 1921, pp. XXIV 4 584 pp.) and C.
Wiener, Lebrbuch der darstellenden Geometrie 1 (Leipzig 1884), pp. 5—61. Corrections to
Poudra by L. Cremona, Rivista ital. di scienze, lettere ed arti 5 (1865), pp. 226-231,241—
245 ; P. Riccardi, Bibl. math. 1889, pp. 39—42. Many historical notes also in K. Rohn-
E. Pappetitz, Lebrbuch der darstellenden Geometrie (Leipzig, 3 vols) I, I1 (4e Aufl. 1913,
1916), 111 (3¢ Aufl., 1906), and G. Scheffers, Lebrbuch der darstellenden Geometrie11 (Betlin,
2e Aufl. 1927), pp. 37-40.
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SUMMARY OF OPTICS

Of Optics three books are to be described: the first of Perspective; the second of
the Elements of Catoptrics; the third of Refraction.
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FIRST BOOK OF OPTICS

OF SCENOGRAPHY,
COMMONLY
CALLED PERSPECTIVE"

1) The literal translation of the title is Firs¢ Book of Perspective. Of Scenography. By
perspective Stevin understood somethirig else than we do (see Introduction), so that in
the Second Book of his Perspective he discussed reflection and refraction. The term “sce-
nography”, which Stevin translates into Dutch as *“‘verschaeuwing” is the term for what
we at present call “perspective”, and we therefore translate “verschaeuwing” by “per-
spective”, occasionally by “petspective proper”.
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TO THE READER

As his Princely Grace frequently exercised himself in drawing ground and
vertical plans for fortification, which he erected in the lands under his govern-
ment, he found it useful to exercise himself as well in the third species of
drawing, to wit perspective or painting, such mainly of landscapes, with cities,
rivers, roads, and woods situated therein, thus to explain more easily to others
his views, as required by the matter. To this end he used as teachers the ablest
masters of painting that could be obtained. But because the foreshortening of
the lines and the change of the angles was obtained by sight or by guessing —
which have their use — he was not satisfied with this, but wished to design
exactly the perspective of any given figure, with knowledge of the causes and
its mathematical proof. Now since I had some years ago myself described an
Aprchitecture 2), to the practice of which, in the common opinion of many and
the special opinion of Vitruvius in the 2nd chapter of his 1st book 3), knowledge
of perspective is conducive, I perused and examined, mote fully than before,
several writers who deal with this subject and made a description thereof in my
own words. And after his Princely Grace had looked it through and helped to
correct the imperfections that are.commonly found in first attempts, had also
fundamentally understood the common rule of finding the perspective of any
given figure, and to his satisfaction practised it, I included this description
among his Mathematical Memoirs, for the reasons set forth more fully at the
beginning.

%) This book was never published and the manuscript seems to be lost. Stevin also
refers to it in his Eertclootschrift, 20d Book, Preface. Notes made by I. Beeckman and H.
Stevin have been preserved, see Journal tenu par Isaac Beeckman, publié par C. De Waard,
11, La Haye, 1942, pp III-IX.

%) Vitruvius writes: “Its forms of expression [of Arrangement, duwisois] are then:
groundplan, elevation and perspective. A groundplan is made by the proper successive -
use of compasses and rule, through which we get outlines for the plane surfaces of
buildings. An elevation is a picture of the front of a building, set upright and properly
drawn in the proportions of the contemplated work. Perspective is the method of
sketching a front with the side withdrawing into the background, the lines all meeting
in the centre of a circle.” (Vitruvius, The Ten Books on Architeciure, transl. M. H. Morgan,
Cambridge, Mass., 1914, pp. 13-14). Vitruvius’ expression for groundplan is “ichnogra-
phia”, for elevation “orthographia’, for perspective “scenographia”.
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SUMMARY

Besides six theorems serving as base and proof of the matter, there are to be
described 8 problems, the first of which is the Sth proposition, of the finding of
the image of a given point 4) in the floor, with the glass 5) at right angles to the
said floor; the Gth proposition, of the finding of the image of a given point above
the floor, with the glass at right angles to the same; the 9th proposition, of the
finding of the image of a given point, with the glass at oblique angles to the
floor; the 10th proposition, of the finding of the image of a given point, the
glass being parallel to the floor. In the 11th proposition, with the aid of all
the preceding propositions the image of any given figure is found. Then follows
in the 12th, 13th, and 14th propositions the finding of the eye of some given
images, in order to see them in: their perfection. But in order to set forth the
preceding division more clearly by dichotomy, we will also give this table thereof.

in the floor
. in the 5th
the image is above the
. fm.md of 2 floor in the | and from all
"In this . the image point 6th propo- the preceding
wreatise on | OF the object sition propositions
perspective point, the ’ the image of
is sought glass being at oblique a given figure
& on the floor angles in the | is found in
9th propo- the 11th propo-
. sition sition
not at right :
angles, to wit parallel to
the floor in
the 10th pro-
position

the place of the eye, in order to see in peffection the given
image of a figure, in the 12th, 13th, and 14th propositions.

The rest of the propositions, being theorems, serve as base and proof of the
problems described above. :

- 4) Stevin’s “verschaeuwlyck punt” means literally “point to be brought into pet-
spective”. The sense usually remains clear when we simply translate it by ‘“point”,
sometimes by “object point”. :

5) We keep Stevin’s term “glass” for the picture plane.
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ADMONITION TO THOSE WHO WISH TO
PRACTISE PERSPECTIVE.

Since in the following treatise on perspective are contained more propositions
and descriptions than are necessary for the practice of perspective proper, which
serve to explain the causes and to prove that the said practice of perspective
produces the true image of the thing, it follows that it may be difficult for
those who wish to practise perspective to select therefrom that which properly
and only serves for the practice of perspective. For this purpose we here say that
if anyone should be willing to believe everything without proof (which does
not seem very well possible for a born mathematician, unless he meant to under-
stand the proofs afterwards), or else if anyone who has once for all understood
the proofs and relies thereon wished subsequently to practise perspective, he
might begin with the 2nd example of the 5th. proposition, set forth mechanically,
where is shown the perspective of a point in the floor; and with the 2nd mechanical
example of the 6th proposition, the perspective of a point above the floor, each
with a glass at right angles to the floor, for through knowledge of the perspective
of two such points one obtains the image of any given line, in which the whole
of perspective consists. But in this connection the abridgements that are obtained
in the construction, expounded after the 11th proposition in six sections, should
also be borne in mind. As to perspective with the glass at oblique angles to the
floor or parallel thereto, such perspective seldom seems to be required, so that
practice in this is not, to begin with, very necessary, although, for the perfect
knowledge of the whole of perspective, examples thereof are to be described
in their proper places.




BEPALINGHEN, o
1 BEPALING o

Verfchacuvvingisder verhevendingen plat namaeck- phia.
fel verheven {chijnende. :

- : .. . Per/ﬁé&ifub
@ £ * deurlichtige als gheflacht hebben verfcheyden i gewn.
>+ afcomften , ghelijck fijn t Spieghellchacuwen , igﬂf;f:;(d‘
2% Breeckfchacuwen, # Platclooten,! Sonwijfers, Ver- »vmbre re-
4 (chacuwing, cn meerander dic met malcander inde frafle.
deurfiening cenighe ghemcenfchap hebben, doch ‘,z{f"‘q”'“
Lalfoo heur *daden_rot verfcheyden eynden {trec. sSioterica;
fleien, en vervolghens verfcheyden manier van werc. * £f¢fa.
Tking behouven, foowort elcke + afcomft als befon- #Species.
der conft met onderfcheyt ghenoemt,en oirdentlick
befchrevm, Onder de felve ftellen wyons hict de
: * Verfchaecuwing voor: Om welcx eyghenfchappen
deur bequaem voorbeelt opentlick te verclaren, ghenomen dat ymant faghe ce-
nich ghefticht, deur een fuvereven plat claerglas, daermenalledinghen deur
fietghclijckfe ijn, fonder verandering , endaimen op dic verfchijnende forn
dicder eyghentlick int glas niet en s, teyckende {oodanighen form dieder bleve:
Defelveafpheteyckende platte form verhevén fchijnende , foude deware ver-
fchacuwing (ija van datghetticht, gheficn van op die-placts. Maer want fulcke
afieyckeninghen nietal op glas of deurluchtighe ftoffen' begheert en worden;
oock datmenfe fcherper én fuyverderwil hebben dan foodoenlick is,, boven
dien dat de gheftichten of faken diemen aficyckenen wil, fomwijlen nict we-
Yentlick voor r'gheficht en ftacn, maer alleenclick intghedacht , foo fijnder fes
ker reghclen gevonden, deur welckmen de chacuwen der verfchaculicke faken
mct haer vercortinghen,, verlanginghen , en veranderinghen, op haerevghen
verfcheeude maet ghewiflick teyckenen can : T'befchrijven der felve , twelck
hiex 'voornemen is,wort Verfchacuwing ghehecten.

Sceh&gu-‘
phianie

3 BEPALING:
; L ) - X LIS Pius bafis
Wefendeeenlichaem ghefneen met eeit % fichteinder-ma,
plat alfoo datdaerin vetfchijnende ghemeenc fneen.des
felven en der verheven vlackendiedacrin fijnofverdoche |
vvorden : Die verfchijnende form heet * Grondtteyc- jiiafies
kening. ' _
Laet by voorbecltde linien der byghevoughde form , beteyckenen de ghe-
meenefncen des fichteinderplats, ender vetheven platten van hetbuyten en
_binne fchoeyfel der wallen van ecn ftercke, met vier bolwercken ligghende op

cen platevenlant; A D
4 ]
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DEFINITIONS

1st DEFINITION

Perspective is the plane imitation of elevated objects, which gives the impression
of elevation.

Optics as genus has several species, such as Catoptrics, Dioptrics, Planispheres,
Sun-dials, Perspective proper, and several others, which have something in common
in pertaining to optics, but since their effects serve different ends and con-
sequently they have to be performed in different ways, each species. is discussed
separately as a special art and described in due order 8). Among these we here
intend to discuss Perspective proper. And in order to expound its properties
openly by means of a suitable example: assuming that a man were to see some
building .through a pure, uniformly flat, clear glass, through which all things
are seen as they are, without any change, and that on the figure appearing on
the glass, though not actually there, he were to draw a figure which remained
there, the said delineated plane figure, which would seem to be elevated, would
be the true perspective of that building, viewed from that place. But because
such delineations are not all required on glass or transparent materials, and
also because they are desired sharper and purer than is feasible in this way,
and while moreover the buildings or objects that we wish to draw are sometimes
not really before the observer's face, but only in imagination, certain rules have
been found, by means of which the images of the objects, with their fore-
shortenings, lengthenings, and changes, can be ‘drawn with certainty on their
own scale of perspective; the description of these things, which is the object
of this treatise, is called Perspective.

2nd DEFINITION

If a body be intersected by a horizontal plane in such a way that there appear
therein the intersections of this plane and the elevated planes which are, or are
imagined, therein, then the resulting figure is called Ground-plan.

For example\, let the lines of the figure overleaf denote the intersections of
the horizontal plane and the elevated planes of the outward and inward slopes
of the walls-of a fortification, with four bulwarks, lying in flat, level country.

. ® This program was not carried out, at any rate not in print. We only have Stevin’s
Perspective and his Catoptrics. L
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Die form heet grontteyckening, foo veel te feggen alsteyckening des gronts
daermen watop begheert te bouwen , ghelijck hicr de wallen.

Maer wantmen daer in noch nieten fietde hooghde, maet, enformdee
felve verheven of flaende wallen, foo iffer cen derde * afcomft van teyce-

et kening defer ghedaente:

3 BEPALING.

Wefende een lichaem gefneen met een plat rechthouc-
Herizowem. kich op den * fichteinder,alfoo datdaer in verfchijnen de .
hemeenefneendes felfden, ender vlacken dicdatdade-
ﬁck ,of deur t’ghedacht fnyen: Dic verfchijnende form
" omwge- heet* Stantteyckening. '

hia,

{’"’ﬂ- "+ Laetbyvoorbeelt den waldiedet verdocht wort t¢ ftaen op degrontteycke-
ningder 2 bepaling,deurfneen fijn meteen plat rechthouckich op den fichtcin~
der, en defnecndie d'ander platten daerindoen, fi;jn dufdanich, ABfue des

Efsarpe. fichtcinderplats, BC de fne vant plat des * buytefchoeyfels, CD
fne vant plat der cruyn, D E foe van t'plat des borftweers,E E fne
vant platdes gancx, F A {ne vant platdes binnefchocyfels : Ende Da
t'platin diclinien begrepen als A B CD EF, heet flanttcyckening
‘van weghen dattet teyckening is, overeynde ftaende. Ende ghe. A™
lijck wy hier t'voorbeelt gheftelt hebben van een fterckte, alfoo
falmen derghelijcke verftaen opander gheftichten, en dinghen diemen fchil-
dertof verfchaeut, ' : ’ : -

Macr
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This figure is called ground-plan, which is to say a plan of the ground on
which it is desired to build something, as in this case the walls.

But because in this the height, size, and form of the said elevated or standing
walls are not yet seen, there is a third species of drawing, of the following kind:

3rd DEFINITION

If a body be intersected by a plane at right angles to the horizon, in such a
way that there appear therein the common intersections of this plane and of
the planes intersecting it actually or in imagination, then the resulting figure
is called the Vertical Plan.

For example, let the wall which we imagine as standing on the ground-plan
of the 2nd definition be intersected by a plane at right angles to the horizon, then
the intersections which the other planes produce therein are as follows: AB inter-
section with the horizontal plane, BC intersection with the plane surface of the
outward slope, CD intersection with the plane of the top, DE intersection with
the plane surface of the parapet, EF intersection with the plane surface of the
walk, FA intersection with the plane surface of the inward slope; then the plane
contained by those lines, namely, ABCDEF, is called the vertical plan, because
it is a drawing standing vertically. And in the same way as we have here given
the example of a fortification it should be understood of other buildings and
objects which are painted or drawn in perspective. ’
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- Maer om nu tefegghen vant onderfcheyt ende eyghenfchappei der bove--
fchreven drie x afcomften van teyckening, foo isteweten dat grontteyckening Species.
en ftantteyckening, bequaem fijn om daer deur te maken een ghetticht op fijn
behoirlicke maet, en van begheerde form: Als by voorbeelt, foo ymant feght
dathy een fterckte ghemaeckr wil hebben; van form en'grootheyt ghelijck de
twee voorgaende teyckeninghen anwijfen , men can deur de felve (de cleyne
mact dacr by ghevought fijnde na t'behooren) fijn begheerte. nacominen:
Maer nietalfoo mette verfchaeude form , om datfe de linien en houcken niet
* everedelick en heeft mette begheerde : Doch heeftfe die eyghenfchap , datfe Proporsie-
verthoont hoedeghemaeckte fterckte int gheficht verfchijnt, of verfchijnen "4
fal. Tis oock te weten dat grondtteyckening en ftantteyckening totte volcom.
men vetfchaeuwing noodich fijn:Alsby voorbeelt,alfofiin VOR STELI CKE
GHENADE vanwillewaste verfchacuwen cen feker bolwerck heel met eer-
de ghevult, op een rechtegordine, fielde fich voor de grondtteyckening hier
achter A, wiensverheven wercken, als wallen en borftweeren daer op com.
mende , anghewefen fijn mette fantteyckening B , voort bediet C de voet,
waer op een lini verdochtals fiendermaet evenan C D, en rechthouckich op
de vloer, dats hier opt plat des blats, t’eynde dier lini wasde plaets des ooghs
inde locht, van daer hy dat bolwerck wilde ghefien hebben , en volghende dat
gheficlde, dede daer af de volghtnde verfchaeuwing, welcke uyt fijn teycke-
ning in hout ghefneen wiert , en ghedrucktalfmen hicrachter fiet. Maer om
voor de fchacu het oogh op fijn behoirlicke placts te ftellen, diens vinding
int volghende gheleert fal worden, men foude opt punt F, bedencken een
xcchie lini even an CE, en rechthouckich opt plat des blats , want ant
cynde der felve hetoogh vervought , men fiet d+ fchacu in haer volcom-
menheyt,
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But to speak now of the difference and the properties of ~the three species
of drawings described above, it should be known that a ground-plan and a vertical
plan together can be used to make a building of the appropriate dimensions and
desired form. As, for example, if anyone says that he wishes to have a fortification
made of the form and size as indicated by the two preceding drawings, then it
is possible to meet his requirement (a small measure being added thereto, as it
should be). But not so with the perspective image, because it does not have
the lines and angles proportional to those required. On the other hand it has
the property that it shows how the constructed fortification appears or will
appear to the eye. It should also be known that the ground-plan and the vertical
plan are necessary for making a perfect perspective drawing. For example, when
his Princely Grace wished to make a perspective image of a certain bulwark com-
pletely filled with earth on a straight curtain, he proposed the ground-plan A4
overleaf, the elevated parts of which, as walls and parapets built thereon, are
indicated by the vertical plan B; further C signifies the foot, on which a line,
imagined as the observer's measure 7), equal to CD and at right angles to the
floor, that is here to the plane of the paper; the end of this line was the place of
the eye in the air from which he wished to have the. bulwark viewed. And,
following up the supposition, he made therefrom the following perspective image,
which was cut in wood from his drawing and printed as seen overleaf. But to place
the eye in the proper position for regarding the image, the finding of which position
is to be taught in the sequel, one should imagine at the point F a straight line equal
to CE and at right angles to the plane of the paper, for when the eye is placed at
the end thereof, then we can get a perfect view of the image.

7) ot “observer’s height”
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i2 1 Bovck pER DEVRSICHTIGHE
4 BEPALING.
Tverfchaculick noemen vvy daer de verfchacuvving

" mna ghedacn vvorc: Endie ghedaen verfchacuvving haer

Perpendicno
{lary.

ke ghelijckheyt oock voct.

{chaeu.

Alscen punt,ini,vlack,of lichaem,daer de verfchacuwing naghefchiet,heet
int ghemeen t'verfchaculick,en int befonder verfchaculick punt, verfchaculicke
lini,verfchaeulick vlack,verfchaeulick lichacm:Maer de verfchacuwing naclck
ghedaen heer yders fchacu.

5 BEPALING.
Vloer is het plat dacreen veifchaculicke form boven

ftactofoplight.

6 BEPALING.
Oogh is een punt datmen neemt des ooghs fienlick
vverck tedocn.

7 BEP AL ING.
Sienderlijniseen rechtevantoogh totte vloer,en haer
uyterfteinde vioer heet voet. '

Want de * hanghende lini vant cogh totte vloer dacr een verfchaculick ghe-
flicht of verfchaeulicke form op ftaét, ghelijckheyt heeft merte langdedes fien.
ders,fy wort Sienderlijn gheheeten, Ende haeruyrerfte inde vioer heet om fules

8 BEPALING.

Siendermaetiseen lini evenande fienderhjn.

Want de ware fienderlijn verheven ftact op de vloer, deur de 7 bepaling , en
datmen om fulcx eyghentlick na te volghen, op de blaren der boucken als vioer
ghenomen, linien foude moeten teyckenen , die verheven ftonden opt plat der
felve blaren, r'welck onbequamelick te werck foudegaen, entotte leering niet
feer voorderlick wefen ; foo wordet dickwils noodich, de langde van fulcke lini
opt plat des blats te teyckenen , welcke niet de eyghentlicke fienderlijn felf we~
fende,maer allecnelick demaet dacs af, cn vervelghensals maetdes fienders,wy

~ noemenfe Sicndermat.

9 BEPA-
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4th DEFINITION

We call the object that from which the perspective is made, and the perspective
made, its image.

Thus a point, line, plane or solid from which the perspective is made is called
in general the object, and in particular: object point, object line, object plane,
object solid. But the perspective made from each is called its image.

sth DEFINITION

Floor 8) is the plane on which an object stands or lies.

6th DEFINITION

Eye is a point which is assumed to perform the visual function of the eye.

7th DEFINITION

Observer's Line is a straight line from the eye to the floor, and its extremity
in the floor is called foot 9). ‘

Because the vertical from the eye to the floor on which a building or an object
stands is equal to the length of the observer, it is called Observer's Line. And its
extremity in the floor is called foot because of this equality..

8th DEFINITION

Observer’s Measure is 2 line equal to the observer’s line.

Since the true observer’s line is erected on the floor, by the 7th definition,
and, in order to imitate this in actual fact, it would be necessary to draw, on the
pages of the books taken as floor, lines which would be erected on the plane
of said pages, which would be inconvenient to accomplish and would not be
greatly conducive to the instruction, it often becomes necessary to draw the length
of such a line in the plane of the paper, which, as not being the actual observer's
line itself, but only its measure, and consequently the measure of the observer,
we call Observer’s Measure.

8) We keep Stevin’s term “floor” for the ground plane.
%) The usual term for Stevin’s “observer’s line” is prime vertical, for his “foot™ is centre
of vision. -
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9 BEPALING.

Glasis*ecnoneyndelick plat tuffchen hetooghen de Plauun o
ver(chaeulicke form , vvaer in ghenomen vvort dc ver-
{chaculicke haer fchac utcverthoonen.

Alfooder in plaets vantglas daer onder d'cerfte bepaling af ghefeyt is, een
plat bedocht wort,waerin men neemt de fchaeu vant verichaculick e ftacn,foo-
wortdat plat totonderfcheyt van ander platten het glasghenoemt.

1©© BEPALING.
Glafgrontis fijnen des vloers ghemeenc fne:

11BEPALING.
* Straclisderechtelinidie uythet oogh comt:
12 BEPALING.
Saempuntis dacrdcvoortghetrocken fchaeuyven van

verfcheydenverfchaculicke rechte * cvcvqucghe linien Paralela:
in verfamen.

Evewijdeghe verfchaeulicke techtelinien voortghetrocken fijnde, en con-
nen niet verfamen deur Ewclidis 35 bepaling, macrwel hacr woonghenockcn
fchacuwen, alflc van haer verfchaeulicke onevewijdich fijn,ghelijckint 3 voor-
ftel verclacrt fal worden. Nu t'punt der verfaming van (oodamghc heet Saem=
punt.

13 BEPALING.

En fulcke linien dicalfoo int facmpunt vergaren , hee-
ten faemlijnen.

4 BEPALING.
Eenrechtelini ghetrocken inde vloet,vande voet totte
lasgrone,hect vloerlijn : En haer racckfel int glas, vloer-
lijnraeckfel. .

Laet A B de glafgrondt beteyckenen , C de voer, E
vanwelcke ghetrocken is de rechte lini CD tot inde
gla(grondr dc felve C D heetvloerlijn, en hact raeckfel ® D B
D intglas A B, heet vloerlijnraeckfel, '

B 131 BEPA:
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oth DEFINITION

Glass is an infinite plane between the eye and the object.figure, in which this
figure is assumed to show its image.

When instead of the glass, to which we referred under the first definition,
a plane is imagined in which the image of the figure is taken to stand, this plane,
to distinguish it from other planes, is called the glass.

10th DEFINITION

Glass base 10) is the intersection of the glass and the floor.

11th DEFINITION
Ray is the straight line coming from the eye.

12th DEFINITION -

Meeting point 11) is the point in which the produced images of different
straight parallel lines meet.

Straight parallel lines, being produced, cannot meet, by Euclid’s 35th defi-
nition 12), but their produced images can, if they are non-parallel to their object
lines, as will be explained in the 3rd proposition. Now the point where such
lines meet is called Meeting Point. -

13th DEFINITION

And such lines thus meeting in the meeting point are called meeting lines 13).

14th DEFINITION

A straight line drawn in the floor from the foot to the glass base is called floor
line, and its point of intersection with the glass, floor-line glass point.

Let AB denote the glass base, C the foot, from which is drawn the straight
line CD to the glass base. This CD is called floor line, and its point of contact D
in the glass AB is called floor-line glass point.

10) Modern: ground line. .

1) Modern: vanishing point.

1) Now listed as Def. XXIII: “Parallel straight lines are straight lines which being in
the same plane and being produced indefinitely in both directions, do not meet one
another in either direction™. (T. L. Heath I p. 154). This definition is listed as Def. 35
in the edition of the Elements by Zamberti (1537) and by Commandino (1572), as Def.
. 34 in the Clavius edition of 1574.

13) Stevin’s terms “saempunt” and “saemlijn are here translated by “meeting point”
and “meeting line’ .
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15 BEPALING, .
Wefende vaneen ghegheven verfchae ulick punt inde

~ vloer ghetrocken een oneyndelicke evevvijdeghe mette

vloerlyjn: De fne der felve inde glafgrondt noemen vvy
glasgrondtscerfte e,

Lact indeformder 14 bepaling, E fijn cen ghegheven verfchaeulick punt
inde vloer , vant welck ghetrocken ‘is cen oneyndelicke E F evewijdeghe met
DC, fayendede glafgront A B in F,defelve fnc F noemen wy glafgrondis eer-
fte fne, ' '

16 BEPALING. -

Wefende van een ghegheven verfchaculick punt in-
de vloer , ghetrockeneen rechtelini totte voet : De fne
der felve inde glafgrondt,noemen vvy glafgrondes tvvee- -
defne.
- Lactindeformder 14 bepaling, vant ghegheven verfchaculickpunt E, ghe-. "
trocken fijn de rechtelini E C, van E torte voet C, fnyende de glafgtont:A B -
in G, de felve fne G,noemen wyglafgronts tweede fne, - -~ = PR

BEGHEERTEN.

1 BEGHEERTE.

. Dattetnatuerlick verfchaeulick punt,fijn fchaeuineen
natucrlick placglas,en het natuerlick oogh, in eenrechte

- linifijn

72 grad.

Een natuerlick verfthaeulick punt, fijn fchaeu in een natuerlick platglas, en
het natuerlick oogh,en fijn nict nootfakelickin een rechte lini,om dat wy geen
wefentlicke facck fclf en fien, macr allecnelick de fchaeu van dien,miflchien op
ecn anderplaets , t'welck aldus bethoont wort : Ymant duwende ter fijden an
fijn oogh, doethet ghene hy fiet, verre wijcken vande plac's daer hyt fonder
duwen fach: En hoewel fommighe t'gheficht foo hebben, datfe defe verande.
ring naulick of niet mercken en connen , doch ander fienfe feerwel : ick hebfe
dadelick tot over de* 33 trap. bevonden , want foo groot was den houck tf-
{chen detwee fchacuwen, d'eenc ghefien vant ghedude,d’ander vant ongedude
.00gh : Macr de ware faeck blijft in haer placts, dacrom t'ghcne alfoovan fijn
placts verfchict, en is de wefcntlicke facck felf nict, maer alleenelick de fchacu
vandien : Welcke fchaeu met haer fchaeuint glas, en_het oogh incen rechte
lini fijndc, fekerde ware facck tor een ander plaets wefendeals ghefeytis, en can
met d'ander tweein gheen rechte Lini fijn. Hier uyt volght dat alimen mettet
woort vedchaculickpunt, verftonde degefien fchaeudes wefentlick punts, dat

alfdan
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15th DEFINITION

If from a given point-in the floor there be drawn an infinite line parallel to
the floor line, then we call its intersection with the glass base the first inter-
section of the glass base. .

In the figure of the 14th definition let E be a given point in the floor, from
which there be drawn an infinite line EF parallel to DC, intersecting the glass
base AB in F: we call this point of intersection F the first intersection of the
glass base. :

16th DEFINITION

If from a given point in the floor there be drawn a straight line to the floor,
then we call its intersection with the glass base the second intersection of the
glass base.

In the figure of the 14th definition let there be drawn from the given point E
the straight line EC from E to the foot C, intersecting the glass base AB in G;
we call this intersection G the second intersection of the glass base.

POSTULATES
1st POSTULATE

That the natural point, its image in a natural plane glass, and the natural eye
are in a straight line.

A natural point, its image in a natural plane glass, and the natural eye are not
necessarily in a straight line, for we do not see a real object, but only its image,
pethaps in 2 different place, which is shown as follows: When a man presses
from the side against his eye, he causes that which he sees to deviate from the
place where he saw it without pressing. And though the eyesight of some people
is such that they can hardly perceive this deviation, if at all, others see it quite
well. T have found it in practice to exceed 33 degrees, for thus large was the
angle between the two images, the one seen by the pressed eye and the other by
the non-pressed eye. But the real object remains in its place; therefore that which
shifts its place is not the real object itself, but only its image, and if this image
is in a straight line with its image in the glass and the eye, certainly the real
object, which is in a different place from the one stated, cannot be in a straight
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aldan v'verfchaeulick punt; fijn fchacu in een natuerlick platglas, en het na.
erlick cogh, in een rechte lini fouden wefen , fonderdatmen daer af eenighe
toelating behoufde re begheeren: Maerwant nu te: tijt r'ghemeen ghevoelen
anders is, (00 bebben wy dit willén begheeren, om onbegrepen te fijn vande
. ghenedie hier namaels de faeck fullen meughen beser verftacn,

Angaende ymant teghen 'bovefchreven mochr fegghen, datwanneer het

-00gh vry ftaet fonder duwen, datalfdan deghefien fchaen effen de wefentlicke
faeck bedeckt,en t'{amen als een felve fijn,waer uyt volght datin fulcken anfien
mettet woort verfchaeulickpunt, verftaen {ijnde het natuerlick verfchaeiilick.
punt, datret felve metfijn {chacuintglas, en het ooghin cen rechte linifijn;
fonder datmen daerafroelating behouft te begheeren : Hier op wort gheant-
woort, dat veel onghedude vrye coghen, de fchacu tot een ander placts fien
dan'daer de wefendicke faeckis,als deooghen van {chele lien die twee vooreen
fien,of die macr een {cheelfichtich cogh en hebben.Ende hoe wel ander cogen .
min fcheef ftaende,min verfchils crijghen tufichen defchaeu en haer wefentlic-
ke faeck,en de ooghen heel recht ftaende, gheen verfchil, nochtans ghemercke

. vandie hecle volcommen rechtheyt,gheen volcommen bewijs en can ghedaen
worden(want tweeghelijckftaende coghen, connen elck t'ghebreck van wane
fichticheyt hebben , fonder datfe nochrans tivee fchacuwen voor cen fien) foo
fchijnt de begheerié in ghienouchfaem réden ghegront. )

Merckt noch dat uyt verfcheyden ander oirfaken dandeur foogh, de fchaeu-
wen van haer wefentlicke faeck wijcken, als diemen int water meynt te fien;
want noyt menfch en fach,nict alleen cenige wéfentlicke facck int water ; maer
oock niet de felve {chacu die hy inde lochtdaer af fien can,dan een ander fchaey
tot cenander placts: T'welck dact’an blijcke,dat ligghende cen penninck of an-
der facck op dengront eens ledich vars, alfoo datmen dien penninck, of om
cyghentlick 1e fpreken, de fchacu van dicn pennincknict fien cn can , om
den cant des vats wil ,en datmen daer na t'felve vat met water valt men fiet
den penninck foot {chijnt wel befcheedelick : Doch ten is den wefentlicken
peoninck felf niet, noch oock de fchaeu diemeninde locht fien can, maer echt
ander fchaen deur C'water veroirfaeckt, Ende foo gadet oock mette hemelfche
lichten, diens fchacuwen boven den * fichteinder ghefien woiden , ecr de we- Hopizomsen *
fentlicke lichten felf daer boven fijn , t'welck een ander fchaeu is veroirfaeckt '
deur de vochticheden des Jochts, Meer andet verfcheyden veranderinghen defer
verfcheyden verandesinghen defer fchacuwen bevintmen noch deur t'vier,deur

- crcmmeglafen,en in blinckénde fpieghelachtighe ftoffen : Dochwantde han.
deling van fulcke eyghentlicker by de * fpieghelfthacuwen dicnt, 00 hebben Caoprrica,
wy die daer vervought,en hierachterghelaten,

] 'BEGHEERT_E.

Een verfchaeulick punt, lini of platint glas ghegeven,
oock voorhun {chacu te verftrecken.

B2 NV
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line with the other two. From this it follows that if by the words “object point”
“were to be understood the observed image of the real point, then the object point,
its image in a natural plane glass, and the natural eye would be in a straight line,
without any necessity of a special postulate. But because common opinion is differ-
ent at present, we have desired to postulate this in order that we may [not}*
be misunderstood by those who may hereafter have a better understanding of
the matter. ’

Now someone might object to what we have said and remark that if the eye
is free and not pressed, the image observed just covers the real object, so that
they are together like one and the same thing — and thus draw the conclusion
that if we understand by the words “object point” the natural object point, then
this point is in a straight line with its image in the glass and the eye, so that
there is no necessity for any special postulate. To this we reply that many non-
pressed free eyes see the image in a different place from that in which the real
object is, such as the eyes of squinting people, who see two as one, or those who
have only one squint eye. And though other eyes, which squint less, get less
deviation between the image and the real object, and eyes which are quite normal
do not get any deviation, nevertheless, — since no perfect proof can be given
of that perfect straightness (for two eyes equally situated may each have defective
sight and still do not see two images as one) — the postulate seems to be founded
on sufficient reasons.

Note also that, apart from the eye, there are several other causes for the image
to deviate from the real object, for example objects we imagine to see in water;
for no man has ever seen either any real object in water, or the same image he
can see of it in the air, seeing instead a different image in a different place.
Which is apparent from the fact that if a penny or another object lies on the
bottom of an empty vessel in such a way that we cannot see that penny, or,
properly speaking, the image of that penny, because of the side of the vessel,
and if this vessel is thereafter filled with water, we apparently do see the penny
quite definitely, but it is not the real penny itself, nor the image we can see in the
air, but a different image caused by the water. And the same thing happens with
the heavenly bodies, the images of which are seen above the horizon before the
real lights themselves are above it, which is a different image caused by the
moisture of the air. Various other changes of these images are also found through
fire, through curved glasses, and in shining, mirror-like substances, but since the
discussion of these pertains rather to catoptrics, we have included them there, and
omitted to speak of them here.

2nd POSTULATE

That a point, line or plane, given in the glass, also serve as their own images.

. * This word has been omitted in the Dutch text.

~
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NV. DE
"VOORSTELLEN.

!t VERTOOCH ' VOORSTEL.

De rechte lini tuflchen tvvee fchacuvven van ver-
{chaculicke punten, is{chaeu der verfchaculicke rechte
lini tufichen de felve tvvee verfchaeulicke punten.

TGHEGHEVEN, Laet A hetoogh beteyckenen,de rechte lini B Chet glas

overcant ghefien,D en E twee ver-

* fthaeulicke punten, en de rechreli- 2 o

ni tufichen beyden, datsD E, fy de

verfchaculicke lini : Daer na ghe.

trocken de rechtelinien AD, AE,

fy deurbooren t'glas in Fen G, A :

welcke twee punten F en Gdeur —- 51 £
C

- d'cerfle begecerte fchacuwen moe-

Qudfiu.

Demonfiras -
sin,

Conclafio,

Paralela,

ten fijn der verfchaculicke pun-
tenDenE. TBEGHEERDE. Wymocten bewijfen,datdelini FG fchaen

is der verfchaculicke DE.

TBEWYS.

Ghelijck t'verfchaeulick punt D,voor fchaeu heeft Fyen ¢'verfchaeulick punt
E, voor fchacu G ,alfoo moet openbactlick alle verfchaeulick punt tuffchen
Den E,fijn {chacu hebben tuffchen F en G, en vervolghensde lini FG, moet
fchaeu fijn vande verfchaenlicke D E.

Maer foo teen verfchaenlick puntals E, gheftelt waer int glasals hierne.
vens,het fal deur de tweede begeer-
tc voor fijn felfs fchaeu verflrec- B p
ken,en F E fal openbacrlick fchaeu
fiijnvanDE., TBEsLvYT. De

_xechte -lini dan tufichen twee

fchacuwé van verfchaculicke pun-
ten, is fchaeu der verfchaculicke 4 El
rechte lini wofichen der felve twee c
verfchaeulicke punten, twelck wy

bewijfcn moeften. '

2 VERTOOCH 2 VOORSTEL

Evevvijdeghe verfchaeulicke linien ghefien fijnde deur
tglasdacevevvijdichis metteevevvijdeghe: Haerfchacu-
vven fijnintglasoock evevvijdeghe.

Alstglas met evewijdegheverfchaculicke linien onevewijdich is,fooen ver.
fehijnen hun fchacuwen dacr in niet evewijdich,gheljck int voighende 3 voor-
fiel
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NOW THE PROPOSITIONS

1st THEOREM 1st PROPOSITION

The straight line between two images of points is the image of the straight
line, joining the said two points. ‘

SUPPOSITION. Let A signify the eye, the straight line BC the glass viewed
transversely, D and E two object points, and let the straight line- joining the two,
i.e. DE, be the object line. If thereafter the straight lines AD, AE are drawn,
they pietce the glass in F and G, which two points F and G by the first postulate
must be images of the points D and E. WHAT IS REQUIRED. We have to prove
that the line FG is the image of the line DE.

PROOF

Just as the point D has F for its image, and the point E has G for its image,
so must any point lying between D and E clearly have its image between F and G,
and consequently the line FG must be the image of the line DE.

But if the one point, such as E, lies in the glass, as shown opposite, then it
will by the second postulate serve as its own image, and FE will clearly be the
image of DE. CONCLUSION. Hence the straight line between two images of
points is the image of the straight line joining the said two points; which we
had to prove. :

2nd THEOREM 2nd PROPOSITION

If parallel lines are viewed through a glass parallel to the parallel lines, then
their images are also parallel in the glass.

If the glass is non-parallel to parallel object lines, then their images do not
appear parallel therein, as is to be proved in the subsequent 3rd proposition. But
we will here prove that the- converse happens if the glass is parallel to the
parallel lines.
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fiel fal bewefen worden: Maert'verkeerdete ghebeuren alst'glas mette evewij=
deghe verfchaeulicke linien evewijdich is, dat fullen wy hier bethoonen.
TGHEGHEVEN. Laet ABen CD wwecevewijdege verfchaeulicke linien
wefen, E hetoogh, endeur FG firecke het glas evewijdich mette twee evewijs
deghc ABen CD. TBEGHEERDE. Wy
mocten bewijfen dat de fchacuwen van ABen
C D intglasoock evewijdeghe fijn.
TBEREYTSEL Lactghetrockenworden
detweclinien AC,BD,ende vierftralen E A,
- E'B, EC, ED, vervanghende de * naclde
E'ABDC, en deurboorende t’glas in H,F,L,G.

TBEWYS.

FH (chaeu te fijn der verfchaeulicke A B,en 1 G van € D isdeur het 1 véot-
fictopenbacer, Maerde felve twee fchacuwenFH,1G , oock evewijdeghe t€
wefen, wort aldus bethoont : Anghefien.de naclde E A B D C, dooifneen is
metecn plat H F 1 G evewijdich vanden gront A B C D,foo moetde fne gelijck
fijnanden fclven gront AB C D: Dacrom FH G L is ghelijck an ABC.D, in
welcke F H x lijckftandighe tijnde met AB,en 1G met CD, voort wefende Homolga,
A B niet C D oock evewijdeghe, foo moct H F met G I oock evewijdeghe fijn.
TBEsLVYT. Evewijdeghe verfchactilicke linien dan.ghefien fijnde deut
t'glasdatevewijdich is mette evewijdeghe : Haer fchacuwen fijn. int glas. oock
cvewijdeghe, ‘'welck wy bewijfen moeflen.

VERVOLGH

Tblijckeuyt het voorgaende,dat cen verlthaculick plat evewijdich vantglas
wefende,altijc cen cleender fchacu ghecft lijckformich an t'verfchaculick plat.

3 VERTOOCH 3 VOORSTEL

Evevvijdeghe verfchaeulicke linien ghefien fijnde deur
t'glas dat onevevvijdich is mette cvevvijdeghe, en haer
fchacuvven dacrin voortghetrocken vvefende; fy verga-
reniri een felve puntdesitraels, dat evevvijdich ismette
ver{chaculicke cvcvvijdcghc, en de felve verfchaculicke
oock evevvijdich vvefende mette vloer ; haer facmpunt
comt foo hooch boven devloeralshet oogh.
. TGoHEGHEVEN. Lact AB,en CDtivee évewijdege verfchaenlicke linten
wefen, E het oogh,F de voet, tifichen welcke ghetrocken isde fienderflijn EF,,
en uyt het cogh E de oneyndelicke E G, evewijdeghe inet AB beteyckenende
een ftrael. Voorr de lini'F Hevewijdeghe met A B, fnyende ACinl,en ghe-
sakende B Din H. Dacrna 1 K met H L, beyde-evewijdeghe en cven met FE:
En deur A CK {yghetrocken eenglas dat onevewijdichisniette evewijdeghe
ABcn C D, dacr afde glafgront fy A C. En de fchaeuwen der verfchaeulicke
linicn A B,C D, verfthi)nendeint oneyndclick glas , fijn A M, C N, deut-het

1voorfte. TBEGHEERDE, Wy moctenbewijfen dat defelve AM,CN,
B; yoort=
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SUPPOSITION. Let AB and CD be two parallel object lines, E the eye, and
let the glass through FG be parallel to the two parallel lines AB and CD. WHAT
IS REQUIRED. We have to prove that the images of AB and CD are also parallel

_in the glass.

PRELIMINARY. Let there be drawn the two lines AC, BD, and the four rays
EA, EB, EC, ED, containing the pyramid EABDC and piercing the glass in H,
E I, G.

i

PROOF

It is clear from the 1st proposition that FH is the image of the line' AB, and
IG of CD. But that the said images FH, IG are also parallel is proved as follows.
As the pyramid EABDC is intersected by a plane HFIG, parallel to the base
ABCD, the section must be similar to the said base ABCD. Therefore FHGI is
similar to ABCD, in which, because FH is homologous to AB, and IG to CD,
while further AB is also parallel to CD, HF must also be parallel to GI.
CONCLUSION. If therefore parallel lines are viewed through a glass parallel
to the parallel lines, then their images are also parallel.in the glass; which we
had to prove.

SEQUEL

It appears from the foregoing that a plane figure parallel to the glalss always
gives a smaller and similar image.

3rd THEOREM 7 3rd PROPOSITION

If parallel lines are viewed through a glass that is non-parallel to the parallel
lines, and their images therein are produced, they meet in the same point of the
ray that is parallel to the parallel lines, and if the said lines are also parallel
to the floor, their meeting point comes as high above the floor as the eye.

SUPPOSITION. Let AB and CD be two parallel lines, E the eye, F the foot,
between which is drawn the observer’s line EF, and from the eye E the infinite
line EG, parallel to AB, signifying a ray. Further the line FH parallel to 4B,
intersecting AC in I and meeting BD 'in H. Thereafter IK and HL, both parallel
and equal to FE. And through ACK let there be drawn a glass that is non-parallel
to the parallel lines AB and CD, of which let the glass base be AC. Then the.
images of the lines AB, CD appearing in the infinite glass are AM, CN, by the
1st proposition. WHAT IS REQUIRED. We have to prove that the said AM, CN,
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voortghetrocken wefeii- ’ SRR -
de, vergaren fullen ineen ) {,
felfde puntdes firacls EG, : -
tc weten in K (Uwelck
deur de 12 bepaling het
faempunt is) foo hooch
boven de vloes , als het .
oogh daet boven conit. , ?
TBEREYTSEL. Lact X A

deurde dric punten E, A, a S
-B,ghetrocken worden een g -

Plamum in- % oneyndelick plat, fghe- /2

frisum. Yijex een oneyndelick plat N
deur de dric punten .
ECD. - s ()

TBEWYS, %

_ Anghefien dc twec o
eyndelicke placten “deur
EABenE CD, malcan-
der comimen tefnyen int
punt E; foo moct haer ge- F
meene fne evewijdeghe '
fijn met A B;Daerom EG .
is nootfakelick der felve platten ghemeene fne: T'welck foo fijnde,de vier puns

" tenE,A B, L, ftaen altemaclin eenfelve plat,alfoo oock doen in cen felve plat
devier punten E,C,D,1, Voortarighefien A M is de fchaeu der verfchaeulicke
* lini A B,die ghefien wort vant oogh E deur t'ghegheven,foo moet A M int fel
ve plat fijn dacr A Binis : Macr A B isint oneyndelick plat deus EA BL ;dacre
om A Mismecint fclve plat : Sy is oock int oneyndelick glasdeur 'ghiegheven,
. .daerom de yoorighetrocken A M comt delini EL (welveiftacnde ghemeene
fne der twee platten)te gheraken in K ; Maer de voortghetrocken C N oock te
moeten commer tottet felve punt K, dat wort aldus bethoont: C Nis (om al.
fulckeredenen dlsvan A M verclaert fijn) int oneyndelick plat deurECDL,
- oock int oneyndelick glas A C K: Dacrom de voortghetrocken C N, moet de
ghemcene foe E G dértwee oneyndelicke platten erghens ontinoeten : Latet
fijn waert meughelick in'eenich punt-tafichen K en G, of tufichen Ken E,
Maetalle foodanighte punten fijn buyten het glas, dacrom de rechte lini C N
wefende int glas, enrecht voortghetrocken fijnde, foude: connen buyten het
glasloopen;t'welck onmeughelick is:Maer quaemfc hoogher of leegher dande
liniEG, fy foude moeten buyten hetoneyndelick plat EC D L loopen, f welck
oock nietghefchien en can. AM dan en C N voorrghetrocken fijnde,vergaren
in ¢en felve puntdes ftraels EG. Angacnde dat het faempunt K foo hooch bo-
ven de vioet comt alshetoogh E,blijckt dacran,dat K 1en EF evewijdege fijn,
tufichen de evewijdeghe EKFL o
"Wy hebben tot hier toe bethoont dat de fchacuwen A M, CN, voortghe-
trocken fijnde,in cen fclve punt vergaren,en dat van twee verfchaculicke linien
_AB,CD, dicbeyde int plat A B C D ligghen : Macr om te verclaren deghe.
meenheytdes voorftelsoveralle evewijdeghen, oock in ¢en ander plat wefene
de,foo
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when produced, will meet in the same point of the ray EG, to wit in K (which by
the 12th definition is the meeting point) as high above the floor as the eye comes
above it.

PRELIMINARY. Let there be drawn through the three points E, 4, B an infinite
plane, and likewise an infinite plane through the three points E, C, D.

PROOF

Since the two infinite planes through E, A4, B and E, C, D intersect in the point
E, their intersection must be parallel to AB. Therefore EG is necessarily the
intersection of the said planes. This being so, the four points E, 4, B, L are all
in the same plane, and so are in the same plane the four points E, C, D, L.
Further, since AM is the image of the line AB, which is viewed by the eye E
by the supposition, AM must be in the same plane in which AB is situated. But
AB is-in the infinite plane through E, A4, B, L; therefore AM is also in the same
plane. It is also in the infinite glass, by the supposition, therefore AM produced
will meet the line EL (i.e.: the intersection of the two planes) in K. But that CN
produced must also meet the said point K is proved as follows. CN is (for the
same reasons as have been advanced for AM) in the infinite plane through
E, C, D, L, also in the infinite glass ACK. Therefore CN produced must meet
- the intersection EG of the two infinite planes somewhere. Let this be, if possible,
in some point between K and G, or between K and E. But all such points are
outside the glass, therefore the straight line CN, if it'were in the glass and were
produced straight, might extend outside the glass, which is impossible. But if it
came higher or lower than the line EG, it would have to extend outside the in-
finite plane ECDL, which cannot happen either. AM and CN produced will
therefore meet in the same point of the ray EG, As to the fact that the meeting
point K comes as high above the floor as the eye E, this is apparent from the
fact that KI and EF are parallel lines, between the parallel lines EK, FI.

We have so far proved that the images AM, CN, if produced, meet in the same
point, such for two lines AB, CD, both of which lie in the plane ABCD. But
in order to set forth the general applicability of the proposition to all parallel
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de,foo lact ghetrocken worden een verfchaeulické lini OP, evewijdeghe met
A B,maerwefende bovendefelve A B, in cén ander plat dan ABCD, ende
wefende {punt O, neem ick,in A M, en Pin L B: Daerna fy ghetrockén E P,
fnyende A Kin Q:Dir foo fijnde, t'is kennelick dat ghelijk A M fchaen is van
A Balfoomoct O Q fchacu fija van O P. Maerditde felve O Q_voorghétioc-
ken, oock int faempurit K vergaert, blijckt openbacilick. TBESLVYT. Eve:
© wijdeghe verfchaculické linien dan,gheficn fijnde deurt’glds dat onevewijdich
ismette evewijdeghe,én haéi fchacuwen daer in voottgherrocken wefeide, {y
vergaren incen felve punt des ftracls dat evewijdich is mette vérfchaculicke
cvewijdeghe; en defelve verfchaculicke oock evewijdich wefende mette vioet;
hacer facmpunt comt {oo hooch boven de vloet als hiet bogh; vwelck wy bewijs
fen moefteri.

MERCKT,

Soo ymantmetter dact wilde fien ; ghelijck fijn VORSTELICKE GHE-
NADE felfghedacn heefi, het inhoudt des voorgaenden vertoochs, dic mach
aldus doen: Hy fal trecken twee evewijdeghe linien mét crijt , of ghefpannen
coorden, of dierghelijcke, op eeneffen * fichteindetfchen folder of vioer, dat is Horizentats;
die, ghclijckmen ghemeenlick feght,op waterpas light : Welcke nyee evewijs
deghe linien bercyckent fijn mét A B, C D; vooit bediet E F de langde der fien<
deilija, waer af F het oogh des fiendets beteyckent: Voort foo {taendertwee
- zechte houte reghels op de evewijdeghe, alsdé reghel A G, en CH, cruycende
malcander int punt I'; alfoo dattet felve punt 1is in fulcken hooghde boven dé
vioer,als hetoogh F, foo dat I K éveri is met F E. Dit foo wefende; hy fal fien
darde * wijflijn A I recht overcomt en ftact voor A B,en C I even voor C Dt Fiduciali
Twelckmen alfoo bévint hoe recht of fcheef ditmen die twee reghels oock feess
ftelt:Iaal en valtde hangheridé lini van [ 1ot K, niet flchen de twee evewijde-
geymacr verre dacr buyten,als indé tiveede forim. Men fal oock fien dat alwaere
mcughelick de rive verfchaeilicke évewijdéghe A B; C D; metterdact oneyn-
delick voort te tréc- S :
ken,datfcevewel mets H q
te vootfchreven wijf-
lijn overcomme fou- F
den,endacrondetbe-
deckt blijven., Maer
foomen tpunt der N
cruycing 1 hoogerof . . 3
leegher brengt dan g G A i
des fienders oogh F,
oft anderfins datrhen
het oogh fijdeling F
ftelt van I, alfoo dat
de rechre lini van F
tot I, niet evéwijdich _
enwaermet AB,tis ‘& K
onmeugelickdie wij{- A
lijnen beyde t'famen C n
. op haer vootfchreven evewijdeghe te fien paffen. Dit foo verftien wefende, en
datmen fijn felven inr ghedacht voorftelt,al oft dé twee wijflijnen A 1,C1, ton.
' B4 den
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lines, even if they are in a different plane, let there be drawn 2 line OP, paraliel
to AB, but being above the said AB, in a plane other than ABCD, the point O
being, as I assume, in AM, and P in LB. Thereafter let there be drawn EP, inter-
secting AK in Q. This being so, it can be seen that just as AM is the image
of AB, so must OQ be the image of OP. But that the said OQ produced also
meets in the meeting point K is clear. CONCLUSION. Hence, if parallel lines
are viewed through a glass that is non-parallel to the parallel lines, and their
images therein are produced, they meet in the same point of the ray that is parallel
to the parallel lines; and if the said lines are also parallel to the floor, their
meeting point comes as high above the floor as the eye; which we had to prove.

NOTE

If someone should wish to see in practice, as his Princely Grace has done him-
self, the contents of the foregoing theorem, he may do as follows: He must draw
two parallel lines with chalk, or stretched chords or the like on a level horizontal
ceiling or floor, 7.e. situated, as is commonly said, at water-level; which two parallel
lines are designated by AB, CD; further EF denotes the length of the observer’s
line, on which F signifies the eye of the observer. Further there stand two straight
wooden rulers on the parallel lines, as the rulers AG and CH, crossing each other
in the point 1, so that the said point I is situated at the same height above the floot
as the eye F, so that IK is equal to FE. This being so, he will see that the reference
line AI covers AB, and CI likewise covers CD. This is so found, however straight
or inclined those two rulers are placed; nay, even though the vertical from I to K
should fall not between the two parallel lines, but far beyond them, as in the
second figure. It will also be seen that, even if it were possible in practice to
produce to infinity the two parallel lines AB, CD, they would cotrespond with
the above reference line and remain covered thereby. But if the point of the
crossing I is brought higher or lower than the observer’s eye F, or else the eye
is placed aside of I, in such a way that the straight line from F to I be not parallel
to AB, then it is impossible to see those two reference lines. covering together
their aforesaid parallel lines. If it is understood thus and imagined that the two
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den en'verfchenen in cen glas,als voor tghetrocken fchacawen van A B,C D
- men fiet hoe haer vergaring ghebeurt op ecn felve punt,datsint facmpum foo
hooch boven dévloer als het oogh. T'felve bevintmen oock alfoo fellende de
- 1eghels op ander vegfchaculicke linien evewijdich met A B, in platten hoogher
of leegher dani t’plat AB D C. Van alle welcke dinghen deonrfakcn int bove-
Mathems-  {chreven 2 voorftcl * wxﬁ:onﬂchck bewefen fijn. ’

icd,
4VERTOOCH 4 VOORSTEL

~ Welende verfcheyden particn van verfchaculickeeve-
vvijdeghe linien dic mette vloer oock cvcvvn;dlch fijn,
* macrmettet glasonevevvijdich,en d’cen partie det eve-
vvijdeghen onevevvijdichvand’ander: Haer verfcheyden

- facmpuntenfijnaleven hooch boven deglafgront.
Leplas.  TGREGHEVEN. Lact A BCDEFGHIK fijni de*grontteyckening des

c";"‘,"b:u"; deelsvan cen oudcmhckc fterckte, hebbende int ghehecl achtbolwercken *int
‘ﬁ';,ﬁ, -rondt befchrijvelick,, van welcke dnt decl de twee begrijpt, L fy * ftanitceycke-

ning,M N glafgront, dlcnsgiasrcchthouthch op de vloer, ﬁrccktdcurdclwcc .

. “uytéifte puaten der bolwercken), dats oock evewijdich 'mette groote gordine

" tuflchen beyden, O isdevoet, O Pﬁcndermzct even ande fi endeilijn’ dié bo-

ven O bedocht wort rcchthouckxch opde vioer: De wallen hebbe fes linicns

Frerafewrpa. D'cerfte beieyckent het buytenfteder * buytenfchoe : Van daer totfe. twccde
. lini isde breede des belchoeyfets: Totte derde isde breede des boftweers: Totte
* vierdc isdebreede desbancx: Totte w;fde isde breedé dcs wechs op de wal: Totte

fete isde brccdcder binnefchoe waer f inde ﬁamtcyckcnmg L opemhckc:

s § ¥V Y R *

\—
)
L

P

\trclanng te fienis. In defe gronditeyckening fijn feven verfchcyden part!en
wn cvewijdeghe rechte linien mact d'ecn parti¢ ‘onevewijdich van d' andcr
D'
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reference lines Al, CI stood and appeared in a glass, as produced images of AB,
CD, it is seen how their meeting occurs in the same point, i.e. in the meeting
point, as high above the floor as the eye. The same is also found if the rulers
are placed on other lines parallel to 4B, in planes higher or lower than the plane
. ABDC; the causes of all these things have been proved mathematically in the
aforesaid 2nd proposition.

4th THEOREM B 4th PROPOSITION

If there are various groups of parallel lines, which are also parallel to the floor,
but non-parallel to the glass, while one group of parallel lines is non-parallel
to the other, their various meeting points are all equally high above the glass base.

SUPPOSITION. Let ABCDEFGHIK be the ground-plan of the part of a regular
fortification, having in all eight bulwarks that can be inscribed in a circle, of
which this part comprises two; let L be the vertical plan, MN the glass base,
whose glass, at right angles to the floor, extends through the two extremities of
the bulwarks, 7.e. also parallel to the large curtain between the two; O is the
foot, OP the observer’s measure, gqual to the observer's line which is imagined
above O at right angles to the floor. The walls have six lines: the first signifies
the outside of the outward slope; from there to the second line is the width
of the slope; to the third is the width of the parapet; to the fourth is the width
of the foot bank; to the fifth is the width of the walk on the wall; to the sixth
is the width of the inward slope, which is shown more cleatly in the vertical
plan L. In this ground-plan there are seven various groups of parallel straight
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Dreerfte partie van twelf linien,teweten fesder groote gordine A, mette fes des
ftrijckweers I, die mette linien van A evewijdich vallen , om dattet deel is van
ecn oirdentlick achthouck: De tweede partic van twelflinien , te weten fes des
firijckweers B,en fes der grootegordine K :Dé derde partic fes evewijdeghe van
C:De vierde fes eveivijdeghe van D: De vijfde iwelf evewijdeghe van E met F
De fefte,fes evewijdeghe van G: Dé feveride, fés evewijdeghe van H. Angdende
dc fes evewijdeghe der groote gordine,dic evewijdich fijn mettet glas M N;haet
voortghetrocken {chaeuwen en hebben gheen faempunt deur het 2 voorftel:
Boven alde voorfchreven linien worden de verfchaeulicke bedocht even en
‘evewijdeghe mette felve, macr elck foo hooch boven de vlocr, als de flantieyc-
kening Lanwijt. Sulcxdareer fijn feven foodanighe partien van linien , heb-
bende intglas datter rechthouckich bedocht wort op de vloer deur M N, feven
~ verfchcyden facmpunten, welcke hier op de vioer beteyckentfijn met Q,R,S;

T,V,X,Y, foo verre vandeglafgront M N, alffe int glasdaer af commen, i€ we-
ten Qals faempunt der voorighetrecken fchacuwen vande verfchaeulicke bo-
ven A ¢n I: En R faempunt der voorighetrocken fchaeuwen vande verfchaeu-
licke boven B en K, en foo ofrdentlick voort met d’andér. .

TBEGHEERDE. Wymocten bewijfen dat die feven verfcheyden facm.
punten al even hooch boven deglafgront fijn.” TBEREY TSEL. Laet ghe-
trocken worden vande facmpunter Q en R , twee linien rechthouckich op dé
glafgrondt,welcke fijn Q M,R N. Macrwant die fijn inde felve vloerdaer de
ghegeven grontteyckening inis, en nochtans eygentlick behooren te wefen int
glas rechthouckich op de vloer boven den glafgront M N, foo lact onsdeur t'ge-
dacht nemen datter op M N fulcken glas tact, en dat de Jinicn Q M, R N, op-
waert ghekeert worden dracyende op de punten M, N tot datfe fijir rechthoue-
kich opde vioerint glas. ‘ i

TBEWYS.

.. Anghefien Q faempunt isder evewijdeghen boven A en I;ftaende mette lini

QMrechthouckich opde vioer deurt’bereytfel , en dat deur het 3 voorficl het
facmpunt Q foo hooch is boven de vioer als het oogh boven de voet O, t'weick
foo veel isals O P, foo moet QM even fijn an O P. En met derghelijcke re-
denen falmen bethoonen R Noockeven te fijnan O P, waer deur oock Q M
en R Neven fijn,en vervolghens detwee fagmpunten Qen R fijneven hooch
boven devloer : S'ghelijck fal oock bethoont wworden vanal d’ander facimpun-
ten. TBESLVYT. Wefende dan verfcheyden partien van verfchaeulicke
evewijdeghe liniendie mette vioer oock evewijdich fijn., maer mettet glas on-
evewijdich,en d’ecn partie der evewijdeghen onevewijdich van dander: Haer
wverfcheyden facmpunten fijn al even hooch boven de glafgront,twelckwy be-
wijlen moeften, :

' WERCKSTICK. S VOORSTEL.  Probiema

Wefende ghegeven een verfchaeulick puntinde vloer,
tglas rechthouckichopdevloer, de voct, en de fiender-
1ijn:Sijn {chacu tevinden.

1' Voorbeels met wifconstighe vyercking. 'M;rbma
. TGHEGHEVEN. Laet A een verfchaculick punt fijn inde vloet, B C de el
glafgront,diens glas op de vloer rechthouckich bedocht wort, D de voet, waer

opwy,




833

lines, but one group non-parallel to the other: the first group of twelve lines,
to wit six of the large curtain A, with the six of the flank I, which are parallel
to the lines of A, because it is a part of a regular octagon. The second group of
twelve lines, to wit six of the flank B and six of the large curtain K. The third
group of six lines parallel to C. The fourth of six lines parallel to D. The fifth
of twelve lines parallel to E and F. The sixth of six lines parallel to G. The
seventh of six lines parallel to H. As to the six parallel lines of the large curtain,
which are parallel to the glass MN, their produced images do not have any
meeting point, by the 2nd proposition. Above all the aforesaid lines the object -
lines are imagined equal and parallel to them, but each as high above the floor
as the vertical plan L indicates, so that there are seven such groups of lines, which
in the glass that is imagined at right angles to the floor through MN have seven
various meeting points, which are here denoted on the floor by O, R, §, T, V, X,
Y, as far from the glass base MN as they are therefrom in the, glass, to wit Q as
meeting point of the produced images of the object lines that are above A and I;
and R the meeting point of the produced images of the object lines that are
above B and K, and thus regularly on with the others.

WHAT IS REQUIRED. We have to prove that those seven various meeting
points are all equally high above the glass base. PRELIMINARY. Let there be drawn.
from the meeting points Q and R two lines at right angles to the glass base, which
are OM, RN. But because these are in the same floor in which the given ground-
plan is situated, and yet should really be in the glass at right angles to the floor above
the glass base MN, let us imagine that such a glass stands on MN, and that the
lines OM, RN are turned up, revolving about the points M, N until they are at
rnght angles to the floor in the glass.

PROOF

Since Q is the meeting point of the parallel lines above A and I, with the line
OM at night angles to the floor by the preliminary, and since by the 3rd pro-
position the meeting point Q is as high above the floor as the eye above the foot
0, which is as much as OP, QM must be equal to OP. And with similar reasons
it can be proved that RN is also equal ‘to OP, in consequence of which QM and
RN are also equal, and consequently the two meeting points Q and R are equally
high above the floor. The same can also be proved for all the other meeting
points. CONCLUSION. Hence, if there are various groups of parallel lines, which
are also parallel to the floor, but non-parallel to the glass, while one group of
the parallel lines is non-parallel to the other, their various meeting points are all
equally high above the glass base; which we had to prove.

1st PROBLEM 5th PROPOSITION

Given a point in the floor, the glass at right angles to the floor, the foot, and
the observer’s line: to find its image.

15t Example, with Mathematical Operation

SUPPOSITION. Let A be a point in the floor, BC the glass base, whose glass is
imagined to be at right angles to the floor, D the foot, on which we imagine an
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_ opwy deurt’ghedachtnemen een fienderlijn te ftacn ; even ande fiendermaet:
D, rechthouckichopde vloer. TBEGHEERDE. Wy mocten defchaeu
des verfchaeulick punts A vinden. _

TWERCK

Ten eerften treck ick vande voet D totinde glafgront BC, de vloerlijn DF
foot valt, uyrghenomen dat by aldien de felve viocrlijn voortghetrocken wiers
de, nict en firecke deur 'ghegheven verfchaculick punt A,waerafde reden hier
na verclaert fal worden. . ’

Ten tweeden vant vloetlijnracckfcl F,de fiendermaet FG rechthouckich op
deglafgrondt B C,en even ande fiendermaet D E. . ‘

Ten derden, vant ghegheven verfchaculick punt A, de lini A H,evewijdeghe -
mette vioerlijn DF, fnyende de glafgront BC in H, alshaer eerfte fne.

“Ten vierden, de lini G H, welckeick hier en int volghende facmlijn noem,
om datfeint werck der verfchacuwing daermen evewijdeghen verfchacut als
faemlijnis,diens facmpunt G en in haer hebbendede fchaeuvan AH.

Ten vijfden,delini vant verfchaeulickpunt A totte voet D, fhyende de glafs -
gront B Cinlalstweede fne. .

Ten feften, vandetweede fn¢1,een lini rechthouckichop de glafgront BC,

tot datfe de faemlijn G Hontmoet,t'welck fyin K. '

g A g
I
F # F
B S
X
i .
.
E

Ditfoo fijnde,ick fegh t'punt K de begheerde fchaeu te wefen des verfchaeye
lickpunts A, twelckmen aldus verftaen fal: Genomen dattet platdaer defchae
Kin isalsintglas,denrt'ghedacht fcheydelick fy vande vloes,endracyende op de
glafgront B € alsas;rechthouckich gheftelt worde op de vioer, dat oock gelijcx
overeynde gheftelt worde rechthouckich op de felve vloet delini E D, blijvena
deCpunt D vaft,en commende E inde locht als cogh: T'welck foo wefende, ick
fegh datal{dar het oogh E, ' punt K,en t'verfchaculickpunt A , alledri¢in cen
zechte lini fijn,en dacrom K {chacu van A.. S '

TBEREYTSEL VAN TBEwY s.. Wantde bovefchreven fcheydingdes, .
" glasvande vioerdeur tghedacht , duyfter mocht vallen , wyfullen dic dadelick =

{cheyden als volght: Lact detwee voorgacnde formen hicrandermael verteyc--
kent worden, doch alfoodaimen deur t'behulp van dobbel papier, de teycke-
ning dic heur verftaetint glas te moeten commen, fcheyden mach vande ‘teyc-

‘kening
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observer’s line equai to the observer's measure DE, at right angles to the floor.
WHAT IS REQUIRED. We have to find the image of the point 4.

PROCEDURE

In the first place I draw from the foot D to the glass base BC the floor line
DF, in any way, except that if the said floor line were produced, it should not
pass through the given point A, the reason of which will be explained hereinafter.

Secondly I draw from the floor-line glass point F the observer’s measure FG, at
right angles to the glass base BC and equal to the observer’s measute DE.

Thirdly, from the given point A the line AH, parallel to the floor line DF,
intersecting the glass base BC in H, as its first intersection.

Fourthly, the line GH, which I call, here and in the sequel, meeting line,
because it serves as meeting line in the operation of perspective where parallel
lines are projected, their meeting point G, and having in it the image of AH.

Fifthly, the line from the point A to the foot D, intersecting the glass base BC
in I, as second intersection.

Sixthly, from the second intersection I a line at right angles to the glass base BC
until it meets the meeting line GH, which shall be in K.

This being so, I say that the point K is the required image of the point A,
which is to be understood as follows. Let us assume that the plane in which
the image K is situated, as the glass, be in thought separable from the floor and,
revolving about the glass base BC as axis, be placed at right angles to the floor;
that there be likewise placed erect, at right angles to the said floor, the line ED,
the point D remaining fixed, and E coming in the air as eye. This being so, I say
that then the eye E, the point K, and the point A are all three in a straight line,
and therefore K is the image of A.

PRELIMINARY TO THE PROOF. Because the above-mentioned separation in
thought of the glass from the floor might seem obscure, we. shall separate them
in actual fact, as follows: Let the two preceding figures be drawn here once
again, but in such a way that by means of double paper it is possible to separate
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keninginde vloer, datmen oock deghegheven fiendermaet D E inde vioerals
fienderlijn overeynde mach ftellen draeyende 'glas op den glafgrondt BCals
as,en de fienderlijn op de voet D, om alfoo t'glas en de fiendetlijn beyde recht-
houckich op de vioer te connen ftellen,welcke ick hier neem dadelickalfoo ge*
frele te fijn, :

A 4

TBEWYS.

Anghefien t'glas daer Kin is, en de ficnderlijn D E, detir t'beieytfel nia bey-
de rechthouckich op de vioer ftacn ; foo fegh ick datde rechte linivantoogh E
deurt'glas tortet verfchaeulickpunt A, t'felve glas deurboortin K;als fehaet van
A, twelckaldusbethoont wort : T'verdocht firacl van E tot G iscvewijdich
met D F,en D Fevewijdich met H A deur twercx derdelide, wier deur EG eve-
wijdegheismetH A , en dacrom is G facinpunt der voorighetrocken fchacu
vande verfchaetlicke H A deur het 3 voorftel waet deur de fchaeu van H A inde
facmlijn G H moet fijn,en daerom isoock de fchacu van A in HG: Sy is oock
int oneyndelick plat fireckendedeur AE D2 Maer t'felve plat fnijt HG inK,
dacrom K isdefchaeuvan A, ' '

MERCKT,

Intwercx eerfte lidt is ghefeyt dat de voortghetrocken vloeslijn D F, nict
ftrecken en moet deur 'ghegheven punt A: De reden isdatimen anders docn-
de,foo foude int derde lidt het vioerlijnracckfel F, en d'eerfte glafgtontfne H, al-
tijtin een felve punt vallen, mettet welcke men openbacrlick tot gheen befluyt
en gheraeckt: Wacr uytnoch ditvolght: Wanneermen de vioerlijn D Ffoo
trecke, dauet vioerlijnracekfel feer na valt by d'eerfte glafgrontfne H, her dade.
lickwerck en heeft de mecfte fekerheyt niet,hoe wel dattet in * wifconftich an-
fienal een felveis. '

ticd confiles

Ta1101C,

Cortheyt opt vyerck.

Sooder inde vloer wareh twee of meer ghegheven verfchatulicke punten
gheljck A, vallende altfamen in een rechte lini, men mach cottheytshalven de
lini als A H cerft deur die twee of mecr punten trecken, en de vicetlijnals DF,
dacrme evewijdich , opdat detweelinienals A H, GH, in elck verfchaeulick
punts vinding der fchacu de felve blijvens

2 Veoor-
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the drawing that is to come in the glass from the drawing in the floor, and that it
is also possible to place the given observer's measure DE erect in the floor as
observer's line, the glass revolving about the glass base BC as axis and the ob-
server’s line about the foot D, in order that the glass and the observer’s line may
thus both be placed at right angles to the floor, which I here take to be so placed
in actual fact.

PROOF

Since the glass in which K lies and the observer’s line DE by the preliminary
are now both at right angles to the floor, I say that the straight line from the
eye E through the glass to the point A pierces the said glass in K, as the image
of A, which is proved as follows: The imagined ray from E to G is’ parallel to
DF, and DF is parallel to HA by the third section of the procedure, in conse-
quence of which EG is parallel to HA, and therefore G is the meeting point of
the produced image of the line HA by the 3rd proposition, in consequence of
which the image of HA must be in the meeting line GH, and therefore the image
-of A is also in HG. It is also in the infinite plane passing through AED. But the
said plane intersects HG in K, therefore K is the image of A.

NOTE

In the first section of the procedure it has been said that the floor line DF
produced should not pass through the given point A. The reason is that, if we
did otherwise, in the third section the floor-line glass point F and the first inter-
section H with the glass base would always fall in the same point, by which
means we clearly do not reach any conclusion. From which also follows this:
when the floor line DF is so drawn that the floor-line glass point falls very close
to the first intersection H with the glass base, the practical procedure does not
have the maximum of certainty, although mathematically considered it is all one.

Abridgement of the Procedure

If there are in the floor two ot more given points like 4, all falling in a straight
line, one can for brevity's sake draw the line as AH first through those two or
more points, and the floor line as DF parallel thereto, in order that the two lines
as AH, GH may remain the same in the finding of the image of any point.
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Mecharici . 2 Voorbeelt * tuychuyerchelick.

sperasiont,

d ‘Wanneermen de fchaeu van een vérfchaeulick punt , niet en teyckent i incen
befonder platals glas,macr inde vioer felf,ghelijck hier vooren-om t'bewijs wil-

Maihema- le* wifconftelick gedaen is, en datter veel punten te verfchaenwen waren, haer

tie,  I{chacuwen fouden mette verfchaculicke punten ; en anderlinien der wercking
feer verduyftert worden : Om t'welck te voorcomen, wy fullen nu verclaren
hoemen inde dadelicke vcrfchacuwmgdxc fchaeu tcyckcnt op cen befonder plat

. alsglas. - TGHEGHEVEN. - Laet tot defen eynde A andermacl cen ver-

fchaeulick punt fijninde vloer,BC de glafgrondt, diens glasopde vlocr recht-
houckich bedocht wort, D de voet,waer op wy deur t'gedacht nemen cen fien- -
detlijn te ftacn, even ande fiendermact D E, welcke fienderlij jn ghelijck U’ las
oock rechthouckichopdevioeris. TBEG HEERDE. Wy mocten de (chaca
despunts A vinden.

TBEREYTSEL VANT TVYCHWERCKELICK WERCK. Icktrcck
vandc voet D, tot inde glafgront B C, de vloerlijn D F foot valt, uyrghenomen
dat byaldien de felve vloerlijn voongetrocken wicrde, niet en ftrecke deur t'ge-
gheven ver{chaculick punt A , en verlang de felve vloerlijn op beyden fijden
verre ghenouch , om daer opde volghende wvercking te connendoen. Daer na

Homologum, treck ick op cen ander plat int welck alsglasick de fchaeu begheer,de verborgen
1ini G Halsglafgront,daer in teyckenende t'punt I,als ¥li ;ckﬂandxch met Fdacr
nadevetborghen lini 1 K rechthouckich op de glafgront G 1, en alfoo datde
felve I K als fiendermaet int glas , even fy ande ghegheven hcndcrmact DE
Dacr pa fy de filve fiendermact [ K verre ghenouch voortghetrocken.

LT T P PP s Yoo

B
Dit bereytfel aldus eensgheftelt fijnde,wy fullen nu verclaren deur ditghe-
gheven verfchaeulick punt A inde vloer,hoe de fchacuwen vanalle ghegheven
verfchaeulicke punten inde vloer, gheteycként worden int glas, endatdeur fes

Articulos.. #leden.

Het tuychoverckelick vwerck.

‘Ten cerflen ftel ick d'cen voet des paflers int ghegheven \erfchaeuhck punt
A,dander inde vexlnngdc vicerlijn DF, alfoo datde vexdochte rechté lini van
d'een
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2nd Example, by Mechanical Operation

When the image of a point is not drawn in a special plane as glass, but in the
floor itself, as has been done mathematically above for the sake of the proof, and
when there are many points that have to be drawn in perspective, their images
would be greatly obscured by the points and other lines of the operation. In
order to prevent this, we shall now explain how in practical perspective that
image is drawn on a special plane as glass. SUPPOSITION. To this end let A
again be a point in the floor, BC the glass base, whose glass is imagined at right
angles to the floor, D the foot, on which we imagine an observer's line, equal
to the observer’s measure DE, which observer’s line, like the glass, is also at right
angles to the floor. WHAT IS REQUIRED. We have to find the image of the
point A.

PRELIMINARY TO THE MECHANICAL PROCEDURE. I draw from
the foot D to the glass base BC the floor line DF, in any way, except that, if the
said floor line is produced, it should not pass through the given point A, and I
produce the said floor line at either end far enough to enablé the following oper-
ation to be applied to it. Thereupon I draw in another plane, in which as glass
I require the image to be, the hidden line GH as glass base, marking therein the
point I as homologous to F, thereafter the hidden line IK at right angles to the
glass base GI, and in such a way that the said IK, as observer’s measure in the
glass, be equal to the given observer's measure DE. Thereupon let the said ob-
server’s measure JK be produced far enough.

This preliminary having thus been given, we shall now set forth by means
of this given point A4 in the floor how the images of all given points in the floor
are drawn in the glass, such in six sections.

Mechanical Procedure

In the first place I put one leg of the compasses in the given point A, the other
in the floor line DF produced, in such a way that the imagined straight line from
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dreen voet des pafferstot d'andet, uyter oogh ten naéften by rechthouckich
comt op de felve vérlangde vioetlijn D Fen blijvende dart dien voer op A onbe-
weeghlick, men befchrijft metd'ander een verborghen booghsken, t'welck ge-
rakende die verlangde vioerlijn D F fonderfnyen , ick heb op den paffer de be-
gheerde langde. o )

Ten tweeden de paffér foo wijt open blijvende ,ick ftel d'een voet inde ver-
langde vioetlijn D'F,d’ander inde glafgront B C en alfoodat delini tuflchen die
~ twee voeten des paflers, weerom uyter oogh rechihouckich comme op de ver-

- ‘langde viloerlijn D F,dat verfouckende met ¢en verborghcen booghsken alfvoo-
zen,cn d'ander voct valt dan by voorbeelt an Lals eerfte fue,

Ten derden neen ick mette paffer de Jangde vant vioetlifnracckiel F tot d'eer-
fte fne L,en breng die van des glas vioerlijaracekfel |, na G indeglafgront,welc-
ke valt ncem ick tat M;als cerfte fne. ,

Ten vierden treck ick de verborghen faemlijn vant fZempunt K, tot d’ecrfte
fne M.

Ten vijfdeh Jegh ick cen rechte reghel op de voet D, en t'verfchaeulickpunt
A,weclcke séghel fnyende deglalgront B Cin N als tweede fne,neem dan metté
pafler de langde vande felve iwiede fne N, tottet vioerlipnraeck el F.

Ten feften ftel ick dan d’een voet des paffers inde verlangde (iendermact 1K,
d’andet indefaemlijn K M, maer alfoo dat de bedochte lijn tflchen de twee
voeten des paflers, uyter oogh rechthouckich valle op deverlangde fiender-
‘maetl K, my verfekerende mette befchrijven een verborghen boochsken inde
verlangde 1 K, als int eerfte lidt, end’ander voer valt dan inde faemlijn K M;an,
neem ick, O,voor begheerde fchacu. Waeraf cbewijs deur vvoorgacnde bewijs
des 1voorbeeltsopenbaeris. TBESLYYT. Wefende dani ghegheven cen
verfchaeulickprint inde vloer, t'glas rechthouckich op de vloer,de voet, en ficne
deilijn,wy hebben de fchaéu ghevonden,nadeneyich,

2 WERCKSTVCK 6 VOORSTEL.

Wefende ghegheven een verfchaculickpunt boven de
vloerindelocht, vglas rechthouckichopdevloer,devoet,
enficnderlijn:Sijn{chaeu te vinden.

1 Voorbeelt met vvifeonstighe vvercking. Mahoma-
> m{ operae
ToneGHEVEN. Lact Accnpuntfijoinde vloer, waer ap verdocht wort ra#re.
cen rechtelini te flaecneven an B C ; en rechthouckich op defelve, waerafhet
opperfte puntisvverfchaculickpunt boven de vioetinde locht: Voort fy D Ede
gla@ront, diensglasop devloet rechthouckich bedochtwort , Fde voet, waer
opwydeur Ughedacht nemen ecn fienderlijn te ftaen, even ande- fiendermaet
¥ G, rechthouckichopde vioer, TBEGHEERDE. WY -moeten de fchacu
des verfchaeulickpunis vinden, dats van ' uyterfteder lini op Ajevenan B C,en
rechthouckichop de vloer,

C TvVVERCE.
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one leg of the compasses to the other comes, to the eye, approximately at right
angles to the said floor line DF produced, and while this leg then remains motion-
less in A, with the other a hidden arc is described, and this meeting the floor line
DF produced without intersecting it, I have the required length between the com-
passes. -

Secondly, with the compasses remaining open at the same width, I put one leg
in the floor line DF produced, the other in the glass base-BC, and in such a way
that the line between those two-legs of the compasses again comes, to the eye, at
right angles to the floor line DF produced, testing this with a hidden arc as before;
then the other leg will, for example, fall in L, as first intersection. -

Thirdly I take between the compasses the length from the floor-line glass point
F to the first intersection L and transfer it from the floor-line glass point I to G
in the glass base, which I assume to fall as far as M, as first intersection.

Fourthly I draw the hidden meetmg line from the meeting point K to the first
intersection M.

Fifthly I put a straight ruler on the foot D and the point A, and this ruler
intersecting the glass base BC in N as second intersection, I then take between
the compasses the length from the said second intersection N to the floor-line
glass point F.

Sixthly I then put one leg of the compasses in the observer's measure IK pro-
duced, the other in the meeting line KM, but: in such a way that the imagined
line between the two legs of the compasses shall fall, to the eye, at right angles
to the observer’s measure IK produced, testing this by describing a hidden arc
on IK produced, as in the first section; the other leg then coincides with the
meeting line KM; I assume: as far as O for the required image. The proof of
which is clear from the foregoing proof of the 1st example. CONCLUSION.
Hence, given a point in the floor, the glass at right angles to the floor, the foot,
and the observer’s line; we have-found the image, as required.

2nd PROBLEM 6th PROPOSITION

Given a point above the floor in the air, the glass at right angles to the floor,
the foot, and the observer’s line: to find its image.

15t Example, by Mathematical Operation

SUPPOSITION. Let A be a point in the floor, on which is imagined a straight
- line equal to BC and at right angles thereto, the uppermost: point of which is-
the object point above the floor in the air. Further let DE be the glass base,
whose glass is imagined to be at right angles to the floor, F the foot, on which
we imagine an observer’s line, equal to the observer’s measure FG, at right angles
to the floor. WHAT IS REQUIRED. We have to find the image of the point, i.e.
of the extremity of the line on A, equal to BC, and at right angles to the floor.
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-8 . Y 4

G ' - @
TWERCK.

" Ten eerften treck ick vande voet Ftotinde glafgront DE, devloerlijn FH
foor valt,uytghenomen dat by aldien defelve vloerlijn v oonghcuockcn wicr.
de, nieten flieckedeur tghegheven punt A, om dercdenen int 5 voorficl vere
claert,

Ten wweeden , vant vioerlijnracckfel H, de fiendermaet H I, rechthouckich
opdeglafgrondt DE ,en cven ande fiendermaet F G, fulcxdat 1 isfaem: ‘punt.

Ten:derden xamghcghucn puntA,delini AK, evewijdeghe mete vioer-
lijn HF, fuyende deglafgront D Ein K alsecrfte fie.

“Ten vierden, KL evenande: gheghcx cn B C, en rechihouckich op de glal
grondt DE,

Ten vijfden,de facmhm IL.

Ten feften,de lini vant gh cghe\ €n pum A;totte voet F, mjende deglafgront

. D Ein Mjalsiweede fnc.
-Ten f'cvcnden vande tweede fne M, een lini rtchlhouckichop de glafgrone
: D E, totdaife de. faemll,n iIL ommoct twelck fy in N. :
Dlt foo fijnde;ick fegh-Nde beghccrdc fchacutc wefen des ghegheven ver..
: fchacul:ckpums, t'welckmen aldus verftacn fal; Ghenomen dattet plat daer de
fchacu Nin is;alsint glas,deur t'gedacht theydelick fy vandevleét,en dracyen-
deopde glafgtont D Eals as, rechthouckich geftelt worde op de vioer, dat oock
fghelijex ovucyndc ghefielt wordc rechthouckichop de felve vioer, de liniEG,
blijvende ’punt F valt,en commende G inde locht als oogh : Dacr- na opt pusit

A.eenlinicvenanB C ,me rechthouckich op de vioer,fulcx dattet opperfte van
dien tverichaculick punt bediet. T'welck foo wefende, ick fegh dar alfdan het
00gh G, U’punt N, en dat vetfchaculickpunt, alle dric in cen rechte lini Gjn, en
dacromNdcbcgheerdc fchaeu, TBEREYTSEL VAN TBEwWYS. Want
de bovefchreven fcheyding des glas vande vloer deur t’ghedacht duyfter moche

vallen,
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PROCEDURE

In the first place I draw from the foot F to the glass base DE the floor line
. FH, in any way, except that, if the said floor line were produced, it should not
pass through the given point A, for the reasons advanced in the Sth proposition.

Secondly I draw from the floor-line glass point H the observer's measure HI,
at right angles to the glass base DE and equal to the observer's measure FG, in
such a way that I is the meeting point.

Thirdly, from the given point A the line AK, parallel to the floor line HF,
intersecting the glass base DE in K, as the first intersection.

Fourthly, KL equal to the given line BC and at right angles to the glass
base DE. ,

Fifthly, the meeting line. IL. :

Sixthly, the line from the given point A to the foot F, intersecting the glass
base DE in M, as the second intersection.

Seventhly, from the second intersection M a line at right angles to the glass
base DE until it meets the meeting line IL, which shall be in N.

This being so, I say that N is the required image of the given point, which
is to be understood as follows: Let us assume that the plane in which the image N
is situated, as the glass, be in thought separable from the floor and, revolving
about the glass base DE as axis, be placed at right angles to the floor, that there
be also in the same way placed erect, at right angles to the said. floor, the line
FG, the point F remaining fixed and G coming in the air as eye; upon this, in the
point A a line equal to BC, also at right angles to the floor, in such a way that the
uppermost point thereof designates the object point. This being so,” I say that
then the eye G, the point N, and that object point are all three in a straight
line, and therefore N is the required image. PRELIMINARY TO THE PROOF.

Because the above-mentioned separation in thought of the glass from the floor
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** vallen,wy fullen dic dadelick fcheyden als volght:Laet de twee voorgdende fot-.

men hierandermacl verteyckent worden , doch alfoo " datmen deur t'behulp

«:: - van'dobbel papier, de teyckening die heur verftaet int glas te mocten commen,

fcheyden mach vande teyckening inde vloer, datmen oock de ghegheven fien

. dermact F G, inde vloer,overeynde mach ftellen als fienderlijn,en fghelijex een -

liniop A,even an BC,als A O, draeyende t'glas op deglafgrondt DEals as, en

i defiendetlijn FG opdevoet F; en A O opt punt A,om alfoo t'glas,fienderlijn,

enlijn AO, rechthouckich op devloer te connen ftellen, welcke ick hier neem.

<. dadelick alfoogheftelt te fijn. .

"TBEWYS.

Angheficn 'glasdder N in is,de fienderliin F G, en de lini A O, deut rbe-
xeytfel nu alledrie rechthouckich op de vloer ftaen, foo feghick dat de rechre
lini vant oogh G, deur t'glas tottet verfchaculick punt O , tfelve glasdeurboort
in N, alsfchaeu van O, t'welckaldus bethoont wort : T'verdocht ftracl van G
tot Liscvewijdich met FH,en FH evewijdich tiiet A K deur t'wercx derde lide,
en A Kmetie verdochte O'L, waerdeur G I mette verdochte O L evewi jdich
is, endaetom is I faempunt der voortghetrocken fchacu vande verfchaeulicke

"L Odeurhet 3 voorftel, waerdeut defchaeu van L Oinde facmlijn 1 L moet
fijn, en daerom is cock de fchacu van OinI L : Syisoock int oneyndelick plat
ftreckende deur A FG, maer t'felve platfnijt 1Lin N, dacror N is de chaeu
van O,

Cortheyt opt vwerch.

Sooder inde vioer waren twee of meer ghegheven punten ghelijck A, val-
lendealtfamen in cen rechtelini, men mach cortheyishalven de linials AK,
-ecrft deur die twee of meer punteii trecken’, en de vioerlijn als FHdacr me eves
wijdich, opdatd'ander linien als K E,al vallen indc felve K L , of in haer vet.
Jangde. ’ '
2 Voorbeelt met * tuychuverckelicke werckiizg‘ Mechanicd
operatione.
. Om alfulcke redenen als int 5 voorftel befchieven is een 2 voorbeelt met

tuychwerckelicke wercking , foo wort hier cen derghelijcke tweede voorbeelt
, Ca gheflelt
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might seem obscuse, we shall separate them in actual fact, as follows: Let the two-
foregoing figures be drawn here once again, but in such a way that by means
of double paper it is possible to separate the drawing that is to come in the glass
from the drawing in the floor, and that it is also possible to place the given ob-
server’s measure FG erect on the floor as observer’s line, and likewise a line on A
equal to BC, as AO, the glass revolving about the glass base DE as axis, and the
observer's line FG about the foot F, and AQ about the point A, in order that
the glass, the observer’s line, and the line A0 may thus be placed at right angles
to the floor, which I here assume to be so placed in actual fact.

PROOF

Since the glass in which N is situated, the observer’s line FG, and the line AO,
by the preliminary, are now all thrée at right angles to the floor, I say that the
straight line from the eye G through the glass to the object point O pierces the
said glass in N, as image of O, which is proved as follows: The imagined ray
from G to I is-parallel to FH, and FH parallel to AK by the third section of the
procedure, and AK to the imagined line OL, in consequence of which GI is
parallel to the imagined line OL, and therefore I is the meeting point of the
produced image of the line LO by the 3rd proposition, in consequence of which
the image of LO must be in the meeting line IL, and therefore the image of O
is also in IL. It is also in the infinite plane passing through AFG, but the said
plane intersects IL in N, therefore N is the image of O.

Abridgement of the Procedure

If there be in the floor two or more given points like 4, all falling in a steaight
line, the line as AK may for brevity’s sake first be drawn through those two or
more points, and the floor line as FH parallel thereto, in order that the other
lines as KL may all fall in the said line KL, or in KL produced.

2nd Example, by Mechanical Operation

For the same reasons for which in the Sth proposition a 2nd example by me-
chanical operation has been described, a similar second example is here given.
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gheftelt. TGHEGHEVEN. Lact A-andermael cen punt fijn inde vioer,
waer op verdocht wort een rechte lini t€ facneven an BC, en rechthouckich
op de felve vloer , waer af het opperfte punt, is tverfchaeulickpunt boven de
. vloerinde locht,voort fy D E deglafgront,diens glas op de vloer rechthouckich
bedocht wort, F de voet , waer op wy deur t'ghedacht nemen ecn fienderlijn te
- ftaen,evenande fiendermact F G rechthouckich opde vloer. . .
TBEGHEERDE Wymoetende [chacu des verfchaeulickpunts vinden,
datst'uyterfte puntder liniop A,evenan B C, en rechthouckich op de vloer.
TBEREYTSEL VANT TVYCHWERCKELICK WERCK. Hocwel
dit bereytfcl £ eencmaclis ghelijck rbereytfel vant tuychwerckelick werck des
s voorftels, nochtans om datter wat verfchevdenheyt inde beteyckenende let-
ters valt, en dattetdaer beneven dient om inde dadelicke verfchacuwing na te
volghen, foo fullen wijrmeerder clactheyis en gheriefshalven, andermael int
langhe befchrijvenals volght: Ick treck vande voci F, totinde glafgrondt D E,
de vloetlijn FH foot valt, uyrghenomen dat by aldicn de felve vioerlijn voort-
ghetrocken wierde, niet en ftrecke deur f'ghegheven punt A, en verlang de felve
vloerlijn op beyden fijden verre ghenouch, om dacr op de volgende wercking
teconnendocn : Dacr na treck ick op een ander plat intwelckalsglasick de
_fchacu begheer, de verborghen lini I K alsglafgront, daer in teyckenende Cpunt
Homologam. L als * lijckitandich met H, daer nade verborghen lini L M, rechthouckich op
deglafgront I K, en alfoo dat de felve L Mals fiendermaetint glas even fy ande
ghegheven fiendermaetF G : Daer na fy defelve fiendermaet L M verre ghe-
nouch voorighetrocken. '

DB X

Q@

_ Ditbereytfelaldus cens ghefielt fijnde , wy fullen nu verclaren deur dit ghe-
gheven verichaeulick punt boven de vloer indelocht , hoe de fchacuwen van
alle ghegheven verfchaculicke punten boven de vioerinde locht, gheteyckent
worden intglas,en datdeur feven leden,

Mechavic Her tuychuverckelickvverck.

operatio. e - e . v
_Ten cerften fiel ick d'een voet des paffers init ghegheven punt A, d’ander in-
-deverlangde vieerlijn FH, alfoo dat de verdochte rechte lini van d’cen voetdes
: paffers
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SUPPOSITION. Let A again be a point in the floor on which a straight line is
imagined, equal to BC and at right angles to the said floor, the uppermost point
of which is the point above the floor in the air; further let DE be the glass base;
whose glass is imagined to be at right angles to the floor, F the foot, on which we
imagine an observer's line, equal to the observer's measure FG, at right angles to
the floor.

WHAT IS REQUIRED. We have to find the image of the point, .e. the ex-
tremity of the line on A, equal to BC and at right angles to the floor.

PRELIMINARY TO THE MECHANICAL PROCEDURE. Although this
preliminary is altogether similar to the preliminary to the mechanical procedure
of the Sth proposition, yet, because there is some difference in the reference
letters and because in addition it serves for imitation in practical perspective, we
shall again describe it at length for the sake of greater clarity and convenience,
as follows: I draw from the foot F. to the glass base DE the floor line FH, in
any way, except that if the said floor line were produced, it should not pass
through the given point A, and I produce the said floor line at either end far
enough to enable the following operation to be applied thereto: Thereupon I
draw in another plane, in which as glass I require the image, the hidden line IK
as glass base, marking therein the point L as homologous to H, thereafter the
hidden line LM, at right angles to the glass base IK, and in such a way that the
said line LM as observer’s measure in the glass be equal to the given observer’s
measure FG. Thereafter let the said observer's measure LM be produced far
enough.

This preliminary having thus been given, we shall now set forth by means
of this given point above the floor in the air how the images of all given points
above the floor in the air are drawn in the glass, such in seven sections.

Mechanical Procedure

In the first place I put one leg of the compasses in the given point A, the
other in the produced floor line FH, in such a way that the imagined straight
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paflerstotdander  uyter cogh ten naeften by rechthouckichcomt opde felve
-verlangde vioerlijn F H,en blijvendedan d'cen voet op A onbeweeghlick,incn
befchrijft met d'ander een verborghen ‘booghsken rwelck gherakende de vet-
langde vloerlijn F H fonder fnyen, ick heb op den paffer de begheerde langde.
. Tentweeden de paffer foo wijt open blijvende,, ick ftel d'cen voet inde ver-
langde vicerlijn ¥ H,dander indeglafgront D E, en alfoo dat de lini tufichen dé
twee voeten des pafiers weerom uyteroogh rechthouckich comme opde ver-
langde vioerlijn FH, dat verfouckende met ecen verborgen booghsken alfvoo-
ren;endander voet valt dan by voorbeclt in N als eerfte fnc. .
Tenderden neemick merte pafier de langde van t'vlcerlijnraeckfel H, tot
d'cerfte fne N, en breng die van des glas vioerlijnraeckfel L nalinde glafgront,
welcke valt neein ick tot O,als cerftefne. ) -
Ten vierden treck ick van d'eerfte fnc O,de¢ verborghen lini O P,rechthouc::
kich opde glafgront I K, en even ande ghegheven hooghde BC. .
~ Ten vijtden treck ick de verborghen faemlijn vanrfaempunt Mot P:

. Tenfeftenleghickcen rechite réghel op de voetF, cn t'ghegheven punt A,
welcke reghcl fhy¢ndede glafgrond: D E in Quals tweede fine, neem dan mette:
paflr de langde vande felve tweede fne Qstotter vioerlijnraeckfel H.

Ten fevenden flel ick dand'een voet des paffersinde verlangde (iendermacet:
L M,danderinde facmlijn M P , maer alfoo dat de bedochte lini tufichen de
twee vocten des paffers, nyter oogh rechthouckich valle op de verlangde fien=
derniaer L M, my verfekerende met te befchrijvcnj ecn verborghen booghte
kenindeverlangde L M, alsint cerfte lidt,en d'ander voet valt daninde faemlijnn
‘M P,an,neem ick R, voor begheerde fchacu, waer af tbewijs deurt'voorgaen-
de bewijsdes 1 voorbeelts van dit voorftelopenbaeris. TBESLVYT. We-.
fende dan ghegheven een verfchaculick punt boven de vloer indelocht , tglas
sechthouckich op de vloer ,; de voet , en fienderlijn, wy hebben de fchaeu ghe-
vondennadeneyfch. © -

. Tothiertoe fijn befchréven de voorfiellen van tvinden des fchacus censver-
fchaculickpunts , alwaer hiet glas rechthouckich opdeé vioerwas, maerde vol-

ghende twee voorftellen fullen dienen tottét vinden des fchaeus eens verfchacus
lickpunts, alwaerglas fcheefhouckich op de vloer fal fijn. '

5 VERTOOCH 7 VOORSTEL:
Dracyende tglas op de glafgrond als as, en de ficn=

detlijn op de voet, alfoo datfe altije * evevvijdich blijft paran

van een lini die intglas op de glafgrondt rechthouckich
is:De fchaeu eens vetfchaeulickpuntsinde vloer blijftint
glasaltijropeen felve placts. ' ) :

TGHEGHEVEN. Lactint bereytfel van tbewijs des § voorfiels » het glag
B C G,en defienderlijn D E, beydé overeynide ghettelt worden rechthouckicki
op de vloer, en alfdan fal K, de fchaen fijn des verfchaeulickpunts A jghefien
vant oogh E, ghelijck dier bewefen is: Der na fy t'glas neerwaert ghedracyt,
totdattet op de vloer cen houck maeckt even an defen houck L M N: En defge-
lijex fy oock ghedaen mette fienderlijn D E » fulex dafe evewijdich blijft met

o ) C 3 ' IK‘
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line from one leg of the compasses to the other comes, to the eye, approximately
at right angles to the said produced floor line FH, and while one leg then
remains motionless in A, with the other a hidden arc is described, and when this
meets the produced floor line FH without intersecting 'it, I have the required
length between the compasses.

Secondly, with the compasses remaining open at the same width, I put one leg
in the produced floor line FH, the other in the glass base DE, and in such a way
that the liné between the two legs of the compasses again, to the eye, comes at
right angles to the produced floor line FH, testing this by means of a hidden arc
as before, and the other leg will then, for example, fall in N, as first intersection.

Thirdly, 1 take between the compasses the length from the floor-line glass
point H to the first intersection N and transfer that from the floor-line glass
point L to I in the glass base, which I assume to. fall as far as O, as first inter-
section.

Fourthly, I draw from the first intersection O the hidden line OP, at right
angles to the glass base IK and equal to the given height BC.

Fifthly, I draw the hidden meeting line from the meeting point M to P.

Sixthly, I put a straight ruler on the foot F and the given point A,.and when
this ruler intersects the glass base DE in Q as second intersection, I then take
between the compasses the length from the said second intersection Q to the
floor-line glass point H.

Seventhly, I then put one leg of the: compasses in the produced observer’s
measure LM, the other in the meeting line MP, but in such a way that the imagined
line between the two legs of the compasses shall, to the eye, fall in the produced
observer's measure LM, testing this by describing a hidden arc in the produced
line LM, as in the first section; the other leg will then fall in the meeting line
MP, 1 assume at R as required image, the proof of which is clear from the fore-
going proof of the 1st example of this proposition. CONCLUSION. Hence,
given a point above the floor in the air, the glass at right angles to the floor,
. the foot, and the observer’s line, we have found the image, as required.

Up to this point have been described the proposmons of the finding of the
image of a point where the glass was at right angles to the floor, but the next
two propositions will serve to find the image of a point where the glass' will be
at oblique angles to the floor.

sth THEOREM 7th PROPOSITION

If the glass revolves about the glass base as axis, and the observer’s line about
the foot, in such a way that it always remains parallel to a line which is in the
glass at right angles to the glass base, the image of a point in the floor remains
always in the same place-in the glass.

SUPPOSITION In the preliminary to the proof of the Sth proposition let the
glass BCG and the observer’s line DE both be placed erect at right angles to the
floor, then K will be the image of the point A viewed by the eye E, as has
there been proved. Thereupon let the glass be revolved downwards until it
makes with the floor an angle equal to the angle LMN shown. And let the same
also be done with the observer’s line DE, in such a way that it remains parallel
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1K, datis,alsint voorftel ghefeyt wort, evewijdich met een lini dieintglas op
de glafgront rechthouckichis. TBEGHEERDE. Wymoeten bewijfen dat K
in dic lactfte ghefialt,fchacu blijft des verfchaculickpunts A , en dat inde felve
plaéts vant glas, te weten dattet ftrael vant cogh E 1ot A, ftrecken fal deur K. -
TBEREY T SEL. Om nietduyfletlickte fpreken van verdochte linien inde
locht, foo laet defe O P,beteyckenen die fienderlijn D E, alffe rechthouckich
ftaet op de vloer,dats hier rechthouckich op O Qals vloerlijn, in plaets van gin.-
ftevlcerlijn D A , en defe R S,rechthouckich op de felve vicerlijn O Q, beduy.
dedie lini I K int glas sechthouckich op die vloerlijn D A 5Voort fy defe Q in
plaets vant verfchaeulickpunt A, en P Q_fy het firacl, deurboorendetglasR'S
in S, als fchacu van Q, ghefien uyt hetoogh P. Na dces eerfte fielling {y ghe-
daen de tweede,te wetcn O P ncerwactt ghedraeyt , foo dattet oogh P ghecom.
men {y tot T,fulcx dat den houck TO Q,_ .
even isanden ghegheven houck L M N;
Voort fy ghetrocken het ftrael TQ; Daer p
na RV, evewijdeghe met O T, tor darfe
gheraeckt TQ: T'welck foo fijnde, ick
feghdeliniRV, even te vallen an RS,
waer uyt wijder fal volghen cnbethoont _ ‘
-worden, t'ghene indit voorftel bewefen @ R 2

moct fijn,
TBEWYS. N '

Tis kennelick dat ghelijck inden drie- M
houck O PQ,, delini OPtotRS,alfoo
QOot QR: Ende ghelijck inden drie- - ‘ ,
houck O T Q, delini O Ttot R V,alfoo Q O tot Q R:Sulcx dat de tweelinien
Proporsiona- O P, RS en oock de twee linien O T,R V,met twee iclfde linien * everedenich

Aes. fijn,en dacrom oock met malcander everedenich , dat is ghelijck O P tot RS,

Irveram alfo0 O Trot R V: Endeur * verkeerde overanderde reden, ghelijckO T tot -
aliernan O P, alfoo R V tot R S: Maer O T is even met O P daerom R V is oock even
rasionem- — met R S: Sulcx dat de fienderlijn O Pghedaelt tot O T, en t’glas RS oock foo -
veel dats tot R V,foo ftrecket firael T Q deur t'fclve puntdesglas, te weten V,
daer het ftracl P Qdeur ftreckte , teweten deur S, want Sen Vbedien des glas
felfde punt, overmidts R Sen R V eve lanck fijn,en vervolghensde fchacu des
verfchaculickpunts Q,¢n verandert int glas heur plaets niet: Maer Vis hier in
. fulcken ghedaente als ghinder K inde tweede gheflalt, deurt'ghegeven, daerom -
K blijft in dic tweede gheftalt fchaeudes verfchaeulick punts A, en dat inde fel-
ve plactsvantglas, - TBEsSLvVYT. Dracyendedan t’glasop de glafgrondtals - -
as,en de fienderlijn op de voet, alfoo datfealtijt evewijdich blijftvan eenlini die
int glasopdeglafgrondt rechthouckich is': De fchaeu eens verfchaeulick punts
inde vlocr, blijft int glasaltijt op cen felve placts, t'welck wy bewijfen mocfien..

VERVOLGH

- Hier boven bethoont fijnde dat wanneer t'glas en fienderlijn evewijdich -
. draeyen inder voughen al{vooren, dat alfdan het ftracl van E tot A altijtdeur K
-ftreckeydaer uyt volght dattet glas en fienderlijn ghedraeyt fijnde tot op de vloer,
fillexdat E fyghecommentot X, foo mocten dedrie punten XK A dani:c;tcn
: xechee
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to IK, i.e., as has been said in the proposition, parallel to a line which is in the
glass at right angles to the glass base. WHAT IS REQUIRED. We have to prove
that K in the latter position remains the image of the point A, such in the same place
of the glass, to wit such that the ray from the eye E to A will pass through K.

PRELIMINARY. In order not to speak obscurely of imagined lines in the air,
let this line OP designate that observer’s line DE, if it is at right angles to the
floor, i.e. here at right angles to OQ as floor line instead of yonder floor line D4,
and let this RS, at right angles to the said floor line OQ, designate that line IK
in the glass at right angles to that floor line DA. Further let this Q be instead
of the point A, and let PQ be the ray piercing the glass RS in S, as image of Q,
viewed from the eye P. After this first position let the second be taken, to wit
OP revolved downwards, so that the eye P shall have moved to T in such a
way that the angle TOQ is equal to the given angle LMN. Further let there be
drawn the ray TQ; thereafter RV, parallel to OT, until it meets TQ. This being
s0, I say that the line RV is equal to RS, from which what has to be proved in
this proposition will further follow and be proved.

PROOF

1t is obvious that as in the triangle OPQ the line OP is to RS, so is QO to OR.
And as in the triangle OTQ the line OT is to RV, so is QO to OR; in such a
way that the two lines OP, RS and also the two lines OT, RV are proportional to
two equal lines, and therefore also proportional to each other, that is: as OP is to
RS, so is OT to RV. And by taking the terms inversely and alternately: as OT
is to OP, so is RV to RS. But OT is equal to OP, therefore RV is also equal to
RS; in such a way that when the observer’s line OP descends to OT, and the
glass RS the same distance, 7.e. to RV, the ray TQ passes through the same point
of the glass, to wit V/, through which the ray PQ passed, to wit through §, be-
cause S and V' designate the same point of the glass, since RS and RV have the
same length, and consequently the image of the point Q does not change its
place in the glass. But I is here in the same position as yonder K in the second
position, by the supposition; therefore in that second position K remains the image
of the point A, such in the same place in the glass. CONCLUSION. Hence, if
the glass revolves about the glass base as axis, and the observer’s line about the
foot, in such a way that it always remains parallel to a line which is in the glass
at right angles to the glass base, the image of a point in the floor always remains
in the same place in the glass; which we had to prove.

SEQUEL

It having been proved above that when the glass and the observer’s line revolve
parallel to each other as hereinbefore, then the ray from E to A always passes
through K, it follows that when the glass and the observer's line have revolved
till they reach the floor, so that E shall have moved to X, the three points X, K, A4,
must then lie in a straight line. From which it further follows that the image K.
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techte linilegghen: Wacr uyt wijder volghtdatmen de fchaeu K foudeconnen
vinden deur wat lichter wech dan de'voorgaende wercking des s voorfiels : Te
weten fonder te trecken de tweelinien 1K, A D, maer alleenclick A X, wiens
fneinde facmlijn G H de begheerdechaeu foude wefen , doch anfiende de ghe-
mcenc reghel dieinde tuychwerckelicke wercking na d’cerfte wijfe bequacm-
licker ghevolght wort,foo fullen wydacr by blijven. '

Merckt noch datanghefien alle verfchaculick puntinde vloer,altijt in een fel-

. ve plactsdesglas blijft wanneer t'glas en fienderlijn ghelijckelick draeyen opde -
glafgrondt alsas, foo volght hieruyt,dat de fchacu van alle plaue verfchaeulicke
form inde vloer,altijt de felve blijft en in een felve placts des glas,wanncer t'glas
en fienderlijn ghelijck draeyen.

6 VERTOOCH 38 VOORSTEL
Dracyende t'glas op de glafgronde als as , en de fiens
derlijn opdevoet,mettelini vant verfchaculickpunt bo-
vende vloer totte vioer,alfodatfe altijex evevvijdich blija Paratite
venvaneen linidic int glas op de glafgrondt rechithouc-
kich is: De fchacudes verfchaeulickpunts bovendevloer,
blijftintglasaltijropeen felve plaets.

TGHEGHEVEN. Laetint bereytfel van tbewijsdes 6 vootftels, het glas
D EINL,defienderlijh EG, mette lini A O, alle dricovereynde gefielt wor-
den rechthouckich op de vioer,en alfdan fal N de fchacu fijn des verfchaeulicke
punts O, ghefien vant oogh G, ghelijck daer bewefen is. Dacr na fy hetglas
necrwaert ghedraeyt, tot dattet opde vloer een houck maeckt evenan defen
houck P Q R, endefghelijex fy ghedaen mette fienderlijn F G, cock mete Jini
A O, fulcx datfe beyde evewijdeghe blijven met MN, datis, als in dit voorftel
ghefeyt wort,evewijdich et cen linidieint glas op de glafgrondt: sechthouc-
kichis.,. TBEGHEERDE. Wymoecten bewijfen dat Nindie laefie geflalt,
fchacu blijft des verfchaculickpunts O,en dat indéfelve placts vant glas, te we-
ten dattet firael vant oogh G tot O, firecken faldewr N, TBEREY T SEL. Omt

niet duyferlick te fpreken van verdochte linien indelocht, foo laet defe ST b&
teyckencn dic fiendeslijn F G , alffc sechthouckich flactop devioer, 'da;:;:!
v <4 £~
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might be found by a somewhat easier method than the foregoing operation
of the 5th proposition. To wit, without drawing the two lines IK, AD, but
only AX, whose intersection with the meeting line GH would be the required
image, but considering the common rule which is followed more easily in the
mechanical operation-in the first manner, we shall keep to that.

Note also that since any point in the floor always remains in the same place
of the glass when the glass and the observer’s line revolve equally about the
glass base as axis, it follows that the image of any plane figure in the floor
always remains the same, and in the same place of the glass, when the glass
and the observer’s line revolve equally.

6th THEOREM 8th PROPOSITION

If the glass revolves about the glass base as axis, and the observer’s line about
the foot, with the line from the object point above the floor to the floor, such
that they always remain parallel to a line which is in the glass at right angles
to the glass base, the image of the point above the floor always remains in the
same place in the glass. - -

SUPPOSITION. In the preliminary to the proof of the 6th proposition let the
glass DEINL, the observer’s line FG, and the line AO all three be placed erect
_ at right angles to the floor, then N will be the image of the point O, viewed. by
the eye G, as has there been proved. Thereupon let the glass be revolved down-
wards until it makes with the floor an angle equal to the given angle PQR, and
let the same be done with the observer’s line FG, also with the line AO, in such
a way that both remain parallel to MN, that is, as is said in this proposition,
parallel to a line which is in the glass at right angles to the glass base. WHAT IS
REQUIRED. We have to prove that in the last position N remains the image of the
point O, such in the same place of the glass, to wit that the ray from the eye G to O
will pass through N. PRELIMINARY. In order not to speak obscurely of imagined
lines in the air, let this ST designate that observer’s line FG, when it is at right
angles to the floor, that is here at right angles to TV, as floor line, instead of yonder
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rechthouckich op T V,alsvlcerlijn, in plaets van ghinfte vioerlijn F A, en defe
" W Xrechthouckich opdefelve vloerlijn TV , beduyde die lini M Nint glas
" zechthouckich op die vioerlijn F A ; Voort fydefc Y Z, in plaets vanghinfte
A O,en SV {y het ftracl,deurboorende tglas W X in X, als fchaeu van Z ghe.
fien uyt het oogh S. Na decs cerfe fielling{y ghedacn de tweede, te weten
TS neerwacrt ghedraeyt, foo dattetoogh S ghecommen fy tot 4, fulcxdat den
houcks T V,even isanden ghegheven houck P QR, voort fy ghetrocken het
ftracl 4 V, dacrna W byen'Y ¢,beyde evewijdeghe met T 4.

TBEWYS.

W b valt even an W X deur t’bewijs des 1 voorbeclts, en om de felve réderi
vale Y coock even met Y Z; Sulcx dat de fienderlijn T Sgedaclt tot T 4,en t'glas
W X cock foo veel, dats tot W b,en Y Ztor Y ¢, foo ftiecket firael van 4 tortet
verfchaenlickpunt ¢, deur vfelve puntdesglas, te weten &, dacr het firael SZ
deur ftreckee, namelickdeur X, Want X en b bedien des glas felve punt, over-
mits X W en &6 W evelanck fijn : En vetvolghens de fchacu des verfchaculicks
punts Z,en verandert int glas haer placts niet: Maer b is hicr in fulcken gedacnte
alsginder N inde tweede gheftalt,deur tghegeven, dacrom N blijft in dietwec-
de gheftalt fchaeu des verfchaeulickpunts O, en datindé felve plaets vant glas.,
. TBEsLvy T: Dracyendedantglasopdeglafgrontalsas, en de fienderlijn
op de voer mette lini vant verfchaculickpunt boven de vioer totte vioer alico
datfe altijt evewijdich blijven van een'lini die int glas op deglafgrondt rechte

- houckich is: de fchaeu des verfchaculick punts boven de vlocr, blijftintglas
altijt op een felve plaets, twelck wy bewijfen moeften. '

VERVOLGH

Hier boven bethoont fijade dat wanneert'glas, fienderlijn, en de lini A O,
evewijdich draeyen inder voughen alfiooren,dat aifdan het firacl van G tot O
altijtdeur N ftrecke: Daer uyt volght dartet glas, fienderlijn,en de lini A O, ghe-

dracyt fijnde tot op de vloer,falcx dat G fy gecommen totd,en O tot e, fo moe-
‘tendedrie puntendNe, of GNO, dan in cen techte lini legghen , wacruyt
‘volghtdatmen de fchaeu vah N, deur ech ander manier foude connen vinden
‘dan de voorgaende wercking des 6 voorftels , aldus : Men fal trecken een lini
vant ghegheven punt A tot ¢,even an B C,en evewijdich met H I, dacrna ghe-
trocken de, haer fneinde faemlijn foude de beghecrde fchaen wefen: Doch an-
fiende de ghemeene reghel die inde tuychwerckelicke wercking na d'eerfte wij-
fe bequamelicker ghevolght wort,fao fullen wy daer by blijven.

Merckt noch datanghefien de lini vant verfchaeulick punt inde locht totte
Vloer, evewijdich moet draeyen mettet glas en fiendeslijn om de fchaeu van
dat punt tot een- felve placts desglas te fien, hicr uyt volght datfoodie lini vant
verfchaenlick punt indelocht totte vioer bleef ftacnde,als d'ander twee evewij-
delick dracyden,dattet oogh de fchaen des verfchaeulickpuiits foude fien veran-
deren van plaets, en vervolghensalle vaftftaende gheftichten cn verhevendin-
ghen op de vloer veranderen haer fchaeu intglas, ' welck de verfchaeulicke for-
meninde vlocr niet ¢n ghebeurt, als ghefeyt is in t'vervolghdes 7 voorftels.

3 WERCE~
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floor line FA, and let this WX at right angles to the said floor line TV designate
that line MN in the glass at right angles to that floor line FA. Further let this YZ
be instead of yonder A0, and let SV be the ray piercing the glass WX in X, as
image of Z, viewed from the eye S. After this first supposition let the second be
made, to wit TS resolved downwards, so that the eye § shall have moved to 4, in
such a way that the angle 4TV is equal to the given angle POR; further let there
be drawn the ray 4V, thereafter Wb and Y, both parallel to T

PROOF

Wb is equal to WX by the proof of the 1st example, and for the same reason
Y is-also equal to YZ, so that when the observer’s line T'S has descended to T,
and the glass WX the same distance, i.e. to Wb, and YZ to Y¢, the ray from 4
to the point ¢ passes through the same point of the glass, to wit 4, through which
passed the ray SZ, namely, through X, for X and 4 designate the same point of
the glass, since XW and bW are the same length. And consequently the image
of the point Z does not change its place in the glass. But & is here in the same
position as yonder N in the second position, by the supposition; therefore N
remains in that second position the image of the point O, such in the same place
of the glass.

CONCLUSION. Hence, if the glass revolves about the glass base -as axis, and
the observer’s line about the foot, with the line from the object point above the
floor to the floor, such-that they always remain parallel to a line which is in the
glass at right angles to the glass base, the image of the point above the floor.
always remains in the same place in the glass; which we had to prove.

SEQUEL

It having been proved above that when the glass, the observer’s line, and the
line AO revolve parallel to each other in the same way as before, the ray from
G to O always passes through N, it follows that if the glass, the observer’s line,
and the line A0 have revolved till they have reached the floor, so that G has
moved to 4, and O to e, the three points 4, N, e, or G, N, O must lie in a
straight line, from which it follows that the image of N might be found by a
method different from the foregoing operation of the G6th proposition, thus: Let a
line be drawn from the given point A to e, equal to BC and parallel to HI.
Thereafter, if de were drawn, its intersection with the meeting line would be the
required image. But considering the common rule, which is followed more easily in
the mechanical procedure in the first manner, we shall keep to that.

Note also that since the line from the point in the air to the floor must revolve
parallel to the glass and the observer’s line in order that the image of that point
may be seen in the same place of the glass, it follows that if that line from the
point in the air to the floor remained erect, while the other two revolved parallel
to each other, the eye would see the image of the point changing its. place, and
consequently all fixed buildings and elevated objects on the floor change their
images in the glass, which does not happen with the figures in the floor, as has
been said in the sequel to the 7th proposition. . :
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3 WERCKSTICK. | 9VOORSTEL

~ Wefende ghegheven een verfchacuhckpunt s tglas
fcheefhouckichopdevlocer, devoet, ¢n fienderlijn : Sijia
fchacu tevinden.

Wanthet vcxﬁhacuhckpum can fijninde vlocr,of dierboven, foo fullcn
wijder twee voorbeclden af bc(chn;vcn “

1 Voorbeelr metlet wrf haculickpunt inde fuloer. _

~ Te HEGHEVEN. Lact A cen verfchaculick punt.fijn inde vloer, BC. dc
glafgrondt, D de voer,daer op wy deur 'gedachtnemen een ﬁenderh;n teftacn
rechthouckich op de vicer, cin even andc fiendermaet D E, die ick hierevewij-
dich fiel met B-C, daer na op E D rechthouckich ghe(rocken fijndede lini:DE-
foolanckalft valt en daer op F Gymakendcden houck DFG, fooisden houck
der neyghingdesglasopde vlocr na A toe, even anden felven houck DE G.~ e
TBEGHEERDE. Wymoetcnde (chacu vinden des vcrﬁhaeuhck punisA..

TWERCK.

Ick treck vande fiendermaetf- ) o
oogh E, centechte linitot H, in A
D F, offoot noodich wacr in hacr 3
verldngde,en evewijdeghe met GF, o .
Dit foo fijnde ick necm nuHvoor g : R o]
voet, EH voor fiendermact, dicns '
fienderlijn rechthouckich op de
‘vloer {y; Voort neem ick dattetglas . . B - D,
dicns glafgront B C, oock comme -

. rechthouckich op,dc.vlocr:‘En met
fulck gheghevenghefocht de fchaeu
. van A,na de manicrdes 5 voorflels, G

fy wort bevonden , neem ick teval-

_len an I, welcke iick fegh de be--
ghccrdc fchacu te wefen. ‘
'. r

TBEWYS

~ Soode ghcghevcn fiendeslijn’ nieten waer even gheweeft met E D, maer
seven met H Eenrechthouckich op de vloer: Dat fihelijex het glas niet en waer
.geweelt fcheefhonckich op de vloer maer techthonckich , tis openbaer deng -
r'werck vin defen; dar alfdan I:de ware fchaeu van' A foudé ﬁ jh ¢ Maef wanneer
t'glasende ﬁenderh jn gelijckelick een felve wéch draeyen,als vande bovefchre:
ven rechthouckicheyt , op de vloer ghccommien wefende tot defe fcheefhoue- -
kicheyt, fooblijftde fchacu Laltijtop een felve plaets deur het 7 voorftel : Daers-
om het oogh der fienderlijn dicns fiendermact H E, fiet de beghcerde (chaeu an -
1: Maer dat oogh E dcr fienderlijn HE, is ghedaelt totte felve plaets des gegeven
-0oghs der fiendetlijn diens fiendermaet D E, dactom het ghcghcvcn oogh fiet
-de begheerde fchacu int glasalster placts vanL . v
‘ 3 Foer-
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3rd PROBLEM 9th PROPOSITION

Given an object point, the glass at oblique angles to the floor, the foot, and
the observer’s line: to find its image.

Because the object point may be in the floor or above it, we shall describe two
examples of it. :

15t Example, with the Object Point in the Floor

SUPPOSITION. Let A be a point in the floor, BC the glass base, D the foot,
on which we imagine an observer’s line at right angles to the floor and equal to
the observer's measure DE, which I here put parallel to BC. Thereafter, the
line DF being drawn at right angles to ED and having any length, and then
FG, making the-angle DFG, the angle of inclination of the glass on the floor
towards A is equal to the said angle DFG. WHAT IS REQUIRED. We have to
find the image of ‘the point A.

PROCEDURE

1 draw from the eye E a straight line to H, in DF, or if necessaty in DF
produced, and parallel to GF. This being so, I now take H for foot, EH for
observer’s measure, whose observer’s line shall be at right angles to the floor.
Further I assume that the glass base BC of the glass also comes at right angles
to the floor. And when with these data the image of A is sought in the manner
of the 5th proposition, I assume it is found to fall at I, which I I say is the
required image.

PROOF

If the given observer’s line had not been equal to ED, but equal to HE and at
right angles to the floor; and if also the glass had not been at oblique angles
to the floor, but at right angles, it is clear from the procedure of this problem
that I would then be the true image of A. But when the glass and the observer’s
line revolve equally the same distance, e.g. from the rectangular position from
the floor described above to this oblique-angled position, then the image I always
remains in the same place by the 7th proposition. Therefore the eye of the
observer's measure HE of the observer’s line sees the required image at I. But
that eye E of the observer’s line HE has descended to the said place of the given
eye of the observer’s line of which the observer’s measure is DE, therefore the given
eye sees the required image in the glass at I.
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2 Vaorbeels mestes ver[chaeulick punt borven de vloer.

TGHEGHEVEN. Laet A cen punt fijn inde vioer,waer op verdocht wort
cen rechte lini te flaen even an B C,en reclithouckith op de felve vioer, wactaf
hetopperfte puntis tverfchaculickpuntboven de vioer inde locht : Voort fy
D Edeglafgront, F de voet,, dacr opwy deurt’ghedacht nemen cen fienderlijn
te ftaen rechthouckich op de vloer, cn even ande fiendermaet F G, die ick altije
‘evewijdich treck met D E: Daer naop FG rechthouckich ghetrocken fijndede
lini F H foo lanck alft valt, en daer op H I, makende den houck FHI,fooisden
houck der neyghing vande glafgrondt opde vloer na A toe, evenanden felven
houckFHI. TsEGHEERDE. Wy moeten de fchaeu des verfchaeulick-
punts vinden.

TWERCK

Itk treck vande fichdermaets oogh G, een rechte lini tot K in F H, of foos
noodich waerin haer verlangde,en
cvewijdeghe met 1 H,daer na teyc-
ken ick in F G, of foot noodich
wacr in haer verlangde, het punt
L, alfoo dat FL even fyanBC: o
Treck daer na van L ecn rechte
lini tot Min F H, of foot noodich N
waer in haer verlangde,en evewij-
deghe met1 H.Daer na A N,even -
encvewijdeghemetFM, welver. P B e
flaende na den felven oirtdaer de
lini van F na M henen ftre@,want ) L _
quaem M op d'ander fijdevan F, e F
foo foude N oock mocten foo veel
op d'ander fijde van A commen. T ~
Dit foofijnde,ick neem nu K voor
voet, K G voor fiendermaet,dicns K
fiendetlijn rechthouckich op de H
vioet fy: Dacr naneem ick L Min
plactsvan B C, te weten voor lini
welcke ghefteltoptpunt N rechts
houckich op de vioer, dathaer ujterfte ghenomen worde voor verfchaculick..
punt: Voort ncem ick dattet glas dicns glafgront D E,0ock comme rechthouc-
kich op de vloer: En met fulck ghegheven ghefocht de fchaeu des verfchaeulick
punts nade manier des 6 voorfiels,y wort bevonden, neemick tevallen an O,
welckeick fegh de begheerde fchaeu te wefen. Waer af tbewijs is ghelijck t'be-
wijsdes 1 veorbeelts, TBEsLVYT. Welendedan ghegeven cen verfchacu.
lickpunt, r'glas fcheefhouckich op de vloer,de voet, en fienderli jn, wy hebben
fijn fchacu ghevonden,naden eyfch.,

>

VERVOLGH,

Soo int t voorbeelt H, ofinta voorbeclt M, viel over d'ander fijde vandege-
gheven voct ('welck ghebeurt als 'glas na den ficnder toc neychr) en datfe qua.
‘ men
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2nd Example, with the Object Point Above the Floor

SUPPOSITION. Let A be 2 point in the floor, on which a straight line is imagined,
equal to BC and at right angles to the said floor, the uppermost point of which
is the point above the floor in the air. Further let DE be the glass base, F the foot,
on which we imagine an observer's line at right angles to the floor and equal to
the observer's measure FG, which I always draw parallel to DE. Thereafter the line
FH having been drawn, at right angles to FG and having any length, and then HI,
including the angle FHI, the angle of inclination of the glass base on the floor
towards A is equal to the said angle FHI. WHAT IS REQUIRED. We have to
find the image of the point. : .

PROCEDURE

I draw from the eye G a straight line to K in FH, or if necessary in FH
produced, and parallel to IH; thereafter I mark in FG, or if necessary in FG
produced, the point L such that FL shall be equal to BC. Thereafter I draw
from L a straight line to M in FH, or if necessary in FH produced, and parallel
to IH. Thereafter AN equal and parallel to FM, to wit in the same direction in
which the line. from F to M extends, for if M came to the other side of F, N
would also have to come as much to the other side of A. This being so, I now
take K for foot, KG for observer's measure, whose observer’s line shall be at
right angles to the floor. Thereafter I take LM instead of BC, to wit for the line,
placed in the point N at right angles to the floor, so that its extremity shall be
taken for the object point. Further I assume that the glass base DE of the glass
also comes at right angles to the floor. And when with these data the image
of the point is sought in the manner of the 6th proposition, I assume it is found
to fall at O, which I say is the required image; the proof of which is similar to
the proof of the 1st example. :

CONCLUSION. Hence, given a point, the glass at oblique angles to the floor,
the foot, and the observer’s line, we have found its image, as required.

SEQUEL

If H in the 1st example or M in the 2nd example fell to the other side of the
given foot (which happens if the glass inclines towards the observer), and if
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.men tot inde glafgrondt,t'is kennelick datmen totgheen fchaeu vant verfchacu-
lickpunt en foude connen gheraken , uyt oirfacck dattet €en onghefchicke ghe-
.gheven foude fijn,als wefende het cogh intglas.

Maer by aldien dictwee punten als H of Malfoo nochi voorder quamen dan
intglas, derghelijcke onmeughelicheyt foudedaer uyt volghen,om dattet cogh
nieten foude connen het verfchaeulickpunt fien achrert'glas. .

Sooint 2 voorbeelt N quaem tor inde glafgrondt DE , U'wacr openbaerli
teycken,datect verfchaculick punt A int glas foude ghegheven fijn, en dacrom
voor fijn felf (chaeu verfirecken,deur de 2 begheerte. Co :

Maerquaem N noch voorderdan tot inde glafgront D E, t'is kennelick dat«
men dantot gheen fthaeu vant verfchaculick punt en foude connen gheraken,
alscommende r'glasachter f'verfchaeulick punt,teghen dereden. .

Tis oock kennelick dat de ghegheven voet commen can inde glafgrondt, of
dacrachter tufichen defelve en t'verfchaculick punt,oock int verichaeulick punt
endacrachiter: Midis welverftacnde,dat de bovefchreven puatenals H, M,of N
nicten vallen alsghefeytis. . o ) :

4 WERCKSTICK 1!© VOORSTEL.

Wefendeghegheven een verfchaculickpunt, tglas eves
‘wvijdich mette vioer, devoet, en fienderhjn: Sijn fchacu
tevinden. . '

TGHEGHEVEN, LaetA een verfchaetilick punt fijn int plat des blats, en
opde rechte lini BC, fy bedocht een platals vioet, rechthouckich opt plat des
blass: S'ghelijcx fy op derechte lini D E, bedoclit cen glas evewijdich mette

" vootfchreven vioer, voort fyop F verdocht een re¢hte lini évenan FG.; cock
xechihouckich opt plat des blats,en tuyterfte punt der felve linify het oogh,van
welck deur fghedacht ghetrocken een lini rechthouckich op de vloer (die even-
micet fijn ande verdochte linivan F op B C rechthiouckich, als fiendermacr) £y
fal veor ficuderlijn verfirecken. TBEGHEERDE. WY mocten vinden de
fchaeu des verfchaculick punts A, ’

TWERCK

Ick laet varen de verdochre ge-
gheven fiendéilijn, en de vioer,
die ghefeyt wieit op B C verdocht
te fijn rechthouckich opt plat des F
blats , en ncem t'platdes blats felf
voor vloer ,en de lini op F even
an FG, en rechthouckich opt plat
desbtats , neem ick voor fiender- ,
lijn : T'welck foo fijnde A is nu b E
cen ghegeven verfchaculick punt 4
inde vlcer, en rglas diens glaf-
grondt DE comt op de viocr
sechihouckich:Hierme de fchacu
ghevonden van A deur het

Q

b

3 Y001«
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they came in the glass base, then it is obvious that no image of the point could
be obtained, because the wrong thing would be given, the eye being in the
glass.

But if those two points, as H or M, came even further forward than in the
glass, a similar impossibility would follow, because the eye would not be able to
see the point behind the glass. '

If in the 2nd example N came in the glass base DE, it would be clear that
the point A would be given in the glass, and therefore would serve as its own
image, by the 2nd postulate.

But if N came even further forward than in the glass base DE, it is obvious
that no image of the point could then be obtained, because of the glass coming
behind the point, which is contrary to reason.

It is also obvious that the given foot may come in the glass base, or behind
it, between it and the point, also in the point and behind it, provided the above-
mentioned points as H, M or N do not fall as has been said.

4th PROBLEM 10th PROPOSITION

Given a point, the glass parallel to the floor, the foot, and the observer's line:
to find its image.

SUPPOSITION. Let A be a point in the plane of the paper, and on the straight
line BC let there be imagined a plane as floor, at right angles to the plane of
the paper. In the same way on the straight line DE let there be imagined a glass
parallel to the aforesaid floor. Further let there be imagined on F a straight line equal
to FG, also at right angles to the plane of the paper, and let the extremity of
the said line be the eye, and if from this in imagination a line be drawn at right
angles to the floor (which must be equal to the imagined line from F at right
angles to BC, as observer’s measure), it will serve as observer’s line. WHAT IS
REQUIRED. We have to find the image of the point A.

PROCEDURE

I abandon the imagined given observer’s line, and the floor which was said
to be imagined on BC at right angles to the plane of the paper, and take the
plane of the paper itself for floor, and I _ta.ke the line on F, equal to FG and at
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5 voorftel dicH fyick fegh de felve de begheerde fchacu te wefen.

TBEWYS. )

. Blijvende 'verfchaculickpuiit, ‘glas,en t'oogh,op een felve placts,tis kenne-
Jick dar de fchaen oock in een felve placts des glas blijft,want de yerandering van
fienderlijn en vloérdie wy int werck ghedaen hebben,en gheven gheen veran.
dering vandé placts des [chacus; Sulcx dat de ghevonden fchaeu de begheerde
moet fijn. . TsEsLvY T. Wefende dan ghégheven een verfchaeulick punt,
rglas evewijdich meue vioer, de voct,cn fiendedijn,wy hebben fijn (chacu ge-
vonden,naden ¢y{ch. ’ :

5§ WERCKSTICK ' VOORSTEL.
Wefende ghcghevén'cc’h' verfchaculicke form, t'glas,
devoet,en fienderlijn:Haer {chacu te vinden. -

.. TGHEGHEVEN. Laetdeverfchacuwen fijn cen form van defer ghedaen.
te: Op dei viercanten gront A B C D, diens middelpunt E,gheteyckeént int plag,
desblatsals vlocr, wort ghenomen te ftacn ccn torre , diens flantteyckening
. FG HIK,wefende ben platevewijdich mette torrens vaorfijde , welck plat de
felve torre deur tmiddel (nijt, fulcx dat op elck der punten Ay B, C, D, een lini
. comteven an GH, of LK; en optmiddelpunt E,cen lini evenan F.Len alle vijf
.. rechthouckich op de vlocr, en van t'boventte punt der lini op E ftacnde , com
. men vierlinicarotte oppesfte punten der voorfchreven vier linienopA,B,C,
. Diffacnde: Soodat defe torre beftactuyt een viercante lichamelicke rechthouck,
met een viercante naelde dacrop: Voort fy M N deglafgront , dicnsglas op
- de. vloer rechthouckich bedocht. wort, ’

O devoet,waerop wydeut t'gedacht ne-
men cen fienderlijn te ftacn even ande -
fiendermact O P, - rechthouckich op. de .
vloer. TBEGHEERDE. Wymoeten.
. de fchaeu defer verfchaeulicke form

. vinden,

TWERCK

Ick fouck de drie fchacuwen der drie E-
verfchaeulicke punten inde vioerB, D, ol
- C, welcke ghevonden deur hets voor- o
flelick neem te wefen Q, R, S: Daer na Y.
fouck ick de drie fchaetwen der drie }
punten boven de vloer,te weten ten eyn- T (N %
de der drie linien die deur t'ghegheven Jo
verdocht worden te ftacn op B, C,D, _ 2 &s
elckeven ande lini GH , cn rechthouc- M : g -
Kkich op devloer, welckedeur het 6 voor- : x
ficl ghevonden wordcen tewefen, neem P————oo0
ick, T, V, X; Voort fouck ick de fchaeu :
des puntsboven de vlocr , ten eyndedet
linidicdeur r'ghegeven verdocht wort te ftacn op E,evenan1F, en rechthone-

. : kich
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right angles. to the plane of the paper, for observer’s line. This being so, A is
now a given point in the floor, and the glass base DE of the glass comes at
right angles to the floor. When herewith the image of A is found by the 5th
proposition, which shall be H, I say that this is the required image.

PROOF

If the point, the glass, and the eye remain in the same place, it is obvious that
the image also remains in the same place of the-glass, for the change of ob-
server’s line and floor which we have made in the construction does not cause any
change in the place of the image, so that the image found must be the one
required.

CONCLUSION. Hence, given a point, the glass parallel to the floor, the foot,
and the observer’s line, wé have found its image, as required.

sth PROBLEM 11th PROPOSITION

Given a figure, the glass, the foot, and the observer’s line: to find its image.

SUPPOSITION. Let a perspective drawing have to be made of a figure of the
following form. On the square base ABCD, whose centre is E, drawn in the plane
of the paper as floor, is assumed to stand a tower, whose vertical plan is FGHIK,
being a plane parallel to the front of the tower, which plane intersects the tower
in the middle, so that on each of the points A, B, C, D there comes a line equal
to GH or LK, and on the centre E a line equal to FI, and all five at right angles
to the floor, and from the uppermost point of the line standing on E extend'
four lines to the uppermost points of the aforesaid four lines standing on 4, B,
C, D, so that this tower consists of a right prism with a quadrangular pyramid
thereon. Further let MN be the glass base, whose glass is imagined to be at right
angles to the floor, O the foot, on, which we imagine an observer’s line, equal
to the observer’s measure OP, at right angles to the floor. WHAT IS REQUIRED.
We have to find the image of. this figure. :

PROCEDURE

I.seek the three images of the three points in the floor B, D, C, which, being found
by the Sth proposition, I assume to be Q, R, S. Thereupon I seek the three images of
the three points above the floor, to wit at the ends of the three lines which by the

supposition are imagined on B, C, D, each equal to the line GH and at right angles
" to the floor, which by the 6th proposition I assume to be found T, V, X. Further
I seek the image of the point above the floor at the end of the line which by the
supposition is imagined on E, equal to IF and at right angles to the floor, which
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kichopde vloer, welcke deur het felve 6 voorflel ghevonden wort te wefen;
neemick, Y: Ick treck oock de thienlinienQ TRV, SXLYT, YV, Y X,QR;
RS, T V,VX. T'welck foo fijnde , ick fegh deform tufichen defe linicn begte-
pen, de begheetde fchaen te wefen. o .

TBEWYS.

. Defevenpunten Q,R 5, T,V X,Y, T V,V X fijii fchacuwen der dri¢ B,C,D,
inde vloer,met-e vicr dieder bovent commen,deurt'werck,en de linien wilchen
defc punten, fijn fehacuwen der verfchaculicke linlen tuflchen die verlchacu-
licke punten deut het 1 voorftel,waer deuf ditde begheerde (chaeu mioet wefen:

" Angacnde de fchacu der verfchaculicke lini dic op A comt;even dan G H, en
rechthouckich op de vloet;00ck vande lini die van daer voort ftrecke tottet fop
der torre,, met noch d’ander vier : Ghemércke d¢ felve vant oogh in ondeur-
luchiighe ftoffen niet gheficn en tvorden, foo en fijnft hicr niet |
verfchaeut. Doch die fich voorftelde de ftof deurluchtich t€'fijn, hy .
mocht dier linicn fchacuwen vinden als van d'ander, en foude de-
fchacuder torre dan fijn als hicr nevens.

MERCKT

Nadien in dit vootbeelt té fien isde verfchacuwing vanalle ghegheven lini;
plat, en lichaem, foo¢n'behonfimen dacr af gheen befonder voorftellen te be-
fchrijven,

Maer want het glasandersdan récht=
bouckich op devloercan fijn, foo ful- : - F
len wy daer af met voorbeelt wat feg- '
ghen: Ghenomen datter gheglieven fy .
alfvooren, uytghefonderc” dattét glas ¥
diensglafgront M N, nicten ftaerechts A
Kouckieh op de vloer, als daer, maet NP
fcheefhouckich , neyghende na de ves-
{chaeulicke formtoe, foodattet mette
vloer een houck maecke evenr an defer : T¢ ;
houck OZ P. Om hier afde fchaeu te B \\ K
hebben,men fal foucken de fechaenvien T VN
der bovefchreven feven vérfchaenlicke
punten deur het g voorftel, en daer uf-
fchen ghetrocken de linien na t'be- 1 s
hooren , men fal dan crijghen een _ £ ‘
fchacu als hier by gheteyckent ftdet: 3 = ; x
Waetinde fchaeu van het rechthoue-
kich verfchaeulick deet dertorre, bo-
ven wijyder valt dan onder, want langer

isTVdanQR. _ ? 0
Ghenomen andermacl ghegheven : '

te fijn alfvooren, uytghefondert dateet

glas diens glafgrondt M N, riu neyghe <

na hetoogh toe, foo datter mette vioer
ecn -houck maecke even an defen
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by the same Gth proposition I assume to be found Y. I also draw the ten lines
OT, RV, SX, YT, YV, YX, QR, RS, TV, VX. This being so, I say that the figure
contained between these lines is the required image.

PROOF

The seven points Q, R, §, T, V, X, Y (*) are images of the three B, C, D in the
floor, with the four coming above them, by the procedure, and the lines
between these points are images of the lines between those points, by the. 1st
proposition, in consequence of which this must be the required image.

As to the image of the line which comes on A, equal to GH and at right angles
to the floor, also of the line which from there on extends to the top of the
tower, with the other four as well, since these are not seen by the eye in non-
transparent media, they have not been drawn in petspective here. But if anyone
imagined the medium to be transparent, he would be able to find the images
of those lines just like those of the others, and the image of the tower would then
be ‘as opposite.

NOTE

Since in this example ‘is to be scen the perspective of any given line, plane,
and solid, no special propositions need be described about them.

But because the glass may be other than at right angles to the floor, we shall say
something about this; with reference to an example. Let it be assumed that the
data are as before, except that the glass base MN of the glass is not at right
angles to the floor, as there, but at oblique angles, inclining towards the figure,
so that it shall make with the floor an angle equal to the given angle OZP.
In order to find the image of this, the images have to be sought of the aforesaid
seven points, by the 9th proposition, and if between these the lines be drawn
in the proper manner, an image will be obtained such as is here illustrated, in
which the image of the rectangular part of the tower is broader above than below,
because TV is longer than QR.

Assuming once more that the data are as above, except that the glass base
MN of the glass now inclines towards the eye, so that it makes with the floor

(') There must be a printer’s error in the Dutch text.
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Jiouck O Z P: Om hicr af de fchaeu
te hebben , nich fal foucken de
fchacuwen deér bovefchreven feven
verfchaeilicke ‘punten deur het
9 voorfiel en daer tuflchen ghietroc.
ken de linien na t'behooren, men fal
dair-crijghen een fchacu als hier by

gheteyckent ftact:Waerinde fchacu. A -

. van hetrechthouckich verfchaeulick
.decl dertorre. bovcn nauwervaltdan
onder, wantcorteris TV dan QR.

Maer om oock voorbeelt tcﬁ»el-
‘len vant glas evewijdich mette viocr,
oo lact ABCDE andermacl de
ftantteyckening der . torre beteycke-
nen ftaende methaer viercante gront

op de vioer,verdocht deur A E recht-

- houckich opt plat desblats, en t'glas
diens glafgront F G fireckendedeur’
. tfopdertorie €, fy evewijdich met- .
te. bovcﬁ:hrcven vloer, dats oock
rechthouckich opt piat des blats:
Voort fy opt punt Hint plat des blats,
verdocht ecn rechte linievenanHI, -

en rechthouckich opt plat des. fclvcn blats ; en ten cynde der felve lini fy het
oogh. Dit oo fijnde, en om nu defchacu t€ vinden,, ick doe alsint werck des
10voorficls, nemende dattet plat des blatsvloer 1s,H voet,H1 i endcmmt even

~mette ﬁenderh;n dic opdefen vloerrecht-
houckich comt: Voort dat de torre met een
fijde light op dien ghenomen vloct: Sulcx
datop de vier punten A, B,D,E, commen
" vierlinicnevenanAE, en rechlhouckxch

op de vloer: Voort ecn hmopC even an-.

den helft van A E, het uyterfte van welcks
lini het fop dér torre beteyckent: Sulex dat
tuffchen die puntén linien verdocht na r'be- &
hooren, fy maken de ghegheven' lichame~
licke vctfchaculi;ke torre: Om de fchacu
van welcke te hebben,men fou@ de fchacu:
wen der punten dxcmcn fien can ,als van
B,D,E, metd'ander drie dieder boven com-

men , en cock des punts boven C, die ghe-,_ :
vonden fijnde deur hets.en 6 vootﬂcl ick.
neem tewefen K,L,M,N,O,P, Q_Daer na.
ghetrocken linien wfichen bcydcn nat’be-.

I
3
S U

hooren, foo comt dacr uyt de {chaeu,neem ick,als hier by getejckent flaet, Van
al welcke tbewijsdeur t'werck 0pcnbacr is.’ Tn ESLVY T. Wefende dange.
gheven eenverfchaculicke form, t'glas,dé voet, ca. ﬁendeth, ‘wyhebben haez

{chacu ghevondcn,na den cyfh,

MERCKT.
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an angle which is equal to the angle OZP shown opposité: in order to find the
image of this, the images have to be sought of the aforesaid seven points, by
the 9th proposition, and if between these the lines be drawn in the proper ‘manner,
an image will be obtained such as is here illustrated, in which the image of
the rectangular.part of the tower is narrower above than below, because TV is
shorter. than QR.

But in order also to give an example of the glass parallel to the floor, let
ABCDE once again designate the vertical plan of the tower, standing with its
squate base on the floor, imagined through AE at right angles to the plane of the
paper, and let the glass base FG of the glass passing through the top of the
tower C be parallel to the aforesaid floor, 7.e. also at right angles to the plane
"of the paper. Further, on the point H in the plane of the paper let there be
imagined a straight line equal to HI and at right angles to the plane of the
same paper, and at the end of the said line let there be the eye. This being so,
in order to find the image I proceed as in the procedure of the 10th pro-
position, assuming the.plane of the paper to be the floor, H foot, HI observer’s
measure equal to the observer’s line which comes at right angles to this floor,
further that the tower lies with one side on that floor, so that on the four points
A. B, D, E there come four lines equal to AE and at right angles to the floor;
further a line on C, equal to the half of AE, the extremity of which line
designates the top of the tower, so that, if between those points lines be imagined
in the proper mannef, they make the given tower. In order to have the image
of the latter, the images are sought of the points that can be seen as of B, D, E,
with the other three coming above them, and also of the point above C, which
having been found by the Sth and 6th propositions, I assume to be K, L, M, N,
O, P, Q. If thereupon lines be drawn between the two, in the proper manner,
I assume the result to be the image shown opposite, the proof of all this being
clear from the construction. CONCLUSION. Hence, given a figure, the glass,
the foot, and the observer’s line, we have found its image as required.
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MERCKT. A

Wy hebben inde bovefchreven * werckticken de gheghéven fienderlijn, Problemait:
mette lini vant verfchaculick punt totte vioer , altijt rechthouckich ghenomen b4 '
op de vioer: Oock t'verfchaculick puntaltijt inde vioer of daer boven geftelt,eni
het oogh altijt boven de vioer: Nochtans cant ghebeuren, mocht ymant deac-
ken,dat fulcke twee linien op devloer fchecfhouckich ghegheven. woiden, cn
t'verfthaculick punt onder de vioer,en hetoogh inde vlocr; of daer onder, deut

- twelck veel vetfcheydenheden fouden vallen inde bovelchrevén voorftellen
_ nietangheroert. Hier op wort gheantwoort, dat foodie bovefchreven e li-
nien op de vioer fcheefhouckich gheghcven waren, trién foudefe metigen recht
daer op trecken,en ghebritycken die dan in plaetsder ghicgheven,want fuicx én
ghecft gheen verdndering vande plaets der begheerde fchaen intglds, Maerfoo.
t'verfchaeulick punt ghegheven wacrinde vloer, en het oogh oock daerin, of
. dacronder,men mach onder rlceghfle van die twee punten eenander vioer ftel-
Jen of bedencken evewijdich metteghegheven, verlanghende tot daer toe dé
fienderlijn enlini van Cveifchaeulick punt totte vicer : nemende daer na die
“vloer en verlangde linien voor de ghegheven,en dacr mede fchacu ghefocht na
de voorgdende reghelen,men hecft het begheerde. . ’ -

Maer om hier af by natuerlick voorbeelt te fpreken,ghenomen dar ymantals.
Verfchaeuwer, ftofde op een berch; hoogher met fijn vocten dan een ghefliche
darhy verfchacuwen wil,en nacm yoor vioct U'plat dact hy opftaet, t'is kenne-.

- lick datdeé ghegheven vetfchaeulicke form dah onder de vide: foude commen.
Macr ick fegh dat by in fulcken ghevalle mach bedencken een ander vioer deat
tlecghfle des geflictits,nemende dacr nade lini van fijn cozh totdie vioer voos -
fiendetTijn, want yder verfchaeulick punt mette fienderlijn, fiji dan boven de
vloer vanghedaentealsin een der boveRhreven werckilicken, welcke mianicr
ghevolghtint foucken der fchacu, men behouft tot fulcke verfcheyden felling

gheen verfchepden nieuwe reghelen te bekhrijveh.

_Angaende fchacuwen van cromme linien die hier yooren niet befchrevenen
fijn,ghelijck haer groothieden inde * Meetconft niet! wilconftelick ghemeten® Geometria
en'worden,mder s werckelick foo naalft de faéck vereylcht: Alfoo en wordenfe :; 2”“""’”‘""
deur deconftdet ver{chacuwing nict wifconfielick verfthacut,maer men comt s baicd
deur verfchacuwen van veel puntcn ‘der exémmé linfen, U'beghecrde foo na
als uyterlick ghienoneh fehijnt,

VANDE CORTHEDEN EN

"SEKERHEDEN OPT WERCK DER
VERSCHAEY WING

Inde bovefchreven voorftellen blijcke el de manier om te vifiden de fchaew
vanalle ghegheven verfchaculickpunt , waér me openbacr is de ghcmeene re-
ghel der verfchaenwing van alle gheghieven veifchaculicke form ,alste fienis
int 11 veosftel. Mact wanttet in groote Wercken fnoéyclick foude vaillen, de
fchaeuwen van alle verfchaculicke puiitey'en Jinicn op fulcke manier te vin-
den,foo fullen wy nufes vericheydén * leden befchrijven , vande cortheden en Arsicissy,
feketheden dieder pa gheleghentheydt der omftandighen int werck connen
vallen, ’ _ ’ ,
Da £ LIDT,
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NOTE

In the problems described above we have always taken the given observer's line,
with the line from the point to the floor, at right angles to the floor, and also
placed the point always in the floor or above it, and the eye always above the
floor. Nevertheless it may happen, someone might think, that such two lines
are given at oblique-angles to the floor, and the point below the floor, and the
eye in the floot or below it, in consequence of which many differences would
occur which are not referred-to in the above-mentioned propositions. To this it
is answered that if those two aforesaid lines were given at oblique angles to the
floor, they might be drawn vertically thereon and be used instead of the given
lines, for this does not cause any change in the place of the required image in
the glass. But if the point be given in the floor, and the eye also in it or below
it, one may place or imagine beneath the lower of those two points another
floor, parallel to the first, producing to that floor the observer's line and the
line from the pointto the floor. If we thereupon take that floor and the produced
lines for those given and -therewith seek the image according to the foregoing
rules, we have the required image.

But to speak of this by means of a physical example: assuming that some-
one who is to make a -perspective drawing were to stand on a mountain, with
his feet higher than a building of which he wishes to make a perspective drawing,
and were to take for the floor the plane on which he stands, it is obvious that
the. given figure would then come below the floor. But I say that in such a
case he may imagine another floor through the lowest point of the building,
thereupon taking the line from his eye to that floor for observer’s line, for
every point with the observer’s line is then above the floor of such a kind as in
one of the problems +described above; when this method is followed in the
finding of the image, we need not describe different new rules for such a differ-
ent supposition.

As to images of curved lines, which have not been described in the foregoing,
just as their magnitudes are not measured mathematically, but mechanically in
geometry, as accurately as the matter requires; in the same way they are not
drawn mathematically by the art of perspective, but by finding the images of many
points of the curved lines the required image is approximated as much as seems
sufficient. :

OF THE ABRIDGEMENTS AND VERIFICATION
POSSIBILITIES IN THE PROCEDURE OF
_ PERSPECTIVE DRAWING.

In the above-mentioned propositions the method indeed is disclosed for finding
the image of any given point, with which the common rule of drawing any given
figure in perspective is clear, as may be seen in the 11th proposition. But because
in large works it would be difficult to find the images of all the points and
lines in such a manner, we shall now describe six different sections, of the
abridgements and the verification possibilities that may be made in the procedure,
according to circumstances.
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' t LIDT.

Tisoirboir datmen int verfchacuwen eens verfchaculicker forms, fich in
ghegheven altijt voor(telt, dattet glas ftrecke deur het voorfte decl als plat , lini,
of punt, der verfchaculicke form , om dattet felve dan gheen moeyte van ver.'
fchaeuwing en behouft,overmidts het voor fijn felfs fchaeu verftrecke deur de
2 beghcerte. Macr want ymant nudencken mocht , dattet inde dadelicke ver-
fchacuwing dickwils t'onpas foude commen, het plat van een verfchaculicke
form,als van een groot gefticht,voor fijn fchacu te nemen, overmidisde fchacu
veel te groot foude vallen om op papier ghereyckent te worden , foo (ullen wy
‘daer op wat breeder verclaring doen. Lact by voorbeclt te verfchaeuwen fijn ec.
nich gheftichtdiens voorgevel 100 palmen hooth is,en den fiender dacer af we-
fende 300 palmen, ftelt voor fich een wefentlick glas dric palmen vant oogh, al-
{00 dattet evewijdich is mette voorfchreven ghevel diemen deur t'glas fiet,waer
in de fchacu moet vallen van cen palm hooch. Dit het ghegheven fijnde, en be-
gheert wefende cen fchaeu even en ghelijck mette fchaeu dic int glas gheficn
wort, {oo fouden de linien van 100en 300 palmen, dieder fijn vant oogh totte
verfchaculicke form te lanck (ijn , mocht ymant fegghen ,om met bequaem-
heyt op papicr dadelick ghetrocken te worden: Hoe falmen. dan hier me levent
Aldus:Men beelt fich felfsin, al oftmen voor fich had een cleene lichamelicke
bots,diens voorghevel int glas ftacnde,hooch waer de voorfchreven ecn palm,
endereft nadeneyfch, welcke bots ghenomen voor verfchaculicke form, en

Iebmographia dacr af * grontteyckening met Qlantreyckening ghemacckt, en daer meint vers-
'fmoﬂ’x"' fthacuwen de reghel ghevolght,men heefi t begheérde, fonder datmen mocyte

?_a‘ra!!th. )

* de fiendermact E'F, Oim hier af de fchacu te'

behouft tedoen omdic voorghevel te verfchacuwen,wantmcn die verieyskens.
cven 00 groot en ghelijckfe dacr comt. o ’
i 2 LIDT.

‘Wanter cortheyt valt int vinden der fchacuwen van. etteficke rechte linicn
diemerte vioer * evewijdich fijn,foo fullen wy dacraf ecnige vorbeelden fiel-
len. T¢erfte van ceii liniinde vioer, dicns een uyterfte int glas comt , tander
uyiterfte dacr buyten. Het twéede van cen liniinde vioer dicns twec uyiwriten
beyde buyten t'glas commen. Het derde van cen lini boven de vioer , diens een
uyterfte int glascomt, t'ander dacr buyten. Het vicrde vanéen liniboven de
vloer,dicns twee uyterften beyde buytent'glas commen.

1 Voorbeels.

Lact ten cerften A B een verfchaculicke rechte lini fijn inde vioer,gheraken-
de mettet punt B, de glafgront C D, diensglas rechthouckich opde vloer , Ede
voct,, wacr op verdocht wort een fienderlijn. i :
te faen reéhithouckich op de vioer,en ¢venan. '

vinden, ick treck de vioerlijn E'G evewijdeghe
met B A dochivalter te gedenicken(rwelckhem
verftacn £l foo wel op dédrie valghende voor: €
beelden defes lidts als ap dit)dat de dricgheghe-
ven punten E B A in ghecn rechte lini en meu-"
ghen ftacn, om totte cortheyt te commen dic
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1st SECTION

It is proper that in the perspective drawing of a figure we should always im-
agine in the supposition that the glass passes through the foremost part, as plane,
line or point, of the figure, because this does not then require to be drawn in
perspective, since it serves as its own image by the 2nd postulate. But because
someone might now think that in the practice of perspective drawing it would
often be unsuitable to take the plane of a figure, such as a large building, for its
image, since the image would become much too large to be drawn on paper, we
shall give a somewhat fuller explanation thereof. For example, let the perspective
of some building have to be drawn, the front facade of which is 100 palms high,
and let the observer, being at a distance of 300 palms from it, place before himself
a real glass, three palms away from the eye, in such a way that it is parallel to
the aforesaid fagade which is seen through the glass, in which must fall the image
a palm high. This being the supposition, and an image being required which is-
equal and similar to the image that is seen in the glass, someone might say that
the lines of 100 and 300 palms which pass from the eye to the figure would -
be too long to be properly drawn on paper in actual fact. How then are we to
tackle this matter? As follows: We imagine we have before us a small physical
model, whose front fagade, standing in the glass, is the aforesaid image one palm
high, and the rest according to requirement, and if this model is taken for the
object figure, and a ground-plan and a vertical plan are made of it, while for

_the perspective drawing the rule is followed, then the required image is obtained
without our having to take the trouble to bring that front facade into perspective,
for the image is drawn of the same size as we have found.

2nd SECTION

Because there exists an abridgement in the finding of the images of several
straight lines which are parallel to the floor, we shall give some examples thereof.
The first of a line in the floor one extremity of which comes in the glass and
the other extremity outside it. The second of.a line in the floor whose two
extremities both fall outside the glass. The third of a line above the floor one
extremity of which falls in the glass and the other outside it. The fourth of a line
above the floor whose two extremities both fall outside the glass.

1st Example

In the first place let AB be a straight line in the floor, meeting in the point B
the glass base CD, whose glass is at right angles to the floor, E being the foot,
on which is imagined an observer’s line at right angles to the floor and equal to
the observer’s measure EF. In order to find the image from this, I draw the floor
line EG parallel to BA, but it is to be borne in mind (which applies to the three
following examples of this section as well as to this) that the three given points
E, B, A must not be in a straight line in order to attain the abridgement we require
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wy int werck begheeren,wantmen:dan deur het trecken-van EG evewijdeghe
metB A , tot gheen befluyt ¢n fondegheraken,als verclacetisint merck des
5 voorftels: Dact na G H rechthouckich op.C D, eneven.met EF, voortHB
en A E, foyende CDin l,eh IK rechthouckich opC D, gherakende HBin K: .
Twelck foo fijnde, K Bisde begheerde fchacy van A B:'Want B int glas, is
fijn felfs fchaeu,deur de tweede begheerte ; en X [chacu van A-deurhety voor-
ftcl,en dacfom de lini K B fchacu van A B deur het 1 vooritel, Pe cortheyt hier
uyt volghende,is dat deur E G evewijdeghe ¢ trecken met A B, foo blijft het
deel der faemlijn van B tot K de begeerde fchacu , dacrmen anders doende noch
ccn nicu lini voor fchaeu moct ttecken:

2 Voorbeelt.

Lact tentweeden A B cen ver{chaculicke rechte lini fijn inde vicer, nietge:
:rakende deglafgrond: C D, diens glas rechthouckich op de vloer, E de voer;
wacr op verdocht wort cen fienderlijn te ftaen rechthouckich op-de vioer, en
evenande fiendermact EF. Om hierafde fchaeutc vinden;ick treck A B voors
waer: tot inde glafgrondt an G,daer na de vloerlijn E H evewijdeghe met G Az
Voort H1rechthouckich op C D,en even met EF, daerna 1G ,en A E fnyens
deCDin K ;¢n!K L rechthouekich op CD;
gherakende 1GinL, voort B E fayende CD
in M,en M'N rechthouckich op € D ; ghera-

. i
kendelG in N T'welck foo fijnde, L Nis A
openbacilick de begheerde fchacu van AB. - B
De cortheyt hier uyt is , daimen met AB N : .
voortie trecken tot G, endereftalsboven,de ¢ & AN # D
twee punten A, B, verfchacut met cen vioer-
liijn EH, cen fiendermaet HI, en ecn facme s P

liin1G, dagcrmen anders elck punt A, B-int
befonder verfchaeuwende, van elck twee fube-
ke linica'foude ttecken.

3 Voorbeelt.

Laettenderden A, B, twee punten fijninde vloer;en noch twee punten elck
o0 hooch dder boven als G- D1anck is commende Ceen punt boven Bintglas,
en delini tofichen dic twee punten die evewijdich vande vioer moet wefen,, fy
de ghegheven ver{chaeulicke lini, voort is r'glas rechthouckich op de vioer;fijn
glafgrondt fy E BF,en G de voet ; waer op déurt ghedachit ghenomen wort cen
ficnderlijn te ftacn rechthouckich op de vloer;en even ande fiendermaet GH.
Om hier af de fchaeu te vinden;ick treck BI rechihouckich op EF, eneven an
€ D,dacrna G K evewijdeghe met B A;en van t'vloerlijnracck®l K, de fien-
dermact K L rechthouckichop EF,en evenan G-H; voort L [en A G fnyende
EFin M, daerna M N rechthouckich op EF , gherakende de facmlijn 1 L
in N. T'welck foo fijnde IN is de begheerde fchaen : Want t'punt I is
int glas fijn ejghen fchacu deur de tweede begheerte , en t'punt Nfchacu
van tpunt boven A deur het 6voorflel , dacrom de lini rufichen beyden als
N.1, isdeur.het eerfie voorftel fchaeu vande lini boven A B: De cor-

D3 heyt
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in the procedure, for by the drawing of EG parallel to BA we should not then
reach any conclusion, as is set forth in the Note to the 5th proposition. Thereafter
I draw .GH at right angles to CD and equal to EF, further HB and AE, inter-
secting CD in I, and IK at right angles to CD, meeting HB in K. This being so,
KB is the required image of AB, for B in the glass is its own image, by the
second postulate, and K is the image of A by the 5th proposition, and therefore
the line KB is the image-of AB by the 1st proposition. The abridgement resulting
from 'this is that by drawing EG parallel to 4B, the part of the meeting line from
B to K remains the required image, whereas otherwise a new line would have
to be drawn for the image.

2nd Example

Secondly, let AB be a straight line in the floor, not meeting the glass base CD,
whose glass is at right angles to the floor, E being the foot, on which is imagined
an observer’s line at right angles to the floor and equal to the observer’s measure
EF. In order to find the image from this, I produce AB to the glass base in G;
thereafter I draw the floor line EH parallel to GA. Further HI at right angles
to CD and equal to EF, thereafter IG, and AE intersecting CD in K, and KL at
right angles to CD, meeting IG in L, further BE intersecting CD in M, and MN
at right angles to CD, meeting IG in N. This being so, it is clear that LN is the
required image of AB. The abridgement resulting from this is that by producing
AB to G, and the rest as above, the two points A, B are drawn in perspective
with a floor line EH, an observer’s measure HI, and a meeting line IG, whereas

* otherwise, if each point A, B were drawn in perspective separately, for each two
such linés would have to be drawn.

3rd Example

Thirdly, let A, B be two points in the floor, and two more such points, each
as high above them as CD is long, one point coming above B in the glass, and
let the line between those two points, which must be parallel to the floor, be
- the given object line; further the glass is at right angles to the floor; let its
glass base be EBF, and G the foot, on which is imagined an observer's line at
right angles to the floor and equal to the observer’s measure GH. In order to find
the image from this, I draw BI at right angles to EF and equal to CD, thereafter
GK parallel to BA; and from the floor-line glass point K the observer's measure
KL at right angles to EF and equal to GH, further LI and AG intersecting EF in
M, thereafter MN at right angles to EF, meeting the meeting line IL in N. This being
so, IN is the required image, for the point I is its own image in the glass, by the
second postulate, and the point N is the image of the point above A by the 6th pro-
position; therefore the line between the two as NI by the first proposition is the
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beydt hier uyt volghende 18, datmen .
deurG K evewijdeghete treckenmet B A, 4 T,

oo blijft het deeldet faemlijnvanItot N 4 o N
‘de begheerde fchacu , ddermen anders | '
“doende een nieuwe lijn voor fchacu moet’

" trecken,bovendien noch eenlinialsBlen 2 C B A xw
cenanderalsB A, o X

a

4 Viorbeelt.

Laet ten vierden A en B twee punten fijn inde vioer, elck foo hooch daex
boven als C D lanckis, commende beyde buytentglas , endelini tuffchen die
uwwee punten die evewijdich vande vloer moet wefen,{y de ghegeyen verfchaeu-
Jicke lini:Voort is t'glas rechthouckich op de vloer, fijn glafgront fy EF,en G de
yoct,wacrop verdothtwort cen fienderlijn te ftaen rechthouckich op de vicer,
en even ande fiendermaet G H. Om hierafde fchieu te vinden ;ick reck A B
* . .voorwaert totdatfe deglafgront gheraeckt in I : Daer na I K rechthouckich op
. EE,enevenan C D, voort G L evewijdeghe miet 1A, en van t'vloerlijnracckfet
- L,de fiendermaet 1. M rechthouckich op E F,enevenan GH:Daer na M Ken
A G,fnyende EFin N, voort N O rechthouckichop EF , en gherakende MK
in O; DaernaBG foyende EFin P,voort P Q rechrhouckich op EF, enghera-
kende MK in Q. T'welck foo fijnde, O Qisde beghecrde fckaeu: Want O is
“fchaeu van t'verfchaculickpunt boven A,en o
Quan tverfchaculickpunt boven B deur

het 6voorftel,en O Qla[ni tufiRhen beyden A M
die punten , moet fijn de fchacu vande ver- . ok A2
fchaculicke A B deur het 1 voorftel. De
cortheyt hier uyt volghende,wort bemerckt l ,
alfmen int langhe elck verfchaculickpunt 8C I P -\-N ; /L B
alleen verfchaeut na de manier des 6 voor-
ftels,fonder A B voort tetrecken,nochG L X @
daer me evewijdeghe,

s LIDT,

Dacr valtcortheyt en fckerheytint werck met te ghedencken dat verfchaen.
licke evewijdeghe linien dic menetglas evewijdich fijn , hun fchacuwen oock
evewijdich hebben deur het 3 voorftel : Macr verfchaculicke evewijdeghe die
mettet glas onevewijdich fijn , datfe haer fchacuwen oock onevewijdich' heb-
ben, en voortgetrocken {ijnde in cen punt verfamen detir het 3 voorfiel. D'oir-
facckdier cortheytisom datmen int fouckender fchacuwen vande ghegheven
verichaculicke punten , nict ahijt en behoufi te vervolghen al de fes leden dee
wercking des 5 voorfiels,of defeven leden des 6 voorltels,macr alleenelick rwos
of dric van dien; ja fomwijlen nictcen. '

1 Voorbeelt.

_ Omdefe cortheden by vootbeelt te verclaren, fact A B C D een verfchaen-
licke evewijdeghe viethouck fiyn inde vloer, deur wiens fijde D C de glafgront
, EFfire,
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image of the line above AB. The abridgement resulting from this is that by
drawing GK parallel to BA, the part of the meeting line from I to N remains the
required image, whereas otherwise a new line would have to be drawn for the
image, and moreover a line such as BI and another such as BA.

4th Example

Fourthly, let A and B be two points in the floor, {and two more such points7 *
each as high above them as CD is long, both falling outside the glass, and let
the line between those two points, which must be parallel to the floor, be the
given object line. Further the glass is at right angles to the floor; let its glass
base be EF, and G the foot, on which is imagined an observer’s line, at right .
angles to the floor and equal to the observer’s measure GH. In otrder to find the
image from this, I produce 4B until it meets the glass base in I. Thereafter IK
at right angles to EF and equal to CD, further GL parallel to 14, and from the
floor-line glass point L the observer’s measure LM at right angles to EF and equal
to GH. Thereafter MK and AG, intersecting EF in N, further NO at right angles
to EF and meeting MK in O. Thereafter BG, intersecting EF in P, further PQ at
right angles to EF and meeting MK in Q. This being so, OQ is the required
image, for O is the image of the point above A, and Q of the point above B, by
the 6th proposition, and OQ, the line between those two points, must be the image
of the line AB, by the 1st proposition. The abridgement resulting from this is
noted if in the full construction each point is drawn in perspective separately, in
the manner of the 6th proposition, without AB being produced, nor GL being
drawn parallel thereto.

3¢d SECTION

Abridgement and verification possibilities are obtained in the procedure by
bearing in mind that parallel lines that are parallel to the glass also have their
images parallel, by the 3rd proposition, but that parallel lines that are non-
parallel to the glass also have their images non-parallel and, when produced, meet
in one point, by the 3rd proposition. The cause of this abridgement is that in
seeking the images of the given points we need not always follow all six sections
of the operation of the 5th proposition, or the seven sections of the 6th propo-
sition, but only two or three of them, nay, sometimes not one.

15t Example

To set forth these abridgements by means of an example, let ABCD be a
parallelogram in the floor, through whose side DC passes the glass base EF; G

* These words have been omitted in the Dutch text.
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EF firecke,G is de voet, wasr op deus t'ghedacht ccn findenijn flact evenande
ficndermast G H,en sechithonckich op de vioer. '
X K
A / , A

T » I\ C IR ED L\ C )

X N¢ H— Vg

Om hier of te verclaren de cortheden dieder vallen int vinden der fchaew,
--wy fullen eerft het heel werck befchrijven als volght: Ick treck vootal de viogr-

R 1ijn G Ievewijdeghe met D A ,en-van het vioerlijnracckfell, de fiendermaet -

.- 1K,evenan G H, cn rechthouckich op de glafgront EF, daer nade linicn K D,
K C,en A Gfayende EFin L, voorts L M rechthouckich op EF, en gheraken.
deKDin M, dacr na MN evewijdeghe met D C, engherakende K Cin N.
Dit foo fijnde de vierhouck M N-C Disopenbaerlick de begheerde {chazu van
A B C D. De cortheyt hicr in gheleghen, is onderanderen,darmen nietgefocht

. -en heeftde fchaeu N des verfchaculickpunts B. na de-manier des 5 voorftels,
want treckende M N tot datfe KC ontmoer alsin N, foo moeft Nde fchacu
fijn van B,eg delini M N fchacu van A B, omdefe reden: KD, K C zemlijnen

o wefende,en tpunt M fchaeu van A deurher s voorftel , en dat boven diende

. - fchaeu M Nalfoo evewijdeghe moet fijn mette fchacu D'C, ghelijck de ver-
... fchaculicke A B mette verfchaculicke D C deurhet 2 voorficl, foo moet M N
. Khaeufijnvan AB,en NvanB. - = L o

2 Voorbeelr.
Noch veel metckelicker costheden vallendet, als de vetfchaenticke evewijde.

ghe vierhouck in haer heeft veel evewijdege linien metteafgaende fijden, Lact
- byvootbeclt MNCD hier wederom fchacu van ABC D fijn, K facmpunt,. *

>® AT ¢

- enderefralfvooren,uytgenomen d;n Jc vcxfdmuhckc v;oilxouck A BICi.D,n
in hact hebbe deicevewijdeghe linienmet AD,als O P,%g.,s T.

Om
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is the foot, on which is imagined an observer’s line, equal to the observer’s
measure GH and at right angles to the floor. '

To set forth from this the abridgements that may be obtained in the finding of
the image, we shall first describe the whole procedure als follows. I draw first
of all the floor line GI parallel to D4, and from the floor-line glass point I the
_observer’s measure IK, equal to GH and at right angles to the glass base EF,
thereafter the lines KD, KC, and AG intersecting EF in L, further LM at right
angles to EF and meeting KD in M, thereafter MN parallel to DC and meeting
KC-in N. This being so, the quadrangle MNCD is clearly the required image of
ABCD. The abridgement in this is, among other things, that the image N of the
point B has not been sought after the manner of the 5th proposition, for MN being
drawn until it meets KC in N, N was bound to be the image of B, and the line
MN the image of AB, for the following reason: KD, KC being meeting lines
and the point M the image of A by the 5th proposition, while moreover the image. )
MN must also be parallel to the image DC, as the line 4B to the line DC, by
the 2nd proposition, MN must be the image of 4B, and N of B.

2nd Example

Even more notable abridgements are obtained if the object parallelogram has
in it many lines parallel to the sides descending to the glass base. For example,
let MNCD here again be the image of ABCD, K the meeting point, and the rest
as above, except that the quadrangle ABCD now has in it three lines parallel to
AD as OP, QR, ST.
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.. .Omderfelve linienfchacuwentevinden imen héeft riiet té doehr'dan t€ réc-
ken K P,KR K T,{nyende M Ninde drie punten ¥; X;Y ; Want de'drie linien
begrepen inden viethouck MNCD ,als VP, X R, YT, fijn openbactlick de
beghecrde fchacuwen,teweten V Pvan OP,en XRvanQR,en Y Tvan ST,

3 Voorbeekr.

Maeromoock voorbeelt te fiellen als het glas firecke buyten een fijde des
evewijdeghen viethoucex,evewijdich mette fijde, foolact A B C D weerom een
verichaeulicke evewijdeghe vierhouck fijn inde vloer , wiens fijde D C cvewij-
dichis meueglafgront EF, en G isde voct , waer op deur r'ghedachreen fien-
derlijn ftact,evenande fiendermaet G H.Om hier af met cortheyt de fchaeu te
vinden,ick treck A D en B C voorwacrt,tot datfe de glafgront gheraken inl en
K: Vinde dacr nade fchacu des vierhoucx A B K1, ghelijckfe hier vooren ghe-
vonden wiert van:A B CD, welcke fchaeu (nemendeL voor facrppunt) fy
M N KI. Nughelijck hiergevonden is de fchaeu M N der verfchaeulicke A B,
alfoo falmen oock vinden de fchacu der verfchaeulicke D Cydatisyick treck DG
fnycnde EFin O, daer na O P rechthouckich op EF, en gherakende L Lin P,
voort PQ evewijdeghe met M N, en gherakende L K in Q: T'welck foo fijnde
dcn'vie;(l:li‘)sxck-M'N QP, isopenbactlick de beghéerde fchaeu der verfthaeulia
keABCD., - -~ 7 . '

A . ._,B. ‘L -'A: L iB.oL
P I\ p o A
2 e
£z ¥ B3 0\ K F
¢ H——q

Maer foo de verfchaeulickeform evewijdeghe linien hadde mette afgaende
fijden, decortheyt des wercx dieder dan op valtis dirfdanich:Lact M N QPhier
onder weerom de fchaeu van A BC D fijn, L faempunt, endercftalfvooren,
uytghenomen dat de verfchaeulicke vierhouck A B C D nuin- haer hebbedrie
evewijdeghe linicn met ADalsR S, TV,X Y. Orh der felver linien fchaeu te
vinden,men heeft nict te doen dan dic felve dric linien voort te trecken totinde
glafgront E Fals R S Z,en foo met d'ander twee: Dder nadrié linien vant facm
punt L,tot die dricgheraeckfelen inde glafgrondt,want de drie linien alfdan be-
grepen inden vierhouck MN Q P, fijn openbaerlick de beghcerde fchacuwen
dersprfchatulicke RS, TV,XY, - - R ’

S Voor-
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To find the images of the said lines, we need only draw KP, KR, KT, inter-
secting MN in the three points V, X, Y, for the three lines contained in the
quadrangle MNCD as VP, XR, YT are clearly the required images, to wit VP
of OP, and XR of OR, and YT of ST.

3vd Example

But to give also an example where the glass extends outside one side of the
parallelogram, parallel to the side, let ABCD again be a parallelogram in the
floor, whose side DC is parallel to the glass base EF, and G is the foot, on which
is imagined an observer’s line, equal to the observer's measure GH. In order to
find from this briefly the image, I produce AD and BC until they meet the glass
base in I and K; thereafter I find the image of the quadrangle ABKI as it was
found above of ABCD, which image (taking L for the meeting point) shall be
MNKI. Now just as here the image MN of the line 4B has been found, in the
same way the image of the line DC will also be found; that is: I draw DG inter-
secting EF in O, thereafter OP at right angles to EF and meeting LI in P, further
PQ parallel to MN and meeting LK in Q. This being so, the quadrangle MNQP
is clearly the required image of the figure ABCD.

4th Example

But if the figure has lines parallel to the sides descending to the glass base,
the abridgement of the procedure then obtained is as follows. Let MNQP
below again be the image of ABCD, L the meeting point, and the rest as above,
except that the quadrangle ABCD now has in it three lines parallel to AD as RS,
TV, XY. In order to find the images of the said lines, we need only produce the
said three lines to the glass base EF so as to obtain RSZ, and similarly with
the other two. Thereafter three lines from the meeting point-L to those three
meeting points in the glass base, for the three lines then contained in the
quadrangle MNQP “are clearly the required images of the lines RS, TV, XY
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5 Voorbeelr.

Hoe wel ons voornemien wasuyt verfcheyden mianicren van wercking maer
eenteverkicfen , te weten die ons cortft en bequaemft doche, foofullen wy
_nochtans totte vier bovefchreven voorbeelden dit vijfde vervoughen, met wat
'verandering indémanier deswercx, deur dien wyin des Anhangs 3 hoofiftick
daerafwat fullen fegghen. ' o _

Om dan tot de facck te comimen; fullen hier ftellen vier formé,d'cerfte met cen
ghegeven verfchaenlick viercant, de tweede met ecn verfchaeulicke rechthouck
op d'een fijde langer,de derde met een evewijdege f:heefhouckighe vierhouck,
cnalle drie metter glas rechthouckich op de vioer deur cen fjjde der verfchaeu-

. Yicke vierhonck : De vierde forimi mettet glas fcheefhouckich op de vloer , tot
welcke vier formen cen felve befchrijving dienen fal. Laet dan ABC D e¢n

“verfchaeulicke evewijdeghe viethouck fijn inde vioer, deur wiens fijde D C de
glafgront E F ftreckt,G isdé voet,wacr op deur ¥ghedacht een fienderlijn ftaet,

_even ande ficndermact G H,en rechthouckich op de vloet, voort fy ghetrocken
devloerlijn G I, evewijdeghe met D A,en van het vioerlijnrdecklel 1, de fien-
dermaet IK; even an GH, en rechthouckich opdeglafgront E F, daer na de

- faemlijnen DK, CK. Tot hiertoeis twerek ghedaen als in vbeghin van het
1 voorbecit defes 3 lidts; Maer om nude (chaeu van A B op ons voorghcnomen
manier te vinden, ick teycken inde glafgront EF ¢'punt F, alfoo dat € Feven is
ande lini dieder valt van G rechthouckich op EF, t'welckin deerfte, en tweede
fotmis G I,inde 3 en 4 form wortfe bedocht : Daer na FL, even en evewijdc-
ghe met IK,voort teyckenickinde glafgrondt EF t'punt E, alfoo dat C E even
is ande linidiedér van C rechthouckich valt op A B, of op haer verlangde,
t'welck in deerfte en tweede form is € Bjinde 3 €n ¢ form wortfe bedocht: Dact
na C M, makendeop E F.¢en houck eveh anden hougk diemen neemt het glas
op de vioer te maken; Ick treck daer na L E,fhyende C M in N;neem daer na de
langde C N, vervough dieindelini1K,van I tot O, en treck deur O de lini P
evewijdeghe mer A B te wetenPinde aemlijn D K, en Qinde faemlijn CK.
Dit foo fijnde;ickfeghdelini PQ ¢ wefen de fchacu vanAB,enPQC Dde
fchaeudes viethoucr ABCD. TBEREYT sEL. Laet indeeetfte en twee-
dc form gheteyckent worden t'punt R, als ghemeene fn¢ van IK , of haer vers
langde,en A B of haer verlangde,

TBEWYS.

Anghefienin d'cétfte en tweede form CF even isande lini1G,en CE an
CB, ddtsoockan1 R, fools E Feven met G R, enF Liseven ande fienderlijn
die cipt pan: G faee rechthouekizh opde vioer, waer deurdendriehouck EF L
reshefijidean Fevenen gheliick isanden verdochten drichouck bcgrepc;x it‘u("-

' chen
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Sth Example

Although it was our intention to choose only one out of different operation
methods, to wit that which appeared shortest and most suitable to us, we will
nevertheless add to the above four examples this fifth, with some-modification
in the construction method, because we shall say something about it in the 3rd
chapter of the Appendix.

In order to come to the matter, we shall here give four figures, the first with
a given square, the second with a rectangle, one side of which is longer than
the other, the third with an oblique-angled parallelogram, and all three with the
glass at right angles to the floor through one side of the quadrangle; the fourth
with the glass at oblique angles to the floor, for which four figures the same
description will serve. Let ABCD therefore be a parallelogram in the floor,
through whose side DC passes the glass base EF; G is .the foot, on which is
imagined an observer’s line equal to the observer’s measure GH and at right angles
to the floor; further let there be drawn the floor line GI, parallel to DA, and from
the floor-line glass point I the observer's measure IK, equal to GH and at right
angles to the glass base EF, thereafter the meeting lines DK, CK. Up to this
point the procedure has been as at the beginning of the 1st Example of this
3rd Section. But in order now to find the image of AB in the manner intend-
ed by us, I mark in the glass base EF the point F such that CF is equal to
the line that is from G at right angles to EF, which in the first and second figures
is GI; in the 3rd and 4th figures it is imagined. Thereafter FL, equal and parallel
to IK; further I mark in the-glass base EF the point E such that CE is equal
to the line that is from C at right angles to AB, or to AB produced, which in
the first and second figures is CB; in the 3rd and 4th figures it is imagined.
Thereafter CM, making with EF an angle equal to the angle that the glass is
assumed to make with the floor. Thereupon I draw LE, intersecting CM in N,
then take the length CN, transfer that to the line IK, from I to O, and draw
through O the line PQ parallel to. 4B, to wit P in the meeting line DK and Q
. in the meeting line CK. This being so, I say that the line PQ is the image of

AB, and PQCD the image of the quadrangle ABCD. PRELIMINARY. In the
first and second figures let the point R be marked, as intersection of IK, or IK
produced, with AB, or 4B produced. :

PROOF

Since in the first and second figures CF is equal to the line 1G, and CE to CB,
i.e. also to IR, EF is equal to GR, and FL is equal to the observer's line that is
in the point.G at right angles to the floor, in consequence of which the triangle
EFL, right-angled in F, is equal and similar to the imagined triangle contained
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fchen het oogh, R en G, recht fijndean G;Voort anghefien1G evenisan CF,
foo moet L E, delini C M fhyenin N, foohoochbovenC, als het firael van
t'oogh tot R het glas deurboort boven I, dacrom C N is de ware langde diedex
moct fijn van D C tottefchaeu van A B, maer de felvelangde is tufichen DC
en P Qdeur twerck,daerom P Qjis in hacr behooulicke verheyt van DC : Hacr
uyterften P Qfijn oockinde faemlijnen D K, CK; Dacrom P Q_is dc wate
fchacuvan A B, '

1 FORM 2 FORM

x b K
A'}-(\,' 3
AP .‘ .

O

5
i

o . H .

Deurt’ghenc hier bewefen isinde eerfle en tweede form, machmen claelick
ghenouch verftaende nootfakelickheyt van desghelijcke-inde derde en ierds
form, want foomen trecks een lini van G rechthouckich op A B,of op bacr vers

langde,
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between the eye, R, and G, being right-angled in G. Further, since IG is equal
to CF, LE must intersect the line CM in N, as high above C as the ray from-the
eye to R pierces the glass above I; therefore CN is the true length that must be
from DC to the image of AB, but the same length is between DC and PQ by
the procedure, therefore PQ is at its proper distance from DC. Its extremities P,
Q are also in the meeting lines DK, CK; therefore PQ is the true image of AB.
" From what has here been proved in the first and second figures we may under-
stand cleatly enough the necessity of a similar procedure in the third and fourth
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‘liangdc, fy al even fijn met EF, vacruyt men ghenouch fiert ‘vervolgh vic
creft.
M' ERCKT.

Maer !'ood:r tevinden waren de f'chacuWen vah ettelicke andet verfchacuuc-
kelinien evewijdich inet A B, dat can miet cortheytaldus ghefchien : Lact wf:
fchen A Ben D Cdeurt ghcdacht noch twee verfchaeulicke linien fijn, even
cn evewijdich met A B,eni fireckende deut de punten S, T, die ghclcyckcm fijn
in A D. Om der felve linien fchaeuwen te vinden; ick teycken inC Ede twee
punten V,X,alfoo dat C V even is mette lini van Stor op EFrechthouckich,en
C Xeven imette lini van T rechthouckich op EF, tteck daer naL V,en L X;
foyende MCin Y enZ; Teycken dact nainde viethouck P CD dchm abfo
hoochboven D Calsvan Ytot C, fghelijexdelini ¢4 foo hooch boven D C
alsvanZtot C,en heb openbaerlick ' beghecrde.

Tot hier toe fijn voorbeclden befchreven aliwaer t’glas fireckt deur cen fijde
des verfchaeulicken vierhoucy,maer om oock vooibeelt te fellen dacrt buyten
cen ijde ftrecke eveivijdich mette felve,, foo laet inde twee cerfte rechthoncki-
ghe verfchaculicke vierhoucken ABT: cen verfthaculicke vierhouck fijn;
fireckende r'glasdeus E F evewijdich’ met AB; en de reft vin-t'ghegheven fy
alfvooren.
~ Omnudefchaeu van A Brevinden, men Al AT ¢n hacrtegenoverfijde B¢
voorwaert trecken’, tot datfe EF gherakcn als in Cen D:Anfiendedaer na

+ABCDaloflede ghtghcvcn verfchaculicke forih waer, men vint PQ fchacu
van A B alfvooren; En anficnde ddernaandermael Te c D; aloffe de gheghe-
ven verfchaculicke form waer ; men vint 6p de felve voug,hc de fchacu vande
verdochte T ¢, en men heeft ¢ bcghcc:de waer af t bcm,s deut tvoorgdendg
openbacr is.

8 Wurhelt.

Nu fulleh wy fegghen vande cortheyt diedervalt, als 'glds ftreckt onevewij«
dich met elcke der viér fijden. Lact tot dien eyade ABCD een verfchaculicke -
cvewijdeghe vierhouck fijn, E F de glafgfont onevewijdich met elcke der vier
fijden,en t'glas rechthouckich op devloer, fireckende deur een der punten, als
deur C,en Gisde voet, waer op deurt; ghcdacht cen fienderlijn ftacteven ande
ﬁ:ndeumexﬁﬂ an «vande fetve viethourk A B.C D defchacu e crijghen,
men foudmtcughcn,vmdendcfchacu vag elgkderpunten A,B, D,nadeghe-
meene reghel des-s voorfiels, treckendeidacr na linjen van 'een punt tottet an-
der ;, macx. men caple deur cen cotterwechcrijghen alsvolght: Ick treck de
vioetlijn G Icvcwl;dxch met CB,en K1rechthouckich op EF,enevenan GH;
Dagrm devloerlijn GL| cvcwudcghc metC Dyenop EFde fiendermaet L M
evenan 6 H, treck dacrna A D voorwaert tot inde glafgrondtan N, en A B tot
indefelv cglaﬁg,xont an O;Dacrna KN,K C,en M Cfayende K Nin P, voorts
MO myendeK Nin %ﬂ K CinR.Twelckfoo i jnde,de vierhouck QR CP
isde begheerde fchacu vande vetfchaculicke ABC D, want MO, MCfiji
- facmlijnen der fthacawen van A B DCenKN,KE der fchacuwen van 4; g

4
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figures, for if a line is drawn from G at right angles to AB, or to AB produced,
it will be equal to EF, from which the sequel of the rest is sufficiently seen.

NOTE

But if the images of several other lines parallel to 4B are to be found, this
can be done briefly as follows. Between AB and DC let there be imagined to
be two more lines equal and parallel to AB and passing through the points §, T,
marked in AD. In order to find the images of the said lines, I mark in CE the
two points ¥, X, such that CV is equal to the line from § at right angles to EF,
and CX is equal to the line from T at right angles to EF, and thereafter I draw
LV and LX, intersecting MC in Y and Z. Thereupon I draw in the quadrangle
PQCD the line 4b as high above DC as from Y to C, likewise the line ¢cd as
high above DC as from-Z to C, and I clearly have what was required to be found.

Up to this point examples have been described where the glass passes through
one side of the quadrangle, but in order also to give an example where it passes
outside one side, parallel to the latter, in the two first rectangles ABTe let there
be a quadrangle, the glass passing through EF parallel to AB, and the rest of
the supposition being as above.

In order now to find the image of AB, let AT and its opposite side Be be
produced until they meet EF as in C and D. Thereupon considering ABCD as
if it were the given figure, PQ is found as the image of AB as above. And then
again considering TeCD as if it were the given figure, the image of the imagined
line Te is found in the same manner, and we thus have found what was required
to be found, the proof of which is clear from the foregoing.

. 6th Example

We will now discuss the abridgement obtained when the glass is non-parallel
to each of the four sides. To this end let ABCD be a parallelogram, EF the glass
base non-parallel to each of the four sides, and the glass at right angles to the
floor, passing through one of the points as through C, and G is the foot, on which
is imagined an observer’s line equal to the observer’s measure GH. In order to
obtain the image of the said quadrangle ABCD we might find the image of each
of the points 4, B, D, according to the common rule of the 5th proposition, there-
after drawing lines from one point to the other, but it can be obtained by a
shorter method, as follows. I draw the floor line GI parallel to CB, and KI at
right angles to EF and equal to GH. Thereafter the floor line GL parallel to
CD, and on EF the observer's line * LM equal to GH; thereafter I produce AD
to the glass base to N, and AB to the said glass base to O; thereafter I draw KN,
KC, and MC intersecting KN in P, further MO intersecting KN in Q and KC
in R. This being so, the quadrangle QRCP is the required image of the figure
ABCD, for MO, MC are meeting lines of the images of ABCD and KN, KC of
the images of AD, BC; therefore the images of AB and DC are in the meeting lines

(") “Observer’s measure” is evidently a printer’s error in the Dutch text.
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X —'&

BC, dacromdefchacuwen van A Ben D Cfijn ide faemlijnen MO, M C,en
de fchacuwen van A D, B Cinde zemlijnen KN, K C waer dcule_} enPC
fchacuwen fijn van A B, D C,en QP, R C fchacuwen van AD,BC, en ver-
volgens de viethouck Q R C P (chacu des vexfchaculicken vierthouex A B C D;

7 Voofo
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MO, MC, and the images of AD, BC in the meeting lines KN, KC, in cohsequence
of which QR and PC are the images of 4B, DC, and QP, RC are the images of

AD, BC, and consequently the quadrangle QRCP is the image of the quadrangle
ABCD.
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: 7 Voorbedt.
Maet foo in de verfchaeulicke evewijdeghe viethotick, linién waten evewijs
dich mette fijden,haer fchacuwen worden oock met cortheyt ghevonden. Laet:

-

by voorbeelt inden verfchaculicken viethouck AB C D, drie linien fijb evewij= .
dich met A B, en drie ander linien evewijdichmet AD : Dit foo fijnde, men
doct de wercking alfvooren, en dacrenboven treckmen noch de ghegeven eve-
wijdeghen voorwaert,tot datfe de glafgront EF gheraken, als tuffchen Cen O
inde drie punten S, T,V, macr tufichen Cen Ninde dric punten X,Y,Z; endeis

dan_de form alshier onder.:

e s A . n I{

o

EL AXxXY Z C .5 TV o R

E Daet
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7th Example

But if in the parallelogram there are lines parallel to the sides, their images
are also found briefly. In the quadrangle ABCD, for example, let there be three
lines parallel to AB, and three other lines parallel to AD. This being so, the oper-
ation is as above, and in addition the given parallel lines are also produced until
they meet the glass base EF as between C and O in the three points §, T, V, but
between C and N in the three points X, Y, Z; then the figure is as shown below.
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Daernatreck ick de feslinien MS, M T, M VKX K Y,K Z;en deliniendan
begrepen inden viethouck QR C P (welcken vierhouck wy mecrder clactheyts
halven hicr andermael verteyckenen,fonder de ghegheven verfchaeulicke vier-
houck ) fijn de begheerde fchacuwen der verfchaculicke cvcwx;dcghc inden

viethouck ABCD.

M K

ELXXYZ C5 TV 0 R

& Voor-
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Thereafter I draw the six lines MS, MT, MV, KX, KY, KZ, and the lines then
contained in the quadrangle QRCP (which quadrangle, for the sake of greater
clarity, we draw here once more, without the given quadrangle) are the required
images of the parallel lines in the quadrangle ABCD.
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& Voorbeels.

Lactnu denglafgront E F firecken buyten den verfchaeulicken evewijdegen
vierthouck A BC D, fcnder dien te gheraken, als hier onder,, alwaer G de voet
is, GH fiendermaet, die ghelijck cock r'glas rechihouckich op de vioer is. Hier
memette punten 1K, L, M, N, O,de wercking vervolghtalfvooren, dacr na
B C,en C D voorwacrt ghetrocken, tot datfede glafgront F F.gheraken in Pen
Q; ¢n ghetrocken M O,M Q, KN, K P, foo isde viethouck begrepen tufichen
diebinnenftedeelen,van die vier linien,als R 8 T V, de begheerde fchacuswaet

aftbewijs openbacris deur 'voorgaende.

E 2 7 Voors
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8th Example

Now let the glass base EF extend outside the parallelogram ABCD, without
meeting it, as shown below, where G is the foot, GH the observer’s measure, which
just like the glass is at right angles to the floor. When upon this, with the points
1, K, L, M, N, O, the operation is continued as before, thereafter BC and CD
are produced until they meet the glass base EF in P and Q, and MO, MQ, KN,
KP are drawn, the quadrangle contained between those interior parts of those
four lines as RSTV is the required image; the proof of which is clear from the
foregoing. )
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g Voorbeelr.

Maer foo den verfchaeulicken vierhouck A B C D, evewijdege linien hadde
metdeen en d'ander fijde,men foude om haer fchaeuwé met lichticheyt te vin-
den,doen alfvooren,te weten dic linien voorttrecken totte glafgrondt E F\, daer
* na linien van Mot fulcke gheraeckfelen wfichen Q cn O vallendc, en van K
-tot foodanighe gheracckfelen tufichen Pen N vallende; want dier linien deelen

inden vierhouck R S T V begrepen, fouden om de voorgaende redenen de be-
gheerde{chacuwen fijn. :

10 Voorbeelt.

Ons can oock cortheyt ontmoeten int verfchdeuwen der lichamielicke recht.
houcken. Om van twelck by vootbeelt te fpreken , lact A B C D fijn de gront-
teyckening van een lichamelicke rechthouck,diens hooghde E F,en vglas ftrec-
ke deur ¢'voorfte plat dicnsgrondt D C, e voet fy, G, waer op deur r'ghedacht
ftaet een ficnderlijn rechthouckich op ac vloer, en even ande fiendermact H I.
Om nu t'werck te doen ick teycken op een ander glas (om de fchacu mette ghe- .
geven grontieyckening nict te vermengen) K L,M N, als fchacu des vierhoucx .-
dicint glas comt,te weten diensgront N M evenis met DC, en hooghde NK,
evéan EF.Voortvindeickdeur het s of 6 voorftel rfaem punt O,van t'felvetrec
ick O M,0O N, OK,O L,als faemlijnen vande voorighetrocken fchacuwen der
verfchaculicke gelijck fijn D A, C B,en dieder boven commen. Om nu de reft
der begheerde fchacu te volmaken, ick en behouf niet dan te foucken de fchaen
des puntsghelijck A is, welcke fchaeu P fy, diemen nu vint alleenelick deurde
twee lactfte leden der wercking vant § voorftel: Daer natreckmen P Qevewij-
deghe met N K, tot dafe gheraecke de faemlijn O K: Daer na QR,cvewijdege
met N M, tot datfe gheraccke de faemlijn O L, voorts R S, evewijdeghe met
L M, totdatfe gheraeckt de faemlijn O M; Ten Jaetften SP , welcke fooint
handuwerck niet ghemift er is,nootfakelick moet vallen evewijdich met N M,
deur het 2 voorftel : En om de tedenen int felve 2 voorftel bewelen , mocften
PQ, enR S, evewijdeghe fijnmet NK,LM,enQR , met NM , fulcx dat
KLMNPQRS de begheerde fchacu is. '

Macr want defe fchaeu gheteyckent is van een lichamelicken rechthouckals
van dearluchtighe ftof fijnde, fulcx datmen de achterfte linien als PQ,P S,PN,
fien can, {oo is te weten dat alfmen fich voorfteltdattet lichaem niet deurluch-
tich en is, men mach de felve drielinien onghetrocken laten, en in falckenge~
valle foudemenin plaets des punts P, hebben meéughen vinden t'punt %cn
voort de reft vervolghen na t'behooren.

11 Voorbeelt.

Maer fooder achter den ghegheven verfchaeulicken fichamelicken recht.
houck,ftonden meer ander lichamelicke rechthoucken, even en ghelijck mette
felve, als diens grontteyckeninghen de viercanten T, V, foodatde twee fijden
Ten Vwareninde rechte lini van D deur A fireckende, de vinding van haer
{chacuwen is oock heel licht,wantghevonden rpunt X, ghelijck boven ghefeye
isvan Q.en daet mealfoo voorighevaren, men heeft de begheerde fchacu an Xs
En fghelijcx vintmen oock de fchaeu an Y. )

12 Voor-
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étb Example

But if the quadrangle ABCD had lines parallel to one side and to the other,
in order easily to-find their images we should proceed as above, to wit produce
those lines to the glass base EF, thereafter draw lines from M to such meeting
points between Q and O, and from K to such meeting points between P and Nj
for the parts of those lines contained in the quadrangle RSTV, for the foregoing
reasons, will be the required images.

10th Example

We may also obtain abridgement in the perspective drawing of right prisms.
In order to speak of this by means of an example, let ABCD be the ground-plan
of a right prism, whose height is EF, and let the glass pass through the foremost
plane, whose base is DC; let the foot be G, on which is imagined an observer’s
line at right angles to the floor and equal to the observer's measure HI. Now in
order to carry out the procedure, I draw on another glass (so as not to mix
up the image with the given ground-plan) KLMN as the image. of the quadrangle
that comes in the glass, to wit whose base NM is equal to DC and whose height
NK is equal to EF. Further I find by the 5th or 6th proposition the meeting point
O; from this I draw OM, ON, OK, OL as the meeting lines of the produced

- images of the lines, such as DA, CB, and those coming above them. In order
now to complete the rest of the required image, I need only seek the image of
the point as A, which image shall be P, which is now found simply by the two
last sections of the operation of the Sth proposition. Thereafter PQ is drawn
parallel to NK until it meets the meeting line OK; thereafter QR parallel to NM
until it meets the meeting line OL, further RS parallel to LM until it meets the
meeting line OM; finally SP, which, if the construction has not been defective,
must needs be parallel to NM, by the 2nd proposition. And for the reasons
proved in the said 2ad proposition PQ and RS were bound to be parallel to NK,
LM, and QR to NM, so that KLMNPOQRS is the required image.

But because this image has been drawn of a right prism of transparent matter,
so that the rearmost lines as PQ, PS, PN can be seen, it is to be known that if
the solid is imagined not to be transparent, the said three lines can be left un-
drawn, and in such a case instead of the point P we might have found the point
O, and further might continue the rest in the proper manner.

11th Exaﬁple

But if behind the given right prism there are some more right prisms, equal
and similar to the said one, such as those whose ground-plans are the squares
T, V, so that the two sides T and V' are in the straight line from D passing
through A, the finding of their images is also very easy, for when the point X
has been found as has been said above of Q, and the procedure is continued,
the required image is to be found in X; and in the same way the image is also
found in Y.
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12 Voorbeel,

Maer foo inden bovefchreven verfchaculicken lichamelicken rechthouck,
_meerander liniien waren evewijdich mertefljden , haer fchacuwen fouden met
cortheyt menghen ghetrockenworden : Als by voorbeelt,ghenomen datter in=
de cortfte fijden gheteyckent waren dtic puriten, van welcke evewijdegelinien
ghctrocken wiren mette Iangfte fijden : Sighelijex inde langfte fijden feven
puiniteni, van viélcke eveivijdeghe ghetrocken waren mette contfte fijden,
* Om-det fdlvei cvewijdeghen fchacuwen te vinden ;' men hecft mct:n—
E 3 ers
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12th Example

But if in the above right prism there were some more lines parallel to the
sides, their images might be drawn briefly. For example, let us assume that in
the shortest sides there were marked three points, from which lines were drawn
- parallel to the longest sides, and in the same way in the longest sides seven
points, from which lines were drawn parallel to the shortest sides.
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derste doen , dan ¢ 0
die linienuyt Ote :

trecken totte voor-
fchreven punten ,
en voort al d'ans
der ghelijck de.
volghende form
snwijit , welver-
ftacnde datdeeve-
wijdeghe metKL,
inden vierhouck
K R ghevonden
worden als hiet K¢ 1
vooren in dit 3 lidt
ghefeyt is , en dat
van dier linien
uyterfte punten in
L R, ghetrocken
fijn evewijdeghe.
linien met R S.

te

NS

X Mo
13 Voorbeels.

Soo tiglas niet en wact evewijdich met des lichamelicken rechthoucx plat -
alfvooren, maer onevewijdich, daer vallen oock merckelicke cortheden in.Lact
by voorbecelt ABC D een rechthouck fijn,ick neem een viercant als gronttcyc-
kening inde vloer, waer op verdocht wort cen lichamelicke rechthouck te com-
men, foo hooch alscen der fijden lanck s, te weten cen * teerlinck endeurden
houck C ftreckt het glas EF rechthouckich op de vioer, voortis G de voet,wact
op verdocht wort cen fienderlijn te flacn rechthouckich op de felve vloer, en
even ande fiendermaet G H,Om van defen teerlinck de fchaeu te teyckenen,ick
vinde cerftalfvooren de fchaeu des gronts,of der dric fenlicke punten B,C, D,
welcke fijn, neem ick,als inde volghende tweede form LK, L: En K1 M d'een
facmlijn,diens aempunt M: D'ander faemlijn is KL N, dicns facmpunt N, en
opt punt K datint ‘glas comt, treck ick de fijde des teerlincx dic int glas ftact, als
K O, cvenan AB, daer na vant facmpunt/Mdefaemliin MO , en N O daer na
1P,en L Q evewijdeghe met K O,comufende Pin M O,enQin N O: Dacrna
MQ,en NP fnyende MQin R: T'welck foo fijnde, de foom RPIKL %) is
de begheerde fchaeu des ghegheven teerlinex, |

14 Voorbeels.

Maer foo den ghegheven teerlinck op elck viercant evewijdeghe linien had-
de,evewijdich metie fijden , de (chaeuwen der felve connen oock met cortheye
El;evondcn worden. Laet by voorbeelt de uyterfte punten dicr evewijdeghe

inienin K O, fijn S, T,en duyterfte punten der-fchacuwen van fulcke linienin
K Lgevonden inden gront nade manicr alfvooren fijn VXen inK1fiin Y Z,
daer natreck ick de linicn van V en X evewijdeghe met K O,totin Q O,en van
‘dace
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In order to find the images of the said parallel lines we need only draw those
lines from O to the aforesaid points, and further all the others as the following
figure shows, in the sense that-the lines parallel to KL are found in the quadrangle
KR, as has been said before in this 3rd section, and that from the extremities
of those lines in LR there are drawn lines parallel to RS.

13th Example

If the glass is not parallel to the plane of the right prism, as above, but non-
parallel, notable abridgements are also obtained. For example, let ABCD be a
rectangle, I assume a square, as ground-plan in the floor, on which is imagined
to come a right prism as high as one of the sides is long, to wit a cube, and
through the angle C the glass EF extends at right angles to the floor; further G
is the foot, on.which is imagined an observer’s line, at right angles to the said
floor and equal to the observer's measure GH. In order to draw the image of
this cube, I first find, as above, the image of the base, or of the three visible
points B, C, D, which I assume to be as in the following second figure: I, K, L.
And KIM is one meeting line, whose meeting point is M; the other meeting
line is KLN, whose meeting point is N; and in the point K that comes in the
glass I draw the side of the cube that is in the glass as KO, equal to 4B, thereafter
from the meeting point M the meeting line MO, and NO, thereafter IP and LQ
parallel to KO, P coming in MO and'Q in NO. Thereafter MQ and NP inter-
secting MQ in R. This being so, the figure RPIKLQO is the required image of
the given cube.

14th Example

But if the given cube has in-each square parallel lines, parallel to the sides, the
images of these can also be found briefly. For example, let the extremities of
those parallel lines in KO be S, T, and let the extremities of the images of such
lines in KL, found in the base in the same manner as above, be VX, and in KI:
YZ. Thereafter I draw the lines from V' and X parallel to KO, as far as QO, and




VANDE VERSCHAEVWING: I7s
daer voort tot M: Dacr navan Y enZ evewijdeghé met K O,totin M O,én van
daervoorttot N; Daerna NS;N T,M $; M T. T'welck foo fijndede linien be-
_grepen indedrie vierhoucken fijn openbacrlick debegeerde fchacuwen derges:
ghevea verfchaculicke evewijdeghe linien op de viercanten des teerlincx,

Men foudebeneven de bovefchreven voorbeelden metlichamelicke techt.
houcken , noch incughen fiellen ander voorbeelden van groote ghefticheen,
maer achtende dat hier deur de meyning ghenouch verftaenis vande cortheyde
vallende in fulcke evewijdeghen, te weten dic mette vioer of mettet glasevewij-
dich fijn,fullent dacr by laten,te meer dat cen dic hem int dadelick verfchacuw&
ecficot veel cortheden merckt dic goen mondelicke onderrichting en behouvE.
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from there on to M. Thereafter from Y and Z lines parallel to KO, as far as
MO, and from there on to N. Thereafter NS, NT, MS, MT. This being so, the
lines contained in the three quadrangles are clearly the required images of the
given parallel lines in the squares of the cube.

Besides the above examples with right prisms, other examples of large buildings
might be given, but since we deem that the meaning is thus sufficiently under-
stood of the abridgement obtained with such parallel lines, to wit those that are
parallel to the floor or to the glass, we shall leave it at this, the more so as those
who exercise themselves in the practice of perspective drawing will note many
abridgements which do not call for any oral instruction.
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4 LID T,

Onsontmoetoock contheytint vcx’chacuwcn van.vetfchaculicke evewijde.
ghc linien die onevewijdich fijn mette vloer, en oock mettst glas. Om van
rwelckvoorbeclt 1e ftellen, lact ABCD ﬁ)n de gronditeyckening van ecn
huys,diens flanuey ckcnmgals voorghevel of achterghevel (yEFGH I, fulex
dat1H cvenisen overcomtmet C B, en t'glascomme op devioer rechthouc-
kich dcur DC: Hiertoe noch ghcohcx en (ijnde de voet en ficnderlijn, en de
verfchacuwing ghedaen wefende na r'behooren , fooisdacruytghecommen,
neem ick, de fchaeu waerafhetdack fy den viethouck K L MN: Dit plat des
dacken is mdc verfchaeulicke forin evewijdich noch mette vloer, noch mettet
glas: Vanr'felve verfchaculick dack commen neem ick vijfev, cw:)deghc linien,
evewijdich metteuyterfte, beteyckenende het onderfcheyt van barders; loot,
pannen, ofdierghclijcke .
dacrmen de huyfen me
deckt, de eynden van
filcke linien commen
inde lini MN , als ter
plactfen vande punten
P,Q,R,S,T. Omnudice
linien fchacuwcn met
fichticheyt te vinden ick
treck N Ken ML voor-.
waert tot datfe malcan-
det ontmoetenan Vals
faempunt ; Daernatreck
ick VP,VQ,VR,VS,
VT, dical€émael KL
deurfnyen mocten. Dit
foofijnde,ick fegh datde
vijflinien vallendeinden
vierhouck KL MN, de
begeerdefchacuwenfijn,
waer af t'bewijs open-’
bacr is.

_ Onscan cortheyt ontmocten met te ghcdcncken het inhondt desz voorfiels,
teweten dat de rechte lini tufichen twee fchaeuwen vari verfchaculicke punten,
fchaeu is der verfchaculicke rechte lini tufichen de felve twee verfchaculicke
punten. Om van t'welck voorbeelt te be-
fchrijven , foo laet ABCD fijn cenver- 4 B

fechaeulicke viethouckige rechthouck diens:
ghevonden fchaeu (y EFGH. Hier bene- . 1 E »
vens begheertmen noch de fchacu desmid- T

delpunts I van A B C D. Om ditmet cort-.

eyt te doen, ick treck de twee rechte linien : 4

E G,FH,en daerfe malcanderdeurfnyenals. .© ¢ H Q

nK,is dc beghéerdefchaeu des verfchaeu-- -

lick puutsl Wan deur het. bovefchreven 1 vooxﬁel foo SEG fdmeu vande
- verdoch.
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4th SECTION

We also obtain abridgements in the perspective drawing of' parallel lines which
are non-parallel to the floor, and also to the glass. To give an example of this,
let ABCD be the ground-plan of a house, whose vertical plan of the front or rear
facade shall be EFGHI, so that IH is equal to and corresponds to CB, and the
glass comes at right angles to the floor, through DC. When in addition the foot
and the observer’s line are given, and the perspective has been carried out in the
proper manner, I assume that from this has resulted the image, of which the rcof
shall be the quadrangle KLMN. This plane of the roof in the figure is parallel
neither to the floor nor to the glass. I assume that from the said roof proceed
five parallel lines, parallel to the boundary lines, signifying the distinction be-
tween boards, lead, tiles or the like, with which houses are covered; the ends
of such lines come in the line MN, namely, in the points P, Q, R, §, T'. In order
now to find easily the images of those lines, I produce NK and ML until they
meet in V' as the meeting point. Thereafter I draw VP, VQ, VR, VS, VT, all of
which must intersect KL. This being so, I say that the five lines falling in the
quadrangle KLMN are the required images, the proof of which is clear.

sth SECTION

We may obtain abridgements when we bear in mind the contents of the 1st
proposition, to wit that the straight line between two images of object points is
the image of the straight line between the said two points. In order to give an
example thereof, let ABCD be a rectangle, the found image of which shall be
EFGH. In addition thereto, the image of the centre I of ABCD is required. In
order to do this briefly, I'draw the two straight lines EG, FH, and where they
intersect as in K, is the required image of the point I. For by the 1st proposition
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" verdochte A C,en FH vande verdochte B D,maerde gemeene fne van dietwee
verdochte linien ghebeurtin 1, dacromdes vierhoucx A BC D middelpunt is
inde verdochte A C, en cock inde verdochte BD , waer deur fijn fchacu oock

. moet fijn in E G,en bock in FH,en dacrom isK de beghcerde fchaen,

Onscan noch een ander ghedaente van cortheyr onimoeten die wy aldus
verclaren fullen:Laet A B C D een vetfchaeulicke evewijdeghe vicrhouck we-
fen,deur welcke ter eender fijde ghetrocken fijn foo veel linien evewijdich met
A D, alffer terander fijde gherrocken fijn eveivijdich met A B, t'welck hier is
op clcke fijde feven linien, op clcke fijde al even verre van malcander, en t'glas
fireckedeur D C als glafgront. Van defen verfchaeulicken victhouck ABCD;
fy EF G Hde ghevonden fchaeu, fulex dat G H ghedceltisin feven even deelen
alsD C :DacrnaHE, ¢n G F voorighetrocken wefende, fy vergaren in 1, als
facmpunt van v'welckghetrocken fijn feven linien totie bovefchreven feven

unten tuflchen GH,fulcx dat der felve linien deelen begrep&inden vierhouck
EF GH, fijnfchacuwé der verfchactlicke liniendic inden vierhouck ABCD
van boven neerwacrt commen. Macr cm nu metcortheyt te vinden de fchaeu-
wen det feven verfchaculicke linien tufichen A B en D C evewijdich mette fel-
ve, icktreck EG fnyende de feven linien dieder ghetrocken fijn van 1tot inde’
1ini G H, cn deur hacrghemecne fncen treckick feven evewijdeghen met GH
eyndende op d'ecn fijdein EH, opd'ander fijde in FG, welcke feven linien
alfoo met cortheytghevonden , ick fegh de begheerde fchacuwen te fijn. Om
t’welck re bethoonen, foo :
laet cerft ghetrccken woi-
den de rechte lini AC;
wacraf EGdeurhetivoor- 4
ftel fchaeu moet fijn, over-
midis vpunt G fchaeu is
van C,en Evan A; Enalde
ghemeene foeen der fclve
E G, cn der linien van I tot
in GH , mocten deur f'bo-
velchrevé 1 voorfiel fchaeu-
wen fijn der ghemeene ver-
fchaeulicke fncenvan A C;
en de linien dic van -boyen .
neerwaert commen. Maei D
want deur de felve ghemee-
ne verfchaenlicke fneeny ) ,
d'ander verfchaeulicke evewijdeghe fttecken,foo mocten der felver chacuwen
oock ftrecken deur de ghemeenc fhech in E G, en vervolgens foo fijn de linien
deur de felve de begheerde fchacuwen.

, 6 LIDT.

Int verfchdeuwen van ettelicke verfchaculicke ronden can oock cortheydt
vallen,want het verfchaculickrondt evewijdich fijnde mettet glas, fijn fchacu s
oock een rondt deurhet 2 voorftel : Daerom ghevonden fijnde defchacu dex
verfchaeulicke middellijn, endaerop ccn rondt befchreven, men heeft de be-

gheerde fchacu.

~ Maert'verfchaculickrondt mettet glas onevewijdich fijade,de fchaeu ca;ll:ia '
C-




" 905

described above EG is the image of the imagined line AC, and FH of the
imagined line BD; but the intersection of those two imagined lines falls in I,
therefore the centre of the quadrangle ABCD is in the imagined line AC, and also
in the imagined line BD, in consequence of which its image must also be in EG,
and also in FH, and therefore K is the required image.

We may also obtain another kind of abridgement, which we shall set forth
as follows. Let ABCD be a parallelogram, through which on one side are drawn
as many lines parallel to AD as are drawn on the other side parallel to AB, which
is here seven lines on either side, on each side at equal distances from each other,
and let the glass pass through DC as the glass base. Of this quadrangle ABCD,
let EFGH be the image found, such that GH is divided into seven equal parts,
like DC. When thereafter HE and GF ate produced, they meet in I as meeting
point, from which are drawn seven lines to the above-mentioned seven points
between G and H, so that the parts of the said lines contained in the quadrangle
EFGH are the'images of the lines which descend from the top in the quadrangle
ABCD. But in order now to find briefly the images of the seven lines between
AB and DC, parallel to the latter, I draw EG intersecting the seven lines which
have been drawn from I to the line GH, and through their intersections I draw
seven lines parallel to GH, terminating on one side in EH, on the other side in
FG, which seven lines, thus found briefly, I declare to be the required images.
“In order to prove this, let there first be drawn the straight line AC, of which by
the 1st proposition EG must be the image, since the point G is the image of C,
and E of A. And all the intersections of the said EG and the lines from I to GH
by the above-mentioned 1st proposition must be the images of the intersections of
AC and the lines descending from the top. But because through the said inter-
sections pass the other parallel lines, the images of the latter must also pass
through the intersections in EG, and consequently the lines through the latter
are the required images.

6th SECTION

\

In the perspective drawing of various circles, abridgements may also be ob-
tained, for if the circle is parallel to the glass, its image is also a circle by the
2nd proposition. When therefore the image of the diameter has been found, and
a circle has been described thereon, the required image is obtained.
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gheleghentheyt van t'ghegheven oockeen rondt fijn. Om hier o de reden te

Traflates . Verclaren,foo neem ick voor al den *keghelhandel voor bekent,of immers oo
Conicoram.  verre bekent als hier noodich valt,en fegh aldus: Lact A B C een * lanckrondi-
:}”’:ﬁ‘ﬁ’“ ghe keghel fijn , dicns grondrs cleynfte middellijn B C,cleynfte drichouck
7% A B C,as A D: Defekeghel wortghefneen met cen plat EF G, rechthouckich
Axim, op dencleentten drichouck A BC ,en deur den *as in F: De felvékeghelfne
Ellpfis. EF G can fijn cen * lanckrondt ghelijck mette grondt, of lanckworpigher , of
cortworpigher , of oock een volcommen rondt,endat na de Janckheyt vande

Diemesro,  grootfte * middellijn desgrondts. Nughenomen de fclve fne cen rondt te we-
fen,foo fy ghetrocken fijn teghenfne E H I,diemen hecft alsden houck AHI,

even isanden houck A FE, en alfoo defe teghenfnealtije ghelijck is met dan-

der , fymoet oock een rondt fijn : Sulcx datdefc lanckrondighe keghel twee

ficen heeft ronden fijnde, als EF G en haer teghenfne EH 1. Laet onsnu ne-

amen het rondt EFG een verfchaeulick rondt te fijn, overcant ghefien, A

het oogh,en deur EHIcen platalsglas tufichen beyden , in welck glas oock

- fulcken rondt wefende,foocantghebeuren,ghelijck wy ghefeyt hebben,dattet
verfchaeulick rondt mettet glas onevewijdich fijnde , nochrans defchacu cen

rondt fy. Om nu te commen tot voorbeelt van fulcke verfchacuwing, ick treck

B D C P x

G E ghenouch voorwaert,alstot K, en daerop A L, evewijdeghe met 1 E, alfoo-
dat A L fienderlijn betcyckent,en t'punt L de voet: Dit foo fijnde , ick treck op
een ander plardelini MN, cvenmet G L, endacrint’punt O, alfoodat MO,
‘even fy metG E, befchrijf dacrop als middellijn het rondt MO, treck dacr na
NP, cvenanL A, ftel voortsin OM, t'punt (hal(oo dat O Q, cven fyan EL
befchrijfdaer op het rondt O Q: T'welckalfoo met fulcke cortheyt ghevonden,
ick fegh de begheerde fchaeu te fijn des rondts O M. Om van t'welck wat bree-’
der verclaring te doen, laet deur O ghetrocken worden de liniR S, rechthoue.
kich op M Nals glafgrondt. Dit foo fijndeick feghaldus: Blijvende het rondt
O M inde vlocr, maert'glas dacr O Q in isdracyendcop R Salsas, fy opwaert
ghebrocht foo dattet op den vioer een houck maeck even an A L G, fghelijex
draeyende N Pop N, tor datfe als fiendedijn evewijdegheis mette middeilijn

0Q, 00
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But if the circle is non-parallel to the glass, the image may also be a circle,
according to the data. In order to explain the reason thereof, I first of all assume
the treatise on Conics to be known, or at least known as far as is necessary here,
and I say as follows. Let: ABC be a cone with an ellipse for its base, the smallest
diameter of whose base is BC, while the smallest triangle is ABC, and the axis
AD. This cone is intersected by a plane EFG, at right angles to the smallest
triangle ABC, and through the axis in F. The said conical section EFG may be
an ellipse similar to the base, or more elongated, or less elongated, or also a.
perfect circle, such according to the length of the greatest diameter of the base.
If the said section is taken to be a circle, let there be drawn its countersection EHI,
which is obtained when the angle AHI is equal to the angle AFE, and since this
countersection is always similar to the other, it must also be a circle, so that this
cone with an ellipse for its base has two sections that are circles, namely, EFG
and its countersection EHI. Let us now assume that the circle EFG is a circle,
viewed transversely, A4 the eye, and through FHI a plane as glass between the two,
and if in this glass there is also such a circle, it may occur, as we have said, that
if the circle is non-parallel to the glass, the image is nevertheless a circle. In order
now to obtain an example of such perspective drawing, I produce GE sufficiently,
as to K, and thereon I draw AL, parallel to IE, in such a way that AL signifies
the observer’s line and the point L the foot. This being so, I draw in another plane

_the line MN, equal to GL, and therein the point O, in such a way that MO is
equal to GE, describe thereon as diameter the circle MO, thereafter draw NP,
equal to LA, further I mark in OM the point Q such that OQ is equal to EI,
and describe thereon the circle OQ, which, thus found so briefly, I declare to be
the required image of the circle OM. In order to give a somewhat fuller expla-
nation thereof, let there be drawn through O the line RS, at right angles to MN as
the glass base. This being so, I say as follows: If the circle OM remains in the
floor, but the glass, in which OQ revolves about RS as axis, be raised so that it
makes with the floor an angle equal to ALG, while also NP revolves about N
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O Q, foofal defchaeu, te weten hetrondt O Q,vantoogh ghefien worden t€
overcommen mettet vctfchaculuk rondt O M : Waer af wy t'bewijs en d’oir~
facck int voorgacnde verclaert hebben. Oockis kennelick deut het 7 voorftels
dattet felve rondt O Q, fchaeu blijft van t'rondt O Mop alle houck die t'glas op
de vioer macckt, midts dat de fienderlijn altijt evéwijdeghe fy mette middel-
liino0Q. .
Maer foo ymant hierafcenighe werckelicke proefwilde fien,foude het ver-
fchaeulickrondt als M O, mieughen in cen viercant ftellenals hicr onder,endes
{elven viercantsfchaeu ghevonden fijnde, als ncem ick T VSR, de vier fijden
gheraken het rondr inde punten O,
X,Q,Y, vwelck teycken is van feket- M
heyr.Enwilme noch voorder onder- '
foucken , men mach trecken des ver-
fchaculick rondts- middellijn Z 4,
rechthouckich op O M, De fchacu
“der felve ghevonden fy XY, welcke 2
vallende tuffchen de twee voorfchre-
ven punten des racckfels, fy verfeke-
fen my dat de twee verfchaeulicke
punten des raecklels Z,4, inderonde ,
Ichacu O Qyallen, tot hacr behoir- R
licke placis. En fieltmen cen ander
punt foot comt , int verfchaculick
ronts omtreck,en foomen (ijn fchaeu »
altijt bevint tc vallen inden omtreck P N
" (daimen bevinden moet foo het handiwerck niet en mift) men ﬁcz daet dcug
- t'ghene voorgenomen was verclacrt teworden,
Byaldienmen de voorfchre- - :

_ven fchacu ftelt over dandet — .
fijde vanS R, alshier nevens,
tiskennclick dat die twee viers .
houcken mette ronden daer in,

fchaeu fijn van een verfchaeu-

.
licketcerlinck , hebbende op
¢elcke fijdc een rondt befchres |\ i
ven , vande welcke men (het
oogh ter behoirlicke plaetsge- : . :

ﬂcll)xwec fijden fiets

Indebovefchreven vootbeelden heeft het glas ghcracckt het verfchaeulick
rondi:Macr om nu voorbeelt te ftellen daer fulck racckfel niet en ghefchiet, foo
lactinde voorgacnde * keghel ghetrocken worden de lini & ¢ d e evewi ;dnch met Cono,
1H E,als glasovercant ghefien, foyendede keghel vanbtotdendenasin ¢, en
de vloerK G in e,welck glas nu het rondt E G niet en raeckt. Dit foo fij ndc de
fne b d,is ghclijck 1 Eof E G,ecn rondt: Om welck rondt te vcrfchacuwcn,men
foude de glafgrontals R S dan foo verre treckea van ¢ punt O,als van Etote, en
vinden de fchacu als van O M, diceven fal moeten vallen an b dendaerop cen
rondt gheteyckent,tis openbacr dattet de begheerde fchaeu fal fijn.

‘Macr foo de * keghelfne niet en waer evewijdich met1E, noch met E G, als Conifefion
ncem ick,defne E ¢ : Tis kennelick dattet eca lini of lancktondt moct fijn,
diens orcotﬁc of cleenftc middellijn E g, -

' 5
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until the observer's line is parallel to the diameter OQ, the image, to wit the
circle OQ, will be viewed by the eye to coincide with the circle OM, the proof
and cause of which we have set forth in the foregoing. It is also obvicus from the
7th proposition that the said circle OQ remains the image of the circle OM at
any angle made by the glass with the floor, provided the observer's line be always
parallel to the diameter OQ.

But if someone should wish to see a real demonstration thereof, he might place
the circle as MO in a square, as shown below, and when the image of the said
squate has been found, which I assume to be TVSR, then the four sides touch
the circle in the points O, X, Q, Y, which gives certainty. And if we wish to
investigate even further, we may draw the diameter Zz of the circle, at right angles
to OM. Let the image of the latter, when found, be XY, and since this falls
between the two aforesaid points of contact, this assures me that the two points
of contact Z, 4 fall in the circular image OQ, in their proper places. And if any
other point is taken in the circumference of the circle, and if its image is always
found to fall in the circumference (which must be so found, if the construction
has not been defective), from this may be seen what was intended to be set forth.

If the aforesaid image is placed on the other side of SR, as shown opposite,
it is obvious that those two quadrangles, with the circles therein, are the images
of a cube, with a circle described on each side, of which (if the eye is properly
placed) two sides are seen.

In the examples described above the glass touched the circle. But to give an
example where no such contact occurs, let there be drawn in the foregoing cone
the line bede, parallel to IHF, as the glass viewed transversely, intersecting the
cone from b to 4, and the axis in ¢, and the floor KG in e, which glass now does
not touch the circle EG. This being so, the section &4, like IE or EG, is a circle.
In order to make an image of this circle, we should produce the glass base as RS
from the point O as far as from E to e, and find the image as of OM, which will
have to be equal to &d, and if a circle be drawn thereon, it is clear that this will
be the required image.

But if the conic section is not parallel to IE, nor to EG, as — I assume — the
section Eg, it is obvious that it must be a line or an ellipse whose greatest or smallest
diameter is Eg.

N
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Tisoock te ghedencken dat defen viethouck TV SR de fchaeu beteycke-
nende,die ghedaente hecft, datiet onmeughelick is daer in een lanckront te be-
fchrijven de vier fijden gherakende, maer moet nootfakelick ecn heel volcom-
men rondt wefen.

" Hieruyt iskennelick,dat wannecr foodanighe vierhouckighe fchaeu van ecn

verfchaeulick viercant met een rondtdacr in befchreven, fulex is, darmen inde
felve vierhouckighe fchaen een rondr can befchrijven de vier fijden gheraken-
de,dattet felve rondt de fchaeu van fijn verfchaeunlick rondt moet fijn. Oock me -
dat wanneer foodanighe vierhouckighe van een verfchaeulicke rechthouck.
met een lanckrondt daer in befchreven, fulex is, datmen inde felve viethouckige
{chaeu cen rondt can befchrijven de vier fijden gherakende,datict felve rondt de”
fchacuis van fijn verfchaculick landkrondt, .

NV VAN TVINDEN
DES OOGHS.

Tot hier toe befchreven fijnde de manier der verfchaeuwing, foo worter
noch vereyfcht Kennis waermen om ecn gheteyckende fchaeu in haer vola
commenheydt te fien, het cogh moet ftellen , dat is, hoemen vinden fal het
puntindelocht, dat den verfchacuwer int verfchacuwen fich voor cogh ghe-
ficlthad. Om van t'welck by voorbeelt breeder te fpreken, tis kennelick dat-
men fchilderyen maeckt,welcke van vooren ghefien feer mifmaccke fchijnen,
niet ghelijckende rghene fy beteyckenen moeten, maer de felve fchilderie van
ter fijden gefien deur een feker gaciken daer toe veroirdent,anwijfendede placts
des ooghs,{y ghelaten feer hupfch: En alfoofalmen verftaen ander fchacuwen

. die volcomelick nade conft ghemaeckt fijn , fulcken plaets te hebben , alwaer

Parallela, .

het oogh gheficlt,de fchilderye in haer volcommenheyt ghefien wort, Nu foor
an alle fchilderyen of fchaeuwen fulcken gaetken gheftelt wierde , men foude
dat niet behouven tefoucken: Maer tfelveinde ghebruyck niet fijnde,wy fillen
fchrijven t'ghenc ons van dies nu te vooren comt,als volght,

6 WERCKSTVCK. 2 VOORSTEL

Wefende ghegeven een vierfijdich of meerfijdich plat,
datfchacu is van een ghegheven verfchaculick plat , op
vvvelck het glas int verfchacuvven een houck maeckee
evenanecn ghegeven houck,en hebbendede felve fchaeu
ten minften cen fijde,of lini tuflchen tvvee houcken*eve.
vvijdich mette glafgrondt: Hetoogh te vinden.

1 Voorbselt vande (chaen eens <ver [chaeulicke evevvijdeghe
rec/at/aomk:’g be vierhoucx.

TeHEGHEVEN. Lactde vierhouck A BC D,hebbende twee evewijdege
fijden A Ben C D, fchacu fijn vande verfchaculicke evewijdeghe rechthouck
EFGH, opwicnsoncyndclick plar het glas int verfchacuwen rechthouckich

ftont.
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It should also be borne in mind that this quadrangle TV SR, signifying the
image, has such a form that it is impossible to inscribe therein an ellipse touching
the four sides, but it must necessarily be a whole perfect circle.

From this it is obvious that if such a quadrangular image of a square, with a
circle inscribed therein, is such that in the said quadrangular image a circle touching
the four sides can be inscribed, the said circle must be the image of its object’
circle. Also that if such a quadrangular image of a rectangle, with an ellipse in-
scribed therein, is such that in the said quadrangular image a circle touching the
four sides can be inscribed, the said circle is the image of its object ellipse.

~NOW OF THE FINDING OF THE EYE *

The method of perspective drawing having been described up to this point,
knowledge is further required as to where the eye has to be placed in order to see
a drawn image in its perfection, 7.e. how to find the point in the air which the
draughtsman had taken for the eye in the drawing operation. To speak more
in detail about this by means of an example, it is known that pictures are
made which, when seen from in front, seem very faultily made, not resembling

that which they are intended to depict, but when the said pictures are seen
" from one side, through a small hole provided for the purpose, indicating the
place of the eye, they make a very nice impression. And in the same way it
should be understood that other images, which have been made perfectly in
accordance with the art, have such a place that when the eye is placed there,
the picture is seen in its perfection. If such a small hole were given for every
picture or perspective drawing, it would not have to be sought. But since this
is not the custom, we will write down what occurs to us on this subject, as
follows.

6th PROBLEM 12th PROPOSITION

Given a quadrilateral or multilateral plane. figure, which is the image of a
given plane figure with which in the drawing operation the glass made an angle
equal to a given angle, while the said image has at least one side or line
between two angles parallel to the glass base: to find the eye

15t Example, of the Image of a Parallel Right-Angled Quadrangle. **

SUPPOSITION. Let the quadrangle ABCD, having two parallel sides AB and
CD, be the image of the parallel rectangle EFGH, to whose infinite plane the

*) On the general theory see the Introduction.
) Rectangle.
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De felvefchacu A B C D heeft tweelinien,te weten A B,C D, ghetrocken tuf-
fchenwwee houcken, die na den eyfch des voorfels nootfakelick evewijdich

. menteglafgrondt moeten fijn deur het 2 voorftel: TeEGHEERDE: Wy
moeten het oogh vinden, : '

TWERCK::

Tisvooral te weten dat dit werck ghedacn wiait deuir verkeerde wech des
.§ voorftels van t'vinden der fchaeu,deur herghegheven oogh mette reft: T'wele
intgemeen gefeyt wefende, wy fullen totte facck comimen. Angefien ABCD,
fchaeu fijnde van een evewijdeghe viethouek,tivee evewijdeghe fijden hecft,als
- A B met DC,endat D C fchaeu is der fijdeals H G deur t’ghegeven, foo moeft
= int vérfchaeuwen hiet glas firecken deur cen det fijden EF,H G, of daet meeve-.
‘wijdich fijn deur het 3 voorftel: Macr het hebbe gheftréckt hoet wil, wy fullen
- defaeck hier,en in derghelijeke navolgende altijt nefien dattet deur ech der fij-

#den ftreckte ; overmidts dattet aléen felve oogh gheeft, foo iy int béwijs be- . -

‘thoonen fullen. Om dan nu te weten deur welcke fijde , ick fie nade grootfte
-dertweeevewijdeghe'A B DC, de felveis D C, welcke fchacu fijnde vande link
H G deut’ghegheven,foo fireckiet’glas deureen fijde als HG. Dit foo fijnde;
» ick teycken op D Cals lijckftandighe met HG, den vierhouck IKC D , gelijck .
. mettenvicthouck EFG H: Ick treck daer na D A'en C Bvoorwaert , tot datfe
malcander ontmoetenint aiempunt L, dacr na L M als fiendermact recht:

. houckich-opDC,of - - . o T

op haér verlangde '

alsglafgrondt, ende . .

oncyndelicke M N p "

evewijdege metKC, 1

voort A O recht-

houckich opdeglaf-

grondt D M, envan

JXdeur O eenlini tot : :
-datfe de oneyndelic- H @ D

ke M N ontmoet,als

in P,daernaoptpunt’

L cen lini ghefteh of

bedocht evennan PM

Jrechthouckich - opt

glas,teynde dier limk ) N
" is tbegheerde oogh.

TBEWYS.

Lact door'ghedacht t'glas mette fehacu A BC D en de reft diemen verftaes

int glasgheteyckent te wefen , fcheydelick fijn vande vloer, dracyende t'fclve

- glasop de glafgrond: D Malsas , alfoo dattet rechthouckich ftac opde vloer,
dats 6ock rechthouckich op de verfchaeulicke vierhouck: 1K€ D :Daer na fy
op P één ficnderlijn gheftelt éven ande fiendermact M L, en evewijdich mette
felve: T'welck foo fijnde, het 0ogh ten eynde dier fiendelijn fiet de fchaéu
A BC D dan overcommen met haer verfchaeuficke rechthouck 1K C D;fulex
dattet oogh dacrtot fijn behoirlicke plaetsis: Maer t'eynde dier lini en der bo-
vefchreven lini évefi an P M rechthonckich opt g’l;s ,is aleen fcIv; punt,

’ acxom
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- glass was at right angles in the drawing operation. This image ABCD has two
lines, to wit AB, CD, drawn between two angles, which according to the
requirement of the proposition must necessarily be parallel to the. glass base
by the 2nd proposition. WHAT IS REQUIRED. We have to find the eye.

PROCEDURE"

First of all it is to be noted that this procedure is performed by the
method reverse to that of the Sth proposition dealing with the finding of the
image from the given eye and the rest. After this general statement we will
come to the matter. Since ABCD, being the image of a parallel quadrangle, has
two parallel sides (AB and DC) and DC is the image of the side HG by the
supposition, in the drawing operation the glass must have passed through one
of the sides EF, HG or have been parallel thereto by the 3rd proposition. But
in whatever direction it may have been, in the present and in similar — sub-
sequent — cases we shall ‘always assume that it passed through one of the
sides, since it all gives one and the same eye, as we will show in the proof.
In order to know through which side, I look at the longest of the two parallel
lines AB, DC. This is DC, and since this is the image of the line HG by the
supposition, the glass passed through one side (HG). This being so, I draw
on DC, the side homologous to HG, the quadrangle IKCD, similar to -the
quadrangle EFGH. 1 then produce DA and CB until they meet in the meeting
point L; thereafter I draw LM as observer’s measure at right angles to DC, or to
DC produced, as the glass base, and the infinite line MN parallel to KC; further
AO at right angles to the glass base DM, and from I through O a line until it
meets the infinite line MN, which is in P. When thereafter in the point L is
erected or imagined a line equal to PM, at right angles to the glass, the end
point of this line is the required eye.

PROOF

Let us imagine that the glass with the image ABCD and the rest that is under-
stood to have been drawn in the glass is separable from the floor, this glass re-
volving about the glass base DM as axis in such a way that it be at right angles
to the floor, 7.e. also'at right angles to the quadrangle IKCD. Thereafter let
there be erected in P an observer's line equal to the observer’s measure ML
and parallel thereto. This being so, the eye at the end point of this observer’s
line then sees the image ABCD coincide with the rectangle IKCD, so that the
eye is there in its right place. But the end point of that lme and that of the
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Homologa,
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Jdacrom tbegheerde Gogh is ghevonden na den eyfch,

Maer mocht yman tnu fegghen , de faeck is hier boven ghenomen al oftint
verfchacuwen het glas ghettreckt hadde deur cen vande fijden der verfchacu-
lickeform, vwelck mifichien verre van dacrwas evewijdich met D C. Hier op
wortaldus gheantwoort: Staende het oogh voordefchacu AB C D tot fijn be-
hoitlicke plaets, en datmen vant felve oogh vier oneyndelicke linien treckt of
bedenckt,deur de vier punten A, B, C, D, fy begrijpen een oneyndelicke vier-
houckighe * naclde, van fulcker ghedaente , ‘datalfinenfe fnijt deur DC, mer
een plat rechithouckich opt glas , defncisals1IKC D, enalle ander fneen met
dic’cerfte fne evewijdichen verder vant oogh fijn grooter dan deerfte,doch daer
me ghelijck;, en van elck diet verfcheyden fneen is AB C D openbaerlick de
fchaeu ghefien uyt het felve dogh tot een felve placts: Dacromaalfmen hetoogh -
‘begheert van cen der ander fne men macht cortheytsen fckerheyes halven aliije -
foucken vande fne die t'glas gheracckt , of dattet felve is,vant glas dat de voorfte
verfchaculicke fijdegheraeckt,als boven,en men heeft C'begheerde.

MERCKT.

Wy hebben int bovefchreven voorbeelt het glas rechthouckich ghegheven
opt oncyndelick plat der verfchaeulicke form; of anders gefeyt r’glas rechthouc-
kich ghegheven op de vioer:Maer foot dacr op cen fcheefhouck macckie, even,,
neem ick, andefen houck QR S, hebbende t'glas na ' '
de fchacu toe, ghelijckde lini Q R na R Stoc heli; In
fulcken ghevalle falmen de wercking doen alfvooren, -2
evenal of tglas op de vloer rechthouckich gheghe-
ven wacr, vindende PM, om alfco ecn linievenan
P M, te fiellen opt punt L, uytgenomen datfe oprglas
niet rechthouckich en moctcommenalfvooren,maer g : s
dacr op een houck maken, evenanden gegeven houck
QRS,welverflaende dat de vootfchreven lini evenan

. P M,fijn fal int vetdocht platdat rechthouckich isop de glafgrondt D M, en dat

oock rechthouckich is op tglas,merckt noch dat fulcx als wy hier achter dit eers
fte voorbeelt ghefeyt hebben vant glas fcheefhouckich op de vloer,derghelijcke
fal hem oock verftacn te meughen ghedaen worden inde volghende voorbeel-
den defer ftof , alwaer cortheytshalven t'glas alleenclick rechthouckich op de
vloerghegheven fal worden.

Ander manier van vvercking.

~ Ghelijck t'vootgacnde werck ghedaen is deur verkeerde wech van rvinden
des fchaeus achter het 1 1 voorftel,in der cortheden 3 lidts 1 voorbeelt, alfo can-
mhc: oockeen wercking doen deur verkeerde wech des s voorbeclts van rfelve

3hdt. : o .
 Omit'welckse verclaren, lact A BC D fijnde fchiacu, EFG H de verfchaeu-
lickeform/, en dereftalfvooren: Om hicr af het oogh te vinden,ick teycken op
D €,als * lijckftandighie met H G,den vierhouck 1 K C D, gelijck metten vier=
houck EF G H, treck daer na D A en C B voorwaert , tot datfe vergarenin L,
voort de oneyndelicke L M-evewijdeghe met DC, fnyende CK of haer ver-
langde in N, eri treck A B voorwacrt foot noot is tot datfe N C ontmoet in O,
€n teycken indelini C D of haer verlangde tpunt P, alfoo dat. CP even fy an
o CK;
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aforesaid line equal to PM, at right angles to the glass, are one and the same
point; hence, the desired eye has been found, as required.

But, someone might say, it has been assumed above that in the drawing operation
the glass passed through one of the sides of the object figure, but it was pethaps
far from it, parallel to DC. To this the following reply is given. When the eye
is in front of the image ABCD in its right place, and when from this eye are
drawn or imagined four infinite lines through the four points 4, B, C, D, they
contain an infinite quadrangular pyramid of such a form that when it is inter-
sected through DC by a plane at right angles to the glass, the section is IKCD,
and all other sections parallel to this first section and further away from the eye
are larger than the first, but similar thereto, and of all those different sections
ABCD is clearly the image seen from the said eye in the same place. Therefore,
when the eye of one of the other sections is required, for the sake of brevity and
certainty it may always be sought of the section one side of which is in the glass
or, which is the same, of the glass which contains the foremost side, as above;
then we have found the required eye.

NOTE

In the above examples we have given the. glass at right angles to the infinite
. ‘plane of the object figure or, in other words, we have given the glass at right
angles to the floor. But if it made therewith an oblique angle, equal — I take it —
to this angle QRS, the glass being inclined towards the image as the line QR is
inclined towards RS, in such a case the operation should be carried out as above,
just as if the glass were given at right angles to the floor, thus finding PM, upon
which a line equal to PM is erected in the point L, with the exception that it
must not be at right angles to the glass, as above, but must make therewith an
angle equal to the given angle QRS, it being understood that the aforesaid line
equal to PM must be in the imagined plane that is at right angles to the glass
base DM and also at right angles to the glass. Note also that just as we have
spoken after this first example of the glass at oblique angles to the floor, it
should be understood that the same can also be done in the subsequent examples
about this matter, where for brevity's sake the glass will only be given at right
angles to the floor.

Another Method of Operation.

Just as the foregoing construction was effected by the method reverse to that
of finding the image after the 11th proposition, in the 1st example of the 3rd
section of the abridgements, thus a construction can also be performed by the
method reverse to that of the Sth example of the said 3rd section. .

To explain this, let ABCD be the image, EFGH the object figure, and the
rest as above. To find hereof the eye, I draw on DC, the side homologous to
HG, the quadrangle IKCD, similar to the quadrangle EFGH; thereafter 1 produce
DA and CB until they meet in L; further I draw the infinite line LM parallel
to DC, intersecting CK or CK produced in N, and I produce AB, if necessary,
until it meets NC in O, and I mark in the line CD or CD produced the point P
such that CP be equal to CK. Thereafter I draw from P through O a straight
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C K; Daer natreckickvan P deur O cen-rechte lini tot datfe de oneyndelicke
L Montmoet, twelck fy in M, voort fielickopt punt L, een lini evenan NM
. sechthouckich opr glas. T'welck foo fijnde, het vyterfie dier lini moetetbegeer-
.de oogh (ijn, wacr af ' bewi)s openbaer is, deut dicn wy hierin gedaen hebben
de verkeerde wercking van t'vinden derfchacu int s vooibeeli vant 3 lide def
cortheden.

L .

4 B

C .

2 Voorbeelt vande [chatu etns ver[chaenlicke evevwideghe
[ebeefhonckighe vierkoucx. Co -~

TGHEGHEVEN. Lietinde onderfchreveh form t'ghegheven en t'werck

fijval it eerfie voorbeele,uyighcnomenidar de verfchaculicke viérhouck hier

. Khefhouckich is, voort datgheuocken fijnde 1 O P, fco en falmen gheen ling

op L ficllen evenan P M alsdacr, macrde yoornomde 10 P ghetrocken fijn.

IR L
‘ B

H G 2 9 /A
I

N
de.men fil itoch treckén P Q, rechthouckich op de glafgrondt D M, ende felve
P 'Q voowaerf tot RyalfoodatQ R even fy an ML, daer naopt punt R cen
- lini gheftelt of bedocht cven an P Qechtisouckich opt glas, ‘eynde dicr lini is
- o Fa - tbeghees-
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line until it meets the infinite line LM; let this be in M. Further I erect in the
point L a line equal to NM, at right angles to the glass. This being so, the end
point of this line must be the required eye, the proof of which is clear because
we have here performed the construction reverse to that of the finding of the
image in the Sth example of the 3rd section of the abridgements.

2nd Example, of the Image of a Parallel Oblique-Angled Quadrangle.*)

SUPPOSITION. In the figure below let the supposition and the procedure be
as in the first example, with the exception that the quadrangle here is oblique-
angled, while further, when IOP has been drawn, no line has to be erected in L,
equal to PM, as there, but when the aforesaid line IOP has been drawn, PQ has

) Parallelogram
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64 1 BOVCK DER DEVRSICHTIGHE
t'begheerde oogh,, waer af t'bewijsdeur t'voorgacnde des 1 voorbeelis open-
baeris. ' '

De reden wacrom int ecifte voorbeelt de fini PQR niet ghetrocken en
wiertalsin dit iweede,is dat R openbaenlick altijt foude vallen in L, en dactom
onnoodich ghetrocken. : ' '

3 Voorbeels vande [chacu eens ver[thaenlicke vierhouex: met
alleencelick rvvee evevyyfdeghe fijden , dic int ver(chaeu-
vencvevvyfdich vwarenmettet glas.

TGHEGHEVEN. Laet ABC D, hebbende twee evewijdeghe fijdenals
A B en C D,{chacu fijn vande verfchaculicken vierhouck hebbende alleenelick
twec evewijdeghe fijden als EF, H G , die int verfchacuwen evewijdich waren
mettet glas,op welcx vierhoucx EF G H oneyndelick plat, het glas mette fijde
D C intverfchacuwen rechthouckich ftont,en hebbendede lijckftandighe fijde
met HG diensfchacu DC, inde verfchacuwing evewijdich ghehadt mettee
glas. TBEGHEERDE. Wymocten hetoogh vinden. )

TWERCK.

“Tfydatint verfchacuwen het verfchaeulick plac EFGH, mette-fijde HG
quam intglas,of niet, fo ftelick nochtans my felvén voor(om'redenen verclaert
int bewijs des 1 voorbeelts)datter métte fooddnige fijdc daer in'quam , fulex dat
‘D Cisfoo wel fchacu,als verfchaeulicke der * lijckftandighe fijde metH G Dit
foo fijnde;ick treckop D Calslijckftandighe met HG, den vierthouck IKCD,

B __F ,
, . o
iK
H G D L N C
M

TR c

phelijck metten viethouck EF G H;ltk ereck daer navan Ttor D Cof haer ver.
langde, delini IE , evewijdegheinet K€, deerna A L. Tkl foo fijnde
' ABCL
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to be drawn at right angles to the glass base DM, and the said PQ has to be
produced to R in such a way that QR be equal to ML. Thereafter a line has to be
erected or imagined in the point R, equal to PQ, at right angles to the glass. The
end point of this line is the required eye, the proof of which is clear from the fore-
going proof. of the 1st example.

The reason why in the first example the line POR was not drawn, as in this
second, is that R would clearly always fall in L, so that it is unnecessary to draw it.

3rd Example, of the Image of a Quadrangle With Only Two Parallel Sides*),
Which in the Drawing Operation Were Parallel to the Glass.

SUPPOSITION. Let ABCD, having two parallel sides (4B and CD), be the
image of the quadrangle having only two parallel sides (EF, HG), which in the
drawing operation were parallel to the glass, to the infinite plane of which
quadrangle EFGH the glass with the side CD was at right angles in the drawing
operation, the side homologous to HG, whose image is DC, having been parallel
to the glass in the drawing operation. WHAT IS REQUIRED. We have to find
the eye. )

PROCEDURE

No matter whether in the drawing operation the plane EFGH came with the
side HG in the glass or not, nevertheless I imagine (for reasons explained in the
proof of the 1st example) that it came therein with this side, such that DC is the
side homologous to HG as well as the image thereof. This being so, I draw on
DC, the side homologous to HG, the quadrangle IKCD, similar to the quadrangle
EFGH. 1 draw thereafter from I to DC or DC produced the line IL, parallel to

“Trapezium.




VANDE VERSCHAEVWING.. . 53
‘A BC Lisfthaeu des evewijdeghen vierhoticx 1 KC L, ghelijck wy hiet onder
bewijfen fullen: Dacrafghefocht het oogh , wort bevonden:deur het 2 voor-

beelt defes voorfiels,tien eynde, neem ick,derlini evenan M N, geftelt opt punt
O rechthouckich opt glas, twelck ick fegh tbegheerde oogh te fijn.

TBEWYS

Wy hebben intwerck ghefeytdat A B C L fchaels is des vierhoucx { KC L,
om van t'welck verclaring te doen ick fegh aldus: T punt A des viethoucx
ABCL,isfchacu vant’punt I, desviethoucx IKCL,en t'punt Linde glaf-
grondt, isfchaeu van fijn felven deurde2 begheerte en dacromisA L fchaeu
van I L deur het 1 voorftel; Maer A Bisfchacuvan 1 K, en B C van K C;daer«
om de viethouck.A BC L., is fchaea vande ucrhouck IKCL, en vervols
ghens her oogh ghcvonden van ABCL , moet oock fijn het oogh van
A BC.D, want de heele fchacu en hacr decl gheen \cxfchcydcn ooghenen
hebben. "

MERCKT.

Men foude t'werck oock anders meughen doen met in placts des fcheefs
houckighen evewijdeghen verfchaeulicken viethoucx IKC L tectijghen een
‘ : rechehouck, Uwelck aldus toegaet: Ick verteycken de voorgaende form IKC D
| als hier ondcr entreck van ] en K twee linien 1 L, K Prechthouckich op D C,of

op haer vcrlanOde,dacr na AL met B P eriomde 'redenciting bewijshier bovcn
| verclaert, foois den viethouck A B P L fchaeu des verfchaeulicken rechthoucs

kighen viethoucx [ K P L: Dacrom vande felve het oogli‘ghefochtdeur het
! 1 voorbeclt,men falt vinden ter felver plactsalfvooren , te weten ten eynde det
| lini even an M N, gheftelt opt punt O rechthouckich opr glas.

S

4 Vaorbeelt wande [chaes eenswverfehaeslicke wierhoncs met
* alleenclick roweé cvevifdeghe fijden, dieint 'wrﬁlmu'vvm
oﬂewwydtcb warmmcttctgl;u '

TGHEGHEVEN. Lact ABC Dfchaeu fijn van cen verfchacutick plat,
:ghelijck metren verfchaeulicken vierhouck E F G H,hicbbende alleenelick twee
svewjjdeghe Gjdenals EH,F G, die int vcrfchaeuwcn onevewijdich waren

F 3 mettee
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KC, thereafter AL. This being so, ABCL is the image of the parallel quadrangle
IKCL, as we shall prove below. When hereof the eye is sought, it is found by the
2nd example of this proposition at the end point — I take it — of the line equal
to MN, erected in the point O at right angles to the glass, which I say is the
required eye. .

PROOF

In the procedure we have said that ABCL is the image of the quadrangle
IKCL. In order to explain this, I say as follows. The point A of the quadrangle
ABCL is ‘the image of the point I of the quadrangle IKCL, and the point L in
the glass base is its own image by the 2nd postulate, and consequently AL is the
image of IL by the 1st proposition. But AB is the image of IK and BC of KC,
therefore the quadrangle ABCL is the image of the quadrangle IKCL, and con-
sequently the eye that has been found of ABCL must also be the eye of ABCD,
for the entire image and a part of it do not have different eyes.

NOTE

The procedure might also be performed differently by drawing instead of
the oblique-angled parallel quadrangle IKCL a rectangle, which procedure is as
follows. 1 draw anew the foregoing figure IKCD, as below, and draw from 1
and K two lines IK, KP at right angles to DC or to DC produced, thereafter AL
and BP; then for the reasons explained above in the proof the quadrangle ABPL
is the image of the right-angled quadrangle IKPL. When therefore the eye of
this is sought by the 1st example, it will be found in the same place as above,
to wit at the end point of the line equal to MN, erected in the point O at right
angles to the glass. .

4th Example, of the Image of a Quadrangle With Only Two Parallel
Sides * ), Which in the Drawing Operation Were Non-Parallel to the Glass.

SUPPOSITION. Let ABCD be the image of a plane figure similar to the
quadrangle EFGH having only two parallel sides (EH, FG), which in the drawing

*) Trapezium.
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mettet glas,op welex viethoucx E F G H oneyndelick plat , het glas mette fijde

D Cint verfchaecuwen rechthouckich ftont,en hebbende. de lijckftandige fijde

metHG diensfchacu D C,int'verfchauwen evewijdich ghehadt metret glas,
TBEGHEERDE. Wy moeten hetoogh vinden, :

TWERCK

Tfy dat int verfthaeuwen het verfchaceulick plat EF G H mette fijde H G quam
int glas of niet,foo ftel ick nochtans:my felven voor (om redenien verclaertint
bewijsdes eerften voorbeelts) dattet met foodanighe fijde daerin quam, fulcx
dat D C is foo wel fchaenals verfchaeulickeder lijckftandighe fijde met HG:
Dit foo fijnde , ick teycken op D C als lijckftandighe met HG , den' vierhouck
IKC D, ghelijck metten vierhouck EF G H,daer na K L even en evewijdeghe
met CD; Voort van B tot in A Ddelini B M, oock evewijdeghe met CD,
t'welck foo wefende, M B C D is fchaeu des evewijdeghen vierhoucx LKCD,
ghelijck wy hier onder bewijfen fullen, dacrom vandefelve MBC D ghefocht
het oogh,wortghevonden deur het 2 voorbeelt defes voorftelsten eynde,neem
ick , derlinievenan N O, 'gheftelt op t'punt P rechthouckich opr glas, twekk
ickfegh t'begheerde oogh te fijn. o

TBEWYS.

‘Wy hebben int werck ghefeyt dat M B C D {chaen isdes verichaeulicken
evewijdeghen vierhoucx LK€ D, om van ('welck verclaring te doen ick fegh
aldus.: .Anghefien AD
fchacuisvanl Ddeurt'ge- )
ftelde, foo moet de fchaen B
des punts L in AD we-
fen, fy moet oock fijn in
BM, wantalfooKL eve-
wijdeghe is mettet glas,
en dat van B (chaeu des
punts K, ghetrocken is
B M cvewijdegemet KL,
foo moet de fchaeu van
KL fijninde oneyndelic.
ke BM deur het 2 voor- H. G
flel , en daerom is MB
fchaeu van LK, en ver-
volghens de vierhouck
M BCD fchaeu van
LK CD,en vervolghens
het oogh ghevonden van : iR
MBCD, moetooek fijm. . o -
hetoogh van A BCD, want het deel der fchacu gheen: ander oogh en heeft
dan de gheheele {chaeu,

MERCKT.

Deur ‘ghene ghefeytis int merck ant eynde des 3 voorbeels , is kennelick
datmen het werck oock foude meughen doen, met e srecken vande swee pun-
- tea
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operation were non-parallel to the glass, to the infinite plane of which quadrangle
EFGH the glass with the side DC was at right angles in the drawing operation,
the side homologous to HG, whose.image is DC, having been parallel to the
glass in the drawing operation. WHAT IS REQUIRED. We have to find the eye.

PROCEDURE

No matter whether in the drawing operation the plane figure EFGH came with
the side HG in the glass or not, nevertheless I imagine (for reasons explained
in the proof of the first example) that it came therein with this side, so that
DC is the side homologous to HG as well as the image thereof. This being so, I
draw on DC, the side homologous to HG, the quadrangle IKCD similar to the
. quadrangle EFGH; thereafter KL equal and parallel to CD, further from B to
AD the line BM, also parallel to CD. This being so, MBCD is the image of the
parallel quadrangle LKCD, as we shall prove below. When therefore the eye
is sought of this MBCD, it is found by the 2nd example of this proposition at the
end point — I take it — of the line equal to NO, erected in the point P at right
angles to the glass, which I say is the required eye.

PROOF

In the procedure we have said that MBCD is the image of the parallel
quadrangle LKCD; in order to explain this, I say as follows. Since AD is the
image of ID by the supposition, the image of the point L must be in AD; it
must also be in BM, for since KL is parallel to the glass, while from B, the
image of the point K, BM has been drawn parallel to KL, the image of KL must
be in the infinite line BM by the 2nd proposition, and therefore MB is the
image of LK, and-consequently the quadrangle MBCD is the image of LKCD,
and consequently the eye that has been found of MBCD must also be the eye of
ABCD, for a part of the image does not have another eye than the entire image.

NOTE

From what has been said in the note at the end of the 3rd example it is
evident that the procedure might also be performed by drawing from the two
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. tenLenK tweehanghende op D C , vindende dact na de fehacu eens reche-

_houckigl}cn viethoucx deur het x voorbeeln

5 Voorbeelt vande [chaen eons wer(chieulicken vierhoscx met
 vier oneVeveydeghe [yden , en devoorste alleenclick eve-
“vvydeghe metteglafgront. o o

. TGHEGHE VEN. Laet AB C D fchieu fijn van cen verfchaentick plat ge-
. lijck metren verfchaeulicken vierhouck EF G H,hebbende vier onevewijdeghe
fijden, en op wiens oneyndelick plat het glas mette fijde D C int verfchacuwen
rechthouckich flont,en hebbende de lijckftandighe fijde miet. H G diens fchaai
* DC,intverfchacuwen cvewijdich ghchadtmettet glas. TBEGHEERDE: Wy
- moeten het oogh vinden. B o B
TWERCK

Tfy datint verfchacuwen het verfchaculick plat EFG H mette lijck@tandige
fijde van H G quam intglas of niet , oo ficl ick nochtans my felven voor (om
redenen verclaertint bewijs des 1 voorbeelts) dattet met foodanige fijde daerin
quam,fulcx dar D Cisfoo wel fchacu als verfchaculicke det * lijckRandige met Homologe,
H'G. Ditfoo fijnde, ick teycken op D C als lijckRandighe met H G'; den' viet-
houck 'K C D, ghelijck metten vierhonck E F-G H; Daerna van Itwedlinien, -
“d'ceneals | L evewijdich met K G, encommende LinD'C of haer verlangde,
d’ander | Meven enevewijdeghemet L'C: DacrnaL A ,envanAtotinB C

»

0

delini A N evewijdeghe met M. T'welck foo wefende, ANCL is fchaen
dcs evewijdeghen vierhoucx] MC L, ghelijck wy hier onder bewijfen fullen;
Dacrom vande felve AN C L ghefocht ‘het oogh'; wort' bevonden deur het
3 vootbeelr defes voorftels;ten eyride, neciti ick, det fifii c’ch'n‘ an O P;ghefleltopt

‘ 4 punt
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points L and K two perpendiculars to DC and thereafter finding the image of a
right-angled quadrangle by the 1st example.

Sth Example, of the Image of a Quadrangle With Four Non-Parallel
Sides, Only the Foremost Side Having Been Parallel to the Glass Base.

SUPPOSITION. Let ABCD be the image of a plane figure similar to the
quadrangle EFGH, having four non-parallel sides and to whose infinite plane
the glass with the side DC was at right angles in the drawing operation, the side
homologous to HG, whose image is DC, having been parallel to the glass in the
drawing operation. WHAT IS REQUIRED. We have to find the eye.

PROCEDURE

No matter whether in the drawing operation the plane figure EFGH came with
the side homologous to HG in the glass or not, nevertheless I imagine (for reasons
explained in the proof of the 1st example) that it came therein with this side,
so that DC is the side homologous to HG as well as the image thereof. This
being so, I draw on DC, the side homologous to HG, the quadrangle IKCD,
similar to the quadrangle EFGH;; thereafter from I two lines, one (IL) parallel
to KC and with L coming in DC or DC produced, the other (IM) equal and
parallel to LC; thereafter LA, and from A to BC the line AN parallel to IM. This
being so, ANCL is the image of the parallel quadrangle IMCL, as we shall prove
below. When therefore the eye is sought of this ANCL, it is found by the 2nd
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punt Q rechthouckich opt glas, twelck ick fegh tbegheert cogh té fijn:

TBEWYS.

Wy hebben int werck ghefleyt dat A N C L fchacu isdes verfchaeulicken
evewijdeghen viethoucx 1 M C L, om van t'welck. verclasing tc docn ick fegh
aldus: Angheficn *punt Ades vierhoucx ABCL;, is fchacu van t'punt 1 des
vicrhoucx 1 M C D, en t'punt Lindc glafgront is fchacu van fijn felven deurde
2 begheerte,dacrom js A L fchaeu yan [ L deur het 1 voorftel. Voortapgefien
BC fchacu is van K C deurr’gheftelde, foo moet de fcha¢u des punts Mip BC
wefen, fymoetoock fijn’in A N, wantalfoo I M evewijdich is mettetglds, en
dat van A fchaeu des punts Ighetrocken is A N evewijdege mer 1 M, fco toet
de fchaeu van 1 M fijn inde oneyndelicke A N deut hiet 2 Vootftel,en dacromis
AN fchaeuvanIM, en N Cvan MC, en vervolgens de viethouck ANL C,
fchacu van IM C L, en vervolghens het oogh ghevondenvan ANCL, moet
oock fijnhetooghvan ABCD, want'de hecle fchaeu gheenander oogh en
heeft dan haerdeel. ’ :

MERGCKT.

Deur t'gene wy ghefeyt hebben ant cynde des 3 vootbeclts, is kennelick date
men het werck oock foude meughen docn met te trecken vande twee punten
1 en M twee hanghende linien op D C, vindende dacr na de fchacu eens rechte
bouckighen vierhoucxdeur het 1 voorbeelt,

6 Voorbeelt van de [chaes eens werfchaeulicke vierhouex
vwiens achterste [ijde alleen evevvijdeghe és meste glaf~.
grondt.

Intbovefchreven 4en s voorbeelt heeft des verfchaenlicken viethoucx voor.

fie fijde evewijdich mettet glasgheweeft, maet om de ghemeenheyt des voor-
ftelste verclarenin vierhoucken diens achterfte fijde alleenclick evewijdege is

B ®

metieglagrondt, fo lset ABC D fihacu fijn van een verfchaeulicken vics
“houck EF GH,hebbende vier oncvewijdeghe fjden, ca opwicns. o‘ncynd'e;ick
: plat
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example of this proposition at the end point — I take it — of the line equal
to OP, erected in the point Q at right angles to the glass, which I say is the
required eye.

PROOF

In the procedure we have said that ANCL is the image of the parallel
quadrangle IMCL; in order to explain this, I say as follows. Since the point A
of the quadrangle ABCL is the image of the point I of the quadrangle IMCD,
while the point L in the glass base it its own image by the 2nd postulate, AL is
the image of IL by the 1st proposition. Further, since BC is the image of KC by
the supposition, the image of the point M must be in BC; it must also be in AN,
for since IM is parallel to the glass, while from A, the image of the point I, AN
has been drawn parallel to IM, the image of IM must be in the infinite line AN
by the 2nd proposition, and therefore AN is the image of IM and NC of MC,
and consequently the quadrangle ANLC is the image of IMCL, and consequently
the eye that has been found of ANCL must also be the eye of ABCD, for the
entire image does not have another eye than its part.

NOTE

From what we have said at the end of the 3rd example it is evident that the
procedure might also be performed by drawing from the two points I and M
two perpendiculars to DC and finding thereafter the image of a right-angled
quadrangle by the 1st example. : :

G6th Example, of the Im;xge of a Quadrangle Whose
Rearmost Side Only is Parallel to the Glass Base.

In the aforesaid 4th and Sth examples the foremost side of the quadrangle was
parallel to the glass, but in order to explain the common applicability of the
proposition to quadrangles whose rearmost side only is parallel to the glass
base, let ABCD be the image of a quadrangle EFGH, having four non-parallel
sides and to whose infinite plane the glass with the point C was at right angles in
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plat het glas mettet punt C intverfchaeuvzen sechthouckich ftont, en hebben-
de d'achterfie fijde EFdiens fchgeu A B int verfchacuwen evewijdich ghehadt
meuctglas. TseGHEERDE. Wymoctenhetoogh vinden,

) TWERCK.

ek treck D I evewijdeghe met AB, en commende lin B C; Daer naHK
-evewijdeghe met E F, en commende Kin F G: T'welck 00 fijnde; tis kenne.-
lickdar A BI D is fchaeu van EF K H, hebbende twee evewijdeghie fijdenals
EFmct HK,dacrom vandefelve A B1D ghefocht hetoogh , wort bevonden
deur het 3 voorbeelt defes voorfiels ten eynde, neem ick , der lini evenan L M
gheftelt op ‘punt N rechthouckich opt glas, t'welck openbacrlick rbegheerde
oogh s, ' , ’ ‘ -

7 Vaorbeelr cens ver{chaenlicken vierhoucx hebbende alleene-
lick tuffchen svvee* teghenoveriaende boucken een' ver- Oppfes
dochte lins evevpydichmetteglafgront. ' g

By aldien de fchau waer van een vierhouck als hier onder A BC D, fchaen
van EF G H, altoo dat de verdochte lini DB, wacr evewijdich gheweeft merte
glafgrondt, foo foude H F daer me oock moeten evewijdich gheweeft hebben:
Dacrom ift kennclick datmen dan
foude trecken HF, daer na EH on-
eyndclickvoorwaert nal,en G I eve-
‘wijdeghe met FH, Sghélijck DB, A

‘dact na A D oneyndelick yoorwaert ;-

naK;en CKevewijdeghe met BD,
endat al{dan"D B C K fchaeu foude ¢ i.......
fijnvaw HF G I, ‘waeraf het.oogh -
gevonden deur hgt 3 voorheelt, men

> F -,f?_‘a,
: ,_K“m““:"b“
- falt’begheerde hebben.

& Voorbeels van een <vershatulick rechtlinich plat mtrr dan
'wcrfqa‘er;brbbmde 3

“Ghegheven fijndedefechaco mette verfchaculicke form dic meer dan yicr £j-
dén hecft; en deseft niatinhoudt des voorftels, men fal om t'oogh te vinden
uyt het felvevetfchaeulick plat verkicfeny vierhouck punten, foo dat daer tufs
Tchen bedocht of getrocken vier linien dic cen-bequasm vieshouck maken dacg

aféenfijde int verfchactwen evewijdich was metter glas. Sghelijex faln)tn
tiffchen dier vier piinten fchaeuwen v trecken vier -sechte linign en den,vicrs

hock daer tiificheh begrepen fal fijn fchacuvan d'ander ; dactom vande, fcjve

hetoogh ghevonden deur een deribovefchreven voorbeelden 'na:gheleghent-

‘Heyrdesverfchaenticken viethoucx diemen alfooghecregen heeft,men fa) ooclk

hebben het oogh vande heelefchacn. .

‘Laer by voorbeelt ABCDE fchaeu fijn vah een verfchaculick vijfhouck

F G H 1K, op wiens oneyndelick plat het glas mettet punt Cint vetfchaeuwen

rechthouckich ftont,en hebbende de verdochte rechte lini van K tot G int ver.

fchaeuwen cvewijdich gehadt mettet glas,. TBEGHEERDE, Wy mocten

het oogh vinden.

TWERCK.,
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the drawing operation, its rearmost side EF, whose image is 4B, having been
parallel to the glass in the drawing operation. WHAT IS REQUIRED. We have
to find the eye.

PROCEDURE

I draw DI parallel to AB, with I coming in BC; thereafter HK parallel to EF,
with K coming in FG. This being so, it is evident that ABID is the image of
EFKH, having two parallel sides (EF and HK). When therefore the eye is sought
of this ABID, it is found by the 3rd example of this proposition at the end
point — I take it — of the line equal to LM,’ erected in the point N at right
angles to the glass,- which is evidently the required eye.

7th Example, of a Quadrangle Having Only Between Two Opposite
Angles an Auxiliary Line Patallel to the Glass Base.

If the image were a quadrangle, as ABCD below, the image of EFGH, so that
the auxiliary line DB had been parallel to the glass base, HF would also have
been parallel thereto. Therefore it is evident that one ought then to draw HF,
thereafter produce EH indefinitely to I and draw GI parallel to FH; similarly
one ought to draw DB, then produce AD indefinitely to K, and draw CK parallel
to BD; then DBCK would be the image of HFGI, and when hereof the eye is
found by the 3rd example, it will be the required eye.

8th Example, of a Rectilinear Plane Figure
Having More Than Four Sides.

Given the image and the object figure having more than four sides and the
rest according to the contents of the proposition, in order to find the eye four
vertices have to be chosen from the said plane figure so that between them are -
imagined or drawn four lines which make a convenient quadrangle, one side of
which was parallel to the glass in the drawing operdtion. Similatly, four straight
lines ‘have to be drawn between the images of those four points; then the
quadrangle contained between them will be the image of the other. When there-
fore the eye is found hereof, by one of the above examples, for the quadrangle
that has thus been obtained, we shall also have found the eye of the entire
image. .

F%r example, let ABCDE be the image of a pentagon FGHIK, to whose in-
finite plane the glass with the point C was at right angles in the drawing oper-
ation, the imagined straight line from K to G having been parallel to the glass
in the drawing operation. WHAT IS REQUIRED. We have to find the eye.
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TWERCK.

1¢k treck E Balsfchacn van K G, en haer &ewijdeghe DL, commende L
in B C,daer na1 M evewijdege met K G,en commende Min G H: T'welck foo
fijnde, t'is kennelick datEB L D fchaeu is van K G M1, hebbende twee eve.
wijdeghe fijden alsK G met I M ; Dacrom vande felve EBL D ghefocht het
oogh, wort bevonden deur het 3 voorbeelt defes voorftels ten eynde der lini,
neemick,evenan N O,gefteltop 'punt P rechthouckich opt glas,t' welck opens

baerlick thegheerdeooghis. TrEsLVYT. Wefende dan ghegheven een
vierfijdich of meerfijdich plat, dat fchacu is van cen ghegheven verfchaculick
plat,opt'welck hetglasint verfchacuwen cen houck maeckte even an cen ghe-
geven houck, en hebbende de felve fchaeu ten minften cen fijde of lini tuflchen
twee houcken evewijdich mette glafgrondt, wy hebben het cogh ghevonden,
nadencyfch. ‘
Sooder bekent wacr wat houckeenige vande fijden det verfthaeuticke form
§nt vesfchaeiwen op deglafgront maecke, t'isopenbaer datdeur de voorgacn.
de manier ghevonden foudeworden het oogh van alle ghegheven fchaeu eens
- rectitlinich plats, o datalle rechte lini ghetrockeniuyt een houck der fchaceu,
- evewijdich metteglafgiondt, fchacnisderlini ghetiockeninde. verfchaculicke
formtiyt-der ghelijcken houck oock evewijdich mette glafgrondt, o
- “Maer anghefien het-felden ghebetirt; dat in fulcke ghegheven fchacuwen
foodanighen houck bekentis', foo foude dat inde daet weynich ghebruyck con-
nenhebben. Doch alsde ghegheven: verfchaeulicke form ten minften heeft
-twie evewijdeghe Gjden , of tweeevewijdeghe linien dietifichen dehoucken
getrocken fijn of genocken connen wordén, foo iffer deurander wech eenich-
fins miiddel omt daer toe te commen , wact afwy het volghende voorfiel fullen
befchrijven, '
' ¥ WERGCE=
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PROCEDURE

I draw EB as image of KG, and the line parallel thereto DL, L coming in
BC; thereafter IM parallel to KG, M coming in GH. This being so, it is evident
that EBLD is the image of KGMI, having two parallel sides (KG and IM).
When therefore the eye is sought of this EBLD, it is found by the 3rd example
of this proposition at the end point of the line — I take it — equal to NO,
erected in the point P at right angles to the glass, which is evidently the required
eye. CONCLUSION. Hence, given a quadrilateral or multilateral plane figure,
which is the image of a given plane figure with which in the drawing operation
the glass made an angle equal to a given angle, while the said image has at least
one side or line between two angles parallel to the glass base, we have found
the eye, as required.

NOTE

If it were known what angle one of the sides of the object figure made with
the glass base in the drawing operation, then it would be evident that by the
foregoing manner the eye of any given image of a rectilinear plane figure would
be found, because any straight line drawn from an angle of the image, parallel
to the glass base, is the image of the line drawn in the object figure from a
similar angle, also parallel to the glass base.

But since it seldom happens that in such given images this angle is known,
in actual fact this would not find much application. But if the given object
figure has at least two parallel sides or two parallel lines that have been or can be
. drawn between the angles, then there is to some extent a means for finding
it by another method, about which we shall describe the following proposition.
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7 WERCKSTVCK. ' VOORSTEL.

Wefende ghegeven cen evevvijdichvierfijdich plat, dat
fchaeu is van cen verfchaculick plat, op t'vvelck het
glas int verfchaeuvven een houck maeckte evenaneen
ghegevenhouck,en vvefendede felvefchaeu fonder eeni-
ghe fijdeof lini dic tuffchen tvvee houcken evevvijdich
mceee glafgrondeis, maér hebbende de verfchaeulicke

- form ten minften tvvee evevvijdeghe fijden, oflinien die
tuflchende houcken ghetrocken (%jn, of ghctrockcn con-
nen vvorden: Het oogh te vinden. =

TGHEGHEVEN. Lact ABCD fchaeu fijn, fonder eenighe fijde of lini
die tuflchen twee houcken evewijdich mette glafgrondt is, en dat vande vet-
fchaculicke evewijdeghe vierhouck EF G H, op welcke het glasint verfchaeu-
wen rechthouckich flont. TBEGHEERDE: Wy moeten het oogh vinden.:

: TWERCK

Ick tieck D A en C Bvoorwicrt,tot datfe vergaten in Iighelljcx BAen CD

vergarende in K, daer na IK,en eenoneyndelicke deur C, evewijdeghe met IK
als L M glafgront beteyckenende,ick treck daer na’A D voorwaert tot dieon-
eyndelicke,ontmoetendede felve in L; S'ghelijcx A B voorwaert gherdkende de

felve oncyndelickein M, en teycken int fiddel van L Mt'puntN, en vanN

treck ick de oneyndelicke N Q rechthouckich op L M; Dacr na EP, alfoo dat

den houck HEP even is anden houck PEF, treck daer nauyt de oncynde-

licke N O, genighe linials O Q,alfoo dat den houck QO N, even {y anden

houck H E P, voort van L tot inde oneyndelicke N O, dejini L R evewijdeghe

met QO, en befchrijf deur de drie puniten L R M een booch; alwaer te gedenc-

ken ftacr,dat wanneer den houckals H E F rechtisalshier, {oo valt des rondts
middelpunt daer de booch op befthreven wort in N, en dien houck fcherp fijn-

de, valtdaer bovenin N R, maer plomp {ijnde valt dacr onder inde verlangde

R N:Voort treckiick E G; Daer na vande twee punten Cen M treek ick twee

liniep tot cen felye puntdes boochs,als tottet punt S, foo dat den houck CS. M,

evenis anden houck G EF, (doch is te weten dattet * wifconflich trecken defes Masheme.
houcx,my int befchrijven van defen niet 1€ vooren en quam,maer* tnychwerc- fira opera-
kelick macht ghedaen worden onder.anderen met tefnyen ecn papieren houck ;;2’:,,““
even an G EF, hebbendede fijden E G, E Flanck ghenouch , en: defen papies - .
. 1en houck foo gheleyt,datde fijden alsEF,E G, gheraken de twee punten C M,

enden uyterften puntals E inden omureck, t'welck deur keering en wending

ter cender ¢n ander fijde daet toe ghebrocht can worden; Tis oock te weten, dat
fulck gheraeckfel des uyterften punts vant papicr;allecnclick ghefchien can wifs
conftelick,welverftaende int punt S, want van daer na M, foocomt dandat’

punt buyten den omireck, en van'S na L vallet overal daer binnen. Defe tuych-
werckelicke manier hebben wy liever hier gheftelt, dan de facck ongheroert té

faten, te meet 6pdat ander dieder luft toe hebben de wifconftighe wercking
foucken meughen) daerna L $;voort van'Ken I, twee linien K T, X,' rc:lh:{‘

‘ ' . oug|




933
7th PROBLEM 13th PROPOSITION

Given a parallel quadrilateral plane figure *), which is the image of a plane
figure with which in the drawing operation the glass made an angle equal to a
given angle, the said image not having any side or line between two angles parallel
to the glass base, but the object figure having at least two parallel sides or lines
that have been or can be drawn between the angles: to find the eye.

SUPPOSITION. Let ABCD be the image, without any side or line between two
angles parallel to the. glass base, such of the parallel quadrangle *) EFGH, to
which the glass was at right angles in the drawing operation. WHAT IS RE-
QUIRED. We have to find the eye.

PROCEDURE

I produce DA and CB until they meet in [, similarly BA and CD until they
meet in K; thereafter I draw IK, and an infinite line through C parallel to IK
(LM), denoting the glass base. I then produce AD to that infinite line, which
it meets in L; similarly I produce 4B, which meets the said infinite line in M,
and I mark in the middle of LM the point N, and from N I draw the infinite
line NO at right angles to LM. Thereafter I draw EP so that the angle HEP is
equal to the angle PEF; then I draw from the infinite line NO a line (OQ) such
that the angle QON be equal to the angle HEP, further from L to the infinite
line NO the line LR parallel to QO; and I describe an arc through the three
points L, R, M. Here it is to be borne in mind that when the angle HEF is right,
as here, the centre of the circle on which the arc is described falls in N, and when
that angle is acute, it falls above it in NR, but when the angle is obtuse, it falls
below it in RN produced. Further I draw EG. Thereafter from the two points
C and M I draw two lines to one and the same point of the arc, #iz. to the point
S, so that the angle CSM is equal to the angle GEF (but it is to be noted that the
mathematical drawing of this angle did not occur to me during the description
of this matter, but mechanically it can be done, among other things, by cutting
an angle of paper equal to GEF, whose sides EG and EF have the required length,.
this angle of paper being so placed that the sides EF, EG pass through the two
points, C, M and the end point (E) touches the circumference, which can be
brought about by turning to one side and the other. It is also to be noted that
such touching of the end point of the paper can only take place mathematically,
viz. in the point S, for from there to M that point comes without the circum-
ference and from S to L it always falls within it. We preferred to give this mechanical
method here rather than leave the matter undiscussed, the more so in order that
others who have a mind may seek the mathematical operation); thereafter LS.
Further I draw from K and I two lines KT, IV at right angles to the infinite line

*) Parallelogram.
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ok Y ¢

. 19

Houckich op de éneyndeticke L. M, vooit v W évewijdeghe metSL. en van
T fotinde oneyndelické V W, de lini T W cvewijdéghe met S M daer naW X
techthouckich op L M, en W X voorwaert tot Yin K1, daer ha flel ickopt
punt Y éen lini éven an W X rechthouckich opt glas, twelck foo fjirde , ick
fegh t'eynde der felve lini ' beghectde cogh t¢ wefeit. TBER EYTSEL Laee
ghetrocken worden van C totin'S M de lini C Z, eveivijdeghe met LS fghes
lijexvanCtotin 8 Ldelini C s evewijdeghe met M S,daer na R M.

' T BEWYS.
Den hotick L R N,is even anden houck M R N, efiden houck HEP, even
fijnde met L R N deur t'werck, is oock evenanden houck P E F , dderom den

- houck L R Mis even ariden houck H E F ; Maer den houek L S M {commende
-inde fclve booch L R, M)is even anden felven houck L & M,dagrom den houck

LSM
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LM, further VW parallel to SL, and from T to the infinite line VW the line
TW parallel to SM, thereafter WX at right angles to LM, and I produce WX
to Y in KI. Thereafter I erect in the point Y a line equal to WX at right angles
to the glass; this being so, I say that the end point of this line is the required eye.
PRELIMINARY. Let there be drawn from C to SM the line CZ parallel to LS,
similarly from C to SL the line Ca parallel to MS; thereafter RM.

PROOF

The angle LRN is equal to the angle MRN, and the angle HEP, being equal
to LRN by the procedure, is also equal to the angle PEF, therefore the angle
LRM is equal to the angle HEF. But the angle LSM (coming in the same arc
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L S Miseven anden ouck HEF, voortisden houck CS Z evenanden hotick
G E F,en ghelijck G Fevewijdegheis metH E;en GHmet FE, alfoo CZ met
4S,enC ametZ S, dacromden vierhouck 8 Z C 4,als vérichaculicke vierhouck;

.is ghelijckmetten vierhouck EF G H,en van defen viethouck S Z C 4,wefende
W de voet,of anders ghefeyt wefende hetoogh teh eyndeder lini evenan W X;
ghefteltopt punt Y rechthouckich opt glas, foois A B-C D de fchacu, alsde li-
nicn der form uytwij{en , hjckformich fijnde ande wercking van t'vinden der
fchaen inder cortheden 3 lidis 6 voorbeelt. Macrwefende ABCD fchacuge.-. .
fien uyt fulcken oogh,foo moet dat cogh oock t’begheerde fijn.
~ TsESLVYT. Wefendedan ghegheven een evewijdich vierfijdich plar, dat
fchaeu isvan cen verfchaeulick plat, op twelck het glasint verfchacuwen een
houck maeckicevenan éen ghegheven houck, en wefende de felve fchacu fon-
der cenige fijde of lini dic wfithen twee houcken evefijdich-mete glafgront is,'
mact Kcbbchde de verfchaeulicke form ten minflen twee evewijdighe fijden;of
linicn die ruifchei de houcken ghetrocken fijn, of ghetrocken connen wordeiy;
wy hebben het oogh ghevonden na den eyfeh.

8 WERCKSTICK: 4 VOORSTEL.

‘Wefende ghegeven een vierfijdich of meerfijdich plat,
dat {chacuisvan een verfchaeulick plat, op t'vvelck hee
glasintverfchacuvven een houck macckee even an een
ghegheven houcek, en vvefende defelve fchaeu fonder ce-
nighe fijde oflini die tufichen tvvee houcken evevvijdich
mette glafgrondt is, maer hebbende de verfchaeulicke
form ten minften tvvee evevvijdeghe fijden, of linien die
tuflchendechoucken ghetrocken {ijn, of ghetrocken con«
nen vvorden, en boven dicn bekent fijnde den houck
dicecnighe fijdeder ghegheven fchacuint verfchacuvven
op de glafgrondt maeckrc. Hetooghtevinden.

Dit 14 voorftel verfchilt vant 13 daerin, datterghemeen isoverail‘e* veel. -‘Multilatera
fijdeghe platten, maer wecrom daer teghen imocter bekent fijn wat houck ce- Hana,
nighe lini der fchacu int verlchacuwen op de glafgrondi maeckte, t'welck int
13 voorftel niet nocdich en was,om datde glafgront uyt dc ghegheven fchaeu
ghevonden wiert, Doch anghefien fulcken houck dickwils bekent wort in
voorgheftelde fchaeivén of ichildefyen , deut eenighie ander byftaende linien
diemen weer op de glafgront rechthouckich te commen, fcocan t'vinden des

coghs van fulcke fchacuwen inde daet fijn ghebruyck hebben, waer deuz wy
t'felve hier befchrijvens . '

1 Voorbeelt vande [chaeu eens ver[chaculicken vierhoucx met
allecnélick rvvee evevwijdeghe fijden. '

TGHEGHEVEN. Lact ABCD,defchacu fijn vande veifchaculicke formy
EF G Hinde vloer,wacy af de twee fijden HE,G F , evewijdich fijn, maerd’an+
. -G dex
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LRM) is equal to the said angle LRM, therefore the angle LSM is equal to the
angle HEF. Further the angle CSZ is equal to the angle GEF, and just as GF 1s
parallel to HE and GH to FE, thus CZ is parallel to 4§ and Ca to ZS. Therefore
the quadrangle SZCa (the-object quadrangle) is similar to the quadrangle EFGH,
and since W is the foot of this quadrangle SZCz or, in other words, the eye is

at the end point of the line equal to WX, erected in the point Y at right angles -

to the glass, ABCD is the image, as the lines of the figure show, which is similar
to the operation of the finding of the image in the 6th example of the 3rd section
of the abridgements. But since ABCD is the image, seen from the said eye, that
eye must also be the required eye.

CONCLUSION. Hence, given a parallel quadrilateral plane figure, which is
the image of a plane figure with which in the drawing operation the glass made
an angle equal to a given angle, the said image not having any side or line
between two angles parallel to the glass base, but the object figure having at
least two parallel sides or lines that have been or can be drawn between the
angles, we have found the eye, as required.

8th PROBLEM 14th PROPOSITION

Given a quadrilateral or multilateral plane figure, which is the image of a plane
figure with which in the drawing operation the glass made an angle equal to a
given angle, the said image not having any side or line between two angles
parallel to the glass base, but the object figure having at least two parallel sides
or lines that have been or can be drawn between the angles, while moreover the
angle which one of the sides of the given image made with the glass base in
the drawing operation is known: to find the eye.

This 14th proposition differs from the 13th in that it applies generally to all
multilateral plane figures, but on the other hand it must be known what angle
one of the lines of the image made with the glass base in the drawing operation,
which was not necessary in the 13th proposition because the glass base was found
from the given image. But since this angle often becomes known in given per-
spective drawings or pictures from some other accessory lines, which are known
to be at right angles to the glass base, the finding of the eye of such images
may be useful in practice, for which reason we will here describe it.

1st Example, of the Image of a Quadrangle
Having Only Two Parallel Sides.

SUPPOSITION. Let ABCD be the image of the figure EFGH in the floor,
whose two sides HE, GF are parallel, but the other two GH, FE non-parallel.

X
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dertwee G H,F E onevewijdich,en den houck D fy fchacuvanH,en t'glasheb
int verfchacuwen rechthouckich-gheweeft opt verfchaeulick plat, en evewij-
dich met 1 K, dieick hier (ify datfer int verfchacuwen deur fireckic of nier) doc .
firecken deur ’punt C fulcx dat den houck dieeenighe fijdeick neem DCint
" vesfchacuwen op de glafgront maeckte,even was metten houck DCL
TBEGHEERDE: Wy moetenhet oogh vinden,

. TWERCK

Ik treck D A en C B voorwaert totdatfe vergareni in'L,endeur L deoneyn.
delicke L M evewijdeghe met K l,dacr naC D voorwacrt tot datfe dic oncyne
delicke ontmoet, t welck fyin M, en van Mdeur A cen linitotdafe C L ont-

* moet,t'welck fyin N, voort van E;totin F G delini E O,cvewijdeghe met GH:
Ditfoo fijnde,A N-C D is fchacu des evewijdeghén vicrhougxr EO GH; Hier
afhet oogh ghevonden deur het 1 voorbeelt van defen, t'welck fy ten eynde der
linievenan P Q, ghefteltopt punt R rechthouckich opt glas, men heeft v'be-
gheerde,wacr af tbewijs openbaer is, deur de verkeerde wercking vantvinden
der fchacu in der cortheden 3 lidts 6 voorbeelt. S

2 Voorbeelt wvande (chats eens «ver(Chaenlicken rechtlinich
plats [oot valt; doch bebbende ten minsten na ¢ inhouds des
voorstels , tvovee cvevwijdighe fiiden of linien , die tuf-
ﬁbm de houcken ghetra’c/em [ifjn of ghetrocken connen

vyorden.

TGHEGHEVEN, Laet ABCDEF de fchaen fijn vande verfchaeulicke
form GH1K L M foot valt,doch hebbende de verdochte of ghetrocken linien
tufichen de houcken M,H,en1, L, evewijdich, datis M H evewijdichmer L1,
enden houck A fy fchaeu van G,voort hebbe t'glas int verfchacuwen ghewec(t
rechthouckich opt verfchaculick plat, cn deglafgrondt evewijdich met NO,

fulex
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And let the angle D be the image of H, and let the glass have been at right angles
to the object plane figure in the drawing operation and parallel to IK, which here
(no matter whether in the drawing operation it passed through it or not) I take
to pass through the point C, so that the angle which one of the sides — I as-
sume DC — made with the glass base in the drawing operation was equal to
the angle DCI.

WHAT IS REQUIRED. We have to find the eye.
PROCEDURE

I produce DA and CB until they meet in L, and through L I draw the infinite
line LM parallel to KI; thereafter I produce CD until it meets that infinite line.
Let this be in M, then from M through,A I draw a line until it meets CL. Let
this be in N. Further I draw from E to FG the line EO parallel to GH. This .
being so, ANCD is the image of the parallel quadrangle EOGH. When hereof
the eye has been found by the 1st example of the present proposition *), which
shall be at the end point of the line equal to PQ, erected in the point R at right
angles to the glass, we have found the required eye, the proof of which is evident
by the operation reverse to that of the finding of the image in the 6th example of
the 3rd section of the abridgements.

2nd Example, of the Image of a Rectilinear Plane Figure of A;éy Form,
But Having at Least, According to the Contents of the Proposition, Two Parallel 7
Sides or Lines That Have Been or Can Be Drawn Between the Angles.

SUPPOSITION. Let ABCDEF be the image of the object figure GHIKML of
any form, but havmg the auxiliary or drawn lines between the angles M, H and
I L parallel ie. MH parallel to LI, and let the angle 4 be the image of G.
Further, let the glass have been at right angles to the plane figure in the drawing

*) Something is Wrong in this reference. What is meant is the 7th Problem, x;th
Proposition.
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fulex datden houck die eenighe fijde ick néem ED int verfchacuwen op de
glafgront maeckte,even was mettenhouck EDN. TBEGHEERDE. Wy
moeten het oogh vinden. ’
) TWERCK

Wantden houik Fichaeii is van M,en B vin H, foo treck ick F B; S'ghelijes -
want den houck E fchaeu is van I, 'enC van [, foo treck ick E C, twelck foo
fijnde, deviethouck F B C E; is fchacu des verfchaculicken vierhouex MHIL,
hebbendc twée evewijdeghe fijden,daer af tiet oogh gevonden deur het 1 voor.
beelt,treckende de glafgront deur E evewijdich met N O en dereft alsintfelve
1 voorbeelt; men vindtdat oogh ten eynde der lini,neem ick,even an P Q,ghe-
flelcopt punt R rechthouckich opt glas, en men heeft tbegheerde : Waer af
tbewijsopenbaeris. TBESLvVYT. Welendedanghegeven cen vicrlijdich
of mecrfijdich plat, dat fchacu is van een verfehaculick plar, optwelck hetglas

G

int verfchaeuwen een houck inaeckee, even ancen ghegheven houck, en we-
fende de fclve fchaeu fonder ecnighe fijde of lini die tfichen twee houcken
evewijdich mette glafgront is, maer hebbende de verfchaeulicke form ten min-
ften twee evewijdeghe fijden of linien, dic tuflchen de houcken ghetrocken fijn
of getrocken connen.worden,en boven dicn bekent fijnde den houck die ceni-
ghe fijdeder ghegheven fchaen int verfchacuwen op de glafgront macckic, wy
hebben het cogh ghevonden naden eyfch.
VERVOLGH

Anghefiende fchaeuwen van lichamen al in platten beftaen , foo volghe-
daer uyt dattet cogh van cen dier platten ghevonden fijnde deur de voorgaende
reghelen,daimen heeft het oogh des heelen lichaems(uytgenomen van {chacu-
wen dic.int verfchacuwen met haér ver{chaenlicke form evewijdich waren,
want die int befonder of alleen anghefien menghen het oogh overil heb.
ben, om dafealsint glis fijnde, gheen veranderingen crijghen’ deut verfetting
des coghs) laoock van alleander omftacnde fchacuwen der verfchaeulicke for-
men by dat lichaem vervought, ‘en t'fclve angaende. Maer op dat alles noch

clacrdcr £y, fullen dacraf voorbeclt ftellen in defer voughen, :
- Ga Tene-
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.operation, and the glass base parallel to NO, so that the angle which one of the
sides — I assume ED — made with the glass base in, the drawing operation was
equal to the angle EDN. WHAT IS REQUIRED. We have to find the eye.

PROCEDURE

Because the vertex F is the image of A and B of H, I draw FB; similarly,
because the vertex E is the image of L, and C of I, I draw EC. This being so, the
quadrangle FBCE is the image of the quadrangle MHIL having two parallel
sides. When hereof the eye has been found by the 1st example by drawing the
glass base through E parallel to NO and the rest as in said 1st example, that eye
is found at the end point of the line — I take it — equal to PQ, erected in the
point R at right angles to the glass; and thus we have found the required eye, the
proof of which is evident.

CONCLUSION. Hence, given a quadrilateral or multilateral plane figure,
which is the image of a plane figure with which in the drawing operation the
glass made an angle equal to a given angle, the said image not having any side
or line between two angles parallel to the glass base, but the object figure having
at least two parallel sides or lines that have been or can be drawn between the
angles, while moreover the angle which one of the sides of the given image made
with the glass base in the drawing operation is known, we have found the eye,
as required.

SEQUEL

Since the images of solids consist entirely of plane figures, it follows that when
the eye of one of those plane figures has been found by the foregoing rules, we
have found the eye of the whole solid (except in the case of images which in
the drawing operation were parallel to their object figures, for these, when con-
sidered separately or alone, can have the eye anywhere, because, being in the glass,
they do not undergo any change when the eye is displaced), yea, also of any other
adjacent images of the figures belonging to that solid and having some connection
therewith. But in order that everything may be clearer still, we will give an
example thereof, as follows.
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. T GHEGHEVEN. LactABCDEFG fijn de fchacu eens verfchaeulicken
viercanten pylaers, dic ghelijck isanden pylaer wiens hcoghde D G ¢en fijdedes
gronts G Fen washet glas int verfchaeuwen evewijdich mettet platals DCFG
tufichen den gront en hetdeckfel : En heeft defe fchacu in haerdefchacuwea
van dric platen als blijckt. TBEGHEERDE. Wy mocten het oogh vinden.

‘ TWEROK
Ick fiel my felven voor dattet, glas int teyckenen ftreckte (fy dat den ver-
fchacuwer dat int verfchacuwen foo mocht ghe- : K

ftelt hebben of nict)deur de evewijdege vierhouck
‘D CF G, daede int verfchacuwen evewijdich me

was, en nemende het verfchaeulick deckfel diens A B
fchaeu A B CD, al oft op de vloer laghe,ick vinde D /
-deur het 1 voorbeelt des 12 voorftels het ooghals cl Ti1

ten eynde der fini even , neem ick,an HI gheftelt
opt punt K rechthouckich opt glas, welck oogh ,
oock het oogh der heele verlchaculicke form N L
moet fijn, '

1

1 MERCK ¢ " p. .
Wy hebben int werck ghenomen dattet verfchaenlick deckfel diens fchaen
AB CD op de vloer light: En volghende fulck gheftelde het oogh ghevonden:
Maerwant datde eyghentlicke vloer niet en is, en dat ymant ant befluyt moche
twijfelen,foo fullen wy daeraf verclaring doen. . ’
Lact ABCDEFG cen viercante pylaer
fijn alfvooren , maerdeurluchtich , waerin H
noch gheteyckent fijn de linien alsvolght: DA x
‘en CB f{ijn voortghetrocken totdatfe verfa. - i~
menin H,en D C dicals glafgront ghenomen
wiert, is oneyndelick voor'ghetrocken na I,
waet op rechthouckich ghetrocken de oneyn.
delicke H K,fy fnijt D lin L; Daer nac getroc.
ken A Mrechthouckichop D I,en G D voort-
ghetrocken tot N, alfoo dat D N even fj an -
D C,daer navan Ndeur M cen rechte lini tot
“ daife H K ontmoet in O, voost op het punt
Heen lini gheftelt even an OL ,en recht- & R-B IR
houckich opt plat daer de fchaeu inis, heteyn ™ - 1o
deder felve is het oogh, ghelijck int voorgaen- -
de werckghevonden wiert, . o P
Maer om nu te bethoonen dat dit foo wel

het wacer oogh is,als het oogh ghevonden deur ~,
werckingop den eyghen vioer , foo lact ghe-
trocken worden GH, en FE voorwaert, die 1
vallen moetinH, daer na E P, evewijdege met -

F G, encommende Pin G H, fulcxdat PEFG K

de fchacu beteyckent des verfchaculicken
grondtsinden eyghen vioer. . ‘
Om van defefchacu P EF G het oogh te vinden,ick doe alfvooren, treckende
" deglat
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. SUPPOSITION. Let ABCDEFG be the image of a right quadrangular prism
* .which is similar to a prism whose height is DG and the side of whose base is
GF, while in' the drawing operation the glass was parallel to the plane figure
DCFG between the base and the cover; then this image has in it the images of
, three plane figures, as is apparent. WHAT IS REQUIRED. We have to find the cye.

PROCEDURE

I imagine that in the drawing operation the glass passed (no matter whether

the draughtsman put it thus in the drawing operation or not) through the parallel-

. quadrangle DCFG, to which it was parallel in the drawing operation, and taking

the image ABCD of the cover to be in the floor, I find the eye, by the 1st example

of the 12th proposition, at the end point of the line equal — I take it — to HI,

erected in the point K at right angles to the glass, which eye must also be the
eye of the whole: figure.

1st NOTE

In the procedure we have assumed the image ABCD of the cover to be in
the floor, and according to this supposition we have found the eye. But because
that is not the floor itself and because someone might doubt the solution, we
will give an explanation thereof.

Let ABCDEFG be a right quadrangular prism, as above, but transparent, in
which have also been drawn the following lines: DA and CB have been produced
until they meet in H, and DC, which was taken for the glass base, has been pro-
duced indefinitely towards I. Drawn at right angles to this is the infinite line HK;
it intersects DI in L. When thereafter AM is drawn-at right angles to DI, and
GD is produced to N so that DN be equal to DC, a straight line then being
drawn from N through M until it meets HK in O, and 2 line being erected in
the point H, equal to OL and at right angles to the plane which contains the
image, the end point of this line is the eye, as was found in the foregoing procedure.
_ But in order to prove that this is the true eye just as well as the eye found by
the operation in the floor itself, let GH be drawn, and let FE be produced, which
must fall in H, thereafter EP parallel to FG, P falling in GH, so that PEFG
denotes the image of the base in the floor itself.

i
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de-glafgrondt G F voorwacrt, tot datfe HK ontmoet in Q; en P R rechithoue-
Kich opdeglafgrondt GQ, enteyckenin G D’punt S,alfoodat G Seven is an
GF, daer na van Sdeur Keen lini tot datfe H K'ontmoct in T, voort opt punt
H cen lini gheftelt even an T Q ,en rechthouckich opt plat daer de fchaeu inis,
+ heteynde der felve moct openbacrlick het oogh'wefen. S '
Maer dat dit eynde,en r'eynde der lini na t'eerfte befluyt,alcen felve punt is,
volghtdaeruyt, dat T ¢ven is an OL, t'welck aldus bethoont wort: A M
voortghetrocken fijnde, ftreckt deur P toi R, fulex dat des rechthouckigen drie-
houcx SGR, fijde G R,evenisan D M, en G S evenan D N, deur’'werck, cn
daerom is dederde fijde N M, even en evewijdeghe met S R, en haer voortge-
trocken linicn als MO en R T, moeten inde twee rechthouckighe drichouc-
kenM O L, R TQ,00ck even en cvewi jdich fijn,alfoo cockmoeten M L met
RQ,en vervolghens,ghelijck wy bethoonen wilden,O L met T Q. -
Hieruyt is cock openbaer ghenouch,datmen t'felve oogh alfoo vinden can
deur dander twee afgaende vierhouckighe fchacuwen B EFC; A P G D,te we-
ten deur B EF C nemende deoneyndclicke daer F C in'is voor glafgront: Maer
deur de vierhouck AP G D nemende de oneyndelicke daer G D in is voor
lafgront, want deur de felve ghevonden de bovefchreven lini die op H moet
flaen, {y fal oock even fijn met OL of T Q. _Sulcx datmen uyr foodanighe vier
" vierhouckighe fchaeuwen, verkiefen mach debequaemfte daer detuychwercke-
licke handeling de meefte fekerheytin heeft. '

B MERCK.

* Wantymant dencken miocht, wacrom hierint vinden desooghs miet begoft
en wicrt met voorbeelden wefende de fchaca eefi punt, lini, of drichoick , {00
fullen wy daetafde reden verclaren, welcke intghe- -
meen ghefeyt,is,datfe gheen feker eenich befliyt, maer
oneyndelicke befluyten hebben, Om tfelve breedet

 te verclaren,en cetft van Cpunt, {oo lact AB eenglas

fijn overcant ghefien, C een verfchaeunlick punt, D 5
fijn fchacu, daer naghetrocken van C deur Dde lini
‘C DE, en E vooroogh ghenomen, tis kennelick dat-
tetvoor oogh van C fal meughen verftrecken: Maer-
CD E voorighetrocken tot F, foo fal F mette felve re- _
denoock voor oogh van C meughen ghenomen worden, en alfoo met oneyn-
delicke ander. o N

‘Angacnde de liniick feghaldus; foo t'een uyterte der verfchaculicke lini int
_glasis, ander daer buyren, de fchaeu vantuyterfte punt datter buyten is, wort
ghelien totk felve placts des glas deur oneyndelicke verfcheyden ooghen |, als
boven ghefeytis, en tander eyndeint glas wefende, - '
fijn fchacu en verandert van plaets niet, deur ver-
ftelling des coghs, dacrom can de fchaeu van fule-
ke liniuytoneyndelicke verfcheyden plaetfen ghe-

fien worden.Om r'welck by voorbeclt te verclaren, 2
Laet A B t'glasfijn overcant ghefien, C Deen ver-
fchaculicke lini,dienseen uyterfte C int glas is, t'an-
‘der uyterfte D daet buyten, E het oogh, van welck

geuocken het firacl E D, deurborende t'glas ABin

F, als fchaeu vi D,en F C isdefchacu der verfchacu-

O
]
]

G3 ficke
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In order to find the eye of this image PEFG, I proceed as above, producing
the glass base GF until it meets HK in Q, drawing PR at right angles to the
glass base GQ. And in GD I mark the point § such that GS is equal to GF.
Thereafter 1 draw a line from § through R until it meets HK in T'; further I
erect in the point H a line equal to TQ and at right angles to the plane containing
the image; the end point of the latter must evidently be the eye.

But that this end point and the end point of the line according to the first
solution are one and the same point follows from the fact that TQ is equal to
OL, which is proved as follows: AM produced passes through P to R, so that the
side GR of the right-angled triangle SGR is equal to DM, and GS§ is equal to
DN by the procedure, and therefore the third side NM is equal and parallel
to SR, and these lines produced, viz. MO and RT, must also be equal and parallel
in the two right-angled triangles MOL, RTQ. Thus ML must also be equal and
parallel to RQ, and consequently, as we wanted to show, so must OL to TQ.

From this it is also clear enough that the eye in question can’ thus be found
from the other two receding quadrangular images BEFC, APGD, to wit from
BEFC by taking the infinite line containing FC for the glass base, but from the
quadrangle APGD by taking the infinite line containing GD for the glass base,
for when from this is found the aforesaid line that has to stand in H, it will also
be equal to OL or TQ, so that from these four quadrangular images one may
choose the most suitable, with which the mechanical operation provides the
greatest certainty. '

2nd NOTE

Because someone might wonder why in finding the eye we did not begin with
examples in which the image is a point, line or triangle, we will explain the
reason thereof, which, generally speaking, is that they do not admit of one certain
solution, but of an infinite number of solutions. In order to explain this more
fully, first for a point, let AB be a glass seen transversely, C an object point, D
its image. When thereafter the line CDE is drawn from C through D, and E is
taken for the eye, it is evident that it may serve for the eye of C. But when CDE
is produced to F, for the same reason F may also be taken for the eye of C, and
thus with an infinite number of other points.

As regards a line, I say as follows. If one end point of the object line is in
the glass, the other outside it, the image of the end point that is outside it is
seen in the said place of the glass by an infinite number of different eyes, as has
been said above *); and if the other end point is in the glass, the image of this
does not change its place when the eye is displaced; therefore the image of such
a line can be seen from an infinite number of different places. In order to ex-
plain this by means of an example, let AB be the glass seen transversely, CD an
object line, whose one'end point C is in the glass, the other end point D outside

) p. 75 Sequel.
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licke D C. Maerom nu te bethoonen dat defe FC oock voor fchaeuvanD C
- «an verfirecken,ghefien wefende van eenander oogh dan E, foolaet D Evoort-

getrocken worden tot G, welck punt G voor oogh genomen;het fict F C noch

voot fchaeu van D-C,en alfoo mét oneyndelicke ander. : :

Macr de verfchaeulicke lini
t'cenemael buyten tiglas fijn.
de, als necem jck A B, dicns
fchacu C D, intglasE F over-
cantghefien, en G het oogh,
ick fegh dat alle punt vanghe-
daenicals H voor oogh ghe.
fomen, foo can CD fchacu
fijn van oneyndelicke ander
verfchaeulicke linien evenan
AB; want treckende van H
deur Cen D, twée linien als
"HC1,en HD K, endaéruf-
fchen vervought de linien
LM,NOevenanAB,defels ' N
veL M, N O fijn openbaerlick verfchaeulicke linien diens fchaeu C D, en vez.
volghens de fchacu C D can encyndelicke menichte van ver{cheyden cogem
hebben. -

Tis wel waer dat foomen de verfchaeulicke lini thacrder gheftelde placts
gave, datmenalfdan het cogh nerghens verfetten en can fonder verandering
det fchaeuse crijghen, doch wantet felden ghebeurt dat de verfchaeulicke lina
init glas onder of by,of inde fchacu met fulcke beteyckening gheftelt wort, foo
en {chijnet niet datde vinding desooghs denr fulcke manier fecr begheert is.
Nochtans om hier met eente veiclaren, hoemen, of fulex ghebeurde, daerme
Jeven foude,foo lact A B fchaeu fijn vande verfchaeulicke C D , welcke fchacu
A B evewijdich fijnde metee glafgront EF, alfoo gefien wicrt docn rglas recht-
Houckich ftont op de glafgront, en ligghende de ver- ’ '
fchaeulicke C Diinde vloer totdie ghegeven plaets . .. D
‘oock evewijdich van EF, endat nootfakelick deur - A )
dien C D daer af evewijdeghe is. Om hiervan het » B
oogh te vinden, ick treck vande twee punten C en
D ;op EF,¢enighe twee evewijdeghelinienals C E,
DF, tot opdeglafgront E F, T'welck foo fijndeick . :
fouck hier hét oogh van defe ghegheven ABFE der & - F
verfchaeulicke CDF E., nade manier des 13 voor- -
ftels;en hebrbeghectde. - _ . _

Macs foo de fchaeu niet cvewijdich en waer mette glafgrondt, als neem
ick defc lini A'B, fchaeun vande verfchaeulicke CD , onevewijdich vande
glafgrondt EF, men falom t'oogh te vinden', aldus doen : Ick treck DC en
B A voorwacrt, tot datfe inde glafgrondt vergaren in G ( indeglafgrondt moe-
tenfe vergaren, {oo t'ghegheven warachtich is, te weten A Bware {chacu te fijn
van C D, inder voughen als vooren:) Ick treck daer na A H rechthouckich op
EF, envan Cverfchaculick punt des fchaeus A, treck ickdeur H de oneynde-
licke C I; S'ghelijex treck ick BK rechthouckich op EF,en van D verfchaeus -
lick punt desfchaeus B, deut Kdelini DL, ontmoetende de-oneyndelick= CX
inl, daerna L Mevewijdeghe met GD,en gherakendede glafgrom EFinM,

voorg
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it, E being the eye, from which let there be drawn the ray ED, piercing the glass
AB in F, the image of D, then FC is the image of the object line DC. But in
order to show now that this FC may also serve as the image of DC when seen
by an eye other than E, let DE be produced to G, and when this point G is'
taken for the eye, it still sees FC as the image of DC, and thus with an infinite
number of other points.

But when the object line is altogether outside the glass, as — I take it — AB,
whose image is CD in the glass EF, seen transversely, G being the eye, I say that
when any point of such a kind as H is taken for the eye; CD may be the image
of an infinite number of other object lines equal to AB, for when from H through
C and D are drawn two lines, HCI and HDK, and the lines LM, NO, equal to
AB, are placed between these, these lines LM, NO are evidently object lines
having CD for their image, and consequently the image CD may have an infinite
multitude of different eyes.

It is indeed true that if the object line is given in position, then the eye cannot
be displaced anywhere without the image undergoing a change, but since it seldom
happens that the object line is placed in the glass below, near or in the image with
this intention, it seems that the finding of the eye in this manner is not frequently
required. Nevertheless, in order to explain here at the same time how we ought
to proceed if this happened, let AB be the image of the object line CD, which
image AB, being parallel to the glass base EF, was thus seen when the glass was
at right angles to the glass base and the line CD lay in the floor at the given
place, also parallel to EF, and such necessarily so, because CD is parallel thereto.
In order to find the eye of this, I draw from the two points C and D to EF two
parallel lines CE, DF to the glass base EF. This being so, I here find the eye of
this given ABFE of the object figure CDFE, after the manner of the 13th propo-
sition, and have found the required eye.

But if the image is not parallel to the glass base, as — I take it — the line AB
opposite, the image of the object line CD, non-parallel to the glass base EF, in
order to find the eye the following procedure has to be taken. I produce DC and
BA until they meet in the glass base in G (they have to meet in the glass base,
if the supposition is true, to wit that AB is the true image of CD, in the same
manner as above). Thereafter I draw AH at right angles to EF, and from C, the
object point of the image A, I draw through H the infinite line CI. Similarly I
draw BK at right angles to EF, and from D, the object point of the image B,
through K the line DL, meeting the infinite line CI in L; thereafter LM parallel
to GD and meeting the glass base EF in M; further I draw the infinite line MN




~ glasfulcké houck makendeals t'glas

“oock alfoodat P Q even isan M O,
. Dit foo fijnde men fal opt puntQ_

‘openbacrlick t'begheerde cogh. G

Angaende den drichouck dicheeft
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voott de oneyndelicke M N recht-
hoiickich op de felve glafpront, en
G B vooiwaert tot indc oneyndelic-
ke M N, die gherakende in O, daer
na L P Q rechthouckich op de glaf-
gront EF | enfnyende de felvein P, -

eenlini ftellen ¢ven an L P, enopt

opdevloer, en t'uyterfte dierlini is

oockoneyndelicke befluyten , want
foo een fijdeinde glafgront is, dicen
verandert nict deur beweging des L
ooghs, alfoo oock en docn d'ander

. tweelinien ,als  oogh beweeght int ‘ _ 1

“oncyndelick firael vande verfchaeu-

licken houckpunt deur haer fchacy,
fulcxdar de heele fchaeu des drichoucx dan fondet verindering blijft, altijt den
verfchaenlicken drichouck bedeckende, en daer me overcommende. Derghe-
lijcke is oock .te verftacn vandedrichouck die de naefte fijde evewijdich-heeft
mette glafgrondt,om datmen int foucken des ooghs het glas dacrdeur mach
docen ftrecken, ) :
Maer foo de verfte fijde des verfchaeulicken drichoucx mettet glafgront eve.
wijdich waer het oogh can oock rot oneyndelicke verfcheyden plaeden vallen,
Om twelckby voorbeelt te verclaren; Lact ABC de {chzeu fijn eens ver-
fchaculicken drichoucx ghelijck met D EF, voortis de verfte fijde A B evewij-
dich neem ick meue glafgront G C H, diens glas int verfchacuwen rechthoue-
Kich ftont opt plat det verfchaeulicke form : Lact nu vant punt C ghetrocken
worden de twee linien C1,C Ken [ K, fulcx dat de drichouck 1 K C ghelijck is
mect D EF: Laet daer na C I voortghetrocken worden tot L, en C K 1ot M,daer

" na L M cvewijdeghe met IK,en fal foo wel den drichouck L C Mals IC K ge-

lijck fijn met D EF. Dit foo we-

fende, tis openbaer meughelick D _E
hetoogh alfoo te connengeftelt

worden, datmen de twee punten

A B (midisdatmen verftac ABC

te fijn int glas rechthouckichop

de vloer) fal fien overcommen

mette twee punté 1K, als fchaeu-

‘wen der felve, en faldan ABC P

fijn {chacu der verfchaculicke

1K C: Tis oock openbacr meu- 7
ghelick het cogh te connen gheftelt worden tot noch een ander plaets, alfoo
datmende voorfchreven twee punten A, B, fal ficn overcommen mette twee
punten L,M, als fchacuwen der. felve,en fal dan ABC, fijn fchaeu der vere

- Khaculickeform L M C, die foowelalsI K C, ghdlijck fijnde met DFE, ver-

G4 ftreca
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at right angles to the said glass base, and I produce GB to the infinite line MN,
meeting it in O; thereafter I draw LPQ at right angles to the glass base EF and
intersecting it in P, also so that PQ is equal to MO. This being so, in the point Q
has to be erected a line equal to LP and making with the glass the same angle as
the glass with the floor; then the end point of this line is evidently the required eye.

As regards the triangle, this also has an infinite number of solutions, for if
one side is in the glass base, this does not change when the eye moves; nor do the
other two lines when the eye moves in the infinite ray from the angle of the
object figure through its image, so that the whole image of the triangle then
remains-unchanged, always covering the object triangle and coinciding therewith.
The same is also to be understood for the triangle which has the nearest side
parallel to the glass base, because in the finding of the eye the glass may be
made to pass through it.

But if the furthest side of the ob]ect triangle is’ parallel to the glass base the
eye may also fall at an infinite number of different places. In order to explain
this by means of an example, let ABC be the image of a triangle similar to DEF;
further, the furthest side AB is parallel — I take it — to the glass base GCH,
whose glass in the drawing operation was at right angles to the plane of the
object figure. Now let there be drawn from the point C the two lines CI, CK,
and IK so that the triangle IKC is similar to DEF. Thereafter let CI be produced
to L and CK to M; thereafter let LM be drawn parallel to IK; then the triangle
LCM as well as ICK will be similar to DEF. This being so, it is evidently possible
for the eye to be so placed that the two points A, B (provided ABC be taken
to be in the glass at right angles to the floor) will be seen to coincide with the
two points I, K, as images thereof, and ABC will then be the image of the object
triangle IKC. It is also evidently possible for the eye to be placed in yet another
place, so that the aforesaid two points A4, B will be seen to coincide with the two
points L, M, as images thereof, and then ABC will be the image of the figure
IMC, and the latter as well as IKC, being similar to DFE, will each serve for the

N
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firecken elck voor ghegheven verfchaeulicke form. Snlcx dat de fchaeu AB C

<an ghefien worden van twee verfcheyden coghen,en vervolghens van one yn-
“delicke verfcheyden ooghen. T

. Sghelijex falmen oock verftaen vande drichcuck fonder eenighe evewijde-

ghe mette glafgront. Lact by voorbeelt A B C fchacu fijn eens verfchaculicken
" - drichoucx gheiijck met D EF: Voort is de fijde A B evewijdich,ricem ick,met-
te glafgrondt G C H,diensglasint verfchacuwen rechthouckich flont opt plat
der verfchaculicke form. Laet nu vant punt C ghetrocken worden dé iwee li-
nien CL,CK, en 1 K, fulcx dat den drichouck 1K C ghelijckis met DEF ; en
fchacu van A BC. Laetvoort op een ander placts geteyckent worden den dric.
houck L M C, oockghelijck met DEF, maer grooter dan 1KC, en dat tot
fulcken plactsdaermen de verfchaeulickelini L M can fien overcommen mct
haer fchaeu A B. Dirfoo wefende, de woorden der verclaring op de voorgaen-
de form ghedaen, fullen cock dienen tot defe, enfal eyntlick befloten worden
A B C fchacu teconnen fijn van oncyndelicke verfchaculicke drichoucken ge-
lijck met D EF uyt verfcheyden ooghen ghefien. o o

B

Fr &G

‘Maer foo den verfchaenlicken drichouck ghegheven waer thaerder placts-
daerfeint verfchacuwen was,{oo en valter maer een befluyt.Om vant'welck by
voorbeelt te fpreken, lact den drichouck A B C-de fchaeu fijn des verfchaeulice
ken drichoucx DEC, en FG de glafgrondt, diens glas opt verfchaculick plat
rechthouckich quam. Om hier af het cogh te vinden, ick treck van Etotinde
glafgrondtde lini E G evewijdeghe met D C,en van G deur Bde oneyndelicke
G B H,en'C A vooiwaert ontmogtende die oneyndelickein H,endeur Hde on-
eyndelicke HI evewijdege met F G,en A B voorwaert ontmoctendedieoneyna
delickein 1,en vande twee punten H en I twee linien rechthouckich op F G, als
HF en 1K; Dacr na de oneyndelicke F L evewijdeghe metDC, en KM eve-
wijdeghe met E D,en gerakende FL in M, daer na M N rechthouckich op FG,
endefelve MN treck ick voort tot O in H Idaer na op O een lini gheftelteven
an N'M en rechthouckich opt glas Het eynde dier liniis t begheerdc oogh.
" TBEREYTSEL VAN TBEWYS. Icktreck C Pevenen evewijdege met

K
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given object figure, so that the image ABC can be seen by two different eyes, and
consequently by an infinite number of different eyes. v

The same is also to be understood of a triangle without any side parallel to
the glass base. For example, let ABC be the image of a triangle similar to DEF.
Further I assume the side AB to be parallel to the glass base GCH, whose glass
in the drawing operation was at right angles to the plane of the object figure. Let
there now be drawn from the point C the two lines CI, CK, and IK so that the
triangle IKC is similar to DEF and image of ABC. Further let there be drawn
in another place the triangle LMC, also similar to DEF, but larger than IKC,
such in the place where the line LM can be seen to coincide with its image AB.
This being so, the words of the explanation for the foregoing figure will also
serve for the present one, and finally it has to be concluded that ABC may be
the image of an infinite number of triangles similar to DEF, seen by different eyes.

But if the object triangle is given in its position, where it was in the drawing
operation, there is only one solution. To speak of this by means of an example,
let the triangle ABC be the image of the triangle DEC, and FG the glass base,
whose glass was at right angles to the plane figure. In order to find the eye
hereof, I draw from E to the glass base the line EG parallel to DC, and from G
through B the infinite line GBH, and I produce CA until it meets this infinite
line in H; and through H I draw the infinite line HI parallel to FG, and I pro-
duce AB until it meets this infinite line in I; and from the two points H and I,
I draw two lines at right angles to FG, viz. HF and IK. Thereafter I draw the
infinite line FL parallel to DC and KM parallel to ED, meeting FL in M, then
MN at right angles to FG, and I produce this MN to O in HI. When thereafter
a line is erected in O equal to NM and at right angles™to the glass, the end point
of this line is the required eye.
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DE, voort C Ifayende G Hin Q,cn E Dmet B A voorwaert vergarende noot”
fakelickinde glafgront GF,t'welckfy in R. ’

TBEWYS.
Dit bereytfel foo ghedaen fijnde,men fiet cen form van gedaente als die der
cortheden 3 lidis 6 voorbeelt alwaer blijét dat A B Q C fchaeuisdes verfchaeu-

licken viethoucx D E PC, en deur de verkeerde wercking van dien blijckt dattet
oogh moet commen als boven ghefeyt is,

B

FAVT-
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PRELIMINARY TO THE PROOF. I draw CP equal and parallel to DE,
further CI intersecting GH in Q, and I produce ED and BA which necessarily
meet in the glass base GF, which shall be in R.

PROOF

This preliminary thus having been made, we see a figure of the same kind as
that of the 6th example of the 3rd section of the abridgements, from which it
appears that ABQC is the image of the quadrangle DEPC, and from the reverse
operation it appears that the eye must come as has been said above.
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"FAVTMERCKING.

Anghefien fommighe fauten in ghegheven fthaeuwen deur t'cerfte opficht’
merckelick fijn , welcke kennis foo wel dicnt om int verfchacuwen fich daer
voor te wachten, als om van gemaeckte fchacuwen wel te oirdeclen, (cofullen
wy daer af de vijf volghende reghelen beChrijven, :

TEN 1.

Soomen bevondein gheen rechie lini te ligghen de fchaeuwen vandrie of
meer verfchaculicke puaten , welcke verlchaeulicke punten men wect in cen
rechre lini 1e ligghen,men isdeur her t voorftel veriekerr datrerinde verfchacu-
wingghemiltis. .

TEN 2.

Wanneerwyin ecnighe fchacu linien fien,die wy weten fchacuwen te moe-

ten fijn van verfchaeulicke evewijdeghe linien evewijdich metceglas, welcke

" fchacuwen nochtans metter daet nictevewijdich ghetrocken en fijn, men can

dacr uyt oirdeclen de verfchacuwing qualick ghedaen te wefen, als verfckent
fijnde deur het 2 voorflel.

TEN 3.

Soo de fchacuwen van verfchaeulicke platten diewy weten evewijdich te
moeten fijn mettet glas, nict ghelijck en waren met haer verfchaeulicke form,
tfy datfe beftaen in rechte of cromme linien, men weet datecr ghemift isdeur
het bovefchreven 2 voorftel. ’

TEN 4

Alswyin eenighe fchaeulinien fien, die wy weten fchaeuwen te moeten
fijn van verfchaculicke evewijdeghe linien onevewijdich mettet.glas, welcke
fchacuwen voortghetrocken welcnde, nochtans nietin een felve punten ver-
garen,men can dacr uyt oirdeclen de verfchaeuwing qualick ghedacnte welen,
wacraf t bewijs beftactint 3 voorftel. :

TEN s

Alsyin ecnighe fchaeu linien fien,die wy weten fchaeuwen te moeten fijn
van verfcheyden partien van verfchaeulicke evewijdeghe linien,die metre viocr
oock evewijdich fijn,macr mettet glas onevewijdich,en d'cen partie onevewij-
dich van d'ander : Soo al de faempunten dier verfcheyden partien, nictin een
rechtelinicn vielen,men can daeruyt oirdeelen de verfchacuwing qualick ghe.
dacn te welen,waer af droirfaeck blijckt int 4 voorftel,
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'DETECTION OF ERRORS

Since some errors in given images are noticeable at the first glance, we will
describe for this the five following rules (which knowledge is useful, both
for avoiding such errors in perspective drawing and for rightly evaluating already
drawn images).

1.

If we find that the images of three or more object points, which are known to
be in a straight line, are not in a straight line, we can be sure, by the 15t propo-
sition, that an error has been made in the drawing operation.

2.

If in an image we see lines which we know must be the images of parallel
lines parallel to the glass, which images nevertheless have not in actual fact been
drawn parallel, we can infer from it that the drawing has been performed in a
defective manner, of which we are sure by the 2nd proposition.

. 3.

If the images of plane figures which we know must be parallel to the glass are
not similar to the object figures, no matter whether they consist of straight or
curved lines, we know by the aforesaid 2nd proposition that an error has been
made.

4.

If in an image we see lines which we know must be the images of parallel
lines non-parallel to the glass, which images, when produced, nevertheless do not
meet in the same point, we can infer from it that the drawing has been performed
in a defective manner, the proof of which is formed by the 3rd proposition.

5.

If in an image we see lines which we know must be the images of different
sets of parallel lines, which are also parallel to the floor, but non-parallel to the
glass, while one set is non-parallel to the other; if all the meeting points of those
different sets do not fall in a straight line, we can infer from it that the drawing
has been performed in a defective manner, the cause of which is apparent from
the 4th proposition. :




6 Hooftstick vande volcommen ravolging der conft.

Ertclicke meeftersin dadclick verfchacuwen , hondent daer voor, datmen
int verfchacuwen niet heel volcomelick en moet navolghende reghelen defer
. conft, macr fomwijllen watbehaghelicker voor t'oogh ftellen dat teghen dere-
ghel gaet: Gheven dacraf voorbeelt, fegghende dat als ymant flact voor en by
t’middel van cen langheghevel met pylaren van t'een eynde tottetander, de py-
laren dic int middel fijn, fullen haer int geficht veel wijder van malcander ver-
thoonen, dan die naby de eynden ftaen , nochtans, fegghen fy, en moetmen
int verfchacuwen fulcke fchijn niet volghen , maer foodanighe pylaren aleve-
wijt van malcander fetten, na deghemeene manier diemen in fulcke gheteye-
kende fchacuwen deurgaens fiet onderhouden te fijo, want foomen t'verkeerde
dede, t¢ weten datmen die pylaren onevewijdich fielde ghelijckfe verfchijnen,
tfoude onbehaeghlicke ver{chaeuwing (ijn. Maer al dit is ghemift, uyt oirfacck

dat fulcke pylaren inde fchaeu alevewijt van malcander ghefielt wefende, en
tnaterlick oogh cock r'fijnder placts, foo crijghenfe van felfs debehoitlicke
fchijnbaer nacrdering dic de ware verfchaculicke pylaré fchijnbaetlick crijgen.
- Maerom hier af by voorbeelt noch claerder te fpreken, lact de ondergefielde
punté iich& A en B,beteyckenen degtonden der voorfchrevé verfchaeulicks

A D F e
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~ APPENDIX
6TH CHAPTER, OF THE PERFECT APPLICATION OF THE ART

Several experts in practical perspective drawing consider that in perspective
drawing one should not follow the rules of this art quite perfectly, but sometimes
give a more pleasant display, though it be contrary to the rule. They give an
example thereof, saying that if a man stands in front and near the middle of a
long fagade with columns from one end to the other, the columns in the
middle will appear to the eye to be much further apart than those near the ends;
nevertheless, they say, in drawing the perspective image one should not imitate
this appearance, but put all such columns equally far apart, according to the
common manner which is generally seen to be adhered to in such drawn images,
for if one did the reverse, to wit, if one put those columns not equally far apart,
-as they appear to be, this would be an unpleasant perspective. But all this is
wrong, because when such columns are all put equally far apart in the image
and the natural eye is also in its proper place, they will automatically get the
right apparent distance under which the actual columns appear.

But to make this even clearer by means of an example, let the points between
A and B given below denote the bases of the aforesaid columns in the front
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pylaren inde voorghevel van cen ghefticht,en het oogh voor ¢ middel van dien
{yC,welck ocgh d'uyrerfte pylarenals AenD , of Ben E, malcander «hijn-
baerlick veel naerder fien fal dan de middelfte pylaren , als Fen G, uyt oirfacck
datden houck A C D, of B CE, vecl cleenderis dan den houck F C G. Lactnu
ghetrocken worden delini H 1, alsglas evewijdich mette rye der pylaren A B,
en fnyende de linien dieder ftrecken van C totte pylaren ter placifen alfmen Get,
teweten AC,DC,FC,GC,EC,BCindepuntenK,L,M,N,O,P,en fullen
dic gemeene fncenindelini H I, als fchacuwen der pylaren,al evewijt van mal -
cander vallen,ghelijck de verfchaculicke pylaten tufichen A en B. Dit foo we-
fende, men fictdatde pylaren die tufichen H en Ialfoo evewijt van malcander
ftaen,haer behoorlicke fchijnbaer naerdering crijghen van C ghefien, want
KCLofACDisaleen felven houck, alfoo oockis M C N of F C G, fghelijex
O CP of E CB: Sulcx dat de verfchacuwers in foodanighe ftelling der pylaren
tuffchen H en 1 al evewijt van malcander , teghen de reghel der verfchacuwing
niet en doen, ghelijck y felfsmeynen , maermoet alfooghedaen fijn om vol-
comelick te verfchacuwen.

Tis welfoo datmen fomwijlen fchacuwen fiet,als van menfchen, gedierten,
en derghelijcke, dicdeur een vrye hanttreck behacchlicker ghedaen fijn als an-
der deur mocylicke teyckening nae reghclen der verfchacuwing ghewrocht;

. Macr dat heeft een ander befcheyt, denr dien fulcke linien d’een d’ander foo nict.
en befchamen , ghelijck wel doen evewijdeghe linien in gheftichten , wantof
cen peert {ijn voct cen duym hoogher of leegher opheft,of dat een menfch een

- duym meer of min boct, dacr en valt foo feker oirdeel nict op hoet eyghentlick
wefen moet,

Merckt oock dat ghelijck beochfche linien van ghedierten , behacghlicker
en lichter gheteyckent worden deureen vrye handttreck van eencn diet wel
gheleert heeft,dan deur vinding van veel punten, alfoo worden ter contrari in

. teyckening van gheflichten, rechtelinien (waerin de verfchaeuwing van ghe-
ftichten meeft beftact) bequamer en fuyverderghetrocken langs cen regel, dan
deur cen vrye handttreck,

7 Hooftstick vant gla;.

" Ick heb erghensghelefen , en dat namijn befic onthoudtin edlbert Durer,
ahwacr hy willende vefclaren wat eyghentlicke verfchaenwing is; feght datmen
de verfchaeulicke facck fonde fien denr een plat glas, én fich inbeelden dat tge-
nemen {00 intglas fiet, dacringhefchildertis, want dats de wate volcomen
fchaen ghefien vant oogh opdie placts. Defe befchrijving der fchaen (welcke
ons hicr vooren beweeghde een glas te bepalen) heeft fijn VORSTELT CKE
GHENADE foobequacm ghedocht dat hy fulcke fchaeu niet alleenin een
glas en heeft willen bedencken, maer dadelick dacr in teyckenen , doendetot
dien ¢ynde bereyden een glas, inder voughen alsde byghevoughde form an-
wijft,alwaer A Betglas bedict (1'welck was t'glas van een groote crittalijne fpie.
ghel) dracyende op de carniere B, om dat {00 recht of fcheef te fiellen alfmen
wil, en wort vaft ghemacckt mettet fchroefken C:T'gaetken daermen deur fiet
is D,t'welemen naerder en verder vant glascan fchuijven,en dat hechten mettet
fchroefken E: T'glascan oock hoogher en legher gheftelt worden, en dan vatt
ghemaccke mettet fchroefken F, -
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facade of a building and let the eye in front of the middle of this be C, which
eye will see the.extreme columns A and D or B and E apparently much nearer
to one another than the central columns F and G, because the angle ACD or BCE
is much smaller than the angle FCG. Let there now be drawn the line HI for the
glass, parallel to the row of the columns AB and intersecting the lines extending
from C to the columns in the places seen, to wit AC, DC, FC, GC, EC, BC, in
the points K, L, M, N, O, P; then these common intersections in the line HI (the
images of the columns) will all be equally far apart, like the columns between
A and B. This being so, it is seen that the columns which between H and I are
equally far apart get their right apparent distance, as seen from C, for KCL or
ACD is all the same angle, and so is MCN or FCG, and likewise OCP or ECB,
so that the draughtsmen do not act contrary to the rule of perspective in putting
all the columns between H and I thus equally far apart, as they themselves think,
but it has to be done in this way in order to draw a,perfect image.

It is indeed true that we sometimes see perspective images, such as of men,
animals, and the like, which have been done more pleasantly by a free stroke
of the hand than other images which have been wrought by laborious drawing
in accordance with the rules of perspective. But this has another explanation,
because with such lines one does not put the other as much to shame as do the
parallel lines in buildings, for when a horse lifts its foot an inch higher ot lower,
or when a man stoops an ich more or less, it cannot be judged with such
certainty how it really ought to be.

Note also that whereas curved lines of animals are drawn more pleasantly
and easily by a free stroke of the hand of one who has learned it well than by
the finding of many points, in the drawing of buildings straight lines (of which
a perspective image of buildings mostly consists) are drawn more conveniently
and accurately along a ruler than by a free stroke of the hand.

7TH CHAPTER, OF THE GLASS

I have read somewhere, and if I remember rightly: in Albert Direr 19), how,
wishing to explain what perspective proper is, he says that one ought to see the
object figure through a plane glass and imagine that what one thus sees in the
glass is painted on it, for that is the true perfect image seen by the eye in that
place. This description of the image (which induced us herebefore to define a
glass) appeared so suitable to his PRINCELY GRACE that he wanted not only
to imagine such an image in a glass, but also to actually draw it therein, and to
this end had a glass made in the way shown in the annexed figure, where A
denotes the glass (which was the glass of a large crystal mirror), pivoting about
the hinge B, so that it may be put as straight or inclined as desired, and fixed
by means of the small screw C. The hole through which one may look is D, which
can be pushed nearer to and further away from the glass and be fixed with the
small screw E. The glass may also be set higher or lower and then be fixed with
the small screw F.

19) In A, Direr, Untermeysung der Messung (1525), see footnote %) of the Introduction.
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Defc ghedaente vantglas
(waer me {ijn VORSsTE-
LICKE GENADE f{chacu.
wen teyckende 0 van mien-
fchen als anders, fulex dat
fchijnt mette waerheyt te
meughen ghefeyt worden,
dat ftanden vanmenfchen
niet meugelick en fijn uyter
oogh fonder glas, foo vol-
comelick gheteyckent te
worden) hebben wy willen
befchrijven,opdatfo ymant
totder ghelijcke begeerich
waer,dit tot voorbeelt mach
nemen, verbeterende tgene
hy hier in noch bequamer
mocht vinden , om dattet
tot grondelicke kennis der
ver{chaeuwing voorderlick
is. Ick achte dauter fijn
VORSTELICKE GHE-
N A D E ghcholpen heeftom
te mescken en verbeteren
eticlicke onvolcomenthe-
den diein mijn ecrfte be-
_grijp defer verfchaeuwing
waren : Als onder anderen
de ghemeence regel der vin-
ding des ocoghs van ver-
fchaeulickeformen diet'glas
noch met fijdé noch met
punt gheraken ; t'velck wy
cerft alswat. duyflers onge.
roert ghelaten hadden.
Voort ift ghebeurt dat
wy.inde vinding des ooghs
cuelicke voorftellen be-
fchieven hadden,waerinde”
verfchaculicke form als ge.
gheven by haer ghegheven
fchaen , gheftelt was ghe- o
lijckfe int verfchaeuwen gheftaen hadde, deut t'welck het vinden des ooghs
lichter viel: Doch fijn VORSTELICKE G HENADE defacckgrondelicker
infiende , feyde hier in onvolcommentheyt te ‘weéfen', omdat ons fulcx inde”
*daet nict en ontmoct, wantmen inde fehilderijen foodanighe verfchaenlic- Praxi:
ke forfnen by de fchacuwen t’hacrder plaets nieten teyckent. =
" T'welck wy ficnde in reden gegront te wefen,t:ebben die voorftellen veran.
- dert,en in die placts ander ghefielt fulcke als hicr vooren te fien is.
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We wanted to describe this form of the glass (by means of which his
PRINCELY GRACE drew perspective images both of men and of other things
in such a way that it seems it may be said in truth that postures of men cannot
possibly be drawn so perfectly at sight, without a glass) in order that, if anyone
should be desirous of doing similarly, he may take this for example, improving
it by anything more suitable that he may find in this respect, because it promotes
a thorough knowledge of perpective. I consider it has helped his PRINCELY
GRACE to perceive and correct several imperfections that were present in my
first conception of this perspective, such as, among other things, the general
rule of the finding of the eye of object figures which have neither a side nor 2
point in the glass, which we had first left untouched, as being obscure.

Further it happened that in the finding of the eye we had described several
propositions in which the object figure had been put as given beside its given
image, as it had stood in the projection, by which means the finding of the eye
was easier. But his PRINCELY GRACE, understanding the matter more
thoroughly, said that here was an imperfection, because in practice we do not
meet with this, for in paintings such object figures are not drawn beside the
images in their places.

And since we saw that this was reasonable, we changed those propositions and
replaced them by others such as are to be seen herebefore.




90 - ANHANG
& Hoofistick van #vinden der [chaeuvven denr ghetalen.

Alfoofijn VORSTELTIEKE GHENa4 DE verdocht hadde meughelick te
fijn,datmen deur ghegheven bekende ghetalen van cen verfchaeulicke form,
foude connen fegghen hoegroor dat fullen vallen de fijden en houcken van

Materiam.  haer fchaeu: Soo fullen wy,om dattet tot defe * fiof dient,en mijns wetens cen
onghehoorde nicuwe manicr van rekening is ccmgcvcorbccldcn befchrijven
byh;ne VORSTELICKE GHENADE berekentals volght.

TGHEGHEVEN. Lact A BC Deen verfchaculick viercant fijn inde vloer,
hebbende elcke fijde van 2 voet,en de (ijde D C voorighetrocken tot E, alfo dat
C Edoet 3 voct: Daer na van E ghetrocken rechthouckich op D E delini EF
" van 4 voet', foo beteyckent F de voet , waer op verdocht wort cen fienderlijn
rechthouckich op de vloer van 5 voet, en t'glas fireckiedeur D C rechthouckich
opdevloer. TBEGHEERDE:. Men wil weten hoelanckelck van d’ander drie
fijden der fchacuwen fal vallen , mette grootheyt der vierhoucken , oock hoe
verrede twee evewijdeghe fijden van malcanderen fijn. '

TBEREYTSEL Op dattet ghiedacht int werck een gront heb om opte
fteunen, foo fullen wy tot dien eynde defe ghereetfchap maken: Laet F E voor-
wacrt ghetrocken worden rot G,alfvodat E G als fiendermact,doe de 5 ghcge-
ven voeten der fiendetlijn; Dacr nafy ghetrocken D G,C G, AF,fayende DE
in H; Daerna H I rechthouckich op D E,en gherakende D Gin [, Daernal K
evewijdeghe met DE, en vallende Kin C G, voort K Nrechthouckich op D E.
Dit foo wefende,de vierhouck I'¥. 3 D, fal fchacu fijn des verfchaeulicken vier-
houcx A BCD, daer af wy mocten vinden de langde der fijden cn groot-
‘heytder houckcn oock mede delini 1 H,alslangde tufichen de twee evewijdes
ghe fijden 1K, D C Daerna fijn A Ben l Kvoortghetrocken tot L,en M ,ghce
rakende meute felve punten L,M,delini F G.

TWERCK.
Anghefien LF evewijdeghe is met A D,en A L met D H,{foo moet
den drichouck A LF,gelijck fijn mettendrichouck A D H ,en haer

Homologa * lijckftandighe fijden ¢veredenich. Dacxom fegh ickFL 6, geeft
lasera. LA s,watA D2:ComtDH =

Dicghctrockenvan DE s bluft voor H Edatsoock voor | M 3;1
D E s ghecft EG s wat I M 3-tweede in d’oirden comt voor MG 3+
Dic ohcuockm vanGE§ bh,ft voor M E, dats oock voor K N,ende
b%hu:rdc IH 1
GEj,ghecft EC3,watMG 3+ 2derdein d'oirden? comt voor MK z

Die ghctrockcn vanlM 35 * derde in d'oirden blijft voor de beghecr-
de IK 1>

Dedrichouck 1H D heeft drie bekende palen, te weten 1 H vierdein ’
d'oirden, D H eerfte in d'oirden,en den houck I HD recht. Hierme

. ghefochtd’ander drie onbekende palen, worden bevonden deur
her s voorftel derplatie drichoucken te weten de begheerde fij-

de 1D v
Den bcghccrdcn houckID H 45 tt.
Endenhouck DIH . 45th.

Daer toc vergaert den houck H 1K go tr, comt voor den begheerden -
houck D IK 135tr.
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8TH CHAPTER, OF THE FINDING OF THE IMAGES BY MEANS
: . OF NUMBERS

Since his PRINCELY GRACE thought it possible that by means of given
known values of an object figure one should be able to say how great will be
the sides and angles of its image, we will, because it is useful for this subject
matter and to my knowledge is a2 new method of calculation not yet heatd of,
describe a few examples calculated by his PRINCELY GRACE as follows.
SUPPOSITION. Let ABCD be a square in the floor, each side of which is 2
feet, and let the side DC be produced to E so that CE is 3 feet. When there-
after from E the line EF of 4 feet is drawn perpendicular to DE, F denotes the
foot, on which is imagined an observer’s line at right angles to the floor, of 5
feet, while the glass passed through DC at right angles to the floor. WHAT
IS REQUIRED. 1t is required to know how long each of the other three sides of
the images will be, as also the magnitude of the quadrangles, also how far apart
the two parallel sides are. i
PRELIMINARY. In order that our thought may have a foundation in the con-
struction on which to base itself, we shall make the following preparations: Let
FE be produced to-G so that EG, as observer’s measure, be the given 5 feet of
the observer’s line. Thereafter let there be drawn DG, CG, AF, intersecting DE
in H; then HI at right angles to DE and meeting DG in I; thereafter IK parallel
to DE, K falling in CG; further KN at right angles to DE. This being so, the
quadrangle IKCD will be the image of the quadrangle ABCD, of which we have
to find the length of the sides and magnitude of the angles, also the line IH,
the length between the two parallel sides IK, DC. Thereafter AB and IK have
been produced to L and M, meeting the line FG in these points L, M.

PROCEDURE

Since LF is parallel to AD and AL to DH, the triangle ALF must be similar
to the triangle ADH, and its homologous sides must be proportional to those of
the latter. Therefore I say:

FL (6) gives LA (5); what does AD (2) give? This gives for DH 123
When this is subtracted from DE (5), thete remains for HE, i.e. also

for IM 31/q
DE (5) gives EG (5); what does IM (31/3), the second in the list,

give? This gives-for MG : ) 31/,
When this is subtracted from GE (5), there remains for. ME, i.e. also

for KN and the required IH 12/4
GE (5) gives EC (3); what does MG (31/3), the third in the list, give?

This gives for MK 2

When this is subtracted from IM (31/3), the third in the list, there re-
mains for the required IK , 11/q




VANDE VERSCHAEVWING. o1

GE 5, gheeft EC 3, wat K N rivierdein d'oirden comtvoorNC .. . 1
Dedrichouck KN C heeft driebekende palente weten KN 12 vier-
deind'oirden, N C 1 elfde in d'orden, en den houck K N C rechts
Hier me gefocht d’ander drieonbekende palen , worden bevonden
deur het s vootftcl der plaue drichoucken , teweten de begheerde

_ fijde CK van B : o Vi
" Enden houck KC N 59 tr. 2 ®,die ghetrocken van 18o1r.blijft voot
den beghcerden houck KC D T 120tr.88.
En den houck NK Cvan 3o1t.58 @, dieghetrocken vanden houck
1K Ngotr. bljjft voor den beghecrden houck IKC. sotr.2,
’ G )
T - "M
D NI =
B

DEs VERSCAEVWINGS
EYNDE



The triangle JHD has three known terms, to wit IH, the fourth in the
list, DH, the first in the list, and the angle IHD, which is right. When
the other three unknown terms are sought herewith, they are found by

I3

the Sth proposition of plane triangles, to wit the required side ID is

The required angle IDH

And the angle DIH

When to this is added the angle HIK (90°), the required angle DIK
becomes

GE (5) gives EC (3); what does KN (12/3), the fourth in the list, give?
This gives for NC

The triangle KNC has three known terms, to wit KN (12/3), the fourth
in the list, NC (1), the eleventh in the list, and the angle KNC, which
is right.

When the other'three unknown terms are sought herewith, they are found

by the 5th proposition of plane triangles, to wit, the required side CK is

And the angle KCN is 59°2’; when this is subtracted from 180°, there
remains for the required angle KCD

And the angle NKC is 30°58’; when this is subtracted from the angle
IKN (90°), there remains for the required angle IKC

END OF PERSPECTIVE.
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Dou, J. P., 8,382, 399

DOUCET, R., 1§

drawing of curves, 771 f

DURER, 4., 6, 121, 124, 125, 126, 222, 223,
766, 788, 789, 790, 791, 959
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Corrzgeﬂda e Addenda

First part

opportounity read: opportunity.”

Bey read: Beg.

1429 read: 1429 (?) . )
Rosenfel’d read: Rosenfeld and A P. Yu§kev1g,
6..62 read: p. 62.

E. J. R. read: E. G. R.

Second part
Zuccari. Zuccari read: Zuccaro. Zuccaro.

punctus principalis read: punctum principale. ~






