T —

yaagmi Inst}tuut voor de Zee

lantdsrs Maring Institute

Mathl, Comput. Modelling Vol. 17, No. 12, pp. 35-47, 1993 e 0895-7177/93 $6.00 + 0.00
Printed in Great Britain. All rights reserved Copyright(©) 1993 Pergamon Press Ltd

23564

PRELIMINARY TESTS OF A HYBRID
NUMERICAL-ASYMPTOTIC METHOD FOR SOLVING
NONLINEAR ADVECTION-DIFFUSION EQUATIONS
IN A DOMAIN LIMITED BY A
SELF-ADJUSTING BOUNDARY

ERIC DELEERSNIIDER* AND MICHEL ROLAND
G. Lemaitre Institute of Astronomy and Geophysics (ASTR), Catholic University of Louvain
Chemin du Cyclotron, 2, B-1348 Louvain-la-Neuve, Belgium

(Received and accepted December 1992)

Abstract—An advection-diffusion equation is examined in which the diffusion coefficient is pro-
portional to a positive power of the dependent variable, h. Because the diffusion coefficient is zero
where h is zero, it is believed that the domain where h # 0 expands at a finite velocity, u,, which
must be calculated in an appropriate way if an accurate numerical solution technique is to be im-
plemented. An asymptotic study leads to a local approximation of uy. The latter is then utilized
in a finite volume solution of an axisymmetric problem where an exact solution can be obtained.
The accuracy of the numerical results is excellent. Some peculiarities of the numerical solution are
highlighted, and it is shown that they are due to the simplistic nature of the axisymmetric problem
solved, which may be partly responsible for the high quality of the numerical results. Although the
preliminary results are very encouraging, further testing of the method is needed, especially in fully
two-dimensional cases.

1. INTRODUCTION
Equations of the following type will be considered herein:

7]
£=Q—Vo(vh-rth), (1)
with '
K =h" (2)
and
a >0, (3)

where £ is time; V represents the two-dimensional “gradient operator;” and h, @, v, and k denote
the dependent variable, a source/sink term, the advection velocity, and the diffusion coefficient,
respectively.

A partial differential problem similar to (1)-(3) arises in Nihoul’s model for the transport and
spreading of oil slicks on the sea [1-5]. In that model, the diffusion coefficient is of quadratic type,
i.e.,, @ = 2, The present study will not be restricted to that case, which implies that the reach of
our results will be more general. However, as the model that led us to consider equation (1) deals
with the fate of oil on the sea, we will continue to use the vocabulary related to that particular
problem. For instance, the domain where h > 0 will still be called the “slick,” the boundary of
the slick will be named the “edge,” h will be termed the thickness, etc.
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We consider that, in (1)-(3), all variables are dimensionless. If governing equation (1) was
deduced from a physical problem, dimensionless parameters should appear in it. However, for
simplicity, we assume that those parameters are equal to unity. This may be justified by the fact
that the present study is mainly focused on the development of a numerical method rather than
on a particular physical problem. '

Since (1) is of parabolic nature, one might think that, according to many classical examples (6],
the spreading rate of the slick should be infinite, i.e., the slick should cover the whole accessible
domain within an infinitely short time. It may be hypothesized that the spreading rate remains
finite because  is zero on the edge—where h = 0.

One is thus faced with a nonlinear advection-diffusion problem that must be treated in a
variable domain, the size of which modifies according to the dynamics of the solution itself.

The numerical solution of (1) should be conducted carefully. Suppose that a simple finite
volume technique [7] is used and that the size of the grid cells remains unchanged as the time
passes. Consider two adjacent grid boxes: in one of them h > 0, while A = 0 in the other. If the
advection is negligible, the diffusion flux is likely to be such that, within one single time step, the
edge of the slick will reach the center of the grid box where the thickness was initially zero. Thus,
if Az and At denote the space and time increments of the numerical method, the boundary of the
slick will expand at a velocity of order Az/At, which is completely wrong! Clearly, introducing
significant advection processes into the model would not render the numerical solution more
reliable.

It is doubtless that any reasonably accurate numerical solution of (1) must rely, in a relevant
manner, on an estimation of the velocity of the slick’s edge.

If a dynamically adaptive grid fitted to the slick’s boundary is implemented, determining the
velocity of the edge is evidently of crucial importance [8]. And, even if a fixed grid is used, it is
clear that the knowledge of the edge’s velocity will help improve the accuracy of the numerical
solution.

In the present paper, one first derives an asymptotic expression of the velocity of the edge of
the slick, which can be easily introduced into a numerical method. Next, preliminary tests of
the validity of this approximate expression are conducted for an axisymmetric problem where
an exact analytical solution exists. Finally, the relevance of the tests is discussed and some
peculiarities of the numerical method utilized are highlighted.

2. AN ASYMPTOTIC EXPRESSION OF THE EDGE'S VELOCITY

We consider the solution of (1) in a two-dimensional unbounded domain. Moreover, we assume
that the initial area of the slick—at ¢ = 0—is finite so that there exists a curve, the slick’s edge,
separating the region where h = 0 from that where h > 0. Since we want to describe the motion
of the edge of the slick, it is appropriate to introduce a local coordinate system (7, £) having its
origin at the edge and defined so that h > 0 where 1 < 0 (Figure 1). Unit vectors e, and eg,
associated with the local coordinates  and €, are, respectively, normal and tangential to the
edge. The advection velocity, v, and the velocity of the edge, u, may be written as

(V, u) = (”m un)eﬂ + (UE’uE)eE' (4)

In the local coordinate system, which moves with the edge of the slick, the time derivative
transforms to
o a i) a
& or "“ap “oae
where 7 represents the “time coordinate” associated with the moving reference framework. Of
course, T = t.
One must bear in mind that we have not demonstrated that u,, and u¢ must be finite. We have
only made this hypothesis. Nevertheless, when seeking an asymptotic expression, it is always
necessary to first introduce a set of credible assumptions. And, if the ensuing mathematical

developments do not lead to absurd results, the assumptions put forward beforehand may then
be deemed valid.

(5)
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edge of the slick (2 = 0)

Figure 1. Illustration of the local coordinate system attached to the edge of the slick.

In accordance with this philosophy, one also assumes that the length scale along the n-axis is
much smaller than that along the é-axis. Thus,

a d

It is also convenient to neglect the role of Q in the vicinity of the edge. This hypothesis cannot
be justified in general, since the reasoning should depend on the specific parameterizations of the
production/destruction terms. It is just for simplicity that this assumption is called on here.

Introducing all of the above definitions and assumptions into (1), an asymptotic form is ob-
tained that is all the more valid as the edge of the slick is approached:

8h 8k @8 . Oh
-é;-—u,,%m—gq—(u,,h-h —), 1]--*0. (7)

In the vicinity of the edge, it is assumed that h admits a simple asymptotic expansion, namely
h~ H(T) (—ﬂ)b» n— 0’ (8)

with n < 0. Expression (8) implies that the second term in the left hand side of (7) is dominant
relative to the first. Indeed, it is easily shown that

12 |1 aH
L [ —ZZ)(—p) =0, e 9
|“nah[ bu, ot (=m) n ®)

It is conceivable that, in most cases, the following simplification holds true near the edge of the

slick: 8(v,h) o
U,
—(,3——;',-— ~ U”-é'ﬁ’ (10)
In view of (9)—(10), (7) asymptotically reduces to
ok @ [, ,0h
(vg — "n)‘g; ~ Bn (h '6_1;) » =0, (11)

meaning that, in the local coordinate system, the advective terms are approximately balanced

by the diffusive ones.
Substituting (8) into (11), assuming that all terms have the same order of magnitude, one has

b= (12)

HCH 17:12-D
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Figure 2. Profiles in the vicinity of the slick’s edge of the thickness, h, and of the
diffusion coefficient, A%, for various values of exponent g.

Thus, as shown in Figure 2, % at the edge is infinite, finite, or zero according to whether a is.
>1,=1,0or <1.
Combining (8), (11), and (12) yields

a
Uy =vp + @ (13)

which means that the edge moves under the joint effect of advection and diffusion, the latter

being accounted for by velocity H°/a.
In a finite difference or finite volume method, one may take advantage of (13) in a simple
manner. If L denotes the distance to the edge of the first grid point where h > 0, then, according

to (8) (Figure 3),

he = h(n = -L) ~ LV°H. (14)

By combining (13) and (14), an approximate expression of the velocity of the slick’s edge is
obtained:

Uy ~ Up + M L—0. (15)

T GE
hl..
n
n=-L =0

Figure 3. Illustration of the way to implement approximation (15) of the edge’s
velocity in a numerical method. Quantity L is the distance to the edge of the last
grid point located inside the slick.

It is believed that asymptotic expressions (8) and (15) may be equally helpful when a finite
element technique is chosen. ;

It was necessary to resort to many hypotheses to establish relations (8), (13), and (15). Whether
or not these relations may be applied to any kind of slick is far from clear. Thus, it may be found
useful to examine their relevance in a case where the exact solution of (1) is known.
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3. AN EXACT SOLUTION

When Q is negligible and when the advection velocity exhibits negligible variations over the
slick’s area, one may study the spreading of the slick in a reference framework moving with the
center of gravity of the slick. If it is further assumed that an axisymmetric spreading regime
prevails, the evolution of the slick is governed by

6h 10 2 Oh
S=ta (%) —
where r is a polar coordinate having its origin at the slick’s center of gravity.
Equation (16) admits an exact solution [6]

e =8 - ()] o

where R denotes the radius of the slick (0 < r < R), which grows according to

(18)

1

1/(2a+2)
4 itk
R(t) = [Rga+2 + = (-‘1 ': 1) ﬂ“t]

with R(t = 0) = Ro. Since the production/destruction term Q is zero in (16), the volume of the
slick,

R
Q= 21rf hr dr, (19)
0

remains constant as time increases. This is easily checked.
Near the edge of the slick, the local coordinate 7 is defined to be

n=r- R. (20)
It is readily seen that (17) admits an asymptotic expansion of the form

2/e(g+1)Q

1/a :
—rarija ) o, B0, (1)

h e~

which is in agreement with (8), provided one sets

H= 21/%(a +1) Q2

= “raREHa (22)

Since
_dR _ 2(a +1)20°
= T{t_ - an+lR2n+l’

it is easily seen that the velocity of the edge of the slick, u, = R/, satisfies

R (23)

(1]
i, (24)

a
which is in fact relation (13) adapted to the simple case examined in this section.

All this turns out to be reassuring as to the validity of the asymptotic analysis performed
above. However, it must be kept in mind that the exact solution is so simple that it identically
satisfies some of the assumptions underlying the asymptotic relations previously derived. As a
matter of fact, only (8) and (9) are not verified a priori in our axisymmetric problem.

Further testing of the asymptotic results is obviously necessary. Accordingly, it will be shown
that an accurate numerical technique can be built by using asymptotic expression (15).
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4. NUMERICAL EXPERIMENTS

We are going to compare numerical solutions with the single exact solution we have. Thus, a
numerical algorithm, which uses (15), will be built in order to provide the solution of axisymmetric
equation (16).

To solve (16), it is desirable to work with a space discretization based on a moving grid fitted
to the slick’s edge. To do so, the following change of variable is called on:

P
(r.0) = (t, —é) . (25)
with 7 > 0 and 0 < 8 < 1. With these new variables, governing equation (16) transforms to
0 2py_ O 102 o Oh
ET—(R 6h) = 5 (RRB h + 60K 36 )’ (26)

which is a conservative form that is well-suited to most numerical techniques.
For the solution of (26) to be equal to (17), the initial profile of the slick must be given by

(a+1)2

_pl/a
ap B~ 27)

h(r=0,0) =

A linear transformation of time 7 would permit re-scaling @ and Ry so that both of those

quantities would become equal to unity. Thus, without any loss of generality, all numerical
calculations may be carried out with

(ﬂ, RO) = (15 1) (28)

If Ar and A#, respectively, denote the time step and the space increment, Ay x is defined to

be
h’ﬂ.k = h(Tn: ek)l (29)

With Tht1 = Tn + ATn (n =0,1,2,...; 70 = 0) and 6 = (k - A8 (k=1,2,...,K), where K
represents the number of grid points (A6 = 4).
Fully implicit time stepping proved to be slightly less accurate but much more stable than a

Crank-Nicholson one. Taking advantage of the conservative nature of (26), the following finite
volume discretization of (26) is derived:

Rﬁ+19khn+l.k — R201hg i — Ort1,k+1/2 = Pns1k—-1/2 (30)
AT, Al ’

where the fluxes in the right-hand side of (30) are approximated by

h —h
Brtte+1/2 = RaRn0f 172 bnsa ksrsa + Okar/2 b kiayo n“'k"io bk (31)
with B +h
hakt1/2 = ﬂﬂa—"k (32)

The fluxes at § = 0 and # = 1 must obviously be prescribed to be zero, i.e.,

Pn+1,1/2 =0 = Pny1,K41/2: (33)

Needless to say that the algorithm above ensures that the volume of the slick remains constant
from 7, to Tny1.

The numerical scheme (30)-(32) requires the solution of a tridiagonal system of K algebraic
equations, which is easily achieved by the relevant version of the LU-decomposition method [9].
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In agreement with (15), the time derivative of .R is computed by

2h2
r_ 'n, K
Rn aA6R,,’ (34)

which allows to advance in time the radius of the slick according to
Ruy1 = R + RyAT,. (35)

After a simple inspection of (17), (18), and (23), one is readily convinced that the characteristic
time of the problem under study grows as the radius of the slick increases. Therefore, it is desirable
that the time increment A7 be dynamically adapted as the spreading progresses. In (26), one
may identify two different time scales, namely

(Th,T2) = (R & ) | (36)

R ha..

where hmax is the maximum of h taken over the computational domain 0 < 8 < 1. To obtain T}
and T, it was assumed that the time derivative in governing equation (26) was roughly balanced
by the first or the second term in the right hand side of (26). The time increment is calculated
by

A, = emin(Tl (Tn)- T2(Tn))’ (37)
where € = 0.1 turned out to be an excellent compromise between numerical accuracy and com-
puter economy. The exact solution indicates that Ty < T; if a < 2 and that T} > T} otherwise. In
most cases, the numerical algorithm exhibited a similar behaviour as regards the determination

of the time scale.
To assess the quality of the numerical solution, three measures of the error will be used. The

first one pertains to the radius of the slick:

- Ry — Re(7n)
€1n = —___-_Re (Tﬂ) i (38)

where subscript “e” refers to the exact solution. To characterize the shape of the slick, a trans-

formed thickness is defined to be
raR?

(e+1)027°
which turns out to be an appropriate scaling of h, since, for a constant volume 2, the order
of magnitude of h must decrease as R? increases. In particular, when applied to the exact
solution, (39) yields k(1 — 62)'/%. Relation (39) serves to introduce two error measures that are
independent of R and focus on the slick’s profile only:

h= (39)

? Zf=l Bk[ﬁﬂ.k - Ee(fny ek)}z
Cn= T K = 2 ) (40)
2 ok=1 % [Re(Tn, Bk)]
and _ .
€3n = h""‘; - hc(T"’OK). (41)
he(fn: BK)

The latter error measure pertains to the thickness in the grid box which is closest to the edge.

The time evolution of the radius of the slick is very well reproduced by our numerical method
(Figure 4).

It is striking to note that the shape variable i and all errors defined above reach, within 5
to 10 time steps, a fairly constant value. This remarkable property, which will be addressed in
the next section, may be exploited to greatly simplify the analysis of the results of the numerical
simulations. Indeed, one may focus only on the asymptotic limits

(ei.om }.'-oo,k) = nl;lgc}o(ei,n, Fln,k)’ (’: =1, 2:3)' (42)
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a=05 a=1.0

log,,7

Figure 4. Time evolution of the radius of the slick obtained from the solution of
axisymmetric equation (16)—or, equivalently, (26). The curves are from the exact
solution (18), in which 2 = 1 and Ry = 1. The dots correspond to the numerical
solutions, for which only one value out of five is illustrated (n=5,10,15,...).
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0.2 0.4 0.6 0.8 6 0.2 0.4 0.5 0.8 1
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Figure 5. Comparison of the theoretical (curve) and computed (dots) profiles of the
slick by means of scaled thickness k. and heo,k- The computations were carried out
with ten grid points and various values of exponent a.

Figure 5, as well as Tables 1, 2, and 3, clearly point to the high accuracy of the solution
procedure used here, even for a coarse discretization encompassing only 5 grid points. All errors
are, at most, of the order of a few percent. In accordance with the vast majority of the figures
shown in Tables 2 and 3, errors 2,00 and |e3 | are decreasing functions of K. In other words,
increasing the resolution generally leads to an improvement in the representation of the profile
of the slick.
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Table 1. Relative error in the radius of the slick (e1,00) in numerical simulations per-
formed with various resolutions—5, 10, and 20 grid points—and different values of a.
The appropriate asymptotic form of the edge’s velocity is utilized, i.e., relation (34).

102xej00 | K=5 K=10 K=20
a=05 1.2 1.9 25
a=10 3.3 3.7 a7
a=20 3.9 4.2 4.2
a=30 2.6 2.9 2.9

Table 2. Relative error in the profile of the slick (e2,0) in numerical simulations per-
formed with various resolutions—5, 10, and 20 grid points—and different values of a.
The appropriate asymptotic form of the edge’s velocity is utilized, i.e., relation (34).

1P xezo | K=5 K=10 K=20
a=05 2.1 1.8 1.2
a=10 0.92 0.24 0.62
a=20 0.68 0.23 0.070
a=30 0.46 0.18 0.085

Table 3. Relative error in the thickness close to the edge (e3,00) in numerical simu-
lations performed with various resolutions—S5, 10, and 20 grid points—and different
values of a. The appropriate asymptotic form of the edge’s velocity is utilized, i.e.,

relation (34).

10°Xe3eo | K=5 K=10 K=20
a=05 -1.9 -3.0 -2.3
a=10 32 21 1.1
ea=20 14 0.95 0.55
a=30 0.78 0.50 0.27

43

"It may be concluded that our hybrid numerical-asymptotic method is excellent. However, it
may also be hypothesized that the high accuracy of the results is partly due to some peculiarities
of equation (26) and of its exact solution (17)—(18). In other words, one may imagine that the
method examined here is performing extremely well because the case it is applied to turns out
to be simplistic. Fully clarifying this issue is beyond the scope of the present study. In the
following section, some particular features of our numerical results will be put forward, leaving
further investigation of the merit of our hybrid numerical-asymptotic method to a forthcoming

paper—in which more general problems will be dealt with.

5. DISCUSSION

The exact solution (17),(18) is such that both the right- and left-hand side of governing equa-

tion (26) are zero, i.e.,
= (R20h,) = 0

and
oh
R;R;yhe = _Bh:—a?e.
The numerical solutions exhibit a similar behaviour:

R2 0k hnyrk ~ R20k b, n— 0o

and
hn » - hﬂ ’
R,,R;,9§+1,2hn+1,k+1/2 ~ —9k+1/2h:,k+1/2 £ H}Ao et

) n— 0o

(43)

(44)

(45)

(46)
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Of course, when the initial distribution of h corresponds to h., it is easily understood that the
adjustment toward (45),(46) may be quick.

We have noticed that, for a wide class of initial profiles of h, convergence toward a regime
where (45),(46) hold true also occurs.

Combining (45),(46) with (30)-(33), one gets

-1 1 o
Ry, ~ m E(hn,k-ﬂ = hak) ::_;:.,.1/21 n — 0o, (47)

which is valid for k = 1,2,...,K — 1. Bearing in mind that R} is actually computed by for-
mula (34) in which only h, x—the thickness in the grid box closest to the edge—appears, one
may put forward two opposite interpretations of asymptotic relation (47). Either, it is h, x that
dictates R}, so that the thickness at all other grid points must adapt in such a way that (47) is
verified. Or, it is b, x that must adapt to the solution inside the slick. One might object that
this alternative is formulated in too stark a manner, because it is generally uneasy to clearly
identify a cause and its consequences in a nonlinear system. Nonetheless, it turns out that the
numerical results are better accounted for by the second proposition.

It follows that the procedure of evaluating the velocity of the edge is eventually not as crucial
as initially expected. This may be illustrated as follows.

First, relation (34) is modified to a form that is intentionally made to be incompatible with
the outcome of our asymptotic study. For example, we take

2h% k¢
=t (48)

AOR,

’

Notice that (48) is equal to (34) when a =1. ‘

Then, with no other alteration to the numerical scheme, we perform the same simulations as
those described previously. As indicated by Table 4, the prediction of the radius of the slick
does not become that poorer. Using (48) instead of (34) even improves the accuray of R, for
(a, K) = (0.5,20)! Thus, the dynamics of & in the interior of the slick forces h,, x to adapt so as
to yield a fairly good estimation of the edge velocity, even though formula (48) is not compatible
with the spreading regime considered. Not surprisingly, this accommodation is achieved at the
expense of the quality of the profile of the slick, which means that errors e o, and e3 , are now
much higher (Figure 6, Tables 5 and 6).

a=05
0.2 0.4 0.5 0.8 1

e

Figure 6. Comparison of the theoretical (curve) and computed (dots) profiles of the
slick by means of scaled thickness h, and ko k. The computations were carried out
with ten grid points and a = 0.5. '

Table 4. Relative error in the radius of the slick (e1,00) in numerical simulations
performed with various resolutions—5, 10, and 20 grid points—and different values
of e. The intentionally wrong asymptotic form of the edge’s velocity is utilized, i.e.,
relation (48).

P xeo | K=5 K=10 K=20

a=0.5 -6.5 -21 —0.44
a=10 3.3 3.7 3.7
a=20 8.7 6.7 5.5

a=30 8.7 6.0 4.5
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Table 5. Relative error in the profile of the slick {e2,00) in numerical simulations
performed with various resolutions—S5, 10, and 20 grid points—and different values
of a. The intentionally wrong asymptotic form of the edge’s velocity is utilized, i.e.,

relation (48).

102 X 2,00 K=5 K=10 K=2
a=05 15. 8.2 4.5
a=1.0 0.92 0.24 0.062
a=20 8.6 5.6 3.2
a=30 11. 7.5 4.7

Table 6. Relative error in the thickness close to the edge (€3,) in numerical simu-
lations performed with various resolutions—5, 10, and 20 grid points—and different
values of a. The intentionally wrong asymptotic form of the edge’s velocity is utilized,
i.e., relation (48).

10 xeso | K=5 K=10 K=20
a=05 240. 200. 250.
e=1.0 3.2 21 1.1
a=20 -18. -23. —126.
a=30 —19. —25. —28.

The asymptotic relation (45) helps explain why Ay and €;n (i = 2,3) reach finite limits as

n — 00.
From (45), it ensues that R20ihn i does not depend on 7 in the limit n — oo, i.e.,
(49)

Rf,hn,k ~ F, n — 00,

where Fj is a function of 8.
Thus, heo r must depend on 6, only and must be finite, since the volume of the slick is finite.

As a result, ez, and ez n tend toward finite limits.
By combining (34), (35), and (48), it may be seen that

A
Rn+l~Rn+A‘R?:$ft n — 00, (50)
where
= L (51)
alA@’
Assuming that Ar, < 7, (50) implies that
R, ~ Brl/(2e+D), 7 — 00, (52)
with 1/(2a+2)
B= 4(a +1) po/(2a+2) -
- al\@ K g ( )

When (28) holds true, the exact analytic expression of the radius (18) admits a simple asymptotic
expansion, namely

Re(7n) ~ Ber@a+D) 0o, (54)
with w1 1/(2a42)
p= [ (55)
Introducing (52) and (54) into (38), in the limit » — oo, one has
B - B, (56)

€100 = s
B.



46 E. DELEERSNIJIDER, M. ROLAND

One now understands why the relative error on the radius of the slick does tend to a finite limit

as n increases.

Of course,
lim B = B,. (57)
K—oo

Thus, |e;,c0] should decrease as the grid size tends to zero. Surprisingly enough, increasing the
number of grid points provides poorer predictions of the slick’s radius (Table 1). This seemingly
counterintuitive phenomenon is partly due to the fact that, with the method used to determine
the time step, A7, is not really much smaller than 7,—which was requested to derive (52)—
implying that (52) is not fully valid. Nevertheless, it is worth insisting that the error on the
radius, €; o, does quickly reach a limit as the resolution increases.

6. CONCLUSION

The asymptotic expression of the edge’s velocity (15) leads to excellent numerical results in
the single case where we have an exact solution. Whether or not the high accuracy of the results
could be retained in more general cases should be examined in another study. However, two
different kinds of problems may be anticipated.

First, it is generally necessary to have an exact solution to assess a numerical method. However,
obtaining an exact solution for a problem that is less simplistic than that dealt with here will
most probably represent a difficult task. Nonetheless, this must be attempted.

Second, it will be necessary to treat problems that are no longer axisymmetrie, i.e., fully
two-dimensional problems. On a fixed grid (see Appendix), it is likely that the benefit of using
the asymptotic evaluation of the edge’s velocity will be less significant than with a moving grid
fitted to the boundary of the slick. When working out such a solution, potentially intricate mesh
generation problems will have to be addressed.

It is now worth recalling that the present study has its roots in some difficulties of Nihoul’s
model for the transport and spreading of oil slicks on the sea [1-5]. It is doubtless that the results
obtained here will help improve the predictions of this model, the applications of which are of
high importance in marine pollution problems.
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APPENDIX

Here, we describe how the asymptotic expression of the edge’s velocity could be used on a fixed two-dimensional
Cartesian grid in order to improve the accuracy of an otherwise classical method. It must be realized that the
technique suggested below is very crude, but its main advantage is its extreme simplicity.

Consider a grid box of area Az x Ay, the center of which is located at (z;, ¥;) = (iAz, jJAy)—i and j being integer
indices. It is assumed that hy, ; ; = h(tn,2i,9;) > 0 and that hy 41,5 = 0, i.e., the edge of the slick coincides
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with the interface between grid boxes (i,7) and (i + 1,7). At this interface, formula (15) permits evaluating the
edge's velocity by

a

Uz i41/2,j = Vr,i+1/2,i + GZ:J » (A1)

where subscript “z” indicates velocity components along the z-axis. Within one time step At, the edge covers the

following distance:
deiviy2,; = Alugip1y2,5 (A2)

If dy i4172,; < Az/2, then the interface cannot reach the center of grid box (i + 1, j) before t attains tn41-
In this case, it is proposed to prescribe that the interface between grid box (i,7) and (i + 1,j) is impermeable,
implying that no flux, be it advective or diffusive, can cross this interface.

Ifdy 4172, = Az/2, one then allows a flux to go through the interface considered. This flux may be computed
by the same discretized forms at those used inside the slick. So doing, h;41,; will evolve from zero at t, to a
positive value at tn41.

Of course, operations similar to those described above should be applied to all interfaces of each grid box.

It may be imagined that better results could be obtained by comparing d; ;11/2,; to a threshold that is slightly
different from Az/2. Thus, instead of Az/2, one might consider aAz/2 and perform a series of numerical experi-
ments in order to calibrate . Obviously, the reasoning put forward in this Appendix would reveal meaningless if
it would turn out that the most appropriate value of « is not of order 1.



