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SUMMARY OF BRASSEUR'S APPROACH

In an excellent article, Brasseur [1991] (hereinafter PB)
describes the application of a variational inverse model to
the interpolation of two-dimensional (in a horizontal plane)
scalar data, such as temperature and salinity, originating

from the region of the Bering Strait. PB addresses the .

problem of constructing a continuous interpolation function,
o, in accordance with the following requirements: ¢ must be
as close as possible to the data, should be as smooth as
possible, and should verify, if necessary, some relevant

mathematical constraints. The interpolation function stems -

from a minimum principle,

min J(¢)
D, ¢

where D represents the domain of interest. The minimum of
the functional J corresponds to

84J() =0 )

&4 denoting the first-order variation operator with respect to
@¢. The functional J reads,

J¢) = f S(¢) dD + f C.x)dD @
D D

where S(¢) is an appropriate ‘‘smoothness operator’”;
C(¢, x) encompasses all the constraints applied to ¢ at
location x. The numerical solution of (1)(2) is obtained by
means of the finite element method.

RECONSTRUCTION OF VELOCITY FIELDS"

Taking advantage of the computer program developed to
solve (1)~(2), PB uses the minimum principle stated above to
model the depth-averaged climatic velocity field, u, in D. If
the sea depth is denoted H, the transport Hu = U is given by

3)

where V, ¢, and e; stand for the horizontal gradient operator,
the stream function, and the vertical unit vector, respec-
tively. The flow is assumed to be time-independent so that
(3) implies that the mass conservation equation, V- U = 0, is
identically satisfied. , )

The stream function is the solution of (1)-(2), where ¢ is
replaced by . The ‘‘smoothness operator’’ is defined as

Ué—Vx¢e3=—V¢xe3-
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a
S(9) = (V99): (V99) + 5 [Vy|? @
In (4), ais a dimensionless weighting factor and L stands for
an appropriate length scale. PB states that in the absence of
significant wind stress, the flow in the region of the Bering
Strait roughly obeys a simple momentum equatio_n, namely

Fegi Y s=ll¥lig i y+'H'U (5)
of w\""H .
where f is the Coriolis factor, g is the reduced pressure, cp
is the bottom drag coefficient, and v, is a velocity taking into
account the influence of the tides on the long-term average of
the bottom stress [Overland and Roach, 1987]. The dynamic
relation (5) is taken into account via the mathematical

constraint C. Hence

cp Ul
T (v,, - E)W“'{z +2

where y and V are a dimensionless weighting factor and a
proper velocity scale, respectively.

First, PB takes the variation of J(4/) with respect to yonly,
U being considered a given fixed function. The resulting
equation, which is linear in y, is then solved. Finally,
definition (3) is used to update U. Thus the solution of the
minimum principle is obtained after a certain number of
iterations.

The boundary I' of the computational domain is the sum of
two sets, I'y and T, of boundary segments. The set I',
encompasses the impermeable boundary segments, on
which  is imposed. On I';, the set of open sea boundaries,
no condition on y is required a priori. Thus with the finite
element method, it is not necessary to prescribe the distri-
bution of the normal velocity on inflow boundaries. PB
states that this fact is a distinct advantage of the method he
is using. It must however be stressed that additional bound-
ary conditions, sometimes termed ‘‘natural conditions,””
ensue from the application of the minimum principle.

PB did not calculate these natural conditions. Deriving
them would permit assessment of to what extent the finite
element method leads to a better treatment of open boundary
conditions.

Thg objective of this note is to caculate the Euler-
Lagrange equations arising from PB’s minimum principle so

f

¥
C(y) = v o (VH - U)y (6)

as to obtain the natural boundary conditions.

One must bear in mind that when the finite element
meéthod is used, the natural conditions are satisfied only in
the form of a weighted average along the boundaries, the
weight function depending upon the shape functions utilized.
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EULER-LAGRANGE EQUATIONS AND BOUNDARY CoNDITIONS

Combining (2), (4), and (6), one gets
I = j [(m:): (V99) + 3 VoI
D

Y ¢p
W?("**

In (7), *:” represents the so-called ‘‘double dot product’ or
“‘colon product.”” The latter is a tensor operator defined as

follows:
A:B=2 D A;Bi;
i

M)W!MZ +2

i
H %I_ﬂﬁ (VH - U)'Jrl dD (7)

(8)

where A; ; and B; ; are the components of tensors A and B,
respectively. Introducing (7) into (1), a relation is obtained
" from which the relevant Euler-Lagrange equations may be

derived:
2 +M V¢
*'H

n:(VVy) - V(3y) dT

Cp

2; *.““ ciy Yo 0
.J'D{fvw) AR [Hz

s
2

¥
+—‘;H (VH-U)} 8y dD+f

r

o

+f n-[—V(v2¢}+ 5 Vi
" L

Y ¢p

v+M Vy| sy dT =0
*H

In the domain of interest, (9) leads to

e U
-Hj;z(VH-U)-V-[;I%(v,+']F!—|)V¢
V/ia
_ 2 g2y _y2p2
y(sz.;; vv_.p) (10)

The left-hand side of the above equation is associated with
the constraint (6) or, equivalently, with the curl of the
simplificed momentum equation (5). The right-hand side
stems from the smoothing operator. If the weight of the
dynamic constraint increases, i.e., if ¥ increases, one may
expect the smoothing operator to become less important.
And, in the limit y— =, Euler-Lagrange equation (10) tends
to the curl of (5), in the absence of any singular perturbation
problem. The influence of y on the flow field illustrated by
the numerical experiments of PB is in agreement with the
present reasoning. 5 L,

Along the boundary of the computational domain, it is
worth expressing V as the sum of the normal gradient and the
tangential gradient: ‘

] 9 1
" an =} at (n
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where n is the outer normal to the boundary; t is tangential
to I' with

(13)

On T, the normal and tangential derivatives of 3¢ are
independent quantities. Hence one must rewrite the second
integral of (9) as

t=e3xn

f n- (VV¢) - V(5y) dT
r

f {n-(VV:p) 0
r

Strictly speaking, (14) is valid if T is a curve that is
everywhere differentiable. If this is not the case, corrections
are necessary at those points where the tangent to I" is not
unambiguously defined.

Combining (9) and (14), one has a natural boundary
condition that is valid on I'; and T';:

a(8¢)
ot

d
~g [m- (VYY) -t]qu} dr

(14)

aT
—-n=10 (15)
an
where
T=e;xU (16)

Decomposing U on the boundary into its normal and tangen-
tial component,

U=Umn+ Ut (7

it may be shown that, along a rectilinear boundary segment,
(15) simplifies to

alJan=10 (13)

which means that the normal derivative of the tangential
transport is zero.

On Ty, ¢ is prescribed so that no additional boundary
condition is found. On T',, however, (9) and (14) provide
another natural condition,

(v*+M)U,= —-V“

H Y
o
2

which, along a rectilinear boundary segment, transfi

atu, U}
- 7 74

Cp
H2
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¢ of ot ts far from clear.
eters away ﬁ'om the open
tlié Eastern part of the

f integrals aiong T to the functional J, as defined by
w:;nuld permit modification of the boundary conditions
deriving from the minimum principle. This should be ex-

plored.
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