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A bstract. T h e  free-su rface  fo rm u la t io n  o f  th e  e q u a t io n s  
o f  o u r  w o r ld  o c e a n  m o d e l is b riefly  d e sc r ib e d . T h e  
b a ro t ro p ic  m o d e  e q u a tio n s  a re  so lved  a c c o rd in g  to  th e  
sp lit-e x p lic it m e th o d , u s in g  d ifferen t tim e  s te p s  fo r  th e  
e x te rn a l a n d  in te rn a l  m o d es . B ecau se  th e  n u m e r ic a l 
a lg o r ith m  is im p le m e n te d  on  th e  B -g rid , a  sp u r io u s , 
f re e -su rface , tw o -g r id  in te rv a l m o d e  m a y  d ev e lo p . T h is  
m o d e  m u s t b e  filte red  o u t. T h e  p ro p e r tie s  o f  tw o  filte rs 
a re  th e o re tic a lly  in v e s tig a te d  a n d  th e ir  a c tu a l  p e r fo r ­
m a n c e  is te s te d  in  a  series o f  n u m e ric a l e x p e rim e n ts . It 
is seen  th a t  o n e  o f  th ese  filte rs  m ay sev ere ly  p e r tu r b  th e  
lo ca l m a ss  c o n se rv a tio n , re n d e r in g  it im p o ss ib le  to  
en fo rc e  th e  im p e rm e a b ility  o f  th e  su rfa c e  o r  th e  b o t to m  
o f  th e  o c e a n . T h e  d y n a m ic s  o f  th e  e x te rn a l m o d e  is a lso  
e x a m in e d , b y  s tu d y in g  th e  d e p th - in te g ra te d  m o ­
m e n tu m  e q u a tio n s . T h e  d e p th - in te g ra l o f  th e  p re s su re  
fo rce  d u e  to  th e  s lo p e  o f  th e  o c e a n  su rfa c e  is a p p ro x i­
m a te ly  b a la n c e d  b y  th e  d e p th - in te g ra l  o f  th e  fo rce  
e n su in g  f ro m  th e  h o r iz o n ta l  v a r ia tio n s  o f  th e  d en sity . 
T h e  d e p th - in te g ra l  o f  th e  C o rio lis  fo rce  is  a n  o r d e r  o f  
m a g n itu d e  sm a lle r , ex cep t in  th e  S o u th e rn  O cean . T w o  
v a r ia t io n a l  p r in c ip le s  a re  re s o r te d  to  fo r  c o m p u t in g  the  
fic titio u s  o c e a n  su rface  e le v a tio n  c o r re s p o n d in g  to  th e  
a p p ro x im a te  e q u il ib r iu m  b e tw een  th e  d o m in a n t  fo rces  
o f  th e  b a ro t ro p ic  m o m e n tu m  e q u a tio n s .

1 Introduction

T h e  la rg e -sca le  o c e a n  m o d e l dev ised  b y  B ry a n  (1969) a n d  
C o x  (1984) h a s  n o w  b e c o m e  a  w e ll-re co g n ized  s ta n d a rd . 
O th e r  a u th o r s ,  su c h  as S e m tn e r  (1974, 1986) o r  D e lec lu se  
e t  al. (1993) h a v e  b u il t  o c e a n  m o d e ls  a lo n g  s im ila r  g u id e ­
lines. In  th e  w o rld  o cean , th ese  m o d e ls  w ere  in te n d e d  to  
p e rfo rm  in te g ra t io n s  o f sev e ra l th o u s a n d s  o f  y ears , th u s  
r e q u ir in g  th a t  th e  tim e  s te p  be  a s  la rg e  a s  p o ss ib le . S ince  
th e  tim e  s te p p in g  se lec ted  is chiefly  ex p lic it, i t  is n ece ssa ry  
to  f ilte r o u t  th e  p ro c e sse s  a s s o c ia te d  w ith  th e  h ig h e s t
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p ro p a g a t io n  sp eed s  w h ic h  c o u ld  h a v e  p la c e d  to o  s tr in g e n t 
a  lim ita t io n  o n  th e  tim e  in c rem en t. T h e re fo re , th e  rig id -lid  
a p p ro x im a t io n  is m a d e  to  ex c lu d e  th e  e x te rn a l in e r tia -  
g ra v ity  w aves, th e  p h a se  sp eed  o f  w h ich  is o f  o rd e r  
200  m  s~  1. A s a  re su lt, th e  tr a n s p o r t ,  i.e. th e  d e p th - in te g ra l 
o f  th e  h o r iz o n ta l  v e lo c ity , is d iv e rg en ce le ss  a n d  m a y  be 
d e riv e d  fro m  a  s tre a m  fu n c tio n . T h e  la t te r  is c o m p u te d  
fro m  a  P o is so n  e q u a tio n  o b ta in e d  b y  ta k in g  th e  c u r l  o f  th e  
d e p th - in te g ra l  o f  th e  h o r iz o n ta l  m o m e n tu m  e q u a tio n . 
T h is  a p p ro a c h , th o u g h  w idely  u sed  fo r  a b o u t  tw o  decades, 
is n o  lo n g e r  c o n s id e re d  o p tim a l.

F irs tly , th e  so lu tio n  p ro c e d u re  o f  th e  P o is s o n  e q u a tio n  
fo r th e  s tre a m  fu n c t io n  m a y  p re s e n t sev e ra l p ro b lem s. 
K illw o r th  a n d  S m ith  (1984) p o in te d  to  p o ss ib le  in s ta b i li­
ties in  th e  ite ra tiv e  s o lu tio n  p ro c e d u re  o f  th e  s tre a m  func­
tio n  e q u a tio n . Tn th e  la t te r  e q u a tio n , a  fa c to r  p ro p o r t io n a l  
to  th e  in v e rse  o f  th e  o c e a n  d e p th  w as  a lso  sh o w n  to  be 
d e tr im e n ta l to  th e  n u m e ric a l m e th o d  (D u k o w ic z  et a l ,  
1993). F in a lly , th e  n a tu r e  o f  th e  b o u n d a ry  c o n d it io n  a p ­
p lied  a t  th e  c o a s tlin e  o f  is la n d s  im p lie s  th e  e v a lu a tio n  o f 
n o n - lo c a l in teg ra ls , le a d in g  to  d a ta  tra n s fe rs  th a t  can  
se r io u s ly  slow  d o w n  m o d e rn  d is tr ib u te d -m e m o ry  co m ­
p u te r s  (D u k o w ic z  e t  al., 1993). I t  is a lso  w o r th  m e n tio n in g  
th a t  N e u m a n  p re s su re  p ro b le m s  a re  s ta n d a rd  in  N av ie r-  
S to k e s  so lv e rs  a n d  a re  c e r ta in ly  m u c h  to  b e  p re fe rre d  to  
th e  s tre a m  fu n c tio n  fo rm u la tio n .

S eco n d ly , th e  o c e a n  su rface  e le v a tio n  is n o t  d irec tly  
a ccess ib le , w h ic h  co u ld  im p ly  d ifficu lties fo r th e  a ss im ila ­
t io n  o f  a lt im e te r  d a ta , a  su b je c t to  w h ich , in  re c e n t years, 
a n  in c re a s in g  re sea rch  effo rt is b e in g  d e v o te d  (e.g. H o lla n d  
a n d  M a la n o tte -R iz z o li, 1989; M e lio r  a n d  E zer, 1991; V er­
ró n ,1992; V e rró n  et al., 1992; S c h rö te r  e t  al., 1993).

T o  find  a  rem ed y  to  th e  d ra w b a c k s  o f  th e  s tre a m  
fu n c t io n  a p p ro a c h , tw o  m e th o d s  w ere  su g g es ted .

In  th e  f irs t o n e , th e  r ig id -lid  a p p ro x im a t io n  w as  k ep t, 
b u t  th e  d iv e rg en ce , in s te a d  o f  th e  cu rl, o f  th e  d e p th - in te g ­
ra te d  m o m e n tu m  e q u a tio n  w as  ta k e n , le a d in g  to  a  P o is ­
so n  e q u a tio n  fo r th e  su rfa c e  p re s su re  w h ich  is b e tte r  
c o n d it io n e d  fro m  a  n u m e ric a l a n d  c o m p u ta t io n a l  p o in t  o f 
v iew . In d e e d , s te e p  b o tto m  s lo p es  a re  m o re  easily  ta k e n  
in to  a c c o u n t a n d  th e  b o u n d a ry  c o n d it io n s  fo r  th e  p re s su re
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e q u a tio n , w h ic h  a re  o f  th e  N e u m a n  ty p e , le a d  to  loca l 
c o m p u ta t io n s  o n ly  (G re sh o  a n d  S an i, 1987; D e le e rsn ijd e r  
a n d  C a m p in , 1993; D u k o w ic z  et a l ,  1993; P in a rd i  et a l ,  
1995).

T h e  s e c o n d  a lte rn a t iv e  m e th o d  n o  lo n g e r  re lied  o n  th e  
rig id -lid  a p p ro x im a t io n . In  o th e r  w o rd s , th e  o c e a n  su rface  
w as  c o n s id e re d  free a n d , h ence , b ecam e  o n e  o f  th e  p ro g ­
n o s tic  v a r ia b le s  o f  th e  m o d e l. T h is  co u ld  a llow  th e  in c lu ­
s io n  o f  tid e s  a n d  th e  s tu d y  o f  th e  in v e r te d  b a ro m e te r  effect. 
O n  th e  o th e r  h a n d , to  o v e rc o m e  th e  severe  lim ita t io n  o f 
th e  tim e  s tep  d u e  to  th e  p resen ce  o f  f a s t-p ro p a g a tin g  
e x te rn a l P o in c a ré  w aves (B eckers a n d  D e lee rsn ijd e r, 
1993), th e  sp lit-ex p lic it m e th o d  (G a d d , 1978; M a d a la , 
1981) m a y  b e  ca lled  o n , as w as d o n e  in  o u r  free-su rface  
o c e a n  m o d e l (B e rg e r et a l ,  1993; D e le e rsn ijd e r  a n d  C a m ­
p in , 1993), a s  w ell a s  in  o th e r  m o d e ls  (B lu m b e rg  a n d  
M e lio r , 1987; B eck ers , 1991; K illw o r th  et a l ,  1991). A s w as 
a rg u e d  b y  K illw o r th  et al. (1991), p e rfo rm in g  severa l h u n ­
d re d  i te ra t io n s  fo r so lv in g  a  P o is so n  e q u a tio n  to  e v a lu a te  
th e  s tre a m  fu n c tio n  o r  th e  su rface  p re s su re  m ay  ta k e  th e  
sa m e  a m o u n t  o f  c o m p u te r  tim e  as th a t  n eed ed  to  u p d a te  
th e  b a ro t ro p ic  m o d e  v a riab le s  w ith  a  tim e  s te p  m u c h  
sm a lle r  th a n  th a t  o f  th e  b a ro c lin ie  m ode.

T h e  p re s e n t a r t ic le  a d d re sse s  severa l a sp e c ts  o f  the  
c o m p u ta t io n  o f  th e  b a ro t ro p ic  m o d e  in  o u r  free-su rface  
w o rld  o c e a n  m o d e l. F ir s t,  th e  e q u a tio n s  o f  th e  b a ro tro p ic  
m o d e  a re  re ca lled . T h e n , since  th e  B -grid  is u sed , it is 
sh o w n  th a t  a  c h e c k e rb o a rd  m o d e  in  th e  su rface  e le v a tio n  
m ay  d e v e lo p . T h is  m o d e  is a  m ere  a r te fa c t w h ich  m u s t be  
filte red  o u t. T h e  p ro p e r tie s  o f  tw o  filte rs a re  th e o re tic a lly  
in v e s tig a te d . T h e ir  im p a c t on  th e  a m p litu d e  o f  th e  s p u r i­
o u s m o d e  a n d  o n  th e  v e rtic a l v e lo c ity  is e x a m in e d  
in  a  se rie s  o f  n u m e r ic a l ex p e rim en ts . F in a lly , th e  d o m i­
n a n t  te rm s  o f  th e  b a ro tro p ic  m o m e n tu m  e q u a tio n  a re  
iden tified .

2 B arotropic m ode

O u r  o c e a n  g e n e ra l c ir c u la t io n  m o d e l (B erger e t  a l ,  1993; 
D e le e rs n ijd e r  a n d  C a m p in , 1993) w as recen tly  se t u p  a n d  
w ill be  d e sc r ib e d  in  d e ta il in  a  fo r th c o m in g  a rtic le . H e re , it 
suffices to  say  th a t  th e  e q u a tio n s  o f  th e  m o d e l a re  s im ila r  
to  th o s e  o f  th e  m o s t c la ss ica l m o d e ls  (B ry an , 1969; Sem - 
tn e r , 1974, 1986). P a c a n o w sk i a n d  P h ila n d e r  (1981) fo r­
m u la e  a re  u sed  to  p a ra m e te r iz e  th e  v e rtic a l tu rb u le n t  
d iffu sio n . T h e  o n ly  s ig n ific an t d ifference  lies in  th e  t r e a t ­
m e n t o f  th e  b a r o t r o p ic  m o d e , in  w h ich  th e  o c e a n  su rfa c e  is 
c o n s id e re d  free.

In  th e  fo llo w in g  d isc u ss io n , th e  te rm  b a ro t ro p ic  m o d e  
o r  e x te rn a l m o d e  is u sed  to  d e n o te  th e  m o tio n  a s so c ia te d  
w ith  th e  d e p th -a v e ra g e d  h o r iz o n ta l  ve locity . T h e  v a r i­
ab le s  o f  th is  m o d e  a re  d e p th - in d e p e n d e n t a n d  c o m p rise  
th e  o c e a n  su rface  e le v a tio n  ç a n d  th e  t r a n s p o r t  U. T h e  
b a ro c l in ie  o r  in te rn a l  m o d e  is c o n c e rn e d  w ith  th e  d e v i­
a tio n  o f  th e  h o r iz o n ta l  v e lo c ity  re la tiv e  to  its  d e p th -a v e r ­
age , a s  w ell as th e  te m p e ra tu re  a n d  th e  sa lin ity . T h is  w ay  
o f  s e p a ra tin g  th e  m o d e s  is n o t  eq u iv a le n t, th o u g h  very  
c lo se , to  th e  c la ss ica l s p lit tin g  p e rfo rm e d  in  a lin ea rized  
m o d e l w ith  f la t b a th y m e try  (G ili, 1982). T h is  p o in t  h a s  
been  to u c h e d  u p o n  by  K illw o r th  et a l  (1991), b u t  w e

be liev e  th a t , b e c a u se  th e  d iffe rence  b e tw een  th e  tw o  d e fin i­
t io n s  is g en e ra lly  v e ry  sm a ll, th e re  is n o  c a u se  fo r co ncern .

A cco rd in g  to  th e  h y d ro s ta tic  eq u ilib r iu m , th e  p ressu re  p 
is g iven  by

P =  Pa +  g \ p d z , ( 1)

w h e re  pa, g , p ,  a n d  z  d e n o te  th e  a tm o s p h e r ic  p re s su re  a t 
sea  level, th e  g ra v i ta t io n a l  a c c e le ra tio n , th e  w a te r  density , 
a n d  th e  v e rtic a l c o o rd in a te  (p o in tin g  u p w a rd s) , resp ec tiv e ­
ly; Ç is p o s itiv e  w h en  th e  free su rface  is a b o v e  th e  reference 
o c e a n  level, w h ere  z  =  0. S ince  t  is m u c h  sm a lle r  th a n  th e  
sea  d e p th  h, a n d  s in c e  p  is a lw ay s  very  c lo se  to  its  reference 
v a lu e  p 0 , E q . (1) m a y  be  a p p ro x im a te d  by

P = P a  +  g P o t  + g $ p d z . (2 )

T h e  a tm o s p h e r ic  p re s su re  m a y  be  ex p re ssed  as 
Pa =  Pa +  Pen w h e re  p a a n d  p a d e n o te  th e  a v e ra g e  o f  p a over 
Q ,  th e  o c e a n  su rfa c e , a n d  th e  d e v ia tio n  re la tiv e  to  th is 
m e a n , respective ly . I t  is c o n v e n ie n t to  d efin e  th e  reference  
o c e a n  level so  th a t  th e  a v e ra g e  o f  Ç o v e r  Q  be  zero . F o r  
w o r ld  o c e a n  s im u la tio n s  p h e n o m e n a  h a v in g  tim esca le s  n o  
la rg e r  th a n  a few d a y s  m ay  b e  filte red  o u t. T h u s , th e  
in v e r te d  b a ro m e te r  effect m a y  be  a ssu m e d  v a lid  (P o n te , 
1993), im p ly in g  th a t  p a is b a la n c e d  by  th e  “in v e r te d  b a ­
ro m e te r  p a r t  o f  w h ic h  w e d e n o te  £ lb. A s a  co n seq u en ce , 
£ m a y  be  w rit te n  as

w ith

Pa +  g p o £ ib =  o ,

(3)

(4)

im p ly in g  th a t  th e  a v e ra g e  o f  r¡ o v e r Q ,  th e  o c e a n  su rface , is 
ze ro .

T h e  h o r iz o n ta l  p re s s u re  g ra d ie n t fo rce  read s

o
(5)—  Vp =  -  g ^ r \  -  —  j  V p d z . 

P o P o *

T h e  g ra d ie n t o p e r a to r  is d efin ed  as

a
V =  s e c ö e .

d x
(6)

w ith  (x ,  >') =  a(X,9),  w h ere  a,X  a n d  9  r e p re se n t th e  E a r th  
ra d iu s , lo n g itu d e  a n d  la t itu d e , respec tive ly ; u n it  v e c to rs  e x 
a n d  e y a re  ta n g e n t t o  th e  E a r th  su rface  a n d  p o in t  e a s t­
w a rd s  a n d  n o r th w a rd s , respec tive ly .

In  th e  re m a in d e r  o f  th is  a rtic le , w e w ill o n ly  d e a l w ith  
th e  “ n o n -b a ro m e tr ic  p a r t  o f  £” ,??, w h ich , fo r  sim p lic ity , 
w ill b e  te rm e d  o c e a n  su rface  e lev a tio n .

M a ss  c o n se rv a tio n  req u ire s

crj

dt
=  -  V .H , (V)

w h e re  t is tim e. T h e  d iv e rg en ce  o p e ra to r  V • re p re se n ts

V* =  seci
í x { ex ' + f y { c 0 8 0 * ’ ’

(8)
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T h e  d e p th - in te g ra l  o f  th e  h o r iz o n ta l  m o m e n tu m  e q u a ­
tio n s  re ad s

d l l
—  =  F „ + F P + F C +  D ( U ) + A . (9)

In  th e  m o m e n tu m  b u d g e t a b o v e

F n =  — g h V r j  ( 1 0 )

is th e  force d u e  to  th e  s lo p e  o f  th e  o c e a n  su rface , w h ile

F „ =  -  Í  ( T f V p d z W
- h  \ P  o  2 /

an d

F c =  —f e z X U

( I D

( 12)

d e n o te  th e  fo rce  p ro d u c e d  by th e  h o r iz o n ta l  in h o m o g e n e i­
tie s  o f  th e  d e n s ity  a n d  th e  C o rio l is  fo rce , respec tive ly . T h e  
o p e ra to r  D  is o f  a  d iffusive n a tu r e  a n d  in v o lv e s  h o r iz o n ta l  
d e riv a tiv e s  o n ly  so  th a t  D  m a y  b e  a  h o r iz o n a l L a p la c ia n  
o r  b i-L a p la c ia n . F in a lly , A  e n c o m p a sse s  th e  re m a in in g  
te rm s  e n su in g  fro m  th e  d e p th - in te g ra t io n  o f th e  h o r iz o n ­
ta l m o m e n tu m  e q u a tio n , i.e. a d v e c tio n  a n d  b o t to m /s u r ­
face s tre ss  te rm s . S o m e  d e ta ils  a b o u t  th e  n u m e ric a l 
sch em e  a re  g iv en  in  A p p e n d ix  A.

3  F iltering the checkerboard m ode

T h e  B -g rid  a llo w s  th e  ex is ten ce  a n d  th e  p o ss ib le  g ro w th  o f  
a  sp u r io u s  tw o -g r id  in te rv a l free -su rface  m o d e  o f  th e  fo l­
lo w in g  type

n i j  =  E cm - I)i+J‘, (13)

w h e re  E c(t) re p re se n ts  th e  a m p l itu d e  o f  th e  sp u r io u s  
“ c h e c k e rb o a rd ” m o d e  i f ;  i a n d  j  a re  in te g e r  ind ices t r a d i ­
tio n a lly  a s s o c ia te d  w ith  th e  h o r iz o n ta l  d is c re tiz a tio n  -  in  
th e  X a n d  y -d ire c tio n , resp ec tiv e ly . I t  is s t ra ig h tfo rw a rd  to  
sh o w  th a t  th e  c h e c k e rb o a rd  m o d e  is a s s o c ia te d  w ith  ze ro  
p re s su re  g ra d ie n t in  th e  n u m e r ic a l a lg o r ith m , w h ich  is th e  
re a s o n  th a t  it  c a n  d e v e lo p  a n d  p e rs is t.

C lea rly , a  m o d e  like  y\c c o r re s p o n d s  to  a  m ere  n u m e r­
ica l a r te fa c t w h ic h  m u s t be  f ilte re d  o u t.

A s p o in te d  o u t  by  K ilw o r th  et al. (1991), th e  g rid - 
s p lit t in g  p ro b le m  h a s  b een  a d d re s s e d  sev e ra l tim es  in  th e  
a tm o s p h e r ic  li te ra tu re . N o n e th e le s s , so lu tio n s  th a t  a re  
va lid  in  th e  a tm o s p h e re  a re  u n lik e ly  to  be  re le v a n t to  
o c e a n  m o d e ls , p r im a rily  b e c a u se  o f  th e  p re sen ce  o f  ir re g u ­
la r  la te ra l  b o u n d a r ie s ,  i.e. th e  co a s ts .

K illw o r th  e t  al. (1991) su g g e s te d  a d d in g  to  th e  r ig h t-  
h a n d  side o f  th e  d isc re tiz ed  c o u n te r p a r t  o f  E q . (7) a  te rm  o f 
th e  fo rm

(14)

w h e re  A''H is a n  a p p ro p r ia te  d iffu siv ity ; S ¡ j  d e n o te s  th e  
a re a  o f  th e  ( i j )  g r id  box ; 5 is e q u a l to  1 in  K illw o r th  e t  al. 
(1991) b u t, by  s e ttin g  5 — 0 , a  c la ss ica l L a p la c ia n - ty p e  
filte r is o b ta in e d ; A i}j a n d  B itj a re  d e fin ed  in  E qs. (A3) a n d

(A4) in  K illw o r th  et al.  (1991), i.e.,

A - U  =  ( P i - u  +  *1t+ 1 j  -  2 r i i j )  +  ( i l i j - i  +  r j i J + 1  -  2 rçu ),

(15)

B ¡ .j =  i t f a i - i j - i  +  n i + u + i  -  2 m ,j )

+  i V i - u + i  +  f y + u - i  -  2/7ij)]- (16)

T h e  a d d it io n a l  te rm s  re p re se n t a  s m o o th e r  re a c h in g  its 
m a x im u m  efficiency fo r  a  m o d e  o f  th e  fo rm  r f ^ j .  T h is  is 
easily  seen.

If  S ¡ j  is c o n s ta n t, A itj a n d  B t j  m ay  be  in te rp re te d  as 
tw o  a l te rn a t iv e  d is c re tiz a tio n s  o f  th e  L a p la c ia n  o f  i j ,A ¡ j  
u sin g  d e riv a tiv e s  a lo n g  th e  c o o rd in a te  axes a n d  B Uj r e ­
s o r tin g  to  d ia g o n a l e x p re ss io n s . S u b tra c tin g  B itj from  
A j j  th u s  a m o u n ts  to  e v a lu a te  th e  d ifference  b e tw een  tw o 
d is c re tiz e d  L a p la c ia n s .

T o  u n d e rs ta n d  th e  p ro p e r tie s  o f  th e  f ilte r su g g e s te d  by 
K illw o r th  e t  al. (1991), it  is c o n v e n ie n t to  ex a m in e  th e  
b e h a v io u r  o f  th e  fo llo w in g  d isc re te  e q u a tio n

A t
- =  a.(A"j — ÔB"j), n =  0 , 1 , 2 , . . . , (17)

w h e re  in d ex  “n ” refers to  th e  in s ta n t  n A t ,  A t  b e in g  th e  tim e 
step . W e  c o n s id e r  F o u r ie r  c o m p o n e n ts  o f  th e  v a r ia b le  rj, 
i.e.,

< , •  =  R e  { £ "  ex p  [ I ( ik  +  ; / ) ] } ,  (18)

w ith  I  =  ( — 1) 1/2  a n d  0  <  k, I <  it, k  a n d  / d e n o tin g  d im en - 
sio n less  w av e  n u m b e rs . In  th e  “ i ” d ire c tio n  fo r ex am p le , 
th e  tw o -g r id  in te rv a l m o d e  is a s so c ia te d  w ith  k  =  n ,  w h ile  
th e  m o d e  w ith  a n  in f in ite  le n g th  sca le  c o rre sp o n d s  to  
k  =  0. T h e  c h e k e rb o a rd  m o d e  is th a t  fo r w h ich  k  =  n  =  I. 
S u b s t i tu tin g  E q . (18) in to  E qs. (15)—(17), w e o b ta in  th e  
ex p re s s io n  o f  th e  g a in  G o f  th e  f ilte r fo r th e  m o d e  id e n t i­
fied  by  ( k , l )

E n + 1
G — —_  =  1 — 2 a A t [2  — eos k — eo s I 

E

— <5(1 — eo s  k  c o s / ) ] . (19)

T o  p re v e n t tim e  o sc illa tio n s  fro m  a ris in g  G  m u s t re ­
m a in  p o s itiv e . I t  is re a d ily  seen  th a t  th is  c o n d it io n  is 
sa tis fied  if  a n d  o n ly  if 8 a A t  <  1 .

A s s ta te d  ab o v e , if w e p u t  <5 =  0 w e h av e  a  c lassica l 
L a p la c ia n - ty p e  filter, th e  m a x im u m  d a m p in g  o f  w h ich  is 
o b ta in e d  fo r  k  = n  =  /, i.e., fo r th e  c h e c k e rb o a rd  m o d e . 
T h is  f ilte r leav es th e  in fin ite ly  lo n g  n u m e r ic a l w aves u n a f­
fected . T h e  5 =  1 filter sh a re s  th e se  p ro p e r tie s  w ith  th e  
L a p la c ia n  filter. H o w ev er, th e  <5 =  1 s m o o th e r  is c lea rly  
p re fe ra b le  s in ce  it  induces less d a m p in g  o n  all th e  m o d es , 
ex cep t th e  c h e c k e rb o a rd  m o d e  a n d  th e  k  =  0  =  / m o d e . 
S ince

2  — eo s  k  — eo s / >  1 -  eo s  k  eo s I fo r (k, I) #  (n, n)  

a n d  (0 , 0 ), (2 0 )

w e in d e e d  h a v e

G(<5 =  1) >  G(<5 =  0) fo r  ( k , l )  A  (n ,n )  a n d  (0 ,0 ). (21)

T h e  p ro p e r tie s  o f  th e  5 =  1 a n d  5 =  0 filte rs  a re  i l lu s tra te d  
in  F ig . 1.
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( k ,  / )  =  ( k , k )

(0, 0)

( k ,  I )  =  ( k , k )

(0, 0)

\ k ,  I )  =  (7T, K)

(0, 0)

F ig . 1. P ersp ec tiv e  view o f  th e  ga in  G o f  th e  Ô =  0  filter a a n d  b of 
th e  <5=1  filter, c  T h e  difference G(S =  1) — G(<5 =  0) clearly  illus­
tr a te s  th a t  the <5 =  1 sm o o th e r  invo lves less d a m p in g

S o  fa r th e  filte rs h a v e  b een  e x a m in e d  in  a  tw o -d im e n ­
s io n a l u n b o u n d e d  d o m a in . T o  d e a l w ith  th e  ir re g u la r  
b o u n d a r ie s  lim itin g  o cean ic  c o m p u ta t io n a l  d o m a in s  
m o d if ic a tio n s  a re  to  be  in tro d u c e d . T h e y  m u s t e n su re  
o v e ra ll m ass c o n se rv a tio n , i.e. th e  m o d if ie d  filte r m u s t n o t 
in c lu d e  s in k s  o r  so u rc e s  o f  r\ in  th e  v ic in ity  o f  th e  c o a s t­
lines. K illw o r th  et al. (1991) h av e  su g g e s te d  m o d ific a tio n s  
th a t ,  a t  firs t s ig h t, m ig h t seem  to  b e  so m e w h a t in tric a te . 
H e re  w e p ro p o s e  a s tra te g y  th a t  is p e rh a p s  m o re  s t r a ig h t­
fo rw a rd , re ly ing  o n  a  c o n se rv a tiv e  fo rm u la tio n .

I t  is a ssu m ed  th a t  tw o  la n d  m a s k s  a re  im p le m e n te d  in  
o rd e r  to  o b ta in  a  v e c to r isa b le  c o m p u te r  p ro g ra m m e . O ne, 
m ’’, is a s so c ia te d  w ith  th e  e le v a tio n  p o in ts , w h ile  th e  o th e r , 
m u,v, is defined  a t  th e  s a m e  lo c a t io n  a s  th e  h o r iz o n ta l  
c o m p o n e n ts  o f  th e  v e lo c ity  (F ig . 2a). T h e  m a s k  m" is 
d e fin ed  as fo llow s

m í j  =  1 if w et g rid  b o x , (2 2 a)

m V j  =  0  if d ry  g rid  b o x . (2 2 b)

H en ce , a c c o rd in g  to  th e  sp e c if ic a tio n s  o f  th e  B -g rid
(F ig . 2a),

mu' vm i -  1/2 , j -  1/2 (23)

I t  m u s t be  s tre ssed  th a t  m n a n d  m u,v a re  like ly  to  be  u sed  
in  m o s t B -g rid  o c e a n  m o d e ls . T h o se  m a s k s  a re  th u s  n o t 
specifica lly  d e s ig n ed  fo r th e  p u rp o s e  o f  f ilte rin g  a  sp u r io u s  
free-su rface  m ode .

m M ,j+l m Uj*l

f li- lj+ l *

9

Bi+l.j+l

171 u,v m  u‘v¡-1/2,/+1/2 1+1/2, j+l/2

m i \ j m pj m ä i j

'  ^ i - U * % J * B M . í

m  u’v YYl M,v¡-1/2.j-l/2 ¿+1/2,/-1/2

m i \ j -

a  * B ,-1,;-
l m ?j- 1

* ffi./- l * fl/+ i,/-i

* fli-l.j+l • • fli+i,j+i

[ $.i+m ^l/2,/+l/2

•  Bi-i.J -  • \ j
V-UZ.j

C i n.¡
• ’h+i.j

i

V.J-U2

b  * 1 • \ j - l • W i

Fig. 2. a L o c a tio n  o n  th e  B -g rid  o f la n d  m ask s  m ’1 an d  m “' v a n d  b of 
th e  fluxes </>*, (¡>y, </;*'y a n d  *

U p o n  d e fin in g  a p p ro p r ia te  fluxes,

# - i / 2 j  =  -  K j W l - u i n i j  -  m - u j ) ,  (24)

t f . j - 1 1 2  =  (25)

0 f - l / 2 , i —1/2 =  “  mUi~ 1/2,j - I l l i g i , j  — ^7i— 1 , 7 -  1 )> ( 2 6 )

$ + 1/2 ,j - 1 /2  =  — m ï+ l l2 , j -  1/2 (Vi. j  ~  V i+ l,j~ l)>  (22)

o n e  m a y  c a s t  A itj a n d  B u j  in to  a  c o n se rv a tiv e  fo rm

A j  =  — <£?+ 1/2, j i - 1 / 2  J i J + 1 /2  +  < $ J - 1/2 j (28)

B i,j  — 2 ( <̂ f+'11/2, j+ 1/2  +

)i - X1 / 2 J + 1 - 2  +  4*ï+~1/2, J — 1/2 ; (29)

A w ay  f ro m  a n y  la te ra l  so lid  b o u n d a ry , E qs. (24)—(29) a re  
e q u iv a le n t to  th e  o p e ra to rs  su g g e s te d  in  K illw o r th  et al. 
(1991).

A s sh o w n  in  F ig . 2b , th e  fluxes a re  d efin ed  o n  th e  
b o u n d a r ie s  o f  th e  g rid  boxes. M o re o v e r , w ith  th e  h e lp  o f 
th e  m a sk s , ev e ry  flux  th a t  is d e fin ed  a t  a  d ry  p o in t is se t to  
z e ro , w h a te v e r  th e  f ic titio u s  v a lu e  o f  r¡ o n  th e  la n d . I t  is 
th e n  re a d ily  u n d e rs to o d  th a t  th e  ex p re ss io n s  d e ta ile d  
a b o v e  g u a ra n te e  o v e ra ll m ass  c o n se rv a tio n  in  th e  ex te rn a l 
m o d e .

I t  is d ifficu lt to  d e te rm in e  w h e th e r  o u r  o p e ra to r  still h as  
s m o o th in g  p ro p e r tie s  in  th e  v ic in ity  o f  a  la te ra l b o u n d a ry . 
T h e  o n ly  a n a ly s is  th a t  c a n  be  easily  c a r r ie d  o u t p e r ta in s  to  
th e  p u re  c h e c k e rb o a rd  m o d e  r j i j .  T h is  m o d e  d o es  n o t
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c o n tr ib u te  to  th e  d ia g o n a l fluxes 4>x,y a n d  (f)y'x . H en ce , 
B ( r f )  is ze ro . W e  th e n  h av e

A'I
K-toij )  = -  2 ^ - K _ i j t n l j  + m l j m U i j  

à i,j

+  K j - 1 ml i  + ml j  K j + i W i j *  (3°)
w h ich  p ro v e s  th a t  th e  o p e ra to r  K  a lw ays te n d s  to  filte r 
o u t  th e  c h e c k e rb o a rd  m o d e , ir re sp e c tiv e  o f  th e  p re sen ce  o f 
a  la te ra l b o u n d a ry .

T h e o re t ic a l a n a ly s is  o f  th e  filte rs  is c lea rly  n o t  suffi­
c ien t. N u m e r ic a l  e x p e rim e n ts  m u s t be  c a rr ie d  o u t so  as to  
e v a lu a te  th e  a m p litu d e  o f  th e  c h e c k e rb o a rd  m o d e , th e  
im p a c t o f  th e  s m o o th e rs  a n d  th e ir  p o ss ib le  se c o n d a ry  
effects.

4 N u m erica l experim ents

T h e  s m o o th e rs  d e sc r ib e d  h e re in  h a v e  b een  u sed  in  o u r  
w o rld  o c e a n  m o d e l, ru n n in g  o n  a  sp h e rica l 5 " x 5 '  g rid  
w ith  re a lis tic  to p o g r a p h y  (D e le e rsn ijd e r a n d  C a m p in , 
1993) (F ig. 3). I n  th e  v e rs io n  o f  th e  m o d e l d iscu ssed  h e re in , 
th e  A rc tic  O c e a n  w as  n o t in c lu d e d , b u t  a  tru ly  g lo b a l a n d  
fin e r g rid  (D e le e rsn ijd e r  e t  a l ,  1993) is p re se n tly  o p e ra ­
tio n a l. T h e re  w e re  n in e  levels in  z -c o o rd in a te  in  th e  v e r t i­
ca l d ire c tio n . T h e  m o d e l w as fo rced  w ith  th e  a n n u a l m e a n  
o f  th e  w in d  s tre s s  ta k e n  fro m  th e  d a ta  se t o f  H e lle rm a n  
a n d  R o se n s te in  (1983). T h e  in te g ra t io n s  o f th e  m o d e l w ere 
c o n d u c te d  in  a  ro b u s t-d ia g n o s tic  m o d e . In  o th e r  w o rd s , 
th e  te m p e ra tu re  a n d  sa lin ity  fie lds w ere  fo rced  to  re m a in  
c lo se  to  th e  a n n u a l  m e a n s  o f  th e  L ev itu s  (1982) c lim a to l­
ogy. T o  d o  so , r e s to r in g  te rm s  w ith  a  tim esca le  o f  2 yea rs  
w ere  in tro d u c e d  in  th e  e q u a tio n s  g o v e rn in g  th e  e v o lu t io n  
o f  p o te n t ia l  te m p e ra tu re  a n d  sa lin ity . N o  su rface  fluxes o f  
te m p e ra tu re  a n d  sa lin ity  w ere  ex p lic itly  im p o sed , b u t  th e  
r e s to r in g  tim esca le  w as se t to  15 d ay s  in  th e  g rid  b o x

a d ja c e n t to  th e  o c e a n  surface.
N u m e ric a l e x p e r im e n ts  w ere  p e rfo rm e d  fo r v a rio u s  

v a lu e s  o f  A £ ,  w ith  < 5 = 0  a n d  5 =  1. A ll re su lts  an a ly z ed  
b e lo w  c o r re s p o n d  to  s te a d y -s ta te  so lu tio n s  o f  th e  g o v e rn ­
in g  e q u a tio n s .

T o  assess th e  im p a c t  o f  th e  filte rs , it  is n ece ssa ry  to  
e v a lu a te  th e  loca l a m p l itu d e  o f  th e  c h e c k e rb o a rd  m ode. 
A cco rd in g ly , th e  sea  su rface  e le v a tio n  is ex p re ssed  as

ri i j  =  V Ï /  +  t i j ,  (31)

w h e re  rjcA  is th e  loca l c h e c k e rb o a rd  c o n tr ib u t io n , w h ich  is 
o b ta in e d  from

« , f e . - < * ■ ) ( - î r ' - w ,

(32)

w ith

- i  Z r = - 1 Y?j’ = - 1 V i+ i ' j+ r  m ï + ï j + f  
Vi'j ~  y r  = i y ¡ '  = i n • (33)

2-,i'= - 1 Zjj' = - 1 m i+i',j+j'

O n e  m a y  th in k  o f  m a n y  w ays to  lo ca lly  e v a lu a te  th e  
a m p litu d e  o f  th e  c h e c k e rb o a rd  m o d e . F o rm u la t io n  (32) 
seem s, h o w e v e r, q u ite  n a tu ra l ,  s ince  it is b a se d  o n  th e  
p ro je c tio n  o f th e  a c tu a l  sea  su rface  e le v a tio n  fie ld  o n to  
a  lo ca l, p u re  c h e c k e rb o a rd  field  ( — l f ’+j' . F u r th e rm o re , 
d e fin itio n  (32) in v o lv es th e  n in e  p o in ts  th a t  a re  co n c e rn e d  
b y  th e  <5 =  1 filte r a n d  is ab le  to  c o p e  w ith  th e  p re sen ce  o f 
so lid  b o u n d a rie s .

In  th e  p re s e n t s tu d y , a  g lo b a l m e a s u re  o f  a  v a r ia b le  “a ” 
is o b ta in e d  b y  ta k in g  its  r o o t  m e a n  sq u a re  o v e r  its  c o m ­
p u ta t io n a l  d o m a in , w h ich  w e d e n o te  | a |RMS.

T a b le  1 sh o w s th a t  th e  g lo b a l m e a s u re  o f  r f ' 1 d ecreases 
a s  A h in c rea se s , as expec ted . W ith  5 =  1, th e  a m p litu d e  o f  
th e  c h e c k e rb o a rd  m o d e  is s lig h tly  h ig h e r  th a n  w ith  <5 =  0. 
T h is  is a p p a re n tly  n o t in  a g re e m e n t w ith  th e  g a in  o f  th e  
f i lte r  b e in g  in d e p e n d e n t o f  <5 fo r th e  c h e c k e rb o a rd  m ode.

Fig. 3. S teady  s ta te  o cean  su rface  e levation  
co m p u ted  w ith  A nH =  2  x  IO5 m 2 s -1  a n d  
<5 =  1 (in  0.1 m)

L o n g i t u d e
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Table 1. G lo b a l ev a lu a tio n  o f  th e  am p litu d e  o f th e  ch eck e rb o a rd  
m o d e  a n d  th e  sp u r io u s  vertica l ve locity  a t  th e  ocean  b o tto m

4 'a
(105 m 2 s ')

<5 I ' C  % M S  
(IO -2  m)

\ l C' I r m s

M r  A is

K I r M S 

(IO - 9  m s - 1 )
1 VVÍ> Ir Aí S 

I w Ir m s

0.0 2.74 0.0427 0.0359 0.00295
0.5 0 2.19 0.0341 0.0215 0.0178
0.5 1 2.24 0.0347 0.0156 0.0129
1.0 0 2.05 0.0319 0.410 0.0341
1.0 1 2.13 0.0329 0.290 0.0239
2.0 0 1.85 0.0289 0.767 0.0647
2.0 1 1.97 0.0305 0.531 0.0440
4.0 0 1.61 0.0253 1.41 0.121
4.0 1 1.77 0.0275 0.943 0.0785

10.0 0 1.29 0.0205 3.12 0.275
10.0 1 1.48 0.0230 1.93 0.161

S evera l c a u se s  m ay  e x p la in  th is  m in o r  d isc re p a n c y  b e ­
tw een  th e o ry  a n d  n u m e r ic a l e x p e rim en ts . F ir s t,  th e  a b o v e  
d e fin itio n  o f  th e  lo ca l a m p l itu d e  o f  th e  c h e c k e rb o a rd  
m o d e  h a s  so m e  q u e s t io n a b le  a sp ec ts . S eco n d , th e  F o u r ie r  
an a ly s is  th a t  led  to  E q . (19) o f  th e  g a in  o f  th e  filter p e r ta in s  
to  th e  s im p lified  E q . (17) c o n s id e re d  in  a n  u n b o u n d e d  
d o m a in .T h is  is a n  id ea liz ed  a p p ro a c h , w h ich  m ay  n o t be  
s tra ig h tfo rw a rd ly  a p p lie d  to  a  re a lis tic  case. T h e  c o rre c t 
w ay  o f  re a s o n in g  is p ro b a b ly  as fo llow s: s ince  th e  ô =  1 

filte r in v o lv es in  g en e ra l less d a m p in g , it  is n o t su rp ris in g  
th a t  th e  sm a ll-sca le  c o m p o n e n ts  o f  r¡ h a v e  a  so m e w h a t 
h ig h e r m a g n itu d e  in  th e  e x p e r im e n ts  w h e re  Ô =  1 th a n  in 
th o se  w ith  <5 =  0.

In  T a b le  1, it m a y  be  seen  th a t ,  even  w hen  n o  filte r is 
u sed  (A]., =  0 ), th e  a m p litu d e  o f  th e  c h e c k e rb o a rd  m o d e  is 
very  sm a ll c o m p a re d  w ith  th e  to ta l  sea  su rface  e lev a tio n . 
In d eed , th e  r a t io  \iic' 1\r m s / \ v \r m s  d o e s  n o t exceed  «  4 .3 % . 
F o r  th e  s im u la tio n s  p re s e n te d  h e re , th e  filte r is p ro b a b ly  
n o t necessary . H o w ev e r, n u m e r ic a l ex p e rim e n ts  recen tly  
c a rr ie d  o u t w ith  th e  new  v e rs io n  o f  o u r  m o d e l, co v e rin g  
th e  A rc tic  a n d  h a v in g  a  fin e r re s o lu tio n , i.e. 3 x  3 , a re  
m u ch  m o re  p ro n e  to  th e  d e v e lo p m e n t o f  h ig h -a m p litu d e  
c h e c k e rb o a rd  m o d e . T h e  filte r w ill th u s  n o t be  rem o v ed  
from  o u r  m o d e l. In s te a d , it  w ill b e  c o n s id e re d  an  o p tio n a l 
to o l to  b e  a c tiv a te d  w h en  n eed ed .

In  th e  n u m e r ic a l e x p e r im e n ts  d iscussed  h ere , 
A vh ra n g e d  fro m  0 to  106 m 2 s _ 1 , w h ile  th e  h o r iz o n ta l  
v iscosity  a n d  d iffusiv ity  w e re  e q u a l to  200 x  IO 3 m 2 s ~ 1 

a n d  IO3 m 2 s - 1 , respec tive ly .
T h e  v e rtic a l v e lo c ity  w is o b ta in e d  by  in te g ra t in g  o v e r 

z th e  lo ca l m ass  c o n se rv a tio n  e q u a tio n

+  (34)
\ h  +  r¡ J  d z

w h ere  u  is th e  d e v ia tio n  o f  th e  h o r iz o n ta l  v e lo c ity  re la tiv e  
to  its  d e p th -a v e ra g e . T h e  v e rtic a l v e lo c ity  d e riv ed  fro m  
E q. (34) is su ch  th a t  th e  th re e -d im e n s io n a l v e lo c ity  
V =  U/(h +  j?) +  u  +  w e z is d iv e rg en ce le ss . If, in  a d d it io n , 
rj a n d  U  sa tisfy  th e  in te g ra te d  c o n tin u ity  e q u a tio n , E q . (7), 
th e n  it  is re ad ily  seen  th a t  d is a b le  to  m ee t th e  im p e rm e a ­
b ility  c o n d it io n s  o f  th e  b o t to m  a n d  th e  su rface  o f  th e  
o cean . H o w ev e r, w h en  a  f ilte r is ac tiv e , th e  b a ro tro p ic  
c o n tin u ity  e q u a tio n , E q . (7), is p e r tu rb e d . T h u s , if  E q . (34)

is in te g ra te d  d o w n w a rd s  fro m  th e  o c e a n  su rface , th e  b o t­
to m  im p e rm e a b ility  c o n d it io n  w ill n o  lo n g e r  b e  verified. 
C o n v e rse ly , if  w  is c o m p u te d  by  in te g ra t in g  th e  lo ca l m ass 
c o n se rv a tio n  e q u a t io n  fro m  th e  o c e a n  b o tto m , it is th e  
su rface  im p e rm e a b ility  c o n d it io n  th a t  w ill n o t b e  m et.

T h e  o c e a n  b o t to m  w as n o t a s s u m e d  to  be  fla t in  o u r  
s im u la tio n s . H o w e v e r , b e c a u se  o f  th e  p a r t ic u la r  lo c a tio n  
o f  th e  v a r ia b le s  o n  th e  B -g rid , th e  b o t to m  v e rtic a l ve locity  
o n  a  v e rtic a l w h e re  s c a la r  q u a n ti t ie s  a re  c o m p u te d  m u s t 
be  ze ro . N o te  a lso  th a t ,  u n lik e  C o x  (1984) o r  S em tn e r 
(1986), w e d id  n o t  s e p a ra te ly  e v a lu a te  th e  v e rtic a l ve locity  
to  b e  u se d  in  th e  m o m e n tu m  b u d g e t. In s te a d , w e c o m ­
p u te d  th is  v e rtic a l v e lo c ity  by  a  s im p le  fo u r -p o in t ave rag e , 
e n s u r in g  th a t  th e  v e rtic a l v e lo c ity  fie ld  o f  th e  s c a la r  v e rt i­
ca ls  ag re e s  w ith  th a t  o f  th e  m o m e n tu m  vertica ls .

In  o u r  m o d e l, th e  v e rtic a l v e lo c ity  is o b ta in e d  from  
a d o w n w a rd  sp a c e  m a rc h in g  b e g in n in g  w ith  ze ro  vertica l 
v e lo c ity  a t  z =  0. B ecau se  th is  s ta r t in g  p o in t  is sligh tly  
e r ro n e o u s , b u t  ex tre m e ly  easy  to  im p le m e n t in  o u r  n u m e r­
ica l a lg o r ith m  in  w h ic h  th e  d is p la c e m e n ts  o f  th e  free 
su rface  a r e  a c tu a lly  ta k e n  in to  a c c o u n t o n ly  in  E q . (7), th e  
v e rtic a l v e lo c ity  a t  th e  b o tto m , w b, c a n n o t  be  z e ro , as it 
sh o u ld  be  (T a b le  1). W h e n  th e  filte r is d is a b le d  ( A h  =  0), 
wb is t r u ly  n eg lig ib le . W h e n  a f ilte r  is a c tiv e  th e  h ig h e r 
A ’h is, th e  la rg e r  th e  o rd e r  o f  m a g n itu d e  o f  w b is (T ab le  1). 
In  o th e r  w o rd s , th e  s t ro n g e r  th e  filte r th e  la rg e r  th e  p e r­
tu r b a t io n  to  th e  b o t to m  im p e rm e a b ility  c o n d itio n . F o r  
a g iv en  v a lu e  o f  A h ,  th e  Ö =  0  f ilte r in d u c e s  “ le a k s”
th ro u g h  th e  b o tto m  th a t  a re  s ig n ific an tly  h ig h e r  th a n  w ith
th e  Ô =  1 filter. T h is  m a y  b e  ex p la in e d  as fo llow s. S ince  we 
a re  e x a m in in g  s te a d y -s ta te  so lu tio n s  o b ta in e d  w ith  a  filter 
a c tin g  o n  th e  o c e a n  su rface  e le v a tio n , w e h av e

(V • U ) i j  =  K t j . (35)

A t th e  g r id  p o in t  w h e re  w b is e v a lu a te d , th e  b a th y m e try  
g ra d ie n t is lo ca lly  c o n s id e re d  to  b e  zero . H en ce , in te g ra t­
in g  E q . (34) d o w n w a rd s  from  th e  su rface  re fe ren ce  level, 
n e g le c tin g  th e  g ra d ie n t o f  r¡, u s in g  E q . (35), w e o b ta in

K ) í j  =  K u . (36)

C o n s id e r in g  a  F o u r ie r  c o m p o n e n t o f  a s  in  E q . (18), 
(Wfcfij m a y  b e  w rit te n  as

—  2  W u
M u  =  R e { £ " e x p [ I ( ik  +  j / ) ] } ,  (37)

V  Si , j

w ith

A n
W b =  -■="= [2  — eos k  — eos 1 — 5(1 — eo s  k  eo s / ) ] .  (38)

\ S ‘j

T h is  s tro n g ly  su g g es ts  th a t  \wb\RMS c o u ld  a p p ro x im a te ly  
be  a  lin e a r  fu n c tio n  o f  A h ,  i.e.

I % I kms ~  (39)

By v ir tu e  o f  in e q u a lity  E q . (20), W b(S =  1) <  W b(5 =  0), 
im p ly in g  th a t  th e  s lo p e  r sh o u ld  b e  h ig h e r  w h en  Ô — 0

r(S =  1) < r ( 0  =  0). (40)

A  s im p le  in s p e c tio n  o f  T a b le  1 sh o w s th a t  re la tio n s  (39) 
a n d  (40) a re  r a th e r  w ell c o r ro b o ra te d  by th e  m o d e l resu lts .
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F ig . 4. P lo t  o f  th e  r a tio  |wb|RMS/ |  w \RMS as a  fu n c tio n  o f  fo r  th e  
¡5 =  1 filte r  ( X ) a n d  th e  < 5 = 0  filter (O). T h e  lines a re  o b ta in e d  fro m  
leas t sq u a re  an a ly s is  o f th e  m o d el resu lts , w h ich  lead s to  
K l w M p , s  =  0 .0 1 7 x 1 0  A 'l  an d  Iwí>Iraís. Iw Irm s =  
0.028 X 1 0 - M J ,  fo r  5 =  0, respectively

T h e  o rd e r  o f  m a g n itu d e  o f  w b d o e s  n o t rea lly  m a t te r  as 
su ch . I t  is m o re  im p o r ta n t  to  d e te rm in e  w h e th e r  o r  n o t  th e  
s p u r io u s  v e rtic a l v e lo c ity  a t th e  b o t to m  is c o m p a ra b le  to  
th e  v e rtic a l v e lo c ity  in  th e  in te r io r  o f  th e  o cean . H en ce , 
M r m s / ’M r m s  is m o re  re le v a n t th a n  \wb \RMS (T a b le  1). 
A w ay  fro m  th e  b o tto m , th e  v e rtic a l v e lo c ity  is m o re  in ­
flu en ced  b y  th e  d iv e rg en ce  o f  th e  d e v ia tio n  o f th e  h o r iz o n ­
ta l  v e lo c ity  th a n  b y  its  d e p th -a v e ra g e . T h u s , w e m a y  
e x p e c t M ^ v fs  to  be  fairly  c o n s ta n t th r o u g h o u t  th e  se rie s  o f  
n u m e r ic a l e x p e r im e n ts  w e p e rfo rm e d . T h is  is in d e e d  th e  
case . T h e re fo re , th e  ra t io  |w b|ÄM5 / | w \RMs  m u s t h a v e  th e  
sam e  p ro p e r tie s  as |wb|;<MS, as is c learly  con firm ed  by  F ig . 4.

O b v io u s ly , th e  m a g n itu d e  o f  wb m u s t re m a in  v e ry  sm a ll 
in  o rd e r  to  a v o id  d a m a g in g  th e  e v o lu tio n  o f  s c a la r  q u a n t i ­
ties. D e te rm in in g  th e  h ig h e s t a c c e p ta b le  v a lu e  o f  w b is 
a  p r io r i  d ifficu lt. O n e  w o u ld  su g g e s t th a t  th e  r a t io  
I I r a í  s / 1 I RMs s h o u ld  n o t exceed  a few p e rcen t, im p ly in g

th a t ,  fo r th e  p r e s e n t  series o f  n u m e r ic a l  ex p e rim en ts , 
A h  s h o u ld  n o t be  la r g e r  th a n  a p p ro x im a te ly  2 0 0  m 2 s - 1 . 
F o r  th e  la t te r  v a lu e  o f  A ’h  a n d  w ith  th e  <5 =  1 filter, th e  
e leva tion  field p re d ic te d  by th e  m o d e l is d isp lay ed  in  Fig. 3. 
F o r  th is  se t o f  p a ra m e te r s ,  th e  h o r iz o n ta l  b a ro t ro p ic  c ir­
c u la t io n  (F ig . 5) a n d  th e  m e r id io n a l o v e r tu rn in g  m o tio n  
(Fig. 6 ) a re  s im ila r  to  th o s e  o b ta in e d  by  o th e r  c o a rse  g rid  
m o d e ls  in  ro b u s t-d ia g n o s tic  m o d e .

T h e  filte r su g g e s te d  by  K illw o r th  e t  al. (1991) is su ­
p e r io r  to  a  c lassica l L a p la c ia n - ty p e  filte r, n o t  b e c a u se  o f 
its  im p a c t o n  th e  c h e c k e rb o a rd  m o d e , b u t b e c a u se  it  is less 
d e tr im e n ta l to  o th e r  v a ria b le s , in  p a r t ic u la r  th e  v ertica l 
ve loc ity . T h e  p r im a ry  re a s o n  is th a t  th e  <5 =  1 filte r in ­
vo lves less d am p in g , e x c e p t fo r th e  c h e c k e rb o a rd  m o d e , as 
w as sh o w n  above.

O v e ra ll th e  v o lu m e  o f th e  w o rld  o c e a n  is c o n se rv ed  
b ecau se  th e  filte r is im p le m e n te d  in  a c o n se rv a tiv e  w ay 
a n d  b e c a u se  th e  c o rr e s p o n d in g  fluxes a re  z e ro  a t  the  
co astlin e . T h e re  a re , h o w ev e r, lo c a l lo sses o r  g a in s  o f 
w a te r  th ro u g h  th e  b o tto m . T h is  is th e  re a so n  th a t  we 
in s is ted  th a t  th e  v e r tic a l v e lo c ity  a t  th e  b o tto m , vvfo, sh o u ld  
be  as sm a ll as p o ss ib le . W e h av e  a lso  im p le m e n te d  a n u ­
m erica l tr ic k  fo r c o rre c tin g  te m p e ra tu re /s a lin ity  d r if ts  th a t  
m a y  be  in d u c e d  b y  s p u r io u s  flow  co n v e rg en ce  o r  d iv e r­
g ence  in  th e  b o t to m  g r id  bo x . T h is  co rre c tiv e  m e th o d  is 
w o rk in g  w ell, a s lo n g  a s  wb is su ffic ien tly  sm all. A ll th is  is 
a  tru ly  m in o r  p ro b lem !

F in a lly , it m u s t b e  p o in te d  o u t  th a t  th e  o c e a n  su rface  
to p o g ra p h y  p re d ic te d  by  th e  m o d e l is in  a g re e m e n t, a t 
le a s t f ro m  a q u a li ta t iv e  p o in t o f  v iew , w ith  th a t  recen tly  
m e a s u re d  b y  th e  T o p e x /P o s e id o n  a lt im e te rs  (F ig . 7).

5 D om in an t force in the m om entum  budget

T o  u n d e rs ta n d  th e  m e c h a n ism s  g o v e rn in g  th e  m o t io n  o f 
th e  o c e a n  su rface , i t  is in s tru c tiv e  to  e x a m in e  th e  ro le  o f

Fig. 5. S te a d y -s ta te  b a ro tro p ic  c irc u la tio n  
co m p u ted  w ith  A"H =  2  x  10 5 m 2 s ~ 1 an d  
<5 =  1 (in S verd rups)

1 2 0  E 1 8 0  E 1 2 0  W 

L o n g i t u d e
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Fig. 6 a -c . S tead y -s ta te  m erid io n a l o v e rtu rn in g  
c ircu la tio n  c o m p u te d  w ith  A nn  =  2 x  IO5 m 2 s ~ 1 
a n d  5 = 1  (in S verdrups). a T h e  g lo b a l m ean  
to g e th e r  w ith  b th e  A tlan tic  a n d  c th e  In d o -P ac ific  
c ircu la tio n s  a re  d isp layed
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F ig . 7 . A verage o f  1 year o f T o p e x /P o se id e o n  
d a ta , i.e. fro m  C ycle  2 (O c to b e r 1992) un til 
C y c le  38 (O c to b e r 1993). T h e  o rig in a l d a ta  
h av e  been  so m e w h a t sm o o th e d  an d  in te rp o ­
la te d  o n to  o u r  n u m erica l g rid . T h e  o cean  
su rface  e lev a tio n  is g iven in  0.1 m
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«S Ï  0.0 20-

— 0.016

0.012

i  0.004 -

L atitude

F ig . 8. Z o n a l av e rag e  o f |F ,,| (so lid  curve), |F ,, +  F„\ (dashed curve) 
a n d  IF„ -f F„ +  F c\ (d o tted  curve)

th e  fo rces d r iv in g  th e  t r a n s p o r t  U. W e  in v es tig a te  th e  
d y n a m ic s  o f  th e  e x te rn a l m o d e , in  p a r t ic u la r ,  o u r  a t te n ­
tio n  will be  fo cu sed  on  th e  id e n tif ic a tio n  o f  th e  fo rces 
d o m in a tin g  th e  m o m e n tu m  e q u a tio n , E q . (9).

F o rc e s  F,v F p a n d  F c a re  ex a m in e d . A c c o rd in g  to  th e ir  
d e fin itio n s , i.e. E q s. (10)—(12), th e y  re p re se n t d e p th - in te g ­
ra te d  fo rces w h ic h  a re  d u e  to  th e  s lo p e  o f  th e  o c e a n  
su rface , th e  h o r iz o n ta l  v a r ia tio n s  o f  d e n s ity  a n d  th e  C o ­
r io lis  effect, respec tive ly .

F ig u re  8  c le a rly  sh o w s th a t

I**, F p + F c <  \Fr, +  F P\ ^  |F „ |. (41)

T h e  fo rces F n a n d  F p a p p ro x im a te ly  b a la n c e  e a c h  o th e r , 
e x c e p t in  th e  reg io n  o f  th e  A n ta rc t ic  C irc u m p o la r  C u rre n t 
w h e re  th e  C o rio lis  fo rce  is a ls o  s ig n ifican t. In  o th e r  w o rd s , 
th e  b a ro t ro p ic  m o d e  is n o t  d o m in a te d  b y  th e  g e o s tro p h ic  
e q u ilib r iu m , b u t  b y  th e  b a la n c e  o f  tw o  p re s su re  forces. T h e

im b a la n c e  o f  th e se  fo rces is, in  tu rn , a p p ro x im a te ly  in  
g e o s tro p h ic  e q u ilib r iu m .

F ro m  th e  v iew  p o in t  o f  th e  e x te rn a l m o d e , F p a p p e a rs  
as a  fo rc in g  te rm , i.e. a  fo rce  w h ich  d o es  n o t  d irec tly  
d e p e n d  o n  rj o r  U. T h is  fo rce  m ay  be  sp lit as

h (F p 'h) =  h (F p /h )d +  h ( F pj'h)T, (42)

w h ere  th e  su p e rsc r ip t d re fe rs to  th e  d iv e rg e n t p a r t  o f  F p/h  
a n d  r  id en tif ie s  its  ro ta t io n a l  p a r t .  T h a t  F n a n d  F p ro u g h ly  
b a la n c e  each  o th e r  a c tu a lly  m e a n s  th a t

gVrj ~  (F p/h ) d , 

a n d  th a t

\(Fp/ h ) d I p  \ ( F p / h y \ .

(43)

(44)

S in ce  (F pj h ) d h a s  z e ro  c u rl i t  is d y n a m ic a lly  e q u iv a le n t to  
th e  fo rc in g  te rm  d u e  to  th e  a tm o sp h e r ic  p re s su re . C o n se ­
q u e n tly , h (F pjh ) d m a y  b e  w rit te n  in  te rm s  o f  an  e q u iv a le n t 
a tm o s p h e r ic  p re s su re  fo rce , i.e.

(45)h{F p/h ) d =  — — Vpaq .
P  0

C o m b in in g  E q s. (43) a n d  (45) y ields

P eaq +  g p o > 7 ~ 0 .  (46)

T h e  la t te r  e x p re s s io n  is fo rm a lly  e q u iv a le n t to  th a t  d e fin ­
in g  th e  in v e r te d  b a ro m e te r  effect, i.e. E q . (4). T h e re fo re , th e  
e x te rn a l m o d e  d y n am ics  is d o m in a te d  b y  p h e n o m e n a  th a t  
a re  s im ila r  to  th o s e  a sso c ia te d  w ith  th e  in v e r te d  b a r o ­
m e te r  effect. T h e  p rim a ry  ro le  o f  th e  e x te rn a l in e r- 
t ia -g ra v ity  w av es is, th e re fo re , to  re s to re  th e  e q u iv a le n t 
in v e r te d  b a ro m e te r  e q u ilib r iu m  (E q. (46)). In  a d d it io n , th is  
a d ju s tm e n t  m u s t b e  as q u ic k  as th a t  p re v a ilin g  in  th e  
p ro p e r  in v e r te d  b a ro m e te r  effect, i.e. its  t im esca le  is o f  th e  
o rd e r  o f  a  few  d a y s  (P o n te , 1993).
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O n e  m ay  w a n t to  e v a lu a te  th e  f ic titio u s  e le v a tio n  fields 
e x p ress in g  th a t  F ,  «  — F p a n d , m o re  ac c u ra te ly , th a t  
F n ~  — F p — F c. A s w ill be  seen , th is  w ill p ro d u c e  a n o th e r  
il lu s tra tio n  o f  h o w  w ell th ese  fo rces b a la n c e  e a c h  o th e r.

I t  is w o r th  reca llin g  th a t  th e  p re s e n t an a ly s is  is b ased  
o n  m o d e l re su lts  on ly . T h e re fo re , n o  c la im  is m a d e  th a t  
th e  “ t r u th ” h a s  been  fo u n d  o u t. T h is  is a ll th e  m o re  
im p o r ta n t  th a t  th e  se a so n a l cycle  is n o t  ta k e n  in to  ac ­
c o u n t, w h ich  m ig h t w ell re in fo rce  th e  im p o r ta n c e  o f  th e  
s ta tic  forces.

I t  is su g g es ted  seek in g  th e  e le v a tio n  field  r¡u  w h ich  is 
su ch  th a t  a  g lo b a l m e a su re  o f  \F V + F P\ is m in im u m , 
w h ere  F ,, is th en  e v a lu a te d  w ith  17 ^  M a n y  g lo b a l m easu re s  
o f  |F ()+ F P| m ay  be  c o n s id e re d , b u t  w e select 
I I  F n +  Fp  I I  RMs b e c a u se  it  a llo w s e le m e n ta ry  m a th e m a tic a l 
m a n ip u la t io n s , a s  w ill be  seen.

W e th u s  re q u ire  th a t  r\x be  su c h  th a t  th e  fu n c tio n a l

J 1 =  ƒ I— g h V ^ + F ' f d Q  (47)
Q

b e  m in im u m . T h e  E u le r-L a g ra n g e  e q u a tio n s  o f  th is  v a r ia ­
t io n a l p rin c ip le  a re

V =  V -( / tF p), in  Q  (48)

n • V??i =  0, o n  F , (49)

w h e re  F  is th e  b o u n d a ry  o f  Q  a n d  n d e n o te s  th e  u n it 
v e c to r  n o rm a l to  F . T h e  b o u n d a ry  c o n d itio n , E q . (49), 
de riv es  from  F p b e in g  c o n s id e re d  z e ro  o n  F . E q u a tio n s  
(48)—(49) fo rm  a n  e llip tic  p a r t ia l  d iffe ren tia l p ro b le m , th e  
so lu tio n  o f w h ich  is c lose to  th e  e le v a tio n  field p re d ic te d  
by  th e  m o d el, w ith  A"H =  200 x  IO 3 m 2 s ~ 1 a n d  ö =  1. W e 
in d eed  have

’h  -  t A m s  =  0 1 5  ̂ (50)

M  RM S

I f  th e  t r a n s p o r t  is k n o w n , th e  m in im u m  o f a n o th e r  
fu n c tio n a l m a y  b e  s o u g h t ,  i.e.

J 2 =  \ \ - g h V r , 2 + F p + F c\2 d Q .  (51)
a.

T h e  E u le r -L a g ra n g e  e q u a tio n s  o f  th is  p ro b le m  a re  s im ila r 
to  E q s. (4 8 )-(49 ), p ro v id e d  F p b e  re p la c e d  by F p +  F c. A s 
ex p e c te d , r¡2, th e  e le v a tio n  field a c h ie v in g  th e  m in im u m  o f  
fu n c tio n a l (51), is c lo se r  to  r¡ t h a n  rjv  C o m p a r iso n  o f  r¡2 
a n d  y ie lds | y\2 -  '7 |rm s /M rm s  =  0 .019, so  th a t

I———————— =  0 .1 3 . (52)
I — '7 I RMS

S tr ic tly  sp e a k in g , rjx a n d  rj2 , as c o m p u te d  fro m  th e  
a p p ro p r ia te  E u le r-L a g ra n g e  e q u a tio n s , a re  d efin ed  u p  to  
an  a d d it iv e  c o n s ta n t ,  fo r th e  p a r t ia l  d iffe ren tia l p ro b lem s 
o n ly  in v o lv e  d e riv a tiv e s  o f  y¡x a n d  r\2. T h e re  is th u s  no 
a b so lu te  re fe ren ce  fo r th e se  e le v a tio n  fields. T h e re fo re , rjm 
(m = 1 , 2 ) m a y  b e  w r it te n  as r¡m =  fim( x , y )  +  cm, w here  cm 
is a  c o n s ta n t.  I t  seem s re a s o n a b le  to  re q u ire  th a t  rjm be  as 
c lo se  as p o ss ib le  to  y.  I t  fo llow s th a t  cm m u s t be  such  th a t  
}¡ a n d  h a v e  th e  sa m e  a v e ra g e  o v e r Q ,  i.e.

cm =  ß " 1 f  O7 — F m )d ß , m = 1 , 2 .  (53)
n

F ig u re s  9 a n d  10 d isp lay s  g lo b a l m a p s  o f  771 — 77 an d  
t]2 — r¡, respec tive ly .

I t  m u s t b e  p o in te d  o u t  th a t  r¡x a n d  r¡2 w ere  a c tu a lly  n o t 
c o m p u te d  fro m  th e  d isc re tiz ed  c o u n te rp a r ts  o f  th e  E u le r- 
L a g ra n g e  e q u a tio n s  se t o u t a b o v e . In s te a d , w e m in im ized  
th e  d isc re te  e q u iv a le n ts  to  th e  fu n c tio n a ls  a n d  J 2. T h e  
la t te r  s tra te g y  a llo w s  us to  c o n s id e r  d is c re te  ex p ress io n s  o f 
th e  fo rces th a t  a re  s im ila r  to  th o s e  u sed  in  th e  c irc u la tio n  
m o d e l, th u s  le a d in g  to  m o re  a p p ro p r ia te  fields o f  r¡x an d  
r\2. F o r  e x am p le , \ rjx — r¡ |RAÍS is a b o u t  tw ice la rg e r  w h en  r¡1 
is d e riv ed  fro m  th e  d isc re tiz ed  v e rs io n  o f  E q s. (48)-(49).

L o n g i t u d e
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I t  is in s tru c t iv e  to  c o m p a re  o u r  v a r ia t io n a l  te c h n iq u e  
w ith  th e  c la ss ic a l m e th o d  fo r e v a lu a tin g  th e  d y n a m ic  
h e ig h t fro m  h y d ro g ra p h ic  d a ta .  T h e  la t te r  re s ts  o n  th e  
h y p o th e s is  th a t  th e re  ex ists a  level o f  n o  g e o s tro p h ic  
m o tio n . A cco rd in g ly , it is a ssu m e d  th a t ,  a t  a  g iven  d is ­
ta n c e  d  to  th e  o c e a n  su rface , th e  h o r iz o n ta l  p re s s u re  g ra d i­
e n t is ze ro . T h is  lead s  to  a  th i rd  a p p ro x im a t io n  to  th e  
o c e a n  su rface  e le v a tio n , w h ic h  w e d e n o te  773 . A  s im p le  
m a n ip u la t io n  o f  E q . (5) leads to

t; 3   J — d  Z +  C3 , (54)
- d  P o

w h e re  c o n s ta n t  c 3 is d e te rm in e d  so  th a t  ??3 b e  as c lo se  as 
p o ss ib le  to  rj, im p ly in g  th a t  a n d  rj m u s t h a v e  th e  sa m e  
a v e rag e . O b v io u s ly , in  th e  re g io n s  w h e re  d  is la rg e r  th a n  
th e  o c e a n  d e p th , th e  c lassica l m e th o d  c a n n o t  p ro v id e  a n y  
e s t im a tio n  o f  th e  su rface  e lev a tio n . F u r th e rm o re , th e re  is 
n o  ir re fu ta b le  w ay  o f  p re sc rib in g  d. A cco rd in g ly , w e te s te d  
th e  se n s itiv ity  o f  rç3 to  v a r io u s  v a lu e s  o f  d, w h ich  w as 
successive ly  ta k e n  to  be th e  d e p th  o f  th e  g rid  p o in ts  w h ere

T able 2. R e la tiv e  difference betw een  ij3 a n d  rj o b ta in e d  w ith  v a rio u s  
v a lues o f th e  level o f  zero  h o r iz o n ta l p re ssu re  g ra d ie n t, d. T h e  
fra c tio n  o f  th e  o c e a n  surface w here  d < h is d e n o te d  s

d (m) s 1^3 >1\rMS

\}1\rms

22.1 1.00 0.96
68.4 1.00 0.87

159.0 0.98 0.75
339.0 0.97 0.60
704.0 0.96 0.43

1400.0 0.94 0.24
2470.0 0.91 0.10
3760.0 0.83 0.11
5170.0 0.40 0.27

th e  v e rtic a l v e lo c ity  is c o m p u te d  (T a b le  2). I t  a p p e a re d  
th a t  rj2 w as  n ev e r c lo se r to  rj th a n  r¡2. T h e  b e s t a p p ro x im a ­
tio n  w as o b ta in e d  fo r d  =  2470  m  (Fig. 11). In  th is  case , r¡2 
w as  so m e w h a t b e tte r  th a n  r¡1} b u t r¡3 c o u ld  n o t  b e  e v a lu ­
a te d  o v e r 9 %  of th e  o c e a n  su rface , w h e re  d  w as d eep e r 
th a n  th e  o c e a n  b o tto m .

6. D iscu ssion  and conclusion

N o  th o ro u g h  an a ly s is  o f  th e  tim e  v a r ia b il ity  o f  th e  o cean  
su rface  e le v a tio n  h a s  b een  ac h ie v e d  in  th e  p re s e n t study . 
F o r  e x am p le , n o  tim e  s p e c tru m  o f  q w as  p ro d u c e d  an d  
ex am in ed . T h is  is o b v io u s ly  c o h e re n t w ith  s te a d y -s ta te  
re su lts  b e in g  so u g h t. O n e  m ay , h o w ev e r, believe th a t  th e  
o c e a n  su rface  e lev a tio n  sh o u ld  v a ry  a c c o rd in g  to  a t  leas t 
tw o  tim esca les , w h ich  sh o u ld  b e  sev e ra l o rd e r s  o f  m a g n i­
tu d e  a p a r t  fro m  e a c h  o th e r . T h e  s h o r te r  tim esca le , i.e. n o  
m o re  th a n  a  few days, sh o u ld  c o n c e rn  e x te rn a l in e r tia -  
g ra v ity  w aves in v o lv ed  in  th e  a d ju s tm e n t to w a rd s  th e  
e q u iv a le n t in v e r te d  b a ro m e te r  e q u ilib r iu m . T h e  lo n g e r 
tim esca le  s h o u ld  b e  th a t  o f  th e  v a r ia tio n s  o f  th e  e q u iv a le n t 
a tm o s p h e r ic  p re ssu re , i.e. th e  tim esca le  o f  th e  d en sity  
v a r ia tio n s .

A ssu m in g  th a t  th e  g o v e rn in g  e q u a tio n s  o f  th e  b a r o ­
tro p ic  m o d e  a re  suffic ien tly  lin e a r , th e  b a ro t ro p ic  m o tio n s  
m a y  b e  sp lit in to  tw o  ca te g o rie s , th o s e  a s s o c ia te d  w ith  th e  
a tm o s p h e r ic  p re s su re  fo rc in g  a n d  th o s e  in d u c e d  b y  th e  
o th e r  fo rc in g s, o f  w h ich  th e  d o m in a n t  is d u e  to  th e  h o r i­
z o n ta l d e n s ity  g rad ien t. E n fo rc in g  th e  in v e r te d  b a ro m e te r  
e q u il ib r iu m  a m o u n ts  to  a b a n d o n in g  re p re se n tin g  th e  fast 
v a ry in g  p a r t  o f ‘i ' h. T h is im p lies  th a t ,  in  o u r  m o d e l, th e  
s h o r t  tim esca le  v a r ia tio n s  o f  r¡ a re  ir re le v a n t, i.e. th ey  
c a n n o t  be  c o m p a re d  w ith  in  s itu  m e a su re m e n ts . C o n se ­
q u e n tly , it  is o n ly  th e  s lo w  p a r t  o f  rj t h a t  is, hopefu lly , 
p h y s ic a lly  m ean ing fu l. O n  a  lo n g e r  tim esca le  th e  rig id  
lid  a p p ro x im a tio n  is likely to  h o ld  tru e . T h u s , o n e  m ay
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F ig . 11. M a p  o f  ?73 — r¡ fo r  à  — 2470 m  (in 
0.1 m)

6 0  W

w o n d e r  w h e th e r  it  is re a lly  d e s irab le  to  c o n s id e r  th e  o cean  
su rfa c e  a s  free. I n  o th e r  w o rd s , o n e  m ig h t th in k  th a t  th e  
b e s t m o d e llin g  ch o ic e  w o u ld  b e  to  c o m p u te  th e  su rface  
p re s s u re  in  th e  f ra m e w o rk  o f  th e  rig id -lid  a p p ro x im a tio n . 
A c o m p le te  a n sw e r  is yet to  be p ro v id e d .

O n e  m ig h t c o n s id e r  th e  free-su rface  fo rm u la t io n  as 
a  m e re  n u m e r ic a l te c h n iq u e  fo r c o m p u tin g  th e  su rface  
p re s s u re  w h ic h  a c tu a lly  d o e s  n o t a d d  a n y  e x tr a  p h y s ica l 
in fo rm a tio n  to  th e  m o d el. T h e  sp lit-ex p lic it a p p ro a c h  
in d e e d  b e a rs  s t ro n g  s im ila r i ty  w ith  th e  a rtif ic ia l c o m p re s ­
s ib ility  m e th o d  fo r so lv in g  th e  P o is so n  e q u a tio n  fo r th e  
su rfa c e  p re s su re  (e.g. P e y re t a n d  T a y lo r , 1983). H o w ev e r, 
su ch  a  m e th o d  is u n lik e ly  to  b e  o p tim a l a s  re g a rd s  th e  
C P U  tim e  n e e d e d , s ince  th e re  ex is t n u m e ro u s  P o is so n  
so lv e rs  th a t  a re  m u c h  m o re  efficient. F ro m  th is  s t a n d ­
p o in t , w h a t is n ece ssa ry  is a  th o ro u g h  c o m p a r is o n  o f  th e  
c o m p u ta t io n a l  p e rfo rm a n c e  o f  v a r io u s  n u m e r ic a l a p ­
p ro a c h e s . In  th e  s im u la tio n s  d iscu ssed  h e re in , a b o u t  10%  
o f  th e  C P U  tim e  w a s  d ev o te d  to  th e  c o m p u ta t io n  o f  th e  
e x te rn a l m o d e .

O n  th e  o th e r  h a n d , it  m u s t b e  k e p t in  m in d  th a t  
a  free -su rface  m o d e l h a s  m o re  p o te n t ia l  th a n  a  r ig id  lid  
o ne . In d e e d , it  c o u ld  a llo w  th e  s tu d y  o f  s h o r t  t im e ­
sca le  p h e n o m e n a  su c h  as tid es a n d  in v e r te d  b a ro m e te r  
a d ju s tm e n t. In  a d d it io n , a  free -su rface  m o d e l co u ld  
s tra ig h tfo rw a rd ly  b e  c o u p le d  w ith  m o d e ls  o f  th e  sh e lf  seas 
s u r ro u n d in g  th e  d eep  o cean s . T h o se  sh a llo w  w a te r  a re a s  
r e p re s e n t less th a n  1 %  o f  th e  v o lu m e  o f  sea  w a te r  b u t  a re  
n o w  b e lie v e d  to  p la y  a  v e ry  s ig n ific an t ro le  in  th e  g lo b a l 
b io g e o c h e m ic a l p ro cesses . H en ce , in  th e  n e a r  fu tu re , it  
c o u ld  b e  fo u n d  d e s ira b le  to  se t u p  a m o d e llin g  sy s tem  
c o v e r in g  b o th  th e  d eep  a n d  sh a llo w  seas, in  w h ic h  case  
im p le m e n tin g  free-su rface  m o d e ls  w o u ld  m o s t p ro b a b ly  
b e  fo u n d  d es irab le .

T o  c o n c lu d e , i t  m ay  be  th o u g h t  th a t  a  free -su rface  
m o d e l is m o re  a p p ro p r ia te  if  s h o r t  tim esca le  p h e n o m e n a  
a re  to  b e  re p re se n te d . O th e rw ise , assessin g  m o d e llin g

ch o ice s re g a rd in g  th e  ex te rn a l m o d e  is m a in ly  a  m a t te r  of 
d e te rm in in g  w h a t n u m e r ic a l  m e th o d  is fa s te s t fo r the  
sp a c e  re so lu tio n  c o n s id e re d .

A s re g a rd s  th e  f ilte r  o f  th e  c h e c k e rb o a rd  m o d e , the  
ex p re s s io n  su g g e s te d  by  K illw o r th  e t  a l. (1991) is m o re  
a p p ro p r ia te  th a n  a  c la s s ic a l L a p la c ia n  s m o o th e r , b ecau se  
it  e n ta ils  less p e r tu rb a t io n s  o f  th e  im p e rm e a b ility  c o n d i­
t io n s  o f  th e  su rface  o r  th e  b o tto m  o f  th e  o cean .

I t  w as  sh o w n  th a t  th e  o cean  su rfa c e  e le v a tio n  is m a in ly  
d e te rm in e d  by  a  s ta t ic  e q u il ib r iu m  b e tw e e n  tw o  p re ssu re  
forces. T h e  fo rces  re s u lt in g  fro m  th e  w a te r  m o t io n , su ch  as 
th e  C o rio lis  fo rce, a r e  m u c h  sm a lle r , ex cep t in  th e  S o u th ­
e rn  O cean .

F in a lly , th e  firs t v a r ia tio n a l m e th o d , if  in te rp re te d  as 
a  w ay  o f  e v a lu a tin g  th e  su rface  e le v a tio n  fro m  h y d ro -  
g ra p h ic  d a ta ,  w as  sh o w n  to  b e  so m e w h a t less a c c u ra te  
th a n  th e  c lassica l m e th o d . I t  h a s , h o w ev e r, so m e  signifi­
c a n t  a d v a n ta g e s . In d e e d , it d o e s  n o t  re q u ire  a n y  a  p rio ri 
k n o w le d g e  o f  th e  d e p th  o f  a  h y p o th e t ic a l  level o f  no  
g e o s tro p h ic  m o t io n  a n d  it is c a p a b le  o f  p ro v id in g  an  
e s tim a te  o f  th e  e le v a tio n  o v e r th e  e n tire  o c e a n  su rface . I t  is 
th u s  fa r  fro m  c lea r th a t  th e  c lassica l a p p ro a c h  sh o u ld  be 
p re fe rred . T h e  se c o n d  v a r ia tio n a l m e th o d  sh o u ld  be  fu r­
th e r  in v e s tig a te d  to  see  w h e th e r  it c o u ld  b e  u se d  to  ev a lu ­
a te  th e  tr a n s p o r t .  I f  so , it  m ig h t w ell o u td o  th e  tw o  o th e r  
a p p ro a c h e s  c o n s id e re d  here in .

A cknow ledgem ents. T h e  d ev e lo p m en t o f  A S T R ’s O c e a n  G en era l 
C irc u la tio n  M o d e l (O G C M ) is c a rr ie d  o u t  w ith in  th e  sc o p e  o f  the 
im p u lse  p ro g ra m m e  G lo b a l  C h an g e  (B elg ian  S ta te , P rim e  M in is te r’s 
Services, Science P o licy  Office, C o n tra c t G C /1 0 /0 1 3 ), th e  C o n v en ­
tio n  d ’A ctio n s d e  R ech erch es C oncertées N o  92/97-154  w ith  the 
C o m m u n a u té  F ra n ç a ise  d e  B elgique, th e  im p u lse  p ro g ra m m e  In ­
fo rm a tio n  T ech n o lo g y  (B elgian  S ta te , P rim e  M in is te r’s Services, 
S cience  P o licy  Office, C o n tra c t  IT /S C /2 0 ), a n d  a  s tu d y  c o n trac t 
be tw een  IB M  of B e lg ium  s.a. a n d  th e  U n iv e rs ité  C a th o liq u e  de 
L o u v a in  (w hich allow s u s  to  u se  an  IB M  R S/6000-550  w o rk sta tio n ). 
F in a n c ia l su p p o r t fo r Je an -M ich e l C a m p in  is p ro v id e d  by  an  EC 
g ran t. W e h a d  very  in te re s tin g  d iscussions w ith  P a sc a le  D elecluse,
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P e te r  K illw o rth , a n d  G u rv a n  M a d e c  a b o u t th e  d e v e lo p m e n t a n d  the 
use  o f  O G C M s. M a n y  th an k s  a re  d u e  to  T h ie rry  F ich efe t a n d  
S té p h a n e  H o v in e  fo r th e ir  c o n s ta n t he lp . W e a re  in d e b te d  to  P ie rre  
Y ves L e  T ra o n  fo r  k in d ly  p ro v id in g  us w ith  T o p e x /P o se id e o n  d a ta .

T o p ic a l E d ito r  H . L e T re u t th a n k s  tw o  referees fo r  th e ir  he lp  in 
e v a lu a tin g  th is p aper.

A ppendix A

T h e  tim e-s tep p in g  o f  o u r  m odel is b a se d  o n  th e  sp lit-ex p lic it m eth o d . 
T h e  la t te r  consists  in in te g ra tin g  th e  e x te rn a l a n d  in te rn a l m odes 
w ith  d ifferen t tim e  step s, A tE a n d  A tIy each  tim e in c re m e n t being  
se lec ted  acco rd in g  to  th e  fastest p ro p a g a tin g  p h e n o m e n o n  e n c o u n ­
te re d  in th e  m o d e  considered . W h ile  th e  b a ro c lin ie  m o d e  is adv an ced  
by  o n e  tim e step , N (  =  A t , /A tE) e x te rn a l tim e  steps a re  p erfo rm ed . 
T y p ica lly , 1 0 < 1 V < 1 0 2. In  th e  s im u la tio n s  d iscussed  h e re  w e h ad  
N  =  30. W hile  p e rfo rm in g  th e  tim e -s te p p in g  o f  th e  e x te rn a l m ode, 
th e  q u a n titie s  re la ted  to  the in te rn a l m o d e  an d  th o se  su p p o se d  to  
p lay  a  m in o r  ro le  a re  held  fixed. In  o th e r  w o rd s, w ith in  a  given 
in te rn a l m o d e  tim e  in crem en t, F p a n d  A  a re  co n s id e red  c o n s ta n t  for 
th e  e x te rn a l tim e-m arch ing . In  p rin c ip le , D (U ) sh o u ld  a lso  be fixed 
w h ile  in te g ra tin g  th e  e x te rn a l m o d e  fo r  th e  ¿V ex te rn a l tim e steps 
ly in g  w ith in  o n h e  in te rn a l in c rem en t. L ik e  K illw o rth  et al. (1991), we 
fo u n d  th a t  a llow ing  D {V )  to  be e v a lu a te d  a t each  e x te rn a l tim e step  
re n d e re d  th e  so lu tio n  sm o o th e r  a n d  m o re  stab le . As a  co n sequence , 
i t  is reco m m en d ed  to  freeze F p a n d  A  o n ly , a n d  to  u p d a te  D (U )  a t 
e a c h  e x te rn a l tim e  increm ent.

T h e  e x te rn a l m o d e  e q u a tio n s  E qs. (7) a n d  (9) a re  o rd in a ry  sh a l­
low  w a te r  eq u a tio n s , w ith  a  m in o r  difference in th e  n a tu re  o f  the 
fo rc in g  term s. C o n seq u en tly , th e  n u m e ric a l sp a ce -tim e  d isc re tiza tio n  
dev e lo p ed  for th o se  m odels m ay  b e  u tilized  fo r so lv in g  E qs. (7) and  
(9).

T h e  eq u a tio n s o f th e  in te rn a l a n d  ex te rn a l m odes a re  d iscretized 
o n  th e  B -grid acco rd in g  to  the fin ite  v o lu m e  techn ique. T h e  advection  
te rm s of sca la r q u an tities  a re  d isc re tized  so  as to  allow  th e  fu tu re 
im p lem en ta tio n  o f soph istica ted  schem es, w ith  variab le  upw ind ing  
ra te  a n d  flux lim iters. T h e  tim e-stepp ing  involves on ly  tw o  tim e levels, 
an d  is th u s n o t  o f leapfrog  type. T h e  ex te rn a l and  in te rn a l g ravity  
w aves a re  d iscretized  acco rd in g  to  th e  fo rw ard -b ack w ard  m e th o d  
(M esinger an d  A rak aw a, 1976; B eckers an d  D eleersn ijder, 1993). T h e  
vertical fluxes m ay  be ev aluated  im plicitly , w hich  allow s using  fine 
vertical reso lu tion  if  needed (D elecluse et a l ,  1993).

W h en  an  efficient conv erg en ce  a c c e le ra to r  w as tried  as suggested  
b y  B ry an  (1984), it  w as fo u n d  n ecessa ry  to  ap p ly  a  tim e filte r to  the 
b a ro tro p ic  v ariab les  before in tro d u c in g  th e m  in th e  b a ro c lin ie  m o d e  
e q u a tio n s . T h is filte r consists o f a  tim e-a v e rag in g  p ro c e d u re  th a t  is 
so m e w h a t s im ila r to  th a t  a d v o c a te d  in  D ee le rsn ijd e r  (1993), a l­
th o u g h  th e  la t te r  w as suggested  fo r  d iffe ren t reaso n s . W e believe th a t 
th e  n eed  fo r  a  tim e  filter reflects a n  a lia s in g  p ro b lem , a ris in g  b ecau se  
th e  e x te rn a l m o d e  variab les c o n ta in  frequencies th a t  c a n n o t be 
re so lv ed  by  th e  c o a rse r  tim e sa m p lin g  o f  th e  in te rn a l m o d e . T h e  filter 
e n a b le d  us to  use  a m u ch  la rg er in te rn a l  tim e  in c rem en t, w h e th e r  o r 
n o t  in th e  fram ew o rk  o f  conv erg en ce  a cce le ra tio n . T h is  to p ic  will be 
a d d re sse d  in  d e ta il  in a n o th e r  artic le .

O n  th e  B -grid  th e  so lu tio n  is p ro n e  to  n u m erica l n o ise  (B atteen  
a n d  H a n , 1981). Specifically, fo r th e  e x te rn a l m ode, th e  B -grid  m ay  
lead , u n d e r  ce rta in  c ircu m stan ces , to  th e  sp littin g  o f  th e  e lev a tio n  
“ in to  tw o  c h e c k e rb o a rd  su b g rid s  w ith  se p a ra te  tim e d ev e lo p m en t” 
(K illw o rth  et a i ,  1991).
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