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Abstract

In this paper, we present a numerical model for a problem of coupled flow and transport in porous media. We use a barycentre
based finite volume method (FVM), which, in the case of convection dominated transport, is combined with suitable upwind
methods, in order to avoid numerical instabilities. We present some relevant and new numerical results for the Elder problem, which
offer a better understanding of mutually non-compatible results in other papers, by showing the dependence of the recirculating
patterns on the level of grid refinement and on the numerical scheme, as well as on (numerical) perturbations. © 2000 Elsevier

Science Ltd. All rights reserved.
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1. Introduction

When studying flow and transport phenomena in
porous media, one may observe that the transported
component influences the flow patterns, leading to a
fully coupled problem of transport and flow. Typically,
the varying concentration of the transported species
directly affects the fluid density, which can result in flow
pattern formation, due to the gravity forces. Such phe-
nomena are usually indicated as density driven flow,
[13], or buoyancy induced flow [11].

A motivation for the mathematical problem consid-
ered may be the modelling of groundwater flow near salt
domes, where the fluid is a mixture of pure water and
brine, see [8,12,13,23] or the modelling of an evaporat-
ing salt lake, where dense brine overlies a less dense
fluid, [26]. However, our paper rather has an academical
purpose.

The mathematical model of nonlinear coupled flow
and transport is quite involved. Analytical solutions are
known for simplified situations only, see [29]. The same
holds for the error analysis of well-established numerical
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schemes. Hence, for more involved situations, numerical
methods which preserve known analytical or physical
properties are preferable in view of the reliability of the
computed solutions. In this paper, we design discret-
isation schemes which preserve a local mass conserva-
tion property, and which moreover lead to physically
acceptable values for the unknown concentration of the
transported species.

The paper is organized as follows.

In Section 2, we briefly recall the mathematical
model.

In Section 3, we introduce so-called vertex centered
finite volume methods (FVMs), which preserve a local
mass balance. They are related to finite element methods
(FEMs), as the finite volume mesh is constructed com-
plementary to a standard, well-chosen finite element
mesh — triangular or quadrangular. Here, we restrict
ourselves to a 2D-approach, corresponding e.g., to a
vertical cross-section of the physical domain. These
FVMs were presented first in various applications of
flow and transport, see e.g. [24]. More recently, they
have also been studied from the theoretical point of
view, see [2,10,15,28].

In Section 4, we prove a discrete minimum and
maximum property for the numerical solution of the
transport equation. This allows us to predict non-
physical behaviour of the numerical solution (e.g.,
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under- and overshooting, non-physical oscillations,. . .).
Such behaviour may occur either due to the approxi-
mation of complex (anisotropic, variable) diffusion—
dispersion fluxes, or due to the convection dominated
character of the transport equation.

In Section 5, we consider the case, where the mini-
mum and maximum principle mentioned above fails,
due to convection dominated transport. In this case we
propose a class of upwind methods, retaining the idea of
a discrete local mass balance. Several advanced types of
upwind methods were presented already in [24] and have
also been studied theoretically, e.g., in [2,14].

Finally, in Section 6, we present numerical results for
the Elder experiment, [6]. Moreover, for this bench-
mark, we show the advantages of some advanced up-
wind schemes. Although the Elder problem originates
from thermodynamics, it has become a popular bench-
mark in mass transfer with variable density flow (in
particular brine transport, see [1,3,18,19,21,23,30]), due
to its complex dynamical behaviour. This example has
been chosen amongst others, as the computations offer
clear insight into the effectiveness of the numerical
schemes.

Compared to existing results in the literature, see
[2,9,14,24], the main contribution of this paper concerns
the following aspects. We extend the results on the dis-
crete minimum and maximum principle to the general
case of nonlinear transient coupled flow and transport,
using FVMs based on both triangular and quadrangular
meshes. Moreover, we consider the more complex case
of anisotropic diffusive—dispersive transport, and we
derive a general class of upwind methods in this context.
Furthermore, our results for the Elder problem are new.
They allow for a better judgment of some mutually non-
compatible numerical results and conclusions in differ-
ent papers, see [6,19,21,23,30].

2. Mathematical model

The mathematical model below describes a miscible
displacement of salt water (brine) and fresh water,
constituting a “binary fluid mixture”, e.g. [4,12,13,
21,23,30]. The unknown mass fraction of brine is de-
noted by ¢ = ¢(t,x), where x € Q C R* and ¢ > 0. The
variability of the fluid density is expressed through a
(nonlinear) equation of state, p = p(c) = py, p,, de-
noting the density of fresh water. The dependence of p
on the fluid temperature or on the compressibility of the
fluid is neglected. The flow and transport equations are

¢ ip(c) + V- (p(c)y) = p(C)Q, (1)

¢ 0(p(c)e) + V - p(c)(ev — DVe) = p(C)CQ. 2)

Here, ¢ = ¢(x) is the porosity of the soil, O = Q(¢,x)
describes external sources and sinks, C either denotes a

given (injected) mass fraction of externally supplied
brine (Q > 0), or C = ¢ for extraction wells (Q < 0), and
D = D(x,v) is the diffusion—dispersion matrix, see e.g.
[4]. Finally, v is the mass averaged velocity, given by
Darcy’s law, see e.g. [4],

V== (Vo= ple) 3)

where p = p(t,x) stands for the unknown fluid pressure.
Through (3), Egs. (1) and (2) form a (nonlinear and fully
coupled) system for two unknown functions ¢ and p.
Further data, entering v, are the fluid viscosity u =
u(c), the permeability matrix & = k(x) and the gravity
vector g.

Suitable initial and boundary conditions (ICs and
BCs), see [4,8,12,20,21] must accompany (1) and (2). For
the sake of simplicity we will only consider standard
Dirichlet and (homogeneous) Neumann BCs. Formally,
an IC needs to be supplied for ¢ only. However, from the
numerical point of view, a reasonable initial pressure
distribution can be useful, see e.g. [8,21].

3. Finite volume methods

In this section, we describe the vertex centered finite
volume discretisation of the system (1)-(3). To fix the
ideas, let Q be polygonal. We consider a triangulation .7
of ©Q, in the sense of [5], consisting of triangular and/or
quadrangular elements 7¢, e = 1,..., E which is used to
define a FE-mesh. The corresponding set of nodes, de-
noted by x;, i =1,...,N, consists of the vertices of all
elements 7¢ in . Further, we consider time points
0=ty <t <---and we denote 7,, = t,, — t,,_1, m € Nj.

In general, the data functions in Egs. (1)-(3) will
show a number of discontinuities in Q. To incorporate
this in our numerical model, we assume that 7 is con-
structed such that the data are continuous inside each
element.

At any time point #,,, we consider the functions

&"(x) = > eNi(x),

c=
N

p=p"(x) = pr”Ni(x), xeQ, (4)
i=1

where N;, i = 1,... N, are the usual, globally continuous

finite element basis functions, defined piecewise and
obeying N;(x;) =, j=1,...,N. The function VN, is
well-defined per element. In (4), {c”, p"}Y | are unknown
discrete variables, approximating the nodal values
¢(tm,x;) and p(t,,x;), respectively.

We set up an algebraic system for {c, p/'}\ |, which
can be solved sequentially for m = 1,2,.. ., the values ¢!

(and preferably also p°) being determined by ICs. To
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this end, we first introduce a local mass balance in in-
tegral form, starting from (2), i.e.,

/ dplc(t))elr) dx — / dp(ci))c(i) dr

// (ev — DVc¢) dy dt
/ / C)CO dx dr (5)

and similarly for (1). Here, ¥ C Q and (Z,¢) is an arbi-
trary time interval.

Next, to derive vertex centered FVMs, we introduce a
dual mesh, by constructing the finite volume ¥; # ) for
each vertex x;. Here, we deal with barycenter based finite
volumes, but other types of vertex centered finite vol-
umes may be considered as well, see [2,9,14,16]. We
define the finite volume V; as the polygonal, bounded by
I'; (when x; ¢ 0Q), or by I'; UT? (when x; € 0Q), with
I = Uees, Ujens F andFO Ujen0 FO Here, A, is the set
of all indices e, such that x; € 07¢; when e € A;, A]is the
set of all indices j, such that x; and x; are nelghbourmg
nodes on 07, and finally, for x; € 0Q, A! is the set of all
indices j such that x; and x; are neighbouring nodes on
0Q. Further, I, is the line segment, connecting the
barycenter x° of the element 7¢ with the midpoint x;; of
x%;, while I'y; stands for the line segment Xx;, when x;
and x; € 0Q. An illustration of the notations is given by
Fig. 1.

We consider (5) and its analogon for the flow equa-
tion for V' =7V; and for the generic time interval
(tu-1,tm)- TO 51mp11fy the treatment of the BCs, we as-
sume that {c, p"}Y . are prescribed by Dirichlet BCs,
which allows us to consider only i = 1,..., /. Moreover,
at the remaining part of 02 we impose zero flux BCs,
causing eventual integrals over I ? to drop out. For a
more involved treatment of BCs, we refer to [8,9].

Furthermore, we approximate ¢ and p by (4) and we
apply suitable quadrature rules, deliberately chosen as
follows: for time integrals we use an implicit Euler
scheme, by evaluation of the integrand at ¢ =1¢,; for
integrals over V¢ = V; N T¢, we resort to a mass lumping
scheme, by evaluation of the integrand at x = x;; finally,
line integrals over I';; will be approximated by evalua-

Fig. 1. Notations for finite volume meshes.

tion of the integrand at a well-chosen point xj; =
x§; € I';;, taken to be x;; for the convective part. Other
quadrature rules could also be considered, see [14] for
e.g., the Crank-Nicholson scheme or the consistent
mass scheme.

In order to write the resulting algebraic system in a
transparent form, some further notations must be in-
troduced. Eventual discontinuities of the space depen-
dent coefficient functions between two elements are
taken into account by the notation f; or f; for the ex-
tension of a function fon 7° to x; € 0T° or to x;; € 0T°,
respectively. Moreover for time dependent data we omit
the upper index m (e.g., ¢;=c") and we write
cij ="(xy), ¢ =c"(x5), Ve, =Ve"(xj;) and anal-
ogously for p. Finally, by [V¢| and by || we, re-
spectively, denote the area of V¢ and the length of I,
We arrive at the system

Z|Ve|¢pc, +TmZZ‘F |,0 Cij U'ij

ec; ec/; /EAe
DI AICTIC)
eeA;
+ p(COF), i=1,....1 (6)
and
Z | Vie|¢fp(ci)ci + T Z Z |Ffj|n]
eeA; ech; jeA;
(plegenvy = ple)Dyves) = S el (d5p (e e
ec/;
+ 1, p(CCQS), i=1,....1. (7)

Here, nj; is the unit normal vector on I'j;, pointing from
V; to V. If no special approximation of v is used (see
[7,17,30] for the consistent velocity approximation), we
simply put

5 (- ples) )
Vi =~ Py — plcy g).

’ ﬂ(cz,) ’ !

Notice that equations can be assembled elementwise, as
in FEMs, the resulting algebraic system being nonlinear,
coupled and sparse.

Remark 1. Egs. (6) and (7) can be interpreted as discrete
local mass conservation properties in the finite volume
Vi, during the time interval (¢,_i,,). These mass bal-
ances also hold in the union of two adjacent finite vol-
umes, leading, by continuation, to discrete conservation
laws in the whole domain. When adapting the grid be-
tween subsequent time points, see [18], we should retain
these mass balances. In particular,

N

> ple) o 1Fe1¢r and D plee Y V145,

i=1 ec/; i=1 ecA;
should be preserved, as they represent in a discrete sense
the total mass of fluid, respectively, of salt in Q at t = ,,.
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We also give an equivalent form of (7), which will
help us to study the discrete minimum and maximum
principle and to introduce upwind methods. Invoking
(6), (7) may be rewritten in the form

D 19ip(e ) =) e ) > 1T
ec; ecd; jeA]
(len) (&= e )vg = ples)Dy Ve
+ T Y _IVEP(C) (e = C) O =0, i=1,....I. (9)
ec/;
Above, we formally introduced the notation
é&=c+ [};(cj —¢), JjEA, e, (10)

where Bi = ﬁf/ = 1/2, implying that ¢, = ¢;;. Hence, (7)
and (9) are equivalent. In Sections 5 and 6, this will be
referred to as the no upwind scheme.

Let k € A° when x; € T¢. Introducing the scalars

ne 1 e (4 e 4 e e )
Ak = 7 Z ‘Fij|p(cij)nij 'DijVNk(xij)v k€ A°\ {i},
plea) et
(11)
iy = I v €A (12)

which characterise the diffusive—dispersive and the con-
vective part of the numerical fluxes, respectively, (9) can
be rewritten as

P )Y el (e — )

ec/;

T Tw Z Z p(cit) (;Lfk - /;fkyfk) (ci —cx)
eed; ked\{i}

+ ot S VEP(COO (e~ C) =0, i=1,....1,
ec/;

(13)

where we formally take i, =1/2, and 75 =0 when
ke AN\ A kA

Remark 2. Egs. (6) and (13) form a system of nonlinear
algebraic equations, to be solved by some nonlinear it-
erative solver, where in each iteration a linearisation of
the nonlinear algebraic system has to be provided. For
our numerical simulations we choose a fully coupled,
nonlinear solver of Newton type. All derivatives in the
Jacobi matrix with respect to the unknown discrete
variables are computed analytically and no simplifica-
tions or decoupling techniques like Pickard iterations
are used: see e.g. [25].

4. Discrete minimum and maximum principle

Physically, the range of values for the concentration
of the transported species should be bounded — above

and below — by extreme values of some given data in the
mathematical model. Such a minimum and maximum
principle has been proved for the analytical solution of a
linear transport equation, where p and p are not de-
pendent on ¢, see e.g. [27]. Moreover for an appropriate
numerical discretisation scheme, also a discrete mini-
mum and maximum principle holds, under some as-
sumptions, see [2,14]. Here, we formulate similar results
for nonlinear, coupled flow and transport. For trian-
gular elements and isotropic diffusion without disper-
sion this was studied in [9]. In this paper, we allow for
the more general finite elements considered above, as
well as for a general diffusion—dispersion matrix.
Moreover, we derive upwind schemes in this general
context: cf. Section 5.

In the following two remarks we first discuss some
features of 4, corresponding to particular choices of the
quadrature nodes x{;, which appear in (11), for the ap-
proximation of the diffusive-dispersive fluxes.

Remark 3. As for the approximation of the convective
term, we can choose x{; = x;;. Here, in general, 1 # 4,
and, moreover, we cannot judge the sign of 7. How-
ever, for the isotropic case (i.e., D = ¢dI), with a grid
consisting either of equilateral triangles or of rectangles,
we obtain

e
/187)67 |Fik
ik — ki

f7|x._x/{|¢fkd§(>0,
1

k€ A (14)

and zero otherwise, where d5 = d(x5,): see e.g. [2,14].

Remark 4. We may also choose xj; = x°. Then, we get

ST Ing | - DVN(G), ke AT\ i},

JEAS

e ple)
/lik B P(Cik)

If 7°¢ is a rectangle or a triangle then we obtain that
2y = A7, (cf. [15] for the case of a triangle). Moreover for
the isotropic case and when all angles of the triangular
element 7° do not exceed n/2, we also have 4;, > 0: see
[2,14]. Again, in general, no conclusion concerning the
sign of /, is possible.

Below, the form (13) of the discrete transport equa-
tion is the starting point for our considerations.

Theorem 5. Let {c;, i=1,...,N} fulfill (13). Denote

1 < 1. Furthermore, suppose that for i = iy, and i = ipay
we have

¥ > B foree A, ke A\ (i), (15)
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Then,
we > min{min{e; | j> 1, j€ A% e € Ay},
ep lomin{Cy | e € 4,1},

Imin

¢

Cimax g max{max{cj |j > j’ j 6 Ae? e 6 Aimax}’
c’A”’l,max{Cfmax lee A, }}

Proof. Consider (13) for i = i, and i = iy, It suffices
to notice that all coefficients in this equation are non-
negative and some are strictly positive. [

The theorem above allows us to study the numerical
solution locally, for any subset of {¢; |i=1,...,I}, in-
cluding the case of a single equation. In particular, when
(15) is not fulfilled, this theorem is no longer valid and
non-physical behaviour of the numerical solution could
be observed. This may occur in the following two situ-
ations. First, if 17 < 0 in (15), the condition fails when
75 = 0. In other words, (15) can be violated, even in the
case of zero convection (Y4 = 0), due to the approxi-
mation of the diffusive-dispersive fluxes. However, also
when A3 > 0, (15) can fail, viz., when y, /A5, > 1/f;, = 2.
Mathematically, this corresponds to the numerical rep-
resentation of so-called convection dominated trans-
port, dealt with in Section 5.

5. Upwind algorithms

The term convection dominated transport is used
when the ratio of the relative contribution of convection
versus diffusion—dispersion to the solute transport is
larger then one. For the discrete transport equation (13),
the relation between the effectiveness of discrete mass
transport due to convection and to diffusion—dispersion
can be expressed in a convenient way by the (dimen-
sionless) grid Peclet numbers,

PS =1k when )% £0 foree A, ke A\ {i}.

ik = e

ik

(16)
Hence, when 4, > 0, Eq. (15) can be reformulated as
Pi<2, ec A, ke A\ {i}. (17)

If (17) fails, the minimum and maximum principle above
does not hold, and we can expect instabilities (non-
physical oscillations) in the numerical simulations. In
order to avoid the restriction (17), we resort to other
methods when dealing mathematically with the case of a
convection dominated discrete transport equation. We
present so-called upwind methods, which retain the
concept of local mass conservation.

_ The idea is to modify (13), by no longer taking
B;; = 1/2. Consequently, we are not dealing anymore
with a direct approximation of the exact mass balance
(5), in which ¢ and p have been replaced by ¢ and p, (4)

and to which numerical quadrature has been applied.
Yet, we can interpret upwind methods as the replace-
ment of ¢ by another approximation of ¢, which is more
suitable for the convective—diffusive fluxes.

We proceed as follows: see [2,24]. Define, for some
function u(s), s € (0,1),

Ji = Ji(uls)) = vi(u(s) — ci) — 4; Qaus),

= 1,...,], eE/l,—, ]EA,E

For u(s) = ¢(x(s)), with x(s) = x; + (x; — x;)s, we have
u(s) =c¢;+ (¢;—c;)s. The corresponding  values

Ji(i(1/2)) appear exactly in (13). Moreover, in the sit-
uation of Remark 3 we have

T ;- (vg(c(zm,x(s)) —e)— d;.vc(tm,x(s)))

= Ji(c(tm, x(s)))-
We aim at replacing the function #, approximating
¢(tm,x(s)), by a more appropriate interpolation profile i,

leading to a constant value of J(ii(s)) for s € (0, 1). This
function is found as the exact solution of the equation

O (u(s)) =0, s€(0,1), withu(0) =c¢; u(l)=c;.
(18)

For }fj = 0, i.e., the hyperbolic case, only the BC at the

inflow boundary is imposed, i.e., u(0) = ¢; for yj; > 0 or

u(l) = ¢; for y;; <0. Consequently, the function # is
given by

i = a(s)
exp(P‘.".x)fl e .
Ci+(cj_ci)m7 /lij;«éo, ’/ij?é(),
= i+ (e —a)s, A0, 95=0, (19
o By=0. 95> 0,
ek b =0, 75 <0.
Next, we define J;; = ( )v; _ ﬁf;?fj)(ci ~¢;), where
1 1 4 e
P exp(P)-17 /Lfi>07 /ij7é07
ﬁtej = 07 /LZ < 07 y;’/ > ()7 (20)
L 4; <0,y <0,

Note that if 4j; > 0, then J;j = J{(u). Moreover, we do
not need to define f; when yj; = 0. When 4j; <0, to
avoid so-called downwind schemes, the value of ﬁfj cor-
responds to the case 4 =0 in (19). If 4], = 4}, we can
easily show that f, =1 7, as P; = —P;. In general,
we define f3;;, entering (10), by
B;:ﬁ; for 77, >0 and Bl‘szl—[}; for yj; <0.
(21)

As 9y}, = —%, this definition is consistent. Together with
(20) it defines the so-called exponential upwind scheme.
Moreover, from (10), we have that ¢, = ¢4 and hence
the global discrete mass conservation property is
preserved.
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Using (21) in the discrete transport equation (13), (15)
is seen to be fulfilled for ifj > 0. Hence, in this case the
discrete minimum and maximum principle is ensured,
even for convection dominated transport. The only
drawback of the scheme (20) may be the expensive
evaluation of the exponential function. To avoid this,
other upwind schemes are considered, which are based
on a suitable modification of the exponential interp-
olation profile (19), see [2,24] for details. The simplest ex-
ample is the full upwind scheme, where (20) is replaced by

p; =0 fory; >0 and fj=1 foryj <0. (22)

Notice that, for ifjg(), (22) appears in (20). Another
popular method is the partial upwind (or “hybrid”)
scheme: see [14,24]. Here (20) is replaced by

1 A >0, =2<P5<2,
=, X >0, Pg>2,
v
B, =141 +%, 2, >0, P;< =2, (23)
0, /<0, 95>0,
L, 4;<0, 95 <0.

Eq. (23) constitutes the smallest modification of (13),
required to fulfill (15). In fact for —2<P;<2, no up-
wind is applied in (23).

For a comparison of the schemes based on (20), (22)
and (23), we refer to Fig. 2 below, where the dependence
of fj; on P = 9§ (with /7, = 1) is shown. From Fig. 2, it
is clear that visible differences between the exponential
and the partial upwind scheme only occur for |P5| < 6,
while the full upwind scheme differs significantly from
the others for |Pf| < 15.

Finally, we note that the exponential and the partial
upwind scheme depend on the discrete unknowns
through f;, = ;,(P;) and P; = P;(c;,cr). Hence the
linearisation of a nonlinear iterative solver has to take
into account the derivatives of f;, w.r.t. ¢; and ¢. In
(20), p;, depends smoothly on P, in contrast to (23),
where the first derivative jumps for Pj = £2.

0.8

0.6

beta

0.4

0.2

-14 -12 -10 -8 -6 -4 -2 g 2 4 6 8 10 12 14

Fig. 2. Comparison of f,(F;;) for the upwind schemes (20), (22) and
(23).

6. Numerical experiments
6.1. Description of the problem

The Elder problem is an example of density driven
flow, motivated by experimental measurements of ther-
mally driven convection in porous media, see [6]. A
solutal analogue of the thermal convection was defined
in [30] and since then the Elder problem became a widely
used benchmark for density driven flow simulators, see
[1,18,19,21,23], or see [3,13,22] for closely related prob-
lems. It describes an instable situation in a closed box,
where a dense fluid lies on top of a less dense fluid, see
also the modelling of an evaporating salt lake [26]. The
complexity of the Elder problem may be presumed from
the fact that many authors report qualitatively different
numerical results.

In this paper, we use the Elder problem to illustrate
the discretisation method outlined above (including
upwind methods), and we moreover give an explanation
for seemingly incompatible results presented in other
papers. Furthermore, we try to provide a reference nu-
merical solution for this problem.

The domain is taken to be rectangular, corresponding
to a vertical cross-section of the physical domain.
Moreover, by the symmetry of the original problem, it
suffices to consider only (the left) half of the rectangle
considered in [6,30].

Hence, the computational domain has dimensions
300 m x 150 m, with left bottom corner (x,y) = (0,0)
and right top corner (x,y) = (300, 150).

Initially, ¢(0,x,y) =0 inside the domain. For the
BCs, we strictly follow the model outlined in [30] and
implemented by other authors also, although a more
appropriate choice could be made, see e.g. [8,20]. For
the concentration the BCs are given by the Dirichlet
conditions

c(t,x,0) =0 for x € (0,300), ¢ =0,
e(1,%,150) = 1 for x € (150,300), >0

and by zero flux conditions elsewhere. For the pressure,
a zero flux BC is prescribed everywhere, except at the
left top corner, where the pressure is supposed to be
fixed at the value p = 0. Further, we need to specify the
data appearing in the mathematical model. First, the
equation of state is given by

(© (l—c_i_c>1
plc) = - 9
Pw Pp

where p,, = 1000 and p,, = 1200. Other data are ¢ = 0.1,
k=4.845x 10", u1 =103 g=(0,-9.81), D= ¢dl,
with d = 3.565 x 107, All values, as well as the specific
form of the equation of state, were chosen as in [23].
The discretisation method described in this paper was
implemented in the D3F (distributed density driven
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flow) package, see [8], itself being based on the numer-
ical library UG (unstructured grids), [3]. In addition, we
applied the algorithm of consistent velocity approxi-
mation, see e.g. [7]). As we aim at comparing our
computations with results from other papers, where no
upwind schemes were applied, we have used the partial
upwind scheme (23), which only introduces a minimal
modification with respect to the no upwind scheme. A
discussion of different upwind schemes follows at the
end of this section.

The nonlinear algebraic system was solved by a fully
coupled, nonlinear iterative solver of Newton type [3],
with analytical computations of all derivatives with re-
spect to the unknown discrete variables in the corre-
sponding Jacobi matrix. After each Newton iteration the
discrete L, norm of the defect (residual) of the system
was computed. The iterative process was stopped when
the norm of the initial defect (computed from the initial
guess) was reduced by a factor 107® compared to the
norm of the last defect. As the convergence for the
chosen time step was very good, the iterative procedure
required in average only three iterations, after which the
norm of the initial defect was reduced in average by a
factor 1071

6.2. Discretisation method and numerical results

We discretise the domain using a structured, uniform
grid with bilinear square elements. Such a grid can be
characterised by its level, defined as follows: the grid at
the /th level, (I =0,1,2,...), consists of 2%*! identical
square elements. The computations were executed at
grid level 7: (i.e., with 32 768 elements) and with a uni-
form time step 7= 0.025 yr. The corresponding nu-
merical results are presented in Fig. 3, where the mass
fraction isolines ¢ = 0.2, 0.4, 0.6 and 0.8 are shown, as
well as the velocity field v at chosen points in the do-
main, at 12 different time points. Grey arrows in the
velocity plot indicate that the length of the velocity
vector v was cut beyond some critical value, in order to
avoid long arrows in the graphics.

In what follows, we aim at interpreting the results
obtained and at comparing them with those presented in
[19,21,23].

Due to the initial density difference at the midpoint of
the upper boundary, a flow pattern is developed in the
form of a recirculation cell. Thus, due to the convective
transport, a so-called “finger” of brine appears, ac-
companied of two recirculation cells, see Fig. 3 for t = 1
yr. Next, density differences in the neighbourhood of the
first finger cause the development of a second one, see
Fig. 3 for t = 2 yr. In total, three fingers and a half are
developed (7 in the original domain), see Fig. 3 for
t =2.5 and ¢t = 3 yr. However, meanwhile, mutual in-
teractions cause the merging of two fingers at some time
t in the interval (2 yr, 3 yr), as well as in (5 yr, 6 yr), and

Fig. 3. Results fort =1, 2, 2.5, 3, 4, 5, 6, 7, 10, 12, 15 and 20 yr
at grid level 7.

finally in (10 yr, 12 yr). As a consequence, when ¢ > 12
yr, only a half finger of brine, accompanied of one re-
circulation cell, can still be observed in Fig. 3. This
constitutes a major difference with the results in
[19,21,23], where a complete finger of brine is observed
for t = 20 yr.

To estimate the truncation error from the time dis-
cretisation, the “reference” simulations were performed
for the time step t = 0.00625 yr as well. No important
visible differences were observed with respect to Fig. 3.

In [23], the computations were executed for grid level
5 and for a non-uniform grid which closely resembles
our grid level 6. As the results obtained did not differ
significantly for these two ‘‘consecutive” grids, the
authors concluded to achieve so-called “grid conver-
gence”’. This conclusion is also quoted by other authors,
see e.g. [19,26], but seems to be incorrect. To be able to
argue this more profoundly, we have executed some
computations on grids of the levels 5 and 6. Here, we
have obtained results which are very similar to those
presented in [1,19,21,23], as can be seen in Fig. 4.

From these computations, we may also observe that,
for t = 4 yr, the numerical solutions for the grid levels 6
and 7 are still very resembling, with a minor difference
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Fig. 4. Results for t =4, 7 and 20 yr at grid level 6.

concerning the half finger at the top right corner. On the
coarser grid, this half finger disappears and the 2 re-
maining fingers merge at a later time, see t =7 and
t = 20 yr. For grid level 5 the half finger does not even
occur at all for ¢t = 4 yr. In general, the finer the grid, the
more fingers we may observe at an early stage in the time
process. This leads us to the conclusion that the nu-
merical solution at grid level 7 is closer to the exact
solution of the Elder problem than the one at grid
level 6.

To support this conclusion we resorted to a further,
local adaptation of the grid, as the computational cost
became too high for a uniform refinement up to level 8.
In fact, the grid was uniformly refined up to level 6, but
the next two grid levels were created by a local refine-
ment procedure, using an a posteriori error estimator,
described in [18]. Moreover, this grid refinement (and
coarsening) was also applied during the time simula-
tions. The error estimator required to refine all elements
near the top boundary side, causing the grid to resemble
strongly the one of level 8 at this part of the domain.
The numerical results correspond very well to the results
at grid level 7: see Fig. 5 for an illustration. Note that the
unstructured grid in Fig. 5 not only contains square
elements, but also triangles and general quadrangles: see
[3,18].

The observation of different “asymptotic”’ behaviour
of the numerical solutions suggests that non-unique
stationary solutions exist for the Elder problem. In this
context, the notion of a (numerical) stationary solution
is used for the transient problem, if the numerical so-
lution no longer changes while continuing with the time
process. For the qualitatively very similar problem of
Beénard convection, the existence of several stationary
solutions has been proved, see [11,13,22]. Here, we have
found three different numerical stationary solutions,
which differ in the number of fingers and, correspond-
ingly, in the number of recirculation cells. They are

Fig. 6. Different stationary solutions at grid level 7.

presented in Fig. 6 for grid level 7 — however, all three
can be observed for various grid levels.

The first solution, shown in the left picture of Fig. 6
was obtained by computing the Elder problem for grid
level 7 and for large simulation times. The second one, in
the middle, was found by computation of the stationary
solution for grid level 6, followed by a uniform refine-
ment of the grid and transient computations for grid
level 7. Finally, the third solution, at the right of Fig. 6
was obtained by an analogous strategy, now starting
from grid level 4.

Consequently, one may expect very different numer-
ical solutions, when imposing even slightly modified ICs.
To illustrate this assertion we consider a very small and
local perturbation of the standard ICs. We take e.g.,
¢(0,300,150 — 150/64) = 0.01, i.e., for one of the ver-
tices of the square element at the upper right corner of
the domain, we replace the original zero IC by the value
0.01. The numerical results, obtained for grid level 6 are
presented in Fig. 7 at three different times. At ¢ = 0.5 yr,
one can still observe a strong resemblance with the un-
perturbed problem, but at ¢t =4 yr, the differences are
already very clear. In fact, the solution for the perturbed
problem will asymptotically reach the stationary solu-
tion, where a half finger of brine occurs, while for the
unperturbed problem, the stationary solution shows a
complete finger.

Different transient behaviour of the numerical solu-
tions can also be caused by the numerical method itself,
see e.g. [22] for the problem of Beénard convection. In
particular, when the grid is not aligned according to the
sides of the domain, the interpolation of the ICs can
cause a perturbation which, eventually, may determine
the character of the numerical solution. When however,
the refinement of the grid does not affect the character of
the perturbation (e.g., by uniform refinement of the
initial unstructured grid), one can observe grid conver-
gence of the numerical solution, but the result may differ

Fig. 5. The locally adaptive grid and the corresponding results for
t=4yr.

Fig. 7. Results for the perturbed problem at ¢ = 0.5, 2 and 4 yr at grid
level 6.
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from the one presented in Fig. 3. Nevertheless, we may
expect the uniform and aligned grid with square ele-
ments to be “free’” of perturbation.

6.3. Application of various upwind methods

To illustrate the features of the different upwind
schemes, for the Elder problem, we compare the cases of
the no upwind scheme, the exponential upwind scheme
(20) and the full upwind scheme (22).

First, we have executed our computations on a coarse
grid of level 4, see Fig. 8 for a comparison of the results
at t = 3.5 yr. When no upwind is applied, we observe
large negative values of ¢ near the middle of the upper
boundary. For both upwind methods no negative values
of ¢ occur, but only the results based on the exponential
scheme resemble the solution with no upwind, while
those corresponding to full upwind are significantly
different.

In general, the finer the grid, the less apparent the
differences between all methods become. In fact for grid
level 7 the differences between the no upwind scheme,
the exponential scheme (20) and the partial upwind
scheme (23) are negligible and not visible in Fig. 3. The
negative oscillations in case of no upwind only occur at
the early stage of the time process and disappear later
on. On the other hand, the full upwind scheme produced
the numerical solution analogous to the Fig. 4, even for
grid level 7.

As it is clear from the previous subsection, very fine
grid refinements are necessary for the Elder problem to
resolve the correct development of the numerical solu-
tion from the ICs. To explain clearly the advantages of
advanced upwind schemes we have computed the Elder
problem for different ICs, represented by the results of
the full upwind scheme in the right picture of Fig. 8 at
t = 3.5 yr. Starting from these ICs, grid convergence was
reached very quickly. This is confirmed by the following
computations. The results for the no upwind scheme are
presented in Fig. 9, at t = 7 yr for grid levels 4, 5 and 6.

Fig. 8. Comparison of no upwind with the exponential and the full
upwind scheme.

{ (

Fig. 9. The no upwind scheme for the grid levels 4, Sand 6 at t = 7 yr.

For the coarse grid level 4 the large negative oscilla-
tions develop (¢ = —1). They persist in the computations
up to grid level 6, but they are getting smaller and they
obtain a rather local character. The computations for
the exponential upwind scheme are presented in Fig. 10.
The comparison of Figs. 9 and 10 suggests that the
numerical solutions for grid level 5 for both schemes
represent well the exact solution for this special choice of
ICs, but only the upwind scheme produces the solution
with no non-physical oscillations. For the coarse grid
level 4 only the upwind method seems to produce a
reasonable numerical approximation of the solution.

As in [13,19,23] one can estimate the “global” Peclet
number (also referred to this type of problems as the
“Rayleigh” number) by

po (P pw)ng7 (24)
pod

where g = |g| and H is the height of the domain. For the
Elder problem we have P = 400. This means that for
grid level 0 we can estimate the local Peclet numbers by
Py, < 400, for grid level 4 we have P, < 25 and finally for
grid level 7 we have P, < 3,125. From this point of view
the behaviour of the no upwind scheme and of the up-
wind schemes for different grid levels corresponds to our
results on the discrete maximum principle.

Finally, we can confirm a slightly better convergence
of the iterations for computations with the exponential
upwind scheme than with the partial upwind scheme.
The convergence was very good in both cases and the
difference only became more pronounced for larger time
steps.

As in practice, the computational memory is always
restricted, advanced upwind methods, like the partial or
the exponential upwind scheme, offer several advan-
tages. They produce a physically acceptable numerical
solution, without restrictions on the grid Peclet num-
bers, moreover avoiding excessive grid refinement in the
case of convection dominated transport. The full up-
wind scheme, on the other hand, causes unnecessary
large smoothing (or damping) effects and should rather
be replaced by more advanced schemes.

It is well-known that upwind methods can impose a
grid effect (artificial diffusion) on the numerical solution,
if the grid is not aligned to the convective velocity field,
see [24]. To reduce such grid effects the method of
aligned finite volumes was implemented in D*F: see [16].

{ {

Fig. 10. The exponential upwind scheme for the grid levels 4, 5 and 6
att="7yr.
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As described in [8,9], upwind methods can successfully
be implemented in this context as well.
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