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Abstract Many estuaries are strongly modified by human interventions, including substantive
channel deepening. In the Ems River Estuary (Germany and Netherlands), channel deepening between
the 1960s and early 2000s coincided with an increase in the maximum near-bed suspended sediment
concentration from moderate (∼1 kg/m3) to high (>10 kg/m3). In this study the observed transition
in the suspended sediment concentration in the Ems is qualitatively reproduced by using an idealized
width-averaged iFlow model. The model is used to reproduce observations from 1965 and 2005 by only
changing the channel depth between the years. Model results show an increase in sediment concentrations
from approximately 1–2 kg/m3 to 20–30 kg/m3 near the bed between 1965 and 2005 if the river discharge is
below 70 m3/s, which holds approximately 60% of the time. Thereby, this study for the first time provides
strong evidence for earlier published hypotheses that channel deepening was the main driver of the
increased sediment concentrations in the Ems. The results are explained using two aspects: sediment
transport (longitudinal processes) and local resuspension (vertical processes). The magnitude of the
sediment import increased, because a combination of channel deepening and sediment-induced damping
of turbulence increased the M2–M4 tidal asymmetry. This effect is particularly strong, because the M4
tide evolved to a state close to resonance. All imported sediment is kept in suspension when it is assumed
that resuspension is sufficiently efficient, which depends on the value of the erosion parameter used and
inclusion of hindered settling in the model.

Plain Language Summary Between the 1960s and early 2000s, the sediment concentration
observed in the Ems River Estuary (Germany and Netherlands) has increased strongly. This increased
sediment concentration is relevant as it is associated with a severe deterioration of the ecosystem. During
the same period, the estuary underwent multiple human interventions including substantive channel
deepening to support large ships. This study demonstrates that the observed increase in sediment
concentrations can be reproduced qualitatively using a computational model when only accounting for
the change of depth between the 1960s and 2000s. Thereby, this study provides strong evidence for earlier
published hypotheses that channel deepening is the main driver resulting in increased sediment
concentrations. The used model is an idealized width-averaged model called iFlow. The model is idealized
in the sense that it specializes in modeling the large-scale trends and uses simplified descriptions of some
physical processes, focused on capturing the qualitative behavior. The model simplifications allow for
a thorough and systematic analysis of the underlying physical processes and uncertainties. Using this
analysis, a deeper understanding of the model results and related uncertainties is obtained.

1. Introduction
Estuaries are known to be efficient sediment traps, with sediment concentrated in one or more estuarine
turbidity maxima (ETM). The maximum sediment concentrations in such ETM typically range between 0.1
and over 10 kg/m3 and may be several times to orders of magnitude higher than in the surrounding waters.
Several examples exist of estuaries that underwent a strong increase in the sediment concentration in their
ETM, including the Ems (Germany and Netherlands) and Loire (France) Rivers (Winterwerp et al., 2013).
Such a transition has severe consequences for the ecological functioning of the estuary, as high suspended
sediment concentrations are associated with a strong reduction in oxygen levels (e.g., Talke, De Swart,
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Figure 1. The Ems River Estuary, located in Northern Germany and
Netherlands discharging into the Wadden Sea-North Sea. Our model
domain is from Knock to the tidal weir at Herbrum, 64 km from Knock.

& De Jonge, 2009; Uncles et al., 1998) and primary production (Cloern,
1987). The increased sediment concentration in both the Ems and Loire
Rivers is hypothesized to be due to man-made changes to the estuary in
the last several decades, most notably deepening of the shipping chan-
nel (Winterwerp & Wang, 2013). Considering the large-scale deepening
projects in many estuaries around the world, it is important to understand
the effect of channel deepening on the sediment concentration in the Ems
and Loire, to assess if a similar large increase in sediment concentration
can happen in other estuaries as well.

In this study we focus on the Ems River Estuary; see Figure 1. In the
1950s, the ETM in the Ems River was located approximately between
Pogum and Terborg (km 15–25), with typical concentrations at the sur-
face estimated around 0.1–0.2 kg/m3 (De Jonge et al., 2014) and at the
bed around 0.5–2 kg/m3 (Dechend, 1950). After dredging operations that
occurred between 1960 and 1994, the ETM had moved upstream and had
become a wide turbidity zone between approximately Pogum/Terborg
(km 15–25) and the tidal weir at Hebrum (km 64). Typical sediment con-
centrations in this ETM are 1–4 kg/m3 at the surface (De Jonge et al.,
2014) and 10–100 kg/m3 near the bed (Becker et al., 2018; Papenmeier et
al., 2013; Talke, De Swart, & Schuttelaars, 2009; Wang, 2010).

Several modeling studies have focussed on this transition in the sediment concentration in the Ems. All
studies to date have done so by calibrating their model separately for conditions before and after the transi-
tion. Using various models ranging from highly idealized to complex, it was found that a lower roughness
is required to calibrate to conditions after the transition to high sediment concentrations (Chernetsky et al.,
2010; Van Maren et al., 2015; Winterwerp et al., 2013). Using an idealized model and simultaneously deepen-
ing the channel and lowering the roughness, Chernetsky et al. (2010) and De Jonge et al. (2014) qualitatively
reproduced the upstream shift in the ETM position. However, as their model assumed a prescribed amount
of sediment in the estuary, they could not draw conclusions about the increase of the sediment concen-
tration. Using a numerical three-dimensional model calibrated to recent conditions (year 2005), Weilbeer
(2007) and Van Maren et al. (2015) obtained concentrations up to 10 kg/m3 near the bed in the ETM, thereby
demonstrating that it is possible to find high sediment concentrations in the model under suitable hydro-
dynamic conditions. However, in order to dynamically model the actual transition, the reduced roughness
and increase in concentration should not follow from recalibration but have to be resolved by the model
itself. It is thought that the reduced roughness is caused by damping of turbulence and bed friction by the
high sediment concentrations (Winterwerp & Wang, 2013). Winterwerp and Wang (2013) and Van Maren et
al. (2015) go one step further and hypothesize about the existence of a positive feedback loop, where a high
sediment concentration leads to a reduction of the hydraulic roughness, which in turn leads to the import of
more sediment. However, no study to date has shown that deepening of the estuary indeed leads to a highly
increased import and trapping of sediment nor has it been shown that this imported sediment is indeed able
to reduce the hydraulic roughness to the extent necessary to match observations.

The goal of this study is to show whether channel deepening alone can be responsible for the transition from
low to high sediment concentrations in the Ems and what physical mechanisms underlie this transition.
This is done by extending and using the idealized width-averaged process-based iFlow model (Dijkstra et al.,
2017). Focus of the study is on the qualitative characteristics of the dynamic equilibrium state of the sediment
concentration estuary for conditions of 1965 and 2005 (i.e., before and after the deepening operations) and
the physical processes essential to establish this state. The model is calibrated only to conditions before
deepening, and the model results after deepening are systematically analyzed for different parameters to
verify the robustness of the results.

A short description of the iFlow model and the extensions is given in section 2. Section 3 presents the data
used to set up the model. The results of the 1965 and 2005 cases for default parameter settings are presented
in section 4 and further analyzed in section 5. The sensitivity of the results to several model parameters is
discussed in section 6. Finally, the conclusions are summarized in section 7.

DIJKSTRA ET AL. 1579



Journal of Geophysical Research: Oceans 10.1029/2018JC014367

2. Model
The framework used for this study is an extended version of the iFlow model described by Dijkstra et al.
(2017). iFlow is a width-averaged idealized model that solves for the continuity and momentum equations
for the water motion and the mass balance equation for sediment. Several assumptions are made to speed
up the model and allow for detailed analysis of the most important processes in the equations. First, it is
assumed that the estuarine geometry can be parametrized by smoothed width and depth profiles, ignoring
bathymetric variations on length scales much smaller than the length of the estuary. Second, it is assumed
that the water surface elevation is small compared to the mean depth. This allows the use of scaling and
perturbation methods, which leads to systems of mathematical equations that can be solved at low computa-
tional costs. Furthermore, it allows for making a decomposition of the water motion and sediment transport
into contributions by individual physical forcing mechanisms. Third, the model resolves only the subtidal,
M2 and M4 contributions to the water motion and sediment dynamics, imposing an M2 tide and an M4 tide
at the mouth and a constant river discharge at the head of the estuary. The subtidal and tidal contributions
are computed for a dynamic equilibrium. This means that the water motion and sediment concentration
are allowed to vary on a tidal time scale but not on a subtidal time scale. Considering dynamic equilibrium
prevents spin-up time, hence strongly reducing the computation time compared to models based on time
stepping routines. Below, we discuss the elements of the model that are changed or added to the version
presented in Dijkstra et al. (2017) in more detail.

The first change to the iFlow model is the parametrization of the erosion rate E, which here represents
erosion of a soft nonconsolidated layer of fine sediments on top of a nonerodible layer. The erosion rate is
written as the product of the potential erosion Ê and the erodibility f (Brouwer et al., 2018; Dijkstra et al.,
2018), that is,

E = Ê𝑓. (1)

The potential erosion Ê is the erosion rate assuming an abundant availability of sediment. The potential
erosion is parametrized using the formulation of Partheniades (Kandiah, 1974) but assuming a negligible
critical shear stress

Ê = M|𝜏b|. (2)

The parameter M is an erosion parameter, and 𝜏b represents the bed shear stress. The erodibility f takes
values between 0 and 1 to account for the amount of sediment on the bed. If no easily erodible sediment is
available at the bed at any time during the tidal cycle, f = 0 and consequently the erosion is zero. If easily
erodible sediment is available at the bed during the entire tidal cycle, f equals one and E = Ê. If easily
erodible sediment is available at the bed only during a part of the tidal cycle, f takes a value between 0 and
1 (see Brouwer et al., 2018, for an elaborate discussion and derivation of the erodibility).

As a second extension to the model, the sediment settling velocity is allowed to vary along the channel due
to the effects of hindered settling (Richardson & Zaki, 1954). Here we use a parametrization of hindered
settling in which the settling velocity in each water column is based on the subtidal near-bed sediment
concentration, according to

ws = ws,0

⟨
1 −

⟨cbed⟩
cgel

⟩5

. (3)

Hence, ws does not vary on the tidal time scale and is depth uniform. For concentrations much lower than
the gelling concentration cgel, ws equals the prescribed clear-water settling velocity ws,0.

The third and final extension to the model is a dependency between the eddy viscosity, eddy diffusivity,
and bed friction parameter and the sediment concentration, parametrizing the effects of sediment-induced
turbulence damping. The eddy viscosity and eddy diffusivity are assumed to be constant over a tidal cycle
and are depth uniform. They are parametrized as functions of the depth-averaged velocity U(x, t), the depth
(consisting of the bed level H, reference surface level R, and surface elevation 𝜁), and the depth-averaged
gradient Richardson number Ri(x, t)

A𝜈 =
⟨

cv,1(z∗0)U(H + R + 𝜁 )F(Ri)
⟩
, (4)
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K𝜈 =
⟨ cv,1(z∗0)

𝜎𝜌
U(H + R + 𝜁 )G(Ri)

⟩
. (5)

The coefficient cv,1 is a drag coefficient that depends on a dimensionless roughness height z∗0 = z0
H

(Dijkstra
et al., 2017), and 𝜎𝜌 is the Prandtl-Schmidt number, which is set to 1 by default. The functions F and G
are based on the damping functions suggested by Munk and Anderson (1948), using the depth-averaged
Richardson number Ri instead of the bulk Richardson number. The damping functions read

F(Ri) =
(

1 + 10Ri
)−1∕2

, (6)

G(Ri) =
(

1 + 3.33Ri
)−3∕2

, (7)

with the gradient Richardson number defined as

Ri = −
g𝛽c

𝜌0

cz

u2
z + u2

z,min

.

Here 𝛽c = 1 − 𝜌0∕𝜌s is the conversion factor from sediment concentration to density, where 𝜌0 is the
clear-water density (assumed equal to 1,000 kg/m3) and 𝜌s is the dry sediment density (assumed equal to
2,650 kg/m3). The variable uz is the vertical gradient of the along-channel velocity, and uz,min represents a
background shear to parametrize flows that are not accounted for (e.g., lateral flows, wind-driven flow, and
small-scale circulations), nonlocal turbulence production and inertia in turbulence dissipation. Practically,
it prevents the Richardson number from becoming unrealistically large.

The bed shear stress used to compute the friction felt by the water motion, 𝜏b,w, is parametrized using an
expression that captures the qualitative effect of a quadratic friction law

𝜏b,w = s𝑓ubed, (8)

where ubed is the velocity near the bed and sf is a partial slip parameter that depends on the depth-averaged
velocity U, defined as (Dijkstra et al., 2017)

s𝑓 =
⟨

cv,2(z∗0)cDU
⟩
. (9)

The function cv,2 is a drag coefficient that depends on z∗0 and cD is a reduced-drag coefficient, which accounts
for the deformation of the logarithmic boundary layer due to sediment stratification. As the model does
not resolve the bottom-most part of this boundary layer, the deformation of this boundary layer needs to be
accounted for in the bed friction parametrization. This is done through a reduced-drag coefficient follow-
ing studies by Adams and Weatherly (1981), Friedrichs et al. (2000), and Wang (2002). This reduced-drag
coefficient is expressed as

cD =
(
1 + A ⟨Rfbed⟩)−2

, (10)

with the parameter A empirically determined by the aforementioned studies and set to 5.5. The parameter
Rfbed is the flux Richardson number near the bed, which reads

Rfbed =
K𝜈

A𝜈

Ribed.

To avoid a drag reduction that is much stronger than has been observed in laboratory studies, the value
of Rfbed is limited to a maximum value Rfmax = 2. A flux Richardson number of 2 may still seem large
compared to the often mentioned critical value around 0.25. However, the Richardson number must be
interpreted differently in this model, as our turbulence model does not produce a sudden strong reduction
of turbulent mixing at Richardson numbers near its theoretical critical value. As a result the model allows
for much larger Richardson numbers.

Whereas the bed shear stress for the water motion parametrizes the friction generated in the lowest part of
the bottom boundary layer, the bed shear stress that generated sediment erosion 𝜏b strictly applies to the
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Figure 2. Summary of the model components (boxes) and the solution
methods (in italics), indicating the iteration over the components by arrows.

water-bed interface. Therefore, near-bed stratification should not be
accounted for in the bottom boundary condition for sediment. Therefore,
𝜏b, used in the erosion formulation 2, is parametrized as

𝜏b = ssubed, (11)

where ss is equal to sf with cD = 1.

The use of a depth-averaged and tidally averaged eddy viscosity, eddy
diffusivity, and settling velocity, combined with the iFlow solution pro-
cedure (Dijkstra et al., 2017), allows for semianalytical solutions to the
hydrodynamic and sediment concentration equations. The solution pro-
cedure is summarized in the flow diagram of Figure 2. Given the tur-
bulence and drag parameters, the vertical profiles of the velocity are
computed analytically. They still depend on the water levels, which are

computed numerically. The water motion is used as input to the sediment dynamics, where the vertical varia-
tion of the sediment concentration is computed analytically and depends on the erodibility f . The erodibility
is computed analytically if f < 1 everywhere and numerically otherwise. Using the sediment concentra-
tions, new values for the settling velocity (equation (3)), turbulence, and drag parameters (equations (4), (5),
and (9)) are obtained. This is iterated until the settling velocity and turbulence parameters have a relative
change per iteration of less than 10−4. For the numerical computation of the water level and erodibility, a
second-order finite differences method is used on an equidistant grid containing 250 grid cells.

3. The Ems in 1965 and 2005
The Ems River Estuary consists of the lower Ems estuary on the Dutch-German border, the shallow Dollard
Bay, the upper Ems estuary, and tidal river in Germany. Following earlier studies by Chernetsky et al. (2010)
and Van Maren et al. (2015), we focus on the upper estuary and tidal river; see Figure 1. This part of the river
stretches from Knock to a tidal weir at Herbrum and has a total length of 64 km.

The width of the estuary is estimated from satellite images and is fitted by a smooth polynomial curve; see
Figure 3 (left panel). Shallow areas and the Dollard bay have been ignored. It is assumed that the width is
the same between 1965 and 2005, because most of the narrowing works and land reclamations were done
before 1965. The depth of the channel in 1965 is derived from Janssen (1968); see also De Jonge et al. (2014).
Channel depth data for 2005 were obtained from WSA Emden and were presented earlier by De Jonge
et al. (2014). Both sets of depth measurements and smooth curve fits for use in the model are plotted in
Figure 3 (right panel). The smooth fits average over the large-scale dunes with typical amplitudes of 2–3 m
and lengths of 5–10 km. Hence, the model does not resolve their effect on the dynamics of the water and
sediment.

Observed water levels are used to determine the tidal forcing at the seaward boundary in the model, to
calibrate the 1965 model and to validate the results of the 2005 model. For 1965, the observed water level

Figure 3. (left) Channel width estimated from satellite images and a smooth fit used in the model. (right) Measured
channel depth in 1965 (Janssen, 1968) and 2005 (WSA Emden; see also De Jonge et al., 2014) with smooth fits used in
the model.
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Table 1
Default Model Parameters for the Ems in 1965 and 2005

Component Parameter Description 1965 2005
Hydrodynamics A0 M2 water level amplitude at x = 0 1.34 m 1.40 m

A1 M4 water level amplitude at x = 0 0.18 m 0.21 m
𝜙0 M2 water level phase at x = 0 0 0
𝜙1 M4 water level phase at x = 0 −178◦ −171◦

Q River discharge 30–150 m3/s
Salinity ssea Seaward salinity 30 psu

xc Translation (depends on Q) 4.9 to −4.2 km
xl Salt intrusion length scale (depends on 4Q4) 13.5 to 10.4 km

Sediment csea depth-averaged subtidal concentration at x = 0 0.1 kg/m3

Kh Horizontal eddy diffusivity 100 m2/s
M Erosion parameter 0.02 s/m

ws,0 Clear-water settling velocity 1 mm/s
cgel Gelling concentration 100 kg/m3

Turbulence 𝜎𝜌 Prandtl-Schmidt number (=A𝜈∕K𝜈 for Ri = 0) 1

uz,min Velocity gradient for background turbulence production 0.03 L/s

amplitude is derived from tidal curves for a mean tide drawn in a report of the German Federal Waterways
Engineering and Research Institute (Bundesanstalt für Wasserbau (BAW), 1967). The M2 and M4 tidal ampli-
tudes and relative phases are derived from this by a spectral analysis, but the tidal phase difference between
the stations could not be derived. The 2005 data set is available from the Lower Saxony state department for
water management, coastal and nature conservation (NLWKN) as a high-resolution time series of almost
the entire year. The year-averaged M2 and M4 tidal amplitude and phase are derived using complex demod-
ulation (e.g., Jalón-Rojas et al., 2016), thereby averaging over the spring-neap cycle and seasonal variations.
From the observations we derive the model forcing at the seaward boundary; see Table 1.

The river discharge of the Ems River is measured at Versen, a station approximately 40 km upstream from
the weir at Herbrum. Taking the average of daily discharge measurements between 1987 and 2006, we find
a year-averaged discharge of 80 m3/s, a summer-averaged (July–September) discharge of 40 m3/s and a
winter-averaged (January–March) discharge of 150 m3/s. It is assumed that the average discharge remained
the same between 1965 and 2005. At Leer (km 36), the river Leda enters the Ems. This river has a small but
significant discharge but is neglected in this study.

Following Talke, De Swart, and De Jonge (2009), we assume that the salinity is well mixed and may be
described diagnostically by a hyperbolic tangent profile. The length of the salt intrusion and salinity at the
mouth depend on the discharge (see Table 1 in Talke, De Swart, and De Jonge, 2009). The salinity profile
reads

s =
ssea

2

(
1 − tanh

(
x − xc

xL

))
, (12)

where ssea = 30 psu. For year-averaged conditions, xc = −3.5 km and xL = 11.5 km.

We prescribe a depth-averaged subtidal suspended sediment concentration of 0.1 kg/m3 at the seaward
boundary (Talke, De Swart, & Schuttelaars, 2009) and assume that this has not changed between 1965 and
2005. This seems a conservative estimate, as the concentration has likely increased in the lower Ems Estuary
after 1965 (De Jonge et al., 2014). We choose a horizontal eddy diffusivity Kh = 100 m2/s and have verified
that the model results are insensitive to the exact value of this parameter. For the gelling concentration we
choose a default value of 100 kg/m3. For the settling velocity, erosion parameter, Prandtl-Schmidt number,
and background turbulence production uz,min we choose default values given in Table 1. The effect of vary-
ing these parameter values is demonstrated in section 6. The default setting for the settling velocity ws,0 = 1
mm/s and the erosion parameter M = 0.02 s/m correspond to those used by Van Maren et al. (2015), where
our M corresponds to their M∕𝜏c. The default parameter settings are summarized in Table 1.
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Figure 4. (left) Water level amplitude for 1965 for the two main tidal constituents M2 and M4 during year-averaged
discharge conditions (Q = 80 m3/s). The lines represent model results. The dots are reported observed water levels
under average conditions (Bundesanstalt für Wasserbau, 1967). (right) Subtidal surface sediment concentration in 1965
from the model (blue line) for equilibrium conditions corresponding to year-averaged conditions. The model results are
compared to the year average of observations from 1954 presented by De Jonge et al. (2014). Note that the number of
observations in 1954 is very limited.

4. Model Calibration and Results
4.1. Model Calibration
The 1965 model with the default parameter settings (Table 1) and year-averaged discharge (Q = 80 m3/s)
is calibrated against the M2 water level amplitude measurements, resulting in an optimal value of the
dimensionless roughness height of z∗0 = 0.0093. The resulting water level amplitudes of the two main tidal
constituents are plotted in Figure 4 (left panel). As the 1965 modeled M2 water level is calibrated to the mea-
surements, it is to be expected that this yields good correspondence. Also the M4 tide in 1965 corresponds
well to the measurements, giving confidence that the most important hydrodynamic processes are captured.

Little data are available for calibrating the sediment concentrations in 1965. Therefore, parameter values
in the sediment model (ws,0, csea, and M) are not calibrated to best fit the measurements but are based on
previous studies. As an indication of the fit between model and observations, we have used data from 1954
presented by De Jonge et al. (2014), which are supposed to represent yearly mean surface concentrations,
but the exact conditions under which they were obtained are unknown. The data show an ETM around km
20 with maximum surface sediment concentrations around 0.2 kg/m3 (see Figure 4, right panel). The model
results show a similar location of the ETM and magnitude of the surface concentration compared to the
observations.

The parameter values are fixed for all discharge values and used for both the 1965 and 2005 cases. The model
is thus not recalibrated for the 2005 case. The 2005 case therefore only differs from the 1965 case by the level
of the bed and some minor changes to the M2 and M4 tidal amplitude and phase at the mouth to make it
easier to compare to measurements. It has been verified that the changes to the forcing at the mouth have a
negligible influence on the results (see supporting information). Below we discuss the results of both cases
for various discharge conditions.

4.2. Results for a Low River Discharge
First, focussing on the average summer river discharge of Q = 40 m3/s, the water level amplitude and phase
for both 1965 and 2005 are plotted in Figure 5. The water level for the 1965 case is almost the same as in
Figure 4 for the year-averaged river discharge. This is because the river-induced velocity is much smaller
than the tidal velocity and the sediment concentration has little influence on the damping of turbulence in
this case. The 2005 M2 water level shows strong amplification compared to 1965 and the tidal wave travels
faster through the estuary (i.e., smaller phase difference between the mouth and the weir). This observation
is consistent with earlier modeling studies by, e.g., Chernetsky et al. (2010) and Winterwerp et al. (2013).
However, the amplification and the wave celerity of the M2 tide seem to be slightly overestimated. Obser-
vations indicate that the M4 water level amplitude has amplified as well and that the M4 tidal wave travels
faster through the estuary. This is reproduced but overestimated by the model.

Concerning the flow velocity (middle-left panel), the cross-sectionally averaged M2 flow velocity has only
increased by at most 20% between 1965 and 2005. The M4 flow velocity on the other hand has increased by
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Figure 5. Model results for the 1965 and 2005 cases with summer average discharge, Q = 40 m3/s.

more than 100% between 1965 and 2005 in the area between 40 and 60 km. Additionally, the subtidal (i.e.,
M0) velocity has decreased in this area by up to 40%.

The modeled subtidal sediment concentration in 1965 is plotted in the lower-left panel. It shows that the
ETM is located around km 25 in 1965, with concentrations of up to 1.5 kg/m3 near the bed and con-
centrations under 0.3 kg/m3 at the surface. The relatively large difference between bottom and surface
concentrations is related to sediment-induced turbulence damping in the ETM, which keeps the sediment
confined to the bed. As the ETM remains narrow, this damping of turbulence acts locally and thus has a neg-
ligible effect on the water motion. The order of magnitude of the near-bed concentration of 1.5 kg/m3 seems
realistic in comparison to observations of 1–2 kg/m3 near the bed between Emden (km 10) and Terborg (km
26) in 1949 reported by Dechend (1950).

In the 2005 case (lower-right panel), the ETM became wide, covering an area between km 25 and 60.
Near-bed concentrations increased up to 30 kg/m3. Concentrations at the surface range from 1 to 4 kg/m3

between km 35 and 60. These results capture the qualitative characteristics of the observed ETM; obser-
vations made by Talke, De Swart, and Schuttelaars (2009) during one cruise in 2006 show sediment
concentrations near the bed of 10–30 kg/m3 and near the surface of approximately 1 kg/m3 in the entire
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Figure 6. Near-bed modeled sediment concentration along the channel (horizontal axis) for a various long-term
constant discharge values (vertical axis) for the 1965 and 2005 cases. The gray line indicates the location of the
estuarine turbidity maximum.

zone between km 35 and 60. Similar or higher near-bed concentrations and fluid mud have been observed
by Wang (2010), Papenmeier et al. (2013), Winterwerp et al. (2017), and Becker et al. (2018). De Jonge et al.
(2014) reports observed surface concentrations locally exceeding 3 kg/m3.

Comparing the modeled concentrations between 1965 and 2005, the maximum near-bed concentration in
the domain has gone up by a factor of 20, while the maximum near-surface concentration has increased by
a factor of 14. The amount of sediment suspended in the estuary, in the model, has increased by a factor of
8 from approximately 40 to 300 million kg.

4.3. Sensitivity to the River Discharge
The sensitivity of the model results to the river discharge is investigated by varying the discharge between 30
and 150 m3/s. In each experiment, the discharge is assumed to be constant and the resulting water motion
and sediment concentration are in dynamic equilibrium. Figure 6 shows the resulting near-bed suspended
sediment concentration as a function of the along-channel distance (horizontal axis) and the river discharge
(vertical axis). The gray line in the figures indicates the location of the maximum near-bed concentration in
the ETM.

In 1965 the ETM is narrow and located around km 25–30 for discharges below 60 m3/s. At these low dis-
charges, near-bed concentrations of several kilograms per cubic meter occur, which correspond to surface
concentrations around 0.2–0.4 kg/m3. For a discharges below 30 m3/s, concentrations are locally up to 4
kg/m3 near the bed. It is unlikely that such conditions were ever attained, as such discharges only occurred
for 10% of the time. For discharges exceeding 70 m3/s, the ETM moves downstream and the maximum
near-bed concentration rapidly decreases below 1 kg/m3. The M2 and M4 water level elevation (not shown)
is almost independent of the river discharge.

In 2005 we find a wide ETM with high concentrations exceeding 30 kg/m3 for discharges between 35 and
70 m3/s. For lower discharges, we also find high concentrations but more concentrated at the landward
side of the estuary. Conditions with discharges below 70 m3/s occur approximately 60% of the time with
uninterrupted periods of several months each year, making it is probable that such concentrations could
indeed be attained. For discharges above 70 m3/s (approximately 40% of the time) the high concentrations
disappear and only a narrow ETM with much lower concentrations remains. For these high discharges,
concentrations are only marginally higher than for the same discharge conditions in 1965. Additionally, the
tidal amplification is much less than in Figure 5. Although observations of sediment concentrations show a
marked decrease of the suspended sediment concentration at high river discharge (Winterwerp et al., 2017),
the modeled concentrations are much lower than observed. The modeled reduction in tidal amplification is
not observed. The model therefore does not seem to capture the observed characteristics of the water motion
and sediment dynamics at Q > 70 m3/s.

The results show that the transition from a narrow ETM with relatively low concentrations in 1965 to a wide
ETM with much higher concentrations in 2005 may be reproduced by only increasing the channel depth for
long-term discharges below 70 m3/s. The model does not reproduce the transition if the discharge is higher;
see section 7 for a more detailed discussion of this.
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Figure 7. Sediment transport capacity per meter width (and integrated over depth) for 1965 (top) and 2005 (bottom)
for summer average discharge conditions (Q = 40 m3/s). The five most important contributions to the transport
capacity are plotted, as well as the sum of all modeled contributions (black dashed line). Downward sloping zero
crossings of the total transport capacity indicate a convergence zone and are marked by a vertical line and number.

5. Analysis of the Results
We will look closer at the physical processes that allow for the transition from moderate concentrations in
1965 to high concentrations in a wide ETM in 2005 for discharges below 70 m3/s. We consider two aspects

1. Sediment trapping (along-channel processes). The amount of sediment that can be contained within the
estuary by the flow and sediment dynamics.

2. Local resuspension (vertical processes). The amount of sediment that can potentially be brought into
suspension given the erosion properties of the bed and the strength of the flow.

These aspects are discussed separately in sections 5.1 and 5.2.

5.1. Sediment Trapping
In order to analyze the processes resulting in sediment trapping, we will look at the various contributions
to the suspended sediment transport. The suspended sediment transport  is written as the sum of the
advective and diffusive transport integrated over the cross-section, that is,

 =
⟨

B∫
R+𝜁

−H
uc − Khcx dz

⟩
, (13)

where B is the width, u is the along-channel velocity, c is the sediment concentration, cx is the along-channel
sediment concentration gradient, and Kh is the prescribed horizontal eddy diffusivity (see Table 1). Between
1965 and 2005, the flow velocity, sediment concentration, and location of the ETM have changed (e.g. see
Figure 5). Hence, there are so many differences in the sediment transport in 1965 and 2005 that a comparison
of the sediment transport processes between the years does not give much insight.

To overcome this problem, we look at the the transport capacity: the sediment transport  that would occur
if there were an abundance of sediment on the bed everywhere in the estuary (i.e., f = 1 everywhere)
given the modeled hydrodynamic conditions (flow velocity and turbulence field) and sediment parameters
(effective settling velocity and erosion parameter). A formal mathematical definition is given in Appendix
A. The transport capacity shows the tidally averaged initial redistribution of a uniform layer of sediment on
the bed. Unlike the total sediment transport, the transport capacity depends mainly on the hydrodynamic
conditions and sediment parameters and only indirectly on the location of the ETM and magnitude of the
sediment concentration. As a result, the comparison between results of 1965 and 2005 is not complicated
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Figure 8. Near-bed modeled sediment concentration along the channel (horizontal axis) for a various long-term
constant discharge values (vertical axis) for the 1965 and 2005 cases without sediment-induced reduction of the bed
roughness, eddy viscosity and eddy diffusivity. Sediment concentrations are much lower than in Figure 6 with
sediment-induced turbulence damping and no strong transition is observed between 1965 and 2005.

by the changed location of the ETM and large increase in sediment concentration and gives more insight.
Furthermore, the transport capacity gives information about the trapping locations, because the conver-
gence and divergence points of the transport capacity (i.e., locations where the transport capacity is zero)
correspond to the maxima and minima in f .
5.1.1. Contributions to the Transport Capacity
iFlow distinguishes several contributions to the transport capacity related to different physical mechanisms.
The five most important contributions for the 1965 and 2005 cases are plotted in Figure 7. Before comparing
the transport capacities between the years, we introduce the physical mechanisms of these contributions
are related to the following:

• The external M4 tide contribution is due to tidal asymmetry caused by the M2 tide and M4 tide entering the
estuary at the mouth. This contribution to the M4 tide is generated outside the estuary on the shallow shelf
and propagates through the estuary, causing asymmetry in the velocity during ebb and flood and therefore
net sediment transport.

• The tidal return flow contribution is the transport capacity due to Stokes drift and the corresponding return
flow. The Stokes drift is associated with sediment import. At least partly compensating this import, the
return flow velocity contains a subtidal contribution which typically causes export of sediment. Addi-
tionally, the return flow velocity has an M4 contribution, which may cause import or export of sediment,
depending on the phase-lag with the M2 tide.

• The sediment advection contribution represents the transport due to spatial settling lag (see, e.g., De Swart
& Zimmerman, 2009; Van Straaten & Kuenen, 1957). This contribution tends to transport sediment toward
along-channel minima in the tidal velocity amplitude.

• The river contribution consists of two parts: the river-induced flushing of tidally resuspended sediment
and the transport due to the tidal asymmetry caused by the tide-river interaction. Both contributions cause
an export of sediment

• The river-river contribution represents the river-induced flushing of sediment resuspended by the river
flow. This contribution is therefore independent of the tide and causes sediment export close to the
landward boundary, where the river-induced flow dominates over the tidal flow.

5.1.2. Comparison of the Transport Capacity in 1965 and 2005
In 1965 and 2005 the total transport capacity (black dashed lines in Figure 7) is positive (i.e., directed
upstream) in the first 25 and 35 km, respectively, and negative (i.e., directed downstream) from there to km
45. This convergence leads to the development of an ETM around km 25 and 35 (number 1 in the figure).
In 1965, the transport capacity is negative upstream from km 45. In 2005, however, the transport capacity
is positive between km 45 and 57, leading to a second convergence zone around km 57 (number 2 in the
figure). These two trapping zones appear as one large ETM zone stretching from km 25 to 60.

The dominant exporting transport contribution in both years is the river discharge. Import is mainly caused
by the contributions due to the external M4 tide and tidal return flow (see section 5.1.1). The most important
difference between 1965 and 2005 is the large increase of these importing contributions between km 35 and
57. This increase is related to the increase in the M4 velocity amplitude (c.f. Figure 5). In addition, the phase
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Table 2
Computed Resonance Lengths for the M2 and M4 Tide in the Cases of 1965 and
2005 for a Friction Parameter Calibrated for 1965 and 2005

Resonance length
Case M2 tide M4 tide
1965 39 km 37 km
2005 with friction as in 1965 55 km 51 km
2005 with friction as in 2005 72 km 63 km

Note. A resonance length close to the actual length of 64 km indicates that
the tidal amplitude is very sensitive to changes in depth or friction.

difference between the M2 tidal velocity and erosion asymmetry due to the external M4 tide and M4 tidal
return flow has become more favorable for import (not shown).
5.1.3. Role of Sediment-Induced Turbulence Damping
The strong effect of sediment-induced turbulence damping in the Ems cannot be captured in a specific con-
tribution to the transport capacity, because it is strongly and mutually dependent on the flow and sediment
concentration. To capture the effect of sediment-induced damping on the sediment trapping, we therefore
compare results with and without it. Sediment-induced damping is turned off by setting F, G, and cD in
equations (4), (5), and (10) equal to 1.

Figure 8 shows the resulting maximum near-bed concentration along the channel versus the river dis-
charge. This shows moderate sediment concentrations, with concentrations not exceeding 1.2 kg/m3 even
for a low discharge of 30 m3/s. Compared to 1965, the maximum sediment concentrations in 2005 are
higher and the ETM is found more upstream. However, the level of the sediment concentration in 2005 and
the changes between 1965 and 2005 are much smaller than in the case with sediment-induced turbulence
damping (cf. Figure 6). Without sediment-induced turbulence damping, concentrations remain moder-
ate and the observed transition in sediment concentration between 1965 and 2005 is not reproduced. The
sediment-induced damping of turbulence is separated further into the effects of damping of the eddy viscos-
ity, eddy diffusivity, and bed friction in the supporting information, showing that damping in all parameters
is important.
5.1.4. Resonance
The previous sections demonstrate that the increase in the M4 tidal velocity amplitude in combination with
sediment-induced turbulence damping is essential for the increase in sediment concentrations between 1965
and 2005. The reason that this effect is so strong is better explained by looking at the resonance characteris-
tics. Resonance is a state of maximum tidal amplification. Hence, when an estuary is close to resonance, the
water level amplitude becomes very sensitive to changes in the characteristics of the estuary. Here we will
take this as a proxy for sensitivity of the tidal velocity amplitude as well. Whether an estuary is in resonance
depends on various parameters including the depth, friction (i.e., effect of eddy viscosity and bed friction),
and length and is furthermore different for each tidal constituent.

We take the depth and friction of the Ems estuary in 1965 and 2005 and derive the length at which the
estuary would be in resonance for the M2 and M4 tide, that is, the resonance length. This is done on the basis
of a simple one-dimensional hydrodynamic model for the linear wave propagation of the externally forced
M2 and M4 tide (see, e.g., Friedrichs, 2010). Results are summarized in Table 2.

In 1965, we find a resonance length of 39 and 37 km for the M2 and M4 tide, respectively. This is very short,
because the estuary is strongly friction dominated; the tide becomes damped by friction for larger length.
When deepening the estuary to 2005 depth, but keeping friction as in 1965, the resonance length increases,
explaining part of the amplification of the M2 and M4 tide between 1965 and 2005. When also changing the
friction to 2005 conditions, representing the sediment-induced damping of turbulence, the resonance length
increases further. The resonance length for the M2 tide increases beyond the actual length of the estuary.
Hence, the M2 is not closer to resonance than with the 2005 depth and 1965 friction. Nevertheless, the M2
tide amplifies somewhat more because of the reduced friction. The transport contribution due to the tidal
return flow is related to the M2 tide and is larger because of the amplification of this M2 tide. The resonance
length of the M4 tide on the other hand is very close to resonance. It therefore amplifies not only because of
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Figure 9. Dimensionless erosion parameter Ẽ and erodibility f for 1965 and 2005 with average summer discharge
(Q = 40 m3/s). (left) The dimensionless erosion parameter (See equation (14)) and its threshold value 0.067. If ⟨Ẽ⟩
exceeds the threshold, local resuspension does not restrict the maximum suspended sediment concentration. (right)
The erodibility f , which is a measure for the availability of easily erodible sediment. A value f < 1 indicates that
sediment availability is limiting the sediment concentration, while f = 1 indicates that local resuspension is limiting
the sediment concentration.

the reduced friction but also because of resonance. The transport contribution due to the external M4 tide
has therefore become much larger.
5.2. Local Resuspension Criterion
The second aspect important for understanding the dynamics of the suspended sediment concentration is
the ability of the flow to keep sediment in suspension by erosion or resuspension. Dijkstra et al. (2018)
derived that the maximum concentration that may be locally resuspended is related to a dimensionless
erosion parameter Ẽ. For our erosion formulation (equation (2)), this parameter is expressed as

Ẽ =
M|𝜏b|
ws,0cgel

. (14)

Using the hindered settling parametrization of equation (3), the maximum concentration is limited to a
value that depends on the tidally averaged dimensionless erosion parameter ⟨Ẽ⟩ if ⟨Ẽ⟩ is smaller than a
threshold value of 0.067 (see Dijkstra et al., 2018, for details). This maximum cannot exceed 16% of the gelling
concentration, that is, 16 kg/m3 in our case. If ⟨Ẽ⟩ > 0.067, there is no restriction to the concentration that
can be maintained by resuspension. This is because of a positive feedback, where hindered settling leads to
reduced deposition rates and hence a larger net erosion (=erosion-deposition).

Figure 9 (left panel) shows ⟨Ẽ⟩ for the 1965 and 2005 cases for the average summer discharge, together with
the threshold value. The tidally averaged dimensionless erosion parameter is well over the threshold in most
of the domain. In those locations, all the available sediment is resuspended at least during some part of the
tide. Only in 2005 between 59 and 62 km does ⟨Ẽ⟩ drop below the threshold value, where it may restrict the
maximum concentration.

Whether the maximum sediment concentration is indeed restricted by local resuspension follows from the
erodibility; see Figure 9 (right panel). If f < 1 everywhere in the estuary, it is said that the estuary is in an
availability (or supply) limited state and the concentration is limited by the amount of sediment trapping. A
value f = 1 indicates that some easily erodible sediment remains on the bed during the entire tidal cycle and
local re-suspension is limiting there. This state is called erosion (or erosion rate) limited. In an erosion-limited
state, the estuary imports sediment, which is deposited in the area where f = 1, leading to a growing bottom
pool (Brouwer et al., 2018). Since the local growing bottom pool acts as a sediment sink, even a small area
with f = 1 leads to lower concentrations in equilibrium elsewhere in the estuary. The figure shows that
f < 1 along the entire estuary in both years, although only marginally in 2005. Hence, it is concluded that
sediment trapping is the limiting mechanism, even in the small area between km 59 and 62 in 2005, where
sediment re-suspension could theoretically be limiting.

6. Sensitivity
To explore the robustness of the results to different parameter choices, we present the effect of choos-
ing different values for the clear-water settling velocity and erosion parameter, which are two of the least
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Figure 10. Sensitivity of the model results in 2005 with average summer discharge (Q = 40 m3/s) to the clear-water
settling velocity. (left) Subtidal near-bed (black) and surface (green) concentration. (right) Erodibility.

constrained parameters in the model. The sensitivity to two other uncertain parameters, uz,min and 𝜎𝜌, is
demonstrated in the supporting information.

6.1. Sensitivity to the Settling Velocity
To test the sensitivity of the model results to the clear-water settling velocity, ws,0 is varied between 0.1 to 5
mm/s. The resulting maximum near-bed and surface concentrations in 2005 are shown in Figure 10, using
the default settings for 2005 for all other parameters (see Table 1) and using the average summer discharge
of 40 m3/s. The maximum concentration is small for settling velocities below 0.5 mm/s. At such settling
velocities, the sediment behaves like a wash load and will not be trapped inside the estuary. Hence, sediment
trapping is limiting the sediment concentration. This is confirmed in Figure 10 (right panel), which shows
that f < 1 everywhere in the estuary if ws,0 < 0.5 mm/s. Around ws,0 =0.5 mm/s, a sharp transition to high
sediment concentrations is found due to the strong feedback effect of sediment-induced turbulence damp-
ing. For ws,0 between 0.5 and 1 mm/s, the maximum concentration increases with ws,0. Sediment trapping is
still limiting, but more sediment is trapped as the settling velocity increases. The maximum concentration
decreases again if the settling velocity exceeds 1 mm/s. As shown in Figure 10 (right panel), this is because
local resuspension becomes limiting (f = 1), as the dimensionless erosion parameter Ẽ decreases with
increasing ws,0 by definition (see equation (14)). Under these erosion-limited conditions, sediment deposits
at the edges of the wide ETM zone near km 60 and 30 and forms two growing pools of sediment.

6.2. Sensitivity to the Erosion Parameter
The dimensionless erosion parameter Ẽ is linearly proportional to the erosion parameter M (equation (14).
Hence, the estuary becomes erosion limited at small values of the erosion parameter Ẽ. If the ETM loca-
tion remains the same for different values of M, the maximum concentration scales linearly with M. When
M becomes sufficiently large so that the estuary becomes supply limited, the maximum concentration is
independent of M. At what value of M this occurs depends on the conditions.

Figure 11. Sensitivity of the near-bed subtidal sediment concentration in the 2005 case to M, Q and ws,0. The gray line
marks the transition between erosion and supply limited conditions.
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Model results obtained by varying both the erosion parameter and the river discharge are presented in
Figure 11 (left panel). The gray line indicates the transition point between erosion and supply limited con-
ditions. For each value of the river discharge, the concentration increases with increasing M up to the
point where the estuary becomes supply limited and the concentration becomes independent of M. The
figure shows high concentrations in the upper-left corner, that is, for high erosion parameters and low
river discharges. If the river discharge is high, the sediment trapping is too weak to attain high sediment
concentrations regardless of the value of M.

Results of a sensitivity study over the clear-water settling velocity and the erosion parameter for fixed dis-
charge Q = 40 m3/s are presented in Figure 11 (right panel). For each value of the settling velocity, we again
see that the maximum sediment concentration increases with M up to the point where the estuary becomes
supply limited. Additionally, for each value of the erosion parameter, we see that the sediment concentration
has a maximum for some value of the settling velocity. For low erosion parameters this maximum occurs
for settling velocities around 0.5 mm/s but with low maximum concentrations. For high values of the ero-
sion parameter, the maximum concentrations occur for settling velocities around 2 to 3 mm/s and can attain
values up to 50 kg/m3.

7. Discussion and Conclusions
It is demonstrated that deepening of the channel in the Ems River can indeed be responsible for the tran-
sition from low to high sediment concentrations using the width-averaged idealized process-based iFlow
model. The model was used to simulate two scenarios representing 1965 and 2005, which only differ in
the channel depth. Between 1965 and 2005 we find a strong amplification of the tidal water level, a strong
increase in the suspended sediment concentration, an upstream movement, and a widening of the ETM to an
area between 25 and 60 km upstream from Knock. These features show good qualitative correspondence to
observations. Since the model results represent dynamic equilibrium conditions, we draw conclusions on the
long-term change of the state of the estuary, not on the sequence of events and time scale of the changes. As
the transition from low to high concentrations is found for discharges below 70 m3/s, which occur on average
60% of the time, it seems likely that the modeled equilibrium conditions can indeed be attained. Therefore,
we are confident that the model provides a good qualitative representation of the physical mechanisms that
govern the transition.

The physical mechanisms responsible for the transition to high sediment concentrations are analyzed by
analyzing sediment transport and resuspension. It is shown that the most important mechanisms responsi-
ble for increased sediment import into the estuary after deepening are amplification of the M4 tidal velocity
and sediment-induced damping of turbulence. The increased M4 tidal velocity increased the tidal asym-
metry leading to more import of sediment. Together with sediment-induced damping of turbulence, this
results in a positive feedback thereby confirming the hypothesis of the existence of such a feedback by
Winterwerp and Wang (2013). It is furthermore found in this study that the combination of deepening and
sediment-induced damping of turbulence brought the M4 tide close to resonance, hence explaining why the
import of sediment is so much stronger after deepening compared to the situation before deepening. It has
been assumed that resuspension from the bed is efficient by choosing a high value of the erosion parameter
and by including hindered settling in the model. This ensures that all the imported sediment can be kept in
suspension by the flow, explaining the increase in suspended sediment concentration.

Once the transition to high sediment concentrations has occurred, the model lacks several physical processes
that are essential to describe the sediment dynamics. This shows in the 2005 model results by an overestima-
tion of the M4 tidal water level amplitude and insufficient vertical structure to capture the observed distinct
fluid mud layers (e.g., Becker et al., 2018). Furthermore, while lower sediment concentrations are observed
during periods of high discharges (Winterwerp et al., 2017), the strong flushing found in the model for dis-
charges higher than 70 m3/s does not correspond to the observations. The model therefore lacks mechanisms
that retain the fluid mud during periods of high discharges. Possible mechanisms that need to be included
for a better description of the 2005 state are a critical shear stress for erosion, multiple sediment fractions,
internal dynamics (i.e., the effect of a temporally variable density structure on the eddy viscosity and eddy
diffusivity; Becker et al., 2018; Winterwerp et al., 2017), and dynamic effects that resolve the time scale for
depleting a bottom pool of sediment (e.g. Schoellhamer, 2011).
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The physical mechanisms investigated in this study occur in many estuaries, but their response to deepening
is not necessarily the same in other estuaries. The feedback between amplification of the M4 tidal velocity
and sediment-induced turbulence damping relies on the M4 tide evolving toward resonance and depends on
the phase difference between the M2 tide and M4 tide, which may be different in other estuaries. Addition-
ally, the M2–M4 tidal asymmetry that is essential for sediment transport in the Ems may not be essential in
other estuaries. Furthermore, sediment resuspension may be limiting instead of sediment trapping in some
other estuaries. Therefore, to establish if a similar transition to high sediment concentrations can occur in
another estuary, it needs to be investigated whether sediment transport or resuspension is limiting, what
sediment transport processes are important, and how these processes respond to deepening.

Appendix A: Formal Definition of the Transport Capacity
The transport capacity used in section 5 can be formally defined from the sediment transport  . For
convenience we repeat equation (13) describing 

 =
⟨

B∫
R+𝜁

−H
uc − Khcx dz

⟩
. (A1)

This expression is rewritten using iFlow's approximation of the sediment concentration (see also Brouwer
et al., 2018)

c = ĉ𝑓𝑓 + ĉ𝑓x𝑓x. (A2)

Here f is the erodibility (see section 2), which is a measure between 0 and 1 for the abundance of sediment
available at the bed for erosion. The quantity ĉ𝑓 is the sediment concentration suspended at capacity con-
ditions. The term capacity conditions indicates the maximum concentration that can be supported by the
flow, assuming an abundant availability of sediment. Indeed, according to equation (A2), the concentration
c equals ĉ𝑓 if there is an abundance of sediment, that is, f = 1 everywhere (resulting in fx = 0). The quantity
ĉ𝑓x represents the along-channel sediment dispersion by tidal advection at capacity conditions. Combining
equations (A1) and (A2) yields a new expression for the sediment transport

 =

⟨
B∫

R+𝜁

−H

(
uĉ𝑓 − Khĉ𝑓x

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Transport capacity

𝑓 −
(

ĉ𝑓x + Khĉ𝑓
)
𝑓x dz

⟩
. (A3)

The transport capacity T is now defined as the first term divided by f , that is,

T =
⟨

B∫
R+𝜁

−H
uĉ𝑓 − Khĉ𝑓x dz

⟩
. (A4)

This definition is consistent with the transport function T used by Chernetsky et al. (2010).
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