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Abstract

Based on the second-order random wave solutions of water wave equations in finite water depth, a joint statistical

distribution of two-point sea surface elevations is derived by using the characteristic function expansion method. It is found that

the joint distribution depends on five parameters. These five parameters can all be determined by the water depth, the relative

position of two points and the wave-number spectrum of ocean waves. As an illustrative example, for fully developed wind-

generated sea, the parameters that appeared in the joint distribution are calculated for various wind speeds, water depths and

relative positions of two points by using the Donelan and Pierson spectrum and the nonlinear effects of sea waves on the joint

distribution are studied.
D 2003 Elsevier B.V. All rights reserved.
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1. Introduction distribution is really non-Gaussian. In fact, the non-
Many well-known wave scattering models (e.g.,

the Kirchhoff approximation model (Ishimaru, 1978;

Tsang et al., 1985); the full wave solutions model

(Bahar and Lee, 1994; Bahar and Zhang, 1996;

Bahar and Shi, 1998); etc.) used in the remote

sensing of the sea surface were derived with the

assumption that both the one-point distribution and

the two-point joint distribution of instantaneous sea

surface elevations are described by the Gaussain

distribution laws. However, the sea surface elevation
0378-3839/$ - see front matter D 2003 Elsevier B.V. All rights reserved.

doi:10.1016/j.coastaleng.2003.09.006

* Corresponding author. Tel.: +86-532-2898506; fax: +86-532-

2898518.

E-mail address: songjb@ms.qdio.ac.cn (J.-B. Song).
Gaussian behaviour of the sea surface elevation

distribution has been well recognized in many field

measurements in deep to shallow water, as described

in various handbooks and textbooks in physical

oceanography and coastal engineering (e.g., Herbich,

1990; Goda, 2000). The distribution of measured sea

surface elevations can differ noticeably from the

Gaussian distribution, especially when the measure-

ments are taken in shallow water (Bitner, 1980;

Thompson, 1980) or when the measurements repre-

sent steep waves in relatively deep water (Longuet-

Higgins, 1963; Hudspeth and Chen, 1979; Huang

and Long, 1980).

To describe the nonlinear characteristics, a great

deal of works have been carried out to develop a

proper expression for this non-Gaussian statistical
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distribution of sea surface elevation (e.g., Longuet-

Higgins, 1963; Huang et al., 1983; Srokosz, 1998;

Song et al., 2002, among many others). However,

there has been no attempt to develop a proper non-

Gaussian joint statistical distribution of two-point sea

surface elevations, although the joint distribution also

have potentially important applications in the study of

wind waves (e.g., the understanding of the spatial

statistical behaviour of the nonlinear ocean waves)

and ocean remote sensing (e.g., the improvement of

the wave scattering models used in the remote sensing

of the sea surface). In this paper, a joint statistical

distribution of two-point sea surface elevations is

derived by using the second-order random wave

theory in finite water depth and the characteristic

function expansion method. It is found that the joint

distribution depends on five parameters, which can all

be subsequently determined by the wave-number

spectrum of ocean waves, the water depth and the

relative position of the two points.
2. The second-order random wave model in finite

water depth

Based on the second-order random wave solu-

tions of water wave equations in finite water depth,

the wave-surface elevation for directional finite-

depth waves is given by (see Sharma and Dean,

1979)

g ¼ gðx; tÞ ¼ g1 þ g2; ð1Þ

with

g1 ¼
Xl
i¼1

aicosðki � xi þ wiÞ

¼
Xl
i¼1

ai½cosðki � xiÞcoswi � sinðki � xiÞsinwi�; ð2Þ
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g2 ¼
Xl
i;j¼1

aiaj½bijcoswicoswj þ cijcoswisinwj

þ dijsinwisinwj�; ð3Þ

where g1 and g2 are respectively the first and

second order solutions of the water wave equations,

a1 denotes the amplitude of the ith wave compo-

nent, wi =xit+ ei, xi, is the angular frequency in

rad/s, t denotes the time,ei denotes the independent

random phase uniformly distributed over the inter-

val (0, 2p), x=(x, y) is the position vector at the

still water level and

bijðxÞ ¼ aijcosðki � xÞcosðkj � xÞ
þ bijsinðki � xÞsinðkj � xÞ; ð4Þ

cijðxÞ ¼ �2a ij cos ðki � xÞsinðkj � xÞ

þ 2bijsinðki � xÞcosðkj � xÞ; ð5Þ

dijðxÞ ¼ aijsinðki � xÞsinðkj � xÞ
þ bijcosðki � xÞcosðkj � xÞ; ð6Þ

aij ¼
D�

ij þ Dþ
ij � 2ki � kj

4
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Dþ
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Ri = ki tanh kih, h is the water depth, kij
F = |kiF kj|,

ki and kj are the horizontal wavenumber vectors

with the moduli ki and kj, respectively. From Eqs.

(7)–(10), we obtain

aii þ bii ¼ Ri �
k2i þ R2

i

2Ri

¼ 1

2Ri

ðR2
i � k2i Þ: ð11Þ

For deep-water waves (h!�l), aij and bij be-

come (Hu and Zhao, 1993)

aij ¼
1

2
�
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" #
; ð12Þ
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p ; ð13Þ
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Noting that tanh kih = 1(h!l), Eq. (11) becomes

aii þ bii ¼ 0: ð16Þ
3. The joint characteristic function of two-point

sea surface elevations

Suppose f1 = g(x1,t) and f2 = g(x2,t) are eleva-

tions of the sea surface, respectively, at two
arbitrary points x1=(x1,y1) and x2=(x2,y2), and

f2(f1,f2) denotes the joint probability density of

f1 and f2, then the joint characteristic function of

f1 and f2 is

u2ðit1; it2Þ ¼
Z Z

f2ðf1; f2Þexp½it1f1 þ it2f2�df1df2

¼
Xl
n¼0

1

n!
hðit1f1 þ it2f2Þni

¼
Xl
n¼0

1

n!
h½ðit1f11 þ it2f12Þ

þ ðit1f21 þ it2f22Þ�ni ð17Þ

where the angled brackets h�i represents the en-

semble average operator, fij = gi(xj,t)(i,j = 1,2). Sup-

pose g1 is of the order of d, where d represents a

small quantity, then g2 is of the order of d2, and

the nth power of (it1f1 + it2f2)
n should be evaluated

correctly at least to the order of dn + 1 as the wave

surface elevation is to be approximated accurately

to the second order. Thus, we have

hðit1f1 þ it2f2Þni ¼ hðit1f11 þ it2f12Þni

þ nhðit1f11 þ it2f12Þn�1

ðit1f21 þ it2f22Þi: ð18Þ

The average of the terms on the right hand side of

Eq. (18) can be calculated directly as follows:

hðit1f11 þ it2f12Þ2Nþ1i ¼ 0;

hðit1f11 þ it2f12Þ2Nþ1ðit1f21 þ it2f22Þi ¼ 0; ð19Þ

hðit1f11 þ it2f12Þ2N i

¼
XN
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+

¼ ð2NÞ!
2NN !

 ½Eðit1Þ2 þ 2Fðit1Þðit2Þ þ Eðit2Þ2�N ; ð20Þ
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hðit1f11 þ it2f12Þ2N ðit1f21 þ it2f22Þi

¼ ð2NÞ!
2NN !

1
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i¼1
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"

þ ðit2Þðbiiðx2Þ þ diiðx2ÞÞg
#

 ½Eðit1Þ2 þ 2Fðit1Þðit2Þ þ Eðit2Þ2�N

þ ð2NÞ!
2N�1ðN � 1Þ!
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2
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a2i B1ðit1 þ it2Þ
" #

 ½Eðit1Þ2 þ 2Fðit1Þðit2Þ þ Eðit2Þ2�N
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o
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where N is a natural number and

ei ¼ it1cosðki � x1Þ þ it2cosðki � x2Þ; ð22Þ

gi ¼ �it1sinðki � x1Þ � it2sinðki � x2Þ; ð23Þ
E ¼ 1

2

Xl
i¼1

a2i ¼
Z

WðkÞdk; ð24Þ

F ¼ 1

2

Xl
i¼1

a2i cosðki � xdÞ

¼
Z

WðkÞcosðk � xdÞdk; ð25Þ

B1 ¼ aii þ bii; B2 ¼ aij; ð26Þ

B3 ¼ aij½4þ cosðkj � xdÞ�cosðki � xdÞ

þ bijsinðkj � xdÞsinðki � xdÞ; ð27Þ

in which xd = (xd,yd) = x1� x2 = (x1� x2,y1� y2) and

W(k) is the wavenumber spectrum of sea waves

corresponding to the first order (linear) approxi-

mation. Substituting Eqs. (18)–(21) into Eq. (17),

we obtain an explicit form of the characteristic

function u2(it1,it2), namely

u2ðit1; it2Þ ¼ f1þ C1ðit1 þ it2Þ þ C2½ðit1Þ3 þ ðit2Þ3�
þ C3½ðit1Þðit2Þ2 þ ðit1Þ2ðit2Þ�g

� exp 1

2
½Eðit1Þ2 þ 2Fðit1Þðit2Þ

�

þ Eðit2Þ2�
�
; ð28Þ

where

C1 ¼
1

2

Xl
i¼1

a2i ðaii þ biiÞ

¼
Z

½aðk; kÞ þ bðk; kÞ�WðkÞdk; ð29Þ

C2 ¼
1

4

Xl
i;j¼1

a2i a
2
j B2

¼
Z Z

aðk; kVÞWðkÞWðkVÞdkdkV; ð30Þ
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C3 ¼
1

4

Xl
i;j¼1

a2i a
2
j B3

¼
Z Z

faðk; kVÞ½4þ cosðkV� xdÞ�cosðk � xdÞþ

þ bðk; kVÞsinðk � xdÞsinðkV� xdÞg
 WðkÞWðkVÞdkdkV: ð31Þ
4. The joint probability density of two-point sea

surface elevations

From Eqs. (17) and (28), the joint probability

density of f1 and f2 can be obtained through an

inverse Fourier transformation, namely

f2ðf1; f2Þ

¼ 1

ð2pÞ2
Z Z

u2ðit1; it2Þexpð�it1f1 � it2f2Þdt1dt2

¼ 1

2pE �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� r2Þ

p 1� C1

 
B
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þ B
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!
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(


 

B
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Bf31
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3
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!
� C3

B
3

Bf1Bf22
þ B

3

Bf2Bf21

 !)

 exp � 1

2Eð1� r2Þ ½f
2
1 � 2rf1f2 þ f22�

� �
; ð32Þ

where r =F/E is the correlation coefficient.

From Eq. (32), after differentiation, we obtain

f2ðf1; f2Þ ¼
1

2pE �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p

 1þ ðf1 þ f2Þffiffiffiffi
E

p
ð1þ rÞ

C � 3D

1� r2

�(

� ð1� 2rÞG
1� r2

� 3rD� ð1þ r2ÞG
Eð1� r2Þ2

f1f2

� rG

Eð1� r2Þ2
ðf21 þ f22Þ

�
þ ð1� r3ÞD

E3=2ð1� r2Þ3

 ðf31 þ f32Þ
)

� exp � 1

2Eð1� r2Þ

�

 ½f21 � 2rf1f2 þ f22�
�
; ð33Þ
where

C¼ C1=
ffiffiffiffi
E

p
; D ¼ C2=E

3=2; G ¼ C3=E
3=2: ð34Þ

From Eqs. (33), (29)–(31) and (34), it is noted that

the joint distribution f2(f1,f2) depends on the wave-

number spectrum W(k), the water depth and the

second order wave–wave interactions. If the nonlin-

ear effect is neglected, i.e. taking C =D =G = 0, the

distribution reduces to

f2ðf1; f2Þ ¼
1

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� r2Þ

p
exp � 1

2Eð1� r2Þ ½f
2
1 � 2rf1f2þ f22�

� �
;

ð35Þ

which is the normal distribution of the two-point sea

surface elevations obtained from linear theory. Inte-

gration of Eq. (33) with respect to f2 from �l to

+l gives the distribution of the sea-surface elevation

at any point x1

f ðf1Þ ¼
Z þl

�l
f ðf1; f2Þdf2

¼ 1ffiffiffiffiffiffiffiffiffi
2pE

p

 1þ C
f1ffiffiffiffi
E

p þ D
f31
E3=2

� 3
f1ffiffiffiffi
E

p
� �� �

� exp � 1

2E
f21

� �
; ð36Þ

which is exactly the distribution obtained recently by

Song et al. (2002).
5. The determination of the distribution

parameters

To determine the parameters r, E, C, D and G

involved in the distribution Eq. (33), we need to know

the two-dimensional wavenumber spectrum W(k) of
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ocean waves corresponding to the first order (linear)

approximation. Cieslikiewicz and Gudmestad (1993)

have shown that W(k) can be approximated by the

observed spectrum. For a fully developed wind-gen-

erated sea, if we consider only waves with low

wavenumber up to 10 times the spectral peak, we

can use the low wavenumber part of the wavenumber

spectrum proposed by Donelan and Pierson (1987),

thus

WðkÞ ¼ Wðk; #Þ

¼ 0:00162 U10

k3:5g0:5
exp � g2

k2ð1:2U10Þ4

 !

� 1:7C � l k

kp

� �
� sech2 l

k

kp

� �
#

� �
; ð37Þ

where W(k)dk = kW(k,#)dkd# (0 < k <l, � p <#<

p), U10 is the effective natural wind speed at 10 m

above the still water level, # is the wave direction

relative to the wind (the direction of wind is assumed

to be along the x axis) and

C ¼ exp �1:22
1:2U10k

0:5

g0:5
� 1

� �2( )
; ð38Þ

l
k

kp

� �
¼

1:24 0 < k=kp < 0:31

2:61ðk=kpÞ0:65 0:31 < k=kp < 0:9

2:28ðkp=kÞ0:65 0:9 < k=kp < 10:

8>>>><
>>>>:

9>>>>=
>>>>;
ð39Þ

The peak of the spectrum is given by

kp ¼
g

ð1:2U10Þ2
: ð40Þ
Using Eqs. (24), (25), (29)–(31), (34) and (7)–(10),

we have

E ¼
Z Z

kWðk; #Þdkd#; ð41Þ

r ¼ rðxd; ydÞ ¼
1

E

Z Z
kWðk; #Þcosðkxdcos#

þ kydsin#Þdkd#; ð42Þ

C¼ 1

2
ffiffiffiffi
E

p
Z Z

tanhkh� 1

tanhkh

� �
k2Wðk; #Þdkd#;

ð43Þ

D ¼ 1

E3=2

Z Z Z Z
D1ðk; kV; #; #VÞkkVWðk; #ÞWðkV; #VÞ

 dkdkVd#d#V; ð44Þ

G ¼ Gðxd; ydÞ

¼ 1

E3=2

Z Z Z Z
½D1ðk; kV; #; #VÞ

 ð4þ cosðkVxdcos#Vþ kVydsin#VÞÞ�
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 ðkV; #VÞdkdkVd#d#V; ð45Þ

where
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¼ ð
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p
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p
þ
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p
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2
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ð47Þ
in which

D�ðk; kV; hÞ ¼
ffiffiffiffiffi
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p
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ffiffiffi
R

p
ðkV2 � RV2Þ þ 2ð

ffiffiffi
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p
�

ffiffiffiffiffi
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ffiffiffiffiffi
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Dþðk; kV; hÞ ¼
ffiffiffi
R

p
ðkV2 � RV2Þ þ

ffiffiffiffiffi
RV

p
ðk2 � R2Þ þ 2ð

ffiffiffi
R

p
þ

ffiffiffiffiffi
RV

p
Þðk � kV� RRVÞ

ð
ffiffiffi
R

p
þ

ffiffiffiffiffi
RV

p
Þ2 � Ak þ kVAtanhAk þ kVAh

; ð49Þ
R ¼ ktanhkh; RV¼ kVtanhkVh;

k ¼ ðkcos#; ksin#Þ; kV¼ ðkVcos#V; kVsin#VÞ ð50Þ

The integrals in Eqs. (41)–(45) can then be deter-

mined by using Eq. (37) and the Gaussian quadrature

for multiple integrals. Considering the expansion (1)

only valid for weakly nonlinear cases, the calculations

are performed for various wind speeds U10V 10 m/s

and water depths hz 5 m. The numerical results thus
Fig. 1. The correlation function r(xd,yd) for two representative wind speed

plots corresponding to (a) and (c), respectively. Note that the coordinate

corresponding to the spectral peak.
show that E (directly proportional to the total energy

of ocean waves) increases with the wind speed U10.

The values of E are 0.033, 0.127 and 0.529 m2 for

wind speeds U10 = 5, 7 and 10 m/s, respectively. For

U10 = 10 m/s, the corresponding significant wave

height Hsc4
ffiffiffiffi
E

p
c2:9 m, and the waves have already

been subjected to the depth-limited breaking process

when h = 5 m. Thus, our calculations are only limited

to h = 5 m. The calculated values of C and D have
s U10: (a) U10 = 5 m/s, (c) U10 = 10 m/s, (b) and (d) are the contour

s xd and yd have been nondimensionalized by the wavelength Lp
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been given respectively in the paper of Song et al.

(2002, see Tables 1 and 2) for different water depths

and wind speeds U10 = 5, 7 and 10 m/s. As stated by

Song et al. (2002), the values of parameter C are small

negative numbers and their absolute values increase

with the wind speed and decrease with the increase of

the water depth and tend to be zero as the water depth
Fig. 2. The parameter G =G(xd,yd) for wind speeds U10 = 10 m/s and variou

(b), (d) and (f) are the contour plots corresponding to (a), (c) and (e),

nondimensionalized by the spectral peak wavelength Lp.
h become very large. The smaller the wind speed U10,

the faster C tends to zero. The values of parameter D

also increase with the wind speed and decrease with

the increase of the water depth. The correlation

coefficient r not only depends on the wind speed

U10 but also depends on xd and yd. For wind speeds

U10 = 5 and 10 m/s, the values of r are shown in Fig. 1
s values of water depths h: (a) h= 100 m, (c) h= 20 m, (e) h= 10 m,

respectively. As in Fig. 1, the coordinates xd and yd have been
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in the dimensionless forms by nondimensionalizing

the coordinates xd and yd with the wavelength Lp ¼
2p
kp
¼ 2pð1:2U10Þ2

g
corresponding to the spectral peak. It is

noted that the correlation coefficient r yields constant

values for given xd/Lp and yd/Lp when the wind speed

U10 increases to 10 m/s from 5 m/s. It is also found
Fig. 3. The contour plots of the proposed dimensionless joint probability de

the corresponding dimensionless normal distribution (solid line) for variou

two points yd/Lp = 0, and xd/Lp = 0.15 (the left panel figures) and 0.05 (the
that the principal correlation length (in the wind

direction) lx (i.e. r(xd = lx, yd = 0) = e� 1) is much

smaller than the subordinate correlation length (across

the wind direction) ly for any given wind speed U10,

and the dimensionless variables lx/Lp and ly/Lp yields

constant values of lx/Lp = 0.133 and ly/Lp = 0.365,
nsity function of two-point wave-surface elevations (dotted line) and

s values of water depths h, U10 = 10 m/s and the relative positions of

right panel figures).
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although lx increases to 12.25 from 3.07 and ly
increases to 33.67 from 8.45 m when the wind speed

U10 increases to 10 from 5 m/s.

The parameter G caused by the second order

wave–wave interactions depends on four variables:

the wind speed U10, water depth h, xd and yd.

Numerical calculations shown that the parameter G

yields almost constant values in deep water for given

dimensionless relative position of two points xd/Lp
and yd/Lp when the wind speed U10 increases to 10

from 5 m/s. However, the parameter G increases with

the decrease of the water depth h for given xd/Lp, yd/Lp
and U10, especially when the wind speed is high. For

wind speed U10 = 10 m/s and h= 100, 20 and 10 m,

the values of G are shown in Fig. 2. From Fig. 2, we

know that the values of parameter G are much larger

when h = 10 m than the values when h = 20 m or

h= 100 m for given xd/Lp and yd/Lp.

It can be noted that both the parameter D (see Song

et al., 2002) and the parameter G are generally not

equal to zero, even in deep water. This shows that the

effect of nonlinearity on the joint distribution of two-

point sea-surface elevations cannot be neglected,

especially when the water depth is small and the wind

speed is high. To clearly illustrate the effect of

nonlinearity, the proposed joint distributions (Eq.

(33)) are compared with the normal distributions

(Eq. (35)) for various values of water depths h, wind

speeds U10 and relative positions of two points. The

contour plots of the proposed dimensionless joint

probability density function pðn1; n2Þðn1 ¼ f1=
ffiffiffiffi
E

p
Þ;

and n2 ¼ f2=
ffiffiffiffi
E

p
Þ of two-point wave-surface eleva-

tions (dotted line) and the corresponding dimension-

less normal distribution (solid line) for U10 = 10 m/s,

water depths h = 100, 20 and 10 m, the relative

position of two points xd/Lp = 0, yd/Lp = 0.15 (the left

panel figures) and 0.05 (the right panel figures) are

shown in Fig. 3. The value of r increases to 0.86 (the

right panel figures) from 0.31 (the left panel figures)

when the relative position of two points (xd/Lp, yd/Lp)

from (0.15, 0) change into (0.05, 0), and the values of

G used in Fig. 3 are 0.0081, 0.091, 0.0108, 0.107,

0.044 and 0.239, respectively, corresponding to the

subfigures (a), (b),. . . and (f). When the two points are

close (corresponds to a large correlation coefficient)

and the water depth is small, the nonlinearity caused

by the second order wave–wave interactions makes

the parameters C, D and G have large values. These
large values strongly modified the dimensionless

normal distribution of two-point sea-surface eleva-

tions as shown in Fig. 3. Thus, the effect of nonlin-

earity on the joint distribution of two-point sea-surface

elevations cannot be neglected, especially when the

two points are close enough and the water depth is

small.
6. Conclusions

A theoretical nonlinear joint distribution of two-

point sea surface elevations has been derived based on

the second-order random wave model in finite water

depth. The distribution depends on five parameters E,

r, C, D and G as stated in the text. All of these

parameters can be determined by the wavenumber

spectrum, the water depth and the relative position of

two points. As an illustrative example, we considered

a fully developed wind-generated sea, and all of these

parameters are calculated by using the Donelan and

Pierson spectrum for different wind speeds, different

relative positions of two points and different water

depths. From the results obtained, it is noted that:

(1) The correlation coefficient r not only depends on

the wind speed U10, but also depends on xd and yd.

Calculated r, however, have the same values for

given xd/Lp and yd/Lp when the wind speed U10

increases to 10 from 5 m/s; the dimensionless

principal (wind direction) correlation length lx/Lp
is much smaller than the dimensionless subordi-

nate (cross-wind direction) correlation length ly/Lp
for a given wind speed U10, and the dimensionless

variables lx/Lpand ly/Lp yields constant values

when the wind speed U10 increases to 10 from 5

m/s; the parameter G depends on four variables:

the wind speed U10, water depth h, xd and yd.

Calculated G yields almost constant values in

deep water for given xd/Lp and yd/Lp when the

wind speed U10 increases to 10 from 5 m/s.

However, the value of G increases with the

decrease of the water depth h for given xd/Lp, yd/

Lp and U10, especially when the wind speed is

high; the behaviour of parameters E, C and D

have been studied by Song et al. (2002).

(2) Both the parameters D and G are generally not

equal to zero, even in deep water. So, the effect of
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nonlinearity on the joint distribution of the two-

point wave-surface elevations must be considered,

especially when the two points are close enough

and the water depth is small.
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