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SUMMARY : The purpose of this article is to deepen and structure the statistical basis of marine population dynamics. The 
starting point is the correspondence between the concepts of mortality, survival and lifetime distribution. This is the kernel 
of the possibilities that survival analysis techniques offer to marine population dynamics. A rigorous definition of survival 
and mortality based on their properties and their probabilistic versions is briefly presented. Some well established models for 
lifetime distribution, which generalise the usual simple exponential distribution, might be used with their corresponding sur­
vivals and mortalities. A critical review of some published models is also made, including original models proposed in the 
way opened by Caddy (1991) and Sparholt (1990), which allow for a continuously decreasing natural mortality. Considering 
these elements, the pure death process dealt with in the literature is used as a theoretical basis for the evolution of a marine 
cohort. Hie elaboration of this process is based on Chiang's study of the probability distribution of the life table (Chiang, 
1960) and provides specific structured models for stock evolution as a Markovian process. These models may introduce new 
ideas in the line of thinking developed by Gudmundsson (1987) and Sampson (1990) in order to model the evolution of a 
marine cohort by stochastic processes. The suitable approximation of these processes by means of Gaussian processes may 
allow theoretical and computational multivariate Gaussian analysis to be applied to the probabilistic treatment of fisheries 
issues. As a consequence, the necessary catch equation appears as a stochastic integral with respect to the mentioned 
Markovian process of the stock. The solution of this equation is available when the mortalities are proportional, hence the 
use of the proportional hazards model (Cox, 1959). The assumption of these proportional mortalities leads naturally to the 
construction of a survival model based on the Weibull distribution for the population lifetime. Finally, the Weibull survival 
model is elaborated in order to obtain some reference parameters that are useful for management purposes. This section does 
not deal exhaustively with the biological and fishery reference parameters covered in the specialised monographs (Caddy 
and Mahon, 1996; Cadima, 2000). We focused our work in two directions. Firstly, the principal tools generating the usual 
reference parameters were adapted to the proposed Weibull model. This is the case of biomass per recmit and yield per 
recruit, which generate some of the important reference points used for management purposes, such as the FMSY, F01, Fmed 
They also provide important and useful concepts such as virgin biomass and overexploitation growth. For this adaptation, it 
was necessary to previously adapt the critical age as well as the overall natural, fishing and total mortality rates. Secondly, 
we analysed some indices broadly used in all population dynamics (including human populations) but only marginally dealt 
with in fishery science, such as life expectancy, mean residual lifetime and median survival time. These parameters are 
redundant with mortality rates in the classical exponential model, but are not so trivial in a more general framework.
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RESUMEN: S o b r e  e l  e n f o q u e  e s t o c á s t ic o  d e  l a  d in á m ic a  d e  p o b l a c io n e s  m a r in a s . -  El presente trabajo trata de pro­
fundizar y estructurar el fundamento estadístico de la dinámica de poblaciones marinas. El punto de partida es la relación 
entre Ios conceptos de mortalidad, supervivencia y distribución del tiempo de vida. Este triángulo constituye un nido de posi­
bilidades que las técnicas de análisis de supervivencia ofrecen a la dinámica de poblaciones marinas. Se citan definiciones 
precisas para la supervivencia y mortalidad a través de sus propiedades y versiones probabilísticas y se revisan modelos para 
la distribución del tiempo de vida que generalizan el modelo exponencial usual. Se proponen modelos originales en la línea 
de Ios trabajos de J. Caddy (Caddy, 1991) y H. Sparholt (Sparholt, 1990), considerando una mortalidad natural continúa y 
decreciente con la edad. Sobre estos fundamentos, el proceso de muerte pura se utiliza como base teórica para modelizar la 
evolución de una cohorte de la población. La elaboración de este proceso prolonga el estudio de Chiang sobre las distribu­
ciones de probabilidad de la tabla de vida (Chiang, 1960) y proporciona varios modelos para la evolución del stock median­
te procesos markovianos. Dichos modelos pueden proporcionar nuevas ideas en la línea desarrollada por Gudmundsson 
(1987) y Sampson (1990) para modelizar la evolución de una cohorte marina como un proceso estocástico. La aproximación
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de estos procesos a través de procesos gaussianos, permite la aplicación del importante cuerpo teórico y computacional del 
análisis gaussiano multivariante para el tratamiento probabilístico de problemas relevantes relacionados con la actividad pes­
quera. Como una consecuencia, la necesaria “ecuación de captura” aparece como una integral estocástica con respecto al 
mencionado proceso markoviano del stock. Y la solución de dicha ecuación es inmediata cuando las mortalidades asociadas 
a las distintas causas de muerte son proporcionales. De aquí se deduce la importancia y posibilidades del conjunto de técni­
cas conocido como “riesgos proporcionales” y establecido fundamentalmente por Cox (1959). Asumir estas mortalidades 
proporcionales, conduce de forma natural a considerar un modelo de supervivencia basado en la distribución de Weibull para 
el tiempo de vida de la población. Finalmente, se elabora dicho modelo de supervivencia de Weibull para obtener algunos 
parámetros de referencia utilizados en la gestión de Ios recursos marinos explotados. Esta sección no trata de abarcar exhaus­
tivamente Ios parámetros de referencia biológico-pesqueros que se tratan en Ios específicos textos de referencia (Caddy y 
Mahon, 1996; Cadima, 2000) y se focaliza en dos direcciones. En primer lugar Ios principales parámetros usualmente utili­
zados en la gestión de Ios recursos: es el caso de la biomasa por recluta y el rendimiento por recluta que generan algunos de 
Ios importantes puntos de referencia utilizados en la gestión, tales como Ios FMSY, F0 d, Fmed, así como importantes conceptos 
como Ios de biomasa virgen o sobreexplotación de crecimiento. Para esta generalización, ha sido necesaria la adaptación pre­
via de la edad crítica, así como las de tasas globales de mortalidad. En segundo lugar, se analizan algunos índices de uso 
extensivo en dinámica de poblaciones (incluida la humana) pero tratadas de forma marginal por la ciencia pesquera: es el 
caso de la esperanza de vida, la vida mediana y el tiempo de vida residual. Estos parámetros son redundantes con las tasas 
de mortalidad en el modelo exponencial clásico pero no resultan inmediatos en un modelo más general, como el propuesto.

Palabras clave: dinámica de poblaciones marinas, evaluación de recursos marinos, análisis de supervivencia, modelos de 
mortalidad, procesos estocásticos.

INTRODUCTION

Fisheries science has been developed through 
deterministic models with a simple mathematical 
background that can be understood by fishery biolo­
gists. There exist methods that provide appropriate 
computer tools for diagnosing the state o f exploita­
tion o f resources, mainly by comparing the current 
situation with the m aximum sustainable yield. The 
works by Gulland (1974, 1977, 1983), Ricker 
(1975) and Beverton and Holt (1957) are crucial 
steps in this initial deterministic approach. In these 
basic studies the authors propose constant mortality 
rates that are independent o f age, or step functions 
over unit intervals o f age that are coherent with the 
exponential evolution o f the size of a cohort. One of 
the most popular evaluation procedures, virtual pop­
ulation analysis (VPA) and all its derivations, use 
this axiom in order to establish the assessment 
through successive retrospective evaluations o f the 
stock. The assessment is a process o f inference 
based on the m ortality models and relating two 
demographic structures: that o f the observed catch­
es o f the cohort (or pseudo-cohort) and that o f the 
unknown population.

The analysis o f the two components o f the total 
mortality rate, natural and fishing mortality, plays an 
essential role in the elaboration o f this idea. The dif­
ficulties o f exploring the sea in a virgin state imply 
that, in most cases, natural m ortality is not experi­
m entally assessed but indirectly evaluated and 
assumed to be constant in the classical deterministic 
approach. Caddy (1991), Sparholt (1990) and Chen 
and Watanabe (1989) have proposed alternatives to

this assumption o f constant natural mortality and, in 
general, as in Abella eta!.  (1997), these models have 
been used to build a vector o f natural mortalities (or 
natural mortality as a step function) in order to 
im prove the assessm ent based on determ inistic 
m ethods. In consequence, very little work has been 
done relating the fundamental models o f marine 
population dynamics to the underlying lifetime dis­
tribution because, according to the previous descrip­
tion, it has been systematically assumed to be piece- 
wise exponential corresponding to a mortality rate 
formalised as a step function. Although the essential 
random  character o f the phenom ena and o f the avail­
able data has not been considered in the classical 
deterministic approach, this scenario is recently 
changing, as Buckland et al. (2000) pointed out. 
Already in the works by Gudmundsson (1987) and 
Sampson (1990), the evolution o f the stock of a 
cohort is formalised as a stochastic process.

In the present work, the stochastic nature of 
marine population dynamics is structured on the basis 
o f the possible lifetime distributions and their corre­
sponding mortality and survival models. The survival 
models form the basis for considering the evolution 
o f the stock of the cohort and its cumulative catches 
as stochastic Markovian processes in the way estab­
lished by Chiang (1960) for the general life table of 
any population. On one hand, this structure provides 
new stock assessment methods that improve the clas­
sical ones. On the other hand, it establishes a promis­
ing bridge between marine population dynamics and 
three important and powerful stochastic fields and 
associated tools: stochastic processes, survival analy­
sis and multivariate analysis.
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1. THE FUNDAMENTAL TRIANGLE

Let T be the lifetime (duration o f life) of the pop­
ulation, considered as a random, real valued, non­
negative and absolutely continuous variable. Let f(t) 
and F(t) be its density and distribution functions, 
respectively. Then, the survival function is defined by

S (0  = P r [ r > f ] = l  — F(t )=  ƒ f ( x )d x ( 1.1)

or
F(t )  = l - S ( t )  

and

f i t  ) = F \ t  ) = —S \ t  )

( 1.2)

and the total m ortality rate or “force o f mortality” , is 
expressed as

z « ) = - ^ = a í £ L = m  (13)
S(t)  1 - F ( t )  S(t)  ^  ;

which is the “hazard function” or “hazard rate” in 
classical survival analysis (Smith, 2002). Therefore, 
Z(t) is the instantaneous rate o f death at age t, given 
that the individual survives up to age t. Or, in the con­
ceptual framework systematised by Cadima (2000), 
the total mortality rate should be the instantaneous 
relative rate of the survival (with a positive sign).

The integral o f the mortality

ÍH (t)  = Z { x ) d x (1.4)

is the “cumulative hazard” (Altman, 1999) or the 
“integrated hazard” (Dobson, 2002). Its relationship 
with the survival function, given by the integration 
o f Equation (1.3), becomes

S(t) = E x p (- /ƒ(?)) = 

t '
= Exp -  Z ( x ) d x <=>ff(0 = -ln(S (0) (1.5)

By the well known properties o f distribution 
and survival functions:

lim F(t )  = 1 <̂=> lim S(t ) = 0

Then we have

Z{x)dx = < ( 1.6)

the limit o f the attainable ages o f the population (it 
can be finite or infinite, known or unknown). Then

ƒ.
I

Z{x)dx — '

Z(x)dx = '

Z(x)dx < fo r  every t < t

(1.7)

( 1.8)

Í S (0  = N ( t )  = 0 f o r  every t > tMax 1 

^ { S { t ) > Q  f o r  every t < t Max J

Therefore, the effective range o f the ages will be 
[0, t Max). However, this is equivalent to considering 
the infinite interval [0, °°) as the range o f the ages 
and a null mortality rate and survival, S(t) = Z(t) = 
0 , for every age greater than tMax.

The integrability conditions o f the mortality rate 
imply (M unroe, 1953: 191) that

for  0 < t < t < tJ 1 2  k

and

lim Z(x)dx = 0 (L- tx )->0 J t

j* ' j* 'M; j*
lim I Z(x )dx=  I Z(x )dx=  I 

Jo  Jo  Jo
Z(x)dx = oo

(1.9)

Let T/„v denote

which, in turn, implies the continuity o f the sur­
vival function S(t).

Also, the expression (1.5) o f the survival as the 
exponent o f an integral implies (M unroe, 1953: 268; 
D ieudonné, 1963: 159) that the survival must have a 
derivative almost everywhere (a. e.). This means 
that the derivative may not exist at a set o f measure 
zero, like a set o f isolated points. In fact, this is the 
usual case considered in classical marine population 
dynamics, when the mortality rate is a step function 
and the survival is not differentiable at the disconti­
nuities o f the mortality rate.

We can now summarise the properties o f m ortal­
ity and survival.

The mortality rate must be non-negative, real 
valued, integrable (a m ember of the space V  of 
Lebesgue-integrable functions) in every finite inter­
val [0,t] bounded by an age t lower than the m axi­
m um  attainable age tMax, but non-integrable in any 
interval containing the [0, tMax) interval, in particular 
the interval [0,°°):
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Z ( í ) : [ 0 , ° ° ) -------- > [0 ,oo)

Z(x)dx < oo
J c

[0 ,(] o  j :  Z(x)dx = J*Z(x)dx = I Z(x)dx = oo 
0 Jo

( 1.10)

The first condition is related to the decreasing (at 
least non-increasing) behaviour o f the survival. The 
second condition guarantees the existence o f the sur­
vival and its initial unit value. The third condition 
implies that, as the age increases, the limit o f the 
survival is null. Any function verifying properties
(1.10) is an admissible mortality rate whose survival 
function is given by Equation (1.5).

The survival function is real valued, bounded by 
the [0,1] interval, non-negative and continuous, 
defined on all the positive ages, the [0,°°) interval. The 
space o f functions with these properties is usually des­
ignated by C[0 M|0,oo) (Dieudonné, 1963: Chapter VII). 
In addition it is non-increasing, with an initial value of 
1 and tending to 0 as the age increases. Finally, it is 
differentiable almost everywhere. That is:

' ' S e C [os][0,~)

5(0) = 1 \ (1.11)

lim 5(f) = 0t—

3 5 '( t)  a.e. in[0,°°)

Any function verifying these properties is an 
admissible survival function.

2. THE ANALYSIS OF THE MORTALITY RATE: 
INDEPENDENT AND COM PETITIVE RISKS

The mortality rate is generally expressed as a 
sum o f natural (M) and fishing (F) components:

(2 .1)

To say that the natural mortality rate, M(t), 
should be the total mortality rate in absence of 
exploitation, is equivalent to assuming that the two 
causes o f death act independently.

In general, if  there arc k risks o f death /? (/ =
1,2,...,£) which act simultaneously on each individ­

ual in a population, Z / 1), S¡(t) arc the corresponding 
m ortality rates (or risk functions) and survival o f the 
lifetime which would be applied if  /? were the only 
risk present, and Z(t), S(t) arc the total mortality rate 
and survival, then the three following conditions are 
equivalent (Cox, 1959, and David, 1970):

R; act independently <̂=>

<=>z( 0  = X z ,-(0 <=>S( 0  = n 5/W
i i

This hypothesis of the independence between nat­
ural and fishing mortality and the corresponding 
analysis of the mortality rate (2.1) is usually assumed 
in fisheries science, although it may be far- from real­
ity, particularly for a multispecies fishery, and even 
more particularly for demersal resources. The fisheiy 
gears could represent a certain “competition” for the 
natural predators and a deflation factor for their pop­
ulations, because they will often be captured too. 
Consequently, the dependence between fishing and 
natural mortality should be quite realistic. In this case, 
these two causes of death should be considered as 
dependent or “competitive” risks (Chiang, 1970, 
1991; David, 1970; Gail, 1975).

3. EXAM PLE MODELS

In the usual applications of virtual population 
analysis, the mortality rates arc considered as step 
functions. The age intervals defining them arc in most 
cases of one year, with the exception of the last. In 
these cases, the non-integrability of the mortality rate 
in the whole interval [0,°°) implies that the last age 
interval must be a plus-class and in this last interval the 
total mortality rate must be strictly positive. Otherwise, 
the proposed step function must be integrable in [0,°°) 
and could not be considered as an admissible total mor­
tality rate. As a particular case, a constant positive 
function on the whole interval [0,°°), as it is frequently 
considered the natural mortality rate, is an admissible 
mortality model that verifies conditions (1.10).

As an example we shall consider the “reciprocal 
function” proposed by Caddy (1991) as a model for 
the natural mortality rate:

M ( t )  = M a + y  = M a + Bt  l (t > 0; M ( t )  > 0 ) , (3.1)

which is a decreasing function o f age, converging to 
the asymptotic value M a (adult mortality) as the age 
increases, i.e. when
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The integral of this function is

M(x)dx = M  t + Bln(t)J
The function M(t) is not integrable in any finite 

or infinite interval including the initial age o f the 
cohort (the integral has an infinite limit when the 
age approaches zero). Conditions (1.10) arc not sat­
isfied, so it cannot be an admissible model for a nat­
ural mortality rate.

An adequate and adm issible alternative to 
Equation (3.1) would be:

M ( t )  = M a + B f  ; with a > - l  (3.2)

Now the integral is

i M(x)dx = M  t + -
Bt (l+ a )

fl (l + a )

Hence, all conditions (1.10) arc verified and 
Equation (3.2) defines an admissible mortality rate.

Another admissible mortality decreasing with 
age, and therefore a possible model for the natural 
mortality rate, could be:

M ( t )  -
1 + bt

with a and b > 0 (3.3)

whose integral is

1
M(x)dx — —ln(l + bt)

b

which also verifies all conditions (1.10). Therefore, 
Equation (3.3) defines an admissible mortality rate 
whose corresponding survival function is:

s{t) = - 1
( l + fc )‘

Caddy (1991) refers to an unpublished suggestion 
made by R J.H . Beverton in 1991 for a derivation of the 
reciprocal model leading to the following expression:

M ( t )  — a + -
r + t

(3.4)

with a, b and r > 0, interpreting r as an initial con­
sidered age. This suggestion by Beverton is indeed 
an extension o f the reciprocal model and is an 
admissible mortality model whose integral is

JM(x)dx = at + M n(r + 1) 

and which verifies conditions (1.10).

Another natural mortality model cited by Caddy 
(1991) and due to Sparholt (1990) is

(3.5)

which is also a decreasing function o f age, converg­
ing to the asymptotic null value as the age increases. 

The integral o f this function is

j ' M ( x ) d x  = U  l - e - bt) (3.6)

which is integrable on the whole range of ages, i.e. 
the 10 )  interval. Therefore, the function (3.5) can­
not be by itself an admissible mortality model but 
only a component o f a more complex model.

4. THE ELABORATION OF THE BEVERTON 
AND HOLT AND SPARHOLT MODELS: 
PROPORTIONAL HAZARDS

Beverton and Holt (1957) proposed a very sim­
ple and yet powerful model for the natural mortality 
rate, as the basic hypothesis for the stock-recmit- 
ment relationship. The mortality rate, Z(t), should 
have two components, one constant and the other 
depending on the number o f surviving individuals. 
We adapt this idea considering the proportion o f sur­
vivals, i.e. the survival function S(t).

Z(t)  = Z  + (Z0 -  Z J S ( t ) a ; (t > 0 , a  > 0. Z0 > Z J  (4.1)

The model has an initial value Z0 = Z(0) and con­
verges asym ptotically  to the adult m ortality 
Zfl = )‘(P Z(t). The acceleration o f this convergence 
is dom inated by the shape param eter a.  For a posi­
tive shape, a>0 (4.1) defines a mortality decreasing 
with age as does the survival S(t).

W hen the shape parameter is zero, we have the 
constant mortality rate and the simple exponential 
distribution for the lifetime o f the population.

Combining this expression with Expression (1 .3) 
o f total mortality, we have the following differential 
equation

dZ = a (Z0 -  Zu )s“-1dS = -a (zo -  Zu ) S“~lZSdt = -aZ (z -  Z ) dt

which may be expressed as 

dZ

z(z- a )
= -  a d t (4.2)
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If the adult mortality, Za, is null, the integration 
o f (4.2) gives Z(t )  = Z a + (Z0 - Z a)S(t) (4.10)

Z(f) =
1 + Z 0a t

(4.3)

which is a particular case of the admissible model (3.3).
Otherwise, if Zfl>0, we can rescale the shape 

parameter by expressing the power o f the survival as 
aJZa. Then, the corresponding relation between m or­
tality and survival becomes

Z(t) = Za+ (Z0 -  Za) S ( t f /Z“ ; (t > 0, a  > 0) (4.4)

Now, the differential equation (4.2) is expressed as
dZ dZ  

t -------- r ------- = -  a d t
(z - z ) z

and its integration over the age interval [0 /] gives

Z
Z(t )  = -

1 -
f z A

2  g_
7

V o y

(4.5)
0- a t

or, for any interval o f ages | i , ],

Z
z(t2y- (4.6)

1- 1-
Z Í O

From  (4.4), the expression o f the survival func­
tion is deduced:

S(t) =

xZ„/a

Zaeat- ( Z - Z  )0 \  0 a )
(4.7)

Or, for any interval o f ages | i , ], and in terms of 
conditional survival over the survivors at age t{.

S(t2)
S(tß

= s(t2\T>b) =
z„e,atx sZJa

Z o ^ - ( Z o - z )
(4.8)

As a particular case, if  c/.—Za, we find the two- 
param eter m ortality model proposed by Chen and 
Watanabe (1989):

Z
Zít )  = -

1 -
z

1 - ^
V Z 0 7

..-Z i (4.9)

which coiTesponds to the original Beverton and Holt 
relation between mortality and survivors:

In general, the mortality model (4.5) is com pati­
ble with proportional mortality rates corresponding 
to different causes o f death acting independently. 
Indeed, if  a partial component of the mortality (i.e. 
the natural mortality, M(t)) presents a mortality rate 
o f the same type (with a shape param eter ß) and pro­
portional to the total mortality,

M ( t )  = kZ(t)  <=> M  = lim M ( t )  = k  lim Z(t)  = kZ
a >°o >°o

M 0 = M {  0) = kZ{  0) = kZ0 

Hence

Z  M

and finally

M

1 - 1 - -

M___ a_

M.

■ = k-

o 7

,  ßf  j _ i  x_Zs_
I  Z o ;

-ßt = e~a t ^ a  = ß

- < = >

-.-at

Thus, the proportional mortalities imply a com ­
m on shape param eter and the total mortality may 
split as the sum o f proportional fishing and natural 
mortalities with the same shape parameter and act­
ing independently.

This is formalised in terms o f mortality

M(t) =
M

at at

Z(t) -  F(t) + M(t) -

H . - f  V at

Z(t) E ( i - e )

or in terms o f survival

(4.11)

S(t)=Sz (t) =

M 0e“' - ( M 0- M a 

Z,

;SF(t) =

\ZJa

Znea' -  Z „- Z„

C A '-(f0- c )

= SM(t)SF(t)

Su (t)=S(tŸ-E-,Sp(t)=S(t)E

(4.12)
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In the same way, an admissible extension o f the 
Sparholt model for natural mortality is

M{t) = Ma + (M0 -  M a) e-®; (t > 0) (4.13)

where, as in the previous model, M 0 — M{0), is the 
initial mortality, M a — lim  M(t) is the asymptotic or 
adult mortality and a  is a shape parameter which 
controls the more or less accelerated transition from 
the initial to the adult mortality or a measure o f the 
premature character o f the mortality. This model is 
also coherent with the possible proportionality o f the 
mortalities due to the different causes o f death, if we 
consider the fishing and total mortalities following 
the same mortality pattern, with the same shape 
parameter and express the proportional factor in 
terms o f an assumed constant exploitation rate, E.

F(t)  = EZ(t) = - : M(t)
1 - E  ' '  (4.14)

F(t)  = F  + (F0 -  F  )e- m; Z (0  = z  + (ZQ -  Z W “

or, in terms o f survival

S(t) = e
- \  Z J + Z °  Z a [ \ - e - a '

(4.15)
SM(t) = S ( t y -E; S F(t) = S ( t )E

Hence, the conditional survival for the individu­
als who reach the age t¡ is

S(t2)s{t2\T>tl) =
Sit,)

= e
[i-e “ M

(4.16)

This proportionality between fishing, natural and 
total mortalities agrees with the idea o f considering 
the fishery as another element o f the ecosystem, a 
powerful predator whose effects should be coherent 
and related (proportional) to the other causes of 
mortality. This hypothesis, as will be seen, is essen­
tial in order to obtain an available catch equation. It 
may be assumed in the present generalised models
(4.4) and (4.13), as well as in the Weibull model pro­
posed below. In all these models, the natural mortal­
ity rate is assumed to be the same in the absence or 
in the presence o f the fishery and both causes of 
mortality, natural and fishing, are considered to act 
independently—an independence hypothesis that is 
a common assumption in fishery science.

If an age o f first capture, tc, is considered, a sim­

ple and canonical model leads to the following bat­
tery o f lifetime distributions corresponding to the 
unexploited phase, subject only to natural mortality, 
and the exploited phase, subject to total mortality. 
Hence

i f t < t c ^ S ( t )  = ?r[T>t]  = SM(t) 

i f t > t c ^ S ( t )  = ?v[T>t] = S(tc) S(t )
S(tc) (4.17)

S A t )  r n

Z  '  c J

where S [ t \ T >  (.] is the conditional survival or con­
ditional probability

S [ t \ T > t c] = P r [ T > t \ T > t c~\ = S(t)
S ( t )

(4.18)

This decomposition o f the range o f ages (into 
two or more subintervals) is particularly useful 
when the conditional survival (4.18) is available and 
the mortality rates arc proportional in each interval, 
as is the case with the elaborated Beverton and Holt 
and Sparholt models.

5. THE LIFETIM E, SURVIVAL AND 
EVOLUTION OF THE STOCK

We assume a marine cohort with an initial popu­
lation size N0 in its initial age t — 0, a function Z(t) 
for the mortality rate and a survival function S( t) . 
Let T  be the lifetime o f the population and 77,/ =
1,2,... W0 the lifetimes o f the different individuals of 
the cohort.

The size o f the stock at age t, N(t),  is the number 
o f survivors at that age and may be expressed as

N (5.1)

where / |( /:| is the indicator function o f the interval 
[f,°°], defined, for any set A, by

I  A t y ­
li i f  x e  A I 
[O otherwise)

If  we assume the independence o f the lifetimes of 
the individuals o f the cohort, N(t) has the binomial 
distribution with parameters N0 for the sample size 
and Pr (T >t) — S{t) for the probability o f success. Its
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expectation, m{t), and variance, v{t), are 

m{t) = E{N{t)) = N 0S{t)

ance functions of the size of the cohort at age t are:

v { t )= E = N 0s m - s ( t ) )
(5.2)

As a consequence o f (1.3), we have 

d(m(t))= N0S'(t)dt = - N 0Z(t)S(t)dt = -Z(t)m(t)dt (5.3)

For any two ages, the covariance between 
the cohort sizes may be obtained as follows

coy(N{tl\ N { t 2)) = E(N{t im t 2)) -E{N{tJ)E{N{t2)) 

and

E ( N ( , : ) )  =  ^ X C  V ) X C  V , )
i i

+H E
1 1 *j

N t S i t j  + N ^ - m h W j  

hence

cov(A (t1),A (t2)) = A 0( l - 5 ( t 1))5(t2) (5.4)

The mean and variance o f the number o f deaths 
in any interval o f ages | r ,r2], AYq j -  N(t2) are:

£[At(/1)-A t(/2)] = At0[5(/1) - 5 ( /2)] 

var = var ( m u )  +  var ( M ü ) - 2  cov

= At0[5(/1) - 5 ( /2) ] [ l - ( 5 ( /1) - 5 ( /2))]

(5.5)

An alternative definition of the process may be 
based on the fact that, for a cohort of initial popula­
tion size N0, the expected population decrease at age 
t, i.e. the expected number o f deaths is N0 (1 -  S(t)). 
If we consider the number o f deaths, N 0 -  N(t), as a 
random  variable with a Poisson distribution, its 
expectation, variance and parameter, v*(t) — N0 (1 -  

coincide and reproduce the variance o f the size 
o f the cohort N(t): var(N(t)) -  var(V0 -  N(t)).

If the numbers of deaths in disjoint intervals is con­
sidered independent, the number o f deaths of the 
cohort at the age is a Poisson process (non-stationary).

N 0- N { t )  = P ( N 0{ l -S ( t ) ) )

With this definition, the mean, variance and covari-

m(t)=E(N(t ))=NaS(t)

var(N(t)) = V *(t) = E  (N(t) -  N0S(t) f

COV ( N(t), N(t + A)) = var (N(t)) = v * (t)

= NAl -S ( t ) )

(5.6)

In this Poisson process, the mean and variance of 
the number o f deaths, N(t t) -  N(t0), in any interval of 
ages [q,i2] are:

j  E [ N(tl ) -  N(t2 )] = N0 [SP, ) -  S(t2 )] = m(t2 ) -  m(t2 ) j 

[v a r[N(t2 ) -  N(t2)] = N0 [ S ( i , ) -  S(t2 ) ]  =  v * (t2) -  v * (t, ) j

(5.7)

6. CONDITIONAL DISTRIBUTIONS: THE 
STOCK AS A M ARKOVIAN PROCESS

Let ( tL ,.. ., / ,  /}  be a finite set o f ordered ages, 
í l<í2<...<í;<í.

In the case o f the binomial process, due to its 
construction the conditional distribution o f N(t),  
given has the binomial distri­
bution

[ a (í ) |{ v (í1),a (í2),...,a (íí )} ]^

= [N(t )  I N(t t )] = B(N(t t ), Pr(T > t \ T  > tk ))

or

[ a (0 |{ V ( í1),A ( í2),...,A (íí_)}];

S( t) 

S ( 0

which verifies the M arkovian property: “the future 
depends on the past only through the present” .

And this result is coherent since

[A ( t) ]= [A ( t) |A 0] ^ i? [ A 0,5(t)]

Using the binomial probability function it is eas­
ily verified that

P r[V (i) = m] =

= X :Pr [ N ( t )=  m I N { t  ) = s ]P r [ N { t  ) = s]
s>m

The mean and variance o f the conditional distributions 
are:
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+■
CO v(N(t) ,N(t .) )  

var( N ( t )
[ a (t ) - í ? [ a (t )] ]

which gives

S(t)

s i o
(6 .1)

and similarly

var[lV(i)|lV(i.)] =

r  n CO V'(N(t),N(t.))
var [iV (i)]------------------ K-’> = N S {t)

var {N{t.)
1- Sjt)

S i t )
(6 .2)

Notice that Equation (6.1) is the so-called “stock 
equation” or “fundamental equation o f population 
dynam ics” . In the case o f a constant mortality rate Z 
in the interval considered, we have

£ [ N ( 0 |N ( íí)] = N ( íí) í?-z<m' ) (6.3)

A necessary and sufficient condition for the con­
ditional distribution o f the process reproduces the 
fundamental equation o f population dynamics as a 
conditional expectation, is that for every t¡ < t. we 
have

covariance { N  {t.), N { t .)) —
1 J

S i t , )
— variance (N(t .))

Sit ,)
(6.4)

Indeed:

E  [ N( t j ) I N(t,  )] = E{N{tj )) + c ( Nit,  ) -  E(Nt,  ))

c being the regression coefficient,

cov(JV(i ),JV(i.)) 
c —----------- !------------

variN( t . )

Taking into account Equation (5.2), we have

: [ A ( T ) |A ( f ) ]  = c A (f)  + i< (A (f)
r S( t . )  '

—   C

Vs i o

s i t , )
Hence, the condition that c = — — becomes 

necessary and sufficient. S (I.)
The evolution o f the size o f the cohort, N(t),  with 

its mean, variance and covariance functions (5.2)

and (5.4) is a binomial and M arkovian process 
whose conditional distributions reproduce the fun­
damental equation o f population dynamics as a con­
ditional expectation.

If  the number o f deaths is considered as a non- 
stationary Poisson process, condition (6.4) is not sat­
isfied and the stock equation only holds for the 
expected stock size o f the cohort:

ü (A ( t2)) = ü (A ( t1))
S j t2)

S i O
(6.5)

In this case, the conditional variance is equiva­
lent to the variance of the increments, as a conse­
quence o f the independence o f the increments:

r i  r i  co v 2(N(t),N(t .))
v ar[> « |A r(,, ) ] = ,« [ > « ) ] -------, ^ „ 0

-  var(N( t)  -  N ( t ,)) = v * (t) -  v * (t. )

The independence o f the increments o f a Poisson 
process implies that here again the Markovian prop­
erty is verified.

7. THE LOGNORM AL VERSION OF THE 
STOCK PROCESS

In a deterministic approach, the stock o f a cohort 
o f marine fishes under exploitation, N{t),  submitted 
to a total mortality rate Z(t) and starting from  an ini­
tial population size N 0 evolves over time (or age) t 
according to the differential equation

dN  = -  Z(t)N(t)dt (7.1)

A way to model this evolution through a stochas­
tic process is presented by Oksendal (1985). The 
m ortality rate is often randomised by introducing a 
“noise”

Z(t) —> Z(t) + noise

where the “noise” is formally proportional to a white 
noise, X(t) (normal and independently distributed):

Z(t) = Z  + bX(t)

As an example, the simulation o f stocks made by 
the ICES M ethods Group (ICES, 1988) takes a con­
stant natural mortality and obtains the random isa­
tion o f the fishing mortality rates, F , by a lognormal
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distribution i. THE CATCH PROCESS

ln F* = In F  + AX

where A is a constant, X  the standard normal distri­
bution, F  the “expected” fishing m ortality rate and 
F*  the achieved or “realised” one. The error, F*-F ,  
is called the “process error” and it is attributed to cli­
mate or other external factors that may alter a previ­
ously decided fishing effort.

This randomisation is equivalent to

p *  — p exs

and taking the first approximation o f the Taylor series 
development of the exponential function, we get

F * ~ F ( l  + Z X ) < ^ F *  = F  + "noise" o  
< ^ Z * - F *  + M - Z +  "noise"

This randomisation o f the mortality rate origi­
nates the stochastic differential equation

dN(t) = -Z(t)N(t)dt  -  bN(t)dW(t) (7.2)

W(t) being the standard Brownian motion and b 
being considered as a constant in the simplest m od­
elling. The solution o f this stochastic equation is 
(Oksendal, 1985)

ln( A  (t )) =

= ln(N 0 ) -  J o' Z(s)ds-  ^  b2t + b ( w ( t ) -  W (0)) (7 3 )

In this case, it is the natural logarithm of the stock 
that has a normal distribution and is expressed as a 
generalised Brownian motion. The independence of 
the increments of the Brownian motion guarantees the 
Markovian character of the lognormal stock process.

This lognorm al version is a m ore com plex 
process than the previous binomial and Poisson one, 
as it incorporates the noise parameter(s) “b” , and it 
has the following expectations and covariances:

E(N{t)) = N 0S{t)

fort, <t2 ^ C o v ( N ( tl),N(t2) ) - N ^ S i ^ S i t J e ^  -1

(7.4)

The covariance function verifies condition (6.4). 
Hence this model provides the stock equation (6.1) 
as a conditional expectation.

Let us assume the usual decomposition (2.1) of 
the total mortality as a sum o f two independent com ­
ponents: natural (M) and fishing (F) mortalities.

The simplest expression o f the catch process in a 
cohort, C(t) or C[0,f], as the random  number of indi­
viduals o f up to age t caught by the fishery, is 
through the stochastic integral

(8 .1)dC = - ^ - d N  
Z(t )

or, for any interval o f ages |i  /.,]

C[f1,f2] = C [0>f2] - C [ 0 ,f 1] = - J J ^ ^  (8.2)

Considering the binomial process defined before, 
the conditional expectations o f the increments in an 
age interval, |/z / |,  are bounded by the following 
m onotonous function

:[A (f)-A (A )|A (A )]| =

= N(h) 1 -
S(t)

= A„

and

S(h)  

1 - 5 ( 0  1 -5 (A ) 
5(f) ~~ 5(A)

5(f)

< A„

1 -
5(0
5(A) 

l - 5 ( f )  1 -5 (70  
5(f) ~~ 5(A)

( N ( t ) - N ( h ) \ N ( h j f  

= var(N(t) -  N (h ) | N(h)) + [e (N(t ) -  N(h) \ A(A))J =

= A0(5(A )-5(f))

^ A 5(f)

< 2 A „ ' 1 -
5(0
5(A)

5(0
„5(A)

5(0
5(A)

= 2A„:

+ N ( h f 1-

+ A; 1-

5(0 
5(A)

5(0  '
5(A) 

1 -5 (0  1 - 5(A) 

5 (0  5(A)

The function 1 -  S(t)/ S(t) is continuous and m on­
otone increasing. Hence, the binomial process veri­
fies the conditions established by M cShane (1969, 
1974), and arc nigh-martingales in the sense defined 
by Young (1970, 1974). These arc sufficient condi­
tions for the existence o f the stochastic integral (8.1) 
or (8.2). In fact, the stochastic integral exists in 
much more general conditions than those considered
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in (8.1) or (8.2), with an integrand which is a real 
valued and bounded function, as it is the exploita­
tion rate. The existence includes all the stochastic 
processes whose trajectories arc integrable. Hence, 
it allows the mortality rates to be randomised, as is 
shown when the lognormal version o f the stock 
process is dealt with.

The stochastic integral (8.1) always exists and its 
solution is the catch equation.

M oreover, by the properties o f the integral, for 
any real valued function, f i t),  the expectation o f the 
integral is

J, j; f  ( t )dE(N)

This means that any concept (for instance, the 
yield per recruit) derived in the deterministic case 
from the catch in number becomes the correspon­
ding expected value (the same concept in mean) 
when the catch in number is considered as a sto­
chastic process.

The catch equation has an immediate solution if 
the exploitation rate F(t)/Z(t) is constant in the con­
sidered interval o f ages. It is the same to say that the 
mortality rates arc proportional within this interval. 
In this case, the solution o f the integral is

Then

£ [ c ( / 1./.)|Ar(/,)] = | ^ [ £ ( j V ( / 1)-JV (/,)|JV «1)] (8.4)

If the stock process verifies the covariance con­
dition (6.4), as the binomial and the lognormal 
processes do, the catch equation becomes

(8.3)

Z(t)
1 - S i O

su,) (8.5)

In the simplest case, when the mortality rates arc 
constant in the interval o f ages considered, the catch 
equation leads to the well-known expression

z[u-u
(8 .6)

which is again a conditional expectation. This 
expression is usually simplified in its deterministic
version as:

An analogous development corresponds to the 
considered Poisson process.

| £ [ a ( 0 - a (/î) | a (/î)]| =

= N 0 (5(A)-  5(f)) = N 0 ((l -  5 (0 ) -  (l -  5(A)))

and

E  (N ( t ) - N ( h ) \ N ( h ))2 =

= var(N(t) -  N(h) \ N(h)) + [e (N( t ) -  N(h) \ N(h j ) J  =

= N a (5(A) -  5(0) + Na2 (5(A) -  5(f))2 < 2N 02 (5(A) -  5(f)) = 

= 27V/((l-5(0)-(l-5(A)))

The function 1 -5 (0  is continuous and monotone 
increasing. H ence, this non-stationary  Poisson 
process verifies the above-mentioned existence con­
ditions for the catch process. In this case, the catch 
equation appears as an unconditional expectation.

4 4 . ’0 ] = 4 c (*.’0 w ] =

F (0

9. GAUSSIAN APPROXIMATIONS

1 -
5(d)
S i o

(8.7)

A normal approximation to the binomial distri­
bution is justified by the great expectations present 
when marine populations are dealt with, leading to a 
Gaussian process with mean and covariance func­
tions given by (5.2) and (5.4) respectively.

The norm al approxim ation to the lognormal 
process has the mean and covariance functions 
given by (7.4). In both cases the mean and covari­
ance structures may be integrated as follows

E ( N { t ) ) = m { t ) = N QS{t)

for any t, < t2 => Cov[N{tx),N(t2)) = 5(f1)5(f2)5(f1)

(9.1)
where

B(t) =
N 2 (eb * - 1) for the lognonnal process

1—5(f) ^  bjnomjai process 
0 5(f)

(9.2)
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The function B(t), in both cases, is monotone 
increasing with B(0) = 0.

These processes verify the Kolmogorov condi­
tions for stochastic processes. These conditions refer 
to permutations and subsets o f the finite dim ension­
al distributions that in the case o f multivariate nor­
mal, remain multivariate normal. It is therefore only 
necessary to show the coherence o f the covariance 
structure (9.1), or in mathematical terms, that the 
covariance m atrix corresponding to any finite 
dimensional distribution is semi-positive definite. 
For any set o f ordered ages tl<t1<...<tk, the corre­
sponding normal multivariate distribution is

{ A ^ X W d ) , . . . , ^ ^ ) } ^ ^ ^ , ! )

with fii = N 0S{ti) and 2 ÿ = I .. = B(tt.)S(tt .)S (T ), 
for i< j.

The determinant of the covariance matrix is:

l i ^ n f f ^ d ) - ^ ) ) ^ , . ) 2] (9.3)

The proof o f this statement is deduced by induc­
tion on k. It is obvious for k — 1.

Now, if  we subtract the first row  o f 2  multiplied 
by .S'(f)/.S'(d) from  the successive irh row, we reduce 
the determ inant to a k -1 order.

| s | =.»(<, ) s ( < , ) j r |

where I " = ( b ( E J -

and the statement is proved by applying the pro­
posed expression to the determinant o f 2*, which is 
analogue to 2  • As B(0)<B(tl)<...<B(tl), the determ i­
nant remains positive for any diagonal box o f the 
proposed covariance matrix 2  and is therefore a 
positive definite matrix.

In practical applications it is decisively important 
to manipulate the inverse, X 1, o f the covariance 
matrix. This inverse may be expressed by the tridi­
agonal matrix:

K.  M  »   0.

\ 2 \ 2 \ 3  ••• 0-

..o
.0

(9.4)

\ k  ~

where

f o r ^ - ^ A ^  ( ^ > - ^ > ) ^

s(tkr-

(*(**)
s i k O s i o y  

U+1 i+lj (B(ti+l) - B ( t ) )

as it is verified that 2  2 _1 = X -1 2  = /  •
These expressions o f the determ inant and the 

inverse o f the covariance matrix enable and sim pli­
fy the possible applications such as likelihood esti­
mation.

Defined by these mean and covariance struc­
tures, for any set o f ordered ages t 1<t2<...<tk<t  , it 
is easy to get the expectations and variances o f the 
conditional distributions, N(t) \{N(t1),N(t2),...JX(tk)}:

i [ U i ) | { M ( ) A ( g , . . A U ) } ]  = 

= E [ N ( t ) \ N ( t k) ] = N ( t k) j ^
(9.5)

var [ a (0  I { Aif, ),A (f2 ),..., A (f,)}] =

= v a r [A (0 |A (^ ) ] =  (9.6)

= S(t)2( B ( t ) - B ( t k))

W hich implies that the well-defined models are 
M arkovian processes.

The Gaussian approximation to the alternative 11011- 
stationary Poisson process leads to a Gaussian process 
of independent (“orthogonal”) increments (“additive 
processes”), whose distributions arc normal.
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= N  Í m(t2 ) -  m(t l ),(v *(t2) - v * ( t l ) f
(9.7)

These processes arc known as the generalised 
Brownian motion, that is, a Brownian motion with 
non-linear' mean and variance functions, a particular 
case o f Gaussian martingales (Doob, 1953; Yeh, 
1973). They arc a natural extension o f the work by 
Einstein (1905) and W iener (1923) and constitute 
the most general family o f continuous additive 
processes.

The additive character o f the process, i.e. the 
above-mentioned independence o f the increments, 
constitutes the w eak point o f  the generalised 
Brownian motion but is a practical advantage when 
the parameters o f the model are estimated by maxi­
m um  likelihood.

In the present case, the increments o f the process 
are decrements in the population o f the considered 
cohort, i.e. the number o f dead individuals.

Note that from  (4.7)

var[iV(t1)- iV (t2)] v *(t2) - v * ( t l ) ^

Thus, this process may be improved with a 
greater versatility in allowing a more flexible rela­
tion between means and variances by introducing 
the concept o f an “aggregation function” , in the 
sense given to this term  by Pielou (1969).

This aggregation function, a{t), may be defined 
as the ratio between variances and means o f the 
increments o f the process

dv var(N(t)~ N ( t  + St))
a(t) — ——— = l im  -------— — ^ > 0  (9.8)

dm öt^O E ( N ( t ) - N ( t  + St)) y J

Starting from  the “mean generating function” , 
m(t) — N 0S(t), a model for the aggregation function 
produces the corresponding “variance generating 
function”

v ( f )  =  -  a ( x ) d m ( x )  
Jo

and the corresponding version o f the generalised 
Brownian m otion defined by the finite dimensional 
distributions

f  -> 'N
(N( t l) ,N( t2),...,N(tk)) = N  f t , I

V y

where the coordinates o f the mean vector and the

elements of the covariance matrix arc given by the 
expressions

and

ß l = E ( N ( t l)) = m(tl) = N 0S(t l)

I .. = cov ( N(t.  ), N(t j )) = v (m in(f, t. )

10. GENERAL PROPORTIONAL HAZARD 
MODELS

David (1970), elaborating sufficient conditions 
for the proportionality between mortality rates, pro­
poses three types o f two-parameter lifetime distribu­
tions that should be coherent with this property:

Frechet -

Gumbel - 

Weibull -

-A 5(f) = l - e - Z r ; Z ,a  > 0

->S(r) = l - e “‘ ’ ; b > 0 

-a 5 (0 =  e~Zt“ ; Z , a >  0

Among these distributions, only the Weibull 
m odel generalises the usual exponential model 
broadly applied in marine population dynamics. 
Furthermore, the Weibull model can be used for a 
m ortality rate with high values for initial ages and 
continuously decreasing values for increasing age. 
The Weibull distribution for the lifetime is thus a 
“natural” theoretical scenario. In fact, Smith (2002) 
shows that it represents a very general model coher­
ent with the proportional hazards (between total and 
natural mortality) implied by the constant exploita­
tion rate.

11. THE W EIBULL DISTRIBUTION AND THE 
EXTENSION OF CLASSICAL HYPOTHESES

The W eibull survival (with its corresponding 
lifetime distribution) is given by

S(t)  = P r [ r  > i] = < ( 11.1)

where Z  and a  are positive real values.
The usual exponential distribution corresponds 

to the particular case in which the exponent a  is one.
The exponent a  determines the “shape” o f the 

survival (mainly in the early ages), the density func­
tions (with a finite m aximum for a > \ )  and the m or­
tality rate (decreasing with age if a <  1, constant for
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the exponential case and increasing with age if  a  
>1). The coefficient Z  expresses the relative intensi­
ty o f the mortality, and consequently the relative 
diminution o f the survival.

It is appropriate to identify Z  as a mortality coef­
ficient, which is not to be confused with a constant 
mortality rate. The mortality rate is a continuous 
function, Z(t),

Z(t )  = Z a t a~l (11.2)

and the density ,/(f), is

f { t )  — Z{t)S{t) — Z a t a~le~z,a (11.3)

If an age o f first capture, tc, is considered, the 
simple model (4.17) leads to a battery o f Weibull 
distributions corresponding to the unexploited phase 
subject only to natural mortality (with a coefficient 
o f mortality M)  and the exploited phase subject to 
total mortality (with a larger mortality coefficient, 
Z=M+F ):

i f  t < tc => 5(f) = Pr [T > t] = e~M,a 

< i f t > t c => 5(f) = P r[T  > t] = <=> .

o  S(t  I T > t . ) = = e- z,'“-'7 1
Sl tc)

(11.4)

If the stock process verifies condition (6.4), the 
corresponding stock equation (6.1) is

E{N(r2) I iV(q)) = ;(ƒƒ,<ƒ,< tc

■ E(N(r2) I iV(tj)) = N(t1)e-U{,°-,°)e-Z{,°-, °) ; if q < tc < r2 > 

E(N(t2) I iV(q)) = ; if tc <tx<t2

(11.5)
Under this model, when t > t c, the exploitation 

rate
F a t"  F
Z a t a l ~ Z  ( 1L6)

is constant. Therefore, the catch equation (8.2) yields

E  [C  [q ,t2 ] I Nit, )]  = I  Aflq )[  1 -  1 ] (11.7)

Thus, equations (11.5) and (11.7) generalize the

classical equations o f marine population dynamics 
which correspond to the deterministic version o f the 
particular case o f an exponent a — I .

12. THE SIMULATION OF SURVIVAL TIMES 
(DURATION OF LIFE)

Simulation procedures arc a useful tool in both 
theoretical and applied research. They are dealt with 
in the general framework and in the particular pro­
posed extended model.

Let T be a random  survival time (life time) with 
any admissible survival, 5 (0 , distribution function, 
Fit) — I -  5 (0 , total mortality, Z(t), and cumulative 
hazard, H(t).

The classical simulation procedure is to obtain a 
sample o f random  numbers o f a variable X  which 
follows a uniform  distribution in the unit interval 
[0,1] and to simulate the required lifetimes by apply­
ing the inverse o f the distribution function:

T = F - \ X )

As an alternative, simple algebraic operations 
show that the random  transformed lifetime H(t) fol­
lows a simple exponential distribution with a con­
stant mortality rate equal to one.

Indeed, for the transformed lifetime, the survival is

Pr(tf(A-) > t) = Pr ( - H ( x )  < - 1 ) = Pr(e-H('TI <e~').

Using equation (1.5), S{t) -  e "‘A and the 
decreasing character o f the survival, we have

Pr (/ƒ(*) >t) = Pr(S(*) <e~') =

— Pr(.r > 5_1(A ')) = 5 (5 ^  (A ')) = e~'

where S  is the inverse o f the survival function con­
sidered.

And e ' is the survival function o f a standard 
exponential distribution o f unit and constant m ortal­
ity rate.

Let E xp(l) denote this exponential distribution, 
whose simulation is a standard tool in eveiy statistical 
package, and let (x;, / = 1.. .11} be a simulated sample 
o f size 11 o f this distribution. The lemma implies that 
the set {H 1, / = 1.. .11}, where H is the inverse o f the 
given cumulative hazard function, H, is a sequence of 
simulated lifetimes following the actual assumed 
model whose survival function is 5(f).
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As an example, the simulation o f the extended 
proposed model given by the series o f W eibull dis­
tributions (11.4) should be:

if x. <H{t  ) = M í “ = > x  =  H ( í . ) = M í “ = > í . =  —
1 M

if x¡ > H(tc ) => x¡ = H(t¡ ) =  M t f  +  Z  í -  tf 1 => t¡ =  k “ +
X, -  Mt:

( 11.1)

13. REFERENCE PARAMETERS

This section does not deal exhaustively with the 
biological and fishery reference point parameters in 
the specialised monographs (Caddy and M ahon, 
1996; Cadima, 2000), but it analyses the most com ­
mon reference points for management purposes.

Firstly, the principal tools generating the usual 
reference parameters were adapted to the proposed 
Weibull model. This is the case o f biomass per 
recruit and yield per recruit, which generate some of 
the important reference points used for management 
puiposes, such as the FMSY, F0 ,, Fmed. They also pro­
vide important and useful concepts such as virgin 
biomass and overexploitation growth. For this adap­
tation, it was necessary to previously adapt the crit­
ical age. Secondly, we analysed some indices broad­
ly used in all population dynamics (including human 
populations) but only marginally dealt with in fish­
ery science, such as life expectancy, mean residual 
lifetime and median survival time. These parameters 
arc redundant with m ortality rates in the classical 
exponential model, but are not so trivial in a more 
general framework. The overall natural, fishing and 
total mortality rates were generalised. Finally, as a 
consequence o f this, the relationship between an 
assumed level o f natural mortality rate and the cor­
responding natural m ortality coefficient in order to 
handle further extensions o f the model considered in 
another paper (Ferrandis and Hernández, 2007).

13.1. The critical age

This reference parameter is defined as the age 
o f m aximum expected biomass in the evolution of 
the cohort. This biomass is

(13.1.1)

B(t) is the biomass o f the cohort at age t .
w¡(t) is the weight o f each individual at age t.
Assuming the independence between the weight 

at any age and the survival

E(B(t)) = E(N(t))E(W(t)) =

= N 0S( t )E(W(t )) = N 0W„S(t ) ( l -  e-k('-'o))b 

where:
N 0 is the initial size o f the cohort, W,_ is the 

asymptotic weight, K  and t0 are the usual Von 
Bertalanffy growth parameters, and b is the expo­
nent o f the weight-length relationship, then the crit­
ical age is the age that maximises the function

E(B(r )) / (N0W„ ) = S(r ) (l -  ’ f

whose derivative is

S'(t)  ( l -  e~ki 1 ) ’ + bkS(t)(  1 -  e~kl” °1 )'_  g - k l t - t 0 ) \ b 1 g - k ( t - t 0 )

Considering the definition o f the total mortality 
rate, Z(t) — -  S'(t)/S(t), this derivative may be 
expressed as

B \ t )  = B{t)
bk

-Z ( r ) (13.1.2)

and equating to zero, it yields

bk
Z(t) =

This implies that

o’ —

t = tn + — In 1 + bk
Z{t)_

(13.1.3)

where:

which is the equation whose solution(s) give(s) the 
critical age(s) for any model Z(t) o f the mortality 
rate. The practical computations are included in 
Appendix 1.

13.2. Life expectancy, mean residual lifetime 
and median survival time

Life expectancy and median survival time are 
parameters for describing survival time that can be 
useful in order to compare the different cohorts in a 
study period or the state o f resources in different 
areas.

If  T  denotes the survival time whose survival 
function is S(t) , the life expectancy, or the expecta­
tion o f survival time (Smith, 2002), is given by:
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E ( T ) = \ ~ S ( t ) d t  (13.2.1)
J  0

In the current composite Weibull model,

E(T)=  Í >cS{t)dt+ [ ~S{t)dtJO J l

-J.
=ƒ.

e™ dt + e- ■J, dt

- M t  i ,  . ie dt + e,(Z - M ) t c

7 , e ' dt

In any age interval | r , / ,] ,  making the change of 
variables

(  u )1/a X 1 1z u Y
- => dt —---- -

1 Z J a Z \ v Z j

<l/a)-l

we have

" i ' 2 -Z U , 1 f -u ,1/al-lje at —---- — e u du —
aZ J "('i>

T ( l / a )  1 r "(,2>f  U{h) - u  (I/o;)—I ie u du
a Z  r ( l / a ) J »<'i> 

where

T (p ) = f
J 0

is the Gamma function. The integral

CDF .Gammedp,x) = --------I" e~' / " 'dl
T(p)  0

is the cumulative distribution function o f the stan­
dard gam m a distribution of shape param eter p.

Then

Í V 2A/? =
J 'i

= ~ ~ ^ \ C D F  Gamma(l / a , Z t f  ) -  CDF .Gcimma{\ I 

and, finally, the life expectancy is

E(T) = j  ‘‘erM,°dt + ë-z~M),° ƒ V Zt"rfí =  

T (l/a)
a M L

-CDF.Gamma(ll a . M t f )  + (13.2.2)

+ e(Z M),‘ 2̂ ya  ̂^  ~ CDF.GcummO / a . Z t f  )]

The usual statistical packages (SPSS, Statistika, 
S-Plus) have the means to calculate this cumulative 
distribution.

In the classical approach with a unit exponent, a  
— 1, the gamma function is one, the gam m a distribu­
tion becomes the exponential one and the life 
expectancy is

i   ~ —Mtc 0 —Mtc

E(T) = ——------- + -
M  Z (13.2.3)

that in the simple cases o f an unexploited (tc -  00 ) or 
a fully exploited resource (tc -  0) becomes, respec­
tively, E(T) -  UM  and E(T) -  HZ.  In the author’s 
opinion this trivial redundancy o f the life expectan­
cy with the mortality rates in the classical approach 
is the reason why the life expectancy, considered as 
a fundamental reference param eter in general popu­
lation dynamics (including that o f hum an popula­
tions), is systematically neglected in fishery science.

An interesting param eter related to the life 
expectancy is the mean residual lifetime at age t, 
r{t), as a measure o f the average remaining life. This 
is given by

r(t)--
J  S{t)dt

S(t)
(13.2.4)

where the integral is calculated in the same way as 
is applied for the life expectancy (Dobson, 2002).

eMt“r  i l l a
i f  t < tc => r(t) = ------- ——-[CDF.Gamma( 1 / a ,M t ca) — CDF.Gamma( 1 / a ,M fa )]

— [ l  — CDF .Gamma(l / a . Z t f  ) J
a Z lla

a F
f t > t c => r(t) = e Zfa —^  [ l  -  CDF.Gamma( 1 l a , Z t ca )]
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In particular, for the age o f first capture, tc

J  S{t)dt
r{te) = -

S(tc)

=  <%
r q /c o
a Z lla

[ l  — CDF .Gamma( 1 / (X .Z t f  ) J

Notice that in the particular and classical case of 
a unit exponent, a -  1, the mean residual time o f life 
should be r ( t j  = 1/Z.

The median survival time, tso, is given by the 
solution to the equation

5(i) = 0.5 (13.2.5)

and is often considered (Dobson, 2002) as a better 
description o f the “average” survival time than the 
life expectancy because o f the bias o f the survival 
distribution.

The median is a particular case o f a percentile, tp, 
o f level p  o f the lifetime distribution, i.e. when p  — 
50%. Thus

100

In the current case o f a series of Weibull distri­
butions given by (11.4), we have

if e~m‘ < S(t ) => t < tc => t

if C h > S(tp) => tp > tc => tp —
( Z - M ) t f  -\n(S(t  ))

13.3. The mortality rates

13.3.1. The natural mortality rate

The constant natural mortality rates established 
in the literature and estimated by different methods 
can be adapted to any admissible mortality model, 
and particularly to the proposed Weibull model. A 
constant m ortality rate M 0 corresponds to the 
assumption o f an unexploited population with an 
exponentially  d istributed lifetim e and a life 
expectancy E(t) — 1 /M0.

For the Weibull composite model, setting tc — 00 
in (13.2.2), we have

E(t)  = l / M 0 =
T n i a )  

1 ¡aaM

and

M 1 =
! M 0T (1 / a)

a

(13.3.1)

(13.3.2)

Considering, as is assumed in the proposed sur­
vival model (11.4), the exponent o f the Weibull dis­
tribution as a population param eter and the life 
expectancy as an overall parameter o f the lifetime 
distribution, the Weibull distribution with param e­
ters M x and a  would have the same life expectancy 
as that attributed to the virgin population, affected 
only by natural mortality.

The overall or expected mortality rate, E{M{t)), 
corresponding to a given natural mortality coeffi­
cient, M,  for an unexploited population is

—  r  '
E(M(t)) — M  Í0,°o) =  —

Jo

= f °° M( t fS ( t )d t  = M2a2 [ V  
Jo  Jo

which, with the change o f variable, x  -  Mta, leads to

M(t)dS(t) =

t 2 (a - \ )  e ~Mta d j

\ - V a , Xd x  =

= M 1,aa T ( 2 - l / a )
(13.3.3)

Now, taking the constant assumed natural m or­
tality rate M 0 as an estimation o f this expected (or 
mean) mortality rate, i.e. M 0 -  M  [0, °°), we have an 
alternative expression for the coefficient o f natural 
mortality:

M n
M  2 — ar<2- M a) J

(13.3.4)

The Weibull distribution with parameters M 2 and 
a  would have the same overall expected mortality 
rate as the one attributed to the virgin population, 
which is affected only by the assumed and constant 
natural mortality.

Comparing the two estimates o f the coefficient of 
natural mortality, their ratio is

^ -  = ( r (i / ß, r ,2 - i / ß,)a
m 2

which, for a > 0.5 is > 1, by the properties o f the 
gam m a function. Thus, the estimate obtained by 
standardising the life expectancy (Expression 
(13.3.2)) will be generally greater.
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For the particular case o f the usual exponential 
distribution, we have

a = l=>r(l/a) = r(2-l/a) = r(l) = l

Thus, the two estimates are the same and equal to 
the assumed M 0.

13.3.2. The overall fishing mortality rate

In the proposed model, the mortality rates vary 
with age. The overall (expected or mean) fishing 
mortality rate in the interval [i_, °°), from the effec­
tive age o f first capture, tc is given by

F [f(,,°°) = - i  F(t)dS(t) = { F(t)Z(t)S(t)dt ■
J tc J  tc

For the proposed Weibull model,

F[tc,°o) = S{tc)FZa2 [ °°t2i<x~1)e~Zita~t?)dt =

= F Z a 2eFI‘ [ °°

which again, with the change o f variable x  -  Zta, 
yields

F t?  »  ° o
(  rv  1 \ / r v   -v i ■ i givesF aeF k .o o )  = ' u'e f x {a 1)1 a e  x d x  , which gi\Le ) z < a - l ) / a  j zt?

F[p.  <*,) =

= -  T(2 -1  / a)aeF Z1'“ [ 1 -  CDF.Gamma (2 -1  / a.  Zf“ )]

(13.3.5)

13.3.3. The overall total mortality rate

The overall total mortality rate is given by 

Z[0,°°) = j°°Z(r)2S(r)* =

= \ tc M {t fS{t )dt+ \°°Z(t)2S(t)dt .Jo Jtc

Again, for the proposed Weibull model,

Z [0 ,°o ) =

= M 2a 2t2ia-1}e-Mf dt + 5(fc )ƒ °° Z ^ r ^ e ^ ' ^ ^ d t

z[0,°o) = aT( 2 -1  / a ) M lla CDF .Gamma ( 2 -1  / a ,  Mí") 

+aT (2-1  / a )Z llaeF,? [ l -  CDF.Gamma{l- 1 / a,Zfc )]

(13.3.6)

13.3.4. The overall exploitation rate

The overall exploitation rate is given by

' F(t)Fjt)

A O .
= - f  —  dS{t) = - [J 0 Z(i) J t

Fit1 F
- d S { t )  = - S { t c)
Z(t) z

(13.3.7)

In the case o f the proposed Weibull model, we 
have

Fjt)

A t )

M 00 M OO

= - [  ^ 5 ( í )  = - f  —  
J 0 Z(t) J  Z(t)

dS{t) =
tc

Mt?F F
= - S { t c) = - e  

z  z

13.4. The yield per recruit

The yield per recruit, Y, is a reference parameter 
frequently used for diagnosis o f the actual effort in 
relation to the m aximum sustainable yield, MSY, 
and its precautionary limits. It is defined as the rela­
tive (by recruit) biomass catch from a given cohort.

Its differential equation is

dY = w(t)dC = —w(t)—— dN 
Z{t)

where, respectively, wit) is the mean weight, C(t) is 
the cumulative catch in number, Fit) and Z(t) are the 
fishing and total mortality rates and N(t) is the size 
o f the cohort at age t.

Its global expectation conditioned by a given 
recruitm ent, R,  an age o f recruitm ent, tr, and an ini­
tial age o f exploitation, tc, is

£ [ y [ r c ,o o ) |* ]  =  

F R

F  R
I .

Z  Sit,.)

z  Sip)  

witc)Sitc)+ J Sdw

wdS —

A similar development as the above one gives
The yield per recruit or relative conditional 

expectation is
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£ [ r [ i c,oo)|*] f
w(t )S(tc) + Sdwi: (13.4.1)

R ZS(tr)

or, in terms of the conditional survival from the age tc 

E \ Y [ t c ~ ) \R \

R  (13.4.2)
m e)
ZS{tr)

In order to calculate the integral with a given pre­
cision, £, the infinite interval [i.,00], is split into two 
parts: a finite interval [?.,«] bounded by an integer n, 
where the approximation to the integral may be 
obtained, and an infinite interval [«,°°), where the 
value o f the integral should be negligible. The con­
crete development is presented in Appendix 2.

13.5. The biomass per recruit

As in the previous paragraph, tr let designate the 
age o f recruitment, and consider the age interval 
since recruitment, [f,.,00), split into the two intervals 
\t, J r) and |(.y-).

Its differential equation is

dB - -  w(t)dN

Hence, the expected biomass per recruit is given by 

E { B \ t r,oo)\R~\ i r -,
1 [r  J = — r w(tr)S(tr) + j ; sdw] =

R S(tr) 1 r J

5 ( 0
[w(fr )S{tr ) + ƒ Y Sdw + ƒ J  Sdw]

(13.5.1)

If the fishing mortality increases, the survival 
function decreases and the biomass per recruit is 
obviously decreasing with respect to the fishing 
mortality, as in the classical approach by Beverton 
and Holt. Both integrals are particular cases of the 
computational tools described in Appendix 2 for the 
case o f the yield per recruit.

14. CONCLUSIONS

The relation between survival, mortality and life­
time distribution is the basis on which a stochastic 
approach to marine population dynamics is built. The 
properties of survival and mortality have been rigor­
ously established and examples o f published and

unpublished, adequate (admissible) and inadequate 
models have been made. Specifically, alternative and 
generalised models using the Beverton and Holt and 
Sparholt hypotheses on natural early mortality have 
been presented. They are admissible mortality models 
continuously decreasing with age according with the 
ideas elaborated by Caddy (1991).

The analysis o f total mortality rate in the two 
independent components, natural and fishing, is 
essential in the present elaboration as it is in all 
marine population dynamics. However, in the future 
it may give rise to dependent causes o f death or 
“competitive risks” , a concept that may be useful in 
an ecosystem  approach framework.

The definition o f survival provides an initial bino­
mial stochastic process for the evolution o f the stock 
o f a cohort of marine resources and the population 
growth model leads to a lognormal and more complex 
version o f the process. Both arc Markovian processes 
providing the fundamental equation of population 
dynamics as a conditional expectation. In the present 
work, both binomial and lognormal processes arc 
treated in a unified approach. These processes arc 
correctly defined with their Gaussian approximations, 
which generate a promising bridge between marine 
population dynam ics and m ultivariate statistical 
analysis. The identification o f the determinant and the 
inverse o f the covariance m atrix converts this 
Gaussian processes into a “ready to use” tool.

The catch process is also correctly defined. It pro­
vides the catch equation as a conditional expectation 
that is easily formulated when the mortalities corre­
sponding to natural, fishing and total mortality arc 
proportional. This condition is related to the Weibull 
distribution for the lifetime o f the population.

Thus, an extension o f the classical marine popu­
lation dynamics is proposed through survival and 
lifetime models as a battery o f two W eibull distribu­
tions, considering the age o f first capture as the cut­
off of the unexploited and exploited phases o f the 
cohort.

Under this extended model, the reference param ­
eters related to the diagnosis o f the fishery have 
been established in a way that generalises the known 
expressions derived from  the classical exponential 
model.

The critical age, fife expectancy, median survival 
time, mean residual lifetime, natural, fishing and 
total m ortality rates, biomass per recruit and yield 
per recruit have been generalised and computer 
solutions have been implemented.
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The idea underlying the Weibull survival model 
here presented is an alternative to classical popula­
tion dynamics. Instead o f considering many age 
intervals with constant m ortalities, i.e. the m ortali­
ties as step functions, we can establish few intervals 
but with more flexible mortality models, i.e. the 
mortalities as continuous functions.

According with the author’s experience with 
M editerranean demersal resources, this Weibull sur­
vival model has a strong coherence with the esti­
mated survival functions o f some target species. It is 
for this reason that the hypotheses assumed by this 
model arc not significantly contradictory with the 
behaviour o f trawl surveys and commercial data. 
This does not hold for a general application of the 
proposed W eibull model. In a few words, the 
Weibull model may be reasonable and adequate for 
some fishery resources, though neither perfect nor 
generally  applicable. The elaboration  o f the 
Beverton and Holt and Sparholt m ortality models 
here presented shows a way (not the only one, nor 
the best) to deal with more complex situations.
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APPENDIX 1. THE CRITICAL AGE

In the case o f a constant m ortality rate Z(t) — Z, 
Equation (13.1.3) gives the unique and well-known 
solution for the critical age.

In the more flexible case o f an exponent a  ^  I 
corresponding to the Weibull model proposed, by 
the properties o f the survival function formalised in 
the first paragraph

lim S (i) = 0
t—

and thus, for any exponent a  < 0

lim Z(f)5(i) = \ i m Z a t a-le^Mt“^Z{ta^t?) =
t 0̂° t-- 0̂°

(z - M ) t ra (Zta)e {Zt 1
■ =  0= lim a e

t 0̂°

because lim xe~x = 0 .
X—>oo

Therefore lim B'(t) -  0 .

First, the alternative a >  1 will be considered. 
Now, the mortality rate, Z(t), is a monotone 

increasing function

'Z(0) = 0

for t < t c => Z(t) = M a t a~l 

for t > tc => Z(t) = Z a t “_1 
lim Z (f)  =  oo

» Í y

Then, the second factor of Expression (13.1.2) is a 
monotone decreasing function which approaches

lim
bk

-Z(t)

and which has a unique discontinuity at the age of 
first capture tc.

Therefore, the derivative o f the expected biomass 
o f the cohort (Expression (13.1.2)) has the following 
properties:

bk
B ( 0 ) -  B(0)~. — r > 0 because t0< 0 ;

le  0 - 1

B f t )  has a unique discontinuity at the age o f first 
capture tc\

B f t )  reaches and retains negative values from a 
certain age (the critical age) 

lim ß '(f)  = 0 •

Hence, in this case, a unique critical age exists. 
It will be in the unexploited phase, t < t c, and the 

solution of

î — t,, H—  In I 1 +
bk

M a t 0

if  lim B'(t) < 0 ot—>tcJ<tc
bk

■ M a t '

(A .1.1)

<0

and this condition is equivalent to

tc > t0 + — In 
k

1 +  -
bk

M a t /

Otherwise, if

tc < t0+ — In 
k

1 +  -
bk

Zat„
(A .I.2)

the critical age will be in the exploited phase, t> tc, 
and the solution of

Í ,  bkt — H—  In 1 + -

Finally, if

f  + j  In 
k

1 +  -
bk

v Z a t '

Z a t 0

<tc <t0 + —In 
k

1 +  -

(A.1.3)

bk
M a t '

the critical age will be the age of fust capture tc.
Let us now consider the case when the exponent 

is lower than one, 0  < a  < 1 , leading to a piecewise 
continuous and decreasing mortality rate.

lim Z(t  ) = lim M a t a~l — °°
0 i->0

for t < t c => Z(t) -  M a t a~l 

for t > tc => Z(f ) = Z a t a~l 
lim Z(f) = 0
t-

We can rewrite Expression (13.1.2) in order to 
identify its asymptotic sign 

B ( t )

(t-to)

which will depend on the product Z{t)ekiM

BV) = b k - Z ( t ) ( e k{t io)- l )

Z(t)ek(t io) = Z a f - ' e ^ *  io) =

= Zkae~kt° f  6
kt

kt
CO
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because APPENDIX 2. THE YIELD PER RECRUIT

lim i“ = 0 0
t—>00

kt
lim
t—>00

e
kt

Therefore, B '{t), from  a certain age it will present 
only negative values. Now we can summarise the 
properties o f the derivative o f the expected biomass 
o f the cohort:

lim B'(t) — —00
i—»0

B \ t )  has a unique discontinuity at the age of first 
capture tc\

B \ t )  reaches and retains negative values from a 
certain age.

lini B'{t) — 0
t—>00

Consequently, if  B \ t )  reaches any positive value, 
the range o f ages [0,°°) will contain an interval 
IX-,.,00), in which B'(t) will have only negative values 
that change to positive below the cut-off age, tcr. 
This age will therefore correspond to a relative m ax­
imum of the biomass o f the cohort, and hence to the 
critical age.

As lim B '(t) -  -  00 , an initial interval IO, t ) willt—$00 x ' 7 L 7 n'
exist in which B '(t) will also present negative values 
that change to positive beyond the cut-off age, tn, 
which will correspond to a relative m inim um  of the 
biomass o f the cohort.

A sufficient and easy condition for verifying the 
existence o f positive values of the derivative, B \ t ) ,  
is to check whether B'( tc) > 0. This inequality 
implies condition (A. 1.2) and, in this case, the criti­
cal age will be in the exploited phase, t> tc, and the 
solution to (A. 1.3).

Solutions to (A .1.1) or (A .1.3) must be obtained 
by computer numerical methods like the false posi­
tion {regula falsi)  method (Hildebrand, 1974; Curtis 
and Patrick, 1994). The author has established suit­
able software for solving these equations with a pre­
fixed precision.

j  ~ Sdw = A  + B

where

A  — J  Sdw — J  Sw'dt  

B -  f Sdw -  f Sw'dt
J  n J  n

The weight curve reaches its inflexion point at the age 

ln(h)
n -  t(| H— -—  . Hence, the second term  is 

k

B — f Sw'dt < w'{h) f Sdt
J  n  •> n

and due to the integrability o f the survival

(ƒ “ s<fr = £ (r)< <

for any given £ > 0 it is possible to choose 11 such 
that B  > e / 2 .  In fact, for the proposed composite 
W eibull model

[ ~S(t)dt <ez , ° [ °°e-z,adt--
J  n J  n

ez,‘ T (l/cQ  
a Z lla

[ l  — CDF.Gamma{\ / C/. .Zu“ )J

but

lim Zna = 0 0  =ï Um CDF .Gamma ( l / a ,Z n “ ) = l=>
n—>00 n—» 00

lim |”l — CDF Gamma{ 1 / a ,Z n a) 1 = 000 L- -I

and then, it is possible to choose an integer 11 such 
that

a e Z
1 — CDF .Gamma {I / C/.Zn" ) < -

2w'(h)ez ,“r ( l / a )

Once an 11 is identified, the approximation o f the 
first term, A, may be easily obtained by the trape­
zoidal or Simpson methods.

The author has built specific programs for calcu­
lating the yield per recruit with a given precision, e, 
prefixed by the user.
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