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INTRODUCTION
§1

Stevin's Arithmétique was published in 1585, the year in which also The Tenth
appeared. No Dutch original was published, as in the case of The Tenth; the
Arithmétique was only presented in French. Bound together with the Arithmé-
tique was another book, entitled Pratigue d’Arithmétique; it mainly dealt with
commercial applications of the theory unfolded in the Arithmétique. These appli-
cations included The Tenth and the Tables of Interest, which were thus published
a second time, now in.a French translation. Added to the Arithmétigue was
Stevin's own and very free version of the first four books of Diophantus, at that
time available in a Latin translation by Xylander 1). Moreover, added to the
Pratigue was a treatise on incommensurable quantities, with Stevin’s explanation
of the tenth book of Euclid’s Elements 2). When after Stevin's death Albert
Girard republished the Arithmétique, he not only added a few remarks of his
own (clearly indicated), but also added Stevin's Appendice algébraique, a short
essay first published in 1594. At the same time Girard completed Stevin’s work
on Diophantus by adding his own version of the fifth and sixth books 3).

The Arithmétique is thus a collection of several books, all loosely related to
each other and centring around the main part, which deals with the arithmetic
of integets, fractions, and irrationals, along with what we call the algebra of
polynomials and the theory of equations. Apart from The Tenth and the Tables
of Interest, published separately, the part dealing with equations is probably to
us the most interesting section of the book. It gives us a late sixteenth-century
approach to the theory of algebraic equations, including those of the fourth
degree — called, in Stevin’s words: “les équations de cinc quantitez”.

§ 2
Stevin's Arithmétique is divided into two books, one on Definitions, the other
on Operations. In the Definitions he explains his notation .and his classification
of numbers in arithmetical, geometrical, and algebraic ones. What strikes us
immediately when we begin to read the book is Stevin’s emphatic plea to consider

Y) Diophanti Alexandrini Rerum Arithmeticarum Libri sex . . . A Guil. Xylandro Augusta-
n0 incredibili labore latine redditum. (Basle, 1575). — Xylander’s German name was Wilhelm
Holtzman; he was a professor at Heidelberg. Rafael Bombelli, a professor at Bologna, had
already published 143 problems of Diophantus in the third book of L’Algebra parte
maggiore dell’ Arithmetica (Bologna, 1572; there is also an edition of 1570).

%) Stevin knew Euclid’s Elements primarily from the Latin translation by Clavius:
Euclidis Elementorum libri XV, ., . accessit XV'I. De solidorum regularium comparatione . . .
Auctore Christophoro Clavio (Rome, 1574, 2 vols, several later editions) — Clavius (1537-
1612) taught at the Jesuit College in Rome and was an advisor to Pope Gregory XII1
on the calendar reform of 1582. ’ }

%) H. Bosmans, Ann. Soc. Sc. Bruxelles 35 (r910-11), /¢. (35) indicates precisely the
relation between Girard’s editions and the original versions edited or supervised by
Stevin. '
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one a number: “Que Tunité est nombre”. We here have to do with an opposition
to a point of view which had come down from the Greeks and which finds
expression in Euclid’s Elements VII, def. 2: “Number is a multitude made up of
units (povades)”. The unit itself is not a number, since the origin or principle
(épx7) of a thing is not that thing itself. Similarly, 2 point is not a line, though
it is its origin. This analogy between the point and the arithmetical unit was
stressed in particular by the Pythagoreans, who taught that a unit is a point with-
out position and a point is a unit having position, and whose influence was felt
By Euclid. It appears that Stevin disagrees with this analogy. Two units, he points
out, form a number different from the unit but of the same nature, but two
points only form a point. If we wish to compare a point with an arithmetical
concept, we had better take zero: a multitude of zeros is still zero. We may call
the point the “beginning” of the line (here we find the concept &px4 again),
and zero the “beginning” of number, “leé vrai et naturel commencement”. This
idea is found again in The Tenth, in the second definition, where the “begin-
ning” is indicated by (¢). Zero, therefore, is not a number in Stevin’s mode of
thinking. He uses the symbol zero freely, but does not accept zero as a root of
an equatlon

‘But though he may exclude zero as a number Stevin is quite convinced that
the traditional number concept, as it had come down from the Greek through
the early Renaissancé and especially from Euclid, was too narrow. This number
concept included natural numbers as well as rational and certain irrational ones,
the latter usually conceived as radicals. Stevin now draws the conclusion that
number is a continuous quantity “as continuous water corresponds to a con-
tinuous humndlty, so does a continuous magnitude correspond to a continuous
number”. There are, he states, no “absurd, irrational, irregular, inexplicable or
surd numbers”. What he means is that one number, gua number, is not different

from any other, 2 is the square root of 4 just as 4/2 is the square root of 2.
We can only speak of incommensurability if we consider the ratio of two numbers,

64/2 is rational in terms of *y/2, and irrational in terms of 2. Stevin is willing

to include negative numbers in his number concept; though with some caution:
they still are somewhat of a novelty to him. However, he draws the line at
complex numbers, despite the fact that his older contemporary Rafael Bombelli
had- shown no such scruples, and had developed an algebra 1) in which our

54+ 74/—1 is written as Sp,l 0 m. 49 Iand 5—7\/:1assm.[ 0 m. 49 I.Here

p. stand for pin, m. for meno, and the new radicals are called piz di meno
when they are added, and meno di meno when they are subtracted (Stevin’s “plus
de moins” and “moins de moins” in Probl. 69). Stevin does not see the use of
these novel numbers: “There are enough legitimate things”, he writes, “to work
on without need to get busy on incertain matter” 4).

This extension of the number concept is typical of sixteenth-century mathe-
matics; it is due to the enormous amount of numerical work which was done
. and to the general reluctance to let the Greeks dominate all intellectual endeavour.
We here witness a gradual process rather than a conscious break, and thus we
find Stevin making concessions to the Ancients which look quite antiquated to us.

Y Arithmétique, p. 309
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An example of this is formed by the part of the Definitions which deals with
“geometrical” numbers, numbers such as squares, cubes, roots, etc., still tradition-
ally connected with geometrical figures (our terminology: “square”, “cube”, still
preserves this ancient trait). However, Stevin breaks with the old Coss notation
and introduces the new exponential notation of Bombelli to denote the powers
of a given number, so that he writes

@2, @4 (@8 @6 ...
®3, ®9, ®27, @81, ...... ;

in our notation: if « = 2, then 42 = 4, 48 = 8, 44 = 16,
if 4 = 3, then 42 = = 27, 2% =

Here () stands for the /™ power of a given number. Stevin is petfectly willing
to take 7 fractional, () means a square root, @ the root of a cube; thus (T) means
4/ (sometimes he also writes/(3) instead of (. Since (D is the expression
of the Iength of a line segment, (2) stands for a square, @ for a cube, for

a segment which is the mean proportional between the unit segment ¢ and (@):

. e: O =0 :1.
Similarly: | | - . — .
Yoo =0:® =@ :1
Since space has three dimensions, the geometrical expression of (@) also calls
for an artifice, and Stevin again uses a proportion

@:0=0:0

which, by comparing @ and the cube (), expresses (@) as a rectangular block,
having the square () for base, and a height such that the volume of the block
is to that of the cube in the ratio of (@) to (3); here ) and (@) are numbers. In
the same way (3, (®),... can be interpreted as solids.

‘This is a clumsy procedure. The way out towards spaces of higher dimensions
only appeared in the nineteenth century at a level of mathematical understanding
far different from that of Stevin's days. However, there was another way out,
which was implicit in Stevin's work and was actually adopted by Descartes not
long after Stevin’s death. It consisted in applying the method used to interpret
@, alsoto @, @), @, etc,and writinge: O = D : @, O: @ =@ : Q. In
this way every power can be expressed in terms of the unit line segment, and
we have arrived at the correspondence between numbers and line segments on
which analytic geometry is based 5). We see in this example how great were
the obstacles that had to be overcome in order to reach such a simple thing —
simple to us — as analytic geometry.

§.3

The second book of the Arithmétique deals with Operations and consists of
three parts. The first two parts do not contain much of particular interest to us;

5) E. J. Dijksterhuis, Simon Stevin, p. 72.
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they expound the rules of ordinary arithmetic with integers, fractions, and ra-
dicals, and teach proportions and the “regula falsi”. The  subject matter does
not differ appreciably from that of our present textbooks, e.g. the multiplication

and division of fractions such as (\/E + \/E) / (\/E + \/4_), and the reduction
of }//7 + /48 to \/5 + 2. It is a little more elaborate than our present treat-

ment, because Stevin insists on proving some of his results with the aid of geo-
metrical figures in the Euclidean tradition, about which more is to be said below.
He has our signs + and —; the sign of equality, if he needs it, is :. In an-
other place he uses M for multnplncahon D for division.

The third- section of this book On Operations contains the algebraic part, the
theory of polynomials, and that of equations. Here we meet with “algebraic”
numbers To define them, Stevm again introduces the exponential notation (),

but this time to indicate the i power of an indefinite quantity, 7.e. what we

usually denote by x*.. By a combination of these symbols we obtain an “algebraic”
number, for instance : :

@006 L
whlch amounts to what we now write as #,x3 + alx2+a2x + a3. Here the sym-

“bol @ therefore stands not only for x*, but for any positive multiple ‘of x* ;the
+ sign is omitted, if not required. \When the coefficient is glven it has to be
indicated: 5(@) stands for 5 x4. In this case the sign for the summation or sub-
tractlon appears 6):

4 (@ + 12 means 4 x + 12.

Stevin then teaches the principal operations with polynomials (multinomials,
as he calls them), very much following the methods he used for expressions con-
taining radicals. Here we find, for instance, the division of polynomials, such as
4x7T — 2x6 — 6x5 4 9x4

2x% 4+ 3x3
idea of Stevin, the method for finding the greatest common divisor (G.C.D.) of
two polynomials. He states that he was led to his discovery by some remarks of

= 2%3 — 4x2 + 3%, This is followed by an original

%) We have to bear in mind that Stevin uses Bombelli’s exponential notation in four
different ways:

a) In The Tenth, to indicate decimal units;

b) in his Trigonometry, to indicate sexagesimal units;

c) in L’ Arithmeétique, to indicate powers of a given positive number, in practice 2 or 3,
hence to indicate our a? ; a being a constant;

d) also in L’ Arithmétique, to indicate powers of an indefinite quantity, hence our x2,
and under certain citrcumstances even a multiple of x2 , hence our ax? . But when the g is
specifically given, he writes it, e. g. 5(4) means 5x% — On Bombelli’s notation, see our in-
troduction to The Tenth; also: H. Wieleitner, Zu Bombelli’s Bezeichnung der Unbekannten
und ihrer Potenzen, Archivio di Storia dclle Scienze 7 (1926), pp. 29-33; E. Bortolotti, Sulla
rappresentagione simbolica delle incognita ¢ delle potenge di essa introdotte dal Bombelli, ib. 8

(1927), pp. 49-63.
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Pedro Nunes (1502—1578), a Portuguese mathematician, whose latinized name
of Nonius is preserved in the measuring instrument better called a vernier.
Nunes, in his Libro de algebraT) of 1567, had derived some methods for the
factorization of certain polynomials 8). This brought Stevin in search of a general
method to reduce rational algebraic fractions to their simplest form, to a discovery:
the generalization of the Euclidean algorithm for finding the G.C.D. of two
positive integers to two polynomials 9). This is the way we still find the G.C.D.
of two such forms 10). _ ,
The remaining part of L’Arithmétique is devoted to the theory of equaticns.
Before we discuss it, we have to report on one other aspect of Stevin’s notation.
Though it is true that Bombelli’s exponential notation () is an advantage over
previous notations which denoted every power of x by a symbol of its own, there
is a difficulty when two or more indefinite quantities have to make their ap-
pearance. We now meet this difficulty by introducing other letters, y, z, etc.

Stevin cannot do this, and so, where we write y, 32, ...... he writes sec (D), sec
@, ... ; where we continue with z, 22,...... , he writes ter (1), ter (@),...... The
5x2 28

result is that the term which in our notation is

, appears in L' Arithmétique

as 52 D sec ) M ter (3). We can ‘now appreciate better the advantages of
Descartes’ x, 7, 2....... notation. '

§ 4

The chief theoretical achievement of sixteenth-century mathematics is the
development of algebra, and this development was primarily due to the advance-
ment in the theory of equations. During this century the solution of the third and
fourth-degree equations was added to the classical solution of the quadratic
equation, and methods were found to deal with the numerical solution of equa-
tions of higher degrees. The algebrists — or “cossists”, as they were called —
created an algebraic symbolism and improved the notations step by step. They
abandoned the exclusive concentration on positive numbers, and admitted negative
and even imaginary numbers. On the one hand these men showed increased skill
in numerical work with large integers, fractions, and irrationals, on the other hand
they reached greater abstractions in their treatment of equations.

The theory of equations reached the mathematicians of the Renaissance period

7y P. Nunes, Libro de algebra en arithmetica y geometria (Antwerp, 1567). This was a
translation by the author into Spanish from the original Portuguese. See H. Bosmans,
Sur le “Libro de algebra” de Pedro Nudieg, Bibl. mathematica (3) 8 (1908), pp. 154-169;
id., L’ Algébre de Pedro Nunez, Annaes de Acad. Polyt. do Porto 3 (1908), 50 pp.

8) See the account in Bosmans, /¢, (7) Bosmans points out that there is no reason to
believe (as Stevin seems to suggest) that Nunes tried to find the G.C.D. of polynomials
and failed. )

%) Elements VI, Prop. 1, 11. Euclid’s proofs are geometrical, and make a discrimination
between the cascs that the G.C.D. is 1 and = 1 ;this is done because of the assumption that
one is not a number.

19) For a modern discussion, see H. Weber, Lebrbuch der Algebra 1 (Braunschweig,

1898), p. 37.
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primarily in two ways 11): through Euclid’s Elements 12) and Al-Khwarizmi's
Algebra 13). Both were available in Latin translations 14), though Al-Khwarizmi's
book remained in manuscript. The two texts were not independent, since the
Arabic writer showed the influence of the Elements. But whilst the Elements
followed an abstract-geometrical pattern, the Arabic text contained numerical
examples and used geometry only for illustration, or as a means of demonstra-
tion. Since Stevin's exposition is strongly influenced by both Greek and Arabic
writers, some understanding of their methods is necessary for the understanding
of the Arithmétique.

§ 5
Euclid’s theory of what we call linear and quadratic eqﬁations has, at first
sight, little in common with them. It is cast into the form of questions and de-

Fig. 1

1) For a general exposition, sec J. Tropfke, Geschichte der Elementar-Mathematik 111
(Betlin-Leipzig, 3eAufl., 1937), 239 pp. An appendix contains samples of different
notations, including some taken from Stevin’s L’ Arithmétique on pp. 222~223. A some- -
what different trcatment of quadratic equations is found in J. Troptke, Zur Geschichte der
quadratischen Gleichungen jiber dreieinbalb Jabrtausende, Jahresber. Deutsch. Math. Ver. 43
(1934), pp . 90-107; 44 (1924), pp. 2647, 95-119 (On Stevin, see p. 119). Comp. also D.
E. Smith, History of Mathematics 11 (Boston, New York, ctc., 1925, XII - 725 pp.), Ch. VI
and M. Cantor, Vorlesungen 1, 11,

12) Euclidis opera omnia ediderunt J. L. Heiberg et H, Menge, vol. VI (1896). See T L.
Heath, A History of Greek Mathematics; Oxford, 1921, 2 vols. XV + 446 pp., XI + 586
pp.; ., A Manual of Greek Mathematics; Oxford, 1931, XVI 4 552 pp.). There is no
translation of the Dasz into any modern language.

%) The Algebra of Al-Khwarizmi was only available in manuscript copies, either in
Arabic or in Latin, In 1831 the Arabic text was published, together with an English
translation: The Algebra of Mobhammed ben Musa, ed. and transi. by F. Rosen (London, 1831).
Sce also L. C. Karpinski, Robert of Chester’s Latin Translation of the Algebra of Al-Kho-
warizmi (New York, 1915, 164 pp.).

4) See e.g. the translation /¢, )
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monstrations concerning the so-called application of areas (magaBor T&v xwpiwv)
It is required to construct in a given angle a parallelogram, one side of which
is to lie along a given segment PQ, while its area A is to satisfy certain
conditions. The area A is given as that of a convex polygon, which can always be
transformed into a triangle or parallelogram of given size and equal area. The
simplest case is that of Elements Prop. 1, 44, 45, where it is required to apply
in a given angle to 2 given segment PQ as base a parallelogram of given area I,

The construction is equivalent to the solution of the linear equation ax sin p = I'
" when 4 is the length of segment PQ.

We arrive at the equivalent of the quadratic-equation when to PQ is to be
applied a parallelogram equal to a parallelogram of a given area A and deficient,
resp. exceeding by a parallelogram similar to a given parallelogram B ‘(which, of
course, has angle ¢). This means (Fig. 1) that we have to find on PQ -or its
continuation a point R such that the parallelogram of area A on PR in case (1)
falls short of parallelogram PS on PQ by the parallelogram RS similar to B; in
case (2) exceeds parallelogram PS by the parallelogram QT similar to B. In case
(3), where PS is equal to A, we are back to Prop. I, 44, 45.

>

H 1

[/

S

P M R Q
. Fig. 2

Case (1) is solved in Prop. VI, 28 of the Elements. Biscct PQ at M (Fig. 2)
and erect on MQ the parallelogram MQIH similar to the given one B; its
area be AB, Construct at H a parallelogram HT zlong HI and HM with area
equal to AB—A, which requires JB>A. The vertex T  lies on diagonal HOQ.
Then parallelogram PT is the required parallelogram on PQ of area A. Indeed,
since area PT — area MS + area MT — area MS + area T1, area PT = \B —
(AB—A) = A.

To obtain the algebraic equivalent of this construction let PQ be 4, TR = x and
RQ = y x (u given through parallelogram B). Then parallelogram PT has the area

2
x(a—px) sin ¢ = A, 2 sing = A
4:“' -

When we take @ = 90° (which does not impair the generality), we are led

to the quadratic equation

ux2 —ax + A = 0,42 = 4p A, >0, a>0.

For RQ = ux we find

5 .
a @
= —— |/— — ud.
ux 2 % e
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The case p = 1 corresponds to the application of an area deficient by a square,
favorite with Stevin. '

6!2

The root pux = Z_ + VI uA is missing in Euclid. It is obtained by
placing the parallelogram of area A\B— at H on the continuation of QH. The new
point R lies with respect to P as the old point R lies with respect t6 Q and thus
offers no essentially new geometrical solution.

Case (2) is solved in Prop. VI, 29 of the Elements. The solution is very
much like that of case (1), which the exception that now (Fig. 3) the parallelo-
gram at H has the area AB + A. We find for the corresponding quadratic
cquation px2 4 ax — A = O (¢ = 90°), a>0, /“>O'

H !

/P /M Qa R
S T
Fig. 3

) a a?
For RO = ux we find yx = — > + VT + ud.

The other solution makes no sense for Euclid, since it is negative. We can
say that it corresponds to a new point R lying with respect to P as the old point
R lies with respect to O and offers no essentially new geometrical solution.

These two quadratic equations are therefore of the form I) px2 — ax 4+ 6 =
0, or ux2 = ax—b, II) ux2 + ax—b =0, or ux2 = —ax + b (u, 4, b>>0).
The first type has two positive solutions for 422> 4,5, of which Euclid mentions
only one, the second type has one positive solution. There exists another type
with one positive solution:

M) ux2 —ax — b = 0, ux2 = ax + 4,

which does not appear in Euclid’s Elements. However, Prop. 84 of another
book by Euclid, the Data12) also deals with an application of areas, and this
proposition requires (in geometrical language) the construction of two unequal
segments x and y of given difference x—y = a (x>>y), forming a parallelogram
of given angle 4 and given area A. Then x—y = 4, xy sin p = A, or
x2 sin p — ax sin p — A = 0,

the equation of type III). In this case y = x—a satisfies an equation of type
II). This is substantially also Euclid’s solution, since he shows how Prop. 84

can be reduced to Prop. 59 of the Dats, which is equivalent to Elements
VI 29.




467

The Elements contain another approach to these problems, which we can
interpret as follows. If one of the positive roots is p, then type I can be written,
for = 1, as follows:

b= plap) = (92— (L —p)2 (on pp—a) = (G —p)2— (22
for p > 4) and type II: A |
b=pla+p) =p2+ap=( +_‘;_)2—-,(%)2.

These identities are the (algebraic) content of two geometrical theorems,
listed as Prop. 5, 6 ‘in Book II of the Elements. (Prop. 5 states that if a
segment 4 is divided into two patts #;, 45, then the area of the rectangle with

ag

. . a4y — .
sides @y, a, plus that of the square with side 32— is equal to that of the

2
square with side 2L nale- 20 2 gas + (“1 — 42) 2(41'*'42)2; take a5 = ,
2 2 2 2

a; = (a — p). These identities are demonstrated with the same figure used
later in Prop. VI 28, 29. Euclid here confines himself to the rectangles, and
since he only develops the theory of proportions in Book V, he does not use the
concept of the application of areas; the coefficient of x2 in the corresponding
quadratic equations is x = 1. However, this formal relation to the theory of
quadratic equations is the reason that many authors quote the Prop. Il 5, 6 rather
than those of Prop. VI 28, 29 as the basis of their geometrical theory of quadratic
equations 15).,

Quadratic equations also appear, in some form or other, in the works of other
Greek authors known to the mathematicians of the sixteenth century (Heron,
Diophantus). The main line of development, however, starts from Euclid.

§ 6

The Algebra of Al-Khwatizmi (Bagdad), r. 825 A.D.) 13) was so influential
that the name “algebra” is derived from the Arabic title of his book. It attests
to the influence of Euclid, but also represents a characteristic Oriental tradition,
which can be traced to ancient Mesopotamian sources as far back as the second
millennium B.C. 16). The emphasis is here on numerical computation; geometrical
demonstrations are incidental and lack the axiomatic precision of the Greeks,
while homogeneity is not preserved. Euclid never adds areas to lengths, Al-
Khwarizmi has no objection to this. .

Al-Khwarizmi has no algebraic notation, he writes his problems and answers

15) For further accounts of what has been called the “geometrical algebra” of the Greeks
see the books on Euclid by Heath /.¢. '?); H. G. Zeuthen, Die Lebre von den Kegelschnitten
im Alterthum (Kopenhagen, 1886); L. C. Karpinski, /¢. %), and E. J. Dijksterhuis, De
Elementen van Euclides, 2 vols (Groningen, 1929, 1930).

18) Description and source material in O. Neugebauer, The Exact Sciences in Antiquity
(Princeton, 1952, IX + 191 pp.). :
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out in full. He recognizes six types of equations, which the Renaissance authors
often rendered as follows:

Latin English modern notation
1) census aequatur radicibus  square equal to roots X2 = ax
2) census aequatur numeris square equal to numbers x2 = a
3) radices aequantur nume- roots equal to numbers ax =
tis
4) census et radices aeqhan- square and roots equal to x2 + ax = b
-tur numeris numbers
5) census et numeri aequan-  square and numbers equal to x2 + a = bx
tur radicibus roots
6) radices et numeri ae- roots and numbers equal to ax + b =
quanl‘ur censui Square

‘The coefficients are all- positive. The types 5), 4), 6) are the three types I, I,
IIT of Euclid. Al-Khwarizmi illustrates each type by means of one typical example.

I)x2 +21 =10x  I[)x2 4+ 10x =39, III) x2 = 3x + 4.

These examples became standard ones. L.C. Karpinski remarks ‘that “the
equation x2 4 10x = 39 runs like a thread of gold through the algebras for
several centuries” 17). The solution is first obtained by using a certain recipe, one
for each case:

I) x=5 &+ 4/25—21l = S++/4=5+2=7o0r3
Iy x = 4/25 +’3_9—3:VEZ—3:5,

]/(— vat = |/6 Fo=4

I}

a1 x

In type 1) Al-Khwarizmi gives both roots. Only positive roots are recognized.
In the first type of the Latin list, X2 —= ax, the only rcot is x = a; the root
x = 0 is not recognized, since 0, as we have seen, is not considered a number 18).

The arithmetical formula for the solution of quadratic equations requires a
proof, which Al-Khwarizmi gives by following the Euclidean procedure. Since
all his examples have 1 as the coefficient of x2, the application of areas can be

17y L. C. Karpinski, /.¢. 1%), p. 19
18) F. Rosen, /¢, %), p. 5; L. C. Katplnskl le. 1%), p. 67 (“nihil ahud esse numerorum,
nisi quod ex unitatibus componitur”), The concept is of Greek origin, see above, pp. 2-3.
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performed with squares. For x2 + 10 x = 39, Fig. 3 is used, in the following
form (Fig. 4):

H I
M G R
sx x?
L s T
Fig. 4 Fig. 5

This can Be changed- into 2 more symmetsical form (Fig. 5). In Fig. 4 the
“gnomon” IQMLT has area x2 + 10 x = 39, in Fig. 5 the shaded cross has
the same area. The large square has area (x + 5)2, the “quadratic supplement”.

For x2 4+ 21 = 10 x, Fig. 2 of Euclid is used (with a slight modification;
Fig. 6): H '

P M R Q

Fig. 6 ) .

-No figure is given for the second root. For x2 = 3x + 4 = ax + & a special
figure appears (Fig. 7) 19):
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P M Q R

Fig. 7

%) F. Rosen, Le. '?), p. 19, L. C. Karpinski, Z¢. %), p. 87.
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If PQ = a, MQ = 4/2, then square HQ — (4/2)2, square MD — (4/2)2 +-.5,
then TR = x.

Al-Khwarizmi solves many other quadratic equations, such as x2 = 12x 4 288;

(10 — x)2 + x2 + (10 — x) — x = 54; 10 - * 4 X = 2~L, In later
X 10 — x 6

authors, writing in Arabic, we also find quadratic equations thh irrationals: thus
Abu Kamil, “the Egyptian calculator” (. 900 A.D.) 20), has equations such as

Gt VD 6+ VD= 20,0= ot d il o T VE

§7

The mathematicians of the Christian world followed Al-Khwarizmi and
other Islamic authors, such as Abu Kamil, both in their numerical work and in.
their geometrical proofs. They recognized the three types of quadratic equations,
solved them either by a formula or by completing the square, and then had a
figure equal to or resembling the Euclidean rectangles. Gradually some changes
appeared. In the first place, an algebraic notation was developed, different in
different authors; symbols like +, —, ) made their appearance, and the nume-
rical symbols began to look like ours. Michael Stifel (c. 1487—1567), in his
Arithmetica integra (1544) 21), tried to find one formula for the solutions of
all three types of quadratic equations. For this purpose, he wrote the equations
in the following forms:

I) 2 = ax— b, 1I) x2 = b — ax, III) x2 = ax + b, so that, in Stifel’s
eyes, the solution of a quadratic equation was equivalent to the determination of
a root, “radix”: x = 4/b — ax, etc. Then Stifel's Unica regula Algebrae consists
in the one formula

x—]/< +b £,

where 2 and 4 have the same sign in the formula as they have in the equation.
After certain initials in the Latin formulation of the rule, it was called
AMASIAS 22). This, however, is in reality not a single formula, since Stifel al-
ways had to explain when to add, when to subtract. The first actual “unica
regula” is due to Stevin.

20) 1. C. Karpinski, 7he Algebra of Abu Kamil Shojac ben Aslam, Bibl, mathem. (3) 12
(1911-12), pp. 4055 ; id., The Algebra of Abu Kamil, Am. Math, Monthly 21 (1914), pp.
48.

74
2y M, Stifel, Arithmetica mlegra (Nuremberg, 1 544), fol. 241.
22) [, 2), fol. 48, 248-250.
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An example of Stifel's notation is 1 & aequatur 1 1@ + 35156 for x2 =

x 4 35156, ¥ standing for “census”’, and 1R for “radix”. This is a typical

notation of the so-called Cossists.

Geronimo Cardano, (Cardan, 1501—1576), in his Ars magna (1545) 23),
- had no rule of unification, but had a rule expressed in verse, quoted in Probl.
68 of the Arithmétique. He was, however, freer than Stifel in his occasional use
of negative 10ots (aestimatio ficta 24, e.g. x2 = 4x + 32, x = 8, — 4) and even
of complex ones. Solving the set of equations x 4+ y = 10, xy = 40, he found:

X =544/ —15,3 = 5 — 4/—15,
in his notation:
Sp:m 15, 5m : m : 15,

“quae quantitas vere est sophistica”, he added 25).

In his acceptance of complex numbers Cardan may have been influenced by
Bombelli, whose Algebra, however, was not published until 1572 25). Here
negative and complex numbers were. accepted quite freely, though the emphasis
in their use, as in Cardan, was on cubic rather than on quadratic equations. Bom-
belli’s notation for x,x2,...... 5 4, Zyeee. ; this is the beginning of an ex-
fonential notation and adopted by Stevin. By .this time the algebraic work had
become quite independent of any geometrical interpretation, but Bombelli still
found it necessary to interpret his solutions of quadratic equations with the aid
of the Euclidean square figures. Even Stevin maintained this tradition.

§ 8

The numerical solution of the general cubic and biquadratic equations was an
achievement of the sixteenth century and was felt at the time as a great and
revolutionary discovery. For the first time mathematics had passed beyond the
limits of the centuries-old Greek-Arabic cultural domain. The importance of this
step was cnhanced by an atmosphere of public disputations and nasty priority
squabbles. Cardan’s book, which made the discovery known to the learned world
at large, was proudly called Ars magna.

In our days, when this chapter of algebra has become 2 minor and slightly
boring past of the theory of equations, some cffort is required to understand
what its development meant historically. It stimulated numerical work and im-

) H. Cardanus; Artis magnae, sive de regulis algebraicis liber unus. Nuremberg, 1545 ,fol 3
verso. .

24 Le. ), fol. 66 recto.

*) R. Bombelli, L’ Algebra (Bologna, 1572; another ed. 1579); abstract in L’ Algebra
Opera di Rafael Bombelli da Bologna Libri TV ¢ V' ... publ. a cura di E. Bortolotti (Bo-
logna, 1929, 302 pp.), pp. 25~46.




472

proved its notation, made mathematicians familiar with negative and complex
numbers, helped to remove the Euclidean conventions still adhered to in algebraic
work and the associated acceptance of the homogeneity of the equations. It
encouraged further pioneering in equations of degrees higher than four, and the
study of the theory of equations in general. Girard, Stevin’s editor, was the first
to state that every equation of degree »# has » roots 26),

Equations of degrees higher than two, or problems leading to such equations,
appear occasionally in Greek and Arabic literature. The most famous of them
are the problems concerning the trisection of the angle and the duplication of
the cube. The only systematic treatment of cubic equations before the Renaissance
“cossists” is that of ‘Umar Al-Khayyimi (Omar Khayyam, ¢. 1038/1048 - .
1123)24, Nishapir, Persia), who solved cubic equations by the intersections of
conics 27). The method itself was not new and of Greek origin, Omar only knew
positive roots and gave no numerical examples. However, there is no evidence
that his work influenced the “cossists”. Paciolo, in his Summa (1494), declared
that the solution of equations of degrees higher than two was still wanting:
“I'arte ancora a tal caso non a dato modo si commo ancora non a dato modo al
quadrare del cerchio” 28).

The solution of the cubic equation, found in the early sixteenth century at
the university of Bologna by Scipio Del Ferro and his associates, was rediscovered
by Tartaglia and published by Cardan in his Ars Magna 29). The solution, called
after Cardan, requires that there be no term in x2, but Cardan showed how this
can always be achieved by a substitution. For instance, the equation x3 = ax2 4

) 2 243 -
b can be transformed into y3 = %_y_ + —;7— + & by the substitution x =

y + 43. Since Cardan knew only positive coefficients, he started with 13 dif-
ferent types, but he managed to reduce them to the three types:

X3 = ax + b, x8 + ax = b, x8 4+ b = ax.

The second type was the starting point of Tartaglia, who solved it by writing

a >
—v =b, av = (?) , and found

x=1Bu — B¥v

28) A. Girard, Invention nouvelle en algébre (Amsterdam, 1629), fol E 4; new ed. Am-
sterdam (1889).

27y The Algebra of Omar Khayyam, by D. S. Kasir (New York, 1931, 1V — 126 pp.)

28} Summa (1494), fol. 1501,

2%) The story of the discovery of the solution of the third-degree equation has often
been told. See, for instance, the historiecs of mathematics by M, Cantor, F. Cajori, G.
Loria, et al., or O. Ore, Cardano, The Gambling Scholar (Princeton, 1953, 249 pp.). Also:
E. Bortolotti, L’algebra nella scuola matematica bolognese dal secolo X VI, Periodico di Ma-
tem, (4) s (1925), pp. 147-184; id., Manoscritti matematiche, riguardanti la storia dell’ Algebra,
esistenti nelle Biblioteche di Bologna, Publ. Circ. Mat. di Catania, Esercit. Matem. 3 (1923),

pp. 69-91.
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Cardan gave corresponding solutions of the other cases. He reduced the case
x3 4+ b = ax to that of 38 = 4y 4 b by showing that in this case y2 —xy =
a4 — x2, so that one value of y gives two values of x. Cardan recognized that
there may be three roots (e.g. the equation x3 + 10x = 6x2 + 4 has the roots

2, 2 +4/2, 2 —4/2) and remarked that their sum is equal to the coefficient of
the quadratic term. He studied the ‘general cubic equation, and also admitted
complex roots 30). He tried to add a geometrical interpretation to the solution
of the cubic equation, but did not get very far. The study of cubic equations
was thus an important factor in the gradual elimination of the Euclidean ap-
plication of areas from algebra.

Cardan’s Ars-magna also contains Ferrari’s solution of a biquadratic equation
by the reduction of the problem to that of a cubic equation 81). Ferrari’s example is

x¢ 4+ 6x2 4 36 = 60x,

which he solved by adding to both sides flrst 6x2, than 2y (x2 + 6) + 52 He
obtained in this way: .

(32 4+ 6 + )2 = (6 + 2))x2 + 60x + (125 + 3?),

the second member of which is a petfect square in x, if

V(27 + 6) (125 + 32) = 30, or 33 + 1552 + 36y = 450,

which gives what we call the cubic resolvent, to be solved by Cardan’s method 32).
Cardan explained that biquadratic equations can have four roots. — Bombelli’s
merits mainly consist in the competence he shows in the numerical handling
of cubic equations, including those with imaginary roots. He also faced the
“casus irreducibilis”’, where the equation x3 = ax + & has a real root appearing
as the sum of the cubic roots of two conjugate complex expressions. If x3 =
-ax + b, then

x'_]/ ]/() & ls/i*]/(é)z'—(-‘g)s;

this case presents itself when (—)2 < ( )3 Bombelli understood this

to mean that the two cubic roots must be con)ugate complex 33), Bombelh also

3%) An cxtensive study of the .Ars magna in N. L. W. A. Gravelaer, Cardand’s transmu-
tatiemethoden, Nicuw Archief v. Wisk. (2) 8 (1909), pp. 408-443. The three transformations
used by Cardan to transform cubic equations of one. kind into another were x 4 —,
x =3+ &k x =ylk

3 Ars magna, cap. 39, fol. 22 v.

32) Comp. E. Bortolotti, Sulla scoperta della risolugione algebrica delle equazmm del guarto
gradp, Per. di Matem. (4) 3 (1926), pp. 217-230.

) L’ Algebra (1572), pp. 293-295. Cardan, in the second edition of the Ars magna
(Basel, 1570), also discussed the casus irveducibilis in his so-called Regula Aliza, but te-
mained, as Stevin remarked, rather vague (L’ Arithmétigue, 1585, p. 309). See also
E. Bortolottl La trisezione dell’ angolo ed il case irreducibile della equazione cubica nell’ Algebra di
R. Bombelli, Rend. Accad. Sci. Ist. Bologna 192223, 16 pp.
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solved some equations.of the fourth degree, e.g. x4 + 8x3 + 11 = 68x, for
which hé found two roots: x = — 1 ==4/12 34).

§9
Stevin's theory of equations testifies to great skill, but is not particularly
original 85). In his theory of quadratic, cubic, and biquadratic equations he fol-
lows his “cossist” predecessors, of which he mentions Paciolo, Cardan, Tartaglia,
Stifel, Bombelli, and Nunes. He quotes “Mahomet”, which may mean that he
had studied a manuscript of Al-Khwarizmi, but may also indicate that he took
the name from Cardan or some other author. A new feature in his work
is'a curious theory for explaining the character of an equation, which he’ thinks
will-help to overcome the difficulty of ‘those people who think that an “equation”
is something unusual. This seems to have been a common reaction in the sixteenth
century, since we also find Stifel interested in explaining the difficulty away.
Stifel, we have seen, explained a quadratic equation as the taking of a squate root,
e.g. x = 1/ ax + b. To Stevin another point of view appealed more. An equation,
says Stevin, is nothing but 2 proportion, and solving an equation is simply equi-
valent to applying the well-known rule of three. The three types of quadratic
equations, for instance, can be written as follows (in modern -notation):
x x2

x x?2

52

b—ax  p’ ax—b  p’ ax+b  p

X

provided we add the condition that x = p. This does not seem a particulacly
helpful remark, but it must have had a clarifying effect on some of Stevin’s
contemporarics, who were brought up on the rule of three 36). For instance,
when Stevin wrote: “given three terms, of which the first is (2), the second D),
the third an arbitrary algebraic number, to find the fourth proportional term”,
or, in our notations: :

38) I Algebra ihid.

3%) An extensive study of L’ Arithmétigue, and of Stevin’s theory ot equations 1n paru-
cular, by H. Bosmans is to be found in the following papers:

Notes sur I Arithmétique de Simon Stevin, Annales Soc. scient. Bruxelles 35 (1910-11),
2e partie, pp. 305—313; .

Remargues sur I’ Arithmétique de Simon Sievin, Mathésis 36 (1922), pp. 167-174, 226-231,
275281,

La résolution des équations du 3¢ degré d’aprés Simon Stevin, ibid. 37 (1923), pp. 246-254, 304~

11, 341-347;

’ La 3re’fo/t3diZn des équations du ge degré cheg Simon Stevin, ibid. 39 (1925), pp. 49—55.
Sce also the long extracts in G. Maupin, Opinions et curiosités touchant la mathématique
(deuxiéme série). Paris, 1902. ’ )

36) Stevin’s interpretation of equations as proportions was criticized by Viéte in Ad
problema quod omnibus mathematicis totius orbis construendum proposuit Adrianus Romanus
Francisci Vietae responsum (Patis, 1595), Cap. 2, fol. 2. Stevin is not mentioned, only
Romanus, who had adopted Stevin’s interpretation.




475

he meant what we express by the equation
x2 x
ax + b I :
In his theory of quadratic equations Stevin also tried to improve:on Stlfel
who in his rule AMASIAS had given one single formula for the solution of all
three types of quadratic equations. However, Stifel failed to explain when to
use +, and when —. Stevin's rule is such that the directions for solving these
equations have the same words in all three cases. He arrived at this by writing
the equations in Stifel’s form and considering a negative term, such as —uax, as 2
term with coefficient —a. Where Stifel still had to make a difference between
adding and subtracting, Stevin could always say “addmg 37). He proved the
correctness of his formulation by an algebraic reasoning, since the classical geo-
metrical constructions are typically different in the three cases. With Stevin we
therefore have essentially our present single formula for the solution’ of all
quadratic equations, and this in itself was another step in the. gradual elimination
of all Euclidean proofs from algébra. Stevin even included the case of a, double
root.

x2 =ax+6.

Stevin had no objections against negative roots, but felt that they called for
an explanation. They.are, he stated, the positive roots of the equation obtained
by changing x into ~—x. The idea of introducing negative fiumbers by changing
the sense on a line is a thmg of later age. The concept of dlrected magnitudes
was still urideveloped. -

We have already seen that Stevin rejected complex roots. Even' much later,
after mathematicians had — almost grudgingly — accepted them, they were felt
as something awkward. This did not change substantially until Gauss related
them also to the concept of sense, this time in two dimensions. - -

For Stevin's ample discussion of quadratic, cubic and ‘biquadratic equations we
may refer to the text. He has an excellent exposition of the theory, covers-all
cases, and shows a considerable computational ability in handling them. It was
probably the best exposition of this theory so far presented. oo

“We have not reproduced the whole text, but have made those selections which
can best give an idea of 16th century algebra and arithmetic and in especial
show Stevin's characteristic methods of exposition.

. §10 :

Another contrlbutlon to the theory of equations is to be found in the Appen-
dice algebraique of 1594, which Girard later inserted in the text of the Arithmé-
tigue, as a Corollarium to Problem LXXVII. This Appendice originally ap-
peared as a pamphlet of six pages, of which only one copy preserved in the
University library of Louvain was known. The fire which destroyed this library
in 1914, during the first World War, also destroyed this pamphlet 38). It con-
tained, as “appendix” to the Arithmétigne, a numerical approximation of a po-
sitive root of an equation of any-degree.

37) Cardan had already made the remark that to add — means to subtract -+ : “quamvis
minus cum additur . . . plus cum detrahitur”, Ars magna, Cap. XVIIL.

3%) On the history of this book in Louvain, see Ph. Gilbert, Bull. Acad. roy. Belgique
(2e sér.) 8 (1859) pp. 192-197; H. Bosmans Annales Soc. sc. Bruxelles 30 (2 part.)
(1906), p. 275 ; H. Bosmans, Nouvelle blographxe nationale XXIII (Bruxelles, 1924) art.
Stevin,
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Cardan had already published such a. method, substantially an- extension of

the rule of the doubly false supposition. Let f(x) = apx” + a;x™ + ... +
ax = k be an equation with positive coefficients. Then, if for a positive
integer x = a the inequalities f(a) > &, f(a + 1) < & hold, there exists a
root x between g and 2 + 1. If we write ‘
f(x) —f(a) - _

fla + 1) —f(a)

then #<C 1 and we can take x = 4 + 6 as a second approximation. In this way
we can proceed further 39). Stevin’s method is different and holds for equations of
the form f(x) = g(x), each member having only positive coefficients, such-as

x3 = 300 x + 33915024. He first finds a value x = 10% (4 a positive integer)

such that £(10%) < g(10%), £(10%T") > g(10*"). Then he tries out 2.10%,

310% ...,9.10% till he finds a number 4. 10* such that f(;z.lok) < g(a.lO‘),

f(m.lok) >g (a-i-_l.loé ), etc. After having found the integer part of x

10A + £
1

6,

(in his example 323), say x = A, he tries L B = 12,...,9, etc.
Stevin did not apply his decimal notation, though the article was published in
1594. He mentioned that his' friend Van Ceulen also had a general method
of solution. This may be true, but we do not know this method, since Van Ceulen

never published it.
§ 11

Stevin's version of the first four books of Diophantus does not claim to be
a translation. Stevin simply used Diophantus’ text as a source for problems which
he could solve with the aid of his theory of equations. When he found it con-
venient, he also changed the numerical values in the problems. He was en-
couraged in this free treatment of a classic by the fact that Xylander’s translation
was based on a bad Greek text anyway. The result is that Stevin's Diophant is
simply a continuation of the theory of equations in the Arithmétique. We have
not republished this part. The genuine Diophantus is now readily available 40).

Nor have we republished the first section of the Pratigue, which deals with
problems of commercial arithmetic, or the last part of the section, which contains 2
treatise on incommensurables with an explanation of the tenth book of Euclid.
Stevin first gives, in Euclid’s spirit, a geometrical interpretation of radicals of the
form Va — Vb, and then reinterpfets Euclid’s classification of these forms in
terms of radicals. It is a creditable performance, but offers little which interested
readers cannot find much more easily in modern commentarises 41).

39) This was the “regula aurea”, Ars Magna, Cap. XXX, fol. 53. Cardan applied it to
several cases, €.g. x* 4+ 3 x® = 100, :

10) See, Diophanti Alexandrini Opera Omnia cum graecis commentariis ed. P. Tannery. 2 vol.
Lipsiae, 1893, 1895 or the French translation: Diophante &° Alexandrie . . . oeuvres traduites
... par P. Ver Eecke (Bruges, 1926, XCl + 299 pp.).

) T, L, Heath, The thirteen Books of Euclid’s Elements Vol. III (Cambridge 1908) 1-255.

" E. ]. Dijksterhuis, De Elementen van Enclides 11 (Groningen 1930). 167-199.
Ruth Struik in G/i Elementi &’ Euclide e la critica antica e moderna, editi da Federigo En-

~ rigues. Libro X (Bologna 1932).
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Et vn trailté des Incommenfurables grandeurs :
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AV TRESDOCTE

ET VERTVEVX

SEIGNEVR M IEHAN
CORNETS DE -CROOT.

Sk OM BIEN guentreles duer-
[es tnchmations que- la Nature &
SNy Ai5tribue anx Hommes, il meSE
o). ¢fchen pour ma part , le defir
d entendre chefes rares; fans , helas ! pounoir
artaindre le but propof¢ : Si et ce toutesfoss
welle y a tellement pournen , que bennus de
gattente e§t awcunement foulagé, par le confore
procedant de Lefboir de que/z:ze foss y paruenir.
TMass comment? Cérte.r par La continuelle  fami~
liarité, mon Treshonnoté Seigneur, quelle
m a rendu certain, non [eulement de voskre in-

fatiable ¢ flagrante cupidieé , de cqu_rmdre

chofes hantes ¢o+ ertueufes ; mass qu outre
cela vous eSties hewrenfement paruenu & e
cognoiffance dz plufienrs mySteres ; (¢ qmi, &
canfe de voStre benigne &/ communicative af-
fection, mest deuenu comme ferme refuge de

Yoz mes




mies difficultez.  Car,quelle partie de la Philo-

Jophie fe pourroit il rencontrer, que vous ny
Jorez cversé; nom pas felon le ulgarre; mass par
Jolide intelligence des canfes 2 Certes les difaiphi-
nes Mathematiques men font en partse tef-

moinage; eu quentre autres les (ubtilz. Pro-
blemes ¢/ Theoremes Casoptriques & Alhaze-

ne, Vitelle, @ d Euclide , ne vous pounoient

contenter,, [ans veoir par U'experience lewr's ra-

veseffefts, preparant, @ fusfant preparer en

toute diligence, les appareils y neceffasres. €nla

Mufique , par defus lexercice de la voix, des

Inftrumens voire de la Compofition en laquelle

(filon peut croive beffe(Z) vous westes pas des

moindres: vous vous effes encore diligemment

exercé en la Therorie dcelle, nous en propofant

¢o~ refoluant argumens non vulgaires. Quant
& VoStre erudstion en la luri§prudence, “Phyfi-

que,@ Poéfie, elle e5t notosre dvn chafcun

mass i moi en particulier , voftre diligence es°

trauasl, en Lavancement des chofes tendantes &
bvtilité de L Republique: lefquelles (mosennant
que Lancugle ennemie de Rarfon; onla termi-
nante
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nante Cloto ne Lempefchent ) feront plus gran-
des que bon 1a attendu des Hommes de nofire
temps: de [orte que ie me [ens faire ancomernent
mon debwoir, quandieStudse ¢ mefforce , de
faire chofé agreable & voftre trefillustre ESprit:
(¢ que 1ene puts miewx faire pour cestefoss,
Zu’m Vous dediant F Arsthmetique, enfemble
Pratique dicelle , meflees dancunes (telles
quelles [ont) miennes inuentions propres @
mon anss, powr btilité commune : L anance-
ment ¢ov profperité de laquelle effant voffre
deleGBation ¢~ finguliere eftude | 1e ne doubte
point quelles ne Vous donneront quelgue con-
temtement. Receue's doncques bemgnement,, ce
tefmoinage de 2ele, ¢ dummortelle affeion,
de celuy qui fonhaite henrenfe iffue de tous oz
hauts es° vertuensx concepts, cest de

L'entierement voftre.
Simon Steuns.

*

3 AD

Note: The dedication is to Johan Cornets de Groot (1554—1640), burgo-
master of Delft from 1591/95, father of -Hugo de Groot (Grotius, the author
of De Jure Belli ac Pacis (1625), see Vol. I, p. 6, note 15). The poems are by
Dominique Baulde (le Bauldier, 1561-—1613), in 1603. professor extraordinarius,
in 1613 professor ordinarius, at Leiden, Franciscus Bertie Anglus, apparently
an Englishman, and the same Johan de Groot, first under an anagram of lanus
Grotius, then under one of Ian de Groot. Another poem by de Groot: Vol. I,
- p. Sl ]
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SIMONEM STEVINVM
BRVGENSEM.

Multas Bruga dlits exequat landsbus vrbes,
At cunilas anteit landibus ingens).
Testes tot palfim popilos vulgata per omnes
Nomtna vel potiss numina quse peperit.
1l nomS opbie pars vilaintatta remanit
Quam potss bumana percipere arte labos.
Sola M sthematice miro tendebat amore
(#lsorem & celebri deligere vrbe fibi
Tendebat frustra, finc te ST EV 1 N E fuiffer:
Qui Dusam offscto profequerere tuo.
Falixtu Patvid, falix te “Patria alumno:
Sed mage in bac fedlix Patria parte tamen,
Quo preciofior ¢ff mortalss muncre vite,
. Nafcendique brews forte perentits honos.

Dominicas Baudius Infulénfis.

IN
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IN OPVS SIMONIS
STEVINI BRVGENSIS.

Gracia Dulichium mirataef?:Roma Catonem:
Et Demofthenicos Attica turba fonos.
Efl quodiatiet opes nato te, ‘Belgia STEVIN,
Latabis primum te, tuaBrugga fuum.
Fahces quibus 1§24 licent: funt istalaborss
(Crede mibs Jmeriti premia digna tus.
Tam bené fuccedunt non ommbus omnia
STEVIN =
Quam bene fccedunt hec tua [eriptatibi.
Eff dlquid [cripto doitsi placwiffé: peritos
Atque etiam sgnaros qas docet, ille docet.
Hoc opuss, hic labor eft, illo tibigratulor ipfo
Ars tua tam facils guod docet ire via.
Non quod Aritbmeticam facilé eff docwsffe Ma-
171241
Te ﬁm(l (veraloquar) non bene doca fuit.
Sic numeros numerare prius,poft Addiea prumis
Quam bene conueniant ars twa dotta docer.
Nec fatis hoc,mumero cum fint Dinsfa priors,
Ni doceas qua quis Subtrahat arte viam.
i’ Fraftique




Frattique per parces, numeroreddendu priori,
Et non ffaéta prius, jua rationé potes.
eAlpice quim doéta quid Radis: [cribitur arte,
A[pice quam bene fit RegulafcriptaTrium.
Teq. autor(Diophante)iterum fic traxit ab Orco
V't noua,quens [unt bac tuaferipsa putent.
Seu numerare voles, [eu menfurare bbebit,
Huc ades: i§te tibi prestat verumaque biber.
Sic patrie prodeffe fudes, fic nafcimur omnes,
Quim tuus in patriam est officiofess amor !
Vade bber neque te pudeat rectare MagiStrum
Sed caput attollas docta per ora virum.

Francifcus Bertic Anglus.

DE
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DE OPERE OPERIBVSQVE
AVTORIS SERMO.

P IERIS intermij][z din, intermiffus Apollo,
Tntermsffa Charss, intermﬂiit;e labores
Tngenui antiquo [atagunt includere ludo
Militie Sacre defertorem. Quid amicis,
Quid Patria, quid debuerim Maioribus, ¢/
quid ‘
Poftremit mihs,nulla vnquam me obliuio cepit:
Quid vers, tibi STEVINT, ggnorantia craffa.
Proximus ergo dolo latam committere culpam,
Improbus ¢~ potus crafsé ignorare quod ommnes
Sews norunt,[iue ignorent noffent tamen omnes,
Optandum fimulyatque operepretiii foret, atqui
(redo equidem norunt communiter, ant melior
ars. :
Noz ego iam dico MONADI [ttt locss inter
eAffertses Numeros; Quid Principium Nume-
rorwmn '
Qv oD Numerus non fit, veluti neque -
7a PVNCTVM.
Magnus enim fuit bic error; pars maxima vers
“Deceptt (pecie. Dic, Lefor, fons, &/ origo
Ty Herbis




Herbis arboribusque , o5 que fit denique
ta? ‘
Num Radsx duces 2 Ervas. num [emina 2 ve-
rom
Dicss., at i Numerss [imili ratione, modogue
&/t quod feminis obtineat vim;fons &) origo
Hiec Numerss, Numerum quem fi quis dixerit,
errat.
_ Longé st dwerfum Radix quod diciturt illam
saanes * Dicere fas Numers partem , Numerumgue
Y pocare.
Qualibet vt carnss pars est caro, qualibet offis
Os, fic @ Numers Nymerns pars quelivet.
hinc st _
V't non immerito Nurieros genus hoc Radices
Siisnd- Appellet. lam Corcus, Inextricabilis, atque

Lres ab-

surdsirrs- Syrdys @/ Abfurdis Numerus, Ratioms ¢

tonels,
bl expers,
wods. Que Monflra bac rear effe! Humana forte
“creatos
Awritos, Oculatos, Participes Rationss
Fort? velis Numeros 2 sple expers es Rationss.
Abfurds nilil in Numerss abﬁrde,- fedin te
(Ne
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(Ne vitif infimulato probos ) in te impyobe to-
tum eSt.
Pluribus hoc equidé vitium mortalibus, artes
Obfcuri accufant, mente ipfi ac lumine capts.
Scriptorss vitium lelorem decipit, buins
Jugenium.tardum [criptorem ; Ars crimimi
exfors.
Tanto wustins hic qus nil molitur iniqusm,
Artibus vt fit honos [uns hoc agit, ¢/ mdé (i
quid
Antiquis [criptum, aut nec [criptum, corrigit,
auget.
Ingentum noStrum tenebris, &/ carcere cato,
Noz res claufasacet. Euchidss afymmeterille  Desives-

menfura-
bles gran.

1lle liber Decimus quam non mortalia torfit  seurtiyl

Pettora! Claratamen res eSt, tantum arrige '
mentem.

Te ;enes arbitriwm, tua fit cenfura,paratam

Ad muoraviam inuenies. STEVINIVS ille et

Nou fumunm ex fufgore.fed ex fumo dare lucem

(ogitat, vt [peciofa debine miracula promas. ...

Sume vum ¢ multis. quwid non Decarithimia 325

Prﬂ_/gﬂt' pag.13:

Diwnum




Disiinum fcriptorss opus ? cui non ego % vel

Aurea mivox it centum lingus,oraq. centum,

Ommi atate queam landes perfoluere dignas.

Sed qm'jego hec memorem 2 multo maiora

canebat

Qus mibi te notum STEVINI €5° me tibifecit.

Nempe cancbat vts rnfnum er inane remotas

Longinguss [patiss andsre (J reddere cvoces

Nouerss, ignotas alisf que notare ﬁ%um:.

Nec mibi credibilis vifa effet fabula, nime

(Federe fecsfet commentt Pythagor<i

Fama vetus. magts ecce fidem fuperare videtur

Per Vada per [copulos intattas poffé carinas

Siftere. Parte dlia,quid, quod dicare recepto

Terra Neptuno miracula promere rerum !

Quicquidideft, fupera inuidiam , quodiue

viile cenfes

Cenfeat hoc ipfum, ¢ Res Publica [entiat,
Vvt te

Masuroviwi Viuwsm dignemur honore.

IAGIVS TORNVS
$IAOMAGHE.

AV
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AV LECTEVR,
 POVR LOEVVRE

Ami Letewr puss que V O ST R E amitié

" Nous aimons tawt qu'vn corps aime fon ame

Anime nowspar amonrs, de ce baume
De ta faneur caufant VIV ACIT E.
Anime nous, @/ [erés ament
Dans vn vergier, dont bamoureufé flamme
Tous vertuewx 4 contempler enflamme,
Vergier se dy plain de felicite.
Lacucillirés les fecrets de nature,
Dont mon STEVIN grand nobre vous procure,
Nombre fi grand qwonc nombre nombrera.
Nombre [ans nombre es nombres trounera
Quis de ceff art @ N O M B R ER anra cure.
En anez vous, am LeSteur? Voila. <&

Darie Togon.

-




AY LECTEYVR

cEV_que Arithmetique fe-
4 lon le ingement de tous, eft

\RNVEGEI particulier, & en general a
toute Republique, voire vn des forts &
principaux fondamens de la conferuation
de tout ceft vniuers; Certes plufieurs Phi-
lo{fophes anciens & modetnes, ne fe font
pas exercez fans raifon (i diligeinment en
icclle,ny fans bonne caufe (confiderant la
digpite de {i grand fubie@®) n’avons nous
emploi¢ noftre temps & trauail , 4 en
cueillir & defcripre, ce que la perfualion
nous fift efperer de pouuoir avancer 2 la
Commume; Mais queft cela? Ceft @3 fin
d: le comprendre fommairement en trois
poinéts) premicremient Pordre,tel quiil eft
mien. Au fecond quelques noz muen-
tions. Au tiers refutation de quelques ab-
furditez enuieillics en cefte {cience; Def-
quels nous pourrions dire plus ample-

ment
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ment en particulier , mais pofant le fui-
uant effect pour declaration, & vous be-
ning Lecteur pour iuge , nous le pafle-
rons outre. Vous fuppliant nous vouloir
excufer des vulgaires fautes, qui pour-
rofent proceder de Imprimerie, ou par
quelque oubliance, quant aux autres,que
vous eftimerez,peut cftre, fortir de no%trc
mefentendement, les vouloir debonnai-
rement corriger par certaine affection 3
Yaugmentation de la {cience , non pas
aigri fur noftre ignorance, veu que nous
fomimes tous fubie&s 4 faillir.
Ce que faifant , n'obligerez pas feule-
ment de plus fort noftre affection,du tout
vouee 4 voftre feruice, mais donnerez
aufli courage aux autres, de manifefterce

qui fera vtile 4 la Chofe Publique.

ARG V-




ARGVMENT.

N o v s diuifons ['Arithmetique.en

deux parties comprennans chafcune
en vn particulier liure,defquels le premier -
fera des definitions, qui feronc de [ Arith-
mctiquc, & des nombres Arithmetiques
(pour premiere partie du premier liure) &
des nombres Geometriques(pour la deu-
xiefme partie) Et des effects des nombres
procedans de leur comparaifon, comme
Raifon & Proportion (pour la troifiefme
partic) & de leur computation qui eft
rationelle & proportionelle : Rationelle
(pour la quatriclime partie) comme les
quattc computations generales, a {cauoir
Aioufter,Soubftraire, Multiplier,& Diui-
fer (di&ke computation rationclle; par ce
qu'il y a feulement mutuelle habitudede
termes & point comparaifon d’cgalcs rai-
fons comme enla proportion) proportio-
nelle (pour la cincquiefme partie) comme
Reigle de trois, Regle de proportionelle

partition, Regle de faux.
Le fecond
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Lefecond liure eft deloperation,quife-
ra des nombres Arithmetiques entiers &
rompuz (pout premicte partic du fecond
liure) & des nombres Geometriques qui
font racines ou radicaux fimples, & mul-
tinomies(pour deuxiefme partie)ouquan-
titez Algebraiques entieres & rompues
(pour troificfme partic) Etladi¢te opera-
tion, defdictes fes foubdiuifions fera Ra-
tionelle, & Proportionelle; Rationelle,
comme les quatre computations genera-
les,Proportionelle,comme Regle de trois,
Regle (fc proportionelle partition,& Rei-
gledes faux. Et en plus grande euiden-
ce nous comprendrons [Argument en
telle table:

» %

Arithme-
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LE PREMIER LIVRE

DARITHMETIQVE
DES DEFINITIONS.

PREMIERE PARTIE DES
DEFINITIONS; DE L'ARITHME-
tique ¢ des nombres drithmetigues.

» A R E quelArithmetique(cequi eft
aulli commun aux autres ars) Fexpli-

ue par motz comme fignes del'af-
?e&ion de I'ame, lefquels {e deno-
tent par efcriptures; 1 nous faut pre-
mierement defcripre la fignification
des propres vocables de cefte feience, Car anantque
T'on comprennela matiere de fa doctrine, in conuient
entendre les motz par lefquels on Pexplique. Nous fe-
rons doncques noftre premier liure de leurs defini-
tions, defcripuant toufiours du commencement (en
tant quil nous fera poflible) ce qui confifte premier
en lanature.

AVERTISSEMENT
A LAPPRENTIF.

V svqu'il viendra bien 4 poin foubs aucunes defi-
nitions, d’arguméter des proprietez des nombres
(lefquelles Papprentif pour le premier n'eft pastenu de
fcauoir) il m'a femblé bon I'aduertir comment nous
auons appliqué tels argumens diftinCtement aucc

ko 2 leurs

First Book, on Definitions
First Part

Defs. I and II define arithmetic as the science of rumbers, and number as
“that by ‘which the quantity of each thing is explained”. Indeed “as unity is the
number by which we say that the quantity of an explained thing is one: and two,
by which it is called two: and half, by which it is called half”. Now it must be
made clear THAT UNITY IS NUMBER. Stevin does not like to use the excuse
of many others, who, when dealing with some difficult matter, state that they
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L2 1. L1VRE D'ARITH.
leurs tiltres (oubs leurs definitions, 4 fin que pour le
premier fe contentant des definitions, & de leurs ex-
plications, il puifle 4 {on plus grand prouffitles paffer
oultre.
DeriNiTION I.

A Rithmetique eft la feience des nombres.

DeriNITION IT1.
Nombre eft cela, par lequel fexplique la
quantité de chafcune chofe. 1 -

EXxPLICATION.

Comme ['vnit¢ eft nombre par lcgucl la quantité
d’vne chofe expliquée fedict vn: Et deux par lequel
onlanomme deux : Etdemi parlequelonI'appelle
demi: Etracine de trois par lequel onla nommeraci-
ne de trois, &c.

QVE I'VNITE EST

N OMBR E.

PLuﬁeurs perfonnes voulans traiGter de quelque
matiete difficile, ont pour couftume de declairer,
coment bzaucoup d’empefchemens, leur ont deftour-
bé en leur concept,comme autres occupations plus ne-
ceflairesyde ne feftre longuement exercé enicelle eftu-
de,&c.4 fin qu'il leur tourneroira moindre preiudice
ce enquoi il {e pourroient auoir abufe, ou pluftolt, c5-
meeftiment lesaucuns, 3 fin quon diroit. §'il  freu
executer celaeftant ainfi deflourbé, quwenft il fait fil en
suft efté libre? Nous {gaurions faire le lemblable en ce

que

have not been able to study the subject exhaustively, in order that it may be said
“if he has been able to do this under so many distractions, what would he have
done if he had been free?” Stevin has had every opportunity of consulting ancient
artd modern writers and of discussing this subject with contemporaries.

Usually we hear that unity is not a number, but only its principle or beginning
[see our Introduction}, just as a point is on a line. This is denied by a syllogism:

“The part is of the same matter as its whole,

Unity is part of a multitude of unities,

Hence unity is of the same matter as the multitude of unities;
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DES DEFNITIONS. )
que nous voulons ici dire del'Vhité, mais non pasen
verité, carie n'ay point feulement leu a bon loifir, &
fans empefchement d’autres affaires, tous les Philofo-
phesanciens & modcrnes, queie trouuois traicter de
cefte matiere, mais 'enay aufli communique de bou-
cheauec quelques doctes, certes de ce temps pas des
moindres , & en cefte matiere d’autre opinion que
nous: Mais pourquoi cela? par ce que ie doubrois en
ce que ie propofois de Pvniré ? non certes, car i'en
eftois ainfi afleuré , comme fi la Nature mefme me
Peuft di& de fa propre bouche,voireie le voiois (com-
me feront auffi de brief ceux qui ne font pas du rout
aueugles) par infiniz effeCts , qui n’ont point mefticr
de preune: Pourquoidonc? A fin que ie ferois d'au-
tant mieux poutveu,contre toutes obiections que i'en
attendois.

Ordoncques pour venir a la matiere ; Il eft no-
toire que Fon dict vulgairement; que Pvnité, ne foit
point nombre, ains feulement fon principe, ou com-
mencement, & tel en nombre commele poin@ en Ia
ligne; ce que nous nions & en pouuons argumenter en
cefte forte:

Lapartie et de mefime matiere quest fon entier,
Vnité eft partie de multitude dvnitez.,
ErgoLvnité cft de mefine matiere queft la multitude
d'vnitez;
Mais la matiere de multitude d'vnitez eft nombre,
Doncquesla matiere d'vnité eft nombre.
. Etquilenie, fai¢t comme celui,qui nie qwvnepiece
de pain foit du pain. Nous pourtionsaufli dire ainh:
i du nombre donné Von ne foubflraick nul nombre, le
nombre donné demeure,
** 3 Soit

But the matter of a multitude of unities is number,
Hence the matter of unity is number.
Who denies this behaves like one who denies that a piece of bread is bread.
We can also say:
If we subtract no number from a given number, then the given number remains,
If three is the given number, and if from this we subtract one, which — ‘as
: you claim — is no number,
Then the given number remains, that is, three remains, which is absurd.”
When, in the olden days, men wanted to explain the quantity of things, they
called a simple thing, one; and when a similar thing was added to it they called
it two; and when it had to be divided into equal parts, they called each part one
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Soit trois le nombre donné, & du mefme foubffrahons
vn,qui eft point nombre comme tu veux.
Doncquzs le nombre donné demeure, ceft 4 dire qu'il
yreftera encore trois, ce qui eft abfird.
Nous pourrions anfli reciter plufieurs fubtiles & fo-
hittiques- queftions, qui nous ont efté propofces de
che par les fufdiées perfonnes,en fcm%lc noftre re-
futacion d’icelles,& mille abfurdités en fuinates : mais
les omettant (car il empliroit bien vn parriculier &
grand volume)& i fin de ne perdre huile & labeur,ve-
nons aux caufes mefmes, la cognoiffance defquelles
déne parfaitte intelligence. 1l faur doncques fauoir,
ﬂue les Hommes i’adis voians, qu'il leur eftoit mefticr
e parler & auoir intelligence de la quantité des chofes
ils nommoient chafque chofe fimple,vn; & quand i la
mefme eftoit appliquée encore vne autre, les appel-
loient enfemble deux,& quand la propofée fimplo
chofc eftoic dinifée cn deux parties egales, ils nom=
moientchafcune partic demi, &c.

Puis confiderans que vn,deux,trois,demi,tiers,&c.
eftoient noms propres,& conuonables, pour Pexplica-
tion de ladicte quantité, ilsont veu qu’ir eftoit necel~
fairede comprendre toutes ces clpeces foubs vn genre
(cartelleeft leur maniere de faire en tous autres fem-
blables comme bled, orge, avoine, ils le nommenten
genre Grain; aigle, tourterclle, rofignol, en genre
Ofeau) lequel genre ils appelloient nombre; Eftant
doncques par les principes ou caufes mefmes chafcun
d'iceux nombre, fans doubte ils fuiuent leur opinion
errante qui en apres fans confideration des caufes,ont
excluPvnité. Mais quelcun me ponrra maintenant
dire felon la communc fentence des Philofophes,que

pour

half. And just as wheat, barley, oats, etc. were called grain, so one, two, three,
one half, one third, etc. were all proper names, used to express that quantity,
which they called number. But some people might say that in order’to treat a
given quantity properly we must begin with its- principle, as in extension, where
the manifest principle is the point. However, it was an “unfortunate hour in which
this definition of the principle of number was first produced. Oh, cause of dif-
ficulty and obscurity of what in Nature is easy and clear!” What do unity and
point actually have in common? Two unities (one is wont to hear) form a number,
“but two, yea a thousand points do not form a line”. Unity is divisible into parts
(which cannot be gainsaid, sce e.g. Diophant IV, 33; V 12, 13, 14, 15), a point is
indivisible; unity is a part-of number, a point is not 2 part of a line. To point

4
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Ewur traiéter ordonnéement de quelque quanticé, la
ature tefmoigne quil faut commencer de fon prin-
cipe, comme il appert en la quaatité grande, Se la-
quelle le manifefte principe eft le poinét, mais il y a
ici queftion dela quantité qui {e it nombre, ily faue
donc dire du principe on commencement du nom-
bre: Certesie ne le concede pas fimplement, ainsP'af-
ferme par la fuinante 3¢ definition,car veu que la com.
munauté & {imilitude de grandeir & nombre, eft fi
vniuerfelle qu'ilrefemble quafi identité , fans doubre
le nombre aura quelque chofeen foi, qut fe refere an
poin@&. Mais que ferace? llsdifent Pvnité: O heure
infortunée en laquelle fut premierement produicte
cefte definition du principe du nombre! O caufe de
difficulté & d*obfeurité de ce qui enlaNature eft fa-
cile & clair! O dommageable aduis de ceux qui I'ont
concedé,ce qui nous a fait tel anancementen I’ Arith-
metique, comme il euft efté 4 la Geometrie , fils enf=
fent concede que le poinét foit quelque partie dela
ligne, car comme de ceftui la n’eutft fuini que abfurd,
ainfi (parce que du faux ne procede que faux)de ceftui
ci. Maisquelle communauté (ie vous fupplie) y a il
entre I'vnité & le poinct 2 certes nulle feruant au pro-
pos; car deux vnitez (comme ils difent) font nombre,
mais deux , voire mille poinés ne font nulle ligne:
L'vnité eft dinifible en parties (vrai eft qu'ils le nient
mais mille leurs diftincions ne font pas fuffifantes, de
pouuoir ainfi opprimer la nature du nombre, qu’elle
ne manifefte par force fon effence, es Arithmetiques
operations de plufieurs Autheurs, comme entre autres

par Pabfolute partition de Pvnit? dela 3 3¢ queftion du

4" liure &la 12¢, 13,14, 15.queftion du cincquiefime
liure

corresponds 0, commonly called zero, which we call beginning in the following
Definition III. This results not only from what 0 and point have in common,
but also from their effects. What they have in common are the following facts:

“Just as a point is an adjunct to a line and not in itself a line, so 0 is an adjunct

to number, and not a number itself.

Just as a point cannot be divided into parts, so 0 cannot be divided into parts
Just as many points, yea an infinity of them, do not make a lin€,

0’s, even an infinity of them, do not.form a number.

Just as the line AB cannot be increased by the addition of the point C, so the

number D = 6 cannot be increased by the addition of E = 0”
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liure du Prince des Arithmeticiens Diophante) le
poinét eft indiuifible : L’vnitéeft partiec du nombre,le
poiné n'eft pas partie de laligre, & ainfi des aurres:
L'vnit¢ doncques n'eft pointtelle en nombre comme
le poinét en ligne. Qu’ettce donc qui lui correfpond 2
Iedique ceft o (qui fe dict vulgairement Nul, & que
nous nommons commencementen Ja (nivante 3¢ de-
finition) ce que ne tefmoignent pas feulement leurs

rfaictes & generales communautez , mais auffi les
irrefutableseffects. Lescommunautez font telles :

Comme le poinét eft aioinct de laligne, & lui mef-
me pas ligne, ainfi eft o aicin&t du nombre, & lui
meéfme pas nombre.

Comme le poiné ne fe diuife pasen parties, Ainfi
le o ne fe dinifeen partics.

Comme beaucoup de poindts, voire & qu'ils fuf-
fent de multitude infinie,nefont pas ligne; ainfi beau-
coupdesoencorequ'ils fuflent en multitude infinie
ne fJ:'mt nulnombre.

Commelaligne ABnefe A B D¢
peutaugmenter par addition  +——m
dupoin@® C, ainfi ne fe peut  C. Eo
le nombre D6,augmenter par
I'addition de E o,caraiouftant o4 6 ils ne font enfem-

bleque 6.
Maisfil'on concede A B C DE
que A B foit prolongee  +———t—- 6o

iufques au poin& C,

ainfi que-A C {oit vne continue ligne, alors A B faug-

mente par aide du poin&t C; Et femblablement fi

I'on concede que D6, foit prolongé iufques enE o,

ainfi que DE 6o foit vn continue nombre faifant
foixante,

“But if we concede that AB can be produced to the point C, so that AC is a
continuous line, then AB is increased by means of point C. Similarly, if we concede
that D = 6 can be produced to E = 0, so that DE = 60 is a continuous num-
ber making sixty, then D = 6 is increased by means of E = 0". '

From the following Def. XIV and Def. II of The Tenth it is clear that 0 is
the true and natural beginning. :

[Note: The Diophant quotations are labelled IV 31, Vo9 10,11,12in T L.
Heath, Diophantus of Alexandria, Cambridge, 2e ed., 1910. They all deal with
divisions of ‘one into parts, e.g. IV, 31: to divide unity into two parts such that,
if given numbers are added to them respectively, the product of the two sums
gives a square. Answer: e.g. 2%

>

% if the given numbers ate 3 and 5.1
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foixante, alors D 6 (faugmente par l'aide dunul o, &
ainfien plufieurs autres que nous paflons outre pour
brieuete.

Quant aux effects.nous pourrions dire du com=
mencement de quantité algebraique, defini 4 la fui-
uante 14° definition, aufli du commencement defini 4
la deuxiefme definitiondela b 15 M g,par les conftru-
¢tions defquelles, il appert fuffifamment, que leo eft
le vrai & naturel commencement, lequel comme fer-

. me fondament nous 4 condui& 4 quelquesinuentions
defcriptes (tellesqu’elles fonr) au fuiuant : Maisd fin
quel'on n'eftime que ie veux propofer outrecuidee-
ment, mes inuentions.d telle preuue, nous prendrons
autre matiere fuffifante, non pas d’autheurs depeu

‘eftime, mais entre autres les tables de Prolemée, Al-
fonfe, Nicolas Coperne, Iechan de Montroial, & fem-
blables, efquelles la defcription, ou fignification du
poiné geometrique , fe rencontre fouuent entre les
nombres. Prennons pour exemple les tables des Sinus
de Iehan de Montroial, la ou chafque degré eft vne
ligne oblique, delaquelle lalongueur eftla—- de la
peripherie du circle, Pextremité de laquelle ligne , eft
le poin& Mathematique dontnousauons dict cidef-
fus: Maisauecquoieft fignifié chafcun driceux , qui
fontiufques d nonante? certes (en mon exemplaire)
par oau commencement de chafque premierc colom-
ne, & femblables exemples {ont fort communs en
plufienrs autres tables. Orfiencore le o ne fuft pas
cela en nombre, ce que le poinct elt en ligne, le(dicts
grans mathematiciens, voire la nature auec cux, ont
en ceci tous falli; Soit ainfi, doncques au poinét fe re-
fere quelque autre chofe que o, pofons que ce foie

A lélon

[Note: The meaning of the next paragraph seems to be the following. Take
the sine table of Regiomontanus, based on sine 90° = 107, see our Introduction ,
to the Trigonometry and The Tenth. It looks as follows:

minutae sinus minutae sinus
gradus 0 ‘gradus 3
0 N 0 0 523360
1 : 2909 1 526265

In other words: sin 3° = 523360, sin 3°1’ = 526265, sin 1’ = 2909. Hence
sin 1’ may not be taken as “beginning”, since sin 3°1” is not the same as sin 3°,
but sin 3°0’ is the same as sin 3°. The line (half-chord of the double arc) re-
presenting sin 3° is not increased by a point, but the line representing sin 3°1/
is increased by (about) 2909.}
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felon voftre opinion 1,& en examinonsla verité, met=
tane 1 pour lecommencement ou extreme poinét (par
exemple) du 3¢ degré, auquel correfpond 523360 (ie
patle delatable de Iean de Montroial, la oule demi-
diametre fait 10000000) maisceci eft faux, car a 1
comme demonftse ladicte table, cotrefpond 526265
Ou bien pour veoir double rencontre, 1f appert queo,
commencement du nombre,correfpond a o,point &
commencement du quadrant, alencontre duquel t
veux mettre 1, maisa 1 correfpond 2909. Doncques
1 ne fignific pas le point, mais o; Etquinele peut
veoirlauteur de Nature aye pitic de fes infortunez
yeulx, car la faute n'eft pasen Pobied, ains i la veue
que nousnelui fcanons pas donner.

QVENOMBRENEST POINCT

QVANTITE DISCONTINVE.

N ovs pourrions ici defcripre pluficurs inconue-
niens, procedez du {ufdi& faux fondament,
mais veu qu'ilauroit bien meftier d’'vn traicte parci-
culier, ce ne fera pas ici fon lieu: Mais parce que nous
auons di ci deflus, que 6,prolongé iufques en o,faicét
vn continue nombre de {oixante, contre le vulgaire.
Nombre et quartise difcoutinne ou difioinite. il nous faut
encorerefuter cefte impropre definition ainfi:
Tout ce qui reft qu'vne quantité, w’eft pointt quan-
tité difioinite;
Soixante felon quil eft nombre, eft vne quantité (&
feauoir vnnombre.)
Soixante doncques felon qu'il eft nombre, n'eft point
quantité difioinite.
uant

Stevin then argues THAT NUMBER IS NOT DISCONTINUOUS QUANTI-
TY. He presents the syllogism: _

“All that is only a quantity is not a discontinuous quantity. Sixty, since it is
number, is a quantity (to wit, a number). Hence sixty, since it is number is not a
discontinuous quantity”. . :

It cannot be argued that because this integer quantity can be divided into
sixty unities, thirty dualities or twenty trinities, it is discontinuous, since the
proposed magnitude {represented by sixty] can equally be divided into such parts,
which would show that a magnitude is discontinuous. “To a continuous magnitude
corresponds the continuous number to which it is attributed”. “Number is some-
thing in magnitude as humidity is in water, it penetrates like this into every part
of its magnitude; and just as to a continuous water corresponds a continuous
humidity, so a continuous number corresponds to a continuous magnitude”, and
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Quant 4 ce que vousdiuifez par voftre imaginas
tion, cefte propofée vnique & enterc guantitc en
foixante vnitez (cc que pourries faire par mef{ine rai-
fonentrente dualitez,ou vingt trinitez, &c.) & que
puis apres vous definez le dinife, ce n’eft pas definition
du propofé dont il eft queftion: vous pourriez fem-
blablement diuifer la propofée grandeur par Pimagi-
narion en foixante parties, & puis par mefme raifonla
definir eftre quantité difcontinue , ce quieftabfurd.
Commedoncgues la gericrale communauté de gran-
deur & nombreaux autres, ainfi en ceftui ci; 4 fcanoir
a.vne continue grandeur, correfpond le continue
nombre qu'on lui attribue, & telle difcentinuité que
puis apres recoit la grandeur par quelque diuifion,
femblable difcontinuité reoitaufli fon nombre. Et
a find’en parler par exemnple, le nombre eft quelque
chofe telle en grandeur, commehumidité en Pean,
car comme cefte ci Ceftend par tout & en chafque
partic de Peau; Ainli le nombre deftiné a quelque
grandeur feftend par tout& en chafque partie de fa
grandeur:Item comme a vne continue eau correfpond
vne continue humidite, ainfid voe continue grandenr
correlpond vn continue nombre: Irem comme la
continue humidité de I'entiere eau, fouffre Ia mefine
diuifion & dificin¢tion que fon cau, Ainfile continue
nombre fouffre la mefine divifion & dificin&ion que
fa grandeur; De forte que fes deux quantitez ne fe
peunent diftinguer par continue & difcontinue, dont -
nous pourrions cxhiber plufieurs argumens, mais
nous le conclurons par cefte leur contradiction. Nom-
bre (difent ils) es? quantité difioinde , & alieurs aucon-.
traire Nomlre eft quantité conioincte ou compofie de mul-

Az tirnde

is subjected to the same division and disjunction. Stevin refers to his Mathema-
trcal Thesis 1 (p. 202).

[Stevin uses the terms nombre, quantité, grandeur, here translated by number,
quantity, magnitude. The relation of number to quality is expressed by Def. I;
magnitude is more concrete. Stevin says that number explains quantity, but exists
in magnitude as humidity in water. See further p. 10. Stevin here wrestles with
what we now understand as the arithmetic continuum, that is, with the notion of
rea] number, see our Introduction}).
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titude d'vnit2. ; Certes i les vnitez font conioindtes,

elles ne font pas difioinétes , ny par confequent leur
conion¢tion, ne produict poinét quantité difioinéte.
Nousaccomplironsla refte par la premiere thefe de
noz thefes Mathematiques.

DerINITION 111,

LescharatZeres par lefquels [e denotent les
nombres font dix : df¢anoir o fignifiant com-
mencement de nombre, Et 1 cun, €t 2 deux,
Et 3 tro, €t 4 quatre, Et scinc, €t 6 fix, €t
7[ept, Et 8 buitt, €1 9 neuf.

DEFINITION 1111

Chafques trous charatZeres dvn nombre
[appellent membre, defquels le premier, font

les premiers tress charalferes & la dextre,Exle

Jecondmembre | les tross charaiZeres fuinans
cvers la fenestre ; Et ainfipar ordre du troi-
Jiefime membre, €/ antres [winans tant guily
enaura awnombre propofe. '

ExrLIicATION.

Soitquelque nombretel 3 578762 97. Les 297.

fappellent premier membre,& 8 7 6 fecond, & 3 57
wroificfme.

Deri-
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or a composite multitude of unities”
see our Introduction.}

’

In Defs. III—XIII the number symbols 0, 1,...., 9 are introduced, together
with some elementary concepts, such as prime and composite number. In Def. VI
Arithmetical Number is defined as abstract number, conceived as devoid of
magnitude. In Def. VII Stevin stresses his position: “An integer number is unity
[a direct challenge of Euclid VII Def. 2,
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DEriNITION V.

Le premier charatiere du premicr membre
commengant & dextre ‘verslafeneStre , figmfe
[implement (a valeur, le fecond antant «i fois
dix quwil contient vitez,, le troifie[me, antant
des fois cent quil contient Vnitez_ ; Etle pre-
mier characlere du [econd membre  autant de
Sfois mille quil contient vnitez ; &/ ainfi par

- dixiefme progreffion des autres charalleres con-
tenuz_ex tous nombre propofe.

ExriicaTION,

Soitquelque nombretel 7 5687130789276,
Doncques felon cefte definition le premier charactere
6, faiét (1x, & le 7 fuinant feprante,& le 2 fuinant deux
cent, & le 9 neuf mille,& ainfi des autres, Pourdonc-
ques expliquer ce nombre , on mettera fur chalque
premier charactere de chalque membre (excepté le
premier) v poinét; Puisondira, feprante cinc mille
mille mille mille (2 fcanoir aurant des fois mille
qu'ily ades poin&s depuis le 7 iufques 4 la fin) fix
cents huiGantefept mille mille mille, cent trente
mille mille, fept cens huiGkanteneuf mille, deux cens
feprante fix.

DEFINITION VI,
Nombre Arithmetique et celui quon expli-
quee [ans adieChf de grandeur.
A ExprrLi-
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ExrricaTiON.

Le nombre d deux efpeces, defquelles Pvneeft ex-
pliquée paradiecif de grandeur, comme les nombres
quariez , cubiques, racines, quantitez, &c. lefquels
nous appellons nombres Geometriques, & feront de~
finiz ala feconde partie fuiuante; Paatre cfpece cft
fimplementexpliquée (ans ledict adiecif, comme va,
deux, trois, trois cincquiefmes, &c. Nous appellons
tels nombres par diftinétion del'autre efpece, nom-
bres Arithmetiques.

DEerINITION VIIL

Nombre enticr ¢ft vnité, oucompofée mul-
titude dvnitez .

DeriNiTION VIIL.

Nombres entre eux premicrs [ont ceux qus
nont point de multitude domitez, pour corn-
mune mefure.

ExprricATION, .

Comme §&70u10& 13 & femmblables : par ce
qu’ils n’ont point de multitude d'vnitez, qui leur foit
commune mefure , fappellent nombres entre eux
premiers.

DeriniTiON IX,

Nombres entre ex compafez font ceus qui

ot multivsede dvnitez_pour commune mefure.
Exrri-

505 o




506

DES DEFINITIONS. 7
ExPLIicCATION.
Comme 9 & 12 par ce que nombre de multitude

d'vnitez d {Gauoir 3,eftleur communc mefure, ils fap-
pellent, nombres entre cux com pofez.

DerrniTiON X0

Nombre rompu,eft parti o parties de
nombre entier.

ExrricaTionN.

Commeeftant va diuiféen trois parties egales,vne
des melmeseft nombre rompu squ'on defcript ainfi
+ & fappellevn tiers. Ou citant 1 parti en quatre
partiesegales, trois des mefmes eft nombre rompu:
lequel fe deferiprainfi -3- & fappelle trois quarts., ou
eftant 1 partien trois paties cgales, fept de telles par-
ties eft nombre rompu qu'on defcriptain(i Z-. & fap-
pelle fept troifiefines

DeriNiTION X1I.

Noumerateur de rompu,eft le nombre fupe-
riewr ex/)lic.mt la multstude des parties’y con-
tenues.

ExrricATION.

Soient trois quarts deferipts ainfi 3-, doncquesle 3
fappelle numerateur, par cequ'il explique ou nombre
la multitnde des parties contenues au mefime rompu:
car -3-eft vn rompu compolé de quartes, & le 3 nous

4 monftre
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monftre(comme en nombrant)que des mefines quar-
tesil en y a wois, d’ou il eit appellé numerateur.

DeriniTiON X211,
Nominateur derompu, eft le nombre infe-
rienr expheant fa qualite. |
Exrrication,

Soient trois quarts defcripts ainfi 3-: Pinferieur
nombre donc 4 parce quil explique ia qualité ou quril
nomme quel rompu c'eft, 4 fcauoir v rompu de
quarzes, onFappelle nominateur.

DEerinNiTION X111,

Rompu premiereft celui duquel le numera-
tewr &) nominatewr [ont nombres entre eux
premicrs.

ExrrrcaTion.
Comme - ou-2- & femblables.

LA
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9
LA SECONDE PARTIE,

DES DEFINITIONS DES
NOMBRES CEOMETRIQVES.

Q PR ES que lesanciensauoientapperceu la ver-

tde la progreflion des nombres comme ceux
ci2. 4. 8.16. 32, &c.ou 3. 9. 27.81. 243,&c. laoule
premier multiplié par foi,donne pour produiétle fe-
cond debordre, puis le fecond autrefois multiplié par
le premier, donne le troifie(ine de Fordre, & le troi-
fiefine multiplié parle premicr donne le quatriefine
de l'ordre & ainfidesautes; car 2 parfoi faict 4, le
mefme par 2 faict 8, & ceftui ci par 2 faidt 16, &e.
Semblablement 3 par foi faict 9, le mefine par 3 faict
27,& ceftui-ci par 3 faict 81,&c. Ils ont veu quiil
eftoit neceffaire, de donner des propres noms a. ces
nombres, par lefquels on les pourrart diftinétement
fignifier, appellans le premier en lordre Prime, que
nous fignifierons par (1, & le deuxiefme enlordreils
le nommoient Seconde, que 1ous denoterons par (2),
& ainfi des autres, par exemple: :

®2. B4 @8 @®16. G312 (564, &
' Item
@3 @9. B@27. B81. B243. ©729>&c.
Puis voians que ce premier nombre, eftoit comme
cofté de quarté, & le fecond fon quarré, & letroifie(-
me le cube du premier, &c. & que cefte fimilirude des
nombres & grandeurs, manifeftoit plufieurs fecrets

des nembres, ils leur ont aufli attibué les nomsdes
Ay grandeuts

Second Part

If we take sequences like 2, 4, 8, 16, 32, etc, or 3, 9, 27, 81, 243, etc. [a,
a2, a3, a4, .. ..], the first number is called prime and denoted by (1), the second
is called second and denoted by (2), etc. [These symbols thus stand here for ex-
ponents of arbitrary numbers.] “In view of the fact that this first npumber is
like the side of a square, and the second like its square, and the third like the
cube of the first, etc., and that in this similitude of numbers and magnitudes
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grandeurs, appellans le premier Coffé, le fecond
Ruarre, le woilicfme Cube ,&c. & confequemment
tous ces nombres en gencral Nombres Geometriqgses.
Mais confideré viilité de la parfaicte intelligence de
Ia communauté de ces nombres auec leurs grandeurs,
nous defcriprons ces grandeurs par ordre comme leur
fondament, en cefte forte:

DESCRIPTION DV FONDE-
MENT DES NOMBRES
GEOMETRIQVES.

S orr tirce la ligne A, de laquelle laquantité foi
plus grande que vnité comme 2(2 doigts ou pieds,
ou ce que I'on voudra) Puis foit efcript le quari¢ B,
duquelle cofté foit egal i la ligne A,& femblablement

le cube C,duquel le cofté: foicegal 4 A. Item le docide

D (ceft 4 dire poutre ou folide reCtangle, quiale cofté

entre deux quarrez oppofites plus long que lecofté du
quarre) en telle raifonau cube C,comme le nombre
expliquant le quarr¢ B, au nombre expliquantla A, &

& que fa bafe quarrée (comme auffi de tcus les doci-

\ des [uinans) foitegal auquarré B. Puis le docide E,
entelleraifond D,comme D 32 C. Item le docide F,en

telle raifon 4 E, comme DA C: & ainfi on pourroit
continuer plusauant, Puis {oit tirée |2 ligne G, refpon-
danted P'vnité: 4 fcauoir 4 telle vnité,comme A en

faic 2. Irem foittirée la ligne H, moienne proportio-
nelleentre G & A.Item la ligne [ antecedente j’c deux
moiennes proportionelles entre G & A. & les quanti-

tez des grandeurs feront telles A 2.B 4.C8.D1G.E 32.

F 64. H. racine quarrée de racine quarrée de 4 (3

. fqauoir

many secrets of the numbers are revealed, the Ancients also gave these numbers
the names of magnitudes, calling the first Side, the second Square, the thxrc’l’ Cube,
etc., and consequently all these numbers in general Geometrical Numbers™. {On
the different names given to the powers, see J. Tropfke II, pp. 132—.162; §tevm s
contention that “the Ancients” called the first power “costé”, “side”, is only
partly correct, since there were other expressions. A term in common. use w?.s'
“cosa”, Latin “res”, usually for the first power of the unknown quantity, but in
P. Ramus’ Arithmetices _libri duo, Basle, 1569, we find the name “latus”,
which means “side”.}
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fcauoir du quarré B) &I racine cubique, de racine cu-
bique de 8 (4 fcauoir du cube C)& L vaudra 1. Ecfera
acheuc le premier reng procedant de laligne A maicu~
te que Vpite.

Soitaufli defeript de mefme forte le reng K. L. M.
N. O.P.Q_R.S.defquelles N,(oit ligne refpondante
ala A, & faquantité foit de vnite, & O foit quarré,
quanticé refpondante  la B,& ainfi des autres, & tou-
tes les quantitez comme P QR S, feront cubes & [a
quantité de chafcune grandeur fera 1. Ecfera achene le
fecond reng procedant de la ligne N, de laquelle la
quantité eft vaicé.,

Et de me(me forte foitdelcript le reng T.V.X. Y.
Z. A A.BB.CC.D D.defquelles Y foit ligne refpon-
dante 3 la A, & faquantite foit moindre que vaité,
comme -, & Z foit quarré,quan tité refpondanted la
B, & ainfi des autres, & les quantitez BB.CC.DD.
feront proportionels plinthides , c'eft 4 dire tillesoun
folides reGtangles, qui ont le cofté entre deux quarrez

- oppofices plus coutt que le cofté du quarré, & leurs
quarrez font egaux aa quarré Z. Et les quantitez des
grandeurs feront telles Y - Z—. AA5.BB .
CC ;5. DD . Xracine quarrée de racine quarrée
de -1, 4 {Gauoir du quarré Z, &V racine cubique de
racine cubique de —-, 3 fcauoir du cube A A,& T vau-
dra1. Etferaparfai& le roifiefme reng procedant de
laligne Y moindre que vnité.

G.L

Stevin then shows how well these numbers correspond to their magnitudes.
[See the figures: here the line segment A represents ¢ > 1, Stevin's (D), here
equal to 2; square B represents 42, cube C stands for 43. To represent at = a8.4
Stevin piles cubes C a times in top of each other and gets a “docid” D, ie. a
rectangular block for which the side between opposite square faces is longer than
the side of the square, here D : C = B : A. For the representation of a5 = aB.42
cubes C are piled up in number 42, 42 now taken as an abstract (arithmetical)
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number; the result is a docid E, E : D = C : B, etc. This is repeated for the
case « = 1, which gives the sequence N, O, P, Q, etc.,, and 4 <C 1, which gives
the sequence Y, Z, AA, BB, etc.; AA is called a “plinthid”, ie. a rectangular
block for which the side between opposite square faces is shorter than the side
of the square, from zAivdos brick. Some people represent ¥ = 26 = (42)3 as a
cube with side 42, but then we must say that the side of F is 42, of which the
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side is 2, and Stevin does not like this. — Stevin writes M/ 4 for our VVa,.

w ®8 for our VVE =172, To represent\/z (see figure) he takes a line
of unit length G, and then constructs a line H as the mean proportional between
Gand A;G: H=H:A G =1 A =2 When G:1 =1:] =
J = A, he gets I = 37, The same is done for 2 < 1, where K and T are unit
segments. Hence (J) is defined by 1 : =Q®: Q.
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Voilaacheuée la defeription du fondement des
nombres Geometriques, par lequel nous efperons fa~
cilement demontftrer leurs vraics proprietez, & refu-

ter legitimement quelques abfurditez en vie.
Premierement faut confiderer, que au lien deno-
fire (exte quantité F qui eft docide,& dela fexte quan.
tité D D quicft plinthide, il eft vulgaire d’en faire ve
cube quiilsappellent cube de quarré, ou quarré de cu-
‘be. Ecfemblable difference y a il en toutes les figures
fuinantes la quarte quantité : mais que cesformes ci
font les vraies & naturelles & pas cellesla , appert en-
tre beaucoup dautres par la racine, ou le coft¢ des
mefmes quantitez. Par exemplePon requiertla raci-
neoule cofte de ladiCte fixiefme quantité F 64, nous
difons tous qu'il eft 2, Or voions quelle des figureseit
propre, vraiement c’eft le docide, & point le cube : car
ilapperten noftre figure F,que chafque cofté des bafes
eftegald A, qui faict 2 par PHypothefe: maisquand
auliende F docide, fera faié vn cube; fon cofté fera 4:
on dira doncques que le cofté de 4. ¢ft 2,qui etk abfurd.
Et de me{me forte quand le cofte de tel cube fera 100,
tu le diras eftre 10. ltem quand pour la fixiefme quan-
it DD g quielt plinthide,on met vn cube,nous di-
rons tous que fon cofté fera -3-, ce quieft vraiau plin-
thide, mais au cube il {fera manifefte qu'en tour fon
corps 1’y a aucunc ligne fi longue,, car fon cofté fera

feulementde -, ergo abfurd. Et {emblable impro-

prieté fe pourra demonftrer aux autres quantitez. Tel-
les figures doncques ne nous expliquent pas les vrais

fondemens.
Aufecond; veu que la proportion des quantitez eft
continue,¢’cft equitable & vtile, que la mefie conti-
nuité
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nuité appertaufli  Peeil aux figures, comme au prece-
dent fondement. Larefte dependant de cefte matiere
fera declairée an fuiuant chafcun en fon lieu, la ouil
viendrad poindt.

DEFINITION XIIIT,
(ommencement de quantivé, eff tout nombre
Arithmetique ou radical quelconque, fon cha-
raltere esttel ©.

EXPLICATION.

Comme (parexemple) Ceft autre chofe auzodia-
que le commencementdu Bellier,autre le premier de-
gre du Bellier: carP'vn eft poindt, Pautre ligne : 3 fa-
uoir la = de fon circle. Ainfi voulons nousici par c5-
mencement de quantité fignifier autre chofe que pac
premiere quantité¢ de laquelle la definition fenfuit.
Doncques tout nombre Arithmetique ou radical
quelconque, qu'on vfe en computation algebraique
comme 60n ¢ 30u 2~ 43, &c. nous Iappellons
commencement des quantitez, le charaéterc le figni-
fianteft tel @:mais fera feulement v{€ quand les nom-
bres Arithmetiques ou radicaux ne feront pas abfolu-

tement defcripts.
DeriNrTION XV,
Prime quantite,e5t vne ligne droitte nom-
bre expliquée, fon charattere et tel ©.

ExrLIcATION.

CoMmuME la ligne A, nombre expliquée 4
{gauoir

Defs. XIIII—XVIII define the beginning (0), prime quantity (), etc. to fourth
quantity (@). The beginning of quantity is an arithmetical number or a radical, such

as 6,4/3, 2 + 4/3. [Stevin here makes a remark similar to that oz p. 4: the be-
ginning of Aries is different from the first degree of Aries. We notice that Stevin's
@), unlike our 4°, is not identified with 1. Stevin has to discriminate between
an arithmetical number and a radical, since a radical is a geometrical number, see

Def. XXXL}
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fcauoir 2 fappelle prime quantité, & de mefme forre
eft prime quantité laligne N, de laquelle lenombre
explicanteft 1. Item la ligne Y de laquelic le nombre
Pexplicanteft .

DeriNiTION XVI.

Seconde quantite, eff vn quarre defcript
done ligne egale 2la prime quantité, fon cha-
raftereefttel @. '

ExrricaTron.

Comme le quarré B, fappelle feconde quantité, &
dz mefime forte font fecondes quantitez les quarrez
O&Z.

DeriNITION XVII.

Tierce quantité,eft v cube duquel le cofte

oft egal & la prime quantité, fon charattere eff
tel @.

ExerLicAaTIiON.

Commele cube C, fappelle tierce quantite, & de
meline forte fonr tierces quantitez les cubes P & A A.

DEFINITION xVIII.

Qrarte quantite, eft vu (olide reFangle,du-
quel desy Z{,’é: oppofites font quarrez eganx &
la fecond: quantité, &/ en telle raifon 3 [1 tierce

: quan-
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quantite, comme le nombre de la feconde quan-
tite aw nombre de la prime quantite: fon cha-
raitere eft tel © . Quinte quantité eStvn [olide
rectangle duqueldevcx bafes oppofites [ont quar-
rex egaux 4 la feconde quantite, &/ en telle rai-
[on alaquarte quantité, comme la quarte d la

tierce fon charattere et tel G, Et lame[me

raifon atoute autre quantité confequente i for
antecedente,

ExrrLicATION,

Commeles folides rectangles D.Q. B B. fappel-
lent quartes quantitez. Item les folides re@tanglesE &
R & C C fappellent quintes quantitez, & F.5.D D,
fextes quantitez & ainfi des autres femblables.

Nora.

1l eft  noter queles trois premietes qantitez def-
quelles auons dict ci deflus (a fGauoir prime, fcconde,
& tierce quantité)ne changent point de forme,comme
faict Ia quarriefme & autres enfuivantes: c’eft 4 dire ®
eft touliours quelque ligne droicte,, & @ toufiours
quarté. Et la troifiefme quantité toufiours cube,
mais la quarte quantité & autres fuiuautes ne font pas
toufiours figures de méfine forme:car quand le nom-
bre dela @ eft maicur que vnité, feront tous docides,
& eflant vnité feront tous cubes: mais eftant moindre

que vnité feront tous plinthides.
z g
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QVE LES DIGNITEZ OV DE-
NOMINATEVRS DES QVANTI-
e font pas nece([wrememt nombres entiers,
mars potenticllement nombres rompuz_ ¢
nom/i{]*e: radicanx: quelcongues.

Il eft affez notoire & ceux qui fexercent en compu-
tations algebraiques (car ceft d eux que nous parlons
ici) que quand il y ad extraire racine quarréede (,0u

. de (3, ou bienracine cubiquede (22 & de femblables,
qu'il faucdire, que Ceft racine d'autant. Par exemple
racine quarrée de 4 © fe dict +/ 4 ®, la raifon eft, qu'il
n’y aen vfe aucunes algebraiques quantitezqui pour-
roient autrement fignificr telles racines. Toutesfois le
2 en circle feroit le characere de racine de (f),parce que
le mefine (fuinant la reigle de multiplication desau-
tres quantitez) multipli¢ en oy donne produict @, &
par confequient 3 en vn circle ferott le charactere dera-
cine quarrée de 3), par cequetelle ? en circle multi-
pliée en foi donne produict (3, & ainfi des autres; de
forte que par tel moien on pourroir de routes fimples
quantitez extraite cfpeces de racines quelconques,
comme racine cubique, de (2 {eroit { en circle, &c.

Or par la confideration de ces chofes nous eft deue-
nu manifefte ce qui au parauant nous eftoit plusob-
feur, 4 fcanoir que la prime quantité,laquelle les alge-
braiciens vient pour l'inferieure ne Peft pas, confideré
ce qui confifte potenticllement cn eux: mais commeil
y avn infini maieur progres des quantitez depuis I'vni-
té,0u de la prime quantité en afcendant, comme @ @
@ .&c.ainfi ya il femblable infini moindre progres de

la prime

It is not necessary to consider only integers inside the circles (o), since (3) can
stand: for the square root of (1), and for the cube. root of (2). [The number
inside the circle is called “dignity” or ,,denominator”, our “exponent”. Stevin
does not think much of their use in the theory of equations; perhaps they might
be convenient if equations more complicated than biquadratic enes could be solved
with their aic\i, but he did not succeed in doing so. As a matter of fact, even now
we solve equations with fractional exponents by reducing them to equations
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DEs DEFINITIONS. 19
la prime quantité en defcendant, qui fe pourroit figni-
fier par &} encircles, & i pourroiton par les me(mes

roceder comme par denominateurs entiers.

Ot fil'viage de telles quantitez pouuott avanceren
la reigle de trois algebraique(vulgairement dicte equa-
tion) a fcauoir que par icelles valceuft venir au deffus
desquantitez @ 3 (2 © @ de Loisde Ferrare (ce qu'-
auons tenté,mais cdbien qu'ainfi ie pounoisextraire ra-
cines de toutes quantitez;toutestois n’y auons peu aue-
nir,comme  fon lieu en dirons plus amplement)certes
leur vfage (eroit par raifon d conceder. Mais n'cftant
cela pour Pheure pasainfi, vierons {eulement les vul-
gaires entieres, d’autant plus que toutes computations
algebraiquesfe peuuent acheuer fans icelles. Cardla
fin autant faifons par racine de 4 (9, comme par 2 mis
deuant; en circle. Tellement que par ce difcours auons
feulement voulu manifefter ce qui confifte porenticl-
lementenla matiere, 4 fin que par ainft rcngimons le
fubie&t plus notoire. 1} pourroit aufli avenir que celte
fouuenance cauferoit a vn autre quelque auancement,

DeriNITION XIX.
Nombre dlgebraique entier, et quantite ow

compofee multitude de quantitez..
ExprLiCcATION.

I eft & confiderer qu'incegrité ou fraction de nom-
bre algebraique, ne fe refere pointau nombre de mul-
titude, ou valeur de la quamité; mais feulement 4 la
denomination ou dignité dicellc,car 2 (D ou ¢ 23
& femblables, fontautant nombres algebraiques en-
tiers come 3 (D,par ¢ que come nousauons di¢t nous

' B2 prennons

with integer exponents. Stevin seems to have played with the idea that just as
there exists a specific theory for equations of degree 1, 2, 3, and 4, there might be
a specific theory for equations of degree 1/, 1/5,... The Louis de Ferrare of
p. 19 is Ludovico Ferrari (1522—1561), who reduced the solution of the bi-
quadratic equation to that of an equation of the third degtee, see our Intro-
duction. }
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prenons feulement regard 3 la denomination de la
quantité, qui eftici entiere: mais frafion algebraique
eltrelle comme la definition en {ui&.

DerinvIiTION XX, )
Nombre algebraique rompu, ¢St partie on
parties de nombre a{geémique entier.

ExrricaTiION,

Comme :‘9 eft nombre algebraique rompu, qui
fexplique ainfi; deux primes diuifégs par wois fe-
condes. -

DerFrIinNtiTION xX1I.

Quantizez_entre elles premieres, font celles
qui 7 ont point de dinerfes efpeces de quantitez,
pour commune mefure.

DerFiNITION XX1IT.

Quantitez_entre elles compofees [ont celles,
qui ont dinerfes efpeces de quantitez_ pour com-
mune mefure.

DeriNITION XXIIT.

Rompu algebraique premicr e5¥ celus duquel
le numerateur &/ nominatenr [ont nombres
entre eux premiers.

DErriNrITION XXJI1II.

Quantitex continues en bordre, font celles

entre

Defs. XIX—XX give the definition of Algebraic Number. An integer algebraic
number is a quantity or a composite multitude of quantities, a fractional algcbraic

number is a part or consists of parts of integer algebraic numbers. Hence .:_@,
’ = 2 .
V2 @), 3 (1) ate integer algebraic numbers,3—® is a fractional one. [Thus we

have: a) arithmetical numbers, which are abstract numbers, b) geometrical num-
11

bers, which are of the type 4, 2, 48,..., 42 43 ,..., and ¢) algebraic num-

bers, which are multiples of these with arbitrary coefficients, or quotients of such

multiples, hence numbers we should write with negative exponents.]
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entre le[quelles ne defamt ancune quantité de
leur natwrelle progrefSion.
ExPLiCATION.

Comme @&®. Item@ &3, ItemTCECZ G @
&ec. Pappellentquantitez continues. Et par le contrai-
re eft manifefte qu'elles quantitez font difcontinues, 4
fcauoir comme O & G, ou 2 & ), &¢.

DeriNiTION XXV,

Superieure quantite et celle, de laguelle le
nominatenr bexplicant eff masewr.

Exrrication
Comme (@ appellons ﬁlFericurc ou plus haulte
quantité que @ on (9,& par le contraire eft manifefte
qu'elle eft quantité inferiecure. Nous appellons telle
quantité, quantité {uperieure;a fin d'ofter l'ambiguité
qui fe rencontre enles appellans quantitez maieures:
par exemple foient 6 @ & 3 2, Or fi Fon parle ici de
maieuare quantité fera chofe ambigue quel des deux
ferala maieure: a fgauoir fi e vocable maieure fe deura
referer au nébre de la multitude des quantitez:en quel
refpect feront maieures les 6 (;0u en refpect des no-
minateurs des quantitez, felon lequel font maicures,
les3@. Ou enrefpet deleurs valeurs, felon lequel
chafcun pourra eftre le maieur. Par exemple filava-
leur de 1 ® fult 2, les trois (@ feront maieures, car
vauldront 24;& les 6 () feulement 1 2:mais fi la valeur
de 1 D fuft 1, alorsau contraire les 6 (® {eront maien-
res:car elles vauldront 6, & les 3 (9 feulement 3: mais
quand nous difons de la fupericure quantité, cefera
fans doubte parlé des 3 (2. '
o B3 DErFy-

[In Defs. XXI—XXVI we find a number of clementary properties of
algebraic numbers defined; Def. XXVI introduces us to algebraic multinomials;
or, as we say, polynomials, such as 343 + 542 — 44 + 6. Mark that Stevin
here uses + and — signs, which he does not use in some other places.
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DEFINITION XXVI.

Multinomie algebraique eff vn nombre
confiftent de plufieurs dierfes quantitez.

ExrricaTIiON
Comme 3 @3 + 5 —4 ®+ 6 fappelle multi-
nomie algebraique. Et quand il aura deux quantitez
comme 2+ 4 @ fappellent binomie, & de trois
quantitez fappelleratrinomie,&c.

DEFINITION XXVII.

© applicquie a @nous nomons quantitez pri-
mitines. 6t quantite quelconque (upericure que
© applicquee a © lenrs deriuatines, &/ toutes
quantitez_ appliquees a © anfquels wexiftent
autres inferieurs denominateurs de quantitez &
Lurs denominatenrs proportionels nosus nom-
mons primitiues, ¢° welles proportionslles lewrs

deriuatives.
ExrricaTion.

Comme @) & @ nous némons quantitez primitiues,
& leurs derinatives comme (2@, ou® @,0u @ @,
&ec. Maisquand ity a plus d'vne quantité appliquée a
©@comme GOE,0u 3 OO, ouGAE,0u
CGOE,u®FOO,u® 3@ OE, &c. auf-
quels n’exiftent autres infericurs denominateurs i
leurs denominateurs proportionels & de mefine mul-
titude, nous les nommons primitiues; & quand autres

appliquez

- Def. XXVII makes a distinction between polynomials such as ax + &,
px2 + gx + r, Ix3 + mx + », which are called primitive, and such as ax2 + b,
ex3 + d, pxt + gx2 + 7, Ix6 + mx2 + », which can be obtained from primi-
tive polynomials by replacing x by a power of x. These are called derivative.
Stevin observes that the theory of derivative equations is the same as that of the
primitive ones. On his mode of calling the theory of equations “the rule of pro-
portion of quantities”, see p. 264 and our Introduction.
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- pliquez nominateurs font & iceux appliquez denomi-

nateurs proportionels nommons iccux autres leurs de-
rinatifs,come @ (Z; (© font derivatifs defdicts (3 O @
patce que comme 2 a 1 (denominateurs) ainfigaz, &
parcillement dirons @) 3@ eftre derinatifs defdicts
@ ©@,parcequecdme 2arainfiba 3.Etde mefine
forte dirons ) & @) cftre dertnatifs de @ @©®. Et
femblablement®) G: ® @@, ou (2) B G © cftre
deriuatifsde @ 3 (3 © @, & ainfi desautres.

Mais pour dire del'vtilité de cefte definition faut
fcauoir quen laregle de proportion des quantitez,laou
par wois termes donnez, nous cherchons vn quatrief=
me proportionel, les deriuatifsontla mefine manicre
doperation que leurs primitifs. Comme fi les deux
premiers termes furent derinaufs, tels 2@, 003 ©@
ils auront vne operation femblable 4 cclle de leurs
primitifs @ & @. Irem i les deux premiers termes fu-
rent® & (2; @), ou (g; & (31 (©, &c. ils auront vne'ope-
ration femblablceble a icelle de leurs primitifs & &
@ ©@. Etainfi de tous autres: d’ou fenfuiura qu'envn
feul probleme, 3 fcauoirle 78. comprehendrons tous
les derinarifs (qui font en infini)des antecedens primi-
tifs; Pourtant celui qui voudia bien enténdre ledict 78
prob. 1l fera neceflaire de bien entendre cefte defi-
nition,

DerINITION XXVIII.

Quantitez_poftpofees font celles qui en bal-
gebre [e pofent ancunefois apres les pofitiues.
EXPLICATION

Toutes les quantitez d’vne algebraique operation,
B4 qui
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qui ne font pas notees du figne des poftpofees quanti-
tez font toufiours pofitives ou premictes polees, &
d'vne mefme progreflion, mais par ce queen aucunes
operations eft neceflaire de pofer quantitez d'vne au-
. tre progreflion que n’eft la premiere, appellons les
mefmes poftpofees quantitez, & leprs fignes font tels,
1 fec @ fignific vne {econde @,c‘:ﬁ adire 1 @ fecon-
dement pofée, car toutes quantitez qui n'ont point rel
vocable comme 1 (© ou 3 @,&c. font pofitiues ou pre-
micrement pofees. Item 1 ter (T} fignifie vne tierce (0
ceftd dire 1 @ tiercement pofée. Item 2 fec G figni-
fie 2 fecondes (3,4 fcanoir 2 @) procedansdela 1 fec .
Item3 O M lec @fignifie 3 @ multiplices part fec @, :
oule produict de 3 O multipliees par 1 fec (. Item 3
O M fec @ M ter @ fignifie 3 © multiplices par 1 fec
@ & le mefme multiplié par 1 ter (3.
Item § & Dfec @ M ter @ fignifie 5 @ dinifees
par 1 fec (D,& le mefine multiplie par 1 ter (2, &c.

DerintTiON XX1X
La prime quantité qus ef? egale an coste de
chafque quantité, Fappelle auffi racine, la mar-
que de coftc ou racine eff telle .

ExrrrcaTions

Laprime quantit¢ dela 1§ definition fappelle aufli
metaphoriquement racine; & cela 4 canfe quecomme
la racine eft fource de tout ce qui croift fur lui, ainfi re-
femble la prime quantité la fource ou racine de routes
les quantitez de fon reng, & cft toufiours egal 4 chaf-
que cofté du mefine,comme A au fondement eft cgale

aucofté

In Def. XXVIII 1sec(®) is introduced as a second (1), an operation
which we perform by writing 4 instead of 4, or y instead of x. When we need
a third symbol ¢, or z, Stevin writes lter(d). In this case (T) is called positive or
first-posed, sec (D), ter (D, .... postposed, more specifically, posed secondly,
posed thirdly, -etc. Stevin's 3(DMsec(i) is our 3ab, 3xy, 3pq, etc, his

2
3(Msec(DMter(2) our 3abe2, etc., his 5@ Dsec(DMter(®) is our '5—:- 2, etc.
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aucoftéde B,de C,de D (2 fgauoir au moindre cofté
de D.)La marque fignifiant racine ou cofté eft telle 4/,
laquelle mife denant3j comme 4/ G: denote racine de
cu(Lc,ou racine de tierce quantité:& femblablement 4/
@ fignific racine de quarte quantité. Et de mefine
forte pourrions dire #/ (2 fignifier racine de quareé,ou
de feconde quantité, mais pour [a fignifier il eftenvie
(a caufe de brieuet¢) de delaifferle figne &,& mettre
feulement 4/, par lequel on entend racine ou coft¢ de
quarré,

QVE RACINE EST VOCABLE
CONVENABLE A LART.

Il yadesaucuns quireietansle vocable racine,di-
fent,cofte de quarré ou de cube,ne fe pounoir nommer
racine {inon ineptement, mais 4 mon auis ils n'exhibéc
pas conuenable diftin¢tion. Car combien que raci-
ne eft toufiours egale a cofté; toutesfois autre quantité,
eft racinecomme A, que cofté de B ou de C: pourtant
quand nousdifons racine de B, c'eft 4 dire A: car Aelk

fa racine ou fource: mais quand nous difons cofté deB,
quieftala A egal,adonc nous parlons du cofté eflentiel

de B. Nous vierons donc 4 bon droictauec les anciens

le vocable racine 13 ouil viendrad poinct.
DEFINITION XXX

Racine de quarré de racine de quarré eff vne
ligne moyenne proportionelle entre la prime
uantité, @/ ‘voe higne reSpondante 4 bvnité de
amefme: [amarque eff tellew'. €t racine cu-
bique de racine cubiqueeff Lantecedente hgne
B s de denx:

In Defs. XXIX—XXX the symbols for square root, fourth root =
square root of square root, etc. are explained. \ means square root, or /(). The
meaning of Stevin’s symbols in our notation is as follows:

i

1 S 1 —
V@a=vi=a W @a=Vva=d" ay ®c=VVva=a

o

' — 1. 35— 1
O A ST A (e

— 1

- 1 4
‘/@‘;_—_—la/a:al‘ 44/@(1=V14/;=ﬂ16 etc.



525

26 LE 1. L1vRE PARYITH.

dle deus: lignes motennes proportionnelles entre
la prime quantisé @ vne ligne respondante i
bvnisé de lamefme fa marque eff telle w & .¢o»
ainft des autres [emblables.

ExrricATiON.

Comme la ligne H fappelle racine quarrée de raci-
ne quarrée, 4 {gauoir du quarré B, car par la conftru-
¢tion du fondement elle eft moienne proportionelle
entre A & G laquelle G refpond i 'vnite dela A,Sem-
blablement dironsla M, & X eftre racines quarrées de
racines quarrées. Et de mefme forte entendra onla
racine quarrée de racine quarrée de racine quarrée de
Beftrela moienne ligne proportonelle entte G & H,
de laquelle la marque eft telle ws/. 8 femblablement
procederaon eninfini pour lesracines quarrées de ra-
cines quarres quelconques.

Item laligne I fappelle racine cubique de racine cu-
bique (a fcauoir du cube C) car par lalconftruction du
fondamentelle eft antecedente ligne de deux jmoien-
nes lignes proportionelles entre la prime quantit¢,&
vne ligne refpondanted Pvnité de la mefme. quieft en-
uwe G & A. Etfemblablementdirons leslignes L & V
eftre racines de racinescubiques. '

De mefme forte entendra on la racine cubique de
racine cubique deracine cubique de C eftre lantece-
denteligne dedeux moiennes proportionelles entre G
& I, fa marque fera telle wa” 3). & ainfi procederaon
en infini pour racines deracines cubiques de racines
cubiques quelconques.

Etainfi procedera on en toutes fes autres quantitez,

‘ car

Hence V(@) is the same as oW numerically, but there is a difference in di-
mension (p. 30). The prime quantity (D) of Def. XV is considered the root, or
source of all other quantities, and is also.the side of square (2), and bence can
be written V(2. This (D) is also the side of cube @) and can thus be written as
VG®), ot Va2 = 4,3~ @3 = a. Hence V stands for “root” or “side”..

The term “root” is appropriate despite the objection of some people, who claim
that a side cannot be called a toot, because in the figure A is always the “root”
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cat la racine de racine de quarte quantité, eft Pantece-
dente ligne de trois lignes moiennes proportionelles
entre G & A, delaquelle lamarque feratelle w/ ®.

Nora 1.

Nousauons diék 3 la 29. definition que racine de
quarré d marque telle /. Ttem i la 30. definition, que
racine de quarré,de racine de quarré a marquetelles/,
mais Faut%ien notercefte fyllabe de, car 4/, ne fignifie
.Fas fimplement racine, mais il y faut encorcadioufter

edi de, veu qil y a grande difference entre racine,
& racine de. Comme par exemple 47 4 fignifie racine
de-quarré 4, laquelle vaut 2, mais racine quarrée 4,
vaut 4,comme le quarté 16,3 fa racine 4,& point4/ 4.
Ledi&t auertiffement du vocable de, appfiqucra on
aufli 3 toutes autres racines comme 4/ 3), v @,&:¢.
Nora 2.

Cefte marque fignifiant racine de quarté telle «/, &
de racine deracine de quarré telle s/ cft par pluficurs
env{e,eft aufli forr commode pour telle }igniﬁcation,
& continuant telle progreflion fenfuit que we” doibe
fignifier racine deracine, de racine de quarré. Ils font
donquesimproprement ceux qui par we/ veulleat fig-
nifierracine de cube, veu qu'autre chofe eft racine de
cube, que racine de racine, de racine de quarré. Carla
ligne A aufondament eft (comme aufli de toutes les
quantitez foiuantes) egale 4 laracine du cube C. Mais
racinederacine, de racine de quarré, eft la ligne moi-
tienne proportionclle entre G & H. laquelle eft bien
d'autre quantité (excepté quand la racineeft 1,comme
au fecond reng des figures du fondement) Etpour en
donner exemple ¢n nombres, il eft notoire que 1w/
256.¢eft 2, mais4/ Q) 256,¢ft plus que 6.

Con-

or “source”. of square B or cube C. [Stevin always regards the various fractional
T

powers g%, ‘@3, g& ...., with unit fractions as exponents, as line ‘segments.

In Nota 1 we are warned that there is a difference between.“root” and “root of”,

V means “root of”, V4 is the root of 4, or 2, but when we speak of 4 as “root”,

we think of 16. “Which warning about the vocable of will' also" apply to all

other roots such as V@), V@), etc.” In Nota 2 stress is laid on the difference




527

28 Lz 1. L1VRE DARITH.

Concluons doncques que st/ ne peult diftincte-
ment fignifier racine cubique.

Quant aux figures comme €% &c. quau-
cuns fuiuans les anciens vlent au lieu denoz mar-’
ques O @ @ (quaufli a v{é Raphacl Bombelle,
cxcepté @) peuteftre que les mefmes ont vulgaire-
ment (comme aupres denousL cincquante,C cent, M
mille,&c.)aupres les Arabesinuenteurs de Falgebre fi-
guifieles mefme que 1.2.3.&c.ou © @ @ . Mais quoi
quilen foiti’entens la fignification de telles charateres
neceflaires 4 PArichmeticien pour entendre les au-
theurs qui les vfent: mais en noftre Arichmeticque ne
les vcrons pas, ny aufli ceux qui feront felon noftre
confeil: car Pviilité des marques @ © @ G- @, &e-
cftrelle, que Poperation qui par iceux charatteres eft
obfcure, laboricufe, & ennuieufe, ( par ce que telles fi-
gures ne nous fignifient pas vulgairement ce qu'ils de-
notoient d'auenture aux Arabes) fera par ces marques
claire,legiere, & plaifante. Car comme les charateres
3.2.3.4. §.6.7.8.9. 0. (en refpe& de plufieurs autres
marques fignifians nombres) ne font feulemét bricues,
mais neceflaires:voire il femble que fansleur conuena-
ble & naturel ordre, il euft efté impoffible i Phomme
de parueniraux (ecrets & Arithmeticque quil a acquis;
Etde mefme forte entendra on que ceci {ontles chara-
Cteres qui au naturel ordre font requis; lefquels anx
quatre numerations generales, & principalement aux
rompuz des mefmes qui founentesfois fe rencontrent,
voire ‘Par toutes computations algebraiques, donnent
telle facilicé,que ce qua plufieurs ferontautrement im-
poflible de comprendre, leur fera facile,mettant le tout
auiugement de ceux quientendent la chofe. o

r

between V/, u/, m/ , etc. and roots such as V(3); m 256 = 2, this being
: » 8

B-28, and V(@) 256 is more than 6, this being 2 3 ~ 635.....0n p- 28
Stevin proclaims the advantage of his symbols (@), (@), (@), etc. over the
“cossist” notation used by many sixteenth-century mathematicians, in which sy-
stem every power of the unknown is represented by its own sign. His symbols
are those of Raphael Bombelli (see our Introduction), with the exception of (o).
Stevin errs when he states that the “cossist” symbols ate of "Arabic origin; see
J. Tropfke II, pp. 148 et seq.]
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Drs peEriNITION 29
Or eftant ainf; definies les grandeurs du fonde-
menr, faut maintenant venir d leurs nombres.

DeriniTION XXXT1I. :

Nombre expliquant la cvdleur de quantite
geometrique, [appelle nombre geometrique, &/
obtient le nom conforme a bespece de s quantité
guilexplique.

ExrricAaTION.

Comme le nombre 2. explicantla valeur dela pri-
me quantité A,oulenombre 1.lavaleur de la prime
quantité N, ou le nombre } la valeur de la prime quan-
tité Y, fappellent(par ce que les mefines primes quan-
tes font racines) nombres radicaux. ‘

Item le nombre 4, explicant la valeur de la feconde
quantité B, & femblablement 1 de O, &} de Z,fc
nomment (par ce que les mefines fecondes quantitez
font quarrez) nombres quarrez.

Item le nombre 8, explicant la valeur delatierce
quantité¢ C, & femblablement 1 deP, & ; de A A,
fappellent (parce que les mefmes tierces quantitez
fontcubes) nombres cubiques.

Item le nombyre 16 explicantla valeur de la quarte
quantit¢ D, & femblablement 1. de Q&% de BB,
fappellent (par ce que les mefimes font quartes quanti-
tez)nombres de quarte quantité; & ainfi des autres
femblables.

Item le nombre 2 explicant la valenr du cofté
de B, & femblablement 1 du cofté de O, & § du
coft¢ de Z, fe nomment (parce que {e font co-
ftez de quarrez) coftezde quarrez. Et 2 explicant la

valeur

[Though the geometrical number has already been introduced on p. 10,
its definition is only given in Def. XXXI as the “number expressing the value
of a geometrical quantity and receiving its name in conformity with the operation
it expresses”.} Hence 4, 42, 43, ... are called radical number, square number, cubic

number, ..., Va, B4, ... side of square, side of cube, . .. Then follows a pole-
mic against those who deny THAT ANY NUMBERS CAN BE SQUARES,
CUBES, ETC,, or that any root is a number; who deny, for instance, that 6, 7,
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valeur du cofté de C, fappelle cofte cubique, & de D,
cofté de quarte quantiré, &c.

Itcmcllc nombre 44/ 4 explicant la valeurdeH, &
femblablement w/ 1 de M, & w/ ¢ de X, fe nomment
racines quarrecs de racines quarrees, parce que telles
lignes par la 30 dcfinition font racines quarrees de ra-
cines quarrees.

Item le nombre s/ 3) 8 explicancla valeurdel, &
femblablement 4/ 3 1de L, & o/ 3 yde V, fappel-
lent racines cubiques de racines cubiques; parce que
telles lignes par la 30 definition font racines cubiques
deracines cubiques. Nora.

11 eft vrai que +/ @ vautle mefime que #4/,comme
&/ @ 81 vaut 3, comme faiaufll w/ 8 1. Maisentant
que vneeftligne comme H, & lautre cofté de quan-
tiz¢ comme D, elles font par raifon a diftinguer.

QVE NOMBRES QVELCONGQUVES
PEVVENT ESTRE MOMBRES QVARREZ,

cubiques etc. Aufli que vacine quelconque es nowibre.

Puis que les nombres explicans les valeurs des
quantitez geometriques,regoiuent vi nom conforme 3
la mefme quantité (comme 4 ou 9 & femblables expli-
cans les valeurs des quarrez, fappellent pourtant nom-
bres quarrés, Irem 8 & 27, &c. exphcans les valeurs
de cubes,fappellent pourtant nombres cubiques)fen-
fuit que 6 ou 7 ou 8, & femblables explicans les valeurs
des quarrez, fe nommeront pourtant aufli nombres
quarrez. Et g ou 10,etc. explicans les valeurs des cubes
fappclleront pourtant anfli nombres cubiques. Ce que
eftant apertement ainfi, fenfuit que ceux la fabufent

qut

8 can be called square numbers, or 9 and 10 cubic numbers. Stevin’s main argu-
ment is that V/8 is part of 8, and hence of the same matter, which is number. It is,
he says, only possiblc to say that the roots of 4 and 9 are commensurable with
them, while the roots of numbers like 8 are incommensurable with them.
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qui veulent le contraire. Mais quelle cft leur rai-
fon ? 8 medira quelque aducrfaire ne pent eftre nom-
bre quareé, par ce quil o’y a nul nombre qui mul-
tiplic en {oi, produife 8. Il eft vrai (dirail) que ra-
cine de 8 en{oi les produict, mais elle neft pas nom-
bre: Or ic luy pourrois nice quaucun nombre foit
pourtant nombre quarré, par ce qu'il fe tronue nombre
qui muliplié en foi produié le mefine nombre, confi-
der¢ qu'il obtient feulement le nom de quarré, pource
qu'il explique fa valeur, & point pour quelque autre
accident: de forte que 4 ou 9,0ufemblables eonfiderez
fimplement, & abftraicts de quarrez,ne font pas nom-
bres quarrez: Mais paffant tout ceci,nouis refpondrons
4 fon propos,prounants que la 4/ 8, eft nombreen cefte
forte: La partie eftde la mefme matiere qu'ef} on en~
tier; Racine de 8 eft partie de fon quarré 8: Doncques
&/ 8 eft dela mefime matiere queft 8 : Maisla maticre
de 8 eft nombre;Doncques la matiere de 4/ 8 cft nom-
bre: Et par confequent o/ 8, eft nombre. Auffi que fe-
roitce dedire,le quarré de 4/ 8 eft 8, mais 8 n’eft point
quarr¢ 2 vraiement Ceftablurd, & ne f& peut par di-
ftinction tant faire, que tel fondement nc demeure
confus. Doncques 4/ § eft nombre,8& par confequent
8, voire & nombre quelcenque, comme 4/ 6,0u 4/ 3
3 & femblables expliquant la quantité d'va quarré,
oucn effe&,oun feulement parlhypothefe,eft nombre
quarre. Ileftvraique 4 &9, & femblables ont quar-
rez de quelque autre propricté quen’cft nombre quar-
ré 8, & requicrent diftintion;mais pas faulfe,n’y cau-
fant confufion, mais pluftoft faciliré; laquelle ferajque
ceux la {ont nombres quarrcz a leurs racines com-
menfurables, ceux ci incommenfirables.

: Nous
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Nous pourrions faire plus long difcours fur cefte
matiere; mais tranfportanc le different entre nozthe-
fes mathematiques; Concluons ici pour les raifons:
fufdictes,que tous nombres quels qu'ils foient peuuent
cltre nombres quarrez,cubiques, &c. Aufli que racine
quelconque cft nombre. :

QVELA QVINTE QVANTITE
NE SE DOIBT POINT NOMMER

Jurfolidum, onplus long dvn cofté.

Les aucuns nomment la quinte quanticé furfoli-
dum; lesautres pluslong d'vn cofté: par furfolidum
denotentilz vne fourde quantité {olide;Sourde(difent
ilz) par ce qu'elle n’a ny racine quarrée,ny racine cu-
bique difcrete; enquoi ils fabufent: car combien que
tel accidentauient 4 aucunes,il n*aviendra pointd in-
finies autres,car racine de quinte quantté 10 24,¢ft 4,
& laracine quarrée du melme nombre 1024, eft 32.
Iem la racine de quinte quanitité 32768, eft 8, & raci-
ne cubique dumefine nombre eft 32. Auflila poten-
ce de quinte quantité de 64, aura (par la g proportion
du g liure d’Eucl.) racine de quinte quantité,& racine

quarrée, & racine cubique; Et encore que celane fuft
pas ainft, ce feroit maumaife confequence de dite; la
quinte (}uann’té n’apointde racine quarrée, ou cubi-
que difcrete; ergo elle eft abfurde ; car comme le
quarré tient {a racine quarrée, & le cube fa racine cu-
bique,ainfitient la quinte quantité, fa racine de quin-
te quantité. Doncques la quinte quantité n’eft point

fourde, ny furfolidum,
- Quantalappellation de pluslong d'vn cofté, elle
eft aufli

Stevin states that THE FIFTH QUANTITY SHOULD NOT BE CALLED
“SURSOLIDUM”, or “longer at one side”. Some people use the term sursolidum
for (5) because it is a surd solid, having no square or cubic root. But this is not so,
since 1024 has both a fifth root 4 and a square root 32, and 32768 has a fifth
root 8 and a cubic root 32. Just as a square has its square.root, so (5) has its fifth
root. [This term sursolidum is found in Riese, Rudolff,, and others for 45, but

S
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eft aufli mal propre; veu que laquinte quantité R,eft
vn cube; aufli que plufieurs autres quantitez comine
les quartes D, & B B, quifont aufli plus longues d'vn
cofté, routesfois ne font pas quintes quantitez. A fin
doncques d’ofter d’vne part toutes ambiguitez, & im-
proprictez, & que d'aultre part aurions vocables fer-
uans 4 la facilité de la doétrine, nous les appellons
quarte,quinte, fexte quanti 8, &c.

QVIL NY A AVCVNS NOMBRES
ABSVRDES, ITRRATIONELS, IR-
reguliers, inexplicables, o fourds.

Ceft chofe trefvulgaire entre les Autheurs d’ Arith.
de trai¢ter de nombres comme 4/ 8, & femblables,
qu'ils appellent abfurds, irratiorels, irreguliers,in=
explicables,(ourds, &c. Ce que nous nions,a quelque
nombre auenir : Mais par quelle raifon I'aduetfaire le
prouuera ilefprouuer ? Il mc dié premieremét,que ra-
cine dchuiét eft 4 nombre Arithmeticque (céme 3 ou
4) incomenfurable, ergo 4/ 8, eft ablurde irrationelle,
&c. Maisla cenclufion eft abfurde, veu que incon-
menfurance ne caufe pas abfurdité des termes incon-
menfurables, ce que {efproune par la ligne & fuper-
ficie qui font grandeurs incommenfurables; c'eft 4
dire, qu'ils ne regoiuent point de commure mefure,
toutesfois ny ligne, ny fuperfice n’eft quan:ité abfurde
ny inexplicable car difant que celle la eft ligne,& cefte
ci fuperficie,nous I¢s expliquons. Erencore que cefte
incommenf{urance procreaft(ce que toutesfois ne peut
eftre;maispofons les cas)abfurdité d I'vne des quatitez
eGparces, nous trouucrons le nombre Arithmeticgue

C autan

Stevin's derivation of this term from “surdus” and “solidum” is not generally
accepted.} The term “longer at one side” is also wrong, since the fifth quantity
R (p. 13) is a cube, and the fourth quantities D and BB are also longer at one
side. [This term may also have been taken from Rudolff, who remarks that
Boethius calls our 45 “altera parte longior”. See J. Tropfke II, pp. 148-149, and
our Introduction. }
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autant coulpable , quele radical,car comme la Sphere
autant que le cube,& le cube autant commela § phere,
eft caule de leur diffimilitude; ainft de ces nombres.
Mais pour fairc encore autre preuue par deux quititez
d’vn mefme genre de grandcur, brenons le cofté & dia-
gonale d’vn quarre,quifontlignes entre cux(par la der-
niere propofition du 10.liure d’Euclidefincommenfii-
rables, touzesfois ny diagonale, ny cofté (abftraict de
nombre)n’eft ligneabfurde ou irrationelle,Fincommé-
furanee doncques des quantitez,n'eftpas Fablurdité d-
icelles, mais Ceft pluftoft leur naturelle mutuelle habi-
tude. L'aduerfaire me replique qu'ily alignes rationel-
les,& irrationelles(defquelles traite Euclide en fon di-
xiefme liure)les definitions defquelles (felon Campane
defi. 5 & 7.que Zambert metla 7 & 8 )font telles: Toure
ligne droilte propsfée fappelle rationelle. Et les lignes
a icelle incommenfurables , (¢ nomment irrationelles:
Dontil conclud que les nombres explicans ces lignes
irrationelles,{ont nombresirrationelz. Ie refpons qu'il
eft notoire que ceft argument (oit inartificiel confiftant
en fealeauthorité,a laquelle il fant preferer lirrefutable
raifon,qui cft; Premicrement que demonftrerons con-
tradi@ion en cefte forte: Soit ligne propofée la diago-
nale (car la definition di¢t de route ligne) d'vnquarré
duquel le cofté eft 2: Or cefte ligne propofée(diét il )cft
rationelle, & le nombre 'explicant fera de mefme qua-
lit¢; parquoi le nombre explicant cefteligne qui eft 4/
8. fera rationel: & dPaultre part dié que 4/ 8, eftirra-
tionelle;cequi eft contradiction. Aufecond nous pou-
uons demonftrer(mefimes felon le dire de l’aduerfgire)
que nulle ligne w'eft par {oi irrationelle:car £'il dict que
ceft celle La (4 fgauoir diagonale ou cofté de quarré)
qu'on

Now Stevin draws his conclusion “THAT THERE ARE NO ABSURD, IR-
RATIONAL, IRREGULAR, inexplicable or surd numbers”. Such numbers as
V8 are often treated in this way. It is true that V8 is incommensurable with an
arithmetical number, but this does not mean that it is absurd, etc. Or take, for
instance, a line and an area, which are incommensurable magnitudes,.since they
have no common measure. Moreover, if \/8 and an arithmetical number are in-
commensurable, then it is as much (ot as little) the fault of V8 as of the arith-
metical number. The side and the diagonal of a square are incommensurable lines,
but ate not absurd. [Here Stevin quotes Euclid X Prop. 118, see Appendice p.
200.] If, following Euclid, in the Campanus and Zamberti cdition, we introduce
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qu'on explique par nombre Arithmetique; & I'autre
irrationclle, fenfuit que ielon Panribution du nombre
Arithweticque, le coité pourra I'vne fois eftre rationel,
autrefois irrationel;doncques il ne beft pas par foi, mais
enrefpet d’vnnombre dont 1l y a ictqueftion: Tel
argument doncques m'eft pas pour lui; ains pluftoft
vne declaration de la confufion confiftante en fon opi-

nion. Qu'eft cequ’il aencore?
11 me mande que ie lui explique quelle chofe {oit 4/
8. Ieluy refpens qu'il m'explique quelle chofe foient
2{qui felon fon dire fontranonels) & puis e la lui ex-
pliquerai; 1l me dira d’aduenture que 2 (pour changer
devoix) font§. Eciclui refpons que 4/ 8 eft /¥, I
dié que? font 4 tout nombre Arithmeticque com-
méfurble, & 4/ 8 4 nul d’icenx; Ielui refpons que 4/ 8,
eftainfiniznombres comme 4/ 2.4/ 52. commen{u-
rable,8¢ 2 4 nul d'iceux. I me dict,que fi onpartiftvne
chofe en 4 parties egales, que 2 eft cela qui denote la
quantité de trois d'icelles parties; & ie lui refpons que
filagrandeur d’'vn quarré fuft 8, que 4/ 8 ¢ft lenom=
bre qui denote la quantit¢ de fon cofte. Item fionluy
demande combien foitle quotient de ladiuifionde 3,
par 4, il refpondraque ceft Iz quotient de la diuifion
de 3 par 4: Etrount par mefme elegance dilie qu’en
extrahant racine quarrée de 8, ce quienfort eft racine
quartée de 8. Ou fil penfe de fatistaire par quelque
changementde voix,qui en effeét ¢ft le mefine, difant
que tel quotient font trois quarts, ic lui feraile fem-
blable furla racine, difant que ceftle cofte de quarré
8. I veult que nous appliquons les nombres comme %
&4/ 8, a quelque matiere,comme ivneaulne, & dié
quil me pourra monftrer legitimement les 3 d'vne
2 anlne

the definition “Every given straight line is called rational. And the lines in-
commensurable with them are called irrational”, then we must not believe that
the numbers which express these irrational lines are themselves irrational. If
the given line is the diagonal of the square of side 2, then V8 is rational, and
V8 cannot be rational and irrational at the same time. Indeed, just as 34 is
commensurable with all arithmetical numbers, so is V8 commensurable with an
infinity of numbers such as V2, V32, etc. And when you think that you can
refute this by a change of expression, then I can answer the same way. If my
opponent quotes Euclid VI Prop. 9 to show how to construct 34 of an ell in a
legitimate way, then I quote Euclid VI Prop. 13 to show how to construct
legitimately V8 of an ell. [The “Campanus and Zambesti” probably refers to
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aulne par la 9 propofition du 6 liure d’Euclide ; Et moi
ie lui mon(trerai legitimement laracine quarréede 8,
d'vneaulne parla 13 propofition du 6 liure du mefime
Euclide. Carla ligne moienne proportionelle entre
toute Paulne & vne huidtiefine partie d'icelle, cft 4/ 8,
de la mefime aulne.

Les qualitez doncques de 4/ 8 &1 (entant que
touche cefte queftion) font femblables.  Or de cho-
{es femblables e fai&t mefime iu%cmgnt; par quoi i
&/ 8, eft nombre abfurd, irrationel, irregulier, inexpli-
cable, & fourd: les?le {eront aufli; Mais l’aducrfgire
ne concede cela aucunement; ains veut tout au con-
traire, il faut donc de neceflité quil confefle que +/8
eft excellente, rationelle, reguliere, explicable,& bien
oyante. Ce que nous avons demonftré de 478, fera
auffientendu de o (3, & autres racines quelconques:
car cdbien que de routeligne ne pouvons legitimemer
couper racine cubique (2 caufe que les deux lignes
moiennes proportionclles entre deux lignes donnees,
nefont encore geometriquement inuentees) comme
faifons racine quarree, cela n'eft pas la conlpe des
nombres; car ce qu'en lignes ne fcauons faire, nous
l'acheuons par nombres facilemenr.

Mais a fin que parlions aufli de Pvtilicé de cefte
matiere, & que Pon n'eftime que ce {oir difpute de
I'ombre de l'afue, faut feauoir que cefte abfurde opi-
nion de nombres nb(ur(?s,que ce ne feroient pas nom-
bres, &c. a tellement ob{curci 1adoGrine des incom-
menfurables grandeuts, que la difficuleé du dixiefme
liure d'Euclide (qui traicte de cefte matiere) eft & plu-
ficurs deuenu en horreur, voire iufques a 'appeller la
croix des mathemaiiciens,matiere trop dure a digeter,

& en

Euclidis Megarensis mathematici clarissimi Elementorum geometvicorum  libri
XV, Basileae, 1546, which has printed the expositions by Bartholomeo Zamberti
as well as those by Johannes Campanus. The Campanus vetsion, of thé middle of
the thirteenth century, was used for the first printed Euclid (Ratdolt, Venice,
1482), and, in a modified form, for the Euclid edition by L. Pacioli (Venice,
1509). The original Zamberti edition of Euclid. appeared in Venice, 1505, and
was a Latin translation of the Greek text; the Campanus text was from the
Arabic. Euclid VI Prop. 9 shows how “from a given straight line to cut off a
prescribed part”, and proves it for the case that this part is one third; VI Prop.
13 shows how “between two given straight lines to find a mean proportional”.]
The same holds for cubic and other roots, even though we cannot construct the
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& en laquelle nrappergoiuent aucune vtilité: Cleft
auffi ce ferme fondament, qui nous 4 auancé en la de-
{criptiondicelles qui fenfuiuera en vn traicté particu.-
lier, la ou font rengu faciles & claires (4 mon auis) en .
3 problemes feulement, lez difficiles & obfcures pro-
ofitionsdudiét Dixiefme,quien contient felon Zam-
%crt 118. Voite non pas feulement cequi eft contenu
audict dixiefine mais encore vn facile infini progres
des chofes y commencees,lequel(infini progres dif-ie)
femble incomprehenfible par tel fondament. Et celui
qui donnera plus de lieu d laraifon, qu'a vaineopi=
nion, plus de credit aux defenfeurs des parfaictes &
diuines Mathematiques, qu'a ceux qui laccufent
d'imparfection & d’abfurdité, ne trouuera pas moin-
dre facilité , en plufieurs operations Mathematiques,
qui femblent autrement fort difficiles,

Nous concluons doncques quil n’y a aucuns ngbres
abfurds,irrationels,itreguliers,inexplicables,ou fourds
maisqu’ily a eneux telleexcellence, & concordance,
‘que nous auons maticre de mediter nuiét & iour en
leur admirable parfetion: Et fil falloit dire d’abfur-
dité, ic la concederois pluftoft en noftre entendement,
lequel ne rcut autant comprendre des fecressqui con-
fitentenla nature, qu'il foicdigne de comparaifon 2
cequiilignore. Finalement ce que nous wauons fatif~
faick en cefte matiere par les argumens precedens,
nous Paccomplirons contre tousaduerfaires , par la 4°
thefe de noz thefes Mathemariques.

NorTa.

Aucuns ay lieu de la quarte quantieé difent quarré
3 de

cubic root of a line (since it involves two mean proportionals). This is not the
fault of the numbers, since we can achieve easily with numbers what we cannot
do with lines.

“This absurd opinion of absurd numbers, that they are not numbers, etc., has
obscured the theory of incommensurable magnitudes to such an extent that to
many people the difficulty of the tenth book of Euclid (which deals with these
matters) has become such a hotror that they have called it the cross of mathe-
maticians, a subject too hard to digest and without any use”. Stevin has devoted
a special essay to its explanation. Appendice, pp. 187-201, see also the fourth of
his Mathematical T beses, ib., p. 202.
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de quarré; Etdela fextequantité, quarré de cube, ou
cube de quarré; Etdela huiGtiefme,quarré de quarré
de quarre; Etde la neufiefme, cube de cube,&c.ce qui
font des noms de ce qui ne confifte point en grandeur,
vraieft quilsontquelque ﬁmilitudi i leur fubie&ten
tant qu’ﬂcﬂ: nombre, mais trop obfcure : Nous nvfe-
rons doncques pas de ces noms, d'vne part pour les
incommoditez qui en procedent,d’autre part pour la
facilite des autres, comme apparoiftra aux computa-
tions qui fen feront ciapres.

DEerINITION XxXXII,

Racine quarrée algebraique de Zmntite’,
est celle gui multiplice en [oi,produitt la mefme
quantite. Racine cubique algebraique de quan-
tite, eSt celle qui multsplice cubiquement, pro-
duitt la me[me quantisé, Et ainfi de la quarte
quantité €5 autres [uinantes.

ExriricATION.

Comme 3 @ fappellentla racine quarrée algebrai-
que de 9 (3, parce que multipliees en elles produifent
9@ ; Et pour melme railon 4 @ fe difent la racine
quarréede 16@;Et 2 (@ -+ 3 @, laracine quarréede |
4®+123+9@; Et2® la racine cubique de .

8 3;Et3 @+ 2 @laracine cubique de27@® + 54 |

In the Nota Stevin warns his readers against the use of expressions such as
square of square for the fourth quantity, square of cube for the sixth, etc., as too
obscure. [This is directed against the use of such terms as zensu de zensu, zen-
sicubus, etc., used by Rudolff and Riese, see J. Tropfke II, p. 199; also pp.
136, 137.]} :
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Q+36D+8D.Ecv/3 ®, laracinede 3 @, &
ainfi d’autres femblables.

DEFINITION XXXIII.

Le nombre Arithmetique dewant la marque
de quantité, [applle nombre de multitude
dzs quantivez ; ¢ dedans la marque, deno-
minateur, on dignitc de tzmmtite': mass der-
riere la marque, valewr de quantire.

ExvricaTIiOon :

Entoutequantité qu'on vie cnoperation algebrai-

ue, il y a 4 confiderer trois nombres differens;comme

e multitude, denominateur , & valeur de quantité.

Parexemple 3 (® 12, Ceft A dire trois fecondes guami-

tez vallans douze, de forte que le 3 eft nombre de mul-

titude desquantitez, & 2 denominateur de quantité,
mais 12 valeur des quantitez.

Conlfideré bien cefte definition, fin que au {uiuant
la difpofitiondes chara&eres ne vous abufe : carcom-
me 19 font les mefines cyfres que 9t, toutesfois I'vne
cft maieure quantité que Pautre. Toutainfi@) 8, font
les mefmes charaterés que 8 (3),mais c'eftui i eft bien
vn autre que ceftui la: car (3) 8 fignific cube,duquel Ia

valeur eft 8. Mais 8 (3, denote huict cubes defquels la
valeur eft ici encorcincognue.

DeriNITION XXXIV.
Le nombre radical mis denant la marque de
Zumtite' ¢ft feparé par figne tel X fera nom-
re de multitnde des quantiteZ: mass [ans

s

Defs. XXXII-——XXXVIII introduce a number of concepts. In our notation:
2x2 + 3x is the square root of 4x¢ + 12x3 + 9x2; in 3x2 = 12 the 3 is
called “the number of multitudes”, the 2 the “denominator” or “dignity”, 12 the
“value” of the quantity, {Stevin writes 3(2)12, the sign = for equality does not
appear until the 17th century]; ¥3 = 8 is different from 8x3 [(®) 8 is different

from 8®)}; and x24/9 = 4/9.x2 is different from Vox2 = 3x. In Def.
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icelui figne de [eparation, alors ¥/ denote lu
racine du nombre de multitude,, enfemble la

racine de la quantite'.

ExrLICATION.

Comme 4/ 9 X (3, et direracine de g fecon»
des, mais confideré que la 4/ fereferc feulementau g,
& pointa (), ce que denotela marque de feparation
X:deforte que 4/ 9 X (@), vaut autant (veu ques/ 9,
f2i& 3) comme 3 (Z; Mais quand le nombre radical
fera a nombre Arithmeticque incommenfurable,com-
me 4/ § X @,il faut qu’il demeure ainfi; Mais fans
icelle feparation de 1a marque X(,comme 4/ 93, Ce
feraanfli 3 dire racine de 9 fecondes, mais confideré
(par ce qu'il n’y a point de marquede feparation) que
la o/ ferefere& 29,8 2@, deforte ques’ 9@ vaur
antant comme 3 ®. Item 4/ @ 8 autant com-
me 2 (M.

DEFINITION XXXV,
Toute quantit [appelle la potence de fa
racime.
EXPLICATION.

Comme quarré 9 fappelle la potence quarréc de fa
racine 3; Et 8, potence quarrée de 4/ 8; & 17, potence
cubique de faracine 3 ;& 81, potence de quarte quan-
tité de (2 racine 3. & ainfi des autres eninfini,

DerinrTioNn xxXVI.
~+ Signifte plus &/ — (ignifie moins.

_ExrricaTion
11 auient 3 caufe deTincommenfurance des nom.

XXXIV ‘the first case is expressed by /9 X (3), the second by /9 (); every
number is the “power” of its root; + means plus, — minus [here Stevin follows
Riese and Rudolff rather than Bombelli]. Defs. XXXVII and XXXVII in-
troduce commensurable and incommensurable numbers [though Stevin has used
-the terms before, see p. 35}. In the Nota to Def. XXXVIII Stevin makes a
distinction between three types of binomials, following distinctions made in

Euclid’s tenth book: 1) like 5 4+ 6, 4/3 + 4/ 12, wherte the two tetms are com-
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bres qu'il les faut coniondre ou dificindre, par les
motz de plus & moins. Mais parce que les mefmes
fe rencontrent fouuent aux operations arithmetiques,
tant des nombres algebraiques ou quantitez, que des
nombres radicaux, I'on vfe pour bricfueté¢ des fignes
fort commodes, 4 fGauoir -4 fignifiant plus, & —de-
notant moins.

DBFINITION XXXVITI.

Nombres commenfurables font cenx:_ auf~
quels exifte quelgue nombre qus leur fort
commune mefure.

ExrLicATION.

Tous nombres Arithmetiques comme 7 & 9 (auf-
quelsPvnité eft la commune mefure)fappellent nom-
bres commenfurables. Semblablement beaucoup des
nombres geometriques comme 4/ 27,& 4/ 3, lefquels
ont pour commune mefure 4/ 3, comme appatoiftera
parie 20 probleme.

DEFINITION XXXVIITI,

Nombres incommenfurabies [ont cenx auf~
quels niexiste quelque nombre qui leur foit
commune mefure. 4

. ExrricaTion.
Comme 4 & 4/ 6, & autres f{emblables, par ce
wil 0’y a aucun nombre qui leur {oit commune me-
ure, fappellent nombres incommenfurables.

NorTaA.
Les commenfurances & incommenfurancesdes
nombres qui fe rencontrent aux binomies (car ceft des

mensurable; 2) like 4 + 4/7, where the squares 16, 7 are commensurable, 3) like
4+ 11777 where the squares 16, 4/ 7 are incommensurable. To call [with Euclid}

4 andv/7 “commensurable in the square” seems to Stevin confusing; he prefers
to say “4 and V/7 are incommensurable, but their squares are commensurable” —

that is language which even the dullest people can understand.




42 LE 1. L1VRE D’ARITH,

binomies que traicerons d'orefenauant)fe diftinguent
communcmenten trois efpeces, defquelles Ia premie-
re {elon noftre manterc eft telle:

Quelques deux nombres font de telle condition,
qu'ils fontcommenfurables, comme § & 6, o/ 3 &
#/ 12 & femblables. :

DeEvXIEsME BSPECE

Autres deux nombres ya il de telle qualité, quils
fontincommenfurables,mais leurs quarrez font com-
menfurables. Comme 4 & 4/ 7, fontincommen fura-
bles: Mais leurs quarrez comme 16 &7, font com-
menfurables. ‘

) TROISIESME ESPECE.

1l yaautres deux nombres de telle condition,qu’ils
fontincdmenfurables,& leurs quarrez fontauili inc5-
menfurables,comme 4 & w/ 7 fontincdmenfurables
& lears quarrez 16 & 4/ 7 font auffi incomenfurables.

Or pour diftinion de ces trois ditferences, les au-
tres nomment la premiere vulgairement (par fimilitu-
de deslignes defquelles-traicte Euclide es definitions
de fon dixiefine liure) commenfurables en longitude;
La feconde incommenfurables en longitude; mais
commenfurables en potence. Etla troifiefine incom-
menfurablesen potence & longitude.

Mais felon mon opinion nous nommons ces diffe-
rences plus clairement, difans abfolutement que tous
deux nombres propofez font commenfurables, ou in-
commenfurables. Quantd la commenfurance ou in-
commenfurance qu'il y a entre leurs potences ou
quarrez, celle lane faut il pas attribuer aux propofez,
mais ablolutement d leurs potences. Et pout en par-

ler par exemple, qu'ett ce fi quelcun dic que la peri-

541




542

DES DEFNITIONS. 43
pherie d'vn circleeft droi@een fon diamerre? Vraie-
ment veu que toutes peripheries font obliques, il n’ya
point de fens, mais fi Fon diét que les [Feripheries font
obliques, & que leur diametres font droicts,on expli-
que |2 vraie qualité de Pvn & l'autre: Ainfi de dire que
4 & /7 fontcommenfurables en leurs-quarrez ou po-
tences (veu qu'ils font incommenfurables) il ny a
point defens. Maisfilon di, que 4& 4/7, fontin-
commenfurables & que leurs potences font commen-
furables les plus rudes le pourront entendre.

DEFINITION XXXIX.
Multinomie radical, eff vn nombre confs-
Sant de plufieurs nombres incommenfurables.

ExrricATION,
Comme #/ 3 -4/ §, parce qu'il conlifte deplu-

ficurs nombres incommenfurables, fappelle multino-
mic radical: Radical,pour diftin&tion du multinomic
algebraique de la 26 definition.

DEFINITION XL.

Binomie vadical , eft multinomie confiffant
de dewx: nombres incommenfurables: Trinomic
radical,de trois @ ainfi des autves le multino-
it [appelle felon la multitude des nombres in-
commenfurables db(quels il exiffe.

ExrLICATION.

Comme 2+ ¢/3 eftbinomie, parceque28& 4/ 3
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font deux nombres incommenfurables, & pour mef-

me raifon fappelle 2 — 4/ 3 auffi binomie. Et /2 +

#/3-+ 5 (parcequ'ilawois nombres incommenth-

1ables) winomie, S
CoROLLAIRYF,

D'ou fenfuit que +/2 ~+ 4/'8 & femblables ne font
pas binomies, par ce quils font commenfurables, &
uon les peut expliquer par vn nombre, comme fera
gcmon&ré au 24 probleme. Toutesfois il auiendra
d’auenture que nous metterons quelque fois en vn
multinomic quelques nombres commenfucables;mais
cefera pour exemple & briefueté, & on les viera par
hypothefe, comme fils fuflent incommenfurables,
comme le femblable ferencontre fouuentesfois enla
Geometrie, la ou quelque figure fera d*auenture tra-
peze,qui doibe eftre quarré. Mais pour en parler pro-
prement , deux noms commenfurables ne font pas
deux noms en vne multinomie, veu (comme nous

-auons di&) quel’dn en peut faire vn.

DeriNITION XL

‘CTW nombre dvn multinomie fappelle

nom, af,qucl: le maieur (¢ i€t maiewr nom ¢/
le moindre, moindre. =~ _
ExprrcArron.

Commede binomic s/ 344/2, 12 ¢/ 3, fappelle

maieur nom, & la +/2 moindre nom.
~ DerrNITION XLIT. -
Multinomie conioinéZ, eft celus duquel les
noms [ont conioinéts par plus.
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ExrricaTioON.
Comme #/ 3+ 4/ 2, eft binomie conioinét, &
ainfi4” 5 -+4/ 7+ #/3 uinomie conioinct.

DerF1 NITION XLIIT.
Multinomie difioinét , est celus duquel les
noms [ont difointEs par moins.

Exrricarion,
Comme ¢/ 3— 4/ 2 eft binomie difioinct, qu'au-
tresappellent aufli apotome, refidu, ou refte. Item 8 —

4/ 2— 4/ 3 eft rinomie difioin¢t,

Nora.

Labinomie difioinét, eft par Eaclide appellé apoe
tome ou refte, & femble qu’if ne I'a voulu nommer bi+
nomie, par ce que Papotome eft vae ligne, qui ne con-
tient point en {oy I'vn des noms qu'on explique. Mais
veu que P'appellation de multinomie n'eft pointen re-
fpe& de quantité, felon laquelle tout multinomie eft
aufli bien vne feule ligne comme celle d’vn nom; Mais
on refpect de qualité: Senfuit que Fapotome fera aufli
bien binomie; 4 fcauoir difionin& (veu qu'en Pex-
plicant,il faut vfer c?e deux noms)comme le conioin&.
Doncques par binomie difioint (qui par plufieurs au-
tres, eft auffi en viage, & 4 mon auis ir eft plus propre)
entendra on le mefine ; cc que Euclide fignifie par
apotome. .
DeriNiTION XLIITI

Multinomie en partie conioinct &/ en partie
difioin(, eff celuy qui a noms coniointts par
plue, & autres diffoints par moins.

Defs. XXXIV—XLIII introduce “multinomials” — binomials, trinomial§, etc.
— as numbers consisting of two or more incommensurable numbers, “conjoint’
with +, “disjoint” with —. Our “term” is rendered by “name” (Def. XLI).
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EXPLICATION,

Comme & 7 -+ #/ 2 — &/ §5,eft multinomie
en partie conioin&t & en partie difioinét. Cefte de-
finition ne compete point au binomic qui eft feule-
ment ou conioinétou difioinét.

Nor a.

Entre les muldnomies les bingmies font de la plus
grande confideration, 4 caufe que toutes leurs efpeces
font plus notoires, les mefmes  Euclide diligemment
defini & diftiftingué es lignes enfon 10liure;lefquel-
les appliquerons aux nombres comme fenfui:

Il'y a douze efpeces de binomies, defquelles les 6
font conioinétes, & 6 difioinétes, & chafcune fixaine
adeux fortes; defquelles les trois font telles,que fadif-
ference des potences quarrées de leurs noms, tientra-
cine quarrée i fon maieur nom commenfurable. Les
aures trois binomics font telles, que la difference des
potences quarrées de leurs noms dent racine 4 fon
maieur nom incommenfurable ; Erde chafcunde ces
trois binomies,les deux ont chafcun vn nom a nombre
Arithmeticque commenf{urable; mais le toifiefme &
fes deux noms, a nombre Arithmeticque incommen-
furables. Ec pour plus grand efclarillement diftin-
guons leurs differences par telle table.,

[Here, in the Nota following Def. XLIV, followed by Defs. XLV to
LVI, Stevin presents the classification of binomials into 12 classes according to
the tenth book of Euclid, using numbers where Euclid uses line segments, e.g.

Def. XLV: “first binomial”, exemplified by 3 + 4/5, where 32 — (1/3)2 =

4, V4 is commensurable with 3; general expression: Ap + Ap Vi—pu2, 1, u
positive rational fractions, Ap in Stevin's examples is an integer. The full list
of these twelve binomials, in modern algebraic notation, can be found in T. L.
Heath, The thirteen Books of Euclid’s Elements 11 (Cambridge, 1908), pp.
104—109}1. ‘

Note: Def. LVII defines as “respondent conjoint and disjoint binomials”
those with equal terms. We use the expression: conjugate binomials.
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TROISIESME PARTIE
DES DEFINITIONS DE LA
RAISON ET PROPORTION

Arithmetique,¢ e lewrs depena'ame:.

Table demonftrant Pordrede laraifon Arith-
metique des definitions fuiuantes.

. " § Super; ;wrha.'im.
{ Simple {S:;cr:-nmb )

r'D‘m' Laguelle Sexpligue
“:’l“t’m rpu nombre entier fiu-
g ‘ lement come Multi-
€gale fc.,,,m - ple. ,
fardble. ﬁ Cornpofee P
Rarvs-
bt r Multiple
g Soperparti-
p Laguele lmlzm.
‘{u Sexplique
' < 547 nem- %
7¢ &B=m
ot tier &
De moindre iuegale- L yormpu 1 atdiple
16,¢r regont les mefmes \ comme Fuperpar-
Soubduufions, comme me‘.
celle de maienre jne-
- galité, leur propofant
Lncom- §°“ﬁ'u" uﬁziue
megfura- | -/
ble. Jub, commefiggerpar-
simdiere etc.

QVE 2.4.30V 2.3 4.6, ET
SEMBLABLES, NE FONT PAS PROPOR-
sion geamesvique. Aufli que nombres comine 1. 2. 3. o
12,10, 6.4,y pareils, ne fons pas propoviion Arithme-
tique, Item que 15 3. 14.4. 136. & femtlables , ne font
a5 proportion barmouique.

Third part

[While in Part II Stevin has explained subject matter pertaining to Euclid
X, in this Third Part we find Stevin's adaptation of Euclid V and VII, the
theory of proportions.]

The table gives a survey of -the different orders of ratio to be discussed.
Stevin then explains that “proportion, to discuss it somewhat in general belore
we come to the particular, is the similitude of two equal ratios. Ratio is the
comparison of two terms of a similar kind of quantity. And if all the terms
_of a proportion were magnitudes, it would be .a geometrical proportion. But if
" they were all numbers, the proportion would be an arithmetical one, and if they
were all harmonic sounds, it would be a harmonic proportion. Similarly, if the
terms are parts of predication or proposition, the proportion is a dialectical one.
Thus every proportion receives its name in conformity with the nature of its terms.
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La proportion pour en parler vn peu en general,
auant que parucnir au particulier, cftla fimilimde de
deux raifons egalés. Raifon eft comparaifon de deux
termesd'vne mefine efpece de quantite. Etfirous les °
termes d'vne proportion fulfent grandeuts,ce fera pro-
portion geometrique.Mais fils eftoient tous nombres,
{era proportiou Arithmetique. Eft eftant tous fons har-
monieux, ceft proportion harmonique. Semblable-
ment quand les termes font parties de predication ou
de propofition,c'eft progorti,on diale¢tique. De forte
que toute proportion obtient le nom conforme 4 la
matiere de fes termes. Ce qui éftant ainfi, fenfuic que
«ccuxla fabufent, difans que nombres comme 2. 4. 8.
ou 2. 3. 4.6. font proportion geometrique, 'vne conti-
nut Lagtre difcontinue, veu qu’il n’ya ici nulles gran-
deurs, qui toutesfois pouir la raifon que deflus & par la
3& 4 Ecﬁnition dusliute d’Eucl.font en toute pro-
portion geometrique requifes, veu aufli que ceft
vne manifefte proportion Arithmetique. Item,que
nombres comme 1§3. 144. 136. feroient poportion
harmonique, puis que les fonsentre cuxen telle raifon,
ne fontqu'vne abfurde refonance. Itemquer. 2. 3.&
1 2. 10. 6. 4. foit proportion Arithmetique, I'vne con-
tinue Pautre difcontinue, confideré que c’eft contre la
21 definition du 7 liure d’Euclide, appronuée de tous
fonnant ainfi: Nombres font proportionels, quand le
premier eft telle multiplicité partic ou parties du fe-
cond , comme le troifiefme du quatriefme. Nous pour-
rions argumenter de cefte matiere plus amplement,
efprounant cn beaucoup des manieres, noftre propos,
& quele concedé du contraire eft vne confufionenla
difcipline mathematique, laquelle n’enfeigne pasque

Numbers such as 2, 4, 8 and 2, 3, 4, 6 form not a geometrical, but an
arithmetical proportion {2 : 4 = 4 : 8, called by Boethius and others “proportio
continua” 2 : 3 = 4 : 6, “proportio discontinua”.] And 1, 2, 3, 0r 12, 10, 6, 4
do not form a proportion at all, because of Euclid VII Def. 21: “Numbers are
proportional when the first is the same multiple or the same patt, or the same
parts of the second that the third is of the fourth”. [This definition is at
present labelled 20; 3 — 2 = 2 — 1 is called a continuous arithmetical pro-
portion in the Pythagorean school, and since 12 — 10 = 6 — 4, these numbers
form a’discontinuous arithmetical proportion. Stevin here opposes a number of
definitions which via the Pythagoreans and Boethius had entered into sixteenth-
century literature, and adheres more closely to Euclid. See J. Troptke III, pp.
1—19.} o ' .

1
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Ceft proportion: mais pluftoit empefche 4 pluficuts de
pouuoir fuffifamment comprendre fi rand myftere.
Ce quieft anffi Poccafion pourquoi la theorie de mufi-
quectt (au refpect de ce qui confifte potenticllement
enlanature) ﬁp obfcure & de fi peu de perfonnes exer-
cée,dontentre les compofiteurs d'icelle(pour le defaule
de vrai & ferme fondement) naiffent pluficurs diflen-
tions, comme en fonlieu en traierons quelque fois
plusamplement. Mais veu que ce different fera tranf-
porté entre noz thefes mathematiques, nous en ferons
ici vne fin; Concluans,que proportion geometrique ¢ft
celle, de laquelle les termes font grandeurs pro ortio-
nelles, les definitions defquelles nous auons defcript
autreparc:Irem que proportion harmoniqueeft celle,de
laquelle les termes font fons harmonicux, defquels de-
feriprons les definitionsailleurs: Aufli que la propor-
tion Arithmetiqueeft celle, delaquelle lescermesfont
nombres proportionels, defquels declairerons les defi-
nitions en cefte forte.

{In Defs. LVIII—LIX arithmetical term and arithmetical ratio are defined,
and in Defs. LX—LXXIV different kinds of ratios, e.g. Def. LXVIII: multiple
superparticular, (b2 + 1) : 4, % integer > 1. See  our Introduction. In Defs.
LXXV—LXXIX, LXXXI—LXXXIV different kinds of proportions are defined,
again in accordance with Euclid V and later authors, such as Boethius, e.g. con-
tinuous and discontinuous proportions, see above (Defs. LXXVIII, LXXIX),
or invertendo, froma : b = ¢ :dto b :a = d : ¢ Def. LXXXII).] Def.
LXXX introduces homologous terms of a proportion, such as «, ¢ or &, d in a :
b = ¢ : d. Def. LXXXV introduces the concept of double and triple ratio in
proportional terms: if 2: b = b : ¢ = ¢ : d, then a : ¢ is said to be the double ratio
of a: b, and a : d the triple ratio of a4 : &. Since ajc = (4/b)2, and 4ld = (4/b)3,
we here have to do with the ancient nomenclature for fractions found in-such
writers as Boethius, see our Introduction.




549

BRIEFVE - COLLECTION

‘DES CHARACTERES QVON
VSERA EN CESTE ARITH,.

V v que la cognoiffance des characteres eft de
grande confequence,par ce quon les vieen'A-
ithmetique aulicu de motz, nousles aicufterons ici,
(combien qu'au precedent chafcun & efté amplement
declairé en fa definition) par ordre tous enfemble com-
mc fenfuit.

Les charateres fignifians quantitez ,defquels
Pexplication fetrouuees 14. 15- 16, 17.18. defin,
font tels.

® Commencement de quantité qui eft nombre Arich,
ou radical quelconque.

(D prime quantité.

@ leconde quantite.

@ tierce quantité.

® quarte quantite, &c.

Les charaeres fignifians poftpofees quantitez,
defquels 'explication fe trouue d la 28 definition,
font tels:

[The Fourth Part, with Defs. LXXXVI—C, deals with “rational com-
putations, such as addition, subtraction, multiplication, division, and what depends
on it; the illustrations use simple integers, e.g. 3 times 2 is 6. The Fifth Part,
Defs. CI—CIII, introduces the rule of three, the rule of proportional partition,
and the regula falsi. In the first we compute x from 2 : & = ¢ : x, in the second
we solve the equations x + y = p, x : y = a : b, here p, 4, b, ¢, are given
numbers, see Euclid VI Prop. 12, 10, where these problems are solved geome-
trically. The regula falsi, not explained by Stevin, is considered so important that
“Algebra (also called Almucabala, Ars magna, Regula de cosa) can be called
the regula falsi of the quantities”. On the meaning of the regula falsi and the
three ancient terms, sce our Introduction].
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1fec ® Vne prime quantité fecondement pofée.

4 ter @ Quarre fecondes quantitez tiecrcement pofées,
ou procedans c?c la prime quantité tierce-
ment pofée,

1 @ fee O Produi@ d'vie prime quantité par vne

prime quantité {econdement pofée.

§ ® ter @ Produict de cincq quartes quantitez par vne

feconde quantité tiercement pofée.

Les charaGeres ignifiansracines defquels lex-

plication fe trouue dla 29 & 30 definition font rels

#/  Racinedequarté.

+/  Racine de racine de quarré,

e/ Racine de racine de racine de quarré.

vw/ Racine de racine de racine de racine de quarre.

# (3 Racine de cube.

¢/ (3 Racine de racine de cube.

#/ ® Racine de quarte quantieé,

s/ @ Racine de racine/de quarte quantité,&c.

Le charactere fignitiant la feparation entrelefi-
gne de Irracine, &la quantité, duquel Pexplica-
tion fe trouue dla 34 dehinition, elt tel,

X, Comme +/3 X @ n'eft pasle mefmeque +/ 33,

comme dict eft  ladicte 24, definition,
Les charatteres fignifians plus & moins,comme
a la 36 dcfinition, fonttels:

- Plus.

— Moins.

Et pour expliquer la racine d'vn multinomie(au’-
aucuns appellent racine vniuerfclle) nous vieronsle
vocable du multtnomie commes

#/ bino 2 +- 4/ 3, ceft 4 direracine quarrée de bino-

mie,oudelafommede 1 & 4/ ;5.
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& o/ 344 2 —# §,Ceftd direracine quarrée
de trinomie, ou de la fomme de &/ 3 & o/ 2 &

L -5

4] bing v 144/ 3, cett d dite racine cubiquede
binomnies” 2 44/ 3.

#/ bino 2@+ 1 @, Ceft d dire racine quarrée de bi-
nomie2 &+ 1. '

& @ bino 2 @+ 1 ®, et 4 dire racinceubiquede

binomic 2 @41 ®, &c.

FIN DV 1. L1VRE,

" Then follows an explanation of the seven terms problem, given, required, con-
stiuction, preparation of the demonstration, demonsiration and conclusion; further
theorem and hypothesis. ’

[For the explanation of the symbols, see above. It will be seen that
Stevin has no fixed convention for the sign of equality. The last three expres-

sions mean B V2 + V3, 4/242 + 4, B 242 + o, where @ may be replaced
by any other symbol, e.g. x].
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LESECOND LIVRE
DARITHMETIQUVE

DELOPERATION.

Premiere partie de foperation des nombres
cAritbmetique.r.

Premicre diftin@ion des quatre nu-
merations des nombres Arith-
metiques entiers.

De Paddition des nombres  Arithme-
tique.r entiers.

PROBLEME L

E ST AN T donnez. nombres Arithmetiques
entiers a atouster: Trouuer leur [omme.

Explicationdy donné. Soientles nombres donneza
aiouftertelz 379, & 76912, & 4545. Explication dure-
quis. 11 faut trouver leurfomme. Conflruction. On dif-
pofera les nombres donnez comme ci deffoubz; de
forte que leurs premieres characteres versladextre,
correfpondent I'vn foubs l'autre, & que pareillement
correfpondent leurs deuxiefimes characteres, & autres
enfuiuans, tirant au deffoubs vne ligne; Puis en aiou-~
ftera tous les characteres du premier reng vers la dex-
tre, difant 9 & 2 font 11,% 5 font 16,de{quels on met-

We omit most of the First and Second Parts of this Second Book. The First
Part, Probs. I—XVII, deals with operations on arithmetical numbers. Prob. I
shows how to add, Prob. II how to subtract, Prob. III how to multiply, Prob. IV
how to. divide integers. Prob. V shows how to find the greatest common divisor
of two integers. The next problems deal with analogous operations on fractions.
We reproduce Probs. III and IV to show how Stevin multiplied and divided, and
Prob. IX to show how he reduced fractions to a common denominator, using
a X sign. .
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tera le 6 foubs le premier reng, & le 1 defdidts 16 aion~
fteraon au fecond reng, difant, 1 & 7 font 8, & ¢ font
17, & 4 font 21,defquels on mettera le t foubsle fe-
cond reng, & le 2 adiouftera on au troifieline reng, di-
fant2 & 3 font 5, 8 6 font 11, & § font 16, defquels
onmettera le 6 foubs le woifielme reng, & le1 faiou-
ftera au quarriefme, difant 1 & 7 font 8, & 4font 12,
-lefquels on mettera entierement foubs leur reng en
cefte forte.
Iedi que 1261 Geftlafomme
379 requife. Demonfiration. Sides
7692 trois nombres donnez on foub-
4545  firai& les deux premiers don-
Somme 12616 nuez, rclterale dernier nombre
donné 4 5 4 5,8 fidela fomme
trouuée 1 26 16 onfoubftrai¢taufliles deux premiers
nombres donnez, refteauffi 4 545. Mais parle c6mun
axiome;(i de chofgs egales on foubflrai&t chofes egales
lesreftes feront egales,& au reuers fi les reftes font egae
les aux reftes, & chofes foubftraies anx chofes foub-
ftraiCtes, leurs tous fontegaux; Doncques 1 26 1 Geft
egal aux rois nombres donnez, c'eft doncques parla
86 definition leur fomme; ce qu'il falloit demonttrer.
Conclufion. Eftantdoncques gonncz nombres Arith-
metiques entiers 4 aioufter, nous auons touué leur
fomme; ce qu'il falloic faire.

Nombres
donnez
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De la multiplication des nombres A rith-
mesiques entiers.,

PROBLEME IIL
STANT donne nombre Arithmetique
entier 4 multipler, &/ nombre Arithmeti-
que entier multiplicateur : Trouner lewr pro-

dmt.

Explication du doné: Soit d5né nombre 4 multiplier
546, & multiplicateur 37. Explicationdu requis. 1l faut
trouuer leur produic. N o 1 a. Pour facilement foluer
cefte propofrtion, il conuient de fgauoir par memoi-
re, la multiplicaticn des neuf fimples characteres
1.2.3.4.§.6.7.8.9. entre eux:comme,que § fois 7 font
3§, & que 9 fois 6 font 54, & ainfi des autres: Or pour
facilité du mefme on prepare communement vne ta-
t]2] 304l 51617 181 9] ble comme ci defloubs,
21416 |8]volis[1aj16]8 | vulgairement dicte la

table Pytagorigue, fon
31619 [v2]i5]18l21f24{27| viage cft tel: voulant
4 [8 |12]16}20]2428{32]36] feauoir le produict de
s {tofuslzofzs|30|3 s|4ol4s zfeux characteres pro-
6 (121824300364 2148]54] po{l'ez, on ‘chercl;e Pvn
— en la premiere colomne
; ‘64 21[2835a: “*9 56163 31a (gncfh'e, & Pauntre

16l24132/40148{56164]72| en I fuperieure ligne,

9[18]27(364{54[63}72(81] &¢le nombreenl'angle
commun demonfire le produ &, Parexemple voulant




De UoPERATION. 85
fgauoir combien foit 8 fois 3,0n cherche 8 enlapre-
miere colomne 4 feneftre, & 3 en la fuperieure ligne,
& enl'angle communy a 24, quidenote 8 fois 3 faire
24, & ainfi des autres. Conffraction. On mettera les
nombres'vn foubs Pautre, tirit va tret comme ci def-
foubs; Puis on dira 7 fois 6 font 42, mettant 2 foubs le
7, & retenant (d caufe desquatre dixaines) 4 4 lame-
moire; puis 7 fois 4 font 28,8& 4 qu'on tienta la me-
moire, font 32, defquels on metterale.2 foubsle 3, re-
tenant 3; puis 7 fois 5 font 35, & 3 qu'on aretenu font
38;lefquels on mettera pareillement deffoubs le tret:
De meflime forte multipliera on les 546 par le 3 du mul-
tiplicateur,difant 3 fois 6 font 18, mettantle 8 foubs le
3,8 ainft des autres:puis on tirera vn tretaionftant par
le 1 probleme toutce qui et entre les deuxlignes en
cefte forte, ~
Nombre i multiplier 546 e dique 20202 eft
Multiplicateur 37 le produiét requis.

————2=—  Demonflration. Le

3822 ientl
1638 20202 contientle 37
_ —2" _ antant de fois, qu'il
Produict 20202

y a vnitez en §46;
Doncques par la'g3 definition ceft multiplication le-

gitime, & 20 2 0 2 eft leur produic; ce gu’il falloit de-
monftrer. Conclufion. Eftant doncques donné nombre
Arithmetique entier 4 multiplier,8 nombre Arithme-
tique enrier multiplicateur , nous auons trouue leur
produié; ce qu'il falloit faire.

Dela diuifion de nombres Arithme-
tiques enticrs.

555




556

86 Ls 11. LIVRE D'ARITH,
PROBLEME IIII,

E STANT donné nombre Arithmetique
entier A dinifer, &/ nombre Arithmetique

entier diusfeur : Trouuer leur quotient.
Explicationdu dosné. Soitdonnénombre 4 diuifer
99 5, & diuifeur 28. Explivation durequis. 1l fauttrous
uer leur quotient. Conffruction. On metterale nombre
a dinifer & diuifeur en ordre, tirant vne ligne oblique
comme ci deffoubs:difant combien de fois 2 en 92faick
3 fois (ileft vraiqu'il en y a 4 foisreftant 1, maisnous
dirons ci defloubs laraifon pourquoiil faut dire feule-
ment 3 fois) qui denote 3 pour premier chara&tere du
quotient, lequel 3 on mettera derriere fa ligne oblique,

© &le sreftantfurle 9, trenchantle 2 & 9. Puison mal-

tiplierale 8 dudiunifeur, parle 3 du quotient, faict 24
lequels foubftrai& de 39 (ici appert loccafion pour-
quoi nous auons dict ci deffus, que le 2 eften 9 feulle-
ment 3 fois, car fi nouseuflions di& 4 foisreftant 1 fur
le 9, & que nouseuflionsalors multiplié le 8 par tel 4,
ce feroit 3 2,lefquel feroit A foubftraire de 1g reftant par
deflusle diuifeur, ce qui feroit impoflible, pourtantil
faur tonfiours mettre tel nombre 4 laligne oblique,
quonpuiffe fubftrairetel produict d'icelle refte) refte
15, lequels on metteradeflus le 39, trenchant & le 39,

 &le 8, & feraalorsla difpofition des charaderes telle..

Ot pour trouuer le fecond charaere
1 du quotient, il faut mettre autrefoisle -
Xs divifeur foubs le nombre a diuifer,
g95 (3  metant le8 du divifeur foubs le g, &
z8 le 2 foubs le 8 du premierdiuifear,difant

combien de fois 2 ¢n 152 faict 5 fois
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PROBLEME VIIL
E STANT domné fraition Arithmetique
maieure que vmite : Trouuer combien des
vnitez, ¢ plus quelle frastion moindre que
nité, lafrattion donnée contienne.

Explication du donné. Soit fralion donnée maieure
que vnité=2. Explication duvequis. 11 fault trouuer com-
bien des vnitez, & plus quelle frattion moindre que
wnité, ladicke fraction L conticnne. Conflraction. On
diuifera le numerateur 14, par le nominateur 3, donne
quotient 4-3-, e dique 43-eft le n8bre requis.Dernon-

. firation. Preinierement que 4-3- fontquatre vnitez, &

plus frattion 3- moindre que vnité,eft par {oi manife-
fte: Au fecond, que les 4 3~ font egaux a L%, appert par
le 7 probleme; ce qu'il falloit demonftrer. Conclufion.
Eftant doncques donnée frattion Arithmetique, &c.
ce qu'il falloit faire.

PROBLEME IX. .

‘ E ST A N'T donnez_ nombres Arithmetiques

rompuz, dinegans: nominatewrs: Lesredui-

re en rompuz. de commun nominatenr.
Explication du donné. Soient les rompuz donnez 3-8

.. Explication du requis. ILles faur reduire en nombres

rompuz de commun nominateur,c'eft 4 dire qu'il faue

trouuer deux autres rompuz cgaux aux donncz,&

aiansegaux nominateuts. Conffraction. On multiplie=
rale 4 par ; faict 12, lequel fe mettera fur le 4, fembla-
bleméton nultiplicra 2 par §,faic 10,les mefmes met-
teraon fur le 2, puis 3 par § faick 15, lequelon mettera

357
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defloubs en cefte forte. Iedi quel3& 1 fontles nom.
bres requis, fcauoir aians vn commun

10 12 . .

. nominateur 1 5, Demonslration. Que ces
] Xi nombres trotruez ont 1§ pour commun
35 nominateur eft manifefte,& que lest3

font egales a -, apert en cela, que -3- font le pre-
mier rompu de i3 par le 6 probleme ; Sembla-
blement font les 35 egales d les 4 ce quiil fal-
loit demonttrer. Autreexemple. Siles nombres don=
nez fufent plus que deus, comme par exemple ces
trois - -+ *-.On muldipliera 3 par 5 faict 1 5,lefquels
autrefois multipliez par 7 font pour commun nomina-
teur requis 10§; puis pour trouuer le numerateur re-
foondantaux-2- donnez,on multipliera les 1o par les
2 des2- faiét 210tles melmes diuifez parle 3 des mef-

‘mes-2-, donné quotient 70,pour numerateur refpon-

danta les 3-donnez.Ex par mefme moien on trouuera
que aux--refpondent 84 & aux -, 9o; Doncques
Lo £k 22 fone les trois nombres aiantvn comun
nominateur 10§, comeil eftoit requis,dont la demon-
ftration depend de la precedente. Etla difpofition des
chara&teresdeloperationeft telle. Conclufion. Eftant
70 84 9o doncquesdonneznombres rompuz

4+ £ dinegaux nominateurs, nous les’
10§ auons reduict en rompuz de com-

mun nominateur; ce qu'il falloit faire.

2
3
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The Second Part, Probs. XVII-—LII, deals with opetations on geometrical
numbers; that is, operations on radicals. Prob. XVIII demonstrates the extrac-
tion of the square, cube, fourth and fifth roots of an integer, beginning with

V/ 186624 (= 423) and ending with V3570467226624 (= 324). For- this
purpose Stevin, following Stifel, constructs a “Pascal triangle” (p. 106). Prob.

XIX shows how two roots of different kinds, such as 1/ 5 and 376, are reduced
to roots of the same kind, here 125, 1736 Prob. XX how to find out

whether two roots are commensurable or incommensurable. Here we find a first
illustration of Stevin’s method of dealing geometrically with an arithmetical theorem,

that is, by referring to Euclid. To show that /50 is commensurable with /2, two
squares are taken, A of area 50, B of arca 2, and two other squares, C of area
50f2 = 25, D of area 1. Since A : B = C : D, Euclid VI Prop. 2 teaches that

side A : side B = side C : side D, or4/50: v/2 = 5 : 1, so that 4/ 50 is 5

times 4/ 2. (Euclid VI Prop. 2: If four straight lines be proportional, then the
rectilinear figures similar and similarly described upon them will also be pro-
portional; and if the rectilinear figures similar and similarly described upon them
be proportional, then the straight lines will themselves be also proportional, see
T. L. Heath II, pp. 240-247). In an analogous way Euclid XI Prop. 37 is invoked

in order to prove that VZ{ and 11V§ are commensurable. The next problems,
XXI-XXV, deal with multiplication, division, addition, and subtraction of roots.
As to Prob. XXV, see Prob. LIL
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166 Lz 1, uvnn'n'.uun: i
Troifiefme diftin&tion des quatre numerations
de multinomies radicaux entiers.

- THEOREME. ,
lus multiplic par plus dommer grodm’ & plus,
¢ moins multiplié par moins, donner pro-

dui 2 plus, ¢~ plous multsplié par moinssou moins
multiplié par plus, donner produiéi moins.

Explicationdu donné Soit 8— g multipli¢ parg—7,en

. cefte forte; —7 fois— s, font -+ 35 (435, parccque

comme di¢t le theoreme,— par —,fict +) Puis — 7

 fois 8, fai& — 56 (— §6,par ce que commedict eftau

theoreme, — par -+, faiét—) Etfemblablement. foit
8 — 5, multiplié parle 9, & donneront produicts 72
— 45; Puis aiouftez+223 § font107. Puisaiouftez
les— §6 —45, font—io1; Et foubftraiétle 101 de 1oy
refte 6,pour produiét de telle multiplicatié. De laquel-
lela dilgoﬁu'on descharaderes de operation eft telle:
- Explication durequis. 1l fauc de-
8— ¢ monttrer par ledict donné, que
9— 7 muliplié par4-, faict -, & que—
:}Z——I-_g? ‘par—, faict -+, & que—+ par —,0u
gr—gg . —par-faict—. Demonfiration. Le
— nombre a multiplier §—g, vaur 3,8
le multiplicateur 9 —7 vaur 2; Mais

mulripliant 2 par 3, le produiét eft 6;
Doncquesle produiét cideflusaufli 6, eftle vrai pro-
duict: Mais le mefie eft tronué par multiplication, la
ou nous auons di que + multiplié par+, donne
produict ~,& — par — donne produict - & -+ par

This Theorem teaches that + times + gives +, — times — gives +, -+
times — and — times -+ gives —. The arithmetical and the geometrical demon-
stration are both based on the identity (a—4) (c—d) = ac — ad — bec + bd.
This proof, based on the distributive law combined with the associative law
for addition (the commutative law is taken for granted), is essentially identical with
the modern way of proving the theorem (in the theory of rings). It will be seen
how freely Stevin uses the notation of negative numbers: -7 times .5 gives

+ 35, etc.
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-0 — par + donne produi¢t — doncques le theo-
remeeft veritable, ) _ '
- <Autredemonfiration geometrique,
D:F 7 ' SoitA B 8—g¢
— (a fganoir ADS
_ ~—DBj) Puis
st 10 § ACy9—7(ifca-
35 uoirAEg—ECy)
: leur produi fera
B G CB:ou bien fe-.
3| 6 2t : lonla multiplica-
5 tion precedente
ED7,—EFs6
A2 C 7 E  _DGusG -

F3 5, Lefquelles nous demonfirerons eftre egales a

C Ben ¢efteforte. - Deroucle E D 4 G F, foubftraict

EF,& D G,refte CB. Conclufion. Plus doncques mul-
 tiplié par plus, donne produic plus. & moins multi-
pli¢ par moins, donne produic plus, & plus multiplié
par moins, ou moins multipli¢ par plus, donne pro-
dui& moins; cequ'il falloit demonftrer. ’
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Then follov./s in Prob. XXVI an application to the multiplication of radical
multinomials, illustrated by the multiplication of v/7 4+ 4/5 — 4/6 by

V4 — /8 + /3, and another Theorem with the sign rule for division, Prob.
XXVII serving as example. This is followed by addition, subtraction, multiplication
and division of radical multinomials, integer as well as fractonal ones. This brings
us to Prob. XXXIV, which shows how to find out which of two multinomials
is the largest; the example is 3 4+ /8 and 8 — /5 (3 + V8 T 8 — /57
then V8 =5 — 45,8 = 30 —V500,0 = 22 — /500,500 = 22,
/500 T 4/ 484, hence >). Probs. XXXV—XXXVII are substantially arith-
methical expressions of the two lemmas of Euclid X Prop. 28: To find two
square numbers such that their sum is either also a square, or not a square, see
T. L. Heath, III pp. 63—G6; for the history of these numbers before Stevin see
L. E. Dickson, History of the Theory of Numbers II. Washington, 1920, pp.
165—167. Then in Prob. XXXVIII Stevin returns to the topic already taken
up on pp. 46—54, and shows how to find examples of the twelve binomials
of Euclid X.

_This is followed in Prob. XXXIX by 16 examples showing how to extract
the square root of the twelve Euclidean binomials and of some multinomials,

the 16th example being V17 + \/1—4—6 ‘|—\/§+ V%— \/5_6_—— \/E—\/EZ

(= v7+ \/;+ \/5 — \/;) Stevin points out, pp. 209—211, that not
all cases have been sufficiently investigated, for example the case in which the
square root of a quadrinomial is also a quadrinomial: such cases exist, since

Vis + /216 + V200 ++/192is V6 + V& + 3 + 12 (the square
of Va+ Vb +Ve+Vdisa quadrinomial if @: & == ¢ : ). In Probs. XL—
XLII we find a discussion of the multiplication, division, addition, and sub-
traction of the roots of radical multinomials, e.g. the division of

l/\/g + V30 + V14 + V12 (written V' quadrinomic V'35 + V30 + .
V14 + V12) by l/\/5_+ V2 (written V bino V'S + V/2), ans.:

Vﬁ—i— 4/6. Prob. XLIII shows how to subtract ‘/}Ts———l— v/ 2 from

V¥243 + viea.
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Dela foubitraction des racines de mulii-
" nomies radicanx. ‘
PROBLEME XLIIL
E §tant donnée racine de multinomie radical
de lagiselle on [oubftraiét, ) racine de mul-
tinomie radsical & [oubStraire : Trouer lewr
reste.

Explicationdu donné. Soit donné racine de multi-
nomie de Jaquelle on foubfirai telle : ¢/ bino. ¢/ 243
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4 ¢/ 162, & ¢/ bino. 4 {oubftraire telle: 4/ bino.
o/ 3+ 1. Explicationdurequs, Il faut rounerleur
refte. Conffrudtion. Ondiuilera la 4/ bino. ¢/ 243
8/ 162, pat / bino.+/ 3+ 4/2, donne (par le 41 pro-
bleme) quotient 3 (fils fuflent incommenfurables, on
les folueroit par—)du mefine, pour regle generale,
foubftraict 1, refte 2, qui vaut &4/ 16,& parlamefine
diuifé le dinifeur o/ bino. 4/ 3+ 42, faik 4/ bino. o
48 +-+/32laquelleie dieftrela racine tequife. Demon-
ftration. Tout quotient moins va muldipli¢ par fon
diuifeur, donne produictegal au refte dela foubfira-
&ion du divifeur de nombre 4 divifer, par le theore-
medeuantle 2 5 probleme.’

Noftre quotient moins v (quieft 4/ 16)eft mul-
tiplié par dinifeur o/’ bino. /'3 ~+4/ 2. donnant pro-
duid v/48 44732, Ergo ¢ bino.+/ 48+ 4" 52 et
egale au refte du foubftraction de le divifeur +/ bino.
v 34 4/2,dunombre 4 divifer ¢/ bino.4/ 243 + ¢/
162, Ceft d dite que o/ Lino. 4/ 48 -+ /32, eftla refte
requis; ce qu'il falloic demonftrer. Conclufion. Eitant
doncques donnée racine de multinomie radical, de la-
quelle on foubftraict, & racine de multinomie radical

- a foubftraire ; Nous auons trouué leur relte; ce qu'il
falloit faire.

THEOREME L

€ multinomie ne [e peut duifer en autres
noms de mefme multitude.

Nora. 1l faut entendre que nous parlons ici de
propre multinomie, c’eft duquel tous les noms font
entre eux incommenfurables, car4/ 2 4 ¢/'8, neft pas

In Theorem I we are ta_ught that a binomial of the form « +- v‘l: otV ;—1‘\/ ;,
where the terms are incommensurable, cannot be reduced, that is, if
a+vVb=a +VEh, VI +Va =P + v thna=a, b= b,
p = P1» ¢ = ¢;- An analogous property holds for multinomials. Theorem II
states that £ (4/, & 4/b) is not only commensurable with Va = E i ks

integer, but is also of the same type in the Euclidean classification of bino-
mials (comp. pp. 46-54).
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binomie, comme ncus anons di@ au corollriredé la
qodefinition. Explicationdudonné, Soitdonné bino-
mictel: 4 + 4/32. Explication du requis. 1l nous fauc
demonttrer que le binomie donné 4 + 4/ 32, ne fe
peurdiuiferen autres deux nows : C'eft 4 dire, qu'on
ne peatrouucrdeux autres noms, lefquels enfemble
foient egaux, aufdicts 4 + ¢/ 32; Et pour encore expli
quer plus clairement le fens de ce theoreme, pofons

6 + 4, comme il fuft binomie,le mefime fe peut diui-

ferenautres deux parties, comme 7 -+ 3, qui vallent
aufli 10: Oril nous fautdemonfirer, que e femblable
it impofhblc en vrai binomie. Demonfirasion.
Soubitrahons premierement du nom + 32 quelque
partie comine 2, commenfurable au 4, & reftera ¢/ 32
— 2,puis aiouftons le 2 premicrement foubitraict, 4 4
font 6,& nous anrons alors 6 + ¢/ 32 — 2,qui elt egal
a4 + 4/ 32, maisce n’eft pas binomie.
Soubftrahons au fecond, de +/32, quelque partie
telle, que le refte foit imple nom comme /2, refte-
ra+/18; Puisaiouttant la ¢/2,3 4 fera 4 4 ¢/2,& le
toutenfemble fefa 4=+ ¢/ 2 + +/18, lequel combien
qul eft egal 4 4 + ¢/32, toutesfois ce n'eft pas bi-
nomic. .
Soubftrahons au troifiefme, de +/ 32, quelque par-
tie mcommenfurable, a chafcun nom du binomie

donné, comme 4/7, aiouftant A 4,& demeurera alors.
4+ 74+ 4 30—~4/7,quiettaufliegal d 4 +4/32, -

toutesfois ce n’eft pas binomie. Lemefinefe demon-

ftrera en tous autres femblables. Conclufion. Le multi-'

nomic doncques, ne (e peut diuifer en autres noms
de mefine multitude; ce qu'il falloit demonitrer.
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THEOREME IL

S F on multiplie ou dinife multinomie radicdl,

par nombre Arithmetique: Le prodwlt on

quatient fera multinomic, de me[me multitude

de noms,, @/ de me(me ordre, comme le multi-

nomsie multiplsé., ou diusfé. JLfera auffi commen-

Jurable audi€Z multinomie multiplic ou dinif?,

Explicationdsu donné. Soit donné binomie 4 multi-
plicrou diuifertel 412 —4/24;Et nombre Arithme-
tique multiplicateur ou divifeur 2. Explication du requis.
11 faut demonftrer que le produict, ou quotient, fera
binomie de mefine multitude de noms, & de mefme
ordre, comme /12— /241 Irem que tel produick
ou quotient fera commenfurable audiét binomie 4/ 12
— 4/ 24. PreparationdelademonSiration. Multiplions
4/12— /24, par 2, & donne produict par le 26 pro-
bleme 4/ 48 — 4/ 96; Puis diuiFons le mefme binomie
/12— 4/ 24, par 2,& donne quotient parle 27 pro-
bleme o/ 3 — /6. Demonflration. Que le produick
&/ 48 — 4/ 96; Irem le quotient ¢'3 — 4/ 6 font bino-
mie comime le donné, eft manifeftc. Il appert aufli par
la 56 definition qu’ils font de melme ordre: a {ganoir
toutes trois le douziefimeen ['ordre: Item que ledid
produiét & quotient, {font commenfurable au bino-
mie donné, eft aufli manifefte ; car parla preparation
de la demonftration,le produi& eftle duple du donné
& le quotient fon fubduple. Conclufion.Si doncques on
muldplie ou diuife muf:inomic nombre, par nombre
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Arithmetique; Le produit ouquotient, &c. ce qu'il
falloit demonttrer. . :

COROLLAIRE 1.

Senfuit par le reuers de ce 2 theoreme, que fi deux
multinomies font commenfurables, quils feront de
mefme multitude de noms, & de mefme ordre.

COROLLAIRE 1II.

1 eft auffi notoire pat le precedent theoreme, que fi
on multiplie, ou diuife quelque fimple racine, par né-
bre Arithmetique,que le produiét ou quotient, feta ra-
cine de mefme qualité comme la racine multipli¢e, ou
dinif¢e.Par exemple s/ 3(qui eft 2 nombre Arithmeti-
queincdmenfurable) multipliée par 2 donne produi&
s/ 4 qui eft auffi racine de racine, & & nombre Arith-
metique incommenfurable.

Nor . Les precedens deux theoremes, nous ferui-
ront entre autres, pour quelques demonttrations en
noftre traict¢ des incommenfurables grandeurs.

Prob. XLIV shows how to find a fourth proportional to three given radical

numbers, in our notation /7 : /5 = 1/6 : X, ans.: x = ‘/370; Prob. XLV
how to find mean proportionals to two numbers, examples: 1) 2 : x = x : 10,
ans. x==1/20,then 2) 2: x = x: y = y: 10, ans. x = ¥ 4p, y = ¥7200,
then similarly three, four, and five mean proportionals. In Prob. XLVI we learn

how to divide a geometrical number in a given proportion; the example is /7,

to be divided in ratio of /2 to v/5 (Stevin’s answer is incorrect). Probs.
XLVIT and XLVHI deal with the rule of the false and of the double false
position for radicals. ’
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S I |
TROISIESME PARTIE
|DE LOPERATION, DES-

NOMBRES ALGEBRAIQUVES,

; Premiere diftin&tion,des quatre numerations
_ des nombres algebraiquesentiers. -

¢ THEOREME. . -
Q/"aq;i;é digebraique multiplice par quanti-

.- té dlgebraique,donmer produi &t quantite, -
de laquelle le norminateur eff egal, & lu fomme des
nominateurs dela quantité 2 multiplier, ¢ dw
“multiplicatenr. AT
i . Exemple 1.\ .
Explication dudonné. Soientau fondement des nom-
bres geométriques deuant la 14definition, la feconde
quantité B 4, & latierce quantite C'8: Explicationdu -
requis. 11 faut demonftrer que B, multiplié par C,don- .
nent produit quinte quantité, 4 fcauoir la fomme de
leurs nominateurs qui font 2 & 3, faifans enfemble g,
nominateur de la quinte quantite. Demonslration, Mul-

tiplions 4 de B, par8de C, font 32, qui eft la'quinte

LR
quantite FT o

: : ‘Exemple 11. -+ [

Nous a’uofls'demo;nﬁré ci deffus que fimple quan-
tir¢ , maldpliée par| fimple' quantité, ‘donne. pro-
duit certaine fimple quantité; Il nous faut demon-
ftrerle mefine, en quantités compofees, A laquelle

. Third part

First section

The theorem states that an algebraic quantity multiplied by an algebraic
quantity gives a product quantity of which the exponent [Stevin’s term is no-
minator] is equal to the sum-of the exponents of the quantity to be multiplied and
of the multiplier {for the definition of algebraic quantity see Def. XIX-XX1. The

theorem states that ma?, na! = mna® ¥ 7 and is demonstrated by an arith-

metical and a geometrical proof for the case that p and 'q are positive integers.
Prob. XLIX then shows how to multiply “integer algebraic numbers”, that is,
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fin,foirdefcript laligne A B, qui foit 1 @ vallant 3,&
B C egale d1a A B, foit aultre 1 @), de forte que toute
laA Cfera 2 (®; Puis {oit deferipe lequarré DE, du-
quelle cofté foitegal dla AC,le mefime ferade 4 3,0u
4 quarrez, defcriptsde A B; Puis foit defcriptle cube
FG , duquelle cofté foitegal 1A C,
le mefme fera de 83), 0u 8 cubes de- H
f'cr;Pts det ® AB; Puis {oit defcript
le folide reftangle HI, de 16@®), &
ainfi pourroit on proceder es aultres
quantitez en infini, Doncques 1 ®
ABvallant 3, les 2 @ A C vauldront
6,&les 4 @ DE 36, & les8QF G
216,&les 1I6@HI 1296, Explication
dudonné. Soient donnez aux figures I

cideflas2 DA C6, &8QFG 216,

A D F

3

B

3

C E G I

@6 4336 8O 216 16 (®1296
Explication du requis. 1l faut demonftrer que A C,mul-
tiplié par F G,donnent produié quartes quantitez HI,
4 {cauoir la fomme de leurs nominateurs, qui font 1
& 3.faifans enfemble 4,nominateur de la quarte quan-
tire. Demonfiration. Multiplions 6de A C, par 216 de
F.G, font 1296, qui eft la quarte quantitd HI. Conclu-
Jion. Quantité doncques algebraique multigliéc par
quantité algebraique gonne produi& quantité, de la-

algebraic multinomials such as 243 — 442 + 34 and 244 + 343, ans.:
4a7 — 2a86 — 6a5 + 9a%, a procedure which also holds for radicals such as

V342 + 2aand /542 + 44, ans.: 4/ 154t + 2243 + 8a2.

The “Démonstration” on p. 231 has misprints, corrected by Stevin at the end of
his book: The fisst sentence should be “La démonstration de ce probléme est mani-
feste par les démonstrations des problémes des multiplications précédentes. Ou
autrement...... ” ‘
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quellele nominareut et e al ilafomme desnomina-
teursdela quantité 4 multiplier, & du multiplicateur;

ce qu'il falloit demonftrer.
NoTa.

On entendra par ce theoreme, que (3 multiplié
pat ®, donne produi& @, comme 3 @, multipliés
par7 @, font 21 @; Et2 (3, par4 ®, fait 8@; Et g
@), par 2,(qui eft par 2 ) faire 10 Q), &e.

Delamultiplication des nombres alge-
braiques entiers.

PROBLEME XLIX.

E fert donné nombre algebraique entier 3
multipler, ¢~ nombre dgebraique entier
multipﬁmtmr: Trouer lewr prodmé.

Explicationdu donné. Soit donné nombre algebrai-
que entier 4 multiplier tel: 2@ —4 @3 ®; Et

- multiplicateor 2 @+ 3. Explication du reqwis. 11

fault trouuer leur produi@. Conétradion. On difpofera
les donnez en ordre vulgaire comme defloubz, difant
~+ 3 @ fois + 3 @,font—+ 9 @(car tel produict eftre
—+appert par le theoreme deuant le 26 probleme. Aufli

_que c'eft @, appert par ce precedent theoreime, la ouil

eftdemonftré, que © multiplié par (3), donne pro-
dui® ®)& ainfi des autres; Puis aioufte ce qu'il y aen-
treles deux lignes; ily aura produitt4 @ — 2 @©—6
® -+ 9 ®; Ladifpofition des charatteres de l'opera-

tioneft telle.
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Nombre 4 multiplier 13—40+30
Multiplicateur +21@+30
+6@—123)+9®

49—8@+ 60
Produi& 4—20—60Q)+9®

Te di queledi& produid, eft le produit requis. Et
de mefme forte multipliant 4/ 3 ©, par#/ 2 @, faick
V60, '

Item muldplianta/ 3 X(®, par / 2 X @» faick
43¢ :

Item pour multiplier 4/ 3 X @ par#/2 (3, 0n con-
uettirala prime quantité,auffi en racine, quieft 4/ 3@,
& leur produi& {era s/ 6 @.

Item muldipliant 4/ bino. 3 (D -+ 2 ®,par 4/ bino. s
@+ 4® font/ trinoe. 1§ @+ 220+ 8.

Item multipliant 4/ bino. ¢/ 3 @+ 4/ 2 @, pars/
bino. v/'s @+ 4 4 @, font &/ quadrino.+/ 15® +
V1204 100+8@. _

Demonitration.

La demonttration des cesexemples,des multiplica-
tions precedentes eft manifefte par les demonftrations
des problemes; Ou autrement par la diuifion du fui-
uant probleme. Conclufion. Eftant doncques donné

- nombre algebraique entier 4 multiplier, & nombreal-

febraique entier multiplicateur ; nous auons trouué

eur produict; ce qu'il falloit faire.
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o THEOREME.
Qf/zntite' algebraique diwfee par quantité
~ algebraique,donner quotient quantite,
dz laquelle le nominatewr eStegal & lareste de
nominatewr dw diifeur [oubStraict du nomina-

teur de la quantité disifer.

Exm)ﬂc 1.

Explication du donné. Soient au fondement des nom-
bres geometriques deuant la 14 definition la fexte
quantité F 64, & la feconde quantitc B 4. Expli-
cation du requis. 11 faut demonttrerqueF, diuifée par
B,donne quotient quarte quantite D, quieft quantité
delaquelle le nominateur eft egal ila refte de 2, foub-
ftraict de 6, nominateurs des dgonnez. Demonétration.
Diuifons 64 de F, par 4 de B, donne quotient 16, qui-
eft la quarte quantité D.

Exemple 11.

Explicationdudonne. Etpour demonftrer le mefme
enquantitez compofces; Soient aux figuresdeuant le
49 probleme 16 @ H11296,& 8 ®OF G 216, Expli-
cation du vequis. 11 faut demonftrer que HI, diuif€ par
F G, dounent quotient primes quantitez A C; qui font
quantitez de laquelle le nominatcureft egal i larefte
de 3 foubftrai&t de 4, nominateurs des donnez. Demon-
firation. Diuifons 1296 de HI, par 216 de F G, donne
quotient 6,qui fontles 2 @ A C. Conclufion. Quantité
doanucs algebraique, diuifée parquanticé algebrai-
que, donne quotient quantité de laquelle, &c.cequ’il

alloit demontfteer. ,

Then follows another Theorem, stating that mal .l = min. &7 for
p > g, demonstrated for p, ¢ positive integers. In a Note Stevin remarks that
8 (@ divided by 2 is the same as 8 (3) divided by 2 (o), hence 4 (3). Prob. L
gives examples of this theorem, the first being 9a¢ — 1443 4 Ga — 5 divided

6a 5

by 342, answer 342 — 4;;; 4+ 2 -

342 3 (Stevin has no neglaﬁve exponents),

Cy . . 4 3 _ :
which is also written as9“ i 14’;424— 6a > ; the third example is 3243 - 4
divided by 44 + 2, answer 842 — 40 + 2.
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‘NoT A On entendra parce theoreme que ) divis

{ée, par (@, donner quotient (3), comme 6 (3), dinifees

par 3 (®,donnent quotient 2 ; Et8 3),diuifees par 2,
(quictt 2 @) donner quotient 4, &c.

De la diuifion des nombres algebrai-
ques entiers.

PROBLEME L.
E Stant donné nombre dlgebraique entier 2
dusifer ¢/ nombre algebraique entier dii-
fewr: Trouuer lewr quotient. o
Exemple 1.

Explicationda donné. Soit donné nombre algebraique
entier 3 diunifertel: 9 @ — 14 ® =+ 6 @ — §;Et dini-
feur 3 (3. Explication durequis. Il faut tronucer leur quo-
tient. Consfruction. On difpoferales nombres donnez
comme ci deffoubs, difant. combien de fois 5@, en
9@ fai& 43 & (—+par le theoreme deuant le 27
probleme & (2 par le theoreme devant ce §o proble-
me) le(uels 3 (,0n metteraan vulgaire lieu ciu quo-
tient, & alors leur difpofition feratelle.

FO—140+60—35 (33
7@ '

Puis on metteraautrefoisle diuifeur 3 3, foubz —
14Q),& on dira;combien de fois + 3@, en — 1432
fai& — 4% @; Puis mettit autrefois le diuifenr foubs
~+ 6 (®, ondiracombien de fois+3 @ en+6 D>
faiét + -2 (ce que devint toufiours telle fraction al-
gebraique,quand le nominateur du diuifeur eft maieur
que le nombre 4 diuifer) Puis on mettera autre fois le
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divifeur foubz — 5,difant;combien de fois 3 @,en—
5 ? fai& —3%5. Ecladifpofition des charagteres delo-
peration acheuée fera telle:

IO— 14D+ O— (30 —4+ O+ 32— 5
7@ 1@ 5@ 5O v

ledique ;@—-4—§—®+,§%——§%cﬁl¢ quotient
requis. : o
Lon pourroitaufli pour folution mettre le nombre
a diuier fur vne ligne, & le diuifeur deffoubs, & le
quotient requis feroit fraction telle,

9ID—140+6D—g
3@

Exemple 11.

Explication du downé. Soit donné nombre algebrai-
jue entier 4 dinifer 4 @ —2@® —6®+9@. Et
ivifeur 2 @ = 3 @. Explication du requis. 1l faur
touuer leur quodent. Confrudion. La conftrution
fera parla conftniction du precedent premier exemple
affez notoire , parquoi nous metterons feulement
la.udiﬁaoﬁtion des chara@eres de Poperation acheuée
telle: '

5@ 40 N
#Q—20 —FQD+JD(0—4Q+30
t®+30+3504+50

D42z@ ‘

ledique : @ — 4@ + 3 @, elt le quotient requis.
Exemple 111, -
Explication du dompé,  Soit donné nombre alge.
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braique entiera diuifer 32 @ - 4,& dinifeur 4 ©+-2.
Explication du requis. 11 faut trouuer leur quotient. Con-
frruction. Ondifpofera les donnez en cefte forte:

o Puis on dira, combiende fois 4 ®
3:Q+4 en32 O fai& 8@ fois, les metrant

4® <2 aulien duquotent, puison multiplie-

ra le 2 par 8 (3, font 16.(®, qui foub-

ftrai&kes dece quiilya deflus, reftera — 16 @+ 4&
leur difpofition fera alors telle: o

. ' Puis on mettera autrefois le

—16(® diuifeur,difant,combien de fois

72O +48@ 40 en—16@2,0HiGk —4®

4+O+=z fois, les mettant au lieu du quo-.

- tient;. puis on multipliera le 2
pat—4 © faict—8 ©, qui foubftrai® de cequ'ily a
deffus, reftera 8 @ ~+ 4, & leur difpofition fera alors

telle: Puison mettera autrefois lé diuifeur, di-
fant, combien de fois

8@ 4 ®en 8§ fait2

— 153 fois,le mettant aulieu

72 +4 8@D—4®  du quotient, puis on
40O+z : mulupliera le 2 du
4#O+12 dinifeur , par 2 du

quotient font 4, qui
foubftraict de ce qu'il y a deflus, ne refterarien; & leur
difpofition acheuee fera alors telle:

£D Ie di que8 @

— 6@ —4@®+2,cft
y2®+4 B@—4O-+2 lequotirrequis.
4O 42 Etde mefmefor-
¢O—+z . te,cftant 4 dinifer

4O+12 _ A6@+lz,pa'rz'
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® -2 on trouuera (fiiuant le precedent exemple)

pourquotient, 3 (2~ 3O -3 - ;(;T, -
Irem divifant 4/ 63, par+/ 3 ©, donne quotient

/203, : :
Item diuifanta/ 6 X @), par4/3 X ®,donne quo-

tient /3 X @. ' ' o :
Item pour diuifer 46 @, par +/3)(®, on conuet-

tira la prime quantité auffi en racine,quieft 4/3 3, &
leurquotientferas/2@.

Item divifant 4/ trino. 1§ @ + 22+ 80, par
#/bino.3 @ + 2 ©,donne quotient +/ bino. §D+4®.

Item divifant 4/ quadrino. 4/ 15 @41 12 @ +
#/ 10D ~+4/8 (D, par &/ bino, #/ 3 @+ 4/ 2®),don-
ne quotient 4/ bino. 4/ § @+ 4/ 4 . :

La demonftration’ des fufdiéts exemples, eft mani-
fefte par les demonftrations des problemes des diui-
fions precedentes. Ou autrement par la multi licaton
du precedent probleme. Conclufion. Eftant oncques
donné nombre algebraique entierd diuifer,8 nombre
algebraique entier dinifeur, nous auons trouué leur
quotient; ce qu'il falloit faire, :

Probs. LI and LII show addition and subtraction of algebraic numbers. One
-example, using a method already previously explained, is

V2742 F 18a— /32 + 2a =

(Vw~ 1)V342 + 22 =(3—1)1342 + 22 = yv'124%} 8a.
3a2 + 2a




Seconde diftin&tion des quatre numerations
des nombres algebraiques rompuz , &
d’autres computations a icelles
apartcnantes.

| PROBLEME LIIL
E Stant donnez_ deux multinomies dgebrai-

ques : Trouwer leur plus grande commune
mefure. ~
N ot a. Pettus Nonius au commencement de la

troifie{me partie de fon Algebre, eftimoir qu'alors ce
problemen’eftoit par generale reigle inuenté, parquoi

il en defcripuoit quelque maniete a taftons. Nous de--

fcriprons falegitime conftrution, qui fera femblable
i Poperation de Pinuention, de la plus grande com-
mune mefure des nombres Arithmetiques entiers du
5 probleme:a {¢auoir on divifera premierement le ma-
ieur par le moindre, & puis le dinifeur autrefois par la
refte, infques , 4 ce qu'il ny refte rien,&c. comme le
tout fera plus chir par exemple. - ;

" Explication du donné. Soientdonnez denx multi-
nomies algebraiques tels: P'va 1® 1@, laulre

577

Prob. LIII demonstrates Stevin's method of finding the greatest:.common divisor
of two algebraic numbers. See our Introduction p. 462. The method is illus-
trated by finding the G.CD. of 43 + aand 42 + 74 + 6, ans. Ga + 6. We
do not find the remark that any multiple of 4 + 1 will serve the same purpose.

The method is applied in Prob. LIV, where

a3 + a2
a2 4+ 7a + 6

is reduced to
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1@+ 7 @46, Explication duregais. 11 fauttrouuer

leur plus grande commune mefure. Consfruition. On

dinifera le multinomic auquel eft la fuperieure quanti-
té,comme eftici le premier donné 1 @+ 1(d, par
l'autre (du quotient qui eft 1 O comme audict § pro-
bleme,ne prenons ici cure) en cefte forte:
Etreftera—63@—6 @,

—6@—6® pat les me(ines on diuife-
¥Q+1r® ¢ (1® raaute foisle precedent
1@D+70+ ¢ - divifeur en cefte forte:

. Et reftera 6 © -6, par

6® les mefmes fe diuifera au-
1@O+9O+6 (4 tre fois le precedent dinix
FG—E60® feuten cefte forte:

Etn’y refte rvien, parquoi

—@—F® (—1@® iedique6®+6,¢cltla
g0+ g plus grande commune

g ~* mefure requife.

Demonttration. SiFon mefure combien de fois ily a
6+ 6,013+ 1@, (Ceft d dire fi on divife 103
<+ 1'® par 6 ® —+ 6) ferronue (parle so probleme)
-+ (@ fois: Semblablement combicn de foisles mef~
mes 6 D+ 6,fonten r @+ 7.0~ 6, [e trovne
®—+ 1 fois : Mais que ceft aufi la plus grande com-
mune mefure, eft manifefte par.ce que +-@& +
(®—- 1, font quantitez (parJa 21 definition)entre elles
premieres; ce qu’il falloit demonttrer.. ~ Conclufion.
Eftantdoncques donnez deux multinomies algebrai-
ques, nous auons trouné leur plus grande commune

mefure; cequ’il falloit faire.
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PROBLEME. LIIIL
T Stant donné nombre dlgebraique rompu:
" Trouser [on premier rompu.

Expl'imggngadanné. Soit donné ron;;:u_ algebrai-
ue tel e Explicationdu vequis. 1} faut rrouuer
?on pre&ngﬂggfpu. (I;anfiru&ian. On trouuerala plus
grande commune mefure, de 1 Q4+ 1@, &1 @
7+ 6,qui parle 3 probleme fera 6 © +- 6:parles
mefines fedivifera 1)+ 1 (?,donne quotient (parle
so probleme) - @, lequel on mettera fur vne ligne,
Fuisondiutfer: les 1 @+ 7 @ + 6, par lefdicks 6@

- =+ 6,donne quotient - ® -1, lefquelson mertera

foubz ladicte ligneen cefte fortc:

. Ie di que lc mefmeeft le premier
=& rompu requis. Demonftration. Eftant
I .
- @ 41 numerateur & nominateur de* nom-
* 1 ® bresentre eux premiers par la 21 de-
—S 2 finition ils feront le premier rompu,
s O+1  du rompu- 32D, var [a 23 defin.
cequ'il falloit demonftrer. Conclufion. - Eftant donc-
ques donné nombre algebraique rompu, Nousauons
trouué fon premier rompu; ce qu'il falloit faire.
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Probs. LV—LX go on to deal with fractional algebraic numbers, e.g.

9a3 4a __ 1845 — 1245 _ 645, .
Evralali b e = (Prob. LX). Stevm’does not reduce the

latter fraction, which he leaves in the form 5 ® .In Prob. LXI we find 5 rules

6

for the extraction of square roots from mr.ﬁ%nornials, and 4 rules for the
extraction of cube roots, with examples, ¢.g. 34 is the square root of 942, 242 +
3a is the square root of 444 + 1243 + 942, 24 + 3 is the cube root of
843 4 3642 + 54a 4+ 27. Stevin recognizes that the square root may have two
values: the square root of 44¢ — 1243 + 942 is 242 — 3a as well as — 242 4 34,
but he only points it out in cases where the multinomial has both + and —
terms, not in a case like 442 + 1243 + 942, where 242 + 3a is the only root.

Probs. LXII—LXV deal with the elementary operations performed on what
we call algebraical forms in more than one variable, in the notation of Def.
XXVIII, pp. 24-25. Example: (462 + 54) (352 + 2a), written: 4 sec &) +
S@Operdsec® + 2 Q. Ans.: 12sec @ + 23 M sec @ + 10 (@), ot
1264 + 234b2 + 1042 (Prob. LXII).
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Cincquiefme diftinction, dc la reigle de
trois des quantitez.

V £ v que les nombres Arithmetiques,& radicausx,
4 la precedéte 1e. & 2¢. partie de ce fecond liure,
ontcuapres leurs computations rationelles, anffi leurs
coputations proportionelles; Senfuit (felon quil aefté
promis en Pargument) qu'en cefte troifiefme partic,
apres les precedentes computations. rationelles des.
quantitez, il nous fautaufli defcripre leurs computa-
tions proportionelles, & premierement leurreigle de
trois. Maisauant que d’y venit nous annoterons ?uel-

ques articles neceffaires,defquels le premier eftcel:

LA RAISON POV’RQ_Y-O_I
NOVS APPELLONS REIGLE DE
troz on iruention de quasriefme pro-
portionel des quantitez; ce que
valgairement (e dict equa-
tion des quantites,

VVE v que les noms conuenables,font en les fcien-

ces de grande importance, & principalement es
difficiles, ce n'cft pointa tort, que nous les choififfons,

If we follow the same order of treatment as in Parts I and II of this Second
Book, with respect to arithmetical numbers and radicals, then we must now come
to proportional computations with quantities, and in the first place to the
rule of three. But we must first explain THE REASON WHY WE CALL
RULE OF THREE, or invention of the fourth proportional of quantities, that
which is commonly called equation of the quantities.

Since convenient names are of great importance in the sciences, it is not without
reason that we select them, and so we call invention of the fourth proportional
what is commonly called equation. There are indeed always three terms to
which a fourth proportional has to be found. If we ask how much 3 ells the
value of 2 Ib. is equated. But the word equation has made students think that
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au lieu desinconuenables: ce qui feraici, deFinuen-
tion de quatriefime proportionel des quantitez, qui {e
di¢t vulgairement equation; Nous le nommons ainfi,
parce qu'il eft plus commode 4 la doétrine ; Car puis
qu'il y-a toufiours donnez trois termes, aufquels on
cherche vn quatriefine proportionel (comme appa-
roiftraen fonlieu) pourquoi ne fappelleroit ceci pas
auffi bien inuention de quatriefme proportionel, com-
meen tousauttes? Quantd ce quel'on me dira, que
Ceft aufli equation, certes ie le concede, & non pas
feulementen quantitez algebraiques, mais en tous au-~
tres. Parexemple 6 aulnes couftent4 15, combien ;
aulaes 2 'on trouue fon quatriefme proportionel 2 b,
ce qui eft aufli equation, caron egalea la valeur des 3
aulnes,la valeur de 2 1b:toutesfois il n’eft pointen vie,
de le nommer equation; mais on Pappelle (& abon
droi&,puisqu’il eft plus propre)inuention de quatriefsy
me proportoncl: Et pour-la mefime railon le nom-

“monsnousici ainfi, l?n quele grand miftere de pro-
portion en quantitez, enfemble %cs caufes deschofes,
foientplus faciles & notoires,que oncques au paravant.
Car ce mot d'equation 4 faict penfer aux apprentifs,

ue ceftoit quelque maticre finguliere,laquelle rouel-
?ois eft commune en la vulgaire arithmetique, car nous
cherchons 4 trois termes donnez, vn quatriefme pro-
portionel.  Mais comme cela qu’ils nommentequa-
tion,ne confifte point en cgaleté des quantitez ablo-
lues ains en egaleté de leurs valeurs;Ainfi confifte.cefte
proportion en la valeur des quantitez, comme lc fem-
g]a’ble eft vulgaire, aux communes choles corporel-
les. Parexemple vn beuf vaut 2 moutds auec 8 1b,ergo
1 mouton vaut 4 1B, lefquels font quatre termes pro-

it is something singular, though it -is really something common in ordinary
arithmetic, since we seck a fourth proportional to three given terms. When we
speak of cquation we do not mean equality of absolute quantities, but of their
values, so that we can write, if one ox costs 16 Ib,, equal to two sheep plus 8 Ib.:
1 ox 2 sheep + 8 Ib. 1 sheep 4 Ib.
16 Ib. 16 1b. 4 ]b. 4 Ib,

and 16 is to 16 as 4 is to 4. Equally, when 1 (@) is equal to 2 ) + 8, then
1 ) is worth 4 [if x2 = 2x + 8, then x = 4], and one can write

1@ 2@ + 8 10
16 4

4
16 4.
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portionausx, non pas {elon la quantité, enrefpe&@ de la-
quelle, le produi& des cxtremes, n'eft point egal au
produic des moiens, mais felon Ia valeur: car comme
16 16 valeur du beuf,a 16 b valeur de 2 moutons auec
81b,ainfi4 1b valeur de 1 mouton,a 4 1 valeur du qua-
triefme terme, lefquels termes proporuonels , nous
metterons en ordre, pour plus grande euidence, en
cefte forte: :

theuf. 2 moutons--81b,  1mouton. 4ib

161b. 161b. - 4. 4l

Le mefme fentend auffi des quantitez: car quand
nous difons, 1 @ eft egale,ou vaut 2 @ + 8, ergo.1 @
vaut 4, ce font quatre termes proportionau; mais au
refpe& de leurs valeurs, defquellesle produit des ex--
tremes, eft feulement egal au produid des ioiens.

" Leur difpofition conforme i la precedente cft telle:

1. 2048 ~ 1. 4.
16. 16. 4. 4.

DES TROIS TERMES

DONNEZ, AVSQVELS POVR LE
temps prefent, on [cait legitiniement
frouwer vn quatriefine

proportionel.

OMME tous problemes en la geometrie, ne font

C encore inuentez; Carl'onydeflirela quadrature
du circle, aufli Pinuention de deux lignes moiennes
roportionellesentre deux lignes donnees,&e. lefquel-
res. tousesfois nous fentons par la raifon, {e pouuoit

- {Hence x2 : (2x + 8) = x : fourth term, and as x2 = 2x + 8, x is equal to
the fourth term. The symbols (1), @), ... here stand for unknown, so that we can
render them by x, x2, ... The distinction between known quantities 4, b, ¢, ... and
unknown quantities x, y, 2, ... dates from Descartes’ La Géométrie of 1637, in
which x, x2, ... are also for the first time consistently considered as quantities of
the same dimension. For Stevin there is always a distinction between a “quantity”
such as 2 and its value, which is a number].

OF THE THREE GIVEN TERMS TO WHICH AT THE present time a
fourth proportional can legitimately be found.
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trouuer ; Ainfi nous avient le femblable en I Arithme-
tique 4 linuention du quatriefme terme proportionel
des quantitez; Car quand le premier & fecond, fone
compofez de ces cineq-quantitez @ @ @ O @,0ude

artic d'icelles, ou de leurs deriuatifs,on qwil noys foit

offible de conuertir les donnez a telles. efpeces, par
{; reduction (laquelle reduction fe declairera ci def-
foubs) alors 'on en peut trouuet ((oitle troifie(me ter-
me de quantitez quelconque)le quatrie/me proportio-
nel: excepté quelquedifficulté quife rencontre aucu-
nefoisen @) egale a © —+ @, comme nous en dirons
plus ami)lemcm ,ilafindela premiere ditterence du
69 probleme. De tous les autres n'eft pour I'heure
(combien qu'ileft poffible) trouuce legitine generale
xeigle. Les différences qui fe rencontrent defdiétes cinc
quantitez ( defquelles nous defcriprons onze proble-

mes) lonttelles:
1l eft vraiqu'ily auroitdes’

@} (©) differences beaucoup d’auan-
@ OO - taige , prenant (@ egale 3 @,
Q OE pour voe & ® egale 3 ®,
©) [©IC] pour autre,&c. . Mais veuque
Q! mj@®@  ceci font derivarifs desautres
0 S RYO) arla 17 definition, defquels
®Ol31006 Poperation fera femblable 3
® 6]6) celle de leurs primitifs nous les
® 101G comprendrons tous foubs vn
@ ®®®  probleme, qui fera le 78. Et
@) QOO apresle mefme, fuiveront en-

core deux problemes, de I'in-
wention de quatriefine terme proportioncl des polt-
pofées quantitez. '

Not all problems in geometry have been solved, since we should like to find the
quadrature of the circle or the construction of two mean proportionals between two
given lines [see Problemata Geometrica, Introduction.] It is the same in arithmetic,
where we can only find the fourth proportional if the first and second terms
are composed cither of x4, x3, x2, x1, x0, or some of them, or derived forms
[Def. XXVII}, or if we can reduce our problems to these. [From now on we
render (@), (3, etc. by x4, x3, ..., but we must not forget that Stevin’s symbols may
mean any multiple of x4, x3, ...: if Stevin wants to express our x4, he writes
1 ®]. An exception must be made for x3 = ax + b, where there is some
difficulty, as we shall see in Prob, 69. For all other cases there is a legitimate
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268 " LB I1I.LIVRE DARITH,
DES INVENTEVRS DE CES
REIGLES DETROIS DES
QVANTITEZ,

l E s inuenteursde ces reiglesde trois des quanti.

tezant efté,
. ®egale 3 @.
Mahometfilzde Mofe Arabiende< Leurs deriuatifs.
(@egalea ®E.

Etquelqueautheurincognu Leurs deriuatifs.

" Quelque autre autheur incognu {% Zgﬂ; :‘\‘ 8 %

Louys deFerrare @egna®BEO.

Quant 4 Diophante, il femble qu’en fon temps les
inuentions de Mahomer aient feulement efte cog-
nues,comme fe peult colliger de fes fix premiers liures;
Heftvrai gu’il (olue de merueilleufes queftions,com-
me nous declarerons en fonlieu,mais il condui& com-
munement fes operations par vne admirable fubrilité,
ainfi, que le premier & fecond terme, deuiennent @

) egale 3 @, ouleurs deriuatifs, & aucunefois, mais ra-
rement,a @ egalea © ©. ‘

Les deriuatifs de (2 egale 2(® @), inuentez par e
fufdi¢t premier autheur incognu, font defcripts. pat
Lucas Pacciolo. B :

Quanit aux inuentions du fecond autheur incognu,
Cardane fe dictles auoir trouné par efcript; mais
quelles meftoient point diuulgees; Aufli que Scipio

 Ferreus de Boloigne, aie trouué la premiere forte, qui
eft de @ egale a® @; Auquel fuiuoit Nicolas Tar-

general rule. They are {Stévin always takes the term with the highest exponent
on the left hand side and gives it the cocfficient 1, see Rule II, p. 272}: x = 4,
X2 = ax + b, x3 = ax2 + b, x3. = ax2 4 bx 4+ ¢, xt = ax + b, xt =
ax2 4+ bx + ¢, xt = ax3 + b, x4 = ax3 4 bx + ¢, X* = ax3 + bx2
4o, %t = ax3 + bx2 + cx + d. [a, b, ¢, d may be positive or negative].
Equations such as x2 = 4, x4 = ax2 + b can be reduced to previous types, see
Def, 27 and Prob. 78.
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talia Breffian , mais par occafion de quelque “difpute
qu'il euft de celte matiere,auec Antonio Maria Flendo
Veuetien , dilciple dudict Scipio, en laquelle il dif~
couura quelque chofe, par laquelle Nicolas le conie-
Ctura, & wrouua; -Lequel apres beaucoup de pricresde
Cardane: le luid declairé, ce que luy Cardane eftoit
fondement, par lequelil eft venu au gout de pluficurs
demonftrations geometriques, de D egale 4 @ © O,
& leurs dependances, dontil 4 defcript va liure intitu- -
1¢ Ars magna.

Maisl'inuention de Louys de Ferrare eft n"agueres
diunlguée en langus lralienne par Raphael Bombelle
grand Arithmeticien de noftre temps.

DE LA REDVCTION.
AVANTqucvenirﬁces problemes de la reigle de

troi$ des quantitez, il nous faut confiderer; que
fouuentesfois lefdicts premier & fecond, ou eganx ter-
mes donnez, ne femblent au premier regard point de
ceux dont nous auons dict ci deflus, 3 fcauoir defquels
on Gait trouuer le quatriefme proportionel; toutesfois
cftant reduiéts, on trouvera qu'ils le feront. Il nous
faut doncques declairer apertement cefte reduction.
& pour I'expliquer premierement par quelque exem-
ple vulgaire ; Pofons lecas qu'il y 2 propoféz trois ter-
mes de{quelson requiert le quatriefme proporrionel,
tels: 8 aulnes de drap, plus 2 linves de poiuve, moins 3 liures
de canelle, vallens 2 lisves de poiure, plus 24 efcuz., meins 3
Liures de canelle, combien vaudront z aulnes de drap? Or
par ce que le premier & fecond terme, ont desaiointts
de plus & moins, il y a propofé quelque queftion , qui

[This historical survey ascribes to Al-Khwarizmi (“Mahomet son of Moses the
Arabian”) the solution of the equations x = 4, x2 = ax 4+ b and the “deriva-
tives” of x = a (Def: 27), to an unknown author the derivatives of x2 = ax + &,
to another unknown: author the solution of x3 = ax + & and x3 = ax2 4 b,
and to Ferrari that of x4 = 4x3 + bx2 + c. At present, with better information
available, we may allow ourselves a smile when we read that Diophantos (¢. 250
A.D.) may have known of the inventions of Al-Khwarizmi (c. 800 A.D.). The
book by Pacioli which Stevin mentions is his Summa of 1494. As to the solution
of the cubic equation, Stevin knows of Scipio Del Ferro, Tartaglia and his
dispute of 1535 with Florido, of Cardan, Ferrari, and Bombelli; so that he is
well-informed on the history of the subject in his own century}.
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femble confufe, car de multiplier le troifiefie parle
fecond, & difer le produict par le premier, comme
ilz font propofez (pour cn trouucr le quattic(me pro-
portionel] cé fetoit chofe tresfacheufe, & obfeure, par=
quoi il faut remedier 4 ce plus & moins (lequel remes
defappelle ici reduction)en cefte forte: Puis que le
premicr & fecond terme donnez; font par lhypothefe’
d'egale valeur, fenfuit que fi d'vn & daultre cofté,
nous aiouftons, & foubftrahons, chofes egales; que
fommes & reftes feront egales, lefquelles nous feruent
au lieu des premiers donnez (comme e femblable eft
chofe vulgaire en autres computarions communes.
Parcxemple fi Fon dick, 4 aulnes vallent 6 b, cabien 5
aulnes? ou autremét 2 anlnes vallent 3 1b,cobien saul-
nes? I'vn & Pautre d3ne vn mefine quiatriefine)Soub-
ftrahons doncques de chafcun terme,d fgauoir du pre-
mier & fecond 2 liures de poiure, & demeucerdt § aul,
de drap,moins; liures de canellejequivallis a 24 efcuz,
moins 3 liures de canelte: Puis aiouttons (pat ce quily
amoins) d chafcun defdics termes 3 tiures de canelle,
& lafomwe de 'vn fera 8 aulnes de drap, & de Pautre
24 efcuz,lefquels feront antrefois d’egale valeur & ceci
font lestermes reduicks, par lefeyrels on pourra facile-
menc vemir au requis; Car difant 8 auloes de drap val-
lent 24 efcuz, combien 2 aulnes 2 le requis fera par vul-
gaire folution 6 efcuz. Tour de mefine forte faur it en-
tendre, qu'enla reigle de trois des quantitez ( pour le
plus & moins & autres femblables occurrences qui (e
rencontrent en icelle) eft ancunefois hece(faitc’tcﬂe re-
dution, aucuncfois neft il pasbefoing, comme appa-
roiftra en fon licu par les exemples. Et Cappelle ceci re-
duction, parce quon redui les termes donnez, cn

\

ON REDUCTION

There are problems which at first sight do not seem .to belong to the rule
of three of the quantities, but still can be reduced to them. For instance, what
is the price of 2 ells of linen if 8 ells of linen plus 2 Ib. of pepper minus 3 Ib.
of cinnamon are worth the same as 2 lb. of pepper plus 24 goldpieces minus
3 Ib. of cinnamon? [8x + 2y — 3z = 2y + 24 — 3z]. This problem cannot
be solved by applying the rule of the fourth proportional because of the terms




588

DE r'orERATION. 271
aures termes, qui font de maieure ou moindre valeur,
que les premicrs, combien quilz deineurent entre enx
en'la mefme egale raifon,

Or aiant declairé quelle chofeeft redution, nous
viendrons  la pratique de reduire,& la comprendrons
€n 10 reiglcs,dgfqucllcsla premiere eft celle:

with plus and minus, [solving the unknown u from (8x + 2y — 3z) :
(2y + 24— 3z) = 2 : uwould be wrong], but can be reduced to it by addition or
subtraction of the terms with plus and minus on both sides [subtract 2y, add
3z, hence 8x = 24]. Now we can apply the rule of three: if 8 ells cost 24
goldpieces, how much do 2 ells cost? [ 8 : 24 = 2 : x, x = 6} We shall
give 10 rules for such reductions to the rule of three.
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The ten rules for reducing equations to the standard forms of p. 267 can be
illustrated as follows:

Rule I:
Rule II:
Rule III:
Rule IV:
Rule V:
Rule VI:
Rule VII:
Rule VIII:
Rule IX:
Rule X:

Given 2x% = 6x83, reduce to 2x = 6.

Given 3x3 = 9x2 + 12, reduce to x3 = 3x2 + 4 (coefficient of
x3 is made 1). '

Given 4x3 — 7x = 2x2 4+ 3x, reduce to 4x3 = 2x2 4 10x .
Given 4/ 27x2 + 18x = 3 + 4/ 3x2 + 2x, reduce to ’

4/ 12x2 + 8x = 3, or (Rule VI): 12x2 4 8x = 9.

Given 9x3 4 5x2 = 4x? + 7x, reduce to x3 :»Z—x2 + —i-x A

=
4x

5x2 + 6

Given 3x = 4/°2, reduce to 9x2 = 2.

Given 2x = 4/3x3 + 4x, reduce to 4x2 = 3x3 + 4x.

Stevin remarks that if 2x3 4+ \/3x2 = 5x2, then the common method

is to write 4/3x2 = — 2x3 + 5x2, from which follows

Given — 2 reduce to 10x2 + 12 = 12«
3

25 x2 4 2 There is, however, a shorter method, ex-

4
plained in Rule VII.

Write in the previous example 2x2° = Sx — /3, which is easier
to solve by means of the fourth proportional than the

x4 = 5x3 —

x4 = 5x8 — 542 x2 4+ -i obtained by Rule VI. Other example:
2x3 4-4/9x2 = 7x2, which according to Rule VII becomes
2x3 + 3x = 7x2, of which (Prob. 68) the root is 3; however, according

to Rule VI it becomes, by squaring, x4 = 7x3 — 12%-x2 + -Z— , which

also gives x = 3 (Prob. 76). ‘
Stevin does not pay attention to the possible introduction or sup-
pression of roots. This rule of taking square roots does not lead to

z

. . — ) ) _ 2
results in a case like B-x2) or x 3 (which Stevin writes “—3- en
circle”,

Given 16x4 4 24x3 + 9x2 = 25, reduce to 4x2 4 3x = 5 by
taking the square root on both sides. The possibility 4x2 + 3x = — 5
is omitted. . ‘ L

Given 200x2 = 300x + 400, reduce to 2x2 = 3x + 4 by dividing
by the G.C.D. of the coefficients. ’ .

Given 8x5 -+ 6x3 = 12xt 4 20x3 4+ 9x2 + 15x, reduce to
2x2 = 3x 4+ 5 by dividing by the G.CD. 4x3 4 3x of both
sides. Stevin discards the possibility 4x3 - 3x = 0, which has no
roots recognized by him.

In a Nota he points out that there are also other forms of reduction, such as the
transformation of x3 = ax + b into X3 = ¢, or x4 = ax3 4 bx2 + cx + d
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PROBLEME LXVL

5 Stant donnez_ tross termes, defquels le pre-
 mier1 ©,le fecond @ , e trorfie[me nom-
bre algebraique quelconque: Trouyer leur qua-
triefme terme proportionel.

" Explicationdu donné. Soient donnez trois termes fe-
lon le probleme tels : le premier 1 ®), le fecond 4,le
woifiefme § . Explicationdu requis. 11 faut trouuer
leur quatriefme terme proportionel. Conffruition. On
mulupliera le troifiefme terme donné 5 (©), parle fe-
cond 4, fai@ 20 ®; Puis on diuifera les mefmes parle

- premiier terme-donné, quielt 1 ©, & donne quotient
(pat le.go probleme) 20: ledique 20¢ft le quatriefme -
~_terme proportionel rec}uis. .Demonflvation. Puis que.
nous difons par ce probleme,que § @ vallent 20 lar®
vaudra 4. Mettonsdoncques foubs chafcun terme fa
- wvaleur en cefte forte : '

—

Q@ 4 5., 20.
4. 4 20. 20.
~'Et appert que 20 eft leur quatrie{me terme propor- -
" “tionel, car comme 4 4 4, ainfi 204 20; ce qu'il falloit
. demontftrer. : R
'N o 7 A.Etde mefie forte fentendra,que 1 (@ val-
- lant4,les § ® + 3, vauldront 23, car les 5 © vallent
- par ce probleme 20, & plus 3 font 23,
Item 1 © vallanc 4, les s ©— 3, vauldront 17, car
§ ® vallent 20, par cc probleme,defquels foubftraict 3

tefte 17.

into x2 = px + ¢, which will be specially discussed in later problems. These
are the cases treated by standard rules. From now on begins the discussion of
these standard rules.

Prob. LXVIL: [Given x = 4, what is the value of any multinomial in x, or
quotient of two multinomials? In the Nota this is extended to such. cases as:
given x8 = 3x - 2, what is 3x2 + 4x? For this, first solve x3 = 3x + 2,
answer x = 2 (Prob. 69). Then 3x2 + 4x = 20]. h
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Irem 1 @ vallant 3,alors 1 @) (veu que 1 () eft la
potence quarréede 1 ®) vauldra g, v

Item 1 @ vallant 3, les 4 & vauldront 4 fois 9, qui
eft 36. v

It;em t @ vallant 3,1a1 @ (veuque 1 G eftla po-
tence cubique de 1 @) vaudra 27,

Item 1 ® vallant 3, les 4@ vaudront 4 fois 27 qui
eft 108. ‘ , .

Irem 1 @ vallant §,les 2 @ <+ 6 @ vaudront 8o;car
2 @ vallent 50, & 6 (D vallent 30, font enfemble 8o.

Irem 1 @ vallant 2, les 3 +4@— 5 O+7
vaudront 37, car les 3 () vallent 24,& 4 @ vallent1s,

& 7 vaut 7, defquels la fomme (d fcanoirde 24.16.7) . .. .
eft 47,des mefmes foubftrai& 10 pourles— § D, refte -

- pour folution comme deflus 37.

Item1 © vallant 3,les 22+30=7. vaudront £
carles2 @+ 3 O—7vallent 20,& les3D—4 @
~ 6vallent g1, '

Item 1 @ vallanta”2, alors 3 @ vaudront trois fois
#/2,quieft par le 22 probleme /' 18, '

Item 1 ® vallanta/2, alors 1@ (veuque 1 @ eft
potence quarrée de 1 (D) vaudra 2, & 3 3 vaudront 6.

Item 1 @ vallants/ 2+ 4/3,les 3-@ vaudront trois
fois antant,qui eft 4/ 18 -4/ 27.

Irem 1 © vallant # 2 + 473, la-1 (@ vaudra le
quarré de+/ >+ ¢/ 3 qui eft s +- «/24. Etainfi d’au-

tres femblables, Conclufion. Eftant doncques donnez:

. trois termes defquelsle premier 1 (@), le fecond @, le
troifiefme nombre algebraique quelconque, nous
auons trouu¢ leur quatriefme terme proportionel; ce
quil falloit faire.

Nora. Ce66 probleme diffcre du fuiuant feule-
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ment en cela,que fon premier terme donné eft d'vne
primequantite;mais le fuiuant de multitde'de Jarimes

_quantitez quelconque, aufli que les exemples du pro-

bleme precedentontle troifiefme terme donné de plu-
fieurs quantitez mais le fuiuant toufiours de 1 @©.
Etpout dire de fon vtilité & proprieté, faut fgauoir,

quaux problemes fuiuans detrois termes donnez, le
woifielime fera toufiours nombre algebraique quel-
conque. toutesfois nous ne donnerons en lesexemples
des mefmes: pour troifiefine terme, aurre que 1 O
Comment doncques (pourroitquelcun dire) fera on

uant le troifiefme terme fera quelque multinomie
3gcbmique, felonla propofition ? Ierefpons que par
double operation; Premicrement on trouuera la valeur
de 1 (®, par fon probleme, qui eftant cognu, on trou-
ueraalors par ce 66 probleme la valeur du multino-
mie propofé pour troifiefine terme donné, difant 1 @
donne autant,combien tel multinomie ? Par exemple,
fi les trois termes donnez fullenttels: le premier 1 3,
le fecond 3 ®—+ 2, le woifiefme 3 @+ 4 @: Ondi-
foit premierement, 1 3) vaut 3 O +- 2, combien 1 2
fai& parle 69 probleme 2. Puis pour fecondeopera-
tion,on diroitautrefois 1 (O vaut 2, combien 3 @
4 @, faict par ce 66 probleme pour le quatriefine
terme proportionel requis, 20. Et ainfi d’aultres fem-
blables. Ce probleme feruira auffi, pour les demon-
ftrations Arnithmetiques, des problemes fuiuans,com-
me le tout apparoiftra par Tcs exemples , chafcun .
en fon lien.
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PROBLEME. LXVIL

E Stant donnez_ tross termes, defquels le pre-
~ wner © , ke fecond ©, le troifiefme nombre
dlgebraique quelcongue: Trousier lewr quatrief-
me terme proportionel.

Explication du donné. Soient donnez trois termes
felon le probleme tels: le premier 2 (®), le fecond 6, le
rroifiefme 1 @. Explication durequis. 11 faut trouuer

- leur quatriefme terme proportionel. Construdtion. On
diui?cra le 6 dufecond terme, par 2 du premier terme
(car puis que le nombre du troifiefme terme eft 1, il ne
ferabefoing de faire la vulgaire multiplication du troi-
fiefme & E:cond terme, qui feroit 6 ®) donne quo-
tient 3. Iedique 3 eft le quatriefine terme proporcie-
nelrequis. Demonfiration. Puis que nous difons par ce
probleme, 1 ( valoir 3,doncques par le 66 probleme,
2 ® vaudront 6,mettons doncques foubs chafcun tet-
me fa valeur en cefte forte:

3.
3.
Etappert que 3 eft leur quatriefine terme propor-
tionel, car comme 6 26, ainfi 52 3; ce quil fnﬁoit de-
monftrer. Quanta lademonftration geometrique, la
chofeeft fi notoire, que il nefemble point de meftier.
NorT 4. Silestrois termes donnez fuffent tels : le
premier 5 @), le fecond ¢/ 3. le troifiefime 1 @),0n diui-
fera (comme deflus) 4/ 3,par 5, donne folution 4/ -
Autrement on pourroit foluer cefte queftion reduifant

2®, 6. Q.
6. 6. 3.

Prob. LXVIL [This is the modification of the previous problem for the
case ax = b,a = 1}.
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les termes egaux par la 6 reigle delareduction, 4 fca- -
uoir prenant la potence quarrée, de chafque terme, &
feront § (3, egales 4 3, & feroit alors queftion, requi-
rant operation du 78 probleme.

Item i les trois termes donnez fuflentrels: ie pre~
mier 3 @, le fecond 43 <+ ¢/2,le woificfme 1 ©;0n
divifera(comme deflus) /3 44/ 2 parles 3(des 3 ©)
donne folution ¢/ =~ + 4/ =-. Erainfi d'autres fem-
blables. Conclufion. Eftant doncques donnez trois rer-
mes defquels le premier @, le fecond @), le troifiefme
nombre algebraique quelconque; Nous auons trouué
leur quatricfine terme proporuionel; ce qir'il falloit
faire.

Prob. LXVIII. This is the theory of the quadratic equation. There are three
cases (“differences”): 1) x2 = ax + b, 2) x2 = —ax + b, 3) x2 = ax — b,
where 2 and b are positive. The case x2 = — ax — b is omitted, because
it only leads to negative solutions, sece Art. VIII after Prob. 70. Stevin claims
that, contrary to Stifel and Cardan *, he will solve all cases by one method “so
that, without change of one syllable the operation will be the same in all

*Cardan’s rule: Querna, da bis, refers to the case x? = ax + b; querna is abbrevia-

2
. . . a .
tion of quadratus atquatur rebus et numero; da bis means: add twice, namely — to & in
4

the radical, and 2 to the radical. Nu wer, requan refers similarly to b = ax 4 x%, x2+ b

=ax (Ars magna, Ch. V). On Stifel’s Amasias see the Introduction.
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PROBLEME LXVIIL

E Stant donnez_ trots termes, defquels le pre-

mier @, lefecond © @, le traifief/me nom-
bre algebraique quelconque: Trouser leur qua-
trie[me terme proportionel.

NorTa. Le binomie du fecond terme donnéde
ce probleme fe peut rencontrer en trois diffcrencesd
fcanoir: . o
@ +® Defquellesles autres en donnent trois
D+ ©' diuerfes operations , aufquels Michel
—®_@' Stiffle 4 accommod¢ ce mot Anm.efias.

" & Cardane liure 10 chap. § ce carme,

Querna, dabis. Nuquer, admi. Requan, Minue dami.
Mais nous demonftrerons vne {eule manicre; par la:
quelle fans varier d'vne fyllabe, l'operation fera en tou-
tes trois la mefime: Parquoi faut {Gauoir que nous neles

these cases”. This rule, in our notation, is that if x2 + px 4+ g = 0 (p, 9 pos.

or neg.), x = — 4:- iV‘; — 9, on the understanding that only positive

values of x are selected (negative roots form a subject of later discussion, see Prob.
70). The method is first verified by direct substitution of the answer in the
equation (“arithmetical demonstration™), then verified geometrically in the
manner familiarized by the Greek and Arab writers (see our Introduction),
and finally proved algebraically in a section called On the origin of the con-
struction of the preceding problem. Here follows a paraphrase of the “arith-
metical” and of the “geometrical” demonstration in the case of x2 = ax + &,
Stevin's “first difference”, example x2 = 4x + 12, solution: x = 6.
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appellons pas Differences, en refpe& des operations;
car comme nous difons, Foperation ejten toutes la

mefine; mais en refpeét des diuerfitez, de la difpofi-
tion des quantitez, du fecond terme donné,

PREMIERE DIFFERENCE DE
SECOND TERME O~4(.

Explication du dormé. Soient donnez wois termes
felon le probleme tels: le premier 1 @, lefecond 4 ®
~ 12, letroifiefne 1 (. Explicationdurequis, 1 faur
wouner leur quatriefme terme proportioncl.

Conitraction.

‘Lamoiticde 4 (des 4 @) eft : 2
Son quarré ’ 4
Au mefime aioufté le (9 donné quieft 52
Donne fomme 16
Sa racine quarrée ,

A la mefie aioufté 2 premier en I'ordre faict 6

Ie di que 6 eft le quatriefine terme proportionel requis:
Deinonftration Arithmetigue. Puis que nousdifons 1 @
valoir 6, doncques par le 66 probleme, 1 @ vaudra
36, & 4 (D~ 12 vaudront aufli 36; Parquoi mettons
foubs chafcun terme (avaleur en cefte forte:

1. 4O+ 12, 1Q@®. 6.
26 36 . 6. 6.

Ec appert que 6 eft leur quatricfine terme pro-
postionel.

Given x2 = ax + b (x2 = 4x + 12). To find x.

. 2 . .
Construction. Ta.ke% (= 2), square it: % (= 4,add b toit:

, . ‘
f’; + & (= 16), take the square root: V‘% + b (= 4), to this add 7

L4 V‘;“ (= 6). This is x.
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Autredemoniiration geometrigque.
Soitdefcriptle quarré A B C D, denotant 1 (3); donc-

ues fon cofté B C (lequel prouuerons valoir 6, dla-
nd¢ lademontftration) fera 1 ®, car mulripliant r @
: enfoi, faitt 1 (3. Puis
A G E B foitmenéelaligne EF,
parallele avec AD, &
foit AE 4; Ergole re-
&angle A F (veu que
1 H ADelt t @) ferag@.
Or puis que tout le
g Querré ABC D, qui
eft1®),eftegald 4 ©
=+ 12,& quele re¢tan-
, gle AFfaid 4 @, lere-
D F C  &angle E Cferar..
Doncques les trois ter-
mes donnez en nombres, nousles auons ici en gran-
deurs,d fcauoir ABCD 1 (,egaled AF 4 @ +EC
12;Et BCeftla 1 @). O faifons maintenant la con-
frrution parces grandeurs, femblable 4 la precedente
des nombtes eft cefte forte:
Lamoitiede AE4, quiclt G Ecft 2
Sonquarté GEHI , 4
Au mefmeaiouftele @ donné ezt idire EC 12
Daéne fomme,pour le gnomon HIGBCF, ou pour
lequarré G BK L (quieft egal audiét gnomon) 16
Saracine BK
A la mefimeaioufté G E 2 premier en ordre,on
enfonlieu KC (car K Celtegal 4 G E)faict
pour B C 6
Cequiil falloic demonftrer.

Other demonstration, a geometrical one. Let square ‘ABCD be x2, hence.side
BC = x (which will be shown to be equal to 6). Draw EF parallel to AD, let AE
be a (= 4). Hence rectangle AF = ax, and rectangle EC = x2 — ax
=ax + b—ax = b (b = 12). Hence x2, ax, and b are each represented by

areas, 'and x by a line. Now construct GE =§ AE = 2" (= 2); area’ ‘square

GEHI = L 42 (= 4). Add to this EC = b (= 12). Then gnomon HIGBCF =
N 4 T
square GBKL = ;_42 + & (= 16). Then BK = Vi @2 + b (=4). Addto

this GE = ;_4=Kc.ThenBC=§a+f;a2+b:x.
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Nora. Le quatriefme terme proportionel vient
aucuncfois a nombre Arithmetique incommenfura-
ble, duquel nous metterons deux exemples.

Soient premierementles trois termes , defquels on
requicrt le quatriefine proportionel, tels: le premier
12, lefecond 6 @ +- 3,le trofiefme 1 @,

Construllion.

Lamoitiede 6 (des 6 @) eft 3
Son quarré 9
Aumefmeaiouftele © donné qui eft 3
Donne fomme 12
Saracine quarrce V12
A lamefmeaioufte 3 premier en Pordre, faict

pour {olution A12+3

Soient au fecond les trois termes defquels on re-
quiert le quatriefme proportionel tels : le premier 1 @,

lefecond 48 X © letroifiefme .4/ 3.

. Construltion. '
Lamoitiede 4/ 8 (de4/8 X @) eft a2
Son quarré 2
Au mefme aioufte le © donné, quicft V3
Donne fomme : 243
Saracine quartée & bino.2 +4/3
A lamefmeaioufte 4/ 2 premieren lordre,

faict pour folution 2+ 4/ bino. 24/ 3

Seconde maniere de confruction.

Autre maniere d’operation y a i, laquelle demon.
ftrerons en toutes les trois differences, aufli la mefine;
par laquelleil ne fera meftier de conuertir parla 2 rei-
gle de redution le nombre de multitude de (@, en

This is the construction given by Al-Khwarizmi, see the Introduction. A “gnomon”
is the L shaped figure which remains when from a square, ¢.g. ABCD, a smaller
square, e.g. GBKL is cut out (squares may be replaced by rectangles or parallel-
ograms). The term appeats in Euclid's Elements 11, Def. 11. See T. L, Heath,

Manual, l.c.'footn. 12) of our Introduction, pp. 44-45.
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voueé. Etcelui qui voudra fuiure cefte reigle euitera
aucunefois les rompuz, qui procedent de telle re-
du&ion.

Soient par exemple les trois termes, defquels onre-
* quicrtlequatriefme proportionel, tels: le premier 3 @,
le fecond 8 @ ~+ 16, le troifiefme 1 (.

Conitruclion.

Lamoitiede 8 (des 8 D) eft 4
Son quarré 16
Au mefme aioufte le produict de 3 (des 3 @)par .

le@ donné, quieft 48
Donune {omme 64
Saracine quarrée 8
A lame(me aioufte 4 premier en Pordre, faict 12
Qui divifé par 3 (des 3 @) donne quotient & fo-

lution 4

DEVXIESME "DIFFERENCE,
DE SEGOND TERME — D+ @.

Explication dudonné. Soient donnez trois termes fe-
lon le probleme tels: le premier 1 @, le fecond —6 @
16, letroifieline 1 ©.  Explicationdu vequis. 11 faut
trouuer leur quatriefine terme proportionel.

Construition.
Lamoitie de — 6 (des — 6 D) eft” —3
Son quarré (car — 3 par— 3 fai&t + ) efk 9
Au mefime aioufte le @ donné, qui eft 16
Donne fomme : 2f

- Saracine quarrée - : 5
- A la mefing aioufte — 3 premierenlordre, fait 2

Stevin’s examples are: for case 1): x2 = 4x + 12; x = 6; x2 = 6x + 3;

x =412 4+ 3; x2 = x¢/8 4+ V3 x= 42 + l/2+ v/ 3 (there is a mis-
print 2 for V2):3x2 = 8x + 16; x = 4. In this last example a “second
way of construction” is shown, in which the two members of the equ\ation are not
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Ie di que 2 eft 1= quatrielme terme proportionel requis.
Demonstration Arithmetigue. Puis que nous dilons

1 © valoir 2, ergo par le 66 probleme « @ vaudra 4, &

— 6 ® ~+ 16 vaudront-aufli 4, Metrons doncques

foubs chafcun terme (a valeur en cefte forte :

109, — 6O+ 16. 10. 2.
4. 4. ‘ 2, 2.

Et appert que zeft lear quatriefme terine propor-
tonel requis. '

Autre demonfiration Geometrique.

H G I Soitdefcript lequarré A B-
‘ C D, denotant 1 3, ergo
foncofté A B ( lequel prou-
uerons valoir 2 dla fin dela
D —{F  demonftration) fera 1 @®.
Puis foit produicte la ligne
- AB,enE,qui oit BE,& de
A B E BE,&BC, foir defcripe le
- reétangle BEFC, & fem-
blablement foit produiét B C.en G, & foit CG 3,&
de C G, & CD, foit defcript le re@tangle DCGH,
Ergolerectangle BEF C, (veu que EBeft3, & BC
1(D)fera3 @. Et femblablement fera le reGtangle
CDGH 3®. Or puisque lequarrée ABCD 13,
eft egal 2 — 6 - 16,& quelesdenx retangles CE,
C H font 6 . fenfuit que le gnomon CFEAHG,
fera16. Doncques les trois termes donnez en nom-
bres nous les auésici en grandeurs; 4 Gauor ABCD

1@,cgalca~CECH6®+CFEAHG16; Et

first divided by 3. This second way amounts to the use of the formula

x = £_§f_=:tV§l_+ aq % , if ax? = px + gq. Case 2) is illustrated by
x2 = — 6x + 16; x = 2;'4x2 = — 4x + 24; x = 2. The last example admits
of some variations of the previous formula: '
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ABeftlat @. Orfailons maintenantla conftruction
Ear ces grandeurs,femblable 4 Ia precedente des nom-
res en cefte forte:
La moitie des deux lignes FC, & C G, qui foit
. FCelt —3
Sonquarr¢ CF 1G
.Au mefme aioufté le (9 donné, c'cft 4 direlegno-

mon CFEAHG 16
Donne {omme pour lequarre A E1H 25
SaracineAE [+
A lamefme aiouft¢ —F C 3 premicrenlordre,

ouen fon licn — B E 3, faict pour A B 1

Ce quil faloit demonttrer.
Seconde maniere de conitruction, qui efl fans
conuertir le nombre de mulsitude de-
@ en vnite.
Soient les trois termes, defquelson requiert le qua=
triefine proportionel, tels : l¢ premier 4 @, le fecond
—4 @ 24, le troiliefme 1 D.

Conftrution.
Lamoitie de — 4 (des— 4 @) eft —_—2
Son quarré
Au mefme aioufté le produict de 4 (des 4 @) par
. le®@donne,quiett 96
Donne fomme 100
Sa racine quarré io

’

A la mefine aioufté — 2 premier en Pordre,fai 8
Qui diuifé par 4 (des 4 () donne quotient & fo-
lution- ' 2
Etencore pourroiton par Porigine des conftruéions
de ce probleme(laquelleorigine nous defcriprons der-

_ 1\ /7 AN Y AP
"“VJ(zVZ?VEJF%x“’l/;?zvzi (ﬁ;) + 9
(Stevin forgets in the “Autrement” to square his p/2\/2 (= "1). Case 3) is
illustrated by X2 = 6x — 5, x =.1, x = 5; both roots are accepted since they
are positive. Special attention is paid to the equation x2 = 12x — 36, x = 6,

which we consider an equation with a double root, but for Stevin it is just one
root instead of two, to be found in the same way as all others by the general rule.
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ricrece probleme) former beaucoup d’autres reigles,
des mefmes conftructions,& viendroient toutes a vne
mefine folution. Nous en donnerons deux fur la que-
ftion precedente (qui fe peurroit aufli appliquer tant 4
la ditfgrence precedentc,qu’ala fuinante)en cefte forte:

La moitiede — 4 (des— 4 @) etk —2
Son quarré 4, qui diuif€ par 4 (des 4 @) donne
quotient 1
Au mefme aioufte le @ donné, quieft 24,donne
fomme LY
Saracine quarrée §
De la mefme foubftraict la racine de 1, (econd en
Pordre,quieft 1, refte 4
Qui diuifé parla racine de 4 (des 4 @) quieft par
2,donne quotient & folution comme deflus - 2
wAatrement,
Racinede 4 (des 4 @)elt 2; fon double 4,parle
mefme diui(¢ 4 (des 4 ) donne quotient I3
Aumefmeaioufte le @ donné,quielt 24,donne
fomme 25
Sa racine quarrée 5
De la mefme foubftrai laracine de 1 fecond en
l'ordre,quieft 1, refte 4

Qui divif€ par laracine de 4 (des 4 @) qui eft par

.2, donne quotient & folution comme deflus 2

Mais la premiere de ces trois conftrutions eft la plus
commode pour cuiter computations radicales, qui fe
rencontrent {ouuentesfois en la deuxiefme & troifief-
me maniere, leiquelles nous metrons, plus pour rendre
notoire les caufes (qui par Porigine apparoifteront)
qu'autrement,

As he explains in Nota I: though some call this an exceptional case, it is only an-
other application of the general rule. In Nota 1I Stevin explains how reasonable
the case of two roots can be: if it is asked to divide 6 into two parts of product 8,
then both roots 4 and 2 are solutions.
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TROISIESME DIFFERENCE,
DE SECOND TERME D—Q.

Explication du donné. Soient donnez trois termes
felonle probleme tels: le premier 1 (3, le fecond 6 ()
— 5, leteoificfme x @, Explication du requis. 1l faur
trouuer leur quatriefme terme proportionel.

Confiyaition.

Lamoitiede 6 (des6 @) eft
Son quarré :
Aumefme aioufté le @ donné,quieft
Donne fomme '
Sa racine quarrée v
A la mefme aioufte 3 premier en Yordre,fai
- pour maieure folution
Quautrement foubftraict ledit 2 .de 3 premjeren
I'ordre(ce quieft le propre de cefte woiflefne
“difterence, dont la raifon fera manifefte,par 'oz
rigine dé ces confttuctions fuinantes)refte pour
moindre folution : 1
Tedi que & 5 & 1 eft le quatrie(me terme proportio-
nelrequis. Demonflration Arithmetique. Puis que nous
difons 1 ® valoir §;erge parle 66 probleme, 1 @ vau-
.dra2§,8les 6 © — 5 vaudronraufli 2 s;Mettés donc-
ques foubs chafcun terme fa valeur en cefte forte:

1%. 6O~y _ 1(®. . ‘_5_.1
25. 2§, 5. [
Et appertque g eft leur quatriefme terme -propor-

tionel requis.

3
92
-—S
4
2

)
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Mais que la folution 1 eft auffi veritable,fe demon-
ftre par mefme maniere. Mettons foubs chafcun cex-
me {a valeuren cefte forte :
1@ 60— 1®.
1. I.

1.

Et appert que 1 eft leur quattiefme terme propor-
tione| requis. ’

wAutre demonflration Geomesrigue.

- E F Soit deferipe le
A B quar¢ ABCD,de-
notant 1 (3),ergofon
M colté A D (lequel -
GL H " prouuerons valorr §
ala fin de la demon-
ftration ) fera 1 (D.
K L Puis foit produict la
N ligne D A,en E, &
D J C foictoutela DE 6, &
1 de AE, & AB, foit

deferiptle re@tangle
AEFB,ergolereCtangle DEF C(veuque DE eft 6,
&D C 1 ®)fera 6 (D: Orpuisquelequarre ABCD,
qui eft 1 @, eft egald 6 O — §5,& que le rectangle -
D EFCfai& 6 @), ergole reftangle A F fera 5. Donc-
ques les trois termes donnez en nombres nous les
auons ici en'grandeurs, d (Gaucir ABC D 1 (), egale
aDF6@®—AFy; EtADeftlh1 (®. Or faifons
maintenant la conftruction par ces grandeurs,fembla-
bled laprecedente des nomgrcs en cefte forte:
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Lamoitiede E D 4, qui foit G D, fera 3
Sonquarré GHID 9
Au mefme aioufté le — § donné, Ceft 3 dire

moins le gnomon KL ID G M, qui foit egal

aureftangle AF —_
Donne fomme pour lequarre MHL K 4
SaracineM Kou GN eft 2

A la mefine aioufté G D 3 premier en l'ordre,ou en
fonlieu GE 3, fai® pour NE 5. MaisAD cft
egaled N E (lequel fe prouuc, foubftrahant A D
sde ED G, refte AE 1,qui muliiplié par AB
5, donne fon vrai produié ) fai& doncques

. pourAD 5
Cequ'il falloitdemontftrer.  Mais que la folution
1 eft aufli veritable (e

E F deméftre geometrigue-
mentainfi: Soit defcripe
le quarr¢ ABC D, de-
notant 1 (2),ergo {on co=
fi¢ A D, (lequel nous
prouuerons valowr 14la
fin de la demonftration)

: M H  fera 1 ®.Puis foit pro-

G dui@D A enE, & foit

toutela D E6, & de

AE,& AB, (it defcript

lere&tangle AEF B; Er-

A B K 8olerectangle DEFC

, (veuque DE eft 6 &
DCi1®)lkra6@®. O¢

* puis quelequarré ABC
D . C I D,quieft1@,eftegald

605
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6 ®— §,& quele reftangle DEF Cfaick 6 @,ergo le

re@angle A F fera 5.Doncques lestrois termes donnez
en nombres,nous les auons icien grandcurs,i fcauoir

ABCD1(3, egale ADEFC6(D—AF5; EtAD

eftla1 @. Or faifons maintenantla conftruttion par
ces grandeurs, femblable a la precedente des nombres

en celte forte :

La moitiede ED 6, qui foit G D fera 3

SonquarreGHID ' 9.
Aumefine aiouftele — g donné,ceft 4 dire moins

legnomon BKID G M,qui foitegalau rectan-

- gleAF —
Somme pourlequarrée MHK B 4
SaracineM Bou G Aeft 2
La mefine foubftrai@ de G D 3,premicr en ordre

reftepour A D ' 1

Ce qu'il falloit demonftrer

NoTa 1. QuantiPexception quiaucuns fonten
cefte troifiefine difference ce ne doibt (2 mon auis)
point eftre d’exception; veuque nous venons au vrai
requis par generale reigle, & par vne mefme manicre.
Prenons pour exemple, quieles trois termes, defquels
on requicrr le quatrié(me proportionei foient tels: le
premier 1 (@, lefecond 12 ®— 36, le troifiefme 1 @,
& faifons en operation, femblable 4 la precedente en
cefbe forte : :

Lamoitie de 12 (des12 @) eft N6
Son quarré : , 36
Au mefine aioufté le @ donne, qui eft — 36

Donne fomme o)

Satacine quarrée : ' o
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Ala mefmeaioufté 6 premieren Pordre. fai& pour
premicre {olution 3

Ou autrement o cincquiefme en Fordre foub-

 ftrai@de 6 premierenlordre, reftera pour fe-
conde folution . 6
Et appert quecelui qui faivera la generale reigle, nefe-
ta enrien deceu, :
" Nora 2. Quelquyn pourroit doubter,que veult
fignifier la double folution de cefte troifiefime differen-
ce(qui fe peunientrencontrer,comme en aucuns exem-
les fuiuans en fix dinerfes fortes) & comment I'vne &
F autre pourra eftre bonne. Or combien que ceci 2ppa=

roiftra affez en diverfes exemples d'algebre {nivans;

Toutesfois pour ceux qui ce pendant pouroient cftre
en doiibte,nous en dirons;ici quelque chofe. Pofons le
cas,qu'ilya J)ropofé de partir 6 en deux parties telles,
queleur produict foit 8. On trouuera parla premiere
maniere que Pvne nombre requis fera 4, & par Pautre
maniere, {e trouuera 2. Mais que I'vn & lautre folu-
tion foit bonne, & manifefte. Car fi ondi¢t quel'vn
nombre eft 4, doncques foubftraict 4 de 6,refte 2 pour
I'autre nombre, lefquels 4 & 2 donnent produiét felon
le requis 8, On fion dié par la feconde maniere que
vn nombreeft 2, ergo-foubftraict 2 de 6 refte 4 pour
I'autre nombre, lefquels 2 & 4 donnentle mefme pro-
duidt requis 8. En cefte queftion doncques & fembla-
bles voit onl'vfage de cefte double folution.

Nota 3. Nouspourrionsdonner exemplesen la
feconde & trotfiefme difference, la ou {e rencontrent
nombres radicaux comme nous anons faict a la prece-
dente premiere difference; Mais venque Poperation
eft en toutes trois la mefme , comme il appert, &
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comme nous auons promis d’exhiber au commence-
ment de ce probleme, il ne fera pointde meftier.

DE LORIGINE DELA CON-
STRVCTION DV PRECEDENT LXVIIL
PROBLEME,

Nous auons amplement fai& aux conftructions
precedentes leurs demonftrations tant Geometriques,
«qu’ Arithmetiques; Mais encore n’eft pas noroire, par
icelles I'occafion quia fai inuentera Mahomet telle
reigle. A fin doncques que la chofe foit entendue par-
faictement nous la declarerons par fes canfes comme
fenfuit. ‘ , .

Quand @ eft egaled D @, nous la pouuons redui~
re,en @, egaled @, & alorseft la valeurde 1 ®no-
toire par le precedent 67 probleme, & de.telleredu-
&ion, eft colligée la maniere de ladicte conitruction
comme apparoiftra. Soit par exemple:

1@egalea — 6 O+ 16.

Qui font le prémier & fecond rerme, de la premiere
conftruction,de la feconde ditference; Et aiouftons 4
chafque partie 6 (D, & feront

‘ - 1@ +6®egalesd 16,

Refte maititenant de trouuer quelque @, qui aion-
f¢ 4 1 @ 6 @,que tel trinomie aie racine, qui {oit I
® ~+-quelque®. Or pour trouuer tel nombre, il ne
faut que multiplier la moitie de 6 (des6 ®) qui eft 3,
en {oi fai€ g9, & on I'aura (la raifon pourquoi le quar--
ré de la moitie du nombre de @, ¢ft toufioursle @,
qu’il faut aioufter a tel binomie, eft par cela manifefte,
que le produic du nombre de @,qui eft ici vaité,mul-

Stevin shows how Al-Khwarirmi found the method to solve the quadratic
cquation, namely by completing the square. Though negative solutions are not
admitted, negative numbers are used as elsewhere in L’Arithmétique: the
equation x2 = 6x — 5 is written x2 — 6x = — 5, then x2 — 6x + 9 = 4,

hence x — 3 = 2and — x + 3 = 2, or x = S5 and x
that the coefficient of x2 is not unity is also discussed.
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tiplié parle ©), eft toufiours egal au quarré dela moitie
du nombre de @; Etqui encote veut{gauoir pourquoi
tel produiét eft toufiours egal au quarré,de la moitic
du nombre de ©; Qu'il multiplie 1 @+ quelque @,
en foi, & facilement verra la caufe, es nombres pro-
cedans de loperation detelle multiplication) Aiouftos
doncques 9, 4 chafcune des egales parties,& feront

1@~+6®+ 9 cgalesd 25 ‘

Puis extrahons de chafque partie racine quarrée, &
feront: '

_ 1 ® = 3,egalesdy.
Puis foubftrahons de chafcune partie 3, & fera -
1 (© egale, ou vaudra pour folution 2.

Et par cefte manicre, naus pourrions {oluer tous
{femblables exemplesy Mais 3 fin que telle inuention de
valeur de 1 ®, foit plus commode on Pa redige en
ordre, & on en a fai& vae reigle;confiderant d’ou nous
procede tel 2, valeur de 1 O, & nous voionsaperze-
ment, qu'on aioufte toufiours le quarré du nombre de
@, 2u @, & quenouscstrahons de la fomme racine
quarrée, & que de telleracine,on foub(trdi¢encoré la
moitie du nombre de @), & pourtant eftce,qu’on dap-

_ Eliqué ces chofes ainfi en reigle de lagiﬁt_e- con-
ruétion. - '

Quant 3 Porigine dela (econde conftruction, qu'il
y aen chafcune ditference, elle eft femblablea la pre-
cedente, ‘Soient par exemple 4 (@, egales A—q4@O-
24, quifont le premier & fecond terme de la feconde
conftruction, de 1z feconde difference; Et aiouftons 4
chafcune partie 4 @,& feront

4@+ 4O, cgalesd 24,
Refte inaintenant de trouuer quelque @,qui aioufté
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3 4@+ 4 (; le tinotie aie racine , qui {oit @
quelque ®. ,

Or pour le trouuer, il ne faut que multiplier la moi- -
ticde 4 (des 4 D) quieft 2, en foi, faict 4, & diuifer le
melme par 4 (des 4 (@) donne 1u0ticnt 1, pour tet
nombre requis:la raifon pourquoi l'on trouue tel nom-
bre toufioursainfi,eft notoire par ce que nous en auons
dick ci deflus. Aiouftons doncques a chafcune partie 1
& feront

4@+ 4O+ 1,egalesd 2.
Puis extrahons de chafque partic racine quarrée,

& feront
' 2O+1,cgales d g. ,
Puis foubftrahons de ciafque partie 1,8 feront
2 (D, egalesd 47 . ,
~ Diuifantdoncques 4 par 2 (des 2 @) on aurala va-
leur de 1 (D,qui fera 2;Erappert que de cefte operation
eft colligée la reigle de 'un des exemples de, ladicte

. deuxiefme difference.

Item fil’on confidere, que nombre de multitude de

@ diuifé par le double de Ia racine du nombre de muj-
titade de @), donne roufiours quotient @, duquel le.
quarre aioufté au binomic, lui faic trinowic, aiant ra-
cine compofée de () & (@, on en colligera encore vne
autre maniere. : :

-Etparleschofes deffus dicteseft affes notoire lori~
gine desautres deux differences, toutesfois parce que-
nous auons dic, qu'en lorigine appert pourquoi la
troifiefme difference a deux {olutions, nous la declai-
rerons. Soit 1 (3), egaled 6. — §,qui font le premier
& fecond terme de Pexemple de la troifiefme differen-
cc, & foubftrahons de chalcune partie 6 (D,& fera
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1@—6M,egaled— g
* Refte maintenant de trouuer quelque @,qui aioufté
i1 (®-— 6 @, le trinomie aie tacine qui foit 1 O'&
_ quelque @), le mefme pour les raifons que deflus fera g
(3 fcaioir le quarré de — 3 moitie de — 6 der —6 D)
Aiouftons doncques 4 chafcune partie 9,& feront
1@— 6@ +9,egalesa 4. '
. Puis extrahons de chafcune: parde racine quarrée,

& (efa .
: 1(®—3,egaled 2.
ou autrement
~ 1O 3,cgale da.-

Carautant 1 )— 3,comme — 1 @-—i-‘;, eft raci- |

nede 1 ® — 6 @+ 9;quand doncques nous pofons
pour racine 1 (D— 3 egaled 2, il faur aioufter a chaf-
cune partie 3 & 1 (© feraegale,on ‘vaudra 5. Mais fi
nous pofons pour racine — 1 (D 4~ 3, egale d 2,il fau-
dra foubftraire de chafque partie 2, & reftera —1 @,
~+1,egaled o;Etaiouttant a chafcune parde 1 ®,alors
fera 1 D egale ou valline 1. Eteft lacaufe de ladouble
folution,a ladiCte troifie(ine difference par ces chofes
fi manifefte, qu'il weft weftierd'én fonner plusmor;
Laquelle origine il faloit declairer. Conclufion. Eftant
doncques donnez trois termes defquelsle premier (3

le fecond @ @ le troifiefre nombre algebraique quel-

conque nous auons trouué leur quatricfmc terme pro~

portionel; ce qu'il falloit faire.

- Nota. Voila achenéé I'inunention du quattiefine
terme proportionel iadis practifée par Mahomet.S’en-
foiuent celles de fes fuccefleurs ; Maisauantquey ve-
nir nous defcriprons quelque theoreme neceflaire a

 leurs operations & demonttrations, que nous auons
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colligé du theoreme de Tartalia, defcript par Cardane

chap. 6 liure AL G E B.& formé fclon noftre guife, 4.
- noz demonftrations plus commode, comme fefuit.

~ -THEOREME. ’

S 1o coupe ‘vme bgne diroilte en lien quelcon-
que, le cube de toute la ligne, fera egal aux
dewx cubes , des parties, &/ troufoss le folide
resZangle, conteny foubz_les dewx: parties , o

toute la lgne. , .

Explication dudonné. Soitlaligne droi&e A B cou-

pécouque ce foiten C. Explication du requis. 11 faur
. . demon-

B : F E ftrer que

' le cube;

delaAB, -

eft egal,

aux feux
cubes de
AC, &

I CB, &

_ troifois le
folide re-
dangle ,
contenu
foubs A -
C&CB

A T B &AB.
Preparation de la demonfiration. .
Defcrivonsdela ligne A B,le cube ADEB, qui

Here begins the theory of the cubic equation. It starts with -the Theorem,
taken from Cardan, Ars magna, Ch. VI, and called after Tartaglia. It is the
identity (a + &£)3 + 43 + 3a4b (a4 + &), geometrically demonstrated
according to Cardan, by dividing up a cube AEDB by a plane CF parallel to square
BE, then by a plane GHI parallel to the base AK such that HB = CB, and
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foitcoupé par le plain CF, parallcle au quarré BE, &
puis par le plain G H1, parallele 4 la bafe AK, & ainfi
que HB {oitegale 4 CB, puis pat le plain L N, paral-
lele au quarté A O, & ainfique HM foit egaledla
HB. Demonfration.

Tontes les parties font egales 4 leur tout,
Deuxcubes de A C, & C B, & lestrois retangles
contenuz fonbs AC,& C B,& A B,ou foubs leurs
egales fonttoutle cubede A B,
Ergolefdictes parties font egales au cube de A B.
L’aflomption fe prouue ainfi; le cube de A Ceft ce-
Ini duquel le quarré eft L F, & le cube de' C B eft
C H N, & lestrois folides rectangles font L H, & N F,
& G C, (nousdenotons par G C, le fulide reftangle
confiftant foubs la fuperhice G'C) lefquelles font les
parties integrantes du cube A E. Mais que lefdi&s
trois {otides reCtangles, font contenuz foubz trois lig-
nes egalesd A C,CB, & A B, fe demonftre ainfi: du
folide LHIaHOeftegaledlaAC.&HM,ilaBC,
& GH,ilaAB, & femblable fera la demonftration
des deux autres folidesNF,& GC. - '
Lon pourroitencore prendre les trois {olides re€tan.
gles d’aultre forte que deflus;d fcauoit LC, & HF,&
N LNous denotons par N 1, le folide re¢tangle confi-
ftanc foubs la fupetfice N I, o

wApplication des nombres aux gran-
deurs ci deffus.
Soirtoutela A B quelque nombre comme 10, &
ACfoit8,&BC2,ergole cubede AC (18}
Etlecube deCB 8
Ec le folide rectangle L H 160, fon triple pour les

finally by a plane LN parallel to the squate AO such that HM = HB. Then
the cube AE is equal to the cube on LF (L is such that DL = DF) plus the
cube on CN + the three “solid rectangles” LH, NF and that on GC (hence if
AB is divided into AC = 4, CB = &, then cube AE = (a4 + )3 = 48 4 43
+ 3ab (a + b)).
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-~ trois folides rectangles T 480
Leur fomme _ 1000
Egaleancubede A Broquieftaufli- . 1000

Conclufion. Si doncqueson coupe vneligne droicte
en lieu quelconque, &c. ce quil falloitdemonttrer.
COROLLAIRE I
Nappert, que le quarre A Bjeft egal au quarré de
AG,aueclegnomonPOBA.
‘ COROLLAIRE II.
11 eft nowire que le gnomonP O B A, eftegal au

quarré deC B, & le double du produi& de A C,
&CB.

COROLLAIRE IIL

Il eft manifefte, que le nombre des trois folides re-
¢angles LH,NF, G C, eft egal au nombre de 6 quar- -
rez de A C,& 13 lignesde A C. Par cxcmfle(ics 6
quarrez de A C(veu que nous pofons A C 8)font 334,
& 12 fois A C faik 96,qui auec 384 faict 480: Etaufli
font 480 lefdis trois folides re@angles. '
' COROLLAIRE 11171,

Heft enident,que le_hqmbre ducubedelaligne A B,
éftegal au nombre du cube de A C, & de 6 quarrez de
A C, & de 12 lignes A C,& du cubede CB.

* Car, le nombre du cube de A B(pofant pour

*. B 1o, & pour CB 2, comme deflus) eft 1006
‘Qui fera egal au nombre du cubede A C §12
Etde6 quarrez,de AC 384
Etderzlignes AC ‘ ' 96

Etducube,de CB ' 8
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Defquelsla fommeeft aufli 1000
COROLLAIRE V. '

Ilappert, que le quarré de A B, excede au quarré de
AC, 0uPG, au gnomon PO B A, d'on fenfhit que
fxquarrez de ABjexcedenti fix quarezde AC, en
fixgnomons P O BA, &c.

PROBLEME LXIX,

E Stant a’omze( tross termes, a’efquel: le pre-

mier ®, le /Econd ® ©,le troifiefme nom-
bre 4{geémtque quelconque. Trouser leur qua~
trie(me terme proportzonel :

O+0 NoTa. Le binomiedu fecond ter-
—®-+ @ medonnédece probleme, fe peut ten-
®—@ contrer entrois differences, a fgauoir:
Lelquelles trois dszercncesnous de-~
clairerons fepareement.

'PREMIERE DIFFERENCE DE
. SECOND TERME @-—l—@

Explmxmn dudonné. Smentdonnez trois termes e
lonle problcmc tels: le premier 1 ®), le fecond 6 @<+
4o,letroifliefme 1 @. Explication du requis.1l fauttrou-
uer leur quatriefme terme proportionel.

Conftraition.
I.e quarré de la moide de 46 donné eft 400
Du mefme (oubftraict le cube de 2 (ticrsde 6 de
6 ®) qui cft 8 refte 392,fa racine 4/ 392, qui

Prob. LXIX. This is the solution of the cubic equation of the form x3 =
px + ¢, with the three cases (“differences”): 1) x3 = ax + &,
2) x8 = — ax + b, 3) x3 = ax — b (a, b positive, similar to the three cases
in the theory of the quadratic equation). There is no announcement that
only one comprehensive solution for all cases will be given — this had to wait
until the eighteenth and the nineteenth century. In case 1) the solution is in the
form

ST e

An example is x38 = 6x + 40, x = ]/20 + }/392 +1/20— }/_3-9—2
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aiouftée 2 20, moite des 40 donnez - -

faict o 20-+4/392
Saracine cubique eft + B bino. 20+ 4/ 392
A laguelleaioufté fon refpondantbinomie _

difioinét comme - & Qbino. 20— 4/ 391
Donné fomme & Qbino. 20+ 4/392 + &/

@ bino, 10—/ 592

Laquelle ie di eftre le quatriefme terme proportional
xeéquis. Demonsiyation Arithmetique. Si la conuerfion du
muldnomie de cefte folution en nombre Arih, fuft Je-
gitimemér inuentée (quand il fera poffible cémeici)ce
feroit fingulicre inuention, feruant autant aux proble-
mes fuiuans, comme i ceftui ci; &.le trounerions va-
loir 4, parlequel nous pounons faire demonftration
metant foubs chafcun terme fa valeur en cefte forre:

1Q. 6 ®+40. . . 4

_6_4. 64, - 4. . 4.

Et appert que 4 cft leur quatriefine -terme pro-
portionel. - '

Quant 4 P'addition, que nousauons di& generale,
parle moten du theoreme du 24 probleme;a fauoir
quemultipliant le quotient des deux racines: cubiques
plusvn, parle diuifeur; Elle ne nous faille en rien,mais
parce que les parties font incommenfurables, ala fin
‘nous reuiennent les mefines deux racines cubiques
‘des binomies donnez. o

Preparationdautre demonitration
' - Geomesrigue. '
Soienta la figure du theoreme deuant ce 69 proble-
me felon laprecedente operation ,deux cubes L F 20

If x = » + v, then Stevin knows that # + v = 4, but has no way of
reducing # and » so as to obtain 4 (though, as he observes a little later on
in the book, he can approximate to 4 as closely as he likes by evaluating the square '
and cube roots). He proves the answer, as in the case of the quadratic equations,
first by direct substitution of x = 4 in the equation (“arithmetical demon-
stration”), then by using Tartaglia’s theorem on the division of a cube into
sections (“geometrical demonstration”). This amounts to the following:

since #3 4 93 = 20 4-4/392 + 20 —/392 = 40, and #v = 340 — 392 = 2,
x3 = 48 4+ v3 4 3uv (# + v) = 40 4 O6x. A second example is ’

x3 = 12x + 46, x = VS-F,\/B‘FV 8+ 0=4
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+4/392,& CHN 20 —#/392,leur fommeeft 40,
& leur produic 8; Doncquesle cofté DF,ou AC, faick

. &/ Qlino. 2044/ 352,& le cofté CB,fai&k 4/ B bi-
mo. 20— 4/ 391, lelquels deux coftez A'C,& C B,
aiouftez;font pour Ié cofté AB;du cube A E,+/ () binio.
2044/ 392+ 4/ @ bino. 20 — 4/ 392. 1l faurde-.
monftrer; que tout le cube A E vaudra 6 ® +- 40, qui
eftant fai nous autons le réjuis; car {i on demonftre
quele cibe quieft AE, de 1 ©AB/ Q) bino. 20

-+ #3924+ & Qlino. io— 4/ 39i,vaut 6 )+ 40;
Doncques on conclurd par la renuerfe raifon que du
cubeé AE6 ®—+40;la1 @A B vaudra 4/ Q) bino. 20
~+ 4/ 392 + 4/ bino. 20 — &/ 392, & par confe~
quent 1 @ .vallant 6 @ -+ 40, qu'alors f @ vaudra s/
@ bins. 204+ o/ 398+ 4/ P bins. 20— 4/ 392.
Démpristration. Leproduiét de AC /B bino. 204~

& 392;pa CB A/ B bino. 20 — &/ 392.eft (par le 40

p':oi:‘le‘me)_ 2, potir la fuperfice G C, parquot la fuper-~
fice M O feraaufli 2 qui multipliée par 1 © G H(car
G Heftegaled 1 ® A B) donne pro'gui& pour le {oli-
de re@ingle LH 2 @©, & femblablement feront Ics
deux folides retangles N F;& G C,aufli chafeun 2 @,
& tous trois enfemble feront 6 @. Itemi les deux cubes
LF; & CHN (veu queleuts coftez font comme defz

{iis)font enfemble 40; doncqués tout e cube A E, faick

6 (O~ 40; Etgo, 8c: ce quil falloit demonfrer. .

Lot 4. Ilauient-aucunefoisque lesracines cubi-
ques de Foperation vallent nombre Arithmetique,def=
quels 'operation peut eftreld mefine.comme deflus.
Parexemple 1 Q) vaut12 @ - 16, & on requiert la -
valeurde 1 @, '

There is an “imperfection” for certain cases, which Bombelli has solved with
his plus d_e moins and moins de moins, in our notation + 4/— 1 = .4 i and
— 4/— 1 = — i. (This is the so-called casus irreducibilis, where

\2 3 -
(.b_) < (f.) ). Stevin's example-is x3 = 30x + 36, x = B g+ 26;

2 3 . ’ .

-+ B18 — 26;; Stevin writes for 26/: “+ de — 26”; and for — 267: “— de — 26”.
He then writes: ’ .

“Now, if by means of the numbers of this solution we would know how
to approximate infinitely closely to 6 (because that is precisely their value),
as is done with the numbers of the solution of the previous example, then
certainly this. solution would be in the desired perfection. Cardan also
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Constraltion.

Le quarré de lamoitic de 16 donné, et 64; du
mefine foubftraiét le cube de 4 (tersde 12
des 12 (D)qui eft 64,refte o,fa sacine +/0,qui
.aiouftée d 8, moitiede 16 donng, faict 8 -
V/ofaracinecubiqueet &/ Qlino. 8w/

A laquelle aioufté fon refpondant binomie

dilioin& comme v Qbine. 8 — /o
Donne fomme pout olution” 4/ @ bino. 8 +
o+ 4/ Dbine. 8+ 4/ 0. '

Qui vaut 4. Ecainfi d’autres femblables.” Nous appel- -
Jons ceci racine cubique de binomie, non pas que ve-
ritablement il le (oit;Mais 4 fin de demonftrer la gene-
ralité de I'ordre de la canftruétion, Cefte note foit aufli
pour auertiffement aux problemes fuinans. la ou le
femblable poutroit auenir; Car de defcripre diuerfes
reigles (comme fontaucuns) de ce qui fe peut faire par
vnereigle generale, il femble inutile. '

DE LIMPERFECTION QVIL Y A
BN CESTE PREMIERE DIFFERENCE,

1l auienten aucuns exemples de cefte difference,que
le quarré de Ja moitie du © donné, fera moindre que
le cube du tiers du nombre de inulutude de @ donnée;
D'ou fenfuit que le mefme cube, ne fe. pourra foub-
ftraire d'iceluy quarré, comme veut la reigle dela pre-
cedente conftruction; de forte que cefte premiere dif=
ference ( enfemble aucuns exemples des problemes
fuiuans, qui fe conuertifent en icelle) eft encoreim-
patfaite. Rafael Bombelle la folue par diction de
pius demoins & moins de moins en cefte (gtte: Seient les

puts some examples in his Aliza *) pertaining to this matter, but not
general ones, so to say feeling his way, by which after much work one can
often get nowhere. As to myself, I consider it useless to present here
similar examples. The reason is that what cannot be found by means of
a certain rule seems unworthy to take a place between legitimate pro-
positions. On the other hand, if same problem can be solved in this way,
then Good Luck deserves as much credit for it as he who carries it through.
Thirdly, there are enough legitimate things, to wit an infinite amount, to

Y De Alizaregula, 111 pp., in Cardan’s Opus novum, Basiliae, 1570; the term Aliza
appears already in the Ars magna, £.31 v., also in connection with the casns irveducibilis.
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wrois termes doanez, defquels on requiert. le quatrie(-
me proportionel, tels: le premier 1 3), le fecond 30 ®
~+ 36, le woifiefme 1 @,

- Conftrution femblable i laprecedente.

Le quarré dela moitie de 36 donnéeft 324
Du mefine foubftrai& le cube de 10 (ters de

*-30des 30 @ données) quieft 1000, refte

- =67 6,faracine + de — 26,quiaioufté

3 18, moitic des 36 faict 18-+de—26
Sa racine cubique & Q) bing. 18 4-de— 26
A laquelle aioufté fon refpondant binomie -

diflioin&, comme A/ Q@ bina. 18 —de — 26
Donne fomme & folution ¢/ 3) bine. 1 8 4-de — 26
“+ ¢V @ bino.18 —de—26. : ‘
Or {i parles nombres de cefte folution,'on feeuft ap-
procher infinement 4 6 (car ils vallent precifement au-
tant) comme on fai par les nombres de la folution,
du precedent premier exemple, certes cefte difference
feroitenfa deErée parfection. _
Cardane met auflien fon 4liza4 quelques exemples,
feruans 4 cefte matiére, mais pas gencraux ,ains a ta-
ftons, par lefquels apres grand trauail, on ne peut fou-
uentesfois rien effeCtuer. Quant 4 moi, feftime inut-
le den‘efcripreici de emblables; La raifon eft,que ce
qui ne fe peut trouuer par certaine reigle,femblo indi-
gne d’auoir lieu entreles ‘Propoﬁtion,s legitimes.D'au-
tre part, que de ce qui fe {folue en telle maniere, la For-
tune  en merite autant d’honneur, comme 'sflicient.
Au tiers, quily- a- affez de maticre legitime, voire en
infini, pout fen exercer, fans foccuper , & perdre le
temps, en les incertaines: pourtant ‘nousles paflerons

work on without any neced to get busy, and to Jose time, on uncertainti_es;
therefore we shall let it alone. Those who like such examples can do with
them what they please.”

It may be noted that by the theorems of De Moivte and Euler, discovere.d
in the 18th century, Stevin's criticism; that Bombelli’s expression of the roots in
terms of imaginaries could not provide us with an approximation to the real roots,

P v “ ; - a
has been met. In our particular case P18 4 26/ =4/10 (cos 3 -+ 7 sin N ),
13 o — 2 d '

tan ¢ = -> (a <<90°), hence the root x = 2 4/10 cos—.

In “On the origin of this difference” Stevin shows in a geometrical way how

v
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ouwe. Ceux aufquels plairont tels exemples, ils en
pourront faire 4 leur plaifir. -
DE LPORIGINE DE CESTE
PREMIERE DIFFERENCE.

Leorigine de la precedente conftru@ion apparoift 2
la figure du theoreme deuant ce 69 probleme encefte
forte: Veu qu'ily a propofé, que 1 (3 quifoit AE, eft
egaled 6 ©+ 40, & que l'on defire fgauoir la valeur
de 1 @ A B, nous diftribuons ces deux parties, comme
6@, & 40,3 les parties integrantes du cube A E, &
pofons que les deux cubes comme L F,& C H N,font
40, & que les trois folides re¢tangles comme LH.N F.
G C fontles 6 @; Doncques chafgue folide rectangle
fera 2 (®; 4 fGanoir la tierce part des 6 ®; Mais la lon-

. geur de chafque folide re¢tangle eft 1 (9,4 fgaunoirle
cofté ducube A E : Dinifé doncquesle folide 2 @,gar
foncofté 1@, donne quotent 2, pour vae fupertice
comme A P. Eftant doncquesla fuperfice A P 2,il faut
queé A C, multiplié par P C, face 2; Mais AC,&PC,
font les deux coftez des cubes L F,& C H N, qui font
enfemble 40. par Phypothefe : Ergo les nombres de
A C,8DP C,fonttelsque leur produitteft 2,& la fom-~
me deleurs cubeseft 40,Mais C B,eft egaled P C,ergo
lesnombres de A C & C B, font tels leur produict eft
2, &la fomme deleurs cubes eft 40.

Quand doncques nous aurons trouuez tels deux
nombres, la fomme des mefmes (veu que A B,eft la
fomme de A C 8 CB) fera la requife valeur de 1 O
A B. Etpourtantdifons nousen cefte premiere diffe-
rence par teigle generale, que quand deux nombres

- multiplicz, donnent pour produiét le tiersdu nombre

the solution of x8 = ax + & has been obtained. In algebraical terms, it amounts
to this: take x '= # + v, then 48 4 48 + 34y (# + ¢v) = ax + &b =
a (# + v) + b Take a = 3av, b = 43 + 3, which gives two equations
for # and », which can be solved according to the 7th question of Prob. 81,

that is, substitute » = —:T‘—in b = #3 + 3, which gives a quadratic equation for #3:

6 = bud — (-:) 3= 0. Hence v = —ibe:l:V(_b_)z _ (_“.)3'
. ’ 2 3

. 3 S O—
Take the root with the + sign. Then v = -= LA /AL EAY
. . . 2 = 2 - 3 :

The equation x3 = 6x + 40 thus also solves the problem: to find two numbers
4, v such that their product be 2 and the sum of their cubes be 40.
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demultitude de la ® donnée , & que I fomme de
leurs cubes eft egale au @ donnc ‘que la fomme
d'icetix deux nombres ferala valeur dex ®.Quieftant
ainfi nous metterons vne queftion telle: Trouuens deux
nombres tels que lewr produidt foit 2(qui eft le riers de 6 des
6@ donncz) & la fomme de lewrs cubes 40 (quieftle 40
donné) Eteft ceftela 7 quettion du 81 obleme, par
Poperation de laquelleil appert eftre co, igée la reiglo
de la conftruétion precedente. Laquelle origine 11 nous
falloit declarer. .
SECONDE DIFFERENCE DE
SECOND TERME —@+@ .

Explication du donné. Soient donnez trois termes f-
lon le probleme, tels: le premier 1 3),le fecond — 6 ®
~+ 20, le troifiefme 1 D. Explication du requis. 11 faut
trouuer leur quatriefme terme proportionel.

Conitruction. o
Le quarré dela moitie de 20 donnéeft - 100
Au mefme aioufté le cube de 2 (tersde 6 dcs

6 ®) quielt 8,£2i& 108, fa racine quarrée

eftw/ 108, quiaioufté d 10, moitic des 20

donnez, faict #/108 10
Saracinecubiqueelt . #/Qbinor/ 108 + 10
Delaquelle foubftraic fon refpondant

binomie dificinét comme - 4/ (3 bino. ¢/108—- to
Larefte fera o Qbino. »/ 108 - xo—/@

bino.#/ 108 —10.

Laqucllc iedi eftrele quatriefine terme propomo-
neltequis, Demonffration Arithmetique. La folution ci
deflus’ pour valeurde 1 ® vaut 2, mettons doncques
par le moien du 66 probleme, foubz chalcun terme la

“valeur encéfte forte:

The second case (“difference”™): x8 = — ax + b is solved by means of
thé formula S

x—[/V( )+ (3)° +—— |/]/(")2+( )’ ——Example

= — 6x + 20, x = |/\/1os + 10 — |/ 4/108 — 10, Whlch
must be equal to x = 2. This is again verified by substitution and geo-
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1Q. —6 @420, 1@ 2.
8. _ - 8. 2. 20
Et 'agpen’quc 2 ¢ft leur quatriefme terme pro-
portionel. o
Preparation d autre demonfiratiou
- Geometrigue.

Soient 4 lafigure du theoreme deuant ce 69 probl,
felon la precedente operation, deux cubes AE 4/ 108
4-10,& C HN #/108 — 10, leur difference (qui eft
le cube L F, auec les trois folides reangles LH, NF,
G C)eft 20,& leur produiét 8; Doncques le cofté¢ AB,
fait 47 Q) bino. /x08+ 10,8 le cofté CB #/ @
bino. 4/ 108 — 10; Puis foubftraict le cofté C B,du co-
£t A B, refte pour A C, cofté ducube LF, 4/ Q bino.
2/ 108+ 10—/ @ bino. «/108—10* Ilnous faut
demontftrer que le cube L F, vaudra—6.® + 20,
ani eftant faié, nous aurons le requis,car fion demon-

reque lecube (quiet LF)de 1O DF.os ACV @
bino. 4/ 108 + 10—+ B bino: 4/ 108 — 10, vaut—
6® —20: Doncqueson conclura par la renuerfe rai-
fon,que du cube LF — 6 ©—+ 20,12 t © DFou AC,
vaugt‘a & O bina. &/ 108 + 10— &/ P bino. 4/ 108
— 10. Et par confequent 1 3 vallant—6 @ + 20,
qualors 1 () vaudra 4/ @) bino. ¢/ 108+ 10— ¢
bino. 4/ 108 — 10. Demonsiration. Le produitde A B
& @ bino. 4/ 108 -+ 10,par CB Q) bino. 4/ 108 —
10 cft 2 (par le 40 probleme) pout la fuperfice G B,
parquoi la fuperfice L O fera auffi 2,qui multipliée par
1 ®HO (car HOeftegale 3 1 ® AC) donne pro-
dui@ pour le folide rectangle L H 2 @,& femblable-

metrical demonstration, and “the Origin of this Difference” is geometrically
explained by a method which amounts to this: let x = # — v, then 43 — 3 +
3uy (u — v) = — ax 4+ b; take 4 = 3av, b = 43 — v3; this pair of
equations can be solved according to the 8th question of Prob. 81, that is, by

means of the quadratic equation #6 = bu3 + (1)3 .
3
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ment feront les deux folides re@angles NF & G C,

«chafeun 2 (0, & toustrois enfemble feront 6 ©,aux
mefmes aioufté le cube L F,font par la preparation 20,
des mefmes antrefois foubftraiét les trois folides re-
&anglés vallans 6 © reftera le cube L Fvallant—6 ®
-+ 20, Ergo, &c. cequ'il falloit demonftrer.

DE LORIGINE DE CESTE
 SECONDE DIFFERENCE.

L’origine de la precedente conftruétion, procede
(comme celle de la premiere difference) de la figure,
du theoreme :deuant ce 69 probleme, en cefte forte:
Veu qu'il y-a propofé, que 1 (), qui (oit le cube LF, eft
egaled — 6 (D + 20, & que Fon defire fauoir la va-
leur de 1 ® D F, ou A C, nous diitribuerons ces deux

arties,comme — 6 (D~ 20,ainfi : Pofons quele cu-

L F,auec les trois folides re¢tangles LH.NF.G C,

foit 20,& que les trois folides rectangles foient 6 ©, &

demeurera,felon'hypothefe, 1 @ L Fvallant —6®
~+20.0r puis-que les trois folides rectangles font 6 (D,
_doncques chafque folide rectangle fera 2 @; Mais la
largeur de chafque folide retangleeft 1 @, ifcaunairle
cofté du cube L F, oubien la ligne H O, Diuife donc-

‘quesle folide LH 2 @, par foncofté H O 1 ®, donne

quorient 2 , pour vne fuperficecomme L O,ou AH;
Or eftant la fuperfice A H 2, il fautque-A B, multiplie
par BH, face aufli 2; Mais A B, & BH, font les deux
coftez descubes A E, & C H N, defquels ladifference
eft 20, car leor difference eftle cube L F, auecles trois
folides reGangles, qui tous enfemble forit 20 par Phy-
pothefe : Ergo les nombresde A B, & B H, font tcl);,

623
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que leurproduicteft 2, & la difference de leurs cubes,
eft 20; MaisC Beftegale 4 B H;ergo les nombres de
A B. & C B, fonttels,queleur produit eft 2,& la dif-
ference de leurs cubes eft 20; Quand doncques nous
aurons trouué' tels deux nombres, la difference des
mefmes {veu que AC eft la differenceentre AB &
C B) fera larequife valeur de 1 A C: Et pourtant
nous difons en cefte feconde difference par reigle ge-
nerale; que quand deux nombres multipliez, donnent
pour produick le tiers du nombre de multitude de 1a -
(2 donnée, & que la difference de leuts cubes,eft egale
au @ donné, qu'alors ladifference d’1iceux deux nom-
bres, ferala v;ﬂcur de 1 ®. Quieftantainfi nous met-
terons queftion telle : Trousons deux nomlres tels, que
leur produiit foit 2. (quieft le tiers de 6 des 6 @ donnez)
& ladifference de leurs cubes 20( qui eft le 20donné) Et
eft ceftela 8 queftiondu 81 probleme. Et appertque
parPoperation dela mefme, eft colligée la reigle de la
conftruction precedente. Laquelleorigineil nous fal-
loitdeclarer,

DIFFERENCE TROISIESME

DE SECOND TERME O—Q.-
- Explication du donmé. Soient donez trois termes fe-

* lon le probleme, tels : Le premier 1 (3, le fecond 7 ®

—6,letroifiefme 1 . Explication du requis. 1l faut
trouuer leur quawriefme terme proportionel.
' Construction.
On mettera (pat reigle) + au lieu du— donné,de
. forte que 1 B),le poferaegale 4 7 (O ~+ 6,defquels
la valeur de 1 ®,parla precedente premicre dif-
erence, eft 3,auquel appliqué @ fera 3®
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Etle quarté dudi@ 3, eft9, quifoubftrai® duy
(des 7 ® donnez) refte ' —z

Puis 1 (3 (par reigle)donne 3 (D (premieren lor-
dre) — 2 (fecond en Lordre) combien 1 (@2
fai¢k par le 68 probleme 20ur
Ie di que autant 2 comme 1 eft le quatriefme rerme

proportionel requis. Demonftration Arithmetique. Met-

tons par le moien du 66 probleme, foubs chafcun ter-
me fa valeur, en cefte foite:

Premiere [olution.
OB 7@ —6. 1®. 2.
8. 8. 2. 2.
Seconde [olution. -
10, 7®—6. 1®. 1.
1. 1. I. I.

Et aprert que 2 ou 1 eft leur quatriefme terme pro-
portionel requis.

DE L'ORIGINE DE CESTE

TROISIESME DIFFERENCE,

A fin de declairer premicrement en general cefte
origine, faut {gauoir, que nous tachons d’aioufter 2
chafque partic des egales parties donnees, vn mefme
nombre, tel, quators diuifée chafque partie par quel-
que commun diuifeur, que les quoriens foient 3 egale
4 ® @, defquels la valeur de 1 @, fera notoire par le

. 68 probleme, dont nous dirons maintenant plus pard-
cnlierementen cefte forte :

The third case x3 = -ax — b is reduced to the first. Let x = p be a root
of x3 = ax + b, hence p3 = ap + b. Then x3 + p3 = a (x + p);
dividing by x + p we get x2 — xp + p2 = a, hence a quadratic equation
for x. (This is also to be found in Cardan). Example: x83 = 7x — 6; since
p=31is aroot of x8 = 7x + 6 we find 2 — 3x + 9 = 7, or
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Quand nous diuifons 1 @ + quelque @, part
® —+ quelque @, eftant ce dinifeur commenfura-
ble au nombre 4 diuifer, il eft notoite, quil en for-
tita neceflairement 1.@ — quelque ) + quel-
que ©. 1l appert auffi par la mefme diuifion, que
le ©® du nombre i diuifer, fera-toufiours le cube du
© du diuifeur, pourtant il faut que le nombre que
nous aioufterons 4 chafcune partic, {oit le cube du
©, qu'il nous.fauttrouuer, pour appliquerala 1 @.
Au fecond il eft manifefte, que pour diuifer les 7 ©
~— 6 donnez & -+ quelque @, par 1 @ - quelque ®,
ainfi que le quotient foit @, il fera neceflaire (comme
vn chafcun pourra facilement veoir par I'experience,
en toutes telles diuifions) que le quotient multiplié par
le @ dudiuifeur; le produict foit egal au © du nombre.
d divifer, dont il appert, qu'il nous faut auoir quelque
nombre de ceftequalité: Trousons vn nombre cubique qui
daucc— 6 (pour le— 6 donné) face autant,comme le co-
Sedudil cube, multiplic par 7 (7 des7 ® donnés) Qui
eftla 9% queftion du 81 probleme, & appert pat la
mefine, que le nombre rec;uis, qu'il nous faudra aiou-
fter a chafque partie donnee, fera 27, duquel la racine
cubique 3, cft le nombre, qui faudra eftre aioufté 3 la-
di¢te ¥ @, pourauoir lediét commun dinifeur,qui fera
1 D 3. Aiouftons doncques 273 chafque partie
des egales parties données (qui eftd 1 @), &d7 @ —
6) &

1 @+ 27, feront egalesad 7 ©+ 21.
Puis diuifons chafque partie par ledi®& commun diui-
feur 1 ® - 3, & parle 5o probleme,
I (@~ 3 D=9, feront egales 3 7.
Lefquels reduictes; 1 (3 fera cgaﬁ: a3 ® —2,defquels

x = 2, x = 1. The root x + p = 0, in this case x = — 3 is not considered,
though Stevin is aware of it later (in his remarks on negative roots after Prob. -
70, Art. VII). Reference is made to the 9th question of Prob. 81, in wllth
the equation x3 — 6 = 7x is solved: x = p = 3. There is also a special
demonstration, in algebraical terms, that (x8 + 27) : (x 4 3) = x2 -— 3x + 9.
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(par le 68 probleme) 1 © vaudra 2,pour folution com-
me deflus. ‘

Mais pour demonftrer que ces chofes font lorigine
deladi¢te conftru&tion,auife que le — 6 donné deuiét
aufufdi€t 9 exemple du 81 probleme, apreslaredu-
¢ion failte, 4 eftre + 6; pourtdnt nousauons dict en
la precedente conftruétion, qu’on mettera par reigle
=+, au lieu du — donné,& que felon tels termes(parce
queaudict 9 exemple, I'on trouuoitla valeurde 1 @,
eftant 1 @ egaled 7@+ 6) Pon prendra lavaleur de
1 D,quieft 3.

Mais pour clairement demonttrer la refte, nous
metterons ici les characteres de la diuifion, qui fe fai-
foitde 1 3 + 27, par 1 ® -+ 3, parce que le fuivant
en depend: en cefte forte : Ornous voions quele fuf=

dick 3, valeur de 1

g @ fetrouue deuat
—3@®@ la ®, de ce quo-

1Q+25(1@—3O—+9 tient. & ledernier

rO+ 3 nombre du mef=
IO+ 5 me quotient (co-
r@+ 3 me ici 9) eft touf-

Jours lequarré de

- hdi¢te valeur der @ (comme icide 3) Puis il ap-
pertaufli enlareductioncideflus,de 1@ — 3O+ 9
egales 47; en 1 (@ egaled 3 H— 2, que I'exces —2
dudict 7 (quieftle7 de7 @ donnés) pardeflus le g,
eft toufiours le @ des derniers termes egaux.  Et parce
que ceci eft ainfi perpetucl entous exemples, nousde-
laiffons ces laborieufes computations , & le cornpre-
nons en vne reigle plus bricfue , comme ladicte con-
firuction demonttre. Laquelle origine il nous falloit

627
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declairer. Conclufion. Eftant doncques donnez trois
termes, defquelsle premier @), lefecond ® @, le troi-
fiefme nombre algebraique quelconque, nous auons
trouué leur quatriefme terme proportionel ; ce quil
falloit faire.

PROBLEME LXX.

E Stant donmez_trots termes, defquels [ pre-

~ mier ®, le fecond @@ , le troifte/me nom-
bre algebraique quelconque : Trouner leur qua-
triefme terme proportioncl.

NoTa Lebinomie dufecond terme donné de ce
probleme, fe peult rencontrer en trois differences
{5auoir: .
Lefquelles trois differences nous auons

@+®@ redui® i vne mefme maniere d’opera~
—@-+© ton,lefquelles nous deferiprons {epa-.

@—@ rement pour plus grande euidence, en

cefte forte:

PREMIERE DIFFERENCE DE

SECOND TERME D+ ©.

Explication du donné. Soient donnez trois termes
felon le probleme tels: le premier 1 3, le fecond 6 @)
—+ 400, le woiliefime 1 (D. Explication du requis, 1]
nous faut trouuer leur quatriefine terme proportionel,

NoTa. Cefte conftrudtion fe peut faireen deux
fortes ; L'vne procedant d'origine a laquelle fe faict
«conuerfion des termes donnez, en Qegaled @+ ©;

Prob. LXX. This is the solution of the cubic equation of the form x3 = px2 + 9,
again with three cases: 1) x3 = ax2 + 5, 2) x3 = — ax2 + b, 3) x3 =
ax2 — b. The first case, x8 = ax2 4 b, is solved in two ways: a) by means
of the formula (explained in a more complicated way than is strictly necessary)
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L'autreen (3 egaled — ©+©.0rquand @ et cga-
led (D@, alors la valeur de 1 ) fe trouue parla
premiere difference du 69 probleme : Mais qluan telle
folution ne fe pourra faire paricelle, pour les raifons
que nous en auons di¢t 4 la mefine differéce,alors ne fe
pourra aufli faire, parrelle maniere,en cefte premiere
difference; Pourtant onla pourra foluer par ladi&e
deuxiefime maniere, 4 {Gauoir, procedant de reduction
en 3 egale d—© + ©; Laquelle eft generale.  Par-
quoi nous defcriprons les manieres toutes deux; Et
premierement la conftruction procedente de conuer-
fionen (3 egale d © —+ © comme fenfuit.

Conflraition.
Letiersde 6 (des6 (@) eft 2
Qui multipli¢ par fon double 4 faict 8, an mef-
me aiouft¢ le quarré de 2 premieren Pordre, "

. fai& r2 auquelappliqué @ fera 1$10)
Puisde 400 donnez foubftraictle cubede 2 pre-
' mierenlordre, qui eft 8,rcfte 392

Au mefie aioufte le produit de 2 premieren -
Pordre, par 12 dufecond enlordre, quicht
24, faick 416
Puis on dira 1 Q) (parreigle) vaut 12® (fecond
enlordre) 4+ 416 (quattiefme en l'ordre)
combicn 1 (D2 fai&(par la 1 difference du 69
probleme) 4/ @ bino.208 44/ 43200-+4/Q)
bino. 208 — ¢/ 43200 '
Au mefmeaioufté 2 premier enFordre, faick
& @ bino. 208 44/ 43200 ~ &/ Q) bino, 208 —
& 4220042. , , .
Ie di que le mefme eft le quatriefme terme proportio-
nel requis. :

¥ = 3;}: 4 2 ;—:; + b, whete x = % + . The equation in y belongs to case 1)

of Prob. 69. The example is x3 = 6x2 + 400, reduced to y3 = 12y + 416;
x =2+ 17 208 4 /43200 + Vzog __ 4/ 43200 (= 10). The other

b
way is b) by means of the formula y3 = — aby + b2, where x = R the

cquation in y belongs to case 2) of Prob. 69. (On these Cardanic trans-
formation methods see N.L.W.A. Gravelaat, /.c. footn. 30) of our Introduction).

In our example 53 = — 2400 y + 160000, x = “% = 10 (Stevin has 1600 in-

stead of 160000, in his “Seconde maniére de construction™).
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DemonSlration Arithmetique. La folution ci deflus,

pour valeur de 1 Deft egale & 10; megons doncques

par le moien du 66 probleme, foubs chafcun terme fa

valeur en cefte forte: i
103 63—+ 400. 1. 10.
1000. 1000. 10. 10.

Et apiert que 10 eft leur quarriefme terme pro-
por’tione ‘
Preparation d autre demonfiration
G'eometriqm.»

Soit 4 la figure du theoreme deuantle 69 probleme,
13 A B, cgaleocuvallant 6 @ A B+ 400; Etfoit C B
2, d fcauoit le tiers de 6 des 6 () donnez.

1t taur demonftrer que fon cofté ou 1 @ A B vaudra
&' bino, 208 + &/ 43200 + &/ D bino. 2c8 — 4/ 4
3200t 2. Demonfiration.1 3 A B eft parl'hypothefe,
egaled6(®» A B+ 400

Mais 12 AB, eftegale 41 ® A C + le gnomon
P OBA, parle 1 Corollaire deuant le 69 problene;
parquoi 6 A B,fontegales i 6 3 A C + 6 gnomons
POBA; ' :

Ergo 1D A B,eftegale 46 @A C+7T gnomons
POBA - 400. :

Mais legnomon POBA, eftegald 1®CB+le
double du produi@ de 1 @ A C par CB 2 parle 2Co-
rollaire deaant le 69 probleme parquoi 6 gnomons
POBA, fontegauxi6 @ CB+~24 ®AC.

Ergor ®AB, cltegalcd6 @AC+63@CB
24® AC+-400. ' _

Mais 6 @ C B fontegales d 24 (car C Beft 2) par-

The second case, x3 = — ax2 + b, is similarly reduced by x = — % + 5y -
to y3 = %z Yy + b — 2%3, which in Stevin's example x3 = — 6x2 + 32,
y3 = 12y + 16, the root x = 2 belongs to case 1) of Prob. 69.

The third case, x3 = ax2 — b is similarly reduced by x = % + yto
y3 =.:_2y — b + 25—;, which in Stevin’s example x3 = 6x2 — 32,

3 = 12y — 16, x = 4, belongs to case 3) of Prob. 69 (this x = 4 is what
we call a double root).
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uoi 6 3 C B (veuque chafque cube de CB vaur )
?ont egalesd 3 @B G

Ergo 1®AB,cltegale d6@AC~+3QCB
—+ 24 A C 4400,

Mais1 ) AB,cftegaled i AC+3G CB+-
3 folides retangles L H.N F. G C. par le me{me theo-
reme denant le 69 probleme.

Ergo1 @ AC + 1 ® C B~ 3 folides retangles
LH.NF.GC,font egales a6@®AC+3QCB+
24 @ A C + 400.

. Maislestrois folides rectangles L HNF. GC,font
egax 363 A C412® AC, parle 3 corollaire de-
uantle 69 probleme;

Ergo 1iQAC+1QCB+6BRAC +12.0
AC,font egales i6@AC+330CB +24OAC
-+ 400.

Puis foubftrahons de chafque partie t CB -6
@AC+12DAC '

Ergo reftera 13 AC, egale 20 CB 4120

AC—+400. :

Mais 2 @ C B (parce que C B faict 2) vallent 16;
Ergo1®AC, fera egaled12 ® A C+416.

Maiseftant 1 @) A Cegaleouvallant 12 @A C +
416,alors parle 69 probleme 1 @ A C vaudra &/ Q@
bino. 208 4 4/ 43200+ 4/ (D bino. 108 — 4/ 43200.
Alamelme A C,aioufté CB 2, faittpour 1 @ AB#/
@ lino. 208 44/ 43200 + &/ @ bino. 208 — ¢
43200+ 2;cequ'il falloit demonftrer.

The solutions are again accompanied by an “arithmetical” and a “geo-
metrical” demonstration, as well as a proof in the sections “On the Origin of the
construction”. The “geometrical” demonstration in the case of the first “differ-
ence’’, x3 = ax2 4 b, example x3 = 6x2 + 400, consists in taking the figure

belonging to Tartaglia’s theorcm, with AB = x, AC = y, CB = —;i (= 2),
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SECONDE MANIERE DE

CONSTRVCTION, QV! EST GEN ERAL'B,'
procedante de conuerfion des sermes
donnez,enQ egale 4— O+ ©.

Explication du donné. Soient donnez les mefines ter-
mes de la precedente premiere maniere,tels:le premier
1Q),lefecond 6 @ + 405, le troifiefme 1 D.  Expli-
cationdy requis. 1l faut trouuer leur quauiefine pro~
portionel, '

Conit rution.

Le produict des 400 donnez parlc 6 des6 @
donnez, fai& 2400,auquel appliqué —

. & ®fai& — 12400
Lequarréde 400 donné elt 1600
Puis 1 @(parreigle)donne — 2400 @ -+ 1600

(premier & fecond enl’ordre) combien 1 2
£2i€ parla 2 ditference du 69 probleme 40
Parle mefme diuifé le 400 donne donne quotient 10

Ie di que 10 eft le quatriefme terme proportionel re-
quis, dont!’ Arithmetique & geometrique demonttra-

* tions font faictesci deuant, mais Forigine fenfuivera d

lafindece probleme.
SECONDE DIFFERENCE DE
S5GOND TERME —@+0Q.

Explication du dommé. Soientdonnez trois termes
felon le probleme tels: le premier 5 @), le fecond —6
@+ 32,)e woifiefime 1 . Explication durequis. 11 faut
wouucs leur quatrie(me terme proportionel.

x=y+ —:—_ Then square ABL = square on AC + gnomon POBA, gnomon

POBA =
or ax2 =

x3 = a}vZ

know that according to Tartaglia’s theorem x3 = y3 4 (%) 3 + 3 % y(y+ ;j’)_

square on CB + twice rectangle AP, or x2 = 52 4 (%)2 + 2 % 9,
ay2 + a ( (;)2 + —g- ay). But x3 = 4x2 + b, so that

j;f + % 2y +b(=62+6 (_:_)2 + é4y + 400). We also.

Hence ay2 +§+§— a2y + b=y + (‘;—)3 + a2 + %zy,
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Conftruition femblable dla premiere con-
[iruttion,de lapremiere difference.

Letiersde—6 (des6 @) eft —3
Qui multipli¢ par fon double—4, fii&t 8, au
melme aioufté le quarré de — 2 premieren _
Yordre,fait 12,auquel appliqué ® fera 12
Puis des 32 donnez, foubftraict le cube de — 2 )
. premicren lordre,qui eft — 8 refte - 40
Au mefme aioufte le produi& de— 2 premier
enPordre,par 12 fecond en Pordre,qui eft —
24, faick 16
Puis on dita 1 Q) {par reigle) vaut 12 @ (fecond en
lordre) -+ 16 (quatriefme en Fordre) combien
1 D ? faik par le 69 probleme
Au mefime aioufté — 2 premier en 'ordre faict 'S
Ie dique 1 eft le quatriefme terme proportionel re=
ju‘is. Demonfbration Arithmetique. Mettons pat le moien
u 66 probleme foubz chafcun terme {on valeur en
cefte forte:

10. — 6D 431, 1@ 2.
8. 2 2.

Ect appert que 2 eft leur quatriefme terme pro-
portionel.

Prepardtion dautre demonstration
Geomesrique.

Soit 4 la figure du theoreme deuant le 6o probleme;
1 ® AC,cgaleouvallant— 6@+ 32; Efoit CB 2,
4 fcauoir le ders de 6,des 6 @ donnez. 1l fautdemon~
fteer que foncofté,on 1 O A C vaudra 2,

(62 +3(2P + 24y + b=y ($)3+ 62 +12) 008 = a2y +

% a3 + b (98 — 12y + 416)." It will be observed that where we distinguish

between the two variables x and y, Stevin distinguishes between (@) AB and

(D AC. He does not here use his “quantités postposées” (D and sec () re-
introduced in Prob. 78 and thereafter. .
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Detnonfhration. 1 @ A C, eft par’Thypothefe egale
i—6@ACH 3. .

Aiouftons doncques 4 chalcune pariic 6 @A C;

Ergo1®ACH6(® A C,feront egalesa 32.

Puis aiouitons i chafcune partic 1 ®) C B+ 3 foli-
desreGtangless LHUNF.GC; - -

Ergo iQAC+6®AC+13CB+3 foli-
des re€tangles LH.NF. G C. ferontegalesd 1 CB
~+ 3 folides retarigles LH.NF. G C +- 3.

Mais 1 @A C+ 1 @ CB —+ 3 folides reCtangles
LH.NF.GC, font egales 1@ AB par lc melme
theoreme denant le 69 probleme. v

‘Ergo1DAB+6@AC,ontegalesit @CB:
-+3 foﬁgcs re¢tangles L H.NF. G C % 32.

Maisles 3 folides re@angles LH.NF.GC. font
egalesd6 @A C+ 12O ACparle troifiefme corol.
deuantle6g probleme.

Ergo 1 QAB+60A C,lontegalesi1 ®CB
+6@DAC+120ACH 32, ‘

Puis foubftrahons de chafque partie6 @ A C;

Ergo1 @A B, demeurera cgale d 1 9 CB -
n®OAC+ 32, -

Mais 1: @ AC,fontmoindresque 12 D A Byen 12
@ C B;Parquoi aiouftonsd chafcune partic 12 @ C B;

Ergo1®AB—+12@®CB, ferontegales 31 Q)
CB4+12®AB +32. )

Mais 12 @ C B, fontegales 4 3 @ C Bjcareftant
chafque C B2, fenfuicque 12 OCB font 2. Item
que 3 ®CB ferontauffi24; - :

Ergor @ AB -+ 3@ CB,fontegalesd t @ C B
+12OAB 31, o
" 'Puis fouftrahons de chafque parte 1 @ C B;

In order to prove the method in case 1) (the “geometrical’ demonstration” is
supposed not to be a proof, but a verification), Stevin, in his “Origine de la
Construction”, changes x3 = ax2 4 b info x3 — ax2 = b, which he transforms

" into x3 — ax2 + & (l“‘ = b P — (83 ( _”_‘)’ —
S 3 5) 3 (3\ Y
a? a\3 a® a® a fa\? a® a L.
- b— (=) = &2 ,_ 2. & —_ — —, — f =
5 * (3) sr— 33 Tt (3)+3'3’°“7
a a? 243 ) o
X — 5 y3 = 57 + b +}2—7- (x3 = 6x2 + 400, x3 — 6x2 = 400,

x3 — 6x2 + 12x — 8 = 400 4+ 12x — 8, (x — 2)3 = 12x + 392 =
12 (x — 2) + 416). : :
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Ergo1 @A B+ 2@ CBdemeurera egaled 12,
@AB -+ 32, '
Mais 2 @ CB (ven quechalque CB faic 2) font
egalesd 16; — L
Ergo1 (® AB +-16,fontegales 4 12 ® AB +32.
Puis foubftrahons de chalcune partie 16; '
Eirgo1 () AB,demeurcraegaled 12 ®AB + 3.
" Maiseftant 1 @ A B, egaleon vallané 1. @ A B -
16,alors parle 69 probleme 1 @ A B vaudra 4. Puis
deladicte A B foubftrai@® C B 2 reftera 1 ® AC 2;ce
qu'il falloit demontrer. ‘

TROISIESME DIFFERENCE

DESECOND TERME —0Q..

Explication du donné. Soient donnez trois termes
felon le probleme tels: le premier 1 @), le fecond 6@
— 31, letroifiefme 1 @.  Explication du requis. 1 faue
trouuer leu quatriefme terme proportionel,

Conflruction.
Letiersde 6 (des6 @) eft - - T2
Qui multiplié par fon double 4 fai 8 au mel-

mc aioufte le quarré de 2 premicr en ordre,

faik 12,auquel appliqué ®fera 120"
Puisdes— 32 donnez,foubitraict le cube de 2 pre-

mier enl'ordre quieft 8, refte o
Au mefme aioufté le produict de 2 premieren lor-

~ dre,par 12 fecond en PPordre quieft 24, ik —16
“Puisondira1 () (parreigle) vaut 12 @ (fecond
en'ordre) — 16(quatriefme en l'ordre) com-

bien 1 @2 faick parle 69 probleme : 2

“

In order to prove the second method in case 1) Stevin replaces the prot;lem
by another one: to find two numbers x and y such that xy = 400, x3 — 6:; =
400; then applying the solution of Question 10 of Prob. 81, he finds orb 2y
the equation y3 = — 2400y + 160 000, equivalent to our y3 = — aby + b2.
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Aumefmeaioufté 2,premicr en Pordre faict 4
Ie dique 4 eftle quarriefine terme proportionel re-
uis. Demonsiration Arithmetique. Mettons parle moien
u 66 probleme foubs chalcun terme fa valeur en
cefte forte:
1. E@—31. 1 ®. 4
64. 64, , 4. 4.
Et appert que 4 it leur quatriefme terme propor-
tionel requis. '
Preparation d sutre demonitration
' Geometrique,

Soitd]a fiFure du theoremedeuant le 69 probleme

1) ABegaleouvallant63) AB— 32;Et{0itCB2

a fcauoir le tiers de 6 des 6 (3 donnez; H faut demon-
ftrer que fon cofté ou 1 (7 A B vaudra 4.Demonflration.
13 A B, cft parl’hypothefe egale 46 3) AB — 3.,
. Mais1 @ AB,cft egale 4 1 A C~+ le gnomon
POBA, par le 1 Coroliairedeuant le 69 probleme,
parquoi 6 (2 A B,fontegalesd 6 & A C -6 gnomons -
POBA; o :
Ergo1 (® A Beftegaled 6 @ AC -6 gnomons
POBA—32. '
MaislegnomonPOBA, cftegal 41D CB+le

double du produictde 1 @ A Cpar CB 2, parle 2 co-
rollaire deuant le 69 probleme, parquoi 6 gnomons
POBA,fontegauxd 6@ CB+24DAC;
' Ergo 1®AB,ecftegale 60 AC4+63@CB
G-24OAC—32. T

-Mais 6 3 CB, fontcgalesd 24 (car CBeft 2) par-
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?uoiG (®CB (veu que chafque cube de CB vaur8)
ontcg;:tlcsft;@CB;_ :

rgo1 D AB,clteglle i6HAC+33CB
+24OAC— 3.

Mais1 3 AB, eftegaled 1 ACH+ 1 CB4-
3 folides reangles L H. N F. G C par le thelme theo-
remedeuantle 69 probleme; =
. Ergo 1®AC+ 1@ CB -+ 3folides reftan-
glesLH.NF.G C,fontegales i€ @A C+33CB
424 OAC—32,

Mais les trois folides re@tangles L H. N F. G C.font
egauxd6 @ AC+ 12 @ ACpar le 3 corollaire de-
uantle 69 probleme. :

Ergo1®AC+iGOCB4+6ACH+1: O
ﬁg(omegalcsié@)A C+33CB+240
C—32. .
Puis foubftrahons de chafque partie 1 3 CB + 6
@AC+1:®AG
Ergo reftera 1 ®ACegaled23CB+12 0
AC—33; ' ’
Mais 2 ® C B {(parce que CB faict 2) vallent 16;
Ergo1 @ ACferaegaled 12 @ A C—16;

Maiseftant1 @ A Cegaleouvallant 12 @A C—
16, alors parle 69 probleme 1 O AC vaudra 2, i la
mefme AC aioufte C B 2,faict pout 1 @ A B 4;ce quiil
falloit demonftrer.Conclufion. Eftant doncques donnez
wois termes, defquelsle premier @), lefecond @@, le
wroifiefme nombre algebraique quelconque : Nous
auons trouué leur quatriefine terme proportionel; ce

quil falloit faire.
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DE I'ORIGINE DELA CON-

STRVCTIONDYV PRECEDENT
PROBLEME.

 Quand Qeft egale i @ & @, nousles pouuons re-
duire,en®), cgale 4 ®, & @, on en B¢ aled ©, &
alorsdeunient la valeur de 1 @ notoire par ﬁ: precedent
69 probleme, & de tellereduion eft colligéela ma-
nicre de ladi@e conftru&ion comme il apparoiftra.
Soit par cxemple: o '
1 Qegalea @+ 400.

Qui font le premicr & fecond terme de la premicre

ditference; Etfoubftrahonsde chafque partie 6 @;
Ergo 1 @ — 6 @, demeurera egaled 400.

Puis aiouftons 3 chafque partic quelque @, & @,
telles quela premiere partie aic racine cubique de 1 @
~quelque @. Or pour trouver telles quaniitcz, ne
faut que multipliet en (o cubiquement 1 @ — letiers
de 6, des 6 @,qui eft 1 ® — 2 (la raifon pourquoi il
faut prendre le tiers de 6 des 6 @, eit, que la porence

- cubiquede 1 @ — @), atoufiours le nombre de fes @,

triple au @ de la racine, dont la raifon appert, es
nombres- procedans de Poperation de telle cubique
multiplication) Etdonne produit 1@ —6@-12
®— 8; du mefine foubftrai¢t l4 premiere des-egales -
yarties1 @ — 6 @,refte 12 ®— 8 quiziouftez i chaf>
que partie, fera que la premiere partie aura racine.cu=
biquede @ & (@; aiouftons les doncques 4 chafque
partie; .
Ergo1®—6® —+12(D—8, feront egales 4
12O +39:. :
Puis extrahons de chafque partie racine cubique.
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Ergo 1 ®— 2, feront egales 3 &/ Q) bino. 12 ©
~+ 391 ‘

Or parce que la feconde partie n'a pointde racine
feruanta noftre popos, il nous faudra acheuer la refte
ﬂar I'aide, de la figure dutheoreme deuant le 69 pro-

slemeen cefte forte : Soit chafcune @ de noz cgales
partieslaligne AB;
Ergot @ AB—2, fera egaled s/ Q bino. 12
®AB+392.
DPuis pofons que C B {oit 2;
Ergo 1 @ AC,feracgale,d/ @ lim.12 ®AB
+ 392. i
Puis prenons la potence cubique de chafque partie;
Ergo1® A C feraegaled 12 ® A B+ 392.
Mais12 @ A B,valent12 @ A C - 24 (car 12 fois
C B 1,fai 24) oftons doncques les 12 WA B, &en
fon lien pofons 12 (D A C 4 24; :
Ergo1 D AC,feracgalearn OAC 4416,
- Etainfiaulieudes donnez 1 3 A B,egaled 6 @ AB
~+ 400,nous auons 1 @) A C,egaled 2 © AC—+ 416,

Defquelleseftant trouné lavaleurde r © A C, qui par

le 69 problemeeft o/ @ bino. 208 + 4/ 43200+ 4/
@ bino. 208 — #/ 43200; Penluitque pour auoir la va-
leur de tontela A Brequile,qu'il y(}'aut encore aioufter
LCB,qui parl’hypo:llcfe eft 2, & fera pour folution
comme deffus ¢/ ) bino. 20844/ 43200 +4/ O

bino.208 — &/ 43200+ 1. .
Or que ceci eft Porigine de ladicte conftruction,eft

manifefte; toutesfois pour plus grande ewidence nous

repeteronsen briefle {u(di& en cefte forte: ’
Premierementil appert (par les nombres faifans la

cubique multiplicationde 1 @ — 2) quéletiers de 6
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des 6 D quieft 2, multiplié par fon double f2ifk 8, &
au mefme aioufté le quarré dudiét 2 fai& (toufiours
pour nombte des @ reduictes) 12& les applicant ®
font"- - 12 ®
Il appettaufli que des 400 donnez, on 3 ubftrai
le cube du fufdi& 2, quieft 8, & reftoit 392,aux mel~
mes Faioufta le produi@ dudié 2,parledic 12, quieft
24, faié& (toufiours pour le @ reduict) 416
Puis i} appert,quieftant 1 B egale 3 12 ®AC +
416,quonen cherche lavaleur de 1 @ par le 69 pro-
bleme qui eft4/ G bino. 208+ 4/ 43200 + ¢/ O
bino. 208 —4/ 43200
Puis qu'au mefme on aioufteencore ledié tiers de
6des 6 @,quictt 2, fai& pour folution 4/ Q) bina,
208 4~ 1/ 43200 <4/ B bino.208 —4¢/ 43200 —4-2.
De forte qu'1l appert de pointen point, que eecieft
Ia vraie origine de laconftruétion dela premiere diffe-
rence;Et celuiqui entendra bien cefte i entendra auffi
celles desdeux autres differences. Laquelle origine il
nous falloit declarer.

DE LUORIGINE DE DE LA

SECONDE CONSTRVCTION DE LA
precedente premieredifference.

* Quand @ eftegaled <+ @, nous la pounons re-
duireen B egalea— @ + @, & alors deuiét la valeur
de 1 @ notoite par la feconde difference du 69 proble-
me, & de telle reduction eft colligée 1a manieredela

- fecondeconftruction dela precedente premiere diffe-

rence, comme il apparoiftra. Soit par exemple1 @),
egalca 6 @ + 400, qui fontle premier & fecond ter-
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mede ladicte difference. Mais pour clairement ex-
pliquer le propofé, nous meceeions defloubs noz qua-
tre termes leurs valeuts,en cefte forte:

1Q. 6@ - 400. 1 (@. 10..
1000, 1000, 10, 10

Oril eftnotoire par les mefmes,que le cube de la va-
leurde 1 @, eft egal 4 fix quarrez du mefine valeur -+~

400: Pourtant fi nous auions nombte tel, quede fon-

cube foubftraictles fix quarrez du mefme nombre, &
quelarefte fuft 400, il eft manifefte, que tel nombre
feroitlavaleur de 1 @ requife. Pourcant mettons ceci
en queftion telle: Trounons vn nombre tel, que de fon cube
JoubStrailt les fix quarvez. dudii@ nombre,lareste foit 400,
Ot fi nous commengames 4 befoigner felon la vulgai-
re maniere, qui fera enfeignéeau 81 probleme, nous
trouuerions a la fin, egaleté de termes, qui feroient les.
mefmes que les termes donnez;de forte que ne prouth-
terions ainfi rien ; Parquoi il nous faut mettre autre
queftion que la precedente , laquelle eft inucntée en
cefte forte : e voi aux fufdicts quatre termes, que fi ie
diuifoisle 400 donnez,par le 1o valeur de 1 ®,le quo-
tient feroit 40: Doncques 40 & 10 {ont deux nombres
tels, que leur produict eft 400,& ducube de Pvn(d
fcauoir du 10) foubftraict les 6 quarrez du mefme
nombre, tefte 400, parquoi i propofe ceci en queftion
telle : Trounons deux nombres tels, que leur produict foit
400.¢ du cube de l'vn, foubStraict les fix quarrex. du mefme
nombre, lareSle foit 400. Eteft notoire qu'eftant trouuez
tels deux nombres, I'vn fera celui que nous cherchons:
_Orcefte queftion eftla 10du 81 probleme, par Fope-
sation de laquelle, il eft notoite eftre colligée ladicte
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conftruétion ; Car apres la reduétion, 1 Q) fe trouua
egalea— 2400 @ ~+ 160000,mais ce 2400,¢fl le pro-
" dwi&de 6 & 400 donnez, aunquel precede —, & leur
quantité eft : Etle 160000 eft le quarré du 400 don-
ne, ce qui auientainfien tous exemples femblables;8¢
ourtanteft ce, que'on 4 mis tout ceci en reigle plus
oricfue. Qnantau 400 qui fediuife finalement parle
40 trouné; Laraifon en eft notoire audi&t 1o exemple
du 81 probleme. Laquelle origine il nous falloic
declarer.

DES SOLVTIONS QVE L'ON PEVT

FAIRE PAR — SVR LES PRECEDENS
PROBLEMES.

Aucuns des precedens problemes, de la proportion
des nombres algebraiques, regoiuent par deffus les fo-
lutions ci deuant données, encore d’auzre folution par
—;3Etcombicn les mefimes ne femblent que folutions
fongées, toutesfois clles font viiles, pour venir par les
mefmes aux vraies folutions des problemes fuiuis par
—+; Lacaufecft,qwauvaleurde 1 @ trouué par quel-
que des problemes precedens, il faudra aucunefois
encoreaioufter quelque certain nombre,comme appa-
toiftra; d'ou fenfuit, que quand le nombre 3 aiou fter,
feramaieur que ladicte folution par—, que leur dif-
ference fera vraie folution par+. Or lefdies (olu-
tions rar—,(lchuellcs nous expliquerons par arricles
felon 'ordre des problemes, &xﬂurs differentes prece-
dentes fontrclles: '

ArticrEe 1. Eftantt ® egale i @, la valeurde
1®, ne peut cftre - la railon eft, que la valeur du

dadd

Now follows Stevin's introduction of negative roots:

OF THE SOLUTIONS THAT CAN BE MADE BY — ON THE
PRECEDING PROBLEMS. :

“Some of the preceding problems have in addition to the given solutions also
other ones by —. And though they only seem to be imagined solutions, they are
at any rate useful in order to come to true solutions of the following problems
by +. The reason is that we sometimes have to add a certain number to the x
which is found in preceding problems, so that if that added number is larger
than that solution by —, their difference shall be a true solution by + {[what
is probably meant is that an equation such as x3 = 6x — 5, if solved by
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premier terme feroit roufiours —, & du fecond terme
toufiours -+, lefquels ne peuuenteftre egaux.

ArTicie 11, Eftant(Pegalea ®+ @, la fo-
lution ce peut faire par —; Parexemple 1 (3 vaut 4 ®
~-21, combicn 1 @2 On changera le fecond terme
donré ainfi: 1@ vaute— 4 O 21, combien 1 (@) ?
fai@ par le 68 probleme 3,lequel appliqué d noftre
queftion,nous dirons que la folution eft— 3. P'Arith-
metique demonftradon en eft telle:

1®. 4O+ 21, 1®. — 3
9 —lL2rn. 0 —3 —3

Articie 111. Eftant @ egalea— @+ ©,ha
folution fe peut faire par —. Parexemple 1 @ vaut—
4 ®—+21,combien 1 2 On changera le fecond ter-
medonné ainfi: 1 @vaut4 @21 combien,1 ®?
faict par le 68 srobleme 7, lequel appliqué 4 noftre
queftion, nous dirons que la folution eft— 7; I Arith-
metique demonftration eneft telle:

1 —4®—+421. 1M —_7.
49. 28 421, —_7. =7 .

Articre 1111 Eftant@ egaled ©—0, la
valeur de 1 (D ne peut eftre —: laraifon eft, que lava-
leur du fecond terme: feroit toufiours -4, & du fecond
terme toufiours —, lefquels ne penuent eftre cganx.

ArTicLE V. Eftant@® egale 4 ® + @, on
vetra (i le produi&t dés 2- du nombre.de(®), parlara-
cine quarrée de - du mefine ndbre, eft Egal, Maieur,
ou Moindre, que @ ‘donné. Car quand tel produick
eft egal , ou maieur, ils auront chafcune vne folution

x =y 4 2, gives y3 = 12y 4+ 1 with a root y = — 1, which gives x =+ 1;
rejection of . = — 1 would result in rejection of x = 4 17]. Such solutions
by — are as follows:

Article 1. If x = a (a positive), then there is no solution by —.
Article 1. If x2 = ax + b (a4, b positive), then there is a solution by —, e.g.

if xX2 = — 4x 4+ 21, x = 3 (Prob. 68, No. 3), then x2 = 4x 4 21 has a root
X = — 3, ] ' ) .

Article III. If x2 = — ax 4 b, then there is a solution by —; eg. if
x2 = 4x + 21, x = 7 (Prob. 68, No. 7), then x2 = — 4x 4 21 has a root
x = — 7. [In other words, x2 = 4x + 21 has two roots x = 7, x = — 3;

x2 = — 4x + 21 has two roots x = 3, x = — 7].
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par —, maiseftant moindre il ne I'aura pas. Etpres
mierement nous donnerons exemple, auquet fe ren-
contre egaleté, ainfi: 1 @ vaut 12 (@ —+ 16, combien
1 72 Car le produict de Sgrour les-3-de12des12 @)
par 2 (pour la racine de - defdis 12) faik 16,qui eft
egal 2u @ donné,ils aurontdoncques vne folution par
—, laquelleon-trouucen cefte forte: Onchangerale
fecond terme donné ainfi: « @) vaur 12 @ — 16,com-
bien 1 (D2 f2i& parle 69 probleme 2, lequel appliqué
d noftre queftion nous dirons,que la folution fera—2.
I Arithmetique demonftration en eft telle ;

10. 12 (D416, 1®. —_2,
- 8. — 2416, —2, -2

Ereftantledict produiét Maieur, les donnez auront
aufli (comme nous auons di&) folution par —, Par
exemple, 1 @ vaut 12 @ -9, combien 1 ©? On
changera le fecond terme donné ainfi: 1 @ vaut 12 @
— g, combien 1 @1 faik par ke 69 probleme, pour.
maieure {olution 3, lequel appliqué a noftre queftion,
nous dirons que la folution eft — 3. L'arithmetique
demontftrationen eft telle:

103, 12D 9. 1@ —3.
—-—27. —3649. . ~—3. ~~3

Maiseftantlediét produiét moindre, ils ne peunent
(comme nous auons diét deffiss)auoir folution par —,
ka raifon eft quela valeur du deuxiéfme terme donné
{eroit toufiouts neceflaitement maieur, que celui du
premier, -

ARTICLE VI E&énr@egaleé-—-®+@.[1 ,

Article 1V, If x2 = ax — b, there is no solution by —, since the second member
would always be'—, and the first always +-. :

Article V. If x3 = .ax 4+ b, we must find out whether .:_ a V%a g b

If 2, there is a solution by —; if <C, there is none. For instance, if x3 = 12x + 16,

where 84/4 = 16, we write x3 = 12x — 16, x = 2 (Prob. 69, No. 2); hence
x8 = 12x 4 16 has the root x = — 2.
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valeurde 1 ® nepeuteltre —, la raifon eft, quelava-
leur du premier terme feroit toufiours — & dufecond
terme tonfiours -+, lefquels ne peuuent eftre egaux.

Arricre vii Eftant@egalei®—Q),lafo-
folution fc peut faire par —. Par exemple 1 @) vaurz
® ~ 215 cotbien 1 @? On changerale fecond terme
ainfi{ 1 P vaut 2 D 421, combien 1 @2 faic pacle
69 probleme 3.lequel appliqué d noftre queftion,nous
dirons que la folurionreft — 3. L'arithmetique de-
monftration eneft telle:

1468 2 @21, 1® -3

-—27. G —121. -3, -—3.

Articie vit Etfilonpofoit 1 @egalea—
3 @ ~= 4,la folution fe pourroit auffi faire par— chan-
geant le (econd terme come deflus, encefte forte: 1 Q)
vaut — 3 (- 4, combien 1 @2 faié parleé9 pro-
bleme 1; Lequel appliqué 4 noftre queition, nous di-
rons quela folution'eft — 1. L’arithmetique demon-

_ ftratdoneneltelle : '
103. -—;@-—-4. ™ -1
—1, + =4 el T B

ArTicLE 1x. Eftant@egalea @ + @, lavas
leur de 1 @ ne peut eftre —, la raifon eft, quela valenr
du premier terme, {eroit toufiours —,8¢ du fecond tet-
me toufiours +, lefquels ne peuuent eftre egaux.

ARrticLE x. EftantQegaled —3@~+@©; On
verra i le produi&t de - du nombre de @, par le quar-
1é des -, du mnefme nombre, eft Egal, ou Maieur, out

Moindre, que @ donné, Car quand tel produict eft

[This example is one taken from Cardan, Ars magna, f.4 t, where x = 4 is
an aestimatio vera of x3 = 12x + 16, and x = — 4, written m : 4, an

aestimatio ficta of x3 + 16 = 12 x]. And if x3 = 12x + 9, where 84/ 4
> 9, we write x3 = 12x — 9, x = 3 (Prob. 69), hence x3 = 12x + 9 has the

root x = — 3. Butif 2, V%a < b, then b + ax will always be > x3, hence

there is no solution by —. [This reason is rather cryptic, but it can readily be
seen from the Cardanic formula that in this case x is positive, since both # and v
inx = # 4+ v are positive. '

Article’ VI. If x3 = — ax + b, there is no solution by —.
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egal, ils auront vne folution par —. Eteftant maieur;
ils auront deux folutions par —: maiseftant moindres,
ils n’auront poine de folution par —. Etpremierement
nous donnerons exemple, auquel fe 1encontre egaleté,
ainfi 1 @) vaut— 3 @ ~+ 4,combien 1 @2 Ca:i pro-
dui 1.(pour 3-de 3.des 3 @) par4 (pour lequarré
des-3-defdicts 3) fait 4, quieltegalau @ donné. Ils
auront décques vne folution par —,laquelleon troune
en cefte forte: On changera le fecond terme donné
‘ainfi 1) vaut 3 @ — 4 combien 1 D? fai& parle 7o,
probleme 2,lequel applique 4 noftre queftion,nous di-
rons que la folution eft — 2, I'Arithmetique demon-

ftration en fera telle: - o
1Q.  —3@-+4 1@, —2,
— 8. —J1 -4 —1 —2.

‘Et eftantledict produict maieur, nous aurons alors
deux folutionspar —, DPar exemple 1 Qvaut— 11 @
~+72,combien 1 2 Onchangera comme deffus, le
fecond termeainfi: 1°'Q) vaut 11 @ — 72, combien ¢
@2 faiét par le 70 probleme, pour.maieure folurion 3,
& pour moindre folution +/ 40— 4, lefquels applic-
quezd noftre queftion, nousdirons que la folution eft -
& — 3, & — &/ 40 —4. I'Arichmetique demonftra-
tion en eft telle: '

10. --u@+7~:..' 1@, —_—3.

—27. —99 472, =3 —3.
.. lem. . :
10. —11®+72. 1. —V40—4.

~V309760%344.~V309760=616 +73e~/40—G+—140~4

Mais eftant ledi& produi@ moindre, alors ne fe

Article VII. If x38 = ax — b, then a solution ’by — is possible, e.g. x3 =
2x — 21; since x3 = 2x + 21 has the root x = 3 (Prob. 69, No. 3), x3 = 2x — 21
has the root x = — 3.

Article VIII. 1f x3 = — ax — b, a solution by — is also possible, e.g.
~ x8 = — 3x —— 4 has the root x = — 1 because x3 = — 3x + 4 has the root + 1.

Article IX. If x8 = ax2 + b, there is no solution by —.

Article X. If x3 = — ax2 + b, for = ¢ (ia)2 = there is one solution

by —; if >, there are two such solutioné, and if <C, there are no such
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pourra(comme nous auons dict defluss) auoir folution
par —:laraifon eft que la valeurdu deuxicfme terme,
deuient toufiours neceflairement maicure,que celui du-
premier. :

Artrcre x1. EftantQegaled@— O, lafo-
lution {¢ peut faire par —. Par exemple 1 ) vaut 6 @
—400,combien 1 ©? On changera le fecond terme
ainfi,1 3 vaut 6 @ - 400, combien 1 @2 faict par le
40 probleme 10. lequel appliqué 4 noftre queftion
nous dirons que la folution eft — 10. Lrarithmetique

demonftration en efttelle:
1. 6@®—400. 1®. —lo
“— 1000:. =600 =—400. —10. “—10e

_ solutions. [Indeed, from %(b — 2"3)2 = (“_2)3 , see Prob. 70, case 2)

27/ > \9
3
follows f:% % b]. For example, x3 = — 3x2 + 4 has the root x = — 2 because
x83 = 3x2 — 4 has the root x = 2; x8 = — 11x2 4 72 has the roots x = — 3,
x = —4/40 — 4, because x3 = 11x2 — 72 has the roots x = 3, x = 4 + 1/40.

[Stevin writesy/ 40 — 4].

Article XI. If x3 = ax2 — b, a solution by — is possible. [ Among Stevin’s
examples that of x3 = 6x2 — 400, is wrong, the solution by — is not — 10,
but — o, 5.8 < a < 5.9] , '

[The cases 2 = — ax — b, x3 = — ax — b, x3 = — ax2 — b are not
" discussed}. o : ’ o
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Prob. LXXI contains the theory of the general cubic equation, in 7 cases, all
discussed separately:

1) x3 = ax2 + bx + ¢, 2)x3—-——ax2——bx——c,3)x3—ax2+bx—c,
4) x83 = — ax2 + bx — ¢, 5) x8 = ax2 — bx + ¢, 6) x3 = — ax? — bx
+ ¢, 7) x3 = ax2 — bx — ¢, but not x3 = — ax2 — bx — ¢, which has no

positive roots. If we cast all types into the form x3 = px2 +gx +r(pqr
Ppos. or neg ), they are solved by the substitution x = y + £, which leads to the

equation 33 = ¥ (¢ + ‘_) + 2 2p + pq + 1, to be solved by the methods of
Prob. 69. The number of (posmve) roots presented by Stevin is for the different
cases:

1)1;2)1;3)1;4) 1;5) 1or2;6)1or2;7) 1or2.

The equation in y is obtained by writing

x3—px2+£:x _( )3—qx+r+ x—(——)3 or

—2ys = Py — L_P_ 2y 2 — (&3
R B O A e

¥ = (q+’7)y+%+1’31+f~
The sections in L’'Arithmétique dealing with cubic equations have been
analyzed by H. Bosmans, Mathésis 37 (1923). See footnote 35) of the In-

troduction. In this article several examples of Stevin’s text have been given in the
original and in the modern notation.
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PROBLEME LXXIL

: E Stant donnex_trois termes, defquels e pre-

miter ®, le fecond ©@ , le trovfefme nom-
bre algebraique quelconque : Trouner leur qua-
triefme terme proportionel.

NorA Lebinomie du fecond terme donné, de ce

probleme, fe peult rencontrer en trois differences &
fgauoir;

Probs.. LXXII—LXXVII bring the theory of the Biquadratic' equation, Prob.
LXXII that of x4 = px + ¢, LXXIII that of x4 = px2 4 'gx + ¢, Prob.
LXXIV that of x¢ = px3 + ¢, Prob. LXXV that of xt ="px3 + gqx +71,
Prob. LXXVI] that of x4 = px3 + ¢gx2 + r, Prob. LXXVII-that of x¢ = px3
+'gx2 4+ rx + 5 (p; q, 1,5 pos. or neg.). Oply in Probs..72-74 all possibilities
as to the signs.of the coefficients are taken into account; in the discussion of the last
three problems only some examples are given, with the statement: “The con-
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DE LOPERATION, 349
O+ Defquelles trois differences les autres
—®+6 @ donnent  trois diuerfes manieres
—® d’operations, mais nous en donnerons

© vne fimple 8 generale en cefte foree:

PREMIERE DIFFERENCE
' DE SECOND TERME ©+Q©.

Explication du donné. Soient donnez trois termes
felon le probleme tels: le premier 1 ®), le fecond 12 D
~+ 5, letwrcifiefme 1 @.  Explication du vequis. 1l fauc
trouuer leur quatrie{mme terme proportionel,

Copftruition.

+ O (parreigle) + 5 © (pourle 5 donné,luy
applicant (D) vallent 36 (quarré de 6, moitie de 12
des 12 @ donnez) combien 1 @ fai& parle 69
probleme '
Le quarré de (a moitie 2 eft
Au mefmeaioufté 5 donné,fai
Saracine quarrée

De la mefme foubftraict 2 moitie de 4 premier
enlordre, refte v

Laracine quarrée de 4 premierenl’ordre, eft 2, -
laquelle quand au + ou — fera par reigle com-
me les 12 ® donnez, qui font -+, fera doncques
~ 2, 4 laquelle appliqué (© par reigle feront 10

Puis ondira 1 (2 (parreigle) vaut 2 (@ (fixief-
me en ordre)—+ 1(cincquiefmeen 'ordre) com-
bien 1 @ ? fai@ par le 68 probleme Vi1

Iedique 4”2~ 1 eft le quatriefme terme propor-
tionelrequis. Demonilration Arithmetique. Mettons par

W\

struction will be similar to that of the preceding problem.” The method used
is that of Ferrari, familiar through Cardan’s Ars magna. In the case of Prob.
72 Stevin explains it as follows (in “Of the origin of the construction of the
preceding problem™):

Given x4 = px + 4. Add to the left and the right side terms of the form
Ix2 4 m, such that we obtain in x4 + /x2 4+ maswellasin Ix2 4 m + px + ¢
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le moien du 66 probleme, foubs chafcune terme {2 va-
Ieuren cefte forte:

1®. u®+5.b x®; 241
174+ 47288, 174+4/288. #2+1. V241,

Etappert que 4’2+ 1, eft leurquatriefme terme
proportionel. :
DEVXIESME DIFFERENCE
DE SECOND TERME —@O=+Q.
Explication dudenné. Soient donnez trois termes fe-
lon le probleme tels: le promier 1 @), le (econde — 32
® - 6o, le troifiefme 1 @. Explication du requis, Il
faut trouuer leur quatriefme terme proportionel.
Construition.

+ @ (par reigle) “+60® (pour le 4 Godonné,
lui applicant @) vallent 2 56 (quarré de — 16, moitie
e— 32des— 22 (D) données) combien 1 © @ faict

par le 69 probleme. 4
"Le quarré de famoitie 2 eft - 4
Aumefme aioufté 6o donné, fick G4
Saracine quarrée ~ 8

De la mefme foubftrai 2, moitie de 4 premier
en l'ordre,refte 6

Laracine quarrée de 4 premieren Fordreett 2, 1a-
quelle quantau +- ou —, fera par reigle com-
me les — 32 @ donnez, qui font—, fera donc
— 2,a laquelle appliqué @ (parreigle)fera — 2 ®
Puis on dira — 1 (@ (par reigle)vaut— 2 ® (fixief~ *
me en Pordee) + 6, (cincquicfme en lordre)

a perfect square. Hence, if m = (12.)2, ! = y, the condition that

Ix2 4 px + m + q = yx2 4+ px + (12_)2 + qisaperfect;qga;eis

y 3 (;1—)2 +gq 2 = (%)2, or—‘l‘~y3 =—gqy+ (%)2. Thus we must find
two numbers y and z such that ( —f— )2 =zy(z+4q)+ ( :4 )2, a problem solved
in Prob. 81, No. 11, and this amounts to the solution of the cubic equation in y. The
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combien 1 ®, fai& parle 68 probleme’  #/7 —1

Ie dique /7 — 1 eft le quatriefme terme propor-

tionel requis. Demonilration Arithmetique. Mettons par

le moien du 66 probleme foubz chafcun terme (a va-
leur en cefte forte::

' 1®. —31O4+6o. 10 71
92 —4/ 7168, 92—4/7168. 47— 1. #/7—1

Et appert que 4/7 ~— 1 eft leur quatriefme terme
proportionel. '

TROISIESME DIFFERENCE

DESECOND TERME OD—0.

Explication du donné. Soient donnez trois termes
{elon le probleme tels : le premier 1 @, le fecond 4 ©
~— 3, le woifiefine 1 @. Explication durequis. 1l faut
trouuer leur quatriefme terme proportionel.

‘ Construltion.
=@ (par reigle) — 3 © (pour le— 3 donné, lui

applicant (D ) vallent 4(quarre de 2 moitié¢ de 4 des

4 g)) combien 1 (D faic par le 66 probleme

Le quarre de fa moitie 2 eft

Au mefmeaionfté — 3 donné faic

Saracine quarrée

De la mefme foubftrai& 2,moiti¢ de 4 premieren
Pordre, refte :

La racine quarrée de 4 premier enlordre,eft 2,2~
quelle quand au -+ ou —, fera par reigle com-
meles 4 @ donnez,qui font—+fera donc + 2

4 laquelleappliqué @ (parreigle) fera -~ 2 ®

T

b ¢

root y then gives-(x2 -+ —}ZL )2 (\/}Tx + l’(%) + g, 0r x2 4 32'_ — ‘-/;y ¥
]/(}'7)2 t g, K2 = \/}T;& = };— +V(]7)2 + g Stevin's example is
= 12% 4 5,—:—'73 =25y §36y=4,2=41x2 + 2= 2x + 3,

x =32 4 1) which is indeed the only positi've root. Nowhere, in his theory
of the biquadratic equation, ‘does, Stevin ask for negative roots. . .
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Puison dira 1 @ (par reigle) vaut 2 @ (fixicfme
en l'ordre — 1 cincquiefme en Pordre) com-
bien 1 2 £aic par le 68 probleme 1
Ie di que 1 eft le quatriefine terme proportionel re-
quis. Demensiration Arithmetique. Meuons par le
moien du 66 probleme, foubs chafcun terme {2 valeur

en cefte forte : v . :
1®. 40— 1@ 1.
1. 1. I. 1.

Etappert que 1 eft leur quarriefme terme proportic-
nelrequis. Conclufion. Eftant doncques donnez trois
termes, defquels le premier @), le fecond @ @), le troi-
fiefme nombre algebraique quelconque; Nous auons
trouué leur quatriefine proportionel; ce qu'il fal-
loic faire,

DE L'ORIGINE DELA CON-
STRVCTIONDYV PRECEDENT
PROBLEME,

Quand @ eft egale A ) @,nous Ics pourons reduai-
re,en (3, egaled (D ©,&alors deuient [a-valeurde 1 @
notoire pat le 68 probleme, comme apparoiftra. Soit
1 @,egaled 12 O+ §; Quifontlé premier & fecond

- terme de la premiere differéce. I faut dscques trouuer
quelque @ & © telles,que aionftées d la 13 b fomme
foit trinomie, duquel la racine foit 1 (- quelque ©@.
Puis lefdies & @ aiouftez aux 12 @~ 5, que la
fomme foit trinomie,duquel I racine foit ® & @. Or

: _rour!es trouuer, il fera premierement neceffaire ; que
le quarré dela moitie du nombre de multitude des @,

' The general solution is outlined in Prob. LXVIL Hete the equation is written
xt — px3 = gx2 4 rx 4 5. Make the left hz}nd side the square.of -a form
X2 4 Ix + m: S e ER

(x2 + Ix '+ m)2 = x4 4 20x3 4 (124 2m) x2 + ?lmx’ = m2, .

hence/ = — % Write m = y:

R L A G R

2

P S P
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foit egal au @, car autres@ & @ aiouftez a1 @, ne
peuuent faireque la fomme aie racine feruant d noftre
proYos. Au fecond,que le produict du nombre des 2,

ar |a fomme de tel @ tronué & leg doné foitegal 436,
a [gauoir au quarré de 6,moitiede 12des 12, car autres
@ & @ aiouftezd 12 © -+ § ne peunent faire, que la
fomme aie racine {eruante a noftre propos. U nows faut
doncques trouuer deux nombres tels, que le quarré de la
moitie du premier [oit egal au fecond, & que le produict du
premier par le fecond + 5 foit 36, & eft cefte queftion la
11 du 81 probleme, par laquelle il appert, que le pre-
miereft 4, & le fecond auffi 4, le premier doncques fe-
rale nombredes 3,& le fecond le @. De forte queles
deux quantitéz requifes, feront 4 @~ 4. Aiouftons
les mefmes a chafcune de. noz egales parues données;

Ergo1 @+ 4 ® 4, feront egalesi4 @+ 12
O—+9. :
Puis extrahons de chafcune partie racine quarrée;
Ergo 1 @ =+ 2, ferontegalesd 2 O~ 3.
_ Puis fouftrahons de chafque partie 2 ;
Ergo 1(®,demeureracgaled 2 @ —+-1.

Et ainfi au lieu de 1 @, egale 3 12 @+ s, nous
auons 1 (3, egaled 2 @+ 1. Et lavaleurde 1 @, par
le 68 probleme eft 42 + 1. Eteft manifcfte que ceci
eft origine de noftre conftruéion du precedent pro-
bleme. Laquelle il nous falloit declarer.

PROBLEME. LXXIIIL

E Stant domnez_tross sermes defquels le pre-
mier ® , le- fecond @ ©©, le troifiefme

We have to find y such that

$ " 1 L
E+a+m 0+ = 0—pm2 |
which is Prob. 81, Nos. 21, 22, and leads to an equation solved by the methods
of Prob. 71. If y is solved from this cubic equation, then

2 —_

x2 — f—-i—)!:x V‘%+q+2y+\/’]2+ﬁ
from which quadratic equation x can be found.

Stevin's example is x4 = — 4x3 4 4x2 + 40x + 33:
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nombre a&ebmique quelconque : Trowmer leur
quatrieﬁm terme ]zroportionel. ‘

Nora. Letrinomie du fecond terme de ce pro-
bleme fe peur rencontrer en fept differences 4 fgauoir:

O+0+4© Lefquelles fept differencesre-
—@+®—+© goiucnt plufieurs diverfes manie-
@+ ®—@ res doperations felon les autres
— @+ ®-—@ autres autheurs, mais nous en
@—®-+ @ auons faict vnefeule & generale,
— @—©O~+® comme fenfuit. .
@—0—0

PREMIERE DIFFERENCE
DE SECOND TERME (@4 @+ @.

Explication du donné. Soient donnez trois termes
“felon le probleme tels: le premier 1 ®), lefecond 33
~- 30 ® =4 16 le troifiefme 1 © Explication du requis,
1l faut tronuct leur quatriefme terme proportionel,

. Conftrultion,

+ @ (parreigle)+ - @(pourle -+ par reigle des
3 (@ donnez) + 16 (pour le 16 donn¢ lui ap-
plicant ®)vallent 177(excesde 22 5 quarré dela
moirie de 30 des 30,@ donnez, fur 48 produick
de 16donne par; (des 3 @ donnez) cambien
1®? faiét parle 70 probleme

Auquelaioufté 3, des 3 @ donnez, faict

Lequarre de 3,moitie de 6 premierenl'ordre eft

Au mefmeaioufté 16 donné, fai& 2

i \9 N O

(27 +8) (7 + 33) = (40 + 42
P = —292 4+ 7y 4 685y = 4.
Hence x2 4 2x 4+ 4 = 4x + 7;x = 3,
indeed the only positive root (there is a negative root x = — 1, not mentioned
by Stevin). Stevin also solves an equation in which the coefficient of x4 is different
from unity: ‘
Ox4 = — 12x3 + 30x2 + 204 + 171; x = 3.
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Sa tacine quarr- .
De la mefme fou .itraict 3, moitic de 6 premierea
Fordre, refte 2

La racine quarrée de g fecondenl'ordre eft 3, dla-
quelleappliqué @ par reigle feront '

Puison dira 1 (3 par reiglc, vaut 3 © (feptiefme
enlordre) + 2 (fixiefine enordre) combicn

1 O ? faié par le 68 probleme Vo o414

Ie di que les mefmes font le quatriefme terme pro-
portionel requis.

Demonsiration Arithmetique. Mettons par le moien
du 66 probleme foubs chafcun terme fa valeur en
cefte forte:

1@,  3@+300+16. 1A 415

I X y 1 1 1. i . 4
T.so S tvéa6q T."4 z_—f-lT.u4=—4—+x z

Et appert quea/ 4 o+ 1 - eftleur quattie(me
terme proportionel; ce qu'il falloit demonftrer.

Veu que lareigle de cefte conftruction eft generale,
nous n’appliquerons pas ( comme nous auons auflz
faitau 71 probleme) les efcriptures aux nombresdes
ordres, pourla multicude desditferences.

so—:—+v6464

' 1 ® cgalea N o T4, Quant le fecond
15@—+ 36®—+27 termedonné tient racine qui

. —6 foit binomie , lon extraira

9 ur-plus gride facilité ( com-

9 ten quela reigleci deffuseft

36 generale)de chafque partie ra-

6 cine. Soit par exemple 1 @),
egaled 4@ +12O+9.0r

3 parce que le fecond terme,
#/ 11414 tent telle racine, onlextraira

The sections in L’Arithmétigne dealing with biquadratic equations have been
analyzed by H. Bosmans, Mathesis 39 (1925), see the Introduction 35). In this
article several examples of Stevin’s text ha
modern notation, . o

ve been given in the original and in the
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dechafqueterme & 1 (@ fera egale a2 - 3,& par

le 68 probleme 1 ® vaudra 3. .

DEVXIESME
DIFFERENCE DE
SEGOND TERMS

—+ 0+
1@ egalea
—1@4+40+3

2
1
3
4
2
I
10
Vi +

TROISIESME
DPIFPFERENCE DE
SECOND TERME

@+0—0.

1® cgale a
8@+ 16D—12
8.

16,
16.
4.
2.

—

4@
Soluti« (2 44/ 2
onou {2 — 2

v —jl®+8®'—‘5

QVATRIESME
DIFFERENCE LB
SECOND TERME

—@+O—0.
1® egale a

6

[TRER YR N 3N

@ .

Voila les quatre premie-
res differences QC{ACUéCS,
& fons celles qui ont tou-
tes eués au fecond terme,
la moienne quantite 4, a

flauoir 4 (@ ; fenluiucnt

maintenant les trois an-
tres, qui ont ladit¢ moi.
enne quantité —; Et re-
ceuronten la coftruction
quelque petite mutation;
La raifon et , que leurs
origines mefines, lesre-
goiuent; qui-procede (c6-
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Dz roPERATION. -
meapparoiftra plus amplement ¢n fon lien) de cela,
que®— ©® -+, ont autant —@® + @, pour ra-
cine,comme (D — (), defquelles ne f¢auons en l'o-
rigine mefme queelle fera la vraie, par ce que la valeur
des quantitez que nous cherchons, nous eft incognue.
Drou fenfuit que defdictes differentes fuinantes on
pourra faire deux conftru@ions,qui ferontaucunefois,
toutes deux bonnes;aucunefois feulement I'vne, def-
quelles nous pourrons choifir la vraie.

Or la premiere de ces deux conftruions, differe
de la precedente fenlement en cela, qu'il faut, quele
feptifme nombre en P'ordre (lequel ci deflus fa twnf~
iours efté di& ) foit par reigle —. _

Etla deuxiefme de ces deux conftru@ions, differe de
laprecedente feulement en cela, qu'il faut que le cinc-
quicefme nombre en l'ordre (lequel ci deflus fatoul=
iours dict +) foit par reigle —.

Lefquelles chofes eftant fort euidentes,nous en don-
nerons feulement les exemples par les characteres des
nombres de Pordre.

CINCQVIESME DIFFERENCE DE
SECOND TERME (— O-+Q@.

1® egale 2 1 ® egale a 1® cgalea

14@—160+3. 112—18D+38. 10@—40D—+16
6 6

2 2 —2 —1
16 16 9 . 9 16 16
Is 1 1 7 9 .
4 4 9 9 2§ 1§
2 —_— 3 -3 y iy
! 3 4 -2 —28

p 2
—4® 4 @ 30O 3O, —4® 4Q.
Vit 31 oudr VO
I ]

I vrai¢ fol
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NoTa. Quand le fecond terme donné,aura raci-
ne qui {oit binomie, on én pourra faire comme nous
auons dict foubs la premiere forte.

SIXIESME DIF- SEPTIESME

FERENCE DE SE- DIFFERENCE DE
COND TERME SECOND TERME
1®ecgalea 1@ egale a
—3@—6®0+5§ 19@—200—5
4 [
1 25
4 9
9 4
3 —2
1 |
‘/'——Il y \ ;l® ‘/ T
1 - 215
4 2 ou{,__z____“/l %_

La demonftration de chafcune difference fera fem-
blable  celle de la premiere difference. - Conclufion.
Eftantdancques donnez trois termes defquels le pre~
mier 4, le fecond @ @ @, le woifiefme nombre alge-
braique quelconque: nous auous trouué leur quatrie(-
me terme proportionel cc qu'il falloit faite. '

DE I'ORIGINE DE LA CON-

STRVCTION DV PRECEDENT
PROBLEME.

Quand ®eftegale 2 ®@,nousles poﬁudn§ re-

659
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duireen @, egale a. © ©, & alors deuient la valeurde
1 (D notoire par le 68 probleme, commeil apparoiftra.
Soit 1.®,¢gale 4 3 @+ 30 ® <+ 16,qui &ntle pre-
mier & fecond terme dela premiere ditference. 1l faut
doncques trouuer quelques @ & @), tels que aionftez
ala 1 @, lafomme foit rinomie, duquel }a racine foie
1 @—+quelque ©@; Puis leldittes 2 9, aiouftez anx
3 @<~ 30 @+ 16,lafomme {oit trinomie, duquel la
racine foit 1 D & @; Or pourles trouuer, il fera pre-
micrement neceflaire, que le quarré de la moitie du
nombre de muldmdedes @ foit egal au @, car autres
@ & @aiouftez 4 1 @), ne peunent faire que la fomme
aie racine feruante 4 noftre propos, parla note du 2
exempledu 61 probleme. Au fecond, quele produick
dela (%mmc de 3 (des 3 @ donnez) & le.nombredes

* (@ trouné,par la fomme de 16 donné, & du © trouué,

foiregal 4 22 5,4 [cauoir au quarré de 1§, moitiede 30
des 30 @ donnez, carautres 3 & @, aiouftez 4 3@

"~ 30( —+ 16 ne peuuent faire que la fomme aie ra-

cineferuante d doftre propos, pat ladicte note du 6t

probleme. 1l nous faut doncques trouser deus nombres tels,

quele quaryé de lamoisie du premier foit egal an fecond, &

. quc be produict du premier —+ 3 pav le fecond —+- 16 foit 225.

Etelt cefte queftionla 12 du 81 problenie;par laquelle
appert, que le premier eft 6, & le fecond o; le ‘premier
doncques fera le nombre des 3,& le fecond fera le @.
De forte que les-deux quantitez requiles feront 6 (3
-+ 9t Aiouftons les mefmes 4 chafcune de noz egales
parties donnees; ‘

Ergo 1@ ~+6 @ =9, ferontegalesig @+~ 30
@ +25. . -

Puis extrahons de chafcunc partie racine quarrée;
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Ergo 1 ®—+ 3,feront egalesd 3 ® + .
Puis fouftrahons de chafque Yartic 3
Ergo 1 (@, demeureraegaled 3O+ 2.
Etainfhiaulieude 1® 'eg:ﬁ: i3+ 300416,
nous auons 1 (@ egaled 3 ® -+ 2; Dont la valeur de
1 ® parle 68 problemeeft ¢/ 45 +-1--.
 Eteftmanifefte, que cecieftForigine de noftre con-.
ftruction du probleme precedent; Laquelle il nous fal-
loit declairer. ’

PROBLEME LXXIIIL

E Stant donnez_tross termes, defquels le pre-

! micr ® , e fecond ®® , le troufiefme nom-
bre dlgebraique quelconque: Trouser leur qua-
trie[me terme proportionel. .

Nora Lebinomie dufecond ter-
- ®—+® me donnéde ce probleme fe peut ren-
—~— @3+ © conteren trois telles differences:
@—@  Defquelles nous donnerons trois con-
. ftryctions, toutes d'vne mefme manie-
red’operation. : '

PREMIERE DIFFERENCE
DE SECOND TERME @Q+0O. ’

Explication du donné. Soient donnez trois termes
fclon le probleme tels: le premier 1 @), le fecond 2 @
~+ 27, le trcifiefme 1 @. Explication du vequis. 11 faut
trouuer leur quatrie{me terme proportionel.,
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Conflraction.

1® (parreigle) + 2 ® ( pour 2des 2 donnez
les applicant ®) vaut 3 (racinecubique des 27
donnez) combien 1@ ? fai parle 72 proble-
me 1,pat le mefme diuifé ledict 3 racine de 27
donne quotient '
* Te di que 3 eft le quatriefme terme proportionel re-
quis. Dermonstration. Mettons parle moien du 66 pro-
bleme, foubs chafcun terme fa valeur en cefte forte:

1@®. 20+ 127. 10, Y
81. 81. 3 3.

Etappertque 3 eftleur quatriefme terme proportio-
nel; ce qu'il falloit demonttrer. mer _

SECONDE DIFFERENCE DE
SECOND TERME —(Q+ (. '

Explication du donné. Soient donnez trois termes fe-
lon le probleme, tels: le premier 1 @,lefecond —2 @)
-+ 32,letroifielme 1 @. Explication du requis. 1l faut
trouuer leur quatriefme terme proportionel.

Conftraction.

1 @(par reigle}— 2 @(pour — 2 des—2 @ don-
nés,les applicant ®) vaut 4/ 3 32 (4 fcauoir ra-
cine cubique des 32 donnez) combien 1 ®?
fai&t par le 72 probleme + 3 4,par lamefime
dinifé ladite 4/ 3 32 donrie quotient 2
Ie di que 2 eft le quatriefine terme proportionel re-

quis. Demonftration. Mettons par le moien du 66

probleme foubz chafcun terme fa valeur en cefte forte: -
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1®. —23+32 1. 2.
160 16.0 2. 2o

Et appertque 2 eft leur quatriefme terme propor-
tionel requus; ce qu'il falloit demonftrer.

TROISIESME DIFFERENCE

DE SECOND TERME @ —(.

Explication du donné. Soient donnez trois termes
felon le probleme tels: le premier 1@, le fecond 3 @
—8, le troifiefme 1 (D. Explicationdu requis. 11 faur
trouuer leur quatriefme terme proportionel.

Conitruction,

1 @ (par regle) + 3 @ (pour 3 des 3 @ donnez, les
applicanta ®) vaut — 2 (3 fcauoir racine cubique des
— 8 donnez) combien 1 @2 fai@ parlc 72 probleme
— 1. par le mefine diuifé ledi& — 2 racinede — 8
donne quotient 2

Iedique 2 eft le quatriefme terme proportionel re-
quis. Demonfiration. Mettons par le moien du 66 pro-
bleme,foubs chafcun terme fa valeur en cefte forte:
1®. 33—8. 1 ®. 2.

16 16. 2. 2.

Etappert qﬁe 2 eft leur quattié(me terme proportio-
nel requis; ce qu'il falloit demonttrer.

DE LORIGINE DELA CON-
STRVCTION DE CE LXXIIIL
PROBLEME.

Pofons qae 1 @ foitegaled — 2 @ - 3; Oubien
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(ce qui vautle mefme) 1 @ -+ 2 D,egalesd 3,defquels
nous cherchons la valeur de 1 ®, que nous {cauons
eftre 1; Diuifons par le mefme le 3 donné, doiine quo-
tient 3; doncques 1 & 3, font deux nombres, defquels
- leproduiét fai& le 3donné, & le produiét dudi¢t nom-
bre 1par —2 (des — 2 donnees)quieft — 2 aioufté
ala potence de quarte quantité dudiét nombre 1,refte
ledi& nombre donné 3.Quand doncques nous aurons
trouué tels deux nombres comme font lefdicts 1 & 3,
ileft notoire que I'vnfera la valeur de 1 ® requife.
Pourtant metcons le {ufdi@ en forme de queftion
ainfi: Troutons deusx nombres tels que leur produict foit 3,
& que le produict de £ vnmombre par 2 aiousté & la potence
de quarte guantité dudict vn nombre, la fomme foit aufs 3.
Quieftla 1 3 queftion du 81 probleme; Et appert aux
termes reduléts, que 1 @ fetrouua egaled 2+ 27
(lequel 27 eftle cube du 3 donné,defquelsla valeur de
1 ® eft 3; Par le mefine (pour trouuer Pautre nombre
requis) (e diuifale 3 (quictt le 3 du (econd terme pofe
ci deffizs,Quand doncques 1 @,eftegaled — 2D +3,
alors pour trouuer la valeur de 1 (D, nous pouuons
(comme par reigle generale) mettre en leur lieu, 1®
egale d 2 (3 (3 fgauoir + 2 aulieudu — 2 donue & 3
aulieude @ donnée) ~ 27 (pour le cube de 3 donné)
dinifantla racine cubique de 27, par ladicte valeur de
1 @), lequel quotient fera le requis. Erparlereuersde.
ces chofes, Quand 1 @eft egale 42327, alors
our trouuer la valent de 1 @ nous pounons metureen
eurlien 1 ®,egaled —2 O+ 3,diviant par lavalear
de 1 @ laracine cubiquedu 27 donné, quieftTopera-
tion de la fifdiéte premiere difference {emblableaux
deux autres. Laquelle origine il nous falloit declarer.
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NoTa 1. L'on pourroit encore defcripre autre
maniere de confiruction que n'eftla precedente; i (Ga
uoir par 'operation du 14 exemple du 81 probleme;
Mais nous le paffons outre a caufe de briefueté.

No 14 11. Confiderant d'vne part que lorigine
des conftrutions des trois problemes fuiuans, eft en
tousaflezla mefime; Etd'autre pare la multitude des
diuetfités des differences que regoiuent aucuns d'iceux

roblemes, nous defcriprons leurs origines mefmes, au
ricu de conftruction, commengant ce 74 probleme,
duquel nous donnerons(outre les conftruions prece-
-dentes)autre maniere de conftrution,comme feénfuir,

Explication du donné. Soienr donnez trois termes
felon le probleme tels:le premier 1 @,lefecond 6 @ =+

3 5 le troifiefme 1 ®. Explication durequis, 11 fauc
wrouuer leur quatriefme terme proportionel.

NoTa .Afin de declarer le fens, autant decefte
conftrnction,comme des trois problemes fuiuans, faut
fgauoir, que noustachons d'aioufter 3 chafque partie,
quelques quantitez egales, telles, que chafque formme
aie racine de moindre multirude glc quantitez que les
quantitez donnees; & deuiennent ainfi finalement
conuertiz en (2 egale d © @), defquelles la valeur de
1 @eftalors notoire, parle 68 probleme.

Confiruttion.

On appliquera les 3 données, ou paregaleaddi-
tion, ou par egale foubftradtion, toufiours 4 1a 1 @, il
faurdoncques ici foubftraice de chafque pariie 6 3);

Ergo 1 @ —6(Q), demeureront egalesd 3 =

Puis il faue aioufter 3 chafcune partie quelques

@ ® @;ainfi quel'vne aie pourracine quatrée,trino-
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mie, & lautre binomie. Or puis que les deux premiers
characeres dela premiere partie;font 1 @ — 6 @il eft
notoire que les deux premiers charaleres de la racine

(apres 'addition defdictes @ ® @)feront1 @ — 3 ®

' (commie il appert par la multiplication de quantitezen

eux) dfqaucir— 3 (des— 3 ) pour moitie de —6
(des— 6 @ donnés) Il refte maintenant d’appliquer
aiceux 1 @ — 3 @, quelque @ tel, que le quarre de
tel trinomie aie les quantitez comme @ © @, telles,
que lesmefmesaionftez a la feconde partie,qui eft 35~
la fomme aie racine qui foir ) @,qui fera (par la note
au 2 exempledu 61 probleme) quand lequarréde la
moitie du nombre de multitude des @, foit egal au
prodai& du@®, par le nombre de muliitude des @;
Mais veu qu’en I'inuention de ce (9, qui doibt eftre ap-

pliqué d 1 @— 3 ®,nous n’auons que faire des fignes

des quantitez, nouslesdclaifferons , 4 fin quelles ne
nous caufent confufion, & que ne foions cotraints de
befoigner pat poftpofees quantitez difant ainfi : Trou-
wons vn— © (car ceft notoire que~+(© ne le pourra
eftre)qus appliqué a4 1— 3. Et puis tels trois nombres multi-
pliez. par ewe meftaes diftinclemet felonla maniere de multi-
plication des quatitez. algebraiques, Et au dernier nombre du
produict aiouslé 3—"—,qu’alm lequarré delamoitie du cine- -
quiefme.foit egal au produiét du quatriefme par le fixiefine.
Erteft cefte queftion la 15 du 21 probleme,par laquelle
il appert que le nombre requis eft — 2, qui appliqué
aufdits 1 @ — 3 @, fera 1 @ — 3 @ — 2,fon quar-
r¢1®—6Q®+ § @~ 12 ® - 4.du melme foub-
ftraict l2 premiere de noz egales parties , refte 5 -+
12 ® — 4, aiouftons les mefmes i chafcune de noz
egales partics; :
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Le 11, LIVRE

366

s main concern is the finding of positive
, but even here with an eye to the possible

Stevin does not follow the example of Cardan, who in the 18th chapter of

the Ars Magna studies some cubic equations such as x3 4 10x = 6x2 + 4, finds
three roots (all positive), 2, 2 4+ 4/2, 2 — 4/2, and concludes that their sum

is equal to the coefficient of x2. Stevin’

roots, and, at one place, of negative ones
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positive roots that he may discover by not neglecting negative ones. Although he
usually detects all positive roots, he occasionally omits some just because of his

lack of interest in negative roots or in the root x = 0. For instance, among his

examples in Prob. 71 are the following:
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Dont les demonttrations feront femblablesaux prece-
dentes. Conclufion. Eftant doncques donnez trois ter-
mes defquels le premier @), lefecond @ @) le woifief-
me nombre algebraique quelconque; nous auons trou-
ué leur quatriefine terme proportionel; ce qu'il fal-
loit faire.

PROBLEME LXXV.

E Stant donnez_trots termes, defquels le pre-

miier @, le fecond ®©O, ke troifiefme,
nombre algebraque quelconque : Trouuer lear
quatrie[me serme proportionel.

Explication du donné. Soient donneztrois termes

felon le probleme tels : le premier 1 @, lefecond 4 @ -

+ 8 ®— 52, le woifiefme 1 @.

Explication durequis. 11 faut trouuer leur quatrie(-
meerme proportionel.

Conftruftion. Laconftru@ion fera femblable 4 celle
duprecedent probleme. Etle6 (dernierequantité de
1 @~ i U+ 6) eft rouné par la 17¢ou 18¢ queftion
du §1 probleme;la difpofition des characteres de I'ope-
sation, femblable aux procedentes eft telle : ‘

669

x3
x3
x3

I

6x2 + 4x — 24;
6x2 4+ 3x — 18;
6x2 4 3x — 44;

6
6
4.

B X XX
o

The corresponding equations in y = x — 2 are:

16y 3y =
15y + 4y
=15y — 22 ;y

i
[NINN
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2, because he
0 as a root; in the second example he omitis x = 4/"3, because he

In the first example Stevin omits the positive root. x

discards y

discards y=—2++/3a qégatiire r:oot; and in the third example he omits

1 + 24/ 3, because the equation y8 = 15y + 22, which,

34 243,y

according to his method of Prob. 69, he needs’in order to solve y3

X =

15y — 22,



671

. “Jaryuou
-ov:oza.:_.swuu:ucouuomoauE._uEnanum&uJu~=80u¢u=8=m.=w:umm«um.

*91 ot

K T I

b b ‘@1 UH—O8+OF | @1

] ‘wAf ) '

'“ 2 . e ‘9 § .n - ) (€4

» + @ 7 —@ g+ OF @1

o v o 131305 992 U

> “mopea ey S[dwaxs 1onuaxd 3uspsdaid vp swnra undjeys squoj‘awaiqord 99 np ustows of1ed

! SUONSIY “UoNpASUeNI( *$OUIIYIP SHINE 53] ST0) Ud uonesdo] B AqEIquIyy 27

- oF & -+ ¢ neasuwdiqoid g9 ojrd @123

- 1 4+@9 (@1 ] sopmpoy

STD7 ['o—@¥ —Dr saaazenb soupes sinoy

S19+DoS+@ ¥ \e mo?mi 94D gF+@r-+-E3—D1 sswwog

09¢+ QY +@%]| - Jr9t-+Dgy+@F saynomr anted Sunayeys pzamuEiD

INZIRTOE A ‘o 0 0 ‘©8—@®r  $9UIOp ZNNUERD

/5 — 1 of the equation

x4 .=.— 8x3 +.40x —_V,_32‘and omits x. =4/ 17:— 3, because in ektfacting

the square root from (x2 4 4x — 6)2.= (2x — 2)2 he only takes x2 { 4x —.6

has a root y =:— 2, which he discards... -

‘In Prob. 75 he only has the positive root x

= 2x — 2 and omits x2 4 4x — 6 = — 2x + 2. It seems that Stevin added
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the section on negative roots after he had completed the major part of his theory
of equations (perhaps after reflection on what he had read in the Ars Magna

on the relation between the roots of x3 + 16 = 12x and those of x38 — 16 = 2x,

sée Stevin's Article V of his section on solutions by —), and did not check

up again on all his examples with this new theory in mind.
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r De orerATION. 373
Et appertqueautant 3+ 4/'3,comme 3 — ¢/3,¢ft

leur quarriefme proportionel; ce qu'il falloit demon-
ftrer. Conclufien. Eitant doncques donnés trois ter~

mes delquels le premier @), le fecond @) @ @), le troi-
fiefme nombre algebraique quelconque. Nous auons
troun¢ leur quatric{me terme proportionel ; ce qu'il

falloit faire.
PROBLEME LXXVIIL

' E Stant donnex tross termes, defquels le pre-

mier ®, le fecond ¥ ®06), ke troifiefme

nombre lgebrasque quelconque: Trouuer lewr
quatrie[me terme proportionel.

Explicationdu donné. Soient donnez trois termes fe-
lonle probleme tels: le premier 1 @®, le fecond — 4
B+ 4@+ 40® 433, le wroifiefine 1 ©.

Explication du véquis. 1l fauctrouuer leur quatrief~
me terine proportionel.

Construltion.

- La conftruction fera femblable 4 celle du precedent
probleme. Etle4 (derniere quantité de 1 @O+:0
—4) cft trouué parla 21° ou 22° queftion du 81 pro-
blere. La difpofition des charactercs de l'operation
femblable aux precedentes eft telle :

At the end of Prob. 77 Albert Girard, in his edition of Stevin’s works (1634),
places a Reigle, which is no other than the Appendice algébraique of 1594, see
our Introduction. We republish it separately at the end of L’Arithmétique.
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Prob, LXXVIII deals with equations with “derivative” quantities (Def. 27),
which can be reduced to previous types. Examples: x% = 2x3 + 496;
X = 2, x15 = 2x12 4 3x% 4 2x6 4 22912; x = 2. When reducing this last
equation to y5 = 2y 4+ 393 + 2j2 4 22912 by means-of y = x3, Stevin
intreduces for the first time in his theory of equations (see our remark to Prob.
70, third case) his “quantités postposées” of Def. 28 and Probs. 62-65, that is,
he writes 1 sec (5 for 1 (@), or y5 = x15. In order to cxplain how to operate with
these new quantities he adds Probs. LXXIX and LXXX and six theorems.
theorems.

Prob. LXXIX. If py is an expression in x (p being a number), what is y? This
is extended to such problems as: if 4y = 8x3 — 4x, what is 2j2 + 3y? Ans.:
8x6 — 8x¢ 4 2x2,

Prob. LXXX. If xy is an expression in x, what is y? This is extended to

such problems as: if 2x2y8 — 6x4, what is y? Ans.: ¥ 3x2. It is also noted
that 3x2.4y = 12x2y. Division is taken into account,
Then follow six theorems, taken from Cardan’s Ars Magna, Ch. X, and here

formulated in our own way:
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H Theorem
Theorem
Theorem
Theorem

Theorem

T heorem

L
II.
1.
V.

V.

VI

If xy +
If xy =
Ifay =
If x2 =
2)x:y
If xy =
2) x:
If ay =

2)x:y

ay =bx,thenx:y=(x +4a):0 .
ay 4+ bx,thena: (x —a) = (y— b) : 6. -
xy + bx, then (a—x) :x = b:y.

axy + by, then1) x: y = b: (x — ay),
= (ax + b) 1x.

ax2 + by, then1) y: x = (y—xa) : b,

'..al'_—.. (x—b) : x

xy + bx2,then1) a: (y + bx) = x:y,

. a—-x

N

)

All these Theorems have been provided with an “arithmetical”- and a “geo:
metrical” demonstration. The first is a numerical verification. The geomeétrical
demonstration consists in a reasoning which invokes a theorem of Ewclid's

Elements.

We reproduce Theorem VI:
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396 Le 11. L1vRE DARITH,
THEOREME VI

Vand quelques fec.©, font egdes 2 1©
Miec.©—+ quelgues @ : Alors comme
b nombre de multitude desfec. ® , & ls fornme
de la valenr de 1 fec.®, ¢o~ le produié? du nom-
bre de mulsitude des @, par la valenr de 1 ®
ainfila valeur de 1 ©, 4 la valewr de 1 fec. ©.
Items la valeur de 1 ©est moien proportionel
entre la valewr de 1 fec. ©, e° le quotient pro-
cedant de la dsuifion de Fexces zu nombre de
multitude des fec. ©, fur la valeur de 1®, par
le nombre des 3. .

Explication dudonné. Soient 4 fec. (D egalesd 1D
Mfec. ® +6@. Et Ia valeurde 1 @ foit 2,&de 1
Jec. @ fera neceflairement 12. Explication du requis. 1l
faut demonftrer le requis du theoreme. Demonstration

. Arithmetique. Comme 4 (nombre de fec. (D)4 14(fom-
mede 12 valeurde 1 fér. @, & 12 produiét de 6 nom-
bre de multitude des @ par 2 valeurde 1 @) ainfi 2
(valeurde 1 @) 4 12 (valeurde 1 foz, ®.) '

Item 2 (valeur de 1 ) cft moien proportionel en-
we 12(valeurde 1 for. @) & = (quotient procedant de
ladivifionde 2 excesde 4 nombre de multitude des
Jee. ®, fur 2 valeur de 1@, par 6 nombre des 3).)

Ausre demonfirarion Geometrique. Soit AB1 fec. D 12,
& B C ¢;Doncques C A feront 4 fer.(D egales par I'hy-
pothele, i1 ®M fec. ® 6 (D, les melmes foient

Theorem V1. Let 4y = xy + 6x2, then if x = 2,y = 12. .
Arithmetical demonstration: 1) 4 124 = 2 :12

2) 2:12 = = : 2, »
Geometrical demonstration: Let AB be y (= 12), CB be a4 (= 4), then arca
CA = ay is equal to xy 4 bx2. Let AD be x (= 2), then DB = xy, if
BE = &x (= 6x), then area DE = xy 4 42. According to Euclid VI Prop. 16

\
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DEifGauoirD A 1 ® 2, parquoi DB 1 © M fer. ®,
& BE, fera fexwple 2 FB1 (0, ceftd dire que BE
fexa6 @, ergoFEG 2. : ‘
- Nous auons doncques en cefte
2Dz A figureles egales quandtez donnees.
" Or quelaraifon de CB 4 (nombre
de multitude des for. @) 4AE 24
(forame de A B 12 valeurde 1 fe.
@®,& BE 12 produiét de 6 nombre
12 demultitudedes @ par 2 valeurde
1(D) cft comme D A 2 (valeur de
1®)3AB 12 (valeurde 1 féc. @)
eft par leurs nombres manifefte.
C,F B Mais pour demontrer le mefme.
: geometriquement faut {Gauoir que
C Aeftegald D E par Phypothefe :
Ergo Ylar a16 propofition du 6 liure
d’Euclide comme C B, 3 AE, ainf}
12 DA,i AB.Conclufion. Quand donc-
ques quclques fec. @ font egalesa
&c. cequ'il falloitdemonftrer.
| Eftant doncquesainfiacheuée la
2 E  reigle de proportion des quantitez,
nous viendros 4 leur reigle de faux.
Il eft bien vrai que fuiuant Pordre des nombres Arith-
metiques & Radicaux precedens, qu'il nous fauldroit
premierement defcripre Ja reigle de proportionelle
partition des quantitez,qui feroit chofe affez facile,
mais ne voiant pour le prefent Jeur veilité nous la paffe-
rons oultre,

(when four lines are proportional, the rectangle contained by the extremes is
equal to that contained by the means, and conversely) CB : AE = AD : AB, or
a:(y+ bx) = x:y5 AlsoBF: AB=CF:BEorx:y = (a—x): bx
For the purpose of this proof 4 has the dimension of a line, & of a number.

Now follow 22 Questions, which end the book. They are solved “by Algebra”.
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Sixiefme diftin&ion, delareigledes faux des
nombres algebraiques, dicte reigle de

ALGERB R E
PROBLEME LXXXI

EStmt_ propof¢ question qui [ folue par Al -

'gebre: La foluer par Algebre.

Or nous fommes venuz au dernier probleme de ce
liure, quieft dela treffinguliere, & admirable Reigle
&' Algebre, I'Inexhaufte fontine d'infiniz Theoremes
Arithmetiques, Reuelatrice des myfteres cachez en
nombres: De laquelle nousauons declairé la methode
Ear finilitude, en nombres Arichmetiques; au 16 pro-

lete, nousla demonftrerons maintenant par effe@
enlachofe melme. Maisauantque nous y venons,il
fautencore dire vn mot, 4 f¢auoir : Commeil eft me-
ftier 4 apprendf, auant qu'il vienne d la reigle de faux
des nombres Arithmetiques (que nousauons defcript
audict 16 probleme) qu'il cognoiffe leslettres des cyf-
fres, qu'il fcacheles quatre generales numerations, &
la reigle de trois des nombres Arithmetiques, quiau
parauantauotent efté defcriptes, fans lequel il commé-
ceroit defordonneement, & a pea de prouffit, a icelle
Reigle des faux, patce quelles font matiere & inftru-
mens, par lefquelles il fatoperer : Toutainficft il ne-
ceflaire, auant que venir i cefte Reigle de Faux, ou Al-
gebre, que lon cognoiﬂé fes propres:chara&eres, fes
quatre numerations generales, Reduction, & Reigle ds
proportion de fes nombres Algebraiques. Lefquelles

‘681

© Sixth distinition, of the rule of false position.

: ‘-bf__tbe algebraical numbers, called rule of "ALGEBRA B
Prob. LXXXL - Let a-question
solve it:by Algebra. . .~ cee
“Now we have come:to the:last prol

be proPésed that can be solved b.y 'Algél.)fz.x:

‘ blem .of -this. book, which is. on the- highly
singular.and .admirable Rule of ‘Algebra, the Inexhaustible fountain. of .infinite
Arithmetical Theorems, Revealer of the mysteries hidden in -numbers. Of which
we have declared the method by similitude, in Arithmetical :numbers, in Prob.
16; we shall now demonstrate it in effect in terms of x”. [*chose” = “cosa”
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font copieufement defcriptes aux precedens, & fansla
cognoiffances d’icelles,on commencera dcfordonne_c-
ment, & d peu d'viilité, parce qu’elles font aufli matie-
re & inftrumens, nc‘ceﬂfircs a Poperation d'icelle.

Item comme il n'eftoit pasla le liew, d’enfengner ou
repeter la maniere de Aioufter,Soubftraire,Multiplier,
Dinifer, &c. des nombres Arithmetiques, Maiscela{e
faifoitau parauanten fon propre lieu : Ainfi ne fera ce
pasicilelieu de repeteren celte operation la maniere
d Aioufter,Soubftraire, Multiplier, Diuifer, Reduire,
trouuer quatricfime proportionel, des nombres Alge-
braiques; Car ccla confondroit & noftre diftinct or-
dre,& me(me Pappretif; mais il faut que tout ceci fap-
prenne aux precedens; Ce que nous confeillons de fai-
te 4 ceux quien requirent facilement patuenir 4 chef.

QVESTION L
Tkmmom vn nombre , qui auec [a moitie,

face 18,
CONSTRVCTION.
Soitle nombre requis 120,
Sa moitie +®
Leur fomme 15O
Egaled 18

Puis on metrera vne ligne, ioignantles nombres al-
gebraiques, & alors leur difpolidon fera comme ci
deflus.

Puison dira 1 -1~ @ eft egale, ou vaut 18, combien
1 @ fai& parle 67 probl.12. Doncques 1 ® premier
enl'ordre vaut 12,& la+- ® fecond en 'ordre vaudra

(par ledict 67 probleme) 6, & la 1 5~ @ woiliefmeen

“res”, the 16th century expression for. the unknown x}. The pupil is advised to
study the operations with arithmetical numbers before he begins to study the
present rule of false position. Problems such as: how to find a number which to-
gether with its half gives 18, Question I of Prob. 81, were solved “arithmetically” by
saying: let the number be 1, then together with its half it will give 13. But it
must be 18, which is 12 times 1%, hence the required number is 12 times 1, or
12. This tule of similitude was the so-called “rule of false position”, or “regula
falsi”, explained by Stevin in Prob. 16. This rule .was extended to all problems
leading, in algebra, to linear equations and even to equations of higher order:
“double false position”. Stevin now shows how to do these problems, and many
more, by Algebra, that is, by the use of x in the theory of equations.
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Pordre vaudra 18;Lefquelles valeurs fe metteront chafe
cune ioiguit {a quantité, & fcraalors la difpofition des
charackeres de la conftruction(lefquelles nous defcrip-
rons autre fois en cefte premiere queftion pour plus
grande cuidence) comme ci deflous:

Soitle nombre requis _ 1012
Samoitie +®| 6
Leur fomme 15 ®H8
Egale d . 1818

Iedique raeft lenombrerequis, Demonffration.12
auec {2 moitic 6, fai& felon le requis 18;ce qu'il fal-
loit demonftrer. ,

Nort A. Semblable fera Ia methode, en toutes les
queftions fuiuantes; 4 {gauoir apres que (paroperation
conforme 4 la petition) onaura trouué deux quantitez
cgales, on trouuera par icelles la valeur de 1 @, par
quelque probleme des problemes 67. 68. 69.70.71.72.
73-74.75.76. 77. 78. 79. 80. 4 lui refpondant; qui
eftant cognu, on trouuera par la mefme valeur de 1 (D,
la valeur de toutes les quantitez en Pordre, par le 66
probl.& l'on aura les nombres requis 4 *la propofition,

L’on peut aufli fouuentesfois trouuer les autres
nombres requis par le premier nombre trouué, fans
trouuer par les 66 probleme la valeur des quantitez de
Fordre. Parexemple, fcachantci defus que le nombre -
requiseft 12, nous pourrions prendre fa moitie, qui eft
6, & Paioufter 4 12,fai¢t felonle requis 18: de forte

ue parI'vne & lautre maniere Fon vient 4 ladefirée
clution ; Mais par ce qu'il auient founentesfois, que
la raifon du nombre premiet trouué eft aux autres
nombres requis trop ogfcure, voire aucuncfois pas de-

683

Questions II—VI lead to quadratic equations.
I x + y = 5, xy = 6, solved, as all questions before No.

Questions.

In our notation: x + 3x = 18; x = 12. Stevin presents his scheme for

easily verifying the answers to his questions:

Required number x 12
Half of it ix 6
Their sum 13x 18
Equal to 18 18

13x = 18, x = 12 (Prob. 67).

the notation of only one unknown: y = x — 5, x (5 — x) = 6;
x=3,y=2 "

XXII, with
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DEe YOoPERATION. 401
terminée, comme il apparoiftra en plufieurs queftions
du fecond liure de Diophante , & autres fuiuans; 'on
trounteraalors la valeur des quantitez en 'ordre, com-
me deflus, parle moien du 66 probleme.

Item la ou (au comnencement dela conftru@ion)
nous auons pof¢ pour le nombre requis 1 . On peut
fer nombre algebraique quelconque, & tel qui en
‘operation nous femblera le. pluscommode, felon la
qualité de la queftion. Parexemple, fi 4 caufe d'eui-
ter fra&tion, nous euflions voulu pofer pour le nombre
requis, 2 O, fa moitie {era 1 @, font enfemble 3 .
egalesa 18, & parle 67 probleme 1 ® vaudroit 6:Ergo
les propofees 2 @ (par le 66 probleme) vaudroient 12,
qui eft le mefine, ce que deflus valoit la pofée1 ®,&
nous vient la mefine folution.
Prennons autrefois pour nombre requis 4 (), fa moi-
tic fera 2 Dfontenfemble 6 D egales 318 & par le 78
robleme 1 (@ vaudra 4/ 3; Ergoles 4 @ par le 66 pro- .
leme vaudront comme deffus 12. Et aiofi d’autres
quantitez quelconques. -

' QVESTION II.

Artons § en deux parties telles , que leur
produict [oit 6.

Nora,

Nousdirons ici encore vne fois pour tout, que les
nombres derriere laligne, font les nombres dela folu-
tion; 4 fCauoir les valeurs des nombres algebraiques,
au(quels ilz correfpondent, & femertent apres que la

valeur de 1 @ efttrounée.

III. %2 4+ 92 =7,x2 —y2 = 1;x:é,y= NER
IV ‘r"»ZXyl-“:-"“/-ﬁi_S—,-,x?-’—F 2 =Tyx = 2,y = \/3—

V. 2xy = — v/ 60, 2xz ,=" V40, 25z = 4/ —24; x = \/?,y =
— V3 z= V2 ' :

VI 2xy = /140, 2xz = /84, 2)2 = /60, 2xu = — /56,
29 = — /40, 228 = — V24 x = V7,9 = /5,2 = V/3,
# = — +/2; the numbers have been selected in such a way. that an

.. .. answer is possible, but Stevin does not comment on this. -
Questions VII—XII lead to cubic equations. o o
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402 Le 11, LIVRE DARITH,
CONSTRVCTION,

Soitl'vne partie - 100 s

EtPautte fera necellziremen =1 O+57 2

Leur produi&’ . B 6% X 10] ]

Egalesa - ~ E 6

I.cf?)uels termes reduicks, parla 4 reigle denantle
66 probleme, 3 fcauoir mettant la fuperieure quantité
feule, &c. 1 @ feracgaled s O—6, & parle 68 pro-
bleme, 1 @ vaudra 3 ou 2 foit 3.

_ ledique 3 & 2 font les nombres requis. Demon-
firation. Que '3 &2 fontles pardesde § eft notoire, &
leur produict eft 6 felon le requis;ce qu'il falloit de-
monftrer. '

Q/ES TION III. QVI ENSEMBLE
LES I1It% V&, V1. QVESTIONS, SVIVAN-
tes, feruentd Porigine des extradtions des
racines quarrees, des multinomies
radicaux du 39 probleme.

TRatmom deax nombres tels, que‘ lenrs quar-
re3 facent 7, & quebun quarré foubitraict -

de Lautre, refte 1. |
CONSTRVCTION.

Soitle premier nombre requis 1®] 2

Son quarré pour premier quarré L 10] 4

Ergo le fecond quarré (puis qu'anecle
premier quareé il doit faire 7)fera ne- _
ceffairement —1@-+71 3

VIL y=2,x84+p=dox=)" 204 v392,. ... .. .
3/ 8 — ,
y= 20._*1_}/—3‘?2 = |/3 20 — Y392 . This question has been referred-

to in Prob. 69, solution of x8 = ax + b.

VIIL Xy =2,x8—3y8% = 20; x = VVT(S + 10,
c ' 3 —_—— . . i S gierree

y = }/—_1.58::: This question has be.enﬁ‘réfetr"‘ed o in Rrob, 69,
solution of x3 = — ax + b.
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v De rtorrrATION. 403
$a racine quarrée, pour le fecond nombre
requis. & bing.— 1@+ 7|43
Difference des quarrez 2@—-71 1
Egalead 1

Lefquels termes reduis, 2 (3 ferontcgales 4 8; Et par
le 78 probleme 1 ® vaudra 2,

Tedi que 2 & 47 3, fontles deux nombres requis. -
“Demonfiration. Les deux quarrez de 2 & de +/3,qui
font 4 & 3, font enfemble7. Trem foubftrai® 3 de 4
refte 1, felon le requis; ce qu'il falloit demonftrer.
NorT 4. Lon pourroit encore faire cefte conftru~

&ion ainfi: ,
Soit le premier nombre requis 1®|43
Son quatré pour le prémier quareé 1@ 3

Ergo le fecond quarré (puis que du premier
il doibt differer en1) fera-~10u—1,
foit 1 @+1] 4

Sa racine quarrée pour le fecond nombre ‘
requis < AMbino. 1041} 2

Somme des quarrez 2Q+1]| 7

Egale 4 . 70

. Lefquels termes reduicts 2 @ feront egales 4 6;Et
par le 78 probleme 1 ® vaudra+/-3. & les deux nom-

bres requis feront comme deflus 2 & ¢/ 3.

QVESTION IIIL

Tkouwm deux nombres sels , que le double
B de lenr produiét fois ¥/ 48, & la fomme de
lewrs quarreg 7.

IX. x83—6=7x;x = 3.
X, xy = 400, x3 — 6x2 = 400; x = 40, 10.

XI. (%)2 :Z,)(.()’-{—S) = 36; x =4,y=4.

XII. (—’:—)2 =y (x+ 3)' (y+6) =225, x=6,3y =9.
Questions XII and XIV deal with biquadratic equations, Questions XV—XXII
with those cubic equations (resolvents), to which biquadratic equations of dif-
ferent types are reduced. In Probs. 72-77 there are references to these problems.
XM xy=32y+p=3x=375=1




404 LE 11. L1VRE D’ARITH.
CoNSTRVCTION.

Soit le premier nombre requis .. - r®f 2
Ergole fecond nombre(puis qu'il faut que

e doubledu produict du premier & fe-

cond foit ¢ 48) fera V3
Le quarré du ‘Prcmier nombreeft 1@ 4
Le quarré du fecond nombre eft 3 3
La fom‘me _dcs quarrez ’—Q;% 7
Egale 4 7]

Lefquels termes reduiéts 1 @ feraegaled 7 @ — 12

Etparle 78 probleme 1 ®yaudra 2. -

ledi que 2 & 4/ 3,font les deux nombres requis.
Demonfiration. Le produitde 2 & +/3, eft /12, fon
double +/48; Item la fomme des quarrezde2 & 4/ 3,

clt 7, felon le requis; ce qu'il falloit demontftier.

No ra. Lon pourroit encore faire cefte conftru-

&tion ainfi:

Soit le premicr nombre requis - a®
Son cluarré pourle premicr quarré 1®
Ergo le fecond quarré (puis qu'aucc le pre-

mier quarré il doibt faire 7) fera necef-

fairement —1@®+47|

Sa racine quarrée pour le fecond nombre

requis Vhbino.—1 @47
Produi& du premier & fecond nombre, -

et o/ bino. — 1 ®—+ 7@, fon dou.

ble &/ bino.— 4 ® + 2803
Egalesd V48

2
4

3
V3

448

Lefquelstermes reduicts 1 @ feraegaleay @ —r13;
Etpar lc 78 probleme. 1 @ vaudra 2,& les deux nom-

bres tequis {eront comme deffus 2 & +/ 3.

687

XIV.
XV,
XVL
XVII,
XVIHI.
XIX,
XX.

XXI,
XXII.

xy=27,y4—2y8 =27, x =9,y = 3.

M= (—y+N P+ )= —px=—2

—;—(8-——4x)2 = 2x + 4) (x2 — 32); x = 6.
4x2 = (2x 4+ 8) (x2 — 12); x = 4.

(2x + 20)2 = (2x 4 8) (x2 4 33); x = 4.
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QVESTION V.

~Rownonstrou nombres tels,que le double du
produict dupremier & fecond,fois—/ 60,
Etledouble duproduiéi du premier par le troi-
fie[me, (oit/ 40, Etle da_u[le du produict du [e-
condpar le premier foit —+/ 24, '

CoNsTRVCTION.
Soitle premier nombre requis 1 v
Ergo lcPfécond( puis qu‘ilcfgut quele dou- oY
ledu produi& du premier & fecond
foit— ¢/6o) fera D3
Etle troifiefme(puis qu'il faut que le dou- 1
bledu produi du premier& troificfme

{oit ¢/ 40) fera =1 4
Le produict du fecond =5t & troifief- e :

me 5 eft W —4/ 24
Egald — 4 24

Lefquels termes reduicts — 4/ 24 X & ferontega-
lesd — 4/600; Etparle 78 problcme,¥8 vaudra c§ [

Iedique 45 & —4/3 & ¢ 2 font les trois nom-
bres requis. Demonflration. Le produi& de /5 & —
¢ 3,elt—¢/14,fon double — /60; Item le produict
de/ 584/ 2, et/ 10, fon double 4/ 40; Item le
produi@t de — 4/ 3& 4/ 2, elt — ¢/ 6, fon double
— #/ 24, felonle requis; ce qu'il falloit demontrer.

~ QVESTION VI
TRamwm quatre nombres tels, que le double

du produit dw premier & (econd , foit
¥ 140, Etdupremicr & troific(me s/ £4; Er

Each equation in the last eight questions, appears in two of them. In each
of the pair the formulation is different. For instance, Prob. XXI has the -form:
let (a4 + b+ x)2 =a2 + 2ab + (2x + &) + 4x + x2 =14 II'4+ 1L +

1V 4 V. Then solve %—(IV + ¢)2 = (Il + p) ‘(V + ), Or.—i—(4x +q)2=

(x + 62 + p) (x2 + ), wherea = 1,6 = 2, p. = 4, g = 40, r = 33.
This equation has the form of the cubic equation of Prob. 77, and the curious
way in which the question is stated is due to Stevin’s attempt to relate it as closely
- as possible to Prob. 77. Prob. XXII states the problem as follows: to find -an.x

such that (x2 4 33) times (2x + 22 4 4) is equal to IX (4x + 40)2.
The last five questions'are formulated with the aid of the “quantités post-

posées”, sec (D, ter ), gquar (.
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du [econd & troific/me o/ 60; Et du premier
& quasriefme— &/ 5 6, Et du [econd & qua-
sriefme—# 40, Etdutroifie[me & quatrief-
me—wv24. L L
' CoONSTRYCTION.

Soitle premier nombre

tequis  ¥0] S M7
Ergolefecond ”ng’ w's
Ergo leroifiefme < :
Ergolequatiefme =~ =%
Double duproduitdufe- ~ | S

conde & woifiefme 223451 . #6o
Doubledu produit du fecond | - :

& quattiefme ~ =¥136e )
Double du produi¢t du

woifiefme & qua-

triefme - o - 24
Somme de cestrois pro-

duiés (quand aux au-

tres produiéts requis

les mefmes fe trouuét _

felon la queftion) eft ' ,

V:94°x—é/19_60—|/1]76 JGO_V4°—V2'4
Egaleds/60—a/40—+/24 . .

Lefquels termes reduiéts 4”60 X @— 4+ 40 X @
-—24%@9 feront egales 44/ 2940— ¢/ 1960 —¢/1176;
Et parle 78 probleme 1 @ vaudra /7.

Tedique o/7,8 4/ 5,& ¢/ 3,& — #/2, font les qua-
tre nombres requis. Demonfiration. Le double du pro-
dui@des/7 & /5, et/ 140; Erde v/7& 473, cit
#/84;Etdey 5 &a/3, cfto/60; Et dea/7&—4/2

=
!
N

XXM, x—y=3,xy=10;x =5,y = 2.
XXIV. x+ 34+ 2=10,y+ 2+ u =14,z + u 4 x = 13,
v+ x+y=1,x=2,y=3,z2=5u8=6_ . .

XXV. 3xy+ 4x2 = 2x2,x2 + 2 =29;x =5,y = 2.
XXVI. %: 3x2 4 4x, x2 4 2y = 84; x = 2, y = 40.
XXVIL 2xy + 6y =92, x4+ y+ 2x+ 6=26,x =2,y = 6.

yix=x:2z,x+y+ 2= 262xy + 6y2 = y2.

From the last equation follows, according to Theorem IV which follows Prob.
80, that y : x = x : (2x + 6), hence z = 2x + 6. From the second equation
follows y = — 3x + 20, hence (— 3x + 20) (2x + 6) = x2; x = 6,
¥y =2,z =18.
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et —¢/56;Etdet/ s & — a2 cft—o/40;i.:de /3
&—a/ 2, eft — 4/ 24, felon le requis;ce qu'il falloit
demonttrer,
QVESTION VII, LAQVELLE
EVNSBMBI.E LES QVESTIONS SVIVAN-
tes iufques i la 18 feruent auxorigines -
des conftructions des problemes

69.71.72.7%.75.76.77.
‘Rouner deux nombres tels queleur produilt
foit 2,65 la fomme de leurs cubes 40.

CONSTRVCTION.

Soitle premier nombre

requis 1@V Qline.20-4+4/392
Ergole fecond nombre,d

fin que le produi& du

premier & fecond foit

2 (qui fetrouue dini-

Ganc2 par1@)fera 5 V3 soresys
Le cube du premicr nom- :

bre 108 20447392
Le ;ubc du fecondnom~ . .

re - £10) 3otv3vz

Sommedescubes 1 Q)+ % : Yot 330
Egaled 40

Lefquels redui@ts 1 @ feraegaled 40 @ —8;Eepar
le 78 probleme 1 @ vaudra 4/ 3 bimo. 20+ 4/392. -

Iedique 4/ Q) bino.20+¢/ 39: & &/ @ 5357
font les deux nowbres requis. Demonfiration. Teue
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produiét parle 4o problemeett 2,812 fomme de leurs
cubes par le 28 problemectt 40,(clon le requis; ce qu'
falloitdemontftrer.

NoTa. Ceftequeftion (commenous auons dick
ilorigine du 69 probleme) fert pour declarationdela
conftruétion du mefme 69 probleme; Maisil fau fca-
uoir quicelle conftrution eft colligée des nombres
procedans del'inuention du valeur de 1 @,quand 1@
vaut403®—8. B

Quanta ce quelon prentla pourle deuxiefme nom-
bre ¢/ @ binv. 20— 4/ 391,& que nous trouvons ici
¥ @ sopsyy il faut fcauoir,que cC'eft tout le mefme
parle27 ptof)lemc,cardiuifant le numerateur 8 parle
nominateur 20+ 4/ 392, &c. Doncques pour cuiter
fration, on prent la toufiours le binomie dificinct,
tefpondant au premier conioinét. Et le fémblable fen-
tendra fur la 8¢ queftion {uiuante.

| QVESTION VIIL
T Rounons deux nombres sels , que lear pro-

bes zo.
CONSTRVCTION,
Soitle premier nombrere- . _
quis 1®| VO bino.s/ 108+ 10
Er%o le fecond nombre 2
n que le produit du
premier & IEecond foit 2
fera : & vV Qrrstirs
Lecube du premier nom- :
1Q 108+ 10

duitt foit 2, & la difference deleurs cu-
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Le cube du fecond nombre -x% TS
Differencedes cubeseflt 1 @ — & .
oubien— 1 @+ 155 foit 1@ —73 20
Egale 4 20l

 Lefquels reduiéts 1) fera egalea 200 + 8;Etpar
le 78 probleme 1 @ vaudra 4/ @ bino. & 108 10.
Tedique 4/ @ bino./ 108 +10& &/ Qprsizrs
font les deux nombtes requis. Demonfiration. Leur
roduic (par le 40 probleme) eft 2, & la difference de
curs cubes (pat le 29 probleme) eft 20, felon le requis;
ce qu'il falloitdemonftrer.

| QVESTION IX.

Rouuonsvn nombre cubique, qui anec— ¥,
L foce autant comme le cofté dudici cube,mul-

tiplié par 7.

CONSTRVCTION.

Soit le nombre cubique 10]27
Auquelaioufté — 6 faict 19—6]21
Eg:l 4 1 @ (cofté cubique du premier en Pordre) | -

multiplié par7 qui efta : 7 @l 11
Lefquels reduicts, 1 @ feraegaleay @+ 6; Etpatle
69 probleme 1 @ vaudra 3.

Iedi que 27¢eftle nombre requis. Demonilrationl27
eftle nombre cubique qui auec— 6 faict 21. Aufli
fai& 21, le cofté 3 dudié cube mulriplié par 7; ce quil
falloit demontftrer.

QVESTION X.

TRatmam deax: nombres tels, que lear pro-
duilt fois 400,08 ds cube de U'vn [bg}o
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frraiéts les fix quarrel dumefme nombre,Ja refle
foit 400.

CoNsTrveTION.

Soit le premier nombre requis @] 40
Le fecond doncques fera neceffairement %i;‘l 10
Sorni cube £4095°221 1000
Dugquel foubftrait les fix quarrez du fecond :

en fordre,qui font ?ﬂ%ﬁ 6oo
Refte < —960000@}:34000 22l 400
Egal 4 - 400 :

Lefquels reduiéts, 1 @) fera egale 2= 2400 ® 4=
160000 & par la 2 differ. du 69 prob.la 1 @ vaudra 40.

Ie di que 40 & 10, font les deux nombres tequis.
Demonflration. Le produict de 40 & 10, eft 400, & du

cube du 10, qui eft 1000, foubftraict 600, pourles fix
* quarrez de 10, refte 400; ce qu'il falloit demonttrer. -

QVESTION XL
TRomwm deux nombrestels, que le quarré
de lamoitie du premier (o5t egal au fecond,
& quele produici du premier parle fecond -5
fosiz 36, »
ConsTrRVcTION

Soitle premier nombre requis

Samotie eft - ©,fon quarré 3- @;ergole fe-
cond nombre @
Produiét du premier 1 @,parle fecond --@—+5]. .
cft +@+sO]36
Egale 3 ' 36

Lefquelsreduicts 1 @ feracgale  — 20 @ -+ 144;
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Ec par le 69 probleme 1 ® vaudra 4. :
Iedique 4 & 4 fontles deux nombres requis. De-
monitration. Le quarré dela moitiedu premier nom-
breeft 4, & eft egal au fecond nombre 4; Irem le pro-
dui& de 4 par 4 + 5 (qui eft le premier nombre parle
fecond ~ § ) eft 36, fclon le requis; ce qu'il falloit de-
monftrer.
| QVESTION XIL

Rouuons deux nombres tels , que lequarré
de lamoitie dajremier [foit egalan [écond,
& queleproduict du premier—+3 par le fecond
- 16,f0st225.
' CONSTRVCTION.
Soit le premier nombre requis @) 6
Samoitic eft -=- @, fon quarré 4 @; Ergole
- fecond nombre : =] 9
Produict du premier 1 -} 3, pat le fcond !
L @416,k O+ 3@+16 D -+48} 229
Egales d . ' 225§
Lefquels reduicts 1 @ feracgale 2—3 @ —64®
-+708;Etparle71 probleme t © vaudrag. '
Ie di que 6 & 9, font lesdeux nombres requis. De-
montration. Le quarré de la moitié du premier nombre
6elt 9,& eftegal au fecond nombre g;ltem le produit
du ‘premicr 6 - 3 patle fecond 9+ 16,eft 225, fe-
lonle requis; ce quil falloit demonitrer. .

 QVESTION XIIL

Txou‘aom deux nombres tels , que lewr pro-
duict foit 3, & que le produsit delvn nom-
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bre par 2,ai0ui1¢ 4 lapotence de quarte quantité
dudiéi vn nombre,la fomme [oit anfii 3.

CONSTRVCTION.

Soit le premier nombre requis 1®)3
Ergolefecond nombre fera 7:@ t
Qui multiplie par 2 faict Sis
Le mefme aioufté 4 la potence de quarte quan-

tité du fecond nombre fecond en Pordre,qui

cft - i
Fi&t . soub¥l .
Egales & :

31

Lefquels redui@ts, 1® fera egale 2@ +-27; Er
parle 74 probleme, 1 ® vaudra 3,

Iedique 3 &1 fontles deux nombres requis. De-
monfiration. Le produictde 3 8 1,¢ft 3; Et l:;{prodmd:
de 1 par 2 eft 2, qui aioufté 4 la potence de quarte
juamité dudict 1,lafomme eftauffi 3;ce quil falloit

emontrer. ' .
QVESTION XIIIL
T Rousons deux nombres tels, que leur pro-
duiét foit 27,6 dela potence de quarse qui-
tité de i'vn , foubSraict [es deux cubes,la reste

Joitaufi 2z,

_ ConsTRVETION. :
Soitle premier nombre requis 1®] 9
Ergole fecond nombre fera 270 3
Sa potence de quarte quantité - s3144%} g,

Delaquelle foubftraiéts les deux cubes du fe-
- condndbrefecond entordre, quifonr 32756] ¢4

Refte <39366@4131431 27
Egalesd ~ !

27
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Lefquels reduiés, 1 @ feracgale a — 1458 ® -
19683; Etparle 72 probleme 1 (D vaudra 9.

Te dique 9 & 3 fontles deux nombres requis. De-
monftration. Le produi¢tde 9 & 3eft 27;Puis dela po-
tence de yuarte quantite de 3 qui eft 81, foubfrait les
deux cubes dudi& 3, qui font g4, larefte eft aufli 27,
felon le requis; ce qu'il falloit demonttrer.

QVESTION XV.

T Rowsons vw — ©, qui appliqué a1— 3 &
puss telstros nombres multipliez par eux
mefmes distinctemes,felonla maniere de multi-
plicationde quantitelalgebraiques, & auder-
nier nombre du produist ajeuité 35 :q4'alors le
quarréde ls moitie du quatriefme, [oit egal an
produiét du troific[me par le cincquicfme,

CoNsTRYCTION.

Soit le nombre requis —1C]—2
Qui appliquéa 1 — 3 fi& 1 —3—1@®
multiplions les pareux mefmes diftin-
&emeét, felon la maniere de multdplica-
tion des quantitez algebraiques en cefte
forte: _
r | =3 =10
I —3 —10)
—_1®. 3. ~+1®
-3 -+ 9. -+ 3 ®o
1. —_—3, =—1 ®.

I, =3 —2049.+6@ 410
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Doncques le mroifie{me nombre du produid [
eft ' —2D49
Etle quatriefine 6O} 1
Etle dernier eft 1 @;auquel felon la queftion
aioufté 3 -~ le demnier fera 1@+35 (7%
Refte maintenant que le quarré de 3 ©
(moitie du quatriefime) qui eft o®| 36
Soit egal au produict du troifiefine, par le
dernicr quieft —23+9@—6—O-+28%1 36
Lefquelsredui&s 1 @) feraegalea—3 - ® -+ 14
% ;Et1 @© par le 69 probleme vaudra 2, & par confe-
quentla pofée — 1 @ vaudra— 2,
le di que— 2 eft lenombre requis. Demensiration.
Multipliant 1 — 3 — 2,par eux me{mes dinftinéte-
merit, {clon la maniere de multiplication algebraique,
le produict féra 1 — 6 + § + 12+ 4; Doncques le
troifiefme nombre du produid, eft 5, & le quatriefme
12, &le dernier 4: auquel dernier aioufté 3 -, fera
7 -~ qui multiplié parle woifiefme §, faict 36 egal au
quarre de 6, moitie du quatric{me, felonle tequis; ce
qu'il falloit demonftrer.

QVESTION XVL-

Routions v — @ tebyque fin quarre+3+,

multipli¢ par la fomme du donble dicelui
— @, & le quarré de— 3,leproduic® foit egal
au quarré du produict de —3, par icelui— ©
requss.
: CoNsSTRVCTION,
Soitle nombre requis —1®[—2
Son quareé eft 1 (), auquelaioufté 3-3-

fac l@-l-;-;— 7—;-‘
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Qui multiplié par la fomme du double du
nombre requis, & le quarré de — 3 qui
eft par — 2 @ + 9 faik
—2Q04+9@—65-0O+28%116
Egalau quareé du produict de — 3 par—1 (O

premierenlordre, quiefta 9 | 36

Lefquels reduicts 1 () fera egale a — 3 —;- 4
28 % Etparle 69 probleme 1 @ vaudra 2.

Iedi que — 2 eft le nombre requis. Demonfiration.
Lequarré de — 2 eft 4, auquel aioofté 3 - fuct7 -,
qui muldplié par 5 (5 pour la fomme du double de
— 2 &le quarré de— 3) faict 36, qui fontegalesau
quarré du produict de— 3 paricelui — 2; felonlere
quis; ce qu'il falloit demonttrer. :

QVESTION XVIL

’][' Rouuons vn @, qui appliqué & 1—2, &

puss tels syoss nombres multiplieX par eux
me[mes distinclement, elon lamaniere demul-
siplication des quantitez algebraiques , ¢ an
dernier nombre du produiit atoustt — 31, & au
quasrie[me nombre du produict aiousté 8: Qua-
lorsle quarré dela moitie du quatriefme , foit
egal an produict du troifiefme par le dernicr.

CONSTRVCTION..
Soit le nombre requis 1®] 6
Quiappliquéa 1 —2,fai@® 1 —24-1 0,
qui muldplicz par eux mefmes diftin-
&ement, felon Ja maniere de multplica-
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tion des quantitez algebraiques comme nous
les auons multiplié ala 1 5 quettion, donnent

rodui&® 1.—4. 2 ® =+ 4. —4 0.1 D.
oncques le troifie(me nombreeft : @ 44| 16
Etlequartriefime — 4 @, auquel aioufté 8

fera : — 4O 48] —16
Etlederniereft 1 @, d laquelleaioufté ‘ .
—32fera ' 1®—32 4

Refte ‘maintenant que le quarré de
— 2 -4 ( moitie du quarriefme) )
quieft . 4®—16D+16| 64

Soitegal au produi du troifiefme nombre,,
parledernier,quielt :3+4(@—64®—128] 64

Lefquels reduiéts, 1 3 fera egale 424 ©—+72; Et

par le 69 probleme 1 © vaudra 6.

Te di que 6¢ft e nombre requis. Demonfirasion:Mul-
tipliant 1 — 2 + 6 par cux mefines diftin&ement, fe-
lon la maniere de multiplication algebraique, le pro-
dui {era 1 — 4 4 16 — 24+ 36. Doncques le troi-
fiefine nombredu produi& eft 16,]le quatriefme — 24,
Ie dernier 36, puis an dernier aioufté — 32, & au qua-
wiefme 8, alors fera le uoifiefme 16, le quatriefme
—16,& ledernicr 4; Etle quarré de — 8, moitie du

quatrie(me,eft 64,& eft egal au produi@ du troifiefime.

16, parle dernier 4, felon le requis; ce qu'il falloit de-
moftrer. - : '

QVESTION XVIIL
Rowsonsvn © tel,que fon quarré— 3 2 mul-
tiplié par la fomme du double d icelui @, le

quarréde— z,le produiit foit egal au quarré de
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17
la moitie dela fomme de 8 & du double du pro-

_ duiit dicelui © par—z.

CONSTRVCTION.

Soitle nombte requis S - 1] 6
Son quarré 1 (@, auquel aioufté — 32
faict - 1@0—32| 4
Qui multiplié par lafomme du double du
- nombre requis, & le quarré de — 2, qui N
eft par2 @ + 4,fait 2D~+4@—64D—128|64
Egal au quarré de la moitie de la fomme de
8,& du double du produict de 1 (D pre-
mier en 'ordre, par — 2. Ceft a dire, egal
auquarréde—2® + 4 quieft :
' 4@ =160+ 16|64
Lefquels reduits 1 @ fera egale 4 24 ® —+72; Et
parle 69 probleme 1 ® vaudra 6.
le di, que 6 eftle nombre requis. Demontlration. Le
quarré de 6 eft 36, qui auec — 32 fant 4, qui multiplié
par 16 (16 pour Ja fomme du double d'icelui 6 auec le
quarre de — 2) faict 64, qui fontegales auquarré de
Ia moitie de la fommede 8, & dudouble du produict
dudi& 6 par — 2, felon le requis ; ce qu'il falloit de-
montftrer.

QVESTION XIX.

Rounons vn O,quiappliqué d 1— 2,& puis
telstross nombres multiplieX par eux mef-
mes distinclement, (elon lamaniere de multipli-
cavion des quantiteX algebraiques, & andernier
nombreduproduiit aionflé — 12, & an troifiefc
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me nombre du produilt sioufté 4: Q4 4lors le
quarré delamostie du quatriefme, [oit egal ax
produiét du sroifie[me par le dernier.

CONSTRVCTION.

Soitle nombre rcquis 1 4

Laquelle appliquee a t —2 fait 1—2
~+ 1(®,qui multipliez par eux melmes
diltin&temér, felon la maniere demul-
tiplication des quantitez algebraiques,
comme nous les auons mulripli¢ 4 la
11 queftion, donnent produict:

I —4 20+4 —4D. x@;

Doncques lc dernier nombre eft 13, 4
laquelle ajoufté — 12 faict 1@—12 4

Etle quatriefmeeft —4®| 16
Etle woifiefime eft 2 ® -+ 4, auquel aion- ‘
fté 4,faick : 2O +8 16
Refte maintenant que lequatré de—2 ©
(moitie du quatrie(me) qui eft- 40| 64

Sait egal au produi¢t dutroifiefme 2 @
~-8, par le dernier 1 @ — 12, qui
efta 1Q+8@—24O—96] 64

Lefquelsreduicts 1 Q) feraegaled—2 @412 @
~+ 48; Et 1 @ parle71 probleme vaudra 4.

Ie di que 4 eft le nombre requis. Demonffration.
Muldipliant 1 = 2 - 4 par eux mefmes diftinétement
felon Ja maniere de multiplication algebraique, le pro-

~dui@ fera 1 — 4 =~ 12 — 16+ 16: Doncquesle der-
nicr nombre du produict eft 16,& le quatricfme —16,
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& letroifiefme 12: puisau dernier aioufté— 12, & au
woifie(ine 4, alors fera le dernier 4,le quatriefine —16,
& le troifie(me’ 16,8 le quarré de— 8,moitie du qua-
wiefme eft 64, & eft egal au produict du woifiefime 16,
par le dernier 4, felon le requis; ce qu'il falloit de-

monftrer.
QVESTION XX.

Rouuons vnQtelyque fon quarré—12 mul.

tipliépar la fomme du double dicelui ©, &
le quarré de—2.¢5 4, le produil® [oit egal an
quarrédu produiit de — 2 paricelui © requis.

‘CONSTRVCTION.

Soitle nombre requis 1] 4
Son quarré 1 3, auquel aioufté — 12
faict 1@®—12| 4

Qui mulriplié par la fomme du double duné-
bre requis,& le quarté de — 2 & 4, quieft
par2 O+ 38,fai®& 2@+ 8 D — 24 D—96| 64

Egal au quarcé du produi@t de— 2, par 1 ©
premieren l'ordre, quiefta 4+Q

Lefquelsreduitts, 1 @ feraegalea— 2 @+ 12 ®
-~ 48; Et 1 @ par le 71 probleme, vaudra 4.

Tedique 4 cftle nombre requis. Demonfiration. Le
quarré de 4 eft 15,qui auec — 12 faict 4, qui multiplié
par 16 (16 pour la fomme du double diceluy 4,& le
quarré de — 2 & encore 4) fai& 64, quifontegales au
quarré du produict de — 2 ,pat le 4 tround, (elon le re-
auis: ce qu'il falloit demonftrer.
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QVESTION XXIL

T Rouwuonsun © qui appliqué i i +2,6 puss
tels tross nombres multipliez par eux mef-
mes diftinciement, [elon la maniere de multi-
plication des quantiteR algebraiques, & au der-
nier nombreds produick aiouffé 33, & au qua-
trie[me 40,05 autroifiefme 4. Q4 alors le quar-

rédelamoitie du quasriefme, [oit egal au pro-

duiit dutroifjefme, parledernier.

CONSTRVCTION.

Soitle nombre requis 1@ 4

Quiappliquéd 1 42, ik 1+ 241D,
qui multipliez par eux mefines diftincte-
ment, {elon la maniere de multiplication
des quantitez algebraiques, comme nous
les auons multiplié 4 a 11 queftion don-
nent produict

1. 4 1O+ 4. 4®. 1®.

Doncques le dernier nombre eft 1 3, auz

quel aioufte 53,fait C1@+33] 49
Etlc quatriefme nombre 4 ®, auquel aiou-

fté 40, faict. 440 56
Etle troifiefme nombre 2 O - 4, auquel

aioufté 4, fai 21 ®--8) 16

Refte maintenant que le quarré de 2 ®
~+ 20 (moitic du quatriefme) qui eft- ‘
4@ +80® 1400|784
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Soit egalau produi@ du troifiefme 2 () ~+ 8,
par le dernier 1 @+ 33, quieft :
—2Q+8@-+ 66D+ 264} 784

Lefquels redui@s 13 fera egale 3 —2@+7 @
—68; Et1 @ parle 71 probleme, vaudra 4. -

le di que 4 eft le nombre requis. Demonfiration.
Multi([aliant 142 -+ 4 par cux mefines diftinCte-
mentf{elon la maniere dé multiplication algebraique,
leprodui@ fera 1. 4. 12. 16. 16. Doncques le ger-
nier nombre du produi@ et 16, auquel aionfté 33,
faict 49; Etlc quatriefme nombre du produict eft auffi
16, auquel aioufte 40, f2i& §6; Etle troifiefme nom-
bre eft 12,auquel aioufté 4, faict 16.

Orle'quarre de la moitie du quatriefme 56.eft 784
egal au produict du woificme 16, par le dernier 49,fe-
lon le requis; ce qu'il falloit demonftrer.

QVESTION XXIL

’][' Rounons vn © tel, que (on quarré -+ 33

multiplié par la fomme du double icelui ©,
© le quarréde 2,0 encore 4, le produit foit
egal au quarréde lamoitie de la fomme de 40,60
du doubledu produict de z par icelui ©.

CONSTRVCTION.
Soitle nombrerequis 1® ’
Son quarté 1 (), auquel aioufté 32 faict 13-+33
Qui multiplié par la fomme du double dunom-|
bre requis & le quarré de 2 & encore 4, qui eft
par 20+-8,fait 2 @ + 8@ + 66 © + 264

49

784
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Egal auquarré de 2 (D +-20(pour la moitie
delafommede 40,8 du doubledu pro-

duicde 2 par 1 @ premier en l'ordre)

quieft 4@~ 80D ~400] 784

Lefquels reduicts,1 @ feraegaled 2 @ +7D-+68;
Et1 @ par le71 probleme, vaudra 4.

Ie dique 4 eft le nombre requis.. Demonflration. Le
quarr¢de 4 eft 16, quiaucc 33 faict 43, qui-multipli¢
pat 16(16 pourlafomme du double de 4,& le quarré
de 2, & encore 4) faict 784 qui font egales au quarré de
28 (quieftlamoitie de lafomme de 40, & du double

du produi&t de 2 par 4) felon le requis;ce quil falloit

demonftrer.

Nota. Lesexemples fuiuans feront ceux la, anf-
quels (€ recontrent poftpolees quantitez: Mais il faue
fcauoir qne touteoperation quife faict par icelles, fe
peult auffi faire par pofitives; mais parce que la raifon
des nombres requis eft aucuncfois fore obfcure, de
forte que pour Pabfoluer par pofitiues quantitez, Fon
auroit meftier de quelques theoremes, on autres indu-
¢tions, lefquelles fouuentesfois ne nous viennent 4 la
memoire, pourtant on les defpefche pour le plus com-
" mode, par les poftpofees. Nous donnerons doncques
deux exemples de poftpofees quantitez point nulti-
plieesou diuifees ; Puis vn de poltpolée quantité mul-
tipli¢e; Et puis vn autrede dinifée; Evaudernier vn au-
tre par lequel fera demonttré Pv(age des 6 theoremes
fuivansau precedent 8o probleme. -

QVESTION XXIIL

" Rousons deuxnombres defquels ladifference
[oit 3 & lenr produilt 1 0.
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De r'orerATION, 423
No 1 A. Pourdeclairer cequi eft gencralement re-
quis es operations des poftpofees quantitez,il faur fga-

uoir, quapresquiil y a pofees, quelques poftpofees

quititezil fauroperer par les mefmes, fel6 la queftion,
comme F'on a faik ci devant par les pofitines : mais
cftant venu d Pegaleté, on ne trouuera pasparicelle Ja
valeur de 1 @, comme lon a faict deffus, mais on
trouvterala valeur des poftpofees en pofitines,par les
79 & 8o problemes, puison commencera autre ope-
ration femblable a Ia premiere , mais entierement de-
pofitiues quantitez, comme les exemples le declaire--
ront plus amplement.

CoNSTRVCTION. :
Soitle premier nombre requis r®
Ect foit le fecond nombre S orfee®
-Leurdifference ‘ : 1O—1.0O
Egale 4 3

Lefquelsreduiéts (mettantla 1 fe¢. @ feule) 1 6.
fera egaleouvandray © — 3.

Or aiant trouné que fa 1 fec. ® ci deflus pofée fe-
cond en Pordre vaut (en quantitez de la melme pro-
greflion quelt la pofitue 1 ®) 3 @ — 1, onTécom-
mencera Poperation femblable 4 Iz precedente en
cefte forre:

Soit le premier nombre requis 1] s
Etfoit le fecond nombre (car autant eft rouné
valoir la 1 féc. ® premierement en la pre- -

miere operation pofée) 1O—31 2
Leur difference fclon le requiseft 3, refte’

que leur produic foit 1ojmaisileft 1@—3® |10
Le mefme doncqueseft egald. . 10

Lefquels reduitts; 1 @ feraegaled 3 © + 19




424 L® 11. LIVRE DARITH.
Et parle 68 probleme 1 @ vaudra g.

Ie di que §,8& 2 font les nombres requis. Demon-
Hrasion. La difference de 5 & 2 eft 3. Irem le produidt
de ¢ & 2 eft 10, felon le requis; ce qu'il falloitde-
monttrer. : '

QVESTION XXIIII

T Rosuuons quatre nombres tels, que la fomme
du premier [econd & troifie[me [0it 10, &
du fecond troifiefme ¢& quasviefme 14, & du
troifie[me quatriefme ¢ premicr 1 3,65 du qaa-
triefmepremier & fecond 11. :

CONSTRVCTION.

Soit le quatriefme nombrerequis, & 1 (D le pre-
mier 1 fec. ©, & le fecond 1 rer. @, & le uoi-
fiefme1 quart.®; Doncques la fomme du qua-
triefme nombre auec lesrois autreseft 1 ® -+ 10

Etdu premier nombre auec les 3 autres eft 1 fer.(D-+-14

Etdufecond nombre auecles 3 autres,eft 1 ter.D—+13

Etdutroificfme nombre auecles trois autres,eft 1 guar.

D +11

Lefquels quatre fommes fontentre eux egales; ergo
1fec.®~+ 14,eft egale 41 ® + 10, foubftra-
hons doncques,de chaf?ue partie 14,& demeu-
rera 1 féc. (Degaleou vallant 1®—~4

Etpour femblable raifon, la 1 ter. ©® vaudra 1@ —3

Etla1quart.®vaudra - C1®—1
Or aiant des poftpofees quantitez trouu¢ leur va-

leur en pofitiues , nous commencerons par les mef=

mes ‘autres operations femblables dla precedente, en

cefte forte:

$ 707
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De t'oPERATION.

Soitle quatriefme nombre autrefois 6
Etle premier, (aulieu de 1 féc. (D que nous

pofames premierement)fera 1=y
Etlefecond(au licude 1 fer. @ que nous po-

fames au commencement) fera 10—3
Etle woifiefme (aulieude 1 quart. @ que

nous pofames au commencement)
* fera 1®—1
Leur fomme ~ 4D —38
Egale au quatrie{me,& les troisautres 1 © —+- 10

425.
6

2

3

]
16

16

Lefquels reduicts 3 © fercntegalesa 18; Ecparle

67 probleme, 1 @ vaudra 6.

ledique 2. 3. 5. 6. fontles quatre nombres requis.
Demonflration. Lafommede 2. 3. 5.elt 10,&de 3.5.6.
eft 14, & des. 6. 2. eft 13, & de6. 2. 3. eft 11, felon

le requis; ce qu'il falloit demonftrer.
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The “first part” of the Pratigue consists of eleven problems, of which the
first four deal with the addition, subtraction, multiplication, and division of
money, the others with the theory of ratio. This theory, in geometrical form,
was presented in the Problemata Geometrica, First Book. In the Pratique we
find an -arithmetical theory. It is based on conventions going back to Books V and
VI of Euclid's Elements, where the concept of “compounding” of ratios is in-

troduced; if & —= % ° | the ratio 2 is said to be “compounded” of the
=78 b P
ratios —and - ; if = =o the ratio 2 is called the duplicate of 2 it
¢ [ ¢ b b c
a a ¢ d . a ¢ d

T T and T =g = the ratio % is called the triplicate ratio, etc.
(See T. L. Heath, The Thirteen Books of Euclid's Elements, 2nd ed., 1926, pp.
132-133). This “compounding”, which we see as a multiplication, was conceived as
an addition. In following this method Stevin explained himself by writing that,
though there exists a controversy between the mathematical authors (and prin-
cipally between the commentators on the Sth Definition of Euclid V) concerning
the computation of ratios, — because some call addition and subtraction what
others call multiplication and division —, some practice will clear matters up,
notably by means of the theory of music and the rule of company. The subject
has not been discussed in L’Arithmétique because that book deals with numbers,

and Ratio is not number. The problems are:

V. Addition of ratios: % + % = % (the fifth plus the fourth pro-
duces the octave; in modern notation % A %: a_; . (We shall
write 4+, —, X and :, though Stevin does not use any symbols).

. .3 4_ 5,8 ¢ a
VI Subtraction of natios: = — ==+ (3 : 7 =% ).
VII, VIII. Ratio multiplied by number: 2 x 4 = 3! 4,3_8
2 16’ 9 2 27

a,p a? Qa }L q:D T
((7) = 7' (77_)‘7 , ’b—P-), the multiplier is a number.

Ratios cannot be multiplied, no more than we can multiply 3 Ib. by
4 1b., but only 3 Ib. by 4.
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X. Ratio divided by ratio; —28—7 (ratio) : % (ratio) = 3 (if
a —
7_—
be multiplied, we can divide ratios by ratios as well as by num-
bers, just as a line can be divided by a line and gives a ratio,

£y® , p is the quotient of % and = ). Although ratios cannot
7) P q B p g

and by a number and gives a line. Similarly: 1?0 (ratio) : —;— (ratio)

raison 37
= 2 4+ a fraction. Stevin writes 2 — > | which means that
raison ey
o _ 3 _ 2 340 2 _ 3 _to
3 2 79 9 2_.27>l,but27 z—1<1'
X, XL Ratio divided by number: 23 (ratio) : 4 (number)=2.,

d
2 - 14 ¢ -
% (ratio): 5 (number) = ;87 (7 :5~> ('Z’) ).

On this method of computation with ratios, see Introduction Problemata
Geometrica, footnote 3); F. Cajori; A History of Mathematical Notations
(Chicago, 1928) I, pp. 248-250}:

[The “second part” of the Pratique contains some rules of commercial arith-
metic: the rule of three, the rule of five, the rule of company (or fellowship),
and the rule of alligation (or mixture), all standard topics in commercial arith-
- metic for many centuries. These rules are simple applications of the theory of
proportions, e.g. when A, B, C trade together with 2, 3, 4 Ib. respectively as
their capital, and on these 9 1b. make a profit of 5 Ib., how is it to be divided?
This is an example (given by Stevin) of the rule of company. He then gives the
French translation of his Tables of Interest, followed by a few examples of the
rule of false and of double false position (see Introduction) and some geometrical
problems, partly solved by 1), partly by arithmetic. One of the latter is based
on a theorem found in Ch. 12 of Ptolemy’'s Almagest (Ch. 13 in modern ed.):
If a line BD is drawn through a point B on side AC, and a point D on side CF
AC_ CF DE
AB— FD * EB’
with the continuation of AF. Stevin writes: the ratio of AC to AB is composed
of the two ratios CF to FD and DE to EB. This part of the Pratique ends with
the French translation of The Tenth. Then follows the Treatise on Incommensu-
rable Magnitudes, which we reproduce. . -

of a triangle AFC, then . where E is the intersection of BD
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"TRAICTE DES

"INCOMMENSVRABLES
' "GRANDEVRS

Auecvne Appendice de l'explica-
tion du Dixiefme liure d' Euclide.

Defiript par S1MON STEVIN
de Bruges.

Treatise on Incommensurable Magnitudes
Stevin decided to write this treatise after the repeated study of the Tenth
Book of Euclid’s Elements and of several commentators. Some of these had de-
clared it to be the most profound and incomprehensible subject in Mathematics,
and others the cross of the Mathematician, but after due study Stevin had become
convinced that there are not so many difficulties as is commonly believed.
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PR ES gue nosus anions Vew ¢oe
F reues le “Dixie[me liure dEuclia
de traiétant des Incommenfura-
THERONS 1. Grandeurs anffibews €5° releu
pluftenrs commentateurs [ur le mefme,defquels
ancuns le iugeoient pour la plus profonde ¢o+
incomprehenfible matiere de la Mathematique,
Les antres que ce font propofitions trop obfeures,
€ lacroix des Mashematiciens; Et quoutre
celaie me perfiadoss (quelle folhe me fasiE Lopi-
nion commettre aux bommes 2)dentendre cefle
maticre par fes caufes, <o qu'elle w’aen foi tel-
les dyfficulsez_comme bon eftime vulgairement,
1€ me [iss addonné den de[cripre ce trai e,
Masi & fin que nous difions premierement,
dou lgs hommes [omt cvennz_ 4 la cognerffance
¢/ excreice de ces Incommenfurables Gran-
deurs, faut [cauoir, que comme beancoup des
theoremes des nombres [e defcripuent founent
par lacognoiffance des grandeur s, lefquels theo-
remes nows [eroient fﬁi[ex, Voire aucunefoss

- In order to'learn how the knowledge of these incommerisurable magnitudes
was ‘acquired, so Stevin writes, we must understand that many theorems about
numbers are often described: by’ means of magnitudes, theorems often difficult
or impossible to- find by simple numbers (as’ e.g. the theorem on the cube
before Prob. 69 -of L’Arithmétique). And conversely there are often” pro-
positions about magnitudes by means of numbers, which could not be discovered
by magnitudes alone, e.g. that 1 is incommensurable with V 2, hence the side
of the square is incommensurable with the diagonal, something we could not
know without the numbers. Hence, since there are numbers incommensurable
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impoffibles de tronuer par les fimples nombres
(comme [¢ peut colliger entre autres par le cube
auec [es. (orollaires denant le 69 probleme de no-
[ire Arithmetique )ainfi (¢ tronuent an contrai-
re founent propofisions des gra;zdmrs > parte
moten des nombres, lequelles pn}po itions ne [¢
pourroient inuenter par les fenles grandeurs.
“Pay exemple nows [(anons que 1 e5E ncommen-

urable an/ 2, Mags comme 1av 2, ainfi le
coSte du quarré Afa diggonale, parquoi lecofté
dn quarré eff incommenfurable @ fa diagonale,
ce qui nous [eroit impolfible de (camoir [ans les
nombres. “Doncques comme il y a des nom-
bres entre eux incommenfurables, ainfi y ail
des lignes entre elles incommenfurables, Mo
il y aen @ nature douze certaines efpeces de
nombres incommenfurables, qui [appellent bi-
nomies, defquelles Lon extraft douze pacines
de dinerfes qualitez 1 y a doncques anffien la
nature douze telles eSpeces de lignes, auec fem-
blables racines, de la conflrustion @/ propriesé
defqueles, Euclide & defcript (on dixicme liure.
Laquelle raifon dou les hommes [ont venuz,

with respect to each other. there are also lines incommensurable with ecach
other. This holds for the 12 types of incommensurable numbers called binomials
and their roots; hence there are 12 such types of lines with their roots,
described in Euclid X.: To. all who know the nature of radical numbers this is
easy to understand, though it is the cause of the obscurity of this book X. Hence
we know that the inventors of the propositions of this book had binomial
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R,Z'z cognoiffance ¢/ exercice des incommenfis-
rables grandewrs, nous awions propofé de de-
clairer. . Masis ‘veu que tout ceft affaire eftfa-
cile, @/ fans difficulté anx experts enlanature
des nombres radscanx (la cognoiffance defquels
eff meceffaire, veu que fans la mefme bon [¢
tourmente en vain en cefte maticre) il refte en-
core de dire quelle eft la caufe de bobfcurité du-

ds 6% dixiefme lure : Jl faut doncques [fanoir,
ue les tmuentenrs des propofitions du mefme,
}e propofvient nombres binomiaux, ¢~ par les
qualitez. quilz_trouuosent enlewrs noms (lef-
quelles qualitez, font defimes depm& la 45 defi-
nition, sufques 4 las7 de noftre Arithmetique)
ils ont defcript des lignes de femblable qualite’
Outre ce, par les oper ations des extraStions des
racines des nombres binomianx (qui font de-
feriptes au 39 probleme de b Arithmenique ) ils
ont colliie’ [emblables extrahions de racines
d'scelles binomies lignes, &/ par les qualitex des
racines de ceux la, anffi de[cript [emblables qua-
litez, de cewse ci. “Par exemple dls [¢ propofosent
W 6+ 2,qus ¢ff binomie cincquie/me, par la 49

numbers in mind -and using their qualities described lines of similar qualities,
as described in Defs. 45-47 of L’ Arithmétique. The same holds for the extraction
of the roots .of these binomials. For example, they took V6 + 2 (type 5 of .

Euclid’s binomials) and took a line of this length, then took +/ V6 + 2 =

Viyraz + yiz + V}”'l 12 — ¥1/2, from which they inferred that a
line of this length is also the root of the binomial line of length V6 + 2, and

also has its qualities, such as that the product of the parts l/}/l 12 + y1/2

R — — . . . . :
and | ';/1 1/2 — ~'|/1/2 is an arithmetical number, to wit 1, and that the .
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16
definition de | Arithmetique, don ils voioien{‘
gue laligne longue de v/ 6+ 1 picds.efboit bino-
neie ligne cincquiefme de [emblable qualité: Puis
extrahant racine dudiét binomie nombre, (lon
la doétrime du 5 exemple dy 39 probleme la
trounosent de o/ bino. v1 -4 L+
bino.: L —/ &, douils cognenrent que la
ligne de telle longueur eftoit auffi racine de la-

Ele binomic ligns, és° powr les qualitez_quils
Voioient ¢n scelle racine de binomie mombre
(qus font que le produi3 de [és parties, comme
vbino.v 1 - + v X, para'bino. 1 1 —
/=, ¢ft nombre Arithmetique,d [fauosr 1.

Ftem que la formme des deus: quarrez. de[dicZes
dewsc parties , eff racine de fimple nom 2 fon
quarré incommenfurable, & [anoir /6 comme
nous anons diéck ala N O T A dudicE s exemnple
dus 39 probleme ) ils concluoient [emblables qua-
litez_en ceffe [a respondante racine de binomie
ligne: Or cecileur eftant ainfi notoire en toutes
les douze eSpeces de binomies lignes , &/ de
lewrs racines, ils en ont defcript juerﬁ.r propo-
[itions; Mass ils en ont detenn les nombres, qui

sum of -their :squares is+"\/6; a'simple teot incommensurable with its square. The
numbers. -wete -thHen :taken .away and ‘we- were-left with the imperfect‘ lines —
imperfect: since the numerical miultinpmials cannot be separated from line multi: -
nomials, because no line is in_itself multinomial, but only with respect to some
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leur anoient eSte guide affewrce, pour compren-
dre parfuitement la propriesé duelles hgnes,
Jans lefquels nombres, ils ne pounosent rien of*
fectuer, @ nous ont ainfi Luff¢ ces lignes im-
parfaictes : le ds imparfailies , parce que les
multinomies nombres font infeparables de mul-
tinomies lignes, veu que nulle ligne west par foi
multinome, mass.en respect de quelgue multi-
nomie nobre explicant (4 quantité,car vne mef-
me ligne [¢ peut dire en quelgue ille de 5 pieds,
laquelle fera en 'vne antre peut eftre de 4 +/ 2
pieds: Deforte quil lewr estoit haucaup P[iu
facile dinuenter ¢ defcripre ces lignes, gua
antres entendre lewrs propofitions ; De laguelle
, smparfection [e5t enfuins, que Lon 1 afcen ope-
ver en ces lignes, [elon ce qus eStoit le but de lg)ur
dzfcription, comme couper lignes proportionel-
lement felon la raifon donnée, non feulement de
laquelle les termes [ont nombres Arithmeti-
ques comme Vewlent les exemples dela g pro-
pofitiondu 6 liure d Euclide, ne point fasisfui-
Jans dlapropofition,mass de nombres radicaus
€&/ mudsinomnies quelconques, &/ pouss claire ¢on

number multinomial: In fact, a line can be called 4 feet in one.town and 4 4+ /2
feet in another. The result of this imperfection has been that we:do not know
how to operate with these lines, e.g. how to cut them proportional. to a given
ratio, not only in ratio of arithmetical numbers (as done in Euclid- VI, Prob. 9),
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parfaicle extrallion de toutes tacines des mul~
tinomies lignes, comme des nombres. “Parquoi
ces Mathematiciens [emblent ancunericnt awoir
lewrs raifons, cifefans ne lewr pownoir animada
uertir aucunt viibre andsict dixie[me liure, veu
que bon n'y traicZe point abfoluement , mass le
tout par maniere dobfcurs engmes , ¢ celad
canfe (comme nous auons diét) queles infepa=
radles nombres ne lewr [ont pas woinls. Mais
powrquoi les ont ils anfi detenuz_, plus que
dautres propofitions Geometriques, aians me-
Sher e nombres Arithmetiques? Certes ie ne
Voi autre raifon, [inon quils ne les tenoient pas
pour nombres, ains pour quantitez, irrationel-
les, irregulieres, inexplicables, [ourdes, abfur-
des, @ pas dignes a’gs’lre citees en propofitions
- Mathematiques : SMass parce qus nous anons
refuté en [on liew ceste irrvationelle, irreguliere,
inexplicable, fourde, e5° abfurde opinson, <
que nous eSperons en temps oportun daffermer
plus amplement par la 4° thefe de noz_ thefes
Mathematiques, que ces nombres font en par-
feltion @ excellence, vn des grans MySteres

but also in ratio of radical numbers, their multinomials, or their radicals. But
why have radical numbers been withheld (and not the arithmetical ones), so
that Mathematicians have found no utility in Book X? The reason probably is
that these Mathematicians did not consider these radicals as numbers, but as
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de la Nature, ala parfai e comprehenfion du-
quel elle navoulu faire c¢p¢b£ tous entende-
mens; Telle fanfe perfuafion n'a empefché no-

¢ concept, ains an contrare Jle vrai fenti-
ment noius & (felon b nature du vrai, duquel
ne procede que Vrai )conduil? a ls cognoiffance,
dz ce que nous cherchions, & [Canorr de la gene-
nerale defcription defdictes incommenfurables
grandeurs , non pas [eulement des douz e bino-
mies lignes ¢ lewrs racines , comme audict
dixie[me lLuure, mais de millenomies lgnes ¢on
de lewrs. racines de racines 1ufques en infini,
comme apparo§tra au traéle [winant. Quant
d ce que quclcun nous pourrott accufer, dasoir
outrecuideement meSprifé le Dixiefme bure
dEuclyde, certes il pourroit iuger [elon fes hu-
meurs, mass pas [elon la dewotion, &/ humble
affection que nous portons touftours a la vene-
rable antiquite, la. dilygence @ tranail de la-
quelle & defconnert dfes fucceffeurs la fontaine
de plufiewrs fingubseretez ; Car,a fins de confe(fer
le vrai, quelle chofé nons eustefmen, de trai-
éter des sncommenfurables grandeurs, s lewr

irrational, irregular, etc., quantities, not worth being quoted in mathematical
propositions. Since we have refuted this opinion (see Thesis IV) and shown that

these numbers are perfect and excellent, we can arrive at the comprehen- .

sion of one of the great Mysteries of Nature, which she has not allowed to all
people. Thus we can come to the true understanding, not only of the twelve
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deuancement ne nous eust pas enhorté, de cer-
cher ceSte matiere i la fource dow ils Lanoient?
pewt estre querien. A [econd, quand Lopi-
nion de quelque perfonne , differe de celle dvn
autre, comment powrroit 1| mieux manifester
lewr difference, que par equitables raifons des
diuerfitez_ confistentes en eux ? Nonsles lasf-
ferons doncques dive, parachenans ce pendant
Jelon noStre pounoir, ce qui fera viile 4 la com-
mume. Mass (me dira quelcun) quelle peut
eStrebvtilise de ceSte matiere, veu que les cho-
fes qui font & mefurer ou partir - awx negoces
des hommes ,wont point de meStier de cefte
extreme parfecTion, [elon la raifon des nombres
radscamx propofez. , par ce que wons trounons
en leur hew , nombres Arithmetiques f pess
differens dicenx: radsicawr , quil ne pourra
monter partie <vifible, voire es maicures ma-
tieres corporelles donmees : nous lui refpon-
dons, que lon pourrait dive pareillement, pour-
quoi les operations de la Geometrie, cemme les
elemens dEuclide , (ont faiftes par Lextreme
perfection ; Mass comme cela ne femble pas

!

!

binomial lines and their roots, but of millenomial lines and their roots of roots
in infinite succession. As to those who might accuse us of presumptiously having
shown contempt for this Book X, we testify to our devotion and humble affec-
tion for this source of many singular things.-Moreover, if a2 man’s opinion
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digne de refponce, & canfe des abfurditez. fui-

santes de fon contraire (car telles parfuites
operations,donnent parfailtes intelligences,qus

"/épﬂt caufes des parfastts @ admirables ef-
Sebts que produsct ls Mathematique)) dinfi de

cestui .

ARGVMENT.

C'E traidte auradeux parties,I'vne de 5 de-
/ finitions. L'autre de loperation, conte-
nant 3 problemes.

Apres le fufdict fuiueravne Appendice de-
clarant fommairement le contenu du Dixief-
me liure d’Euclide.

differs from that of another, how could he show their difference better than by
stating it by fair reasons? But if a man asks what can be the use of dealing
with matters of such extreme perfection, we answer him that this can be asked
of all operations of geometry such as found in Euclid’s' Elements. Such perfect
operations lead to perfect understanding, which in turn leads to the perfect and
admirable results of Mathematics. ' ‘
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PREMIERE PARTIE

DES AIN'CO'MMENSVRAB LES

GRANDEVRS, QVI EST
DES DEFINITIONS.

V £ v queles plus propres definitions, fontcelles
qui expliquent le mieux I'effence du defini, &
que l'incommenfurance des grandenrs,cft trouuée, &
feulement notoire par les nombres, nous vierons des
nombres en ces definitions, comme le plus commode
inftrument 3 tel effect. left vrai quEuclide en fa2®
propofition du 1oz liure,dic ain(i: Si dedeux grandenrs
tnegales donmées, lon- coupe toufiours lamoindre de la ma-
ieure, & que larefte ne meftore iamais fagrandeur prece-
dente : Telles grandeurs font incommenfurables. Mais
combien ce theoreme eft veritable, toutes{ois nous ne
pouuons cognoiftre par telle experience, l'itcomimen-
farance dé deux gandeurs propofées; Premierement
parce quacaufe gc I'erreur de noz yeux & mains (qui
ne peuuent parfaiétement veoir & partir) nous iuge-
rions 4 la fin, que tous grandeuts tant incommen({u-
rables que commenfurables, fuffent commenfura-
bles. Au fecond, encore qu'il nous fuft poflible,
de foubftraite par a&ion , plufieurs cent mille fois
la moindre grandeur de la maieure , & le continuer
pluficurs milliers d’annces , toutesfois (eftant les
deux nombres propofez incommenfurables) Fon.
trauailleroit eternellement , demeurant tonfiours ig-
norant, de ce qui 4 la fin en pourroit cncore aue-
nir; Cefte maniere donc de cognition n'eft pas legi-

First Part. Definitions.

We shall use numbers in the definitions as the most convenient tools for
our purpose. True, Euclid in Book X, Prob. 2 states “If, when the lesser of two
unequal magnitudes is continually subtracted in turn from the greater, that
which is left never measures the one before it, the magnitudes will be incom-
mensurable” — but this statement gives no means of verification. The reason
lies firstly in the errors of our eyes and hands, and secondly in the impossibility
of continuing the experiment infinitely often, while at each step we are uncertain
of what might occur at the end. Incommensurability is only recognizable for
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time, ains pofition de l'impoflible, 4 fin dainfi aucus
nement declairer, ce qui confifte veritablement en la
Nature; cefte incommenfurance doncques eft (eule-
ment notoire (pnr les nombres incommenfurables; ce
que Euclide {gachantfort bien, avffi que telle inucn.
tion d'incommenfurabilité weftoit fuffifante pour fes
propofitions fuiuantes ( car fa dixiefie propofition
enfeigne trouuer grandeurs incommenfurables par
le moien des nombres) il Fa expliqué 4 la 8¢pro-
pofition legitimement felon les nombres, & ainfi le fe-
rons nous cn cefte premiere partic des definitions
comme fenfuir.

DEFINITION I.

G‘Rmdeur.r mcommenfurables [ont celles,
defquelles les nombres les explicans [ont
incommenfurabls. :
DeriniTiON 11,
Multinomie grandewr est celle,quon ex-
Plique par multinomie nombre.

DeriniTION 111,

“Binomie grandeur ¢S celle, quion explique
par binomie nombre ; &/ Trinomie grandewr,
qu o explique par trinomic nombre, &/ ainfi
par ordre des autres.

DrrinITION 1111,
Binomie ligne premicre et celle; que om ex-

numbers, a fact well known to Euclid, who in his Prop. 8 teaches a criterion for in-
commensurable magnitudes by means of numbers (and in Prop. 10 how to find
'such magnitudes by means of numbers). We shall do it by means of the following
definitions: ' .
I. Incommensurable magnitudes are those of which the numbers expressing
them are incomimensurable. . _
II.  Multinomial magnitude is that which is explained by multinomial number.
III. Binomial magnitude is that which is explained by binomial number, and
trinomial magnitude is that which is explained by trinomial number, and
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plique par binomie nombre premier, €t binome
ligne feconde quon explique par binomie nom-
bre fecond; Ex ainfi par ordre des antres inf-
ques dla douz efme.
DEFINITION V.

Racine quarrée de ligne, e5t la lgne moien-
ne proportionelle entre la ligne donnee nombre
expliquee, ¢ la ligne rej];andante alonité de

donnee.

Finde la premiere partie.

Iv.

so the others in due order.

First binomial line is that which is explained by first binomial number,
and second binomial line is that which is explained by second binomial
number, and so the others in due order up to the twelfth.

Square root of a line is the mean proportional line between the given line,
explained by number, and the line’corresponding to the unity of the given
line. : ‘
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SECONDE PARTIE

DES INCOMMENSVRABLES
GRANDEVRS DE
LOPERATION.

~ PROBLEME L
Stant downee ﬁgne droiéte, ¢ deux nom-
" bres:Trouer vne ligne droitte en telle rai-
Joné ladonnée, comme le nombre an nombre.

ExeEMPLE 1.

Explication du doiné. Soic donné laligne A B,& les
nombres donnez «/ § & 3. “Explication du vequis. 11
faut trouuer vne ligne en telle raifonila A B, comme

*#/ 54 3. Conffruction. On prendrales potences quar-
rees des nombres don- :
nez, qui fontg & § , puis D
on prodvira A B en C,
ainfi que A Baie telle rai-
fon aBC, commeg 4§,

“puis fe trouuera la ligne ,
moienne proportionelle C1-1B~ 3 A
enwe AB,& BC,parlats .
propofition du 6° liure d'Euclide, qui foit B D.

Iedique B Deftla ligne requile, aiant telle raifon
dla A B,comme/ § 4 3. Demonslration. Pofons que
A B(oit 3; Mais comme 9 a §, ainfi {par la conftru-
¢tion) AB 34 B C,doncques B C fai& 1 -, mais le

B o S Sec‘ogzd,Par’l. Operation. * . :

“In Prop.I'a line is constructed such that-it has to a given line a ratio expressed
by two numbers: This is shown by the- ratios ¥5 : V3, B2 193, R
(V1o + B5 = 203 4 V9) 06+ 1T+ V2 e e
BY6 + Y5 + y2 + (Y3 + ¥2). The corollaries show how to construct multi.
nomial lines corresponding to a given multinomial number with an arbitrarily pre-
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reftangle de AB 5,en B C 1 3-fai& 5,pourle quareé
de B D (car B D eft moienne proportionelle entre A B
& B Cparla conftruction) parquoiB D fai+/ s. Il
ya doncques telle raifon de BD, 4 A B, comme de
4/ 54 1, cequ’ilfalloit demonttrer.

NoTa 1. Silonvoulat pofer pour A B quelque
aurre nombre que 3,0n viendra toufiours dla mefine
demontftration. Pofons par exemple pour AB g, &
B Cfera 5,&B D ¢/ 45, lefquels 9 &4/ 45, font en
L2 me(me raifon que 3 a 4/ §,car divifant I'va & Pautre
parlecommun dinfeur 3, viendra 3 & ¢/ 5.

NoTa 11.Silesnombres donnez fuflent o/ 5 &
&/ 10, l'operation feroit femblable 4 1a precedente,caz
Pon produiroit A BenC,ainfi que A B cuft telle rai-
fona B C, comme 104 §, quarrez des nombres don=
nez & puis commedeflus.

ExeMPLE IT.

Explicationdudonné. Soit donné la ligne AB,&
nombres donnez w/ 2 & o/ 3. Explication du requis.
1l faut trouuer vneligne en telle raifon d la A B, com-
mew/23 /3. Conflradtion. On prendralespotene
cesquarrees des. nombres '
donnez, qui forit +/3 & D
¢/ 2,puison produira AB
en C, ainfi que AB aie
telle raifon 4 B C,comme
¢/344/2 (quife fera pac
le moien du precedent A" ¢/3 Bw/1~C
premier exemple) puison 3
prendralaligne moienne proportionelle entre AB &
BC, par la 13 propofition du 6¢liure d’Euclide qui

scribed measure, as V 6 + V5 + V7 by taking an arbitrary line AB as V6, to con-
struct a multinomial line corresponding to V5 + V7 + V 2, when its term

V5 is given as a line AB, to construct a line corresponding to ';./T6 + BI1s + 2,
if AB is given as /7, and to construct multinomial areas and solids.
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Ie di que BD eft laligne requife, aianttelle raifon
a laAB,comme /2 d4¢/3. Demonfiration. Pofons
que A B {oit w/'3, maiscomme 4/ 3 44/ 2,ainfi(parla
conftru&ion) AB w3, 4 B C, doncques B C fai&k
u/x%;Mais lere@anglede ABw/ 3,en B C“/I-%-
fai& 4/ 2,egal au quarré de BD,parquoi BD faict w/ 2;
1ly a doncques telleraifon de B D, 4 A B, comme de
/1,30 3;ce quil falloitdemonftrer. :

NoTa. Silesnombresdonnez fuffent /2,8 4,
I'operation {eroit femblable 4 la precedente, car 'on
produiroit A B en C (par le moien du premier exéple)
ainfi que A B,cuft telle raifon 4 B C,comme 4 2216,
qui font les quarrez des nombres donnez , & puis
comme deflus.

Maisfi les nombres donnez fuflent 443,84/ 5,
Yon produiroit A Ben C, ainfique A B eutt telle rai-
fona B C, comme #/32 §,qui font les quarrez des
nombres donnez, & puis comme deflus.

Et fi les ‘nombres donnez fuffent we/ 3, & wy/6,
Pon produiroit A Ben C, par le moien de ce fecond
excmPlc, ainfi que A B euft telle raifond B C, comme
/3,2 w/6,qui font les quarrez des nombres donnez
& puis comme deffus. Etainfi en racines de racines
guelcongues. : '
ExeMrLE 111,

Explication du dormé. Soit donné la ligne AB, &
nombres donnez 4/ 10+ '
wWig—2,&4/7. Expli~- A B
cationdurequis. llfauttron-  fm-my
ucr vneligne entelleraifon C D E F
i ]a AB, comme # 104 » e
Wis-+2,i47.

v -t

727




728

D'ARITHMETIQVE. 177
_ Conflrudtion. On trouuera par le premier exemple
laligne C D; en celle raifona la A B,comme 4/ 104
477, femblablement D E'en telie raifon 4 a A B,com-
me w/t5,d4/7;puisEF entelle raifona A B, com-
me2d4/7. ' :
Ie dique CF,eft lalignerequife, dont la demon-
ftration eft manifefte par la conftru&ion.

No 4. Mais filyenfteu aux dopnez quelque
nom auec —,parexemple 4/ 104+ w/15—2,& /7
on rronueroit les noms comme deflus, mais le dernier
nom EF, ne fe aioufteroit pasd la C E comme deffus;
mais feconperoit de la mefime, com- :
teen cefte figure; de forequeCF € FD E

feroit laligne requile. T s e B
 ExeEMrrE 1111l

Explication du donné. Soit donné la ligne AB, &
les nombres donnez 4/ 3 + 4/ 5. & 4/ 6447442,

Explication durequis. 11 faut wouuer vneligne entelle

raifon 4 la AB, comme ¢35 + ¢/§,d 46+ ¢7 +
o/ 2.Conftrudtion. Pofonsque A B faccs/ 6 -+ #/7 -+
#/ 2,& couponsde la mefme quelque fon nom (par
le fuiuant 2 probleme) qui foic A C, faifant «/6. Puis
{ trouuera la ligne DE, (par le 1 exemple) en relle
raifon 3 la AC, comme /32

#/6, puisla ligneEF, entelle A V/6C B
raifon 4 fa A C, comme ¢/§ = +———t’
d +6. D E F

Ie dique D Feftla lignere- oy
quile, dont la demonftration
eft manifefte pac les precedens.
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' ExeMmrire v,

Explicationdudomé. Soit donné la ligne A & nom-
bres donnez 3373 & V24t Explication dy reqis.
1l faut rouuer vne ligne ‘en telle raifon i la A, com-
me z153 3 2L, Conflrudtion. On conuertira les

nombres rompuz donnez, en multi-

nomies nombres enters dela thef- A

me raifon des donez, les multipliant - cmtme owte
parcroix ceftd dire 4/3+ 4/6 par B
Vi 3L, AiGV 6+ v 12+ 3 ot amg
~+4/18; Puise/ 5+ &/ 7 par e/ 2 :

+ /5, failk /104§ +4/14 + o/ 35,

 Puis fe trouuera par le precedent 4°exemple la ligne
Bentelleraitonila A, comme 4/ 644712 -+ 3 4~
V18,30 10+ 5+ 144+ ¢/35. le dique Beft
laligne requifé, dont la demonliration eft manifefte.

Exemreirs vi.

Explication du donné. Soit donné la ligne A, &
nombres donnez v/ rino. /6 44/ 5+ 2 , & 4/ 3
—+4#/1. Explicationdurequis. 1l fauttrouucrvne ligne
entelle raifondla A, comme '

MV i/ 6+ s+4 2, A eeuy

A& 3-+# 2. Confruttion. B +mmmeeey
On trounetala ligne B, parle C r—
4eexemple, entelleraifon i la

A, commen/64+4/s+4/2,34/3+4"2, Puis
on prendrala racine quarrée de ladicte B, par le fui-
uant 3°probleme laquelle foitC. Ie di que C,cft Ia
ligne requife , dont la demonttration et manifefte.

Conclufion.Eftant doncques donnée lignc droicte,&
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deuxnombres , nous auons trouué vne ligne droicte
en telle raifon 3 Iz donnée, comme le nombre au -
nombre,ce qu'il falloic faire.

COROLLAIRE I.

Il eft manifefte par les precedens , comment Fon
pourra faite vne multinomic ligne, conforme au mul- -
tomie nombre donné, fans prelcripte mefure. Par
exemple, Pon veut faire quelque multinomie ligne de
N6~ V5 +¢7; le mets quelque ligne 4 plaific
AB,pofant quelle valle #/6,puis ic trouue a la mefme,
laligne B C, parle 1 exemple, entelle raifon 112 A B,
comme ¢/53a 4/6, puis CD, cn tclle raifon 4 A B,
commey/744/6; & la :
ligne ABC D,fera’la A B C D
multinomie ligne con-  + —+ —t
formeau nombre donné,

COROLLATRE II.

1 eft aufli notoire, comment 'on pourra faire vne
multinomieligne felon quelque fon nom donné. Par
exemple lon veur faire vne multinomieligne de 4/'5
-+ 47442, delaquelle lenom ¢/ 5 eft A B. L'on
srounera B C, entelle raifon 4
AB,commes/7,4 ¢/5,puis A B C D
CD, en telleraifond AB, r—t——1t—uuy
comme ¢2,34/§.

COROLLAIRE 111,
Il appert qu'on pourra faire vne binomie lig-

‘ne felon quelque mefute donnée. Ie prens quel'on

cuft requis au 3 exemple vne multinomie ligne de
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v/10 -+4" 1§+ 2 detellelongueur comme A B faiék
#/7,& nous dirions que CF eft laligne requife.

: COROLLAIRE 1I1I.

Ileft manifefte, comment on pourrafaire vne mul-
tinomie fuperfice,on multinomie corps,conforme aux
multinomies lignes des precedens trois Corollaires.
Prennons en quelque exemple femblablea celui du
uoifiefme Corollaire, & foir la mefure donnée le pa=
rallelogramme A B C D, duquel la fupetfice foit 4/3
& le muliinomie nombredonné ¢/8 + w17 44—
/7. On produira quelque cofté comme A B,iufques
en E, ainfi que BE, aic telle raifon dla A B, comme
VvV 8+wi17 4+
a—vV 73/ 3& A B E
puison parferale
parallelogrimeBE
F C. Eteft mani-
fefte par la 1 pro-
pofiionduliure & : F
d’Euclide, que le p ,
mefme parallelogramme B E F C fera e parallelo-
gramine requis.

Mais fi1a mefure donnée fuft le parallelepipede A B
CD EF GH,duquella quantité fuft /3, & le multi-
nomie nombre ' L

donnéa/ 8-

E F
W7 44— 4 4 / X/
+/7,L’on pro- al (8 ‘
duiroit quel- )—‘}"G '
que cofté co- an M
me DC,iuf- D C R
ques a I, ainfi que CJauroit telle raifona D,C, com-
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med/8 +-w'17-+-4—+/7,a4/3,&puislon par-
feroit le parallelepipede BKICFL M G, & eft ma-
nifefte par 1a 1 propofition du Geliure, &Ia 2§ propo-
fitionde 11 liure d’Euclide, que ledict parallelepipede

feroit le requis.
PROBLEME IL

€ la ligne droitte donnee, Couper par-
tie requife.

Nora. Ce probleme eft la 9 propofition dué
liure d’Euclide, laoularequife partie aux exemples de
la mefine, eft toufiours expliquée par nombres Arith-
metiques; Mais'on peur aufli bien requirer partic d la
ligne donnée incommenfurable,que commenfurable,
neus defcriprons doncques ici pour parfection dricelle

- propofition, la maniere de couper partiesincommen-
furables. Explication du denné ¢r requis. Soitlaligne
donnée A B, de laquelle il faut couper fas/ —3’- Con-
Shrudtion. On menera du point A,
quelqueligne A C, faifant quelque G
angle BA C, pofant que la mefme | Y
A C face 43, nominateur donné;
puis'on trouuera A D (par le prece-
dent 1 probleme) en telle raifon 3 A EB
A C comme 4/1 numeratenr donné,

a 4/ 3 nominateur donné, puis fe meneralaligne C B,
& (aparallele DE. Iedi que A E cft larequife o/ -+ de
ladonnée A B; Demonflration. La ligne A D;a telle
raifon 4 laligne A C, comme 4/1,3 4/ 3, parla con-
ftra&ion ; mais comme AD a AC,ainfi AEaAB,
parla 12 propofition du 6 liure IEuclide; Doncques

Prob. 1I is the generalization of Euclid VI Prop. 9 to the general case of
incommensurable lines: From a given straight line to cut off a prescribed part.

Where Euclid’s example is the third part (we write p = %), Stevin shows the

construction for p = V?, p = rz+y3 P = ___M; p must

3 Y7+ V6 + Vs V6 + Vs +72
always be <C 1. In this way every term of a multinomial line (area, body) can
be found.
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AE i telle raifona AB, comme /1 2 4/3, parquoi
AEefts/ 3-de A B;cequ'il falloit demonttrer. Con-
clufion. Nous auons doncques coupé partie requife de
1a ligne donnée; ce qu'il falloit faire.

Norta 1. Silon euft voulu couper dela ligne
ABcideflus, —‘,—73:7*{;’—3,7, lon diroit A C faire 4/ 7
=+ 4/6 4 4/5,& de lamefme fe couperoir la ligne
AD, failant 4/ 2+ 4/3, puis menantles paralieles
CB & D E commedefuss, Ponauroit le requis.

%aii ﬁlon euft voulu couper de ladicte ligne A B,fa
e /5 40" ey . ;
st iy s lon diroit A C faire +/trino.4/6 + v/

§ + /2 & dela mefime fe couperoitla ligne A D(la-

uelle fe tronueroit parle 6 exemple du premier pro-

bleme) faifant 4/ bino. § - +/ 5,puis menant les paral-
leles C B & D E comme deflus, 'on auroit le requis.

NoTa 11.llfaurquele nominatcur du nombre
donné, it toufiours maieur que le numerateur,’ par
exemple fi quelcun requiroit dauoir coupé d'vne lig-
ne fa 3, ou ¢/ 2~ ce [eroit petition de l’impoﬂibﬁ,
veu que toute partie ¢ft moindre que fon entiet.

COROLLAIRE I.

1l eft manifefte par ce probleme , comment Fon
trouuera les noms de toute multinomie ligne donnée,
Far exemple de A B

afant 48+ 34w/ G
1§+ 10— 3. <
Car Yon feroit quel- <
que multinomie ligne \Y
1(par lg premier Corol-

aire du premier pro- .
bleme) fmformep awd H 1 KB

multnomic nombre donné, laquelle foit AC, les

- 733




734

D'ARITHMET 1QYE. 183
noms de laquelle foient AD 4/ 8,DE 3 EFw/ 15,
FG 4/ 10,G C +/5, puison menera laligne C B,& fes
parallelesFK,EL,D H,de foreque AH v/3,HI 35
IKw/15,KB #/ 10— 4/ § feroient les noms requis.

COROLLAIRE II
Il eft aufli notoire, comment I'on pourra couper
- toute fuperfice & corps, ‘conforme 4 la maniere de fe-
&ion dela ligne A B, du precedent premier Corollai-
re, comme nous auons faict le femblable aux Corol-
laires du precedent premier probleme.

PROBLEME IHI. 4
Stant donnée lgne nombre expliquée :
Trouner [a racinequarré. '

Explicationdu donné. Soit donnée laligne A B, de
laquelle la quantité foit 4/8 +-w/15 4w 255 44
— /80 Explication durequis. Il faut trouuer {aracine
quarrée. Conflruction. On coupera par le precedent
2 probleme, quclque nom de la ligne donnee A B,foit
A C,tcfpongant a8 o
Puison trouuera par le 1 E

probleme quelque ligne 4
droicte en telleraifon a la ﬁ

AC,comme 13 ¢/8, qui

foit la ligne AD; Puisfe DiA C B
trouuera par le 13 proble- F -
medué¢ liure d’Euclide, b=

laligne moienne proportionellé entre D A & A B, qui
foit AE. Iedique A E eft la racine quarrée requife de
AB. Demonfiratin. Veuque A E eft lamoienneligne

Prop. III states how to find the square root of 2 line explained by a given multi-
nomial number, the squate root of a square root, etc. Cube roots can only be
constructed if two mean proportionals between two given lines can be found,
and this is possible if one is satisfied with one of the many existing methods
[these methods, .named after Plato, Hero, etc. can all be found in Eutocius’ com-
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proportionelle entre la ligne donnée AB,& la DA,
refpondanted Fynité de ladicte A B, fenfuit par la
precedente §° definition, que A Eeftla racine quarre
de A B;ce quiil falloit demonttrer. Conclufion. Eftant
doncques donné ligne nombre expliquée, nous auons
tronué fa racine quarrée; ce qu'il fallor faire, '
NoTta 1. left manifeite par ceprobleme comz
ment on trouuera de la ligne donnec toute racine
quarrée de racine quatrée, iufques en infini;Par exem-
ple, pour auoir la racinede racinedela ligne ABci
deflus, on trouuera Ja ligne moienne proportionelle
cnue D A, & A E, quifoit F, doncquesF eftla racine
quatreé de racine quarrée de A B.Etde mefme forte f
pourroit trouuer la ligne moienne proportionelle entre
D A, & F, qui feroit racine de racine deracine,de A B,
& ainfi on pourroit proceder cn infini,
~ Nora 11. Quant aux extractions des racines
cubiques, & autres operations des méfimes qui fe ren-
contrenten nombres,nous les fgaurions legiumement
imiter en grandeurs, i 'on fgeut trouuer geometrique-
ment deux lignes moicnnes proportionclles entre
deux lignes donnees, car racine cubique deligne,c’eft
la confequente de deux hignes moiennes proportio-
nelles, entre la ligne donnte, nombre expliquée, & la
lignerefpondante dlvnité deladonnée. Vraieft que
fil'oi fe vouluft contenter (comme i faic Archimede
en fa defcription .dela [phere & cylindre , & autres)
des inucntions de deux lignes moiennes proportionel-
les, par quelque maniere des inuentions de Platon,
Heron, Phylon Byfantin, Appollone, Diocle, Pappe,
Spore, Menechme, Archite, Eratoftene,ou Nicome- .
de, 'on pourroit proceder de mefme ordre en racines

mentaries to Archimedes’ Sphere and Cylinder, see T. L. Heath, Manual, In-
troduction, footnote 12), pp. 154-170, and footnote 24) of the Introduction to
the Problemata Geometrical. If a line representing V7 + V5 + 13-4 and
AC = V7 are given, then it is possible to construct 13-4. The final construction
deals with a binomial line of the fifth type; it is shown, given line A = V3

how to construct  Yy12 + 2 = Yy3 + V2 + VV3 —v2 (L Arithmétique,
Prop. 39), and how to séparate the two parts. ’
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cubiques,comme nous auons fait ci deflus en racines
quarrees: Etle femblable fentendra d'autres racines
quelconques, comme de quinte, fexte quantité, &c.
lefquelles fe tronuent generalement par Finftrument
d’Eraftotene, mais nous n'en donnons point des
exemples, parce qu'eftant cognues telles racines, la
refte eft notoire parce quien eft dict ci deflus.

Il eft aufli 4 confiderer, qu'eftant compo(é quelque
multinomicligne de racines cubiques ou autres auec
racines quarrees, ou nombre Arih. que 'on peut fou-
uent parfaiGtement operer par icelles. Par exemple
eftant quclque multinomieligne AB, de +/7+4/ 5
4/ 4, de laquelle foit cogneu le nom AC de
+/7,Fon peut aufli wrouner A C DB
les deux autres noms year 7 5
coupant de la C B,la ligne
C D,entelleraifond le A C,comme /53 4/7 larefte
D Bferalenomde /@ 4. Item fi quelque multino-
mielignefult dea/2 4+ Q@ s +#/®7,& que le
nom ¢ 2 fuft cogneu, il eft notoire qu'on pourraex-
traire legitimement racine quarrée de telle ligne, &
ainfi de plufieurs autres femblables.

Norta 111. Nousauionspromis au commence-
mentde ce traicté, d’exhiber la manicre des conftru=~
¢&ions des douze binomies lignes auec leurs racines
defcriptes au 10t liure d’Euclide, ce que nous auons .
abondamment fai¢t aux trois precedens problemes,
non feulement de binomies, mais de noms en multi-
tude infinie; Toutesfois nous donnerons en plus gran-
de cuidence, encore vnexemple propre de binomie
ligne cincquicfine,par la conftruétion de laquelle tou-

‘ Appendix
This is a summary of Book X of Euclid's Elements in Stevin’s arithmetical
language. It ends with a “Conclusion”, in which Stevin announces the Weegh-
¢const, in which the theory has been supplemented by experiments performed
together with Johan Cornets De Groot (see Principal Works of S. Stevin 1,
p. 6, footnote 15). Stevin ‘also announces the works of his friend Ludolf Van
Collen, with whom he has constantly been in touch on problems of algebra, in-
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tes les autres feront encore plus manifeftes en cefte
forte: Iy a quelque ligne A, faifant 4/ 3,bPon requiert
vae biromie ligne cincquiefme, diifee en fes noms,de +/ 12
- 2, fauoer telle 4/ 12 = 2, comme A failt 4/ 5 ; Puis
Fonvem que de telle binomie ligne fextraiit racine quarrée,
& quelamefineracine foit disifée, cn les parties de laguelle
elleeft compofée. Leon trouuera par le precedent pre-
mier probleme laligne BC,en telle raiion d la ligne A,
comme 4/ 124 ¢/3,puisla ligne CD, en telle raifond

laA,comme 224/ 3, & A

B CD,ferala binomielig- bt
nerequife. Puis{etirera fa F

racine parle 3e probleme, g

qui foitEF. Or i fin de g

diuifer cefteracine EF en

les parties de laquelle elle

eftcompofte, Pextraispre- g E G D
mierement racinequarrée

dunombre +/12 <+ 2, qui et par le 39 probleme de
noftre Arihmetique)a/ bino.4/ 3+ 472+ 4/ bino.v/'3
— 47211 fautdoncques quel'vne partie de cefte ligne
{oit de o/ bino.4/ 3+ 4/ 2,& Lautce o/ bino.A/ 3—n/ 2,
parquoi diuifée la ligne E F, par le fecond problemeen
G,ainfi que E G, aie telle raifona G F,comme +/ bine
/34 4/1,34/ bino.4/3 — 4/2,lon-anta ¢ requis.
Nous pourrions donner femblables exemples de tou-
tes les autres onze binomies lignes, qui font deferiptes
audict rotlivre d’Euclide. Mais veu que le progres eft
en toutes le mefie, voire non pas {culementences 12
binomies lignes, maisen infinies autres, ce feroit inu-
tile perdition de temps. Voila doncques ce quenous
auions promis.

Finde la feconde partie.

+ commensurable magnitudes, centres of gravity, and other subjects. (Van Collen’s,
or Van Ceulen’s best known work is Van Den Cirkel, Delft 1596, 2nd ed. 1615,
Latin ed.: De Circulo, Leiden 1619, See: H. Bosmans, Annales Soc. Scient. .
Bruxelles 34 (1910), pp. 88-139, and Niesw Nederl. Biogr. Woordenboek).
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202

THESES
MATHEMATIQUVES.

THESE 1
QV € lvnité est nombre.

THESE 11.

Que nombres quelconques peunent eftre
nombres quarrez., cubiques, de quarte quan-

tite, @/c.
Que racine quelconque est nombre.
' THESE 1111,

@’i[ #y & aucuns nombres abfurds, ir-
rationels, irregubsers, snexplicables, ow fourds.

THESE 111.

THESE V.

ue nombres comme 1. 2..3. o4 12. 0.

6. 4. €5 femblables s ne font pas proportion
eArithmetique. _
THESE VI.

Que nombres comme 2. 4. 8. 0t 2. 3. 4. 6,

11
III.
Iv.

Mathematical Theses
That unity is number.
That any numbers can be square, cubic, biquadratic, etc. numbers.
That any root is a number.

That there exist no absurd, irrational, irregular, inexplicable or
numbers.

surd
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oo~ [emblables ne font pas proportion Geonse-

trique, mass Arithmesique.

THESE vII.

,ine nombres comme 153. 144. 136. &/
[emblable

.r neﬁmt pas projzartion Harmmique‘.

Nous auons traik¢ des fufdictes Thefes 3
la precedente Arithmetique, au commence-
ment puis page 30° 33° 55"

L’heure & lieu de leur expedition fc de-
clairera a temps oportun.

TasLe
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V.
VL

VIL

That numbets like 1, 2, 3 or 12, 10, 6, 4 and similar ones do not form an
arithmetical proportion.

That numbers like 2, 4, 8 or 2, 3, 4, 6 and similar ones do not form a
Geometrical, but an Arithmetical proportion.

That humbers like 153, 144, 136 and similar ones do not form a2 Harmonic
proportion.

[On Thesis IV see L’ Arithmétique, Def. 31 and what follows, on Theses V,- »
VI, VII see the beginning of Book I, Third Part].
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APPENDICE ALGEBRAIQUE

The Appendice Algébraique of 1594, of which the only copy so far discovered
was destroyed in 1914 when the University Library at Louvain was burned, was
first described by P. I. Gilbert (see footn. 40), Introduction). The text itself was
reproduced in French in Book V (Des Meslanges), pp. 7-10 of the Mémoires
Mathématiques de Simon Stevin (1608), also in the reprint of L’Arithmétique
by A. Girard of 1625, whence Girard introduced it into the OQewwvres of
1634, in both editions at the natural place, after problem 77. Stevin gave a
Dutch version in Book V of the Wisconstighe Ghedachtenissen (Ghemengde
Stoffen), pp. 7-10 (1608); a Latin version appeared in the Hypomnemata Ma-
thematica, Book V, pp. 7-9 (1608). The edition of 1594 contains, apart from
a slight change in the opening words, a terminal paragraph not reprinted in later
editions, in which Stevin states that his “special and familiar friend, Master
Ludolf van Collen” has told him that he has also found a general method to solve
equations, which method he has promised to publish (French text in Giibert and
Bosmans’ articles). This method van Ceulen does not seem to have been published.

In his Appendice Algébraigue Stevin states that after the publication of L’ Arith-
métigue he has found a general rule to solve all equations either perfectly or with
any degree of approximation. This example is x3 = 300x + 33915024. To find
- a first approximation for x, try x — 1, then x = 10, 100, 1000, ...... The result
is that for x = 1, x = 10, x = 100, the value of x3 is less than that of 300x +
33915024, but for x = 1000 it is larger. Hence the first result is 100<Z x < 1000.
To find a second approximation for x he now substitutes x = 100, 200, 300, 400
and finds 300 < x <C 400. Now he tries x = 310, 320, 330 and finds 320 <<
x < 330, then x = 321, 322, 323, 324. It appears that for x = 324 both sides
of the equation are equal so that x = 324 is the root.

The method can also be applied if the root is not an integral number. If x3 =

300x + 33900000 we find 323 < x <C 324. Then write x = 3?—2? and proceed

as above, first with TIS , then ;—:;5 , etc. This can go on indefinitely. If, for in-

. : . . 8
stance, the root were x = —é-, the method gives first }Eo" then %, then

833
1000 °’

then %03—0, and so we can approach the root as closely as we like. The same

holds if x were a radical, incommensurable with common numbers. Note that
Stevin does not use the decimal notation of :his Tenth.
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REI1GLE.

E Stant donnez. trois termes de nombres Algebraiques quelcon-
ques : Trouver leur quatriefme proportionel, ouparfaidt , o
ave infini approchement.

T'ay deférit (depuis le 66 probleme jufques au $o)
Pinvention du quatriefme terme proportionel, de trois
Algebraiques donnez, & cela fi avant comme j'eftime
quicelle matiere eft cognue: Mais j'ay puisapres trouvé
une reigle generale, pourde tous trois termes Algebrai=
ques donnez trouver le quatriefme , ou valeurde 1 ©
parfaiétc, ouavecinfini approchement, ce quen lapra-
&ique nous donne quafi autant comme une operation
qui confifte en fa patfai¢te demonftration Machemati-
que; car comme fes finus font en leurs tables impar-
faidts, & routesfois en [a pra&ique for.t autant comme
fi ceftoyent multinomies radicaux accomplis , ainfi fe
fait le femblable en cefte maricre Algebraique.

Le donné. Soyent donnez trois termes felon le proble-
me tels: Le premier 1 3), le fecond 300 @ - 33915024,
le troifiefme 1 (). .

Le requss. 1 nous faut trouver leur quatriefme terme
proportionel. -

Conftruction. Pour premierement declarer en gene-
ral la methode fitivante je diqu'ontrouvera de com-
bien de characteres doit eftre la valeurde 1 (3): Laquel-
le multitude de characteres eftant cognue, on trouvera
puis apresle premier charaéere, qui feraun de zes neuf,
1,2,3, 4,5, 6, 7,8, 9: Puis fe trouvera femblablement le
deuxiefme, & tous les autrestant quilyena.

Or pour venira la chofe, & premierement trouverde
combien de chara&eres doit eftre lavaleur 13 données
jemerspouricelle 1, enquiers par le mefime ce qu'il en
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fortira, difant, veu que 1(0) faitr, les joo @font 300,
par le 67 probléme: aux mefimésadjoufte 33915024,fait
pourla valeur du deuxiefme terme 33915314 Et lepre-
mier terme,  fgavoir1(3), feratant feulement1: Ce qui
eftant trop peu, parce que la valeur du premier terme
doiteftre egal avecla valeur du fecond, & pourtant je
metsaufecond 10 pourlavaleurde 1(i), & enquiers par
le mefine comme deflus, & trouve la valeur du fecond
termede 33918024, & le premier terme derooo: Ce
quieftant autrefoistrop peu, je mets au troifiefme 100
pour valeur de1®; le mefme eftanc aufli trop peu, je
mets au quatricfme 1000, par lequel je trouve le pre-
mier terme trop grand : Pourtant la valeur de 1) et
moindre que 1000, & majear que 100, cllceftdoncne-
ceffairementde trois chara&eres,

Oreftant cognu que la defirée valeur eft de trois cha-
ra&eres, il faut que le premier foitun de cesneuf, 1,2,3;
45,6,7,8, 9. Maisil eft cy deflus enquis avec le pre-
mier characere 1, 4 {Gavoir avec 100, & trouvois trop
peu, pourtant je l'eflaye maintenant avec le premier
charactere 2, mettant 200 pour valeurde 1 @, & trouve
trop peu: Ie 'enquiers puis apres avec 300,& vientaulhi
trop peu : Puisavec 400, & trouve trop, cec qui me de-
note que le premier charatere doit eftre 3.

Or pour trouver le fecond chara&ere, il doit necef-
fiirement cftre ou 6,1, 2,3, 4, 6,6, 7, 8, 0u 9 : Maisil eft
devantefprouvé avecle fecond charadtere o, 4 fgavoit
avec 300, & vint trop peu, (Pourtant je mets mainte-
nant le fecond caraere 1, 4 {gavoir 310, & trouve trop
peu: puis apres 320 , vient aufli trop peu: puis 330, &
vient trop; ce qui me fignifie que le {fccond charactere
faue eftre 2. ‘

Pour trouver maintenant le troifie(me charatere, il
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doit eftre neceflairementou ©,1,2,3 4,5,6,7,8, ou 9.
Maisileft dcflusenquisavecle troifiefme charattere 0,
fcavoir par320,& vint trop peu; poustant je mcts main-
tenant lg croifiefine charactere 1,4 fgavoir 321, & trouve
trop peu; puis apres 322, & vient aufli trop peu;puis 323,
vient trop peu; puis apres 324, & trouve pariceluy la va-
leur du premier terme, egal ala valeur du fccond,d fga-
voir{'un & l'autre de34012224;ce qQuime demonftre que
324 eftlavalcurde 1 @, & quatrie{me terme proportio-

nel requis ; car comme 34012224 valeur du premier 4.

34012224 valeur du {ccond terme ; ainfi 324 valeur du
troifiefme eu quatriefme 324 '
: COROLLAIRE .
11 appert par le fufdit, que quandlavaleurder (Deft

nombre entier, que lamefme valeur fe peut roufiours

trouver parfaiCtement.

Maisfile fufdit compte:n’cuft pas venu ainfi ptecife-
ment, comme par exemple,que le © ou nombre Arith-
metique donné aulieude33915024,euft tant feulement
efté33900000,alors 3133 cuft efté peu, 8¢32.4 trop,ec qui
me certifie que la valeur de 1()fait 323 avecunrompu
moindre que unité. Or pout trouver le mefme rompu,
ou d'yapprocher infiniment; je mets 323 avec encore un
0,deflusune ligne comme numerateur, & 10 defloubs
comme nominateur,en cefte forte 133°: Ce rompu fait
323,qui eftant trop peu, il faut que o du numerateur face
o avec quclque refte,oun,2,3,4,5,6,7,8, 009 ¢ Le mefine
chara&ere eftant trouvé comme deflus, & quil yaefco-
requelque fuperflu,bnadjouftera au numerateur & no-
minateur autrefois o , enquirant comme deflus, ceque
doit venir au lieu d’iceluy o du numeraceur: Et proce-
dant ainfi infiniment , I'on approche infiniment plus
presau requis. :
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Mais fi la deficée valeur de 1 () fur rompumoindre
que unizé, Pon enqueftera premierement avec i3, qui
eftant trop grandavec 4 2; guis aprés 7555 &c.Or pofé
le'cas que =22 fut trop grand,mais -5 = trop petit, cecy
me certifie que deflus le nominateur 10000,doit venir
un nombre comme numerateur majeur que i , & moin-
dre que 10, le mefme fera neceffairement un chara&ere,
comme 1avec quelque fuperflu, ou 2,3, 4,5,6,7,8,0u9:
Iceluy chara&ereeftant trouvé auplus pres & moindre,
& quilyaencorequelque teﬁdu,Y‘on agrandira nume-
rateur & nominatcur chafcun d'un o, enquirant puis
apres comme deflus,ce que doiteftre iccluxicmier odu
numerareur, & ainfi desautres.

Avifez encore qu'eftantla valeurde 1 () nombre rom-
P il peut avenir qu'on pourraapprocher infiniment an
requis, fans toutesfois par cefte maniere pouvoir parve-
nir 3 la parfaicte folution: Comme par exemple, pofons
que lincognugvaleur de 1 (D fuft$, & que I'on met Je
nominateut [clon la {ufdicte reigle,on trouve que deflus
lemefine 10 faut venir 8, en cefte {orte ;2: Mais parce
qu'ileft trop peu,je mets pres de chafcun nombre o,ainfi
122, & cerchant puis apres quel charaétere doit venir
au lieu de o du numerateur, je trouveau plus pres &
moindre 3, ainfi -2 : Ec faifane le femblable au troifief-

100
me, je trouve ;£33: Erau quatriefme ;2333 Et ﬁproc':-

10 . - -
danr ainfi avec [es autres, 'on voit qu'on peut infinimée

approcher, fans toutesfois parvenir aux-3 accomplies,a
caufe qu'il n’y a nul nombre cntier en relle raifond.ro,
100,0u1000, (& femblables defquels fe premier cha-
raltere cft 1, avec les fuivans o) comme ¢4 6.

Nous pourrions encore donner exemples laoulava-
leurde 1 (0 eft dé nombres radicaux 3 nombre Arith-
metique incommenfusables : mais veu que Vinfini ap-
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prochement eft affez notoire par les.precedens, il ne
femble point meftier d'en faire propres declarations.

Or eftanttous les fufdi¢ks excmples notoires par leur
opcration, nous n'en faifons point des particulieres de-
monftrations. Conclufion. Eftant doncques donnczureis
termes de nombres Algebraiques quelconques, nous a-
vons trouve leur quatniefine proportionel,ou parfaicte-
ment,ou par infiniapprochement, ce qu'il falloit faire,
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INTRODUCTION AND SUMMARY
§ 1.

Stevin's trigonometry is the first part of his cosmography and bears the title
Driehouckhandel, in French Traité des triangles, in Latin De triangulorum
doctring. The first to use the term trigonometry seems to have been Pitiscus,
whose book Ttigonometria made its first appearance in 1595, but in 1608, when
Stevin's book appeared, the term had not yet been generally accepted (1). The
baok consists of four parts, the first dealing with the construction of goniometrical
tables, the second with plane triangles, and the remaining two parts with spherical
trigonometry. When Stevin wrote his book, in the course of his discussions with
Prince Maurice, the subject had already been treated in several excellent text-
books, to which Stevin added hardly anything but his personal clarity of exposition.
De Driehouckhandel, like De Meetdaet and L’ Arithmétiqne, is a substantial
textbook, but it is the least original of the three. It is mainly of interest to those
who wish to see what trigonometry was like in the sixteenth century, long before
Euler, in 1748, introduced the present notation (2). It also has some distinction
as the first complete: text on trigonometry written in Dutch; and one of the
first — if not the first — written in any vernacular (3). We shall only reproduce
a short section.

Trigonometry, as part of astronomy, dates back to Antiquity, where it was
taught by Ptolemy in his Almagest. It was cultivated during the Middle Ages,
among others by mathematicians writing in Arabic, in whose hands it gradually
developed into an independent science (). The first book in Latin is by the

(*) B. Pitiscus, Trigonometria, sive de solutione iriangulorum traciatus brevis et perspicuus,
57 pp, published as an appendix to A. Scultetus, Sphaericorum libri tres (Heidelberg, 1595).
There were revised editions, published as separate books, in 1599 and in 1608. Sec
N.L.W. A. Gravelaar, Pitiscus’ Trigonometria, Nieuw Archief v. Wisk. (2) 3 (1898),
pp. 253 — 278; R. C. Archibald, Bartholomdius Pitiscus, Mathematical Tables and Other Aids
1o Computation 3 (1949), pp. 390-397. There is also information on Pitiscus in A. von
Braunmithl, Vorlesungen iiber Geschichte der Trigonometrie 1 (Leipzig, Teubner, 1900), VII
+ 260 pp. The term T rigonometria appears in Holland in the 1629 ed. of Girard’s tables,
(see (18).

(“)(L.) Euler, Introductio in analysin infinitorum (Lausanne, 1748), 2 vols., teprinted in
Opera omnia, Set. 1, Vols 8-9 (Leipzig, Betlin 1922, 1945).

(®) It was not the first trigonometry written by a native of the Low Countries, since it
was preceded by Ph. Van Lansbergen’s Triangulorum geometriae libri quattuor, of which the
first edition appeared in 1591. There is also a good deal of trigonometry in L. Van
Ceulen’s Van den Circkel, of which the first edition appeared in 1596. Van Ceulen intro-
duces trigonometry for his purpose of computing =. Thete is also some trigonometry
in the Flemish version of Apianus’ Cosmographia: Cosmographie, oft Beschrijvinghe der ghe-
beelder Werelt van Petrus Apianus. . . ghecorrigeert van Gemma Friso (3d ed., Antwerp, 1561;
the preface is dated 1545).

(%) For details on these points, as well as on all other questions concerning the general
history of trigonometry, see Von Braunmiihl, /.c.), as well as ]. Tropfke, Geschichte der
Elementar-Mathematik V (Berlin-Leipzig, 2e Aufl,, 1923), 185 pp. See also S. Giinther,
Geschichte der Mathematik 1 (Leipzig, 1908, 427 pp.), Pp- 393—404, and M. Cantor, Ver-
lesungen 1. ’
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Nuremberg astronomer-craftsman-publisher Regiomontanus, who wrote it around
1464. This book, entitled De rriangalis omnimodis, also treats trigonometry
as an independent science; it is already of considerable maturity, and both
in manuscript and after its publication in 1533 remained for a long time the
standard text to which all later authors referred (5). Sines, in Regiomontanus’
work as well as in all other works up to the middle of the 18th century, are
conceived as line segments, and their numerical value therefore depends on the
length of the radius R of the circle to which they are referred. Regiomontanus
also pubhshed tables of sines, first with a sexagesimal base (R = 6.104, ‘then
R’ = 6.107), later with a decimial base (R = '107) (6). These tables only ap-
peared after his death. The decimal table, with values for the sines of all angles
froin 0° to 90°, ascending from minute to minute, served as an example to several
later mathematicians, ‘including Stevin. Regiomontanus also composed 2 table
of tangents for R = 105 for angles ascending from degree to degrée (7).

The prmapal improvement on Regiomontanus during the sixteenth cen ‘ry
consisted in table computation. This culminated in the monumental works'of
Rhaeticus (also’ known as the friend and admirer of Copernicus), which
consist of the Canon doctrinae triangulorum of 1551 (8) and the posthumous
Opus Palatinnm of 1596 (8). The Canon contains tables of all six goniometric
functions in seven decimals (that is, for R = 107) for angles ascending from
10” to 10”. The Opus Palatinum extends this work to 10 decimals, and for sines
(and cosines) even to 15 decimals. Rhaeticus also published Copernicus’ in-
vestigations on trigonometry (1542), which were later included in the latters
book on the revolutions of the heavenly bodies (1543) (10).

The theory itself, both plane and spherical trigonometry, was explained.. and
gradually improved in a series of textbooks, of which we only mention those
by Bressieu (1581), Fink (1583), Clavius (1586) Van Lansbergen (1591), and

() Doctissimi viri. .. Io. de Regio Monte de iriangulis omnimodis libri quingue (Nutemberg,
Petreius 1533).

(®) The table with R= 6. 10* appears in Joanni de Monteregio. .. tabulae directionum pro-
- fectionumaque (Augsburg, 1490; also Tiibingen, 1559) as an appendxx entitled (at any rate
in the 1559 ed.): Sequitur nunc eiusdem Toannis Regi , ber singula minuta
extensa.

The tables with R= 6. 10?7 and R= 10" appear, according to Von Braunmiihl Z¢.1),
p. 120, in a2 book written by Regiomontanus’ teacher Peurbach: Quadratum geometricum
praec/anmm; mathematici Georgii Burbachii (Nuremberg, 1516; dedication of 1515). The
copy of this book in the Harvard Library does not contain these tables. According to
Tropfke, /.c.%), p. 178 we can find both tables in the Tractatus Georgii Purbachii .ruper pra-
positiones Ptolemaei de sinibus et chordis (Nuremberg, 1541).

(") This so-called “abula foecunda” appears in the Tabulae directionum of 1490,

(®). Canon doctrinae triangulorum, nunc primum a _Georgio Joachimo Rhaetico in lucem editus
(Leipzig, 1551) Von Braunmuhl states that it belongs “zu den kaum mehr auffindbaren
Seltenheiten”, /c.), p. 14

(®) Opus palatmum de Irmngult_r a Georgio Ioachimo Rhaetico coeptum: L. Valentinus Ol/)o
Principts Palatini Friderici IV electoris mathematicus consummavit (Neustadt, 1596). .

(*°) Chapters 13 and 14 of Book I of Copernicus’ classic De Revolutionibus orbium coelestingr,
(Nurcmberg, 1543) were published in 1542 by Rbacticus as De Jateribus et angulu trian-
gulorum, tum planorum rectilineorum, tum sphaericorum, libellus. . ., scriptus a... D. Nxm/aa
Copernico Toronensi. See v. Btaunmuhl le. (1), pp. 140-143.
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Pitiscus (1595) (11). Bressieu and Van Lansbergen are of interest because Stevin
quotes them explicitly in his own trigonometry, and Fink has the distinction of
~havmg introduced the names. tingent and secant in'their present meaning! (the
termisine. alfeady appears in- Regiomontanus), though Fink considered :them line
segments, ‘a custom- followed . until the middle of the eighteenth century, @s:in
the case of the sines. Clavius, who was-the most influential mathematical text-
book twriter of his period, immediately adopted Fink's terms, and it is' not un-
likely, that through. the study of Clavius’ book Stevin became familiar with' theée
expressions. The most original writer on trigonometry in the sixteenth. century
was Viéte, who in a series of books, written between 1579 and- his death in 1603,
enriched goniometry with a wealth of neéw methods, especially in the domain
of the equipartition of angles (12). We may state that it was Viéte who establishéd
goniometry as a science by itself, a distinction all the more brilliant wheni'we
see-that -even Stevin, in 1608, treated gomometry 51mply as a set-of rules for the
computation of tables. : RE

By Stevin’s.time goniometry, with its apphcatnon to plane and spherical tri-
gonometry, was in substance not so very much different from the present éle-
mentary goniometry of our secondary school instruction. However, though the ton-
tent has not changed much, the form has changed enormously. Since our formal appa-
ratus did not exist, all rules had to be expressed in words as so'many additions to
Euclid's Elements. Moreover, the goniometric expressions were not conceived as
ratios of lines, that is, as numbers, but as line segments, constricted in relation
to a circle of given radius; in Stevin's case, R = 107 units. Since lines, areas, and
volumes could not be compared with each other, all rules had to satlsfy ‘the
condition of homogeneity. For instance, the law of cosines for spherical
triangles, which we write in the form cos ¢ = cos @ cos 4 + sin 4 sin b cos C, was
expressed by Stevin in terms equivalent to the formula

sin a4 sin &: (sin 90°)2 = [sin vers ¢ - sin vers (2 - b)] : sin vers C ,

Here sin 90° (the sinus totus) is equal to R, the radius. As to the sinus versus,
which in the modern approach can be written as sin vers ¢ = 1 —— cos 4, Stevin
. defined it as the arrow (“sagitta”) belonging to the chord of which sin 2 is one
half. Stevin did not introduce special names for the. cosine, cotangent or cosecant;
when he needed these quantities, he expressed them as sines, tangents or secants
of the complementary angle. Like his contemporaries, he only considered the gonio-
metric expressions for angles between 0° and 90°; when obtuse angles appeared,
he turned 1mmed1ately to the corresponding acute angles.

(“) M. Bressieu (M. Bressius), Metrices Astronomicae (1581); Th. ka (chhms) Geo-
metria rotandi (Basel,1583); C. Clavius, Theodosii Tri, li)o/;lamze Sphaericorum libri tres (Rome,
1586). This book has an appendix “Seqmtm' tabuia sinnum rectorum per singula quadrantis
minuta extema, et a Toan. Regiomontano quondam supportata, nunc auiem per me examinata et
Plerisque in locis castigata, atque correcta”; Ph. Van Lansberge (Lansbergius), see (3).; B.
Pitiscus, see ().

(&) See Francisci Vietae Opera mathematica, in unsm volumen congesta. . . opera atque studio
Francisei a Schooten (Leiden, 1646, VI X 554 pp.). Von Braunmuhl, /.c. 1) Ch. VIII glves a
detailed account of Viete’s achlcvements .
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§2

The first part of the Trigonometry contains tables for the sine, tangent, and
secant for angles ascending from 1’ to 1’ and computed for R = 107. It strikes
us that Stevin, as late as 1608, did not use his own decimal-fraction notation,
taking R = 1. The reason may have been that Stevin's printer preferred to take
the tables straight from some other book. It may have been that Stevin himself
decided to go easy on his own invention. However, it should not be forgotten
that in a strict sense Stevin’s Thiende was never conceived as a system for counting
with decimal fractions, but as a system for avoiding fractions altogether. If we
take R = 107 as one of Stevin's “Thiendetalen”, perhaps as his “Beghin” (o),
then his tables may be fitted into the scheme of De Thiende.

The tables contain nothing new and go back to Regiomontanus 6). They can
be found, for instance, as an addition to Clavius’ edition of the Sphaerica of
Theodosius (1586) (13). This is not the only place where Stevin's text either
resembles or directly follows that of Clavius’ book — though Stevin never
follows it slavishly and maintains his own independent position throughout. The
tables are accompanied by a long introduction, in which their construction
is explained; it follows closely the procedure already adopted by Regiomon-
tanus. The first to be computed are the sines of all angles which are multiples of

45’; this can be achieved by repeated application of such formulas as sin % =

1-cos & ) i ) . 540-30°
————to sin 90°, sin 36°, sin 30°, and sin 12° = sin—5 . After

this table has been completed, the sines of all other angles can be found by an
interpolation. Stevin shows how it is done in the case of sin 1°, which is found
by interpolating between -[;- sin 45" and % sin 1°30" + —§- sin 45’. The con-
struction of the tangent and secant tables is not explained, but it is demonstrated
how they can be used.

The interpolation formula is based on the inequality sin 3a + —;—Sin 3a >

sin 4o >'sin 3¢ + %(sin Ga—sin 3a), valid for 0° < o <C 90°, and applied
to the case & = 15'. We can derive it immediately from the fact that f (x) =
sin x—sin A
x—A

then take A = 3a, and x successively 0, 4a, Ga. Sixteenth-century mathematicians
derived the formula geometrically from a theorem by Theon of Alexandria, which
states that when a increases uniformly from 0° to 90°, the increase of sin a de-
creases (as follows from our formula d sina = cosa dx) (14). We shall return to
it in our text.

In the second part of Stevin’s book, which contains the trigonometry of plane
triangles, the central theorem is the law of sines. The law of cosines is missing,

(0° <C A <C 90°) is monotone decreasing for 0° < x < 90°, and

(*®) See Clavius e, (12).
(*%) See Von Braunmiihl, /. (?), pp. 28, 121.
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though Viéte (15) had formulated it in 1593 in the homogeneous form (sides
4, b,'c; angles A, B, C):
24ab: (a2 4+ b2 — c2) = (sin 90°): sin (90°-C°).

Like the older writers, including Regiomontanus, Stevin prefers to apply the
law of sines also to the case where 4, b, C are given: this can be done by drawing
an altitude. The law of tangents is also wanting, though it appears not only in
Viéte, but also in Clavius. Using the law of sines alone; Stevin shows how the
angles or sides can be computed when three of them are given; he covers all
cases, including the case where 4, 4, A are given, when two solutions are possible.
Like Clavius, he concludes with an enumetation of all cases at the end. He adds
a discussion of polygons, especially quadrangles, where he distinguishes between
the cases a) that all the angles are <{180°, b) that one angle is>>180°, and ¢) that
two sides intersect. Here he shows how all 8 angles and sides can be found, if 5
independent ones are given.

The third part of the book contains the trlgonometry of spherical triangles.
This is preceded by an exposition of spherics, or the geometry of the sphere, its
great circles and triangles, such as was known from Theodosius or Menelaus.
Then follows the set of rules for the computation of rectangular spherical trlangles
which is complete in the sense of our elementary spherical trigonometry: all six
fundamental theorems are present. In the case of oblique triangles (Stevin, like
all mathematicians before M&bius, concentrates on angles between 0° and 180°),
Stevin solves his problems with the aid of the law of sines and the two laws of
cosines (each proved separately). Here again we find a convenient table of all
(thirteen) cases at the end, with special discrimination between acute, right, and
obtuse angles, followed by a discussion of spherical quadrangles.

The fourth part deals with the application of spherical trigonometry to problems
in astronomy. In an appendix Stevin presents some additional observations on his
own terminology and the work of others; among them we find a remark’ that
modifications in the theory of spherical triangles must be made when the angles
or sides are >>180°.

§3

There exists a German translation of a part of Stevin's trigonometry (by an
anonymous writer), published in 1628 by Daniel Schwenter,-a professor at the
University of Altorf near Nuremberg (18). Schwenter must have had a mutilated
copy of Stevin’s book, since he claimed that Stevin had not written anything about
spherical triangles. He therefore published only the first two books together with
the tables, adding four “axiomata” on spherical trigonometry from Pitiscus’
Trigonometria.

Around the same time Ezechiel De Decker, the Gouda surveyor and admirer
of Stevin, used Stevin’s Dutch nomenclature for trigonometric lines when he

(%) F. Vleta, Variorum de rebus mathematicis responsorum liber octavus (1593), Opera No XI1I,
see (12),

(1%) Simonis Stevini Kurtzer doch grindlicker Bericht, von Calculation der Tabularum Sinuum,
Tangentinm und Secantium. Sampt derselben gebrauch. .. Sampt einer Vorrede M. Danielis
Sechwenters (Nuremberg, 1628).




756

published his complete tables .of Briggsian logarithms (17). Also.-around:;this
time, Girard published at the Hague tables of sines, tangents, and secants:for
R = 107, as Stevin had done, and with a text in French (18). He was not the
only -one; in the same year (1627) appeared a plane trigonometry written: by
Professor. Van Schooten with similar tables, but a Dutch text (19). Girard’s tables
were reprinted in 1629, Van Schooten’s in 1632, corrected and enriched. with
a: spherical trigonometry written by Stampioen De Jonge. (20). In 1628.Van
Lansbergen's Cyclometria nova wasreprinted (21), in 1631 his Triangulorum- geo-
metria. When therefore, in 1634, Girard published Stevin’s Oexvres, there was
no_dearth of information on goniometry and-trigonometry in the Seven Provinces.
This may have been the reason why Girard omitted the tables from his edition
of .the Trigonometry. :
In 1900 Von Braunmiihl, in his history of trigonometry, paid considerable at-
téntion to Stevin's wotk in this field. He claimed that Stevin's treatment of
spherical triangles was superior to. that of his predecessors (22). We reproduce
in our edition only a short section of Stevin's trigonometry, for the sole purpose
of showing how a typical sixteenth-century trigonometry presented this subject.

(*") (E. de Decket) Nieuwe Telkonst, inboudende de logarithmi voor de ghetallen beginnende van
1 tot 10.000,... Mitsgaders De Tafels van Hoeckmaten ende Raecklynen door bet ghebruick van
Logarithmi, de Wortel 3 ynde van 10.000.000 deelen. .. Gouda, Rammaseyn, 1626.

(38) Tables des sinus, tangentes et sécantes selon le raion de r0.000.000 parties. . . par Alber?
Girard. La Haye, Elzevier, 1626, 1627. The edition of 1629 continues on the title page:
Avec la Trigonométrie tant plane que sphérique d’une méthode plus succincte, et d’une maniére plus
Sacile gue jamiais auparavant. The first edition has instead of this: Avec un traicté succint tant
des triangles plans que sphérigues. The word “traicté” has been changed to “trigonométrie”.

(1) Tabulae sinunm, tangentium, secantium ad Radium 10.000.000. Met *t ghebruyck der selve
in Rechtlinischen Triangula. Door Fr. van Schooten, Professor Matheseos tot Leyden. Amsterdam,
W. J. Blacuw, 1627. ) .

(®*) This second edition has the following words added to the title: Ende uit cort by
gevoecht, d’ontbindinge der sphaerischer Triangulen. .. door I. I. Stampioen d’Tonge. Rotterdam,
Wed. M. Bastiaensz 163 2. See H.Bosmans, Revue Quest. Scient (4) II (1927), pp. 113-141.

(2 Philippi Lansbergii Cyclometriae novae libri dus. Middelburg, Z. Romanus, 1628 (first
ed. 1616). This book is dedicated to Prince Mautice. The book on triangles (/.c. (3)) was
reprinted by W. Blaeu, Amsterdam, 1631. .

(*® Von Braunmiuhl, Z¢. () pp. 226-228, claims that it is Stevin’s merit to have stated
for the first time that the six formulas which we use at present for the computation of
rectangular spherical triangles are sufficient for all cases: ,,Stevin kannte nicht nur Vieta’s
trigonometrische Arbeiten, sondern erkannte auch ihren bedeutenden Wert; so nimmt
er dessen Formeln zur Berechnung des rechtwinkligen sphaerischen Dreiecks direkt
heriiber, reduziert sie aber auf jene 6, deren wir uns noch heute bedienen. Sein Verdienst ist
es, um erstenmale ausgesprochen u haben, daff diese 6 Formeln gur Lisung aller méglichen Dreiécks-
falle vollstandig ausreichen” (Italics by v. Braunmiihl, who quotes Hypomnematap.p: 61,
208-217). : :
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ON PLANE TRIANGLES
1st THEOREM. | 1st PROPOSITION.

As the right side of a plane triangle is to the left side, so is the sine of the
left angle to the sine of the right angle.

Because one of the compared sines relates to either an acute or a right or an
obtuse angle, we shall give three different examples thereof.

15t Example, where both the compared sines relate to acute angles.

SUPPOSITION. Let ABC be a plane triangle, whose compared angles B and C
are both acute, and about the point B as centre let there be described, with BA
as semi-diameter, the arc 4D, whose sine shall be AE, at right angles to CB. In
the same way, about the point C as centre let there be described, with CF equal
to AB as semi-diameter, the arc FG, whose sine FH is also at right angles to CB.

WHAT IS REQUIRED. We have to prove that as the right side 4B is to the
left side AC, so is the sinc FH of the left angle to the sine AE of the right angle.

PROOF. Because in the triangle ACE there are two parallel lines, »iz. FH and
AE, AC is to AE as FC to FH. But AB is equal to FC by the supposition. There-
fore,

As AC is to AE, so is AB to FH.

And by the alternate ratio: :

As AB is to AC, so is FH to AE.

2nd Example, where one of the compaved sines relates to a rvight angle.

SUPPOSITION. Let ABC be a planc triangle, whose angle B is right, and
about the point B as centre let there be described, with AB as semi-diameter, the
arc AD, whose sine must be AB. In the same way, about the point C as centre
let there be described, with CE cqual to AB as semi-diameter, the arc EF, whose
sine 1s EG.
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WHAT IS REQUIRED. We have to prové that as the riéht side AB is to the
left side AC, so is the sine EG of the left angle to the sine AB of the right angle,
it having to be borne in mind that the same AB here serves as side and as sine.

PROOF. Because in the triangle ABC there are two parallel lines, viz. EG
and A4B, I say:
As AC is to AB, so is EC to EG.
But AB is equal to EC by the supposition; therefore:
As AC is to AB, so is AB to EG.
And by the inverse ratio:
As AB is to AC, so is EG to AB. '

3rd Example, where one of the compared sines relates to an obiuse angle.

SUPPOSITION. Let ABC be a plane triangle, whose angles of the compared

sines are C and ABC, of which the angle ABC is obtuse, and about the point B
as centre let there be described, with AB as semi-diameter, the arc AD, whose
_sine shall be AE, at right angles to CB produced. In the same way, about the
point C as centre let there be described, with CF equal to AB as semi-diameter,
the arc FG, whose sine FH also comes at right angles to CB. WHAT IS RE-
QUIRED. We have to prove that as the right side AB is to the left side AC, so
is the sine FH of the left angle to the sine AE of the right angle. PREPA-
RATION. Draw AI on CB produced, in such a way that the angle AIB be equal
to the angle ABI.

PROOF. Since the angle AIB is equal to the angle ABI, the line Al has to be
equal to AB. But AB is equal to CF by the supposition. Therefore Al is equal
to CF, and AE is also the sine of the angle I. Therefore I say, by the 1st example
of this proposition, that:

As the right side Al of the triangle ACI is to the left side AC,

So is the sine FH of the left angle to the sine AE of the right angle.

But AB is equal to Al, and AE is also the sine of the angle ABC of the
triangle ABC by the supposition. Therefore:

As the right side AB is to the left side AC,

So is the sine FH of the left angle to the sine AE of the right angle.

CONCLUSION. Hence, as the right side of a plane triangle is to the left
side, so is the sine of the left angle to the sine of the right angle; which we
~ had to prove.







DE MEETDAET

THE PRACTICE OF MEASURING




INTRODUCTION

The Meetdaet is primarily a textbook for the instruction of those who, like
Prince Maurice, wanted to learn some of the more practical aspects of geometry.
The course was not one for beginners, knowledge of Euclid’s Elements being a -
prerequisite, while the reader was also supposed to know something about the
measurement of angles and Stevin’s own calculus of decimal fractions. There is
little or no original material in the book, though the selection of the subject
matter has an unmistakable Stevin touch. Parfs of the contents were taken from
the Problemata Geometrica, the book which Stevin published in 1583, but to
which he, curiously enough, never refers. Other parts show the influence of Ar-
chimedes and of contemporary writers such as Del Monte and Van Ceulen. Al-
though in accordance with the title strong emphasis is laid on the.practical ap-
plications of geometry, many theoretical problems are discussed. For Stevin
theory and application always went hand in hand.

The Meetdaet appeared in 1605, but it was drafted more than twenty years
before. Already in the Problemata Geometrica Stevin refers to a text on geometry,
“which we hope shortly to publish” (1) and in which the subject was to be treated
by a method parallel to that used in arithmetic. At that time Stevin's L’ Arithmétique
was already either finished or well advanced. We get the impression that in this
period, 1583-—'85, Stevin decided to publish his full text on arithmetic, but
of his text on geometry only those parts which he considered novel. The general
outline of the two texts was laid out at the same time, and in close parallel. When
at last the Meetdaet appeared, it had undergone many changes, resulting partly
or wholly from lengthy discussions with the Prince of Orange. The underlying
idea, however, remained the same.

In the introduction to the Meetdaet Stevin explains what he means by this
parallelism of arithmetic and geometry. In arithmetic we begin by introducing
the numerical symbols, and follow this up by naming them and interpreting their
value. Then come the four species, the theory of proportions, the theory of pro-
portional division, and finally the reduction of fractions to a common denomi-
nator. Similarly, in geometry, we begin by showing the student how to draw figures,
then we name them and explain how to measure them. Then follow the four
species, the theory of proportions, of proportional intersections, and the re-
duction of figures into others of given form and equal length, area or volume. Since
these topics are taken in six groups, and each group with lines, plane figures, and
solids, the Meetdaet consists of six books, each consisting of three parts.

The opinion of Stevin that geometry and arithmetic have to run parallel is not
so artificial as it appears at first sight. Stevin expresses an opinion common to
the mathematicians of his age, who insisted on enlarging the field of numbers
with irrationals to something like an arithmetic continuum, who applied these

(*) Problemata, lib. 11, Introduction,
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pumbers without discrimination to the measurement of figures, and for whom
numbers were not so much the object of abstract speculation as the tools for
surveying, navigation, and astronomy. The subject matter of geometry is con-
tinuous quantity, wrote such men as Tartaglia and Clavius. It seemed natural
that there should exist relations and analogies between the professed geometrical
and the intuitively felt arithmetical continuum (2). Stevin only gave an early
sixteenth-century version of a point of view which was to lead, within the next
generations, to analytic geometry. Consciousness of the analogy between arith-
metical-algebraic and geometrical considerations continued to work as a leaven
throughout the further development of mathematics. Later we find it in Leibniz’
proposal for an algebra of directed quantities. In another form it appeared again
more recently when Hilbert probed the consistency of geometrical axioms by
means of a corresponding algebraic counterpart.

Book 1 of the Meetdaet, in accordance with the author’s program, teaches
methods for drawing lines and certain plane figures, and for constructing certain
solids. With his keen sense of the interdependence of theory and practice Stevin
gives not only rules for the drawing board, but also for the surveyor and in-
strument-maker. We thus meet here with a description of the surveyor’s cross ot
diopter, already described by Heron (3) and used for setting out perpendiculars
by lines of sight. With a graduated circle instead of a cross it becomes a so-
called circumferentor or theodolite. The plane figures discussed are the circle,
the conic sections, and the Archimedean spiral. No fewer than four methods are
given for constructing points of an ellipse when the principal axes are given
in position and magnitude. One of these constructions is the ancient “gardener’s
construction”, based on the property that the sum of the distances from a point on
the circumference to the foci is constant (the foci are not yet referred to by 2
special name). Stevin believed that he had found this construction somewhere in
a book of Del Monte, who himself had discovered it in some old manuscripts (4).
Stevin also took another construction from Del Monte (5), this time based on
the property that any point P on a line segment whose endpoints A4 and B are

(2) See E. W. Strong, Procedures and Metaphysics. A Study in the Philosophy of Mathematical-
Physical Science in the Sixteenth and Seventeenth Centuries (Berkeley, Cal., 1936, VI + 301 pp.),
Ch. III, IV. On Stevin see pp. 105, 106. Compare also our Introduction to L’ Arithmé-
tigue. ~

q(“) Heronis Alexandrini opera, ed. W. Schmidt, II1 (1903). Commentatio dioptrica. — On
eatly surveying instruments, including the diopter and triquetrum (with illustrations) see
e.g2.R. T. Gunter, Early Science in Oxford 1 (1921, V + 407 pp.), Il (1923, XV 4- 408 pp.);
F. Schmidt, Geschichte der geodetischen Insirumente und Verfabren im Alterium und Mistelalter
(Neustadt a.d. Haardt, 1935) and our footnote (8) on the ,rechtcruys” to the English
translation of De Thiende, Also: Edmond R. Kiely, Surveying Instruments, Their History and
Classroom Use (New York, 1947, chapter IV).

(*) The proposition on which the “gardener’s construction” is based can be found in
Apollonius’ Conics, Book III, Prop. 52. We first meet with the construction in a fragment
on Burning Mirrors by Anthemius of Tralles (died ¢. 534), see T. L. Heath, Bibliotheca
mathematica 7 (1907) pp. 225—233. See further J. Tropfke, Geschichte d. Elem.- Mathem. VI
(2nd ed., 1924), p. 154. . ,

(5) Stevin writes that he had forgotten where in Del Monte’s works these constructions
appear. As Chasles has observed, it is in the Planisphaeriorum universalium theorica (Pesaro,
15.79). See M. Chasles, Aper¢u bistorigue sur Porigine et le développement des méthodes en géome-
trée (Paris, 2nd ed. 1875), p. 89. )
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forced to move on two perpendicular axes describes an ellipse (8). Since this
property also holds for a point P on the continuation of A4 B, we are led to the
third construction, in which the length of A B is taken as +—& and the point P is
at a distance & from either A or B (we call 4, 4 the lengths of half the major and
minor axes). Stevin also uses this thcorem to find one of the principal axes of an
ellipse when the other principal axis is given in length and position, together with
an arc of the curve. The fourth ellipse construction is equivalent to the one we
often use at present, and by which we find points of the ellipse by considering
it the oblique parallel or orthographic projection of a circle with one of the axes
as diameter. This construction may in this form be original with Stevin, though
it is closely related to another one, also presented by Stevin, in which he shows
how the conic sections can be constructed as plane intersections of a right circulas
cone.. His method amounts to what we now call orthographic projection. Stevin
may have been led to these constructions by Ditrer (7).

Other interesting parts of Book I are the passages where Stevin uses his decimal
notation in the form 168Q) for 16([@®8(D); here we also find 3691(2) printed as
36.91(2). This may be taken as an early example of something like a decimal point,
but we also meet with the notation 84.26 for an angle, meaning 84gr 26(2), or
84°26’ in our notation. Here the dot is not a decimal; but a sexagesimal point.

Book I also contains Stevin's description of the five regular and of eight Ar-
chimedean solids, taken from his Problemata Geometrica (perhaps we should say:
which in 1583 he had lifted from his manuscript to be published in the Proble-
mata Geometrica). For some reason or other he omits {203, 12,4} and {125, 204},
though he had found them himself. The three other Archimedean solids are also
missing, despite the fact that Pappus’ work, which describes these solids, had by
this time become accessible in print (8).

In Book II we find observations on the lengths of line segments and curves,
the areas of two-dimensional figures, and the volumes of solids. Some surveyor’s
instruments appear, among them the ancient “traprondt” or graduated circle for
measuring horizontal angles (9), and the equally ancient triquetrum, consisting
of two arms of equal lengths, hinged to a third; they are graduated and have
sighting devices. The triquetrum, also called Ptolemy’s rods or parallactic
instrument (10), is used by Stevin to determine a triangle similar to a triangle in the
fields, though in his days it had also received attention as a favourite measuring
instrument of Copernicus and Tycho Brahe. As an application of the triquetrum
Stevin shows us how to measure the distance from a given point to a point beyond

(*) This construction can be found in Proclus, Euclidis torum librum ¢ farit,
ed. G. Friedlein (Leipzig, 1873), Def. IV to first book of Euclid, p. 106. Stevin might
have found it in the Latin translation of Proclus by F. Barozzi (Padua, 1560). See also the
German translation by P. Leander Schonberger (Halle, 1945) or the French translation
by P. Ver Eecke (Bruges, 1948), p. 96.

() A. Diirer, Underweysung der Messung mit dem zirckel und richtscheys (Nurenberg, 1525);
see also J. L. Coolidge, 7he Mathematics of Great Amateurs (Oxford, 1949, VIII + 211 pp.),
p. 64. Stevin’s fourth ellipse construction can immediately be derived from Diirer’s
method.

(8) See Introduction to Problemata Geometrica.

(%) On this sce footnote (3).

(*°) See e.g. R. T. Gunter, /.c. ®) I p. 344, II p. 15. The triquetrum is described by Pto-
lemy in the A/magest: 'V, 12 (ed. Heibetg, Leipzig 1898, p. 403 ; translation by Manitius,

Leipzig 1912, p. 295).

7
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reach. A number of other exercises in surveying follow, and also such problems
as the computation of the altitudes of a triangle with given sides. In the section
on the measuring of circumferences and areas we find a discussion of the value
of 5 with due references to Archimedes, Romanus, and Van Ceulen; 5 is given
in 20 decimals, the value which Van Ceulen had published in 1596 (11).

Stevin continues the discussion of areas with that of the ellipse and of the
parabolic segments, both derived by Archimedes. He has the correct value nab for
the area of the ellipse, but a wrong one for that of the parabolic segment. This
is not a mere misprint; the error recurs in Book VI, though it is not clear what
may have led Stevin to it. There is also a discussion of the area bounded by an
Archimedean spiral. : :

Book I contains the application of the four species to geometry, with reference
to the parallel treatment in L’ Arithmétique. Multiplication and division of seg-
ments, areas, and volumes is only performed-by means of numerical factors; there
is no reference to the multiplication of segments so as to form areas. Of some
interest is the addition and subtraction of solids, but the only case discussed is
that of similar figures. Here Stevin entered a field to which he had paid particular
attention in Books IV and V of the Problemata Geometrica.

In Bock IV we find a theory of proportions. It is shown how areas and volumes
proportional to given line segments can be found. The most interesting part is
that in which the two mean proportionals between two line segments are dis-
cussed.” As in the Probleinata Geometrica, reference is made to Hero’s con-
struction according to Eutocius. The Eratosthenes construction is mentioned, but
not further discussed.

Book V contains the division of plane polygons into parts of given ratio by a
line satisfying certain conditions, another of the topics of the Problemata Geo-
metrica. Here Stevin goes a little beyond the text of 1583. He had been reading
up on the literature and had not only become acquainted with the earlier work
of Tartaglia — who had reported on that of Cardan and Ferrari — but had also
read the book which Benedetti had published in 1585 (12). As a result he not
only modified some of the proofs of the theorems already discussed in the Pro-
blemata, but added the cases whete the line of division has to pass through a
point outside or inside the polygon. These cases had already been a subject of in-
vestigation by Euclid, in his book on Division of Figares, and Stevin may have
gained an inkling of it through Clavius' remark in his Euclid edition (12). In-
stead of this, Stevin contented himself with a reference to his favourite theory
that all these solutions have come down to us from the “Wysentyt”, the supposed
Age of the Sages. Stevin also deals with some problems on the cutting of solid
figures in a given ratio.

Finally, Book VI deals with some transformations of figures into others of
given form and given length, area or volume, such as the (approximate)
construction of a straight line equal to the circumference of a given circle, of a

(*) L. van Ceulen, Van den Cirkel. . . tot Delf, bij J. Andriesz, 1596, 14r. There exists
a posthumous edition of 1615. Van Ceulen’s value of & with 33 decimals was published
by his widow in Arithmetische en geometrische fondamenten (Leyden, 1615), his value with 35
decimals was published by W. Snecllius in Cyclometricus (Lugd. Bat., 1621), p. 54. This
was the value engraved on his tomb in the Pieterskerk at Leyden, see W. Hope Jenes-
C. de Jong, Mathem. Gazette, 22 (1938), pp. 281-282,

(12) See footnote (10) to the Introduction of the Problemata Geometrica.
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¢
triangle equal in area to a given circle, of a sphere equal in volume to a given
<one, of a cylinder equal in volume to a given sphere, and of a segment of a sphere,
similar to one of two given segments and equal in area to the other. Here we
meet again with some problems from the Problemata with a few modifications
and additions (14).

We thus see that the Meetdaet is far from being a systematic textbook. The
author, within the framework of an apparently rigorous scheme based on a paral-
lel with arithmetic, wanders freely through the fields and culls the flowers which
appeal to him and to his prince and master. What is lost in originality is gained
in’ freshness of approach and selection of topics. Written in Stevin’s vigorous
Dutch, it is one of his most readable books. Scanning its pages, we still can see
before us the studious Flemish engineer and the martial stadtholder of Holland,
perhaps sitting together in front of a fire in some old Gelderland farmhouse
during 2 campaign, or in the prince’s palace at the Hague, absorbed in the study
of the ancient and contemporary geometers they both admired.

Agam we reproduce some specumen-pages.

(*) There is an account of the Meetdaet in M. Cantor, Vorlesungen siber Geschichte der
Mathematik 11 (Leipzig, 1892), pp. §29-531. In his exhaustive analysis of the Problemata
Geometrica, Gravelaar also deals with the Meetdaet, especially with those sections where
the two books ovetlap, (Nieuw Archief v. Wisk. 5 (1901), pp. 106-191).
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EERSTE DEEL DES

EERSTEN BOVCX VAN

HET TEYCXKXENEN
DER LINIEN

1 VOORSTEL.

Rechtelinien te teyckenen.

. E rechre linien worden inde daet door verfcheyden middelen gheteyc-
D kent,elcke na gen eyfch der omftandighen,waer af de drie voornaemfte
die my nu te voor comimen,ghedaen worden ten cerften met eenrech-

te rije: Ten anderen met een flachtlijn:Ten derden met fichufiralen,

1 Voorbeclt want teyckenen der yechtelinimet een rije.

TGHEGHEVEN. Lact ABtwee puntenfijn. TBEGHEERDE. Wymoe-
ten: vant een tottet ander een rechte lini teyckenen met een rije, welcke maniet
mecft dient op papicrende ander cleenc effen gronden.

TWERCK

Ickneem een rechte rijeals C,legghende d'een cant op depunten A, B, trec-
kende daer langs henen cen fienlicke lini A B, meteen penne, paffer, pncm,
inckt of crijr,na den cyfch vanden grondt,ende hebhet begheerde,

A B

| ¢ ]

2 Voorbeelt vant teyckenen der rechtelini met een 2 flachléfn.

TGHEGHEVEN. Laet A Biweepunten fijn. TBEGHEERDE. Wy moe:
ten vant een tottet ander een rechte lini trecken meteen flachlijn dat is een dun
coordeken mer crijt beftreken, welckghefpannen ftacnde , ende ghetrocken
fijnde foo datter teghen den gront flact;teyckent dacr met Huttel mocyte ecn fecr
rechte lini. Welcke manier fecrghebruycke wort onderanderen by timmetluy-
den,int teyckenen van hacer wercken, oock by faghers ; om foowel doorcrom-
meals rechre boomen, rechte fneen te faghen.

TWERCK
Ick neem de voorfz. becrijte flachlijn C D, die mijn tweeder ghefpannen

fiellende over de punten A B, treckfedacr na als de peez van cenbooch, ende
crijch de beghecrde rechte hm AB.

o A
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MEETDAET
BOOK 1.

FIRST PART OF THE FIRST BOOK.
OF THE DRAWING OF LINES.
/

1st PROPOSITION.
To draw straight lines.

In practice straight lines are drawn by various means, each in accordance with
the requirements of the case, of which the three principal ones which now occur
to me are performed: firstly with a straightedge; secondly with a chalked line;
thirdly with lines of sight.

1st Example, of the drawing of the straight line with a straightedge.

SUPPOSITION. Let A and B be two points. WHAT IS REQUIRED. We have
to draw a straight line from one point to the other with a ‘straightedge, which
method usually serves for drawings on paper and other small, smooth grounds.

PROCEDURE.
I .take a straightedge, such as C, placing one edge on the points A4 and B,
drawing along it a visible line AB with a pen, compasses, an awl, ink or chalk, as
the ground demands, and then I have what was required.

2nd Example, of the drawing of the straight line with a chalked line.

SUPPOSITION. Let A and B be two points. WHAT IS REQUIRED. We
have to draw a straight line from one point to the other with a chalked line, ‘.e.
a thin cord covered with chalk, which, when taut and drawn so that it strikes
against the ground, draws thereon a very straight line with little effort. Which
manner is widely employed among others by carpenters in the drawing of their
constructions, and also by sawyers, for the sawing of straight sections through
~crooked as well as straight trees.

PROCEDURE.

I take the aforesaid chalked line CD, holding it with the aid of someone else
taut over the points A and B; I then draw it like the string of a bow, and get
the required straight line AB.




VANT TEYCKRENEN DER GROOTHEDEN. 7
8 VOORSTEL

Wefendeghegeven een deel vanden omtreckdes rondts,
den hcclcn omtreck te vol tcyckcncn.

TGH EGHEVEN. Lactden booch A BCdecl vaniden omtreck eens rondts
fijn. TBEGHEERDE. Wymoeten den heelen omtreck voleeyckenen. -

TWERCK.

Tck fiel inden ghegheven booch eenighe drie punten, wele--
keick neem D, B,E, te wefen,ende treck de rechieJini D B,dact B
‘naophaer middel Fdelini F 'G rechthouckich opD B; Sgclijex o, '
treckick B E, ende op hacr middel H de lini HI, rechthouc- (¥ .
kich op BE ende ghenakende EG in I: Twelck foo ijn-4", ;G §D
de, I is middelpantdesbegheerden o ntreck , dacromopt fele o’ ¢
- ve bcfchrc‘ en den booch C K A,mcn hccfrdcn heelen begeer- X
denomtreck AB CK, waet af 'bewijs openbaer is deur het 25 voorftel des
3 boucx van Euclides. TB ESLVYT. Wefendedan gheghcvcn een deel van.
‘den omtreck desrondts, wy hebben den heelen omtreck volteyckent na den
eyfch. -

VE"RVOLGH- g

Hier uyt is kennelick hoemen dqoralle dric ghcg,hcvcn puntendicingheen
rechre lini cn {lacn,een rondts omtreck fal [chrijven.

9 VOORSTEL.

Opdeghegheven grootfteende cleinfte middellijndes
* lanckrondts fijn omtreck te teyckenen.

. Hetteyckenen van defen omtreck heeft onder onder anderen fijn gebruyck
in Platclootfche tuyghen , als voornaemlick des ghemeenen Platcloots daer
Guido Vbaldus afhandelt, oock int teyckenen der overwelffelsvan gheftichren.

TGHEGHEVEN. LagtA Bde grootfte middellijn welen , ende CD de

deenfte,malcanderdoorfnyende in E.  TBEGHEERDE, Wy moeten dacr
opdes lanckrondls omtreck teyckenen.

TWERCK,

Ghelijckmen metten paffer den omtreck des rondts befchn)ft alfoo den oni-
~ treck des lanckrondts metten byghc&cldcn tuych , van defer ghedaente fijnde:
FG is een beweghende rye méteen fplect int middel , wdcr in twee flijlkens H,

Ighefchrouft wordcn Ant eynde by Fis ecn punt, dacrmcn den omtreck me
teyckent, K L ecn kruck, oock meteen fpleet M N.
Het teyckenen des bcghccrdcn omtrecx met defen tuych gaetaldus toe: De
" punt vant flijlken H, wort foo wijt vanden punt F ghehecht alsvan E totC
ende het ftijlken 1 foo verre vande felvepunt F, als van Etot A: Daer na ﬁch.
men de pinne F opden punt C , ende het [h)lkcn H, opt punt N, dlfoo dat

Ellipfa,

derycF G optmiddel der kruck comt, paflendede liniK L opA B; Dacrna -

ftrijckmen het flijtken Hteghen de ﬁ;dc KL, latende het ftijiken I f ijn loop
B3 nemen
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MEETDAET
BOOK I
ON THE DRAWING OF AN ELLIPSE

9th PROPOSITION.

On the given larger and smaller diameter of the ellipse to draw its circum-
ference. : ’

The drawing of this circumference finds application, among other things, in
astrolabes, chiefly the ordinary astrolabe with which Guido Ubaldus deals: also -
in the drawing of vaults of buildings.

SUPPOSITION. Let AB be the larger diameter and CD the smaller, inter-
secting each other in E. WHAT IS REQUIRED. We have to draw thereon the
circumference of the ellipse.

PROCEDURE.

Just as the circumference of a circle is described with the compasses, the
circumference of an ellipse is drawn with the instrument shown overleaf, which
has the following form. FG is a movable ruler with a slit in the middle, in which
are screwed two small pegs H and 1. At the end, at F, there is a point, with
which the circumference is drawn. KL is a handle, also with a slit MN.

The drawing of the required circumference with this instrument takes place
as follows. The point of the peg H is fastened as far from the point F as E is
from C, and the peg I as far from the same point F as E is from A. Then the
pin F is put in the point C, and the peg H in the point N, so that the ruler
FG comes in the middle of the handle, the line KL fitting on AB. Upon this
the peg H is passed along the edge KL, while the peg I is allowed to take its




18 i BovCck DER MEETDAET

N

N

¥
M

nemen inde fpleet M N: Twelck foo fijnde de pinne F befchrijft den halven

begheerden omtreck: Ende doendeder ghelijcke over d'ander fijde, men heeft
den heelen omtreck. '

TBEWYS.
Hier af isghedaen na mijn onthoudt deur Gusdo Vhaldus in eenich boucxken
datick verloren heb.
Andermaniervanvvercking.

TGHEGHE VEN. Laet A Bdegrootfte, C Dde cleenfte middellijn wefen,

malcander doorfnyende in E. TBEGHEERDE. Wy moeten daer op des
‘lanckrondts omtreck ieyckenen.

TWER( K.
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course in the slit MN. This being so, the pin F describes half the required circum-
ference. And when the same is done on the other side, the whole circumference
is obtained.

PROOF.

I scem to remember that this was dealt with by Guido Ubaldus in a small
book, which I have lost.

Other Method of Operasion.

SUPPOSITION. Let AB be the larger diameter and CD the smaller, inter-
secting each other in E. WHAT IS REQUIRED. We have to draw thereon the
circumference of the ellipse. '




VANT TEYCKENEN DER GROOTHEDEN. 19
TWERCK
Ick treck C D vooftwaetttot F , alfoo dat CFeven firan A, ‘neémidaer na
mctten paffer de langde E Fende fel d'cen voct in EF daert valt , ickneem ant
punt G,d'anderin E A welcke daer comtneem ickan tpunt H; treckdaer na
G Hvoontwacrt tot 1, fulcx '
dat HI even fijn an EC;

Twelck foo wefende, 1 is
een punt inden omtreck c

-des lanckrondts, vallénde, [r<,___ —
dacrom derghelijcke pun- 4 " _ N

tenalfoo ghenouchgevon- E
den,fulcxdatmen vandeen _’j
tot d'ander rechte linikens D

treckende , de felve vanden G

waren omtreck geen merc-
kelick verfthil en hebben,
men heeftt' begheerde, als
denomtreck AICBD.
Anghefien datinde voorgacnde ecrite marici der wercking, de langde FH
desuychsaldaer befclireven,evenwasan C;E, ende Flevenan AE, ende dat
alfdoen r'punt F in des begheerden lanckrondts omitreck iwas, foo moetin defc
‘tweede manier der wercking ' punt 1,oock inden omtreck des begeerden lanck-
rondts wefen ;ghemerckt de felve reden der wercking hier ghevolghtis, want
ghelijck ginder FH even wasan haer C E, alfoo hiér I Han haer C E, endeghe-
lijckginderH I even wasan t'verfchil ruffchen degrootfte en cleenfte half mid-
-dellijn,alfoo is hier oock HG,even an r'verfchil tuffchen de groofte en cleentte
halfmiddellijn, ’
Derde manicrvan vvercking.

. TGHEGHEVEN. Laet A Bdegrootfic middellijn wefen,C Ddeclecnfte,
‘malcander dootfhyende in . TBEGHEERDE. Wy motten dacr op des
lanckrondts omtreck teyckenen.

TWERCK

Ick vervough de langde AE van D tot F, oock van D tot G indelini AB,
teyckenende beyde de uyterfte punten F G, feem daer na een draet {00 langk als
A B dicechtende met haer uyterfieninde '
punten F G;Ick (tel daer na ¢en penne of

priem ‘dacr toe bereyt , teghen den dract H C
rechthouckich opt plat dacr de form in , ;
gheteyckent wort, welcke priem ick hier 4 ‘ TN

" neem te wefen tei placis van H, alfoodae G E 7] B
detweedcelen des draetsGH , HEF ghe- \¥ _
fpannen ftaen;de priemdaerna voortghe- D

trocken fijndevan A over CiotB (wel- . »

verftaende datden draet G H Faltijt foo even flijf ghefpannen blijft fondet ree-

ken als doenlick is)foo wort daer mede befchrevenden halven omtreck ACB.
Ende
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PROCEDURE.

I produce CD to F so that CF be equal to EA, thereafter take between the
compasses the distance EF and put one leg on EF in any place, I assume in the point
G; the other on EA, which I assume to come there in the point H; then I produce
GH to I so that HI be equal to EC. This being so, I is a point falling on the circum-
ference of the ellipse. Therefore, when enough such points have been found,

so that if from one to the other straight lines are drawn, the latter do not differ

appreciably from the true circumference, we have what was required, viz. the
circumference AICBD.

PROOF.

Since in the preceding first method of operation the length FH of the in-
strument there described was equal to CE and FI equal to AE, and the point F
was then on the circumference of the required ellipse, in this second method of
operation the point I also has to be on the circumference of the required ellipse,
considering that the same train of thought for the operation has here been
followed, for as yonder FH was equal to its CE, so IH is here equal to its CE,
and as yonder HI was equal to the difference between the larger and the smaller
semi-diameter, so HG is here also equal to the difference between the larger and
the smaller semi-diameter.

Third Method of Operation.

SUPPOSITION. Let AB be the larger diameter and CD the smaller, inter-
secting each other in E. WHAT IS REQUIRED. We have to draw thereon the
circumnference of the ellipse.

PROCEDURE.

I mark the distance AE from D to F, also from D to G on the line AB,
drawing the two extremities F and G; then I take a string the length of AB,
fastening it with its extremities in the points F. and G. Thereafter I put a pin or
awl, adapted for this purpose, against the string at right angles to the plane
in which the figure is drawn, which awl I here assume to be in H, so that the
two parts of the string GH and HF be taut. When the awl is thereafter drawn
from A via C to B (it being understood that the string GHF should always
remain as uniformly taut, without stretching, as is possible), half the circum-
ference ACB is described therewith. And when the same half circumference has




Cylind.

- incenighe even deelen, ick neem'in vié-

. plar overcant gliefien fireckende deur t'punt] gecht- 9

20 .1 Bovck DER MEETDAET

Ende dergelijcken halven omtreck over d’ander fijde oock befchreven fijn-
de als B D A, men heeft het begheerde : Defe manier van wercking mettet be-
wijs meyn ick befchreven ghefien t¢ hebben by GuidoPbaldus int voorfeyde ver.
losen boucxken daer hy noch by verclactde dat hy fulcx ghevonden hadin ec-
nigheoude handifChriften. : : ]

Vierde manier van vvercking.

TGHEGHEVEN. Laet ABdegrootfte middellijn CD decieynfte wefen,
malcander deurfnyendein E, T8EGHEERDE. Wy moeten dacr op des
lanckrondts omireck teyckenen. '

‘TWERCK.

Ick treck BF rechthouckich op A B, ende evenan EC,treckoock A B voor-
waert tot G,daer op befchrijvende hetvierendeelrondts BF G:Decl daernaBG

ren, ter-plactfen van H, I, K, treckende CRs -“F L,
HL,IM, KN cvewijdeghe met BF,ende 7 =
alfoodatdcuyterften L, M, N, commen 4 i .

inden booch FG, deeldaer na E B in foo- ! .0 PZHHIKG

veel even deelen als BG gedeclt wiert , te

- wetenin vieren,ter plaetfen van O, P,Q, D

treck voort O Reven anH Lyen PSeven .

an I M;oock Q_T even an K N,endealle drie evewijdeghe met EC: Twelck foo
fijndcdedric puntenR, S, T, commen inden begheerden omitreck,daerom foo-
men B Gen EB in vecl meer even declen ghedeelt had dan vier , fulex dat de
rechire lini tufichen tvee punten gheen merckelick verfchil van haerbooch en
had, men foude dan deur drie en drie punten boghen meughen trecken , (na de
leering des vervolghs vant 8 voor tel)eade t'vicrendeel hebben des begheerden

. omrrecx: Voleyndende d'ander drie vierendeclen opde felve wijfe.

TBEREYTSEL. Lact A BC D ccn*feul wefen diens grondtsmiddellijn
fy D C:Defe feul fydeurfneen met ecn plat EF fcheefhotickich- op de uyterfie
lint AD,welckplat EF als verclaert wort int ecrfte bouck van Serenus ecn
lanckront is, diens grootfte middellijn EF, encleenfte

~ cenlinievenanC D. Lact andermael de feul gefneen

worden met een plarG H evewijdich vande grondt,en /4 M B
faldie (ne cen rondt wefen , twelck overcant ghelien:
de liniGHfy, fnyende EF inl, fulcxdatIFdoceen E
vierendeel vanEF, en fal die G H oock fijn desfelfden 4

rondts middellijn: Opdefe middellijn G H fy befchre-
ven het rondt GKH L rechthouckich op de grondt
D C,en oock opt lanckrondt ‘EF. Daer nafy M Neen

houckich opt rondt GKH L. '
TBEWYS. F

Want GF evewijdeghe is met E H ;{00 moet den
drichouck G 1F ghelijck fijn anden drichouck H1E, D N (o)
endacromghelijck Fltot 1E, alfoo G [-tot] H:Maer F[
is ecnderdendeel van 1 E, of éen vierendeel van F E deur tbereyifec],dactomG I
isoock ccn derdendecl van 1 H,of een vierendecl van G H : Voort fooisde lini

1L even®
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also been described on the other side, viz. BDA, we have what was ‘required.’ I
believe T have seen this method of operation with the proof described by Guido
Ubaldus in the aforesaid lost book, to which he had added the statement that
he had found this in some old manuscripts.

Fourth Method of Operation.
SUPPOSITION. Let AB be the larger diameter and CD the smaller, inter-
secting each other in E. WHAT IS REQUIRED. We have to draw thereon the
circumnference of the ellipse. - ’

PROCEDURE.

I draw BF at right angles to AB and equal to EC, and also produce 4B to G,
describing thereon the quarter of a circle BFG. I then divide BG into a number
of equal parts, I assume into four parts, in the points H, I, K, drawing HL, IM,
KN parallel to BF and so that the extremities L, M, N, come on the arc FG.
I then divide EB into as many equal parts as BG has been done, to wit into four
parts, in the points O, P, Q. Further I draw OR equal to HL, and PS equal to IM,
as also QT equal to KN and all three parallel to EC. This being so, the three
points R, §, T come on the required circumference. Therefore, if BG and EB
had been divided into many more equal pasts. than four, so that the straight line
between two points did not differ appreciably from their arc, arcs might then
be drawn through three and three points (as taught by the sequel to the 8th
proposition), and thus the quarter of the required circumference would be
obtained. Upon which the other three quarters could be completed in the
same way. :

PREPARATION. Let ABCD be a cylinder, the diameter of whose base shall
be DC. Intersect this cylinder by a plane EF at oblique angles to the outer line AD,
which plane, as is explained in the first book of Serenss, is an ellipse, whose
larger diameter is EF, while the smaller is a line equal to CD. Let the cylinder
once more be intersected by a plane GH parallel to the base, then this section
will be a circle, which, when viewed transversely, shall be the line GH, inter-
secting EF in I.so that IF be one fourth of EF, and let this GH be the diameter
of the said circle. On this diameter GH shall be described the circle GKHL,
at right angles to the base DC and also to the ellipse EF. Thereafter MN shall
be a'plane which, when viewed transversely, passes through the point I at right
angles to the circle GKHL.

PROOF.

. Because GF is parallel to EH, the triangle GIF must be similar to the triangle
HIE, and therefore as FI is to IE, so is GI to IH. But FI is one third of IE, or
one fourth of FE, by the preparation; therefore GI is also one third of 1H, or one



VANT TEYCKENEN DER GROOTHEDEN. 21

IL evenandelini int plat des lanckrondts van I tot in des lanckrondts omtreck
{(want de middellijn G H vaft blijvende,en het rondt daer op ghedraeyt totdat-
tet evewijdich ismette grondt des feuls, foo is dan I L mette voorfchreven lini
al een felve) dacrom alfmen ghelijck int werck ghedaen is, op delini even ande
cleenfie middellijn eenslanckrondiseen rondr befchrijft,en datmen opt vieren-
-deel der (elve een lini rechthouckich treckt totinden omtreck , en datmen daer
na even fulcken lini trecke rechthouckich op de langfte middellijn des voor-
fchreven Janckrondts , foomoet hetuyterfte punt derfelvein de§ lanckrondts
omtreck commen. En ghelijck dithier bewefenis op der middellijn vierendee-
len , alfoo ift openbaer de reghel placts te houden overalle ander hacrdeelen,
waerdeuralle punienalfooghevonden in deslanckrondisomtreck vallen,
TBESLVYT. Wy hebben dan opde ghegheven grootfte en cleenfte mid-
dellijn des lanckrondis fijn omtreck gheteyckent naden eyfch.

MERCKT.

Daer can noch een 5 maniervan wercking ghedaen worden,deur de teycke-
ning der keghel(ht dacrwyint 12 voorfie] af fegghen fullen.

1o VOORSTEL.
Inde gheghevenomtreck eenslanckrondts,de grootfte
en cleenfte middellijn te teyckenen.

TcHEGHEVEN. Lact ABC Ddenomtreckeenslanckrondts fijn.
T3 EGHEE R DE Wymoeten daerinde grootite en cleynfte middel-
lijn reyckencn, ’
TWERCK
Icktreckinde gegeven omtreck eenige tweeevewijdege,dieick neen CE,B ¥
te wefen,ende door haer middelt de rechte lini A D,welcke cen middcllijn tijn-
de foo moet haer middel G des lanckrondis middelpunt wefen: Maer nict noot-
fakelicken ifle de grootfte of cleenfte middellijn: Om nu die te vinden, ick
fchrijf opt middelpunt G, mette halfmid--
dellijnfoot valteen rondt HIK L,fnyende
het lanckrondt inde vier panten HIKL:
Treck daer na deur M middel des boochs
KL , ende deur N middel des boochs
HT,deliniO P, voor begheerde grootfte
middellijn ; Ende Q R rechthouckich op
OP is de cleenfte , wacr af-’bewijs deur
-tweick openbacris.
TrEsLvyT. Wy hebben danindeghegheven omtreck eenslanckrondrs,
de giootfte en cleynfte middellijn gheteyckent nadeneyfch,

VERVOIGH
Tis hier door kennelick hoe t'niiddelpunt vanden omtreck des lanckrondts

ghevonden wort.
" VOORSTEL

Wefende ghegeven een deel vanden omtreck deslanck-
rondts ,endede grootite of cleynfte middellijn: De ghe-
brekende middellijn te teyckenen.

TGHE-
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fourth of GH. Further the line IL is equal to the line in the plane of the ellipse
from I to the circumference of the ellipse (for when the diameter GH remains
in its place and the circle on it is revolved until it is parallel to the base of the
cylinder, IL and the aforesaid line are one and the same); therefore if, as has
been done in the procedure, a circle is described on the line equal to the smaller
diameter of an ellipse, and a line is drawn at right angles at one fourth of the
latter up to the circumference, and thereafter exactly such a line is drawn at right
angles to the longer diameter of the aforesaid ellipse, the extremity thereof must
come on the circumference of the ellipse. And just as this has here been proved
for the fourth parts of the diameter, it is evident that the rule applies to any
other parts of it, in consequence of which all points thus found fall on the
circumference of the ellipse.

CONCLUSION. Hence, on the given larger and smaller diameter we have
drawn the circumference of the ellipse, as required.

NOTE.

A 5th method of operation may also be used, by means of the drawing of the
conic'section, about which we shall speak in the 12th proposition.







DE DEURSICHTIGHE

PERSPECTIVE






INTRODUCTION

The Denrsichtighe (Perspective) was, as Stevin tells us in his preface, the out-
come of discussions between himself and Prince Maurice. Maurice, who knew
how to read horizontal and vertical projections in the art of fortification, also
wished to know perspective drawing, to explain his views better in discussions
concerning landscapes, cities, etc. Disappointed with the existing explanations,
given by painters, which were too empirical and too inexact to satisfy him, he took
the matter up with Stevin. Stevin, who had looked into the subject when he
wrote his Huysbou (Architecture), now went deeper into it and arrived at a
mathematical theory.

He was obliged to perform a considerable amount of original work, since most
of the books at his disposal, as we shall see, had been written by and for painters
‘and architects, and were rich in directives and deficient in mathematical demon-
strations. The only textbook comparable to that of Stevin in mathematical clarity
and antedating it was the Perspectiva of his contemporary and colleague Guido
Ubaldo Del Monte (1545—1607), which was published in 1600, only flve years
befote the Deursichtighe 1).

Stevin's work contains two books. The title of the first book, Vemc/memumg,
is Stevin's translation of the Latin word scenographia. The term Denrsichtighe,
as we saw, is his translation of the word perspectiva. Since the second book of the
Deursichtighe contains the principles of Spiegelschaenwen (theory of reflection
in mirrors, translation of catopirica), petspective in Stevin’s terminology comprises
both scenography and catoptrics. It also includes the principles of refraction,
called Wanschaenwing, but this subject is wanting in the book.

The French translation of the title Deursichtighe is Optique, so that here per-
spective and optics are identified. As a matter of fact, the term perspective, in
Stevin's days, was not yet exclusively applied to that form of central projection
in which figures, often in or on a ground plane, are mapped from an eye on a
picture plane, preferably placed between the eye and the figures. In its oldest
meaning it was a part of geometrical optics — we may even say that it was
geometrical optics — and dealt with the way objects appeared when seen by the
eye. The classical text on this form of perspective, or the theory of ,appearances”,
was the Optics of Euclid, existing in two versions, one ascribed to Euclid him-
self (but not printed until 1882), the other to his later commentator Theon of

Y) Grido Ubaldi ¢ Marchionibus perspectivae libri sex. Citra dolum fallimur. Pisauri, 1600.

The author, a nobleman born in Pesaro in 1545, was a pupil of Commandino, studied at
Padua, and took part in the war against the Turks. After his return to Pesaro, he devoted
his life to study. His best-known work is Mechanicorum liber (Pesaro, 1577) In 1588 he
became inspector general of the fortifications of Tuscany, which compelled him to live in
Florence, where he encouraged young Galileo. He died in Pesaro in 1607.
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Alexandria. There also existed the pseudo-Euclidegn Catoptrics2). A typical pro-
position of the Optics is Prop. XXIII, which states that a sphere seen from a
single eye appears smaller than the hemisphere, and the part that is seen appears
as a circle. The Catoptrics deals- with reflections in plane, convex, and concave
mirrors, and has a statement on refraction. The Theon versions of the Optics
_and of the Catoptrics wete published during the sixteenth century in different
editions with Latin translations, the editio princeps being that of Jean Pena
(1557) 8). There were translations into other languages in which the term “per-
spective” was used for this kind of optics, for which the Italians used the term
“prospettiva”’; an Italian translation by E. Danti was entitled La prospettiva di
Euclide (1573) 4) and a French translation by Fréart de Chantelou of 1663 still
bore the title of La perspective d'Euclide 5).

Another classical author whose text on perspective was known. to the Renais-
sance — though in most cases indirectly — was Ptolemy. His Optics not only
deals with reflections, but also contains a theory of refraction 6). Both Euclid’s
and Ptolemy’s texts inspired later investigators, notably Ibn Al-Haitham (c. 965 -
after 1039), whose book on optics was published in a Latin translation under
the title of Opticae thesaurus Albazeni (1572) 7), and Witelo (second half 13th
century), whose Optics, written under Ibn Al-Haitham’s influence, was first
printed in 1535 8). This theory of optics formed part of the Medieval and
Renaissance university curriculum 9).

Perspective, in our sense, was hardly known in Antiquity, in so far as we can
judge by the texts and by the paintings that have been preserved 10). Yet, some
form of projection must have been-used by the architects of the buildings that
graced the towns of the Ancient World. An idea of their methods can bé gained

?) Best edition of the three works: Euclidis Optica, Opticorum Recensio Theonis, Catoptrica,
cum Scholiis antiquis edidit J. L. Heiberg, Euclidis Opera omnia VI, Lipsiae 1895. See: Eucli-
de, L’Optique et la Catapirigue, oeuvres traduites pour la premiére fois du grec en frangais
avec une introduction et des notes par Paul Ver Eecke, XLVII +- 126 pp. (Paris, Bruges,
1
93) )Opma et Catoptrica, numquam antebac Graece aedita. Eadem Latine reddita per Joanneum
Penam (Paris, 1557).

) La prospettiva di Euclide, nella quale si tratta di quelle cose, che per raggi diritti si veggono:
di quelle, che con raggi reflessi nelli specchi apparx.rmno Tradotta dal R. P. M. Egnatio Danti.
(Fiorenza, 1573).

8y La Perspective d’ Euclide, traduite en frangois sur le texte grec de I” Authenr, et démonstrée par
Rol. Fréart de Chantelon. (Le Mans, 1663).

%) Ptolemy’s Optics is only known through 2 twelfth-century Latin translation from the
Arabic; part of it has been preserved. The first published text dates from 1885: Gilberto
Govi. L'ottica di Tolomeo da Enugenio, ammiraglio di Sicilia, scrittore del secolo X11, ridotta in
latino sovra la traduzione araba di un testo greco imperfetto. (Torino, 1885). See also Bibl:
mathem. 1888, pp. 91-92, 97-102, Bull. di mat. Boncompagni 19 (1886), pp. 115—120.

?) Opticae thesaurus Alhazeni Arabis libri septem . . . Item Vitellonis.. . . libri decem. Omnes
instaurati . . . . a Frederico Risnero (Basiliae, 1572).

8) See footnote 7). The first printed edition of Witelo’s book was Vitellionis
neQi dnvixnic, . . . guam vulgo perspectivam vocant lipri X (Nuremberg, 1535, repr. 1ss1).

®). A number of other books on this aspect of perspective appeared" from Witelo’s
. time to the seventeenth century, see Poudra, Histoire de a perspective ancienne et moderne
(Paris; 1864, 586 pp.), pp. 42-84.

10) An attempt to prove a considerable knowledge of perspective in Antiquity was
made by L. F. J. Higel, Geschichtliche und systematische Entwicklung und Ausbildung der
Perspektive in: der-classischen Malerei. Wirzburg, 1881, 97 pp:
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- from Vitruvius’ famous De Architectura (first century B.C.), of which the editio
princeps appeared ¢. 1486 11). Vitruvius distinguished between what he called
ichnography, orthography, and scenography, a distinction which goes back to
the Greeks. The first two sciences teach-us how to find the horizontal projec-
tion of a building and the projection of its altitudes, and thus contain the principle
of what we now call orthographic or Monge projection. Scenography is supposed
to give some idea of the way objects appear to the eye, especially buildings and
stage scenery. There is a hint here of what we call perspective, but Vitruvius,
though indicating that certain rules do exist, remained quite vague. The term
scenography remained. in use during Renaissance days to indicate. the art of
studying how ob]ects appear to the eye, and thus became identified with our per-
spective 12). This is the way in which Stevin uses the expression, in accordance
with other writers of his period; the choice of the word may also have been in-
fluenced by the desire of these Renaissance authors to show the use of their
science in the magm(lcent pageantry of their days.

Perspective in our present sense was developed by the painters, sculptors and
architects of the early Renaissance as a result of their desire to create a direct
and faithful representation of an object. OQut of a study of the nature of vision
and the art of representation there emerged certain empirical rules of draftsman-
ship, which originally may have been kept as professional secrets in the work-
shops of the master craftsmen. Whatever secrets may have existed, they gradually
came to light in the paintings of the fourteenth and fifteenth centuries. Italy
had the lead, especially Florence, but the new methods also found their way across
the Alps. By 1340 the vanishing point of lines in the ground plane orthogonal
to the ground line appears in some pictures, in the early decades of the fifteenth
century painters are acquainted.with the vanishing points of: other sets of hori-
zontal lines. Vasari, in his Life of the Painters, tells us that Florentine artists of
that period, such as Brunelleschi, Masaccio, Ucello, and Alberti, studied the art
of perspective drawing; the correct convergence of lines and the rules of fore-
shortening 18). Alberti even wrote about these subjects in-a section of his book
Trattato della pittura (1435) 14). Alberti's exposition centred around the per-
spective image of a square in the ground plane with two sides parallel to the
ground line. At the time he wrote, or shortly after it, rules for the correct per-
spective image of more complicated figures became known, as weé can study in
the drawings and paintings of the' period, which show how delighted their
creators were with their knowledge of correct rules. Ucello’s ,,Mazzocchio”, an
elaborate perspective drawing of a turban-like figure, of which the cross-sections
are regular hexagons with corresponding vertices forming regular polygons of

1y Vitruvius, De architectura libri decem. An edition with French translation by A.
Choisy (Paris, 1909, 4 vols.); English translation by M. H. Morgan (Cambridge, Mass.,
1914). See also G. Sarton, Iniroduction to the Fistory of Science 1 (Baltimote, 1927), pp. 223~
22%

12) Webster’s dlctlonary of the English language still lists the word “scenography”,
in the meaning of “perspective”.

13) G. Vasari, Vite de’ pin eccellenti pittori, scultori ed architetti italiani. First ed. Florence
1550, enlarged 1568 Many later editions.

14) The first edition is in Latin (Niirenberg, 1511). Modern edition by G. Papini,
G. B. Alberti, Trattato della pittura (Lanciano, 1913).
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32 sides, with some four-sided pyramids added, is an interesting example 15).
This mastery of the rules is particularly clearly revealed-in the text prepared,
probably between 1470 and 1490, by the Utbino painter Piero dei Franceschi.
The title of his manuscript, De prospettiva pingend;i, shows how the practical
painter approached scholastic optics: the ancient Euclidean pyramid of vision is
cut by the painter’s plane between object and eye; the ,,perspective” of Euclid is
made useful to the painter. This text remained in manuscript until 1899 16), but
we know that it was studied by later artists and authors. Piero taught how to
construct the perspective image of rather complicated figures, such as a cube, in
a general position, which involves the study of the rotation of planes into the
ground plane. His pride in mathematically correct perspective was shared by the
artists of the early Cinquecento, and especially by Da Vinci, Rafael, and Michel-
angelo. Da Vinci greatly praised knowledge of perspective in his notes, and
Ratael’s great picture ,,The School of Athens” displays the numerous figures with
the right amount of foreshortening. Their respect for mathematical accuracy was
shared by Diirer, whose book Underweysung der Messung mit dem Zirckel und
Richtscheidt (1525) taught not only rules for perspective drawing, but also for
orthographic projection, two hundred and fifty years before Monge 17). In this
book Diirer not only evinces the influence of his Italian “Wanderjahre”, his interest
in orthographic projection shows the medieval architect’s approach, the influence
of a tradition kept alive in the ancient mason guilds, the “Bauhiitten”.

The intense mathematical interest of painters, typical of the Renaissance, begins
to wane in the later decades of the sixteenth century with the advent of the
Baroque period. By 1607 we even find a definite aversion to mathematics, for
instance in the philosophy of art professed by Frederigo Zuccari. Zuccari, presi-
dent of the Accademia di S. Luca in Rome, and himself a leading painter, at-
tacked Da Vinci, Direr and Michelangelo by name, asserting that “the art of
painting does not derive its basic principles from the mathematical sciences......
This art is assuredly not the daughter of mathematics, but of nature itself” 18). It
is well known how little interest in accurate perspective is shown by Guido Reni,
Caravaggio, and many great Flemish and Dutch painters of the seventeenth century.

Although the painter lost interest, the military engineer and the architect con-
tinued to appreciate the art of perspective. The time when painters also combined

18y G. J. Ketn, Der “Mazzgocchio™ des Paolo Uccells. Jahresber. preuss. Kunstsammlung
6 (1915), 13-38,

’ ‘g)gpest)rmP]’wtsarsBurgemu Prospectiva Pingendi, herausgegeben von Dr. C. Winterberg
(Strassburg, 1899); also: G. Nicco Fasola. Piero Della Francesca. De prospettiva pingends.
Edizion: critica (Firenze, 1942), 218 pp. The name of the painter is found in different
formes Pictro Dei Franceschi, Picro Della Francesca, cte.

17y A. Diiter. Underweysung der Messung mit dem Zi irckel und Richtscheydt, in Linien, Ebﬂm
und gantyen Corporen (Nirnberg, 1525, many later editions).

Latin translation: Alberti Dureri Nurembergensis . . . adeo exacte quatuor his suarum Inn‘l-

tutionum geometricorum libri (Paris, 1533).
On the development of perspective in the Renaissance see E. Panofski, .4/brecht Diirer 1.

(Princeton 1945, XI + 311 pp.); G. Wolll, Mathematik und Malerei (Leipzig-Berlin,
2e Auflage, 1925, 85 pp.). On Alberti’s, Piero dei Franceschi’ s, and Diiret’s contri-
butions to perspective in particular-see J. L. Coolidge, The Mathematics of Great Amateurs
(Oxford, 1947, XX + 555 pp.), pp-.270 ff.

-18) F. Zuccaro, Idea dei scultori, pt’tlori e architetti (1607); see E. G. Holt, Literary Sources
of Art History (Princeton, 1947, XX + 555 pp.), pp- 270 fl.
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the other professions in their own person was past, a certain amount of speciali-
zation had set in. During the sixteenth century Italy was still leading, as is shown
by the number of publications, but France’s contribution was also important; as a
matter of fact, the first printed text on perspective came from Lorraine. It was
a booklet entitled De arttficiali perspectiva, written by Viator, pseudonym of Jean
Pélerin, canon of Toul (1505) 19), and it contained a number of drawings with
directions which show a knowledge of the vanishing point of parallel horizontal
lines in any direction, and may be called a codification of the old draftsmen’s
methods. Some of its technical terms, such as puncius principalis for the eye, linea
terrea for the ground line, and tercia puncta for the distance points, reappear in
the later literature. ,

Alberti's book, written in 1435, was first published in 1511, and was often -
reprinted, also in translation. During the sixteenth century, more books on per-
spective appeared, all of them semi-empirical, semi-mathematical, some of them
with beautiful and interesting figures, all written by men of considerable learning
and craftsmanship. This is apparent from such writings as the books by Diirer
(1525)17), Serlio (1545)20), Commandino (1550)21), Barbaro (1559)22), Cousin
(1560)28), Du Cerceau (1576)24), Barozzi da Vignola-Danti (1583)25), Benedetti
(1585)26) and Sirigati (1596)27); of these authors, Ditrer and Cousin were famous
painters; Serlio, Du Cerceau and Vignola equally famous architects; while Com-
mandino, Benedetti and Danti made a name in the exact sciences. The book of
Barbaro has been praised for its new constructions. These authors derived their
knowledge not only from their immediate predecessors, but also from Euclid,
Ptolemy, Alhazen and Witelo; accordingly, they often present perspective in the
modern sense, mixed with the theory of appearances.

With Guido Ubaldo Del Monte’s Perspective of 1600 we arrive at a text in
which stress is laid on the mathematical structure of the theory. This wotk, which
Gino Loria has called “one of the most precious gems of the Italian mathematical
literature of the sixteenth century” 28), consists of six books. The first book is of
importance because it is here that we find at last the explicit formulation and proof

19) De artificiali perspectiva. De perspectiva positiva: compendium. First ed. Toul (1505),
2ad ed. 1509, Photostatic reproduction by A. de Montaiglon (Paris, 1860), and by W. M.
Ivins, On the Rationalisation of Sight (New York, 1938). See Poudra, /c., ®) pp. 132-136,
and T. Viola, Sulle origini della prospettiva, 11 Filomate 1, Luglio-Agosto 1948, 11 pp.

20) S, Serlio. Tutte lopere d’architettnra (Venezia, 1560); Book II, the Prospettiva, was
first published in 1545. -

2Y Prolemai Planisphericum, Jordani Planisphericum, Federici Commandini Urbinatis in
planisphaerium commentarius in_quo universa scenographices ratio quam brevissime traditur ac
demonstrationibus confirmatar. (Venctiis, 1558).

%) Lq pratica della Perspettiva di Monsignor Daniel Barbaro, eletto patriarca &’ Aquilcia,
opera molto profittevole a pittors, scultori et architetti (Venetia, 1569).

23y [ ivre de Perspective de Jeban Cousin Senonois, maistre Paincire & Paris (Paris, 1560).

24} Legons de perspective positive, par Jacques du Cerceau (Paris, 1576).

25Y Le due regole della prospettiva pratica di M. Jacopo Barozzi da Vignola, con i commentari di
Egnatio Danti (Roma 1583, 2nd ed. 1644; Vignola’s text dates from before 1573). The
book was translated into several languages.

28) Diversarum speculationum mathematicarum et physicorum liber (Taurini, 1585).

27) La pratica di Prospettiva del cavaliere Lorengo Sirigati (Venetia, 1590).

28) G. Loria, Perspektive und darstellende Geometrie, in G. Cantor, Vorlesungen siber Ge-
schichte der Mathematik, IV (Leipzig, 1908), pp. 577637, see p. 585.
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of what we may call the fundamental theorem of perspective, the theorem that
any system of parallel lines in central projection passes into a system of lines
through “a point, the pwnctum concarsus or vanishing point. Del Monte also
proves that the pancta concursus of systems of parallel lines parallel to the same
plane are on the same line. The second book contains the perspective projection
of points in the ground plane in no fewer than 23 different ways. Here the author
discusses what happens when the plane of projection rotates into the ground
plane about its line of intersection; the details are such that we may say, in modern
terms, that Del Monte gives us a good account of a homology. In the third book
we find the perspective of a point in space, determined by its projection on the
ground plane and its altitude. This principle is applied in the fourth book to
figures such as the regular polyhedra, the circle, and the sphere. Shadow construc-
tion follows in the next book; scenography, also in the sense of theatrical stage-
setting, in the sixth. The second book has some remarks on the inverse problem
of perspective, 7.e. how to. find the position of the eye when a figure in the
ground plane and its perspective are given 29),

§ 2

There is much in Stevin's book which reminds us of Del Monte’s, notably the
extensive use of rotations and the introduction of the inverse problem of per-
spective, and the double solution of certain problems, called here the “mathemati-
cal” and the “mechanical” way. The two men had much in common; both were
experts on fortifications, both were mathematicians deeply interested in problems
of mechanics, both combined a love of theoretical study with engineering prac-
tice. It is understandable that their approach to perspective was similar, and it
is not unlikely that Stevin thoroughly enjoyed Del Monte’s work. Despite this
influence (which has to be inferred rather than proved by quotations) Stevin’s
work is an achievement of remarkable originality. He probably had a good deal
of the contents of his work ready before he studied Del Monte’s Perspective (if
ever he did), and maintained his particular way of exposition and selection
throughout the book. .

Stevin himself mentions in his work some authors he consulted; Diirer, Serlio
and Vitruvius in the Scenographia, and Euclid, Alhazen and Witelo in Book II
of the Deursichtighe, dealing with catoptrics. There is, as we have seen, some
implicit evidence that he knew Del Monte. We have shown above what books
he may also have studied; we may be sure that he read all those available to him.

The Verschaeuwing itself opens with certain postulates, showing how seriously
the author tried to base his work on a correct mathematical foundation. One of
these postulates is that a point and its perspective image lie in a straight line with
the eye. Stevin’s explanation of the necessity of this postulate is that the physical
eye is not a mathematical point; by pressing the eye we can obtain a difference
of as much as 33° in the image of a given point.

Among the first constructions are. the classical ones of finding the perspective

#3) For this description of Del Monte’s book see also Loria, /.¢. zé), pp. 585—587, re-
peated in G. Loria, quoted in 39),
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images of a point and a line. Here we meet the demonstration of Del Monte’s
theorem that all sets of parallel lines have images in lines passing through one
point. This point, “saempunt”, is Del Monte’s “punctum concursus”. Then comes
Stevin’s new approach: he takes the picture plane (the “glass™) no longer perpen-
dicular to the ground plane (the “floor”), but at an arbitrary angle. This leads him
to two new theorems (Props. 7 and 8), by means of which the construction for this
case is reduced to the case of the vertical picture plane. We summarize thesé theorems
in the following way: If the glass, the eye O, and the point P (to be projected
from O) are rotated in the same sense through the same angle about the ground
line (the “glass ground™) and the lines drawn parallel to it through the horizontal
projections Oy of O and Py of P respectively, then the image of P in the glass
does not change. This theorem led G. Loria to call a more comprehensive theorem
after Stevin, which can be stated as follows, in modern terms:

If a plane = (not passing through the eye or parallel to the picture plane )
is rotated into the picture plane =, then there exists between the projection F’
and the rotated points F of the figures of 7 a homology which a) has as its axis
the intersection of 7 with the plane 7, b) has as limiting line of F’ the vanishing
line of 7, ) has as centre of homology the point in = where the eye arrives upon
the rotation of the plane parallel to » through the eye 30).

Stevin now undertakes the construction of the perspective images of several

figures, including that of a “tower”, a quadrangular pyramid on top of a cube
with a face of the cube as its base; the cube is standing on the'ground plane. He
also constructs the ellipse as the image of a circle. Some methods of checkmg
the correctness of constructions follow.
" These propositions can be considered as forming the first part of the Ver-
schaenwing. The second part (from Prop. 12 onwards) deals with the inverse
problem of perspective, a subject already touched by Del Monte. Given a polygon as
image, and another polygon in the ground plane turned into the picture plane: to
find, if possible, the eye; the angle between picture plane and ground plane-is given
and is not necessarily 90°. Stevin solves the problem in certain special cases; the
solution of the general problem had to wait until the nineteenth centuty.

The text ends with an “Appendix”, which contains certain observations on termi-
nology, a correction of certain constructions by Serlio, and a description of a
model described by Diirer, which caught the fancy of Prince Maurice to such
an extent that he had it constructed. It was an instrument for drawing the per-
spective of a figure on a glass plate; it had helped Stevin himself to gain a better
understanding of the theoty.

Book II of the Deursichtighe, the Catoptrlcs 1s short and does not contain much
that is of interest. We shall not reproduce it; those who like to study this ancient
science can find the essentials in Euclid's Catoptrics, available in Ver Eecke’s
beautiful French translation 81). Stevin must have added the sixteen pages as a
tribute to an ancient tradition, but he did not develop the subject with his usual
thoroughness. That part of the Catoptrics which deals with refraction and which
was announced in the Summary, Van de Wanschaeuwing, was not even published.

3% G. Loria, Vorlesungen siber darstellende Geometrie 1 (Leipzig, 1907), p. 131.
) Ver Eecke, /.¢. %).
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§3

Stevin.was not the only author in the Northern Netherlands of his days to write
on perspective. At about the same time that his Verschaeuwing was published ap-
peated the Perspective of Hans Vredeman De Vries (1527—after 1604). Vredeman
De Vries was an architect and decorator, famous in his days, who after travelling
widely had finally settled at Leeuwarden, his native city. His works on archi-
tecture and perspective were first published around the time of his death by Samuel
Marolois, a surveyor and military engineer, and they passed through several .
editions in different languages 32). The perspective of Vredeman De Vries 33)
lacks the mathematical character of Stevin’s book, but this flaw is ‘more than
compensated by the magnificent illustrations, many of buildings, due to the
‘engraver Hendrik Hondius (1573—1648). Marolois, or Marlo, was an ac-
quaintance of Stevin, with whom in 1611 he was on the examining committee for
intending surveyors 34). Marolois’ own work, published as his Optica sive Per-
spective, contains a Scenographia, hence a perspective. It is mathematical in charac-
ter and, at any rate in the edition of 1633, was also illustrated by Hendrik
Hondius. The perspective first appeared in 1614, and passed through several
editions 35). : )

By this time Stevin's book had also been republished. It was translated into
French — though not completely — for the Mémoires Mathématiques of 1608,
and into Latin for the Hypomnemata mathematica of the same year. Later Girard
included the Oprigue in his collection of Stevin's papers brought out in 1634 36),

In this competition against the Marolois-Vredeman De Vries books — if we may
put it this way — the book of Stevin seems to have lost out. At any rate, we do
not know of any later 17th- or 18th-century author who quotes Stevin, against
several who prove to be acquainted with Marolois and Vredeman De Vries. The
reason probably is that perspective continued to appeal- primarily to engineers
and architects, and for- them the practical and artistic approach of Marolois- -
Vredeman De Vries had a stionger appeal than Stevin's strictly mathematical
exposition. This, of course, does not mean that Stevin’s perspective was not read;
it is mentioned in the correspondence of Christiaan Huygens and it is not unlikely

37) On Vredeman De Vries and Marolois see Alg. Ned. Biographisch Woordenbock.

33) Perspective Pars Altera . . . .. Aunciore Johanne Vyedemanno Frisio. Henric. Hondius
Sculps. et excud. cum Privil. Lugduni Batavorum (publ. 1605, there exists a first part of
1604; dedication to Prince Maurice, signed Lugd. Bat. 1) Marti 1605. There also exists
an edition: Perspective se partie de loan Vredem. Vrviese. Augmentée et Corrigée en divers
endroits par Samuel Marolois, 1615, Hagae Comit. Hollandiae apud Henr. Hondium. Cum
privil. Arnhemi apud Johannem Janssenium Bibliopolam.

31) Th. Motten. Dossier Simon Stevin. Municipal archives, The Hague. See E. J. Dijk-
sterhuis, Simon Stevin (s Gravenhage, 1943, IX + 379 pp.), p. 17: On Feb. 17, 1611 Stevin
examines, together with Matlo, a candidate for the function of surveyor.

%) Perspective contenant la Théorie et Practicque d’icelle, par Sam. Marolois, 4 1a Haye, chez
Hent. Hondius, 1614.

Thete also exists 2 French edition in:

Opera mathematica on Oewvres Mathématicques traictans de Gilométrie, Perspective, Archi-
tegiure et Fortification, par Samuel Marolois . . . Hagae-Comit., Ex officina Hentici Hondii
1614. .

The ed. of 1633 is: Samuelis Marolois . . . Opticae sive Perspectivae: pars prima. (Amstelo-
dami, 1. Ianssonii). ’ '

48) Work XIII.
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that young s Gravesande had studied it before he wrote his Essai de perspective
(1711) 37). And so Stevin's book remained in relative obscurity until it was
rediscovered by Michel Chasles in his Apercu bistorigue (1837). Chasles admired
the book: “...... mais nous nous étonnons que I'on passe sous silence Stévin qui......
avait aussi innové dans cette matiére, qu'il avait traitée en géométre profond, et
peut-étre plus complétement qu'aucun autre, sous le rapport théorique” 38).

After Chasles’ rediscovery of the book, its contents have received the attention
of Poudra, Lotia and Dijksterhuis 39).

In the translation we have tried to maintain the flavour of some of Stevin’s
terms, using “glass” for picture plane, etc. The text itself gives the explanation.

37 W. ]. ’s Gravesande. Essai de perspective (La Haye, 1711); C. Huygens, Oexpres
complétes VI, p. 216.

38) M. Chasles. Apergu historique sur Porigine et le deve/oppemml des méthodes en Géomeirie .
(Bruxelles, 1837, 2nd ed., 1875), 2nd ed., p.

%) Poudra, Z¢. °), Dljkstcrhuls Le. 39), Loria 1 c 28) also G. Loria, Storia della geometria
descrittiva dalle origini sino ai giorni nostri, Milano, 1921, pp. XXIV + 584 pp.) and C.
Wiener, Lebrbuch der darstellenden Geometrie 1 (Le1p21g 1884), pp. 5—61. Corrections to
Poudra by L. Cremona, Rivista ital. di scienze, lettere ed arti 5 (1865), pp. 226-231,241—
245; P, Riccardi, Bibl. math. 1889, pp. 39—42. Many historical notes also in K, Rohn-
E. Papperitz, Lebrbuch der darstellenden Geometrie (Leipzig, 3 vols) I, IT (4e Aufl. 1913,
1916), 11 (3¢ Aufl,, 1906), and G. Scheflers, Lebrbuch der darstellenden Geometrie 11 (Berlin,
2e Aufl. 1927), pp. 37-40.
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SUMMARY OF OPTICS

Of Optics three books are to be described: the first of Perspective; the second of
the Elements of Catoptrics; the third of Refraction.
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FIRST BOOK OF OPTICS

OF SCENOGRAPHY,
COMMONLY
CALLED PERSPECTIVE)

1) The literal translation of the title is First Book of Perspective. Of Scenography. By
perspective Stevin understood somethirig else than we do (see Introduction), so that in
the Second Book of his Perspective he discussed reflection and refraction. The term “sce-
nography”, which Stevin translates into Dutch as ‘‘verschaeuwing” is the term for what
we at present call “perspective”, and we therefore translate “verschacuwing” by “per-
spective”, occasionally by “perspective proper”.
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TO THE READER

As his Princely Grace frequently exercised himself in drawing ground and
vertical plans for fortification, which he erected in the lands under his govern-
ment, he found it ‘useful to exercise himself as well in the third species of
drawing, to wit perspective or painting, such mainly of landscapes, with cities,
rivers, roads, and woods situated therein, thus to explain more easily to others
his views, as required by the matter. To this end he used as teachers the ablest
masters of painting that could be obtained. But because the foreshortening of
the lines and the change of the angles was obtained by sight or by guessing —
which have their use — he was not satisfied with this, but wished to design-
exactly the perspective of any given figure, with knowledge of the causes and
its mathematical proof. Now since I had some years ago myself described an
Architecture 2), to the practice of which, in the common opinion of many and
the special opinion of Vitruvius in the 2nd chapter of his 1st book 3), knowledge
of perspective is conducive, I perused and examined, more fully than before,
several writers who: deal with this subject and made a description thereof in my
own words. And after his Princely Grace had looked it through and helped to
correct the imperfections that are. commonly found in first attempts, had also
fundamentally understood the common rule of finding the perspective of any
given figure, and to his satisfaction practised it, I included this description
among his Mathematical Memoirs, for the reasons set forth more fully at the
beginning.

) This book was never published and the manuscript seems to be lost. Stevin also
refers to it in his Eertclootschrift, 2nd Book, Preface. Notes made by I. Beeckman and H.
Stevin have been preserved, see Journal tenu par Isaac Beeckman, publié par C. De Waard,
11, La Haye, 1942, pp III-IX.

3 Vitruvius writes: “Its forms of expression [of Arrangement, duieoss] are then:
groundplan, elevation and perspective. A groundplan is made by the proper successive -
use of compasses and rule, through which we get outlines for the plane sutfaces of
buildings. An elevation is a picture of the front of a building, set upright and properly
drawn in the proportions of the contemplated work. Perspective is the method of
sketching a front with the side withdrawing into the background, the lines all meeting
in the centre of a circle.” (Vitruvius, The Ten Books on Architecture, transl. M. H. Morgan,
Cambridge, Mass., 1914, pp. 13-14). Vitruvius’ expression for groundplan is “ichnogra-
phia”, for elevation “orthographia”, for perspective “‘scenographia”.
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SUMMARY

Besides six theotems serving as base and proof of the matter, there are to be
described 8 problems, the first of which is the 5th proposition, of the finding of
the image of a given point 4) in the floor, with the glass 5) at right angles to the
said floor; the 6th proposition, of the finding of the image of a given point above
the floor, with the glass at right angles to the same; the 9th proposition, of the
finding of the image of a given point, with the glass at oblique angles to the
floor; the 10th proposition, of the finding of the image of a given point, the
glass being parallel to the floor. In the 11lth proposition, with the aid of ali
the preceding propositions the image of any given figure is found. Then follows
in the 12th, 13th, and 14th propositions the finding of the eye of some given
images, in order to see them in- their perfection. But in order to set forth the
preceding division more clearly by dichotomy, we will also give this table thereof.

in the floor
at right in, the 3th
anglegs, where | PP osttion
the image is above the
. f°‘.md of 2 floor in the | and from all
Inthis , | theimage point 6th propo- | the preceding
treatise on | OF . the object sition propositions
perspective ~ point, the ' the image of
is sought glass being at oblique a given figure
8 on the floor angles in the | is found in
9th propo- the 11th propo-
. sition sition
not at right :
angles, to wit parallel to
the floor in
the 10th pro-
position

the place of the eye, in order to sce in perfection the given
image of a figure, in the 12th, 13th, and 14th propositions.

The rest of the propositions, being theorems, serve as base and proof of the
problems described above.

-9 Stevm s “verschaeuwlyck punt” means literally “point to be brought into per-
spective”. The sense usually remains clear when we simply translate it by “point”,
sometimes by “‘object point”.

%) We keep Stevin’s term “glass for the picture plane.
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ADMONITION TO THOSE WHO WISH TO
PRACTISE PERSPECTIVE.

Since in the following treatise on perspective are contained more propositions
and descriptions than are necessary for the practice of perspective proper, which
serve to explain the causes and to prove that the said practice of perspective
produces the true image of the thing, it follows that it may be difficult for
those who wish to practise perspective to select therefrom that which properly
and only serves for the practice of perspective. For this purpose we here say that
if anyone should be willing to believe everything without proof (which does
not seem very well possible for a born mathematician, unless he meant to under-
stand the proofs afterwards), or else if anyone who has once for all understood
the proofs and relies thereon wished subsequently to practise perspective, he
might begin with the 2nd example of the Sth. proposition, set forth mechanically,
where is shown the perspective of a point in the floor; and with the 2nd mechanical
example of the 6th proposition, the perspective of a point above the floor, each
with a glass at right angles to the floor, for through knowledge of the perspective
of two such points one obtains the image of any given line, in which the whole
of perspective consists. But in this connection the abridgements that are obtained
in the construction, expounded after the 11th proposition in six sections, should
also be borne in mind. As to perspective with the glass at oblique angles to the
floor or patallel thereto, such perspective seldom seems to be required, so that
practice in this is not, to begin with, very necessary, although, for the perfect
knowledge of the whole of perspective, examples thereof are to be described
in their proper places.
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dien dat de gheftichten of faken dicmen afteyckencn wil , fomwijlen nict we-
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ker reghclen gevonden, deur welckmen defchacuwen der verfchaculicke faken
mct hacr vercortinghen,, verlanginghen , en veranderinghen, op haer cyghen
verfchzeude maet ghewiflick teyckenen can : T'befchrijven der felve, rwelck
hicr ’voornemen is,wort Verfchacuwing ghcheeten.

S «iyﬁgu-_
hianie

2 BEPALING:
T i i Pl b
Wefendeeen lichaem ghefneen met een % fichtcinder- e e

plat alfoo datdaerin verfchijnende ghemeene {neen des
felvenen der verhevenvlackendiedacrin fijnofverdoche
vyvorden : Die verfchijnende form heet * Grondtteyc-piigf:
kening. '

Lact by voorbecltdelinien der byghevoughde form , beteyckenen de ghe-
meene fheen des (ichteinderplats, ender vetheven platten van hetbuyten en
. binne fchocyfel der wallen van ecn fterckie, met vier bolwercken ligghende op

ccn plateven lant A Die
4 ]
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DEFINITIONS

1st DEFINITION

Perspective is the plane imitation of elevated objects, which gives the impression
of elevation.

Optics as genus has several species, such as Catoptrics, Dioptrics, Planispheres,
Sun-dials, Perspective proper, and several others, which have something in common
in pertaining to optics, but since their effects serve different ends and con-
sequently they have to be performed in different ways, each species is discussed
separately as a special art and described in due order 6). Among these we here
intend to discuss Perspective proper. And in order to expound its properties
openly by means of a suitable example: assuming that a man were to see some
building .through a pure, uniformly flat, clear glass, through which all things
are seen as they are, without any change, and that on the figure appearing on
the glass, though not actually there, he were to draw a figure which remained
there, the said delineated plane figure, which would seem to be elevated, would
be the true perspective of that building, viewed from that place. But because
such delineations are not all required on glass or transparent materials, and
also because they are desired sharper and purer than is feasible in this way,
and while moreover the buildings or objects that we wish to draw are sometimes
not really before the observer’s face, but only in imagination, certain rules have
been found, by means of which the images of the objects, with their fore-
shortenings, lengthenings, and changes, can be ‘drawn with certainty on their
own scale of perspective; the description of these things, which is the object
of this treatise, is called Perspective.

2nd DEFINITION

If a body be intersected by a horizontal plane in such a way that there appear
therein the intersections of this plane and the elevated planes which are, or are
imagined, therein, then the resulting figure is called Ground-plan.

For example\, let the lines of the figure overleaf denote the intersections of
the horizontal plane and the elevated planes of the outward and inward slopes
of the walls-of a fortification, with four bulwarks, lying in flat, level country.

%) This program was not carried out, at any rate not in print. We only have Stevin’s
Perspective and his Catoptrics. o
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Die form heet grontteyckening, foo veel te feggen alsteyckening des gronts
daermen wat op begheert te bouwen , ghelijck hicr de wallen.

Maer wantmen dacr in noch nicten fietde hooghdc, maet, en formdeg
felve verheven of flaende wallen, foo iffer cen derde * afcomﬂ van tcyo--

e kening dcfer ghedacnte:

$ BEPALING

Wefende cen lichaem gefneen met cen plat rechthouc-
Horzemen. kich opden* fichtcinder,alfoo datdaer in verfchijnen de .
hemeenefneendesfelfden, ender vlacken diedatdade-
%ck of deur t’ghedacht fyen: Dic verfchijnende form
" Orshogra- hcct* Stantteyckening.
”

5.

%’“ﬁ‘ ' Laetby voorbeelt den wal diedet verdocht wort t¢ ftacn op de grontteyckea
ningder 2 bepaling,deurfneen fijn meteen plat rechthouckich op den fichtein-
der, en defnecndic d'ander platten daerindoen, fi;n dufdanich, AB (me des

Efiarpe. ﬁchtcmdcrplats BC dene vant platdes % buytcﬁ:hocyfcls CD
fne vant plat der cruyn, D E fne van t'platdes borftweers,E Efne
vant plat des gancx, F Afne vant platdes bmncfchocyfcls Ende ® a
r'platin dielinien begrepen als A B CD EF,heet ftantteyckening m
_yan weghen dattet teyckening is ovcreynde ftacnde. Ende ghe. A5
“lijck wy hier t'voorbeeltgheftcle ‘hebben van cen fterckte, alfoo
falmen derghelijcke verftacn op ander gheftichten, en dmghcn diemen fchx!.
dert of verfchaent,

Mace



809

This figure is called ground-plan, which is to say a plan of the ground on
which it is desired to build something, as in this case the walls.

But because in this the height, size, and form of the said elevated or standing
walls are not yet seen, there is a third species of drawing, of the following kind:

3rd DEFINITION

If a body be intersected by a plane at right angles to the horizon, in such a
way that there appear therein the common intersections of this plane and of
the planes intersecting it actually or in imagination, then the resulting figure
is called the Vertical Plan.

For example, let the wall which we imagine as standing on the ground-plan
of the 2nd definition be intersected by a plane at right angles to the horizon, then
the intersections which the other planes produce therein are as follows: AB inter-
section with the horizontal plane, BC intersection with the plane surface of the
outward slope, CD intersection with the plane of the top, DE intersection with
the plane surface of the parapet, EF intersection with the plane surface of the
walk, FA intersection with the plane surface of the inward slope; then the plane
contained by those lines, namely, ABCDEF, is called the vertical plan, because
it is a drawing standing vertically. And in the same way as we have here given
the example of a fortification it should be understood of other buildings and
objects which are painted or drawn in perspective. '
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- Maer om nu te fegghen vant onderfcheyt ende eyghenfchappen der bove--
fchreven drie x afcomften van teyckening, foo isteweten dargrontteyckening Species.
en ftantteyckening, bequaem fijn om daer deur te maken een ghefticht op fijn
behoirlicke maet, en van begheerde form: Als by voorbecelt, foo ymant feght
dathy een fterckte ghemaecke wil hebben, van form engrootheyt ghelijck de
twee voorgaende teyckeninghen anwijfen , men can deur de felve (de cleyne
mact daer by ghevought fijode na r'behooren) fijn begheerte. nacominen:
Maer nietalfoo mette verfchaeude form, om datfe de linien en houcken niet
* everedelick en heeft mette begheerde : Doch heefife die eyghenfchap , datfe Proporsis
verthoont hoedeghemaeckte fterckte int gheficht verfchijat, of verfchijoen "44*
fal. Tis oock te weten dat gronditeyckening en flantreyckening totte volcom.
men vetfchaeuwing noodich fijn:Alsby voorbeelt,alfofiin VOR STELI CKE
GHENADE vanwillewaste verfchacuwen cen feker bolwerck heel met cer-
de ghevult, op een rechtegordine, ftelde fich voor de grondrteyckening hier
achter A, wiens verheven wercken , als wallen en borftweeren daer op com-
mende , anghewefen fijn mette flanteeyckening B, voort bediet C de voet,
waer op een lini verdochtals fiendermaet evenan C D, en rechthouckich op
de vloer, dats hieropt plat des blats, t'eynde dier lini wasde placts des ooghs
inde locht, van dacr hy dat bolwerck wilde gheficn hebben , en volghende dat
gheficlde, dede daer af de volghtnde verfchaeuwing, welcke uyt fijn teycke-
ning in houtghefneen wiert, en ghedrucktal{men hierachter fict. Maecr om
voor de fchacu het oogh op fijn behoitlicke placts te ftellen, diens vinding
int volghende ghelcert fal worden, men foude opt punt F, bedencken een
rechee lini even an CE, en rechthouckich opt plat des blats , want ant
eynde der felve hetoogh vervought , men fict d+ fchacu in hacr volcom-
mepheyt,
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But to speak now of the difference and the properties of “the three species
of drawings described above, it should be known that a ground-plan and a vertical
plan together can be used to make a building of the appropriate dimensions and
desired form. As, for example, if anyone says that he wishes to have a fortification
made of the form and size as indicated by the two preceding drawings, then it
is possible to meet his requirement (a small measure being added thereto, as it
should be). But not so with the perspective image, because it does not have
the lines and angles proportional to those required. On the other hand it has
the property that it shows how the constructed fortification appears or will
appear to the eye. It should also be known that the ground-plan and the vertical
plan are necessary for making a perfect perspective drawing. For example, when
his Princely Grace wished to make a perspective image of a certain bulwark com-
pletely filled with earth on a straight curtain, he proposed the ground-plan A4
overleaf, the elevated parts of which, as walls and parapets built thercon, are
indicated by the vertical plan B; further C signifies the foot, on which a line,
imagined as the observer’s measure 7), equal to CD and at right angles to the
floor, that is here to the plane of the paper; the end of this line was the place of
the eye in the air from which he wished to have the. bulwark viewed. And,
following up the supposition, he made therefrom the following perspective image,
which was cut in wood from his drawing and printed as seen overleaf. But to place
the eye in the proper position for regarding the image, the finding of which position
is to be taught in the sequel, one should imagine at the point F a straight line equal
to CE and at right angles to the plane of the paper, for when the eye is placed at
the end thereof, then we can get a perfect view of the image.

) ot “obsetrver’s height”
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i2 1 Bovcx pER DEVRSICHTIGHE
4 BEPALING.

Tverfchaculick noemen vvy daer de ver{chacuvving
' na ghedaen vvore: Endie ghedacn verfchacuvving haer
{chacu.

Alscen punt,lini,vlack,of lichaem,dacr de verfchacuwing na ghefchiet,heet
int ghemeen t'verfchaculick,en int befonder verfchaculick punt, verfchaeulicke
lini,verfchaeulick vlack, verfchaeulick lichaem:Maer de verfchacuwing naelck
ghedaen heet yders fchaeu.

5 BEPALING.
Vloer is het plat daereen vetfchaculicke form boven
ftactofoplight.

6 BEPALING.
Oogh is een punt datmen neemt des ooghs fienlick
yverck tedoen.

7 BEPALING

Sienderlijniseen rechtevantoogh totte vloer,en haer
uyterfteinde vloer heet voet. ‘

Perpendicn-  'Want de * hanghende lini vant cogh totte vloer daer een verfchaeulick ghe-
farm. ficht of verfchaeulicke form op ftaer, ghelijckheyt heeft merte langdedes fien
ders,fy wort Sienderlijn gheheeten. Ende hacr uyterfte inde vioer heet om fules
ke ghelijckheyt oock voet.

8 BEPALING.

Siendermactiseen lini evenande ficnderlijn.

- Want de ware fiendetlijn verheven ftact opde vioer, deur de 7 bepaling ,en
datmen om fulcx eyghentlick na te volghen,op de blaren der boucken als vioes
ghenomen, linien foude mocten teyckenen ; die verheven ftonden opt plat der
felve blaren, v'welck onbequamelick te werck foudegaen, entotte leering niet
feer voordertick wefen ; foo wordet dickwils noodich, delangde van fulcke lini
opt plat des blats te teyckenen , welcke niet de eyghentlicke fienderlijn felf we.
fende,macr allecnclick de macet dacr af, cn vervelghensals maet des fienders,wy
noemenfe Sicndermaet.

9 BEpa~
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4th DEFINITION

We call the object that from which the perspective is made, and the perspective
made, its image.

Thus a point, line, plane or solid from which the perspective is made is called
in general the object, and in particular: object point, object line, object plane,
object solid. But the perspective made from each is called its image.

5th DEFINITION

Floor 8) is the plane on which an object stands or lies.

6th DEFINITION

Eye is a point which is assumed to perform the visual function of the eye.

7th DEFINITION

Observer's Line is a straight line from the eye to the floor, and its extremity
in the floor is called foot 9).

Because the vertical from the eye to the floor on which a building or an object
stands is equal to the length of the observer, it is called Observer's Line. And its
extremity in the floor is called foot because of this equality..

8th DEFINITION

Observer's Measure is a line equal to the observer's line.

Since the true observer’s line is erected on the floor, by the 7th definition,
and, in order to imitate this in actual fact, it would be necessary to draw, on the
pages of the books taken as floor, lines which would be erected on the plane
of said pages, which would be inconvenient to accomplish and would not be
greatly conducive to the instruction, it often becomes necessary to draw the length
of such a line in the plane of the paper, which, as not being the actual observer's
line itself, but only its measure, and consequently the measure of the observer,
we call Observer's Measure.

8) We keep Stevin’s term “foor” for the ground plane.
%) The usual term for Stevin’s “observer’s line” is prime vertical, for his “foot” is centre
of vision. -
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9 BEPALING.

Glasis*eenoneyndelick plat tuffchen hetooghen de Moo
ver{chaculicke form , vvacr in ghenomen vvort dc ver-
fchaeulicke haer fchacu te verthoonen.

Alfooder in plaets vantglas daer onder d'cesfte bepaling af ghefeyt is, een
plat bedocht wert,waer in men ncemt de {chaeu vant verfchaculick te flacn,foo-
wort dat plat totonderf{cheyt van ander platren het glas ghenoemt,

1o BEPALING.

Glafgrontis fijnen des vloers ghemeenc fne.

1"BEPALING.
" Straclisderechtelinidie uythet oogh come.

12 BEPALING.

~ Saempuntisdaerdcvoortgheerocken {chaeuyven van
verfcheydenverfchaculicke rechte * cvcvvudcghc linien Paratida:
in verfamen.

Evewijdeghe verfchaeulicke rechte linien voonighetrocken fijnde, en con-
nen niet verfamen deur Ewclidis 35 bepaling , maer wel hacr voortghetrocken
fchacuwen,alflc van haer verfchaeulicke onevewijdich fijn,ghelijck int 3 voor-

fiel verclaert fal worden. Nu t'punt der verfaming van foodanighc heet Saems
punc.

3 BEPALING.

En fulcke linien dicalfoo int facmpunt vergaren, hec-
ten faemlijnen.

4 BEPALING.
Ecnrechte lini ghetrocken inde vloet,vande voet totte
las gront, hect vloerlijn : En haer racckfel int glas, vioer-
lijnraeckfel. .

Lact A B de glafgrondt beteyckenen , C de voer, E
vanwelcke ghetrocken is de rechte lini CD tot inde
glalgrondr, defelve C D heet viocilijn, en haet racckfel poS D B
D intglas A B,heet vloerlijnracckel, '

B 131 BEPA-
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9th DEFINITION

Glass is an infinite plane between the eye and the object figure, in which this
figure is assumed to show its image.

When instead of the glass, to which we referred under the first definition,
a plane is imagined in which the image of the figure is taken to stand, this plane,
to distinguish it from other planes, is called the glass.

10th DEFINITION

Glass base 10) js the intersection of the glass and the floor.

11th DEFINITION
Ray is the straight line coming from the eye.

12th DEFINITION -

Meeting point 11) is the point in which the produced images of different
straight parallel lines meet.

Straight parallel lines, being produced, cannot meet, by Ewclid’s 35th defi-
nition 12), but their produced images can, if they are non-parallel to their object
lines, as will be explained in the 3rd proposition. Now the point where such
lines meet is called Meeting Point. -

13th DEFINITION

And such lines thus meeting in the meeting point are called meeting lines 18).

14th DEFINITION

A straight line drawn in the floor from the foot to the glass base is called floor
line, and its point of intersection with the glass, floor-line glass point.

Let AB denote the glass base, C the foot, from which is drawn the straight
line CD to the glass base. This CD is called floor line, and its point of contact D
in the glass 4B is called floor-line glass point.

1%) Modern: ground line. -

1) Modern: vanishing point.

1) Now listed as Def. XXIII: “Parallel straight lines are straight lines which being in
the same plane and being produced indefinitely in both directions, do not meet one
another in either direction”. (T. L. Heath I p. 154). This definition is listed as Def. 35
in the edition of the Elements by Zamberti (1537) and by Commandino (1572), as Def.
. 34 in the Clavius edition of 1574.

13) Stevin’s terms “saempunt’ and “saemlijn’ are here translated by “meeting point”
and “meecting line’ .
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15 BEPALING.
Wefende vaneen ghegheven ver{chac ulick punt mdc

-~ vloer ghetrocken een oneyndelicke evevvijdeghe mette

Pofludata. )

vloerlijn: Defne der felve inde glafgrondt noemen vvy
glasgrondtscerfte fne.

Lactindeformder 14 bepaling , E fijn cen ghegheven verRhaeulick puat
inde vloer, vant welck ghetrocken” is ecn oneyndelicke E F evewijdeghe met
DC, fnycndcdc glafgront ABin F ,dcfelve fnc F nocmen wy glafgrondts ecr-
fic foc.

16 BE PALING. ‘

Wefende van ecn ghegheven verfchaculick punt in-
de vloer , ghetrockeneen recheelini totte voet : De fne
der felve inde glafgrondr,noemen vvy glafgrondts tvvee- -
dc {ne.

Laer inde form dcr 14bcpalmg, vant ghcghcv:n vcxfchacullckpum E ghc- -
trocken fijn de rechtelini E C, van E totte voet C, fnyende de glafgtont AB :
in G, de felve fne G,noemen wyglafgroms tweedefne, - - - -

BEGHEERTEN

1 BEGHEERTE.

Dattetnatuerlick ver{chaculick punt,fijn fchacuinecn
natucrllck plat glas,en het natuerlick oogh in cen rechte:

- llmﬁ}n

33 grad.

Fen naerlick verfchaculick punt, fijn fchacu incen na'ucrhck platglas, en
het nawetlick oogh,en fijn niet nootfakelick in een rechte lini,om dat wy geen
welentlicke facck {c)f en fien, macr allecnelick de fchaeu van dien,miflchien op
ecn ander placts , twelck aldus bethoont wort : Ymant duwende ter fijden an
fijn oogh, doethetghene hy fict, verre wijcken vande plaes daer hyt fondee
duwen fach: En hoewel fcmmlghc t'gheficht foo hebben, datfe defe verande-
ring naunlick of niet mercken en connen , doch ander ﬁcnfc feer wel: ick heble
dadclick tot over de* 33 trap. bevonden , want foo grootwas den houck wf-
fchen detwee fchacuwen, d’eenc ghcﬁcn vant ghedude,d’ander vant ongedude
.oogh : Maer de ware faeck blijft in haerplacts, dacrom t'ghcnealfoovan fijn
plaets verfchiet , en is de wefentlicke facck felf niet, maer allecnelick de fchaca
vandicn : Welcke fchaen met hacr fchacu int g]as en_ het oogh incenrechte
lini (ijndc,fckerde ware facck tot een andee placts wefende als ghefeytis, en can
met d'ander tweein gheen rechte lini fijn. Hier uyt volght dat alimen mettet
woort ver{chaculickpunt, verftonde de gefien fchacu des wefentlick punts, dac

alfdan
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15th DEFINITION

If from a given point in the floor there be drawn an infinite line parallel to
the floor line, then we call its intersection with the glass base the first inter-
section of the glass base. .

In the figure of the. 14th definition let E be a given point in the floor, from
which there be drawn an infinite line EF parallel to DC, intersecting the glass
base AB in F: we call this point of intersection F the first intersection of the
glass base. :

16th DEFINITION

If from a given point in the floor there be drawn a straight line ‘to the floor,
then we call its intersection with the glass base the second intersection of the
glass base.

In the figure of the 14th definition let there be drawn from the given point E
the straight line EC from E to the foot C, intersecting the glass base AB in G;
we call this intersection G the second intersection of the glass base.

POSTULATES
1st POSTULATE

That the natural point, its image in a natural plane glass, and the natural eye
ate in a straight line.

A natural point, its image in a natural plane glass, and the natural eye are not
necessarily in a straight line, for we do not see a real object, but only its image,
pethaps in a different place, which is shown as follows: When a man presses
from the side against his eye, he causes that which he sees to deviate from the
place where he saw it without pressing. And though the eyesight of some people
is such that they can hardly perceive this deviation, if at all, others see it quite
well. T have found it in practice to exceed 33 degrees, for thus large was the
angle between the two images, the one seen by the pressed eye and the other by
the non-pressed eye. But the real object remains in its place; therefore that which
shifts its place is not the real object itself, but only its image, and if this image
is in a straight line with its image in the glass and the eye, certainly the real
object, which is in a different place from the one stated, cannot be in a straight
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alfdan vvetlchaeulick punt, fijn chacu in een natuerlick plat glas, en het na.
werlick cogh, in een rechte lini fonden wefen , fonderdatmen daer af ecnighe
toclating behoufde re begheeren: Maerwant nu te: tijt r'ghemeen ghevoclen
anders s, (00 bebben wy dit willén begheeren, om onbegrepen te fijn vande
. ghenedie hier namaels de faeck fuller meughen beter verflaen.

Angaende ymant teghen 'bovefchreven mochr fegghen, datwanneer het

;00gh vry ftaet fonder duwen, dat al(dan deghefien fchacu effen de wefentlicke
faeck bedeckt,en t'famen alseen felve fijn,waer uyt volght dat in fulckenanfien
mettet woort verfchaculickpunt, verflaen {ijnde her natuerlick verfchaciilick.
punt; dattet felve metfijn fchacuint glas, en het ooghin cen rechte linifijn,
fonderdatmen dacrafcoelating behouft te begheeren i Hier op wort gheant-
woorr, dat veel onghedude vryeooghen, dc fchacu tot ten ander placts fien
dan daer de wefentlicke faeck is,als de ooghen van fchele lien die twee vooreen
fien,of die macr een fcheelfichrich ooghi en hebben.Ende hoe welander cogen .
min fcheef ftaende, min verfchils crijghen tuffchen de fchaeu en haerwefentlic-
ke faeck,en de ooghen heel recht ftacnde, gheen verfchil, nochtans ghemerckt

. vandie hecle volcommen rechtheyt,ghecn volcommen bewijs en can ghedaen
worden(want tweeghelijckftacnde ooghen, connen elck r'ghebreck van wan-
fichticheyt hebben | fonder datfe nochians tivee fchacuwen voor cen fien) foo
{chijnt de begheerié in ghenouchfaem réden ghegront. ,

Merckt noch dat uyt verfcheyden ander oirfaken dandeur Poogh, de fchaeu-
wen van haer wefentlicke faeck wijcken , als diemen int watet meynt te fien;
want noyt menfch en fach,niet alleen eenige wefentlicke faeck int water ; maer
oock niet de felve [chacu die hy inde lochtdaer af fien can,dan een ander fchaen
tot cenander placts: T'welck dace’an blijckr,dat ligghende cen penninck of an-
der (acck op dengront eens ledich vars , alfoo daimen dien penninck, of om
cyghentlick 1 fpreken , de fchacu van dien penninck nict fien en can , om
den cant des vats wil ,en datmen daer na t’felve vat met water volt men fiet
den penninck foot fchijnt wel befcheedelick : Doch ten is den wefentlicken
peoninck felf niet, noch oock de fchaeu diemen indelocht fien can, maer ech
ander fchaeu deur Uwater veroitfaeckt, Ende foo gadet oock mette hemelfche
lichten, diens fchacuwen boven den * fichteinder ghefien woiden , ecr de We- Hopigomeny *
fentlicke lichten felf daer boven fijn , twelck cen ander fchaeu s veroirfaeckt '
deur de vochticheden des lochts, Meer andes verfcheyden veranderinghen defer
verfcheyden veranderinghen defer fchaeuwen bevintmen noch deur t'vier,deur

- cercmmeglafen,en in blinckénde fpieghelachtighe ftoffen : Dochwantde han.
deling van fuleke eyghentlicker by de * fpicghelfchacuwen dicnt, f00 hebben Caoprica,
wy diedacr vervought,en hierachterghelaten,

: BEGHEERTE.

Een verfchaeulick punt, lini of plat int gias ghegeven,
oock voorhun {chacu te verftrecken.

B2 NV
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line with the other two. From this it follows that if by the words “object point”
"were to be understood the observed image of the real point, then the object point,
its image in a natural plane glass, and the natural eye would be in a straight line,
without any necessity of a special postulate. But because common opinion is differ-
ent at present, we have desired to postulate this in order that we may [not] *
be misunderstood by those who may hereafter have a better understanding of
the matter.

Now someone might object to what we have said and remark that if .the eye
is free and not pressed, the image observed just covers the real object, so that
they are together like one and the same thing — and thus draw the conclusion
that if we understand by the words “object point” the natural object point, then
this point is in a straight line with its image in the glass and the eye, so that
there is no necessity for any special postulate. To this we reply that many non-
pressed free eyes see the image in a different place from that in which the real
object is, such as the eyes of squinting people, who see two as one, or those who
have only one squint eye. And though other eyes, which squint less, get less
deviation between the image and the real object, and eyes which are quite normal
do not get any deviation, nevertheless, — since no perfect proof can be given
of that perfect straightness (for two eyes equally situated may each have defective
sight and still do not see two images as one) — the postulate seems to be founded
on sufficient reasons.

Note also that, apart from the eye, there are several other causes for the image
to deviate from the real object, for example objects we imagine to see in water;
for no man has ever seen either any real object in water, or the same image he
can see of it in the air, secing instead a different image in a different place.
Which is apparent from the fact that if a penny or another object lies on the
bottom of an empty vessel in such a way that we cannot see that penny, or,
properly speaking, the image of that penny, because of the side of the vessel,
and if this vessel is thereafter filled with water, we apparently do see the penny
quite definitely, but it is not the real penny itself, nor the image we can see in the
air, but a different image caused by the water. And the same thing happens with
the heavenly bodies, the images of which are seen above the horizon before the
real lights themselves are above it, which is a different image caused by the
moisture of the air. Various other changes of these images are also found through
fire, through curved glasses, and in shining, mirror-like substances, but since the
discussion of these pertains rather to catoptrics, we have included them there, and
omitted to speak of them here. '

2nd POSTULATE

That 2 point, line or plane, given in the glass, also serve as their own images,

. * This word has been omitted in the Dutch text.

~
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NV DE
"VOORSTELLEN.

1 VERTOOCH ' VOORSTEL,

De rechee lini tuflchen tvvee fchacuvven van ver-
{chaculicke punten, isfchaeu der verfchaculicke rechte
lini tufichen de felve tvvee verfchaculicke punten.

TGHEGHEVEN, Lact A hetoogh beteyckenen,de rechtelini B Chet glas
overcant ghefien,D en E twee ver-

- Ichaculicke punten, en de rechte li- 8 o

Quefium.

Demonfira- ’
tis,

Conclafio,

Parallela,

ni tufichen beyden,dasD E, {y de
verfchaeulicke lini : Daer na ghe-
trocken de rechiclinien AD, AE,
fy deurbooren t'glas in F en G, , :
welcke twee punten F en Gdeur —F 51 E
d'cerfie begecrte {chacuwen moe- C |

ten fijn der verfchaculicke pun-

tenDenE. TBEGHEERDE Wymocten bewijfen,dat delini F G fchaeny
is der verfchaculicke DE.

TBEWYS.

Ghelijck tverfchaeulick punt D,voot fchacu heeft Fien ¢verfchaculick punt
E, voor fchacu G ,alfoo moet openbactlick alle verfchaculick punt tufichen
Den E,fijn fchacu hebben wifichenF en G, en vervolghensde liniFG, moet
fchaeu fijn vande verfchaeulicke D E.

Maer foo t'ecn verfchaenlick puntalsE, gheftelt waer int glasals hierne.
vens,het fal deur de tweede begeer-
tc voor fijn felfs fchaen verilrec- B
ken,en F E fal openbacrlick fchaen
fijnvanDE, TeEsLvyT. De

_xechte -lini dan tufichen twee

fchacuwé van verfchaculicke pun-
ten, is {chacu der verfchaculicke 4 }:l'
rechre lini wfichen der felve twee c
verichaeulicke punten, t'welck wy

bewijfen moeften, '

2 VERTOOCH : VOORSTEL

Evevvijdeghe verfchaculicke linien ghefien fijnde deur
tglasdatevevvijdichis metce evevvijdeghe: Haer fchaeu-
vven fijnintglasoock evevvijdeghe.

Alst’glas met evewijdegheverfchaculicke linicn onevewijdich is,foo en vere
fchijnen hun fchacuwen dacrin niet evewijdich,ghelijck int volghende 3 voor-
fie]
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NOW THE PROPOSITIONS

1st THEOREM 1st PROPOSITION

The straight line between two images of points is the image of the straight
line, joining the said two points.

SUPPOSITION. Let A signify the eye, the straight line BC the glass viewed
transversely, D and E two object points, and let the straight line- joining the two,
7.e. DE, be the object line. If thereafter the straight lines AD, AE are drawn,
they pierce the glass in F and G, which two points F and G by the fisst postulate
must be images of the points D and E. WHAT IS REQUIRED. We have to prove
that the line FG is the image of the line DE.

PROOF

Just as the point D has F for its image, and the point E has G for its image,
so must any point lying between D and E clearly have its image between F and G,
and consequently the line FG must be the image of the line DE.

But if the one point, such as E, lies in the glass, as shown opposite, then it
will by the second postulate serve as its own image, and FE will clearly be the
image of DE. CONCLUSION. Hence the straight line between two images of
points is the image of the straight line joining the said two points; which we
had to prove.

2nd THEOREM 2nd PROPOSITION

If parallel lines are viewed through a glass parallel to the parallel lines, then
their images are also parallel in the glass.

If the glass is non-parallel to parallel object lines, then their images do not
appear parallel therein, as is to be proved in the subsequent 3rd proposition. But
we will here prove that the converse bappens if the glass is parallel to the
parallel lines.
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flel (2] bewefen worden: Maert'verkeerdete ghebeuren als cglas mette evewij-
deghe verfchaculicke linien evewijdich is, dat fullen wy hier bethoonen.
TGHEGHEVEN. Laet ABen CD wwecevewijdege verfchaculicke linien
wefen, Ehetoogh, en deur FG firecke het glas evewijdich mette twee evewij-
deghc ABen CD. TBrGHEERDE Wy
moeten bewijfen datde fchacuwea van ABen
C D intglasoock evewijdeghe fijn.
TBEREYTSEL Lactghetrockenworden
detweclinien AC,B.D, ende vier ltralen E A,
- EB, EC, ED, vervanghende de ¥ naclde
E'ABDC, endeurboorendet'glas inH,F,LG.

TBEWYS.

FH chacu te fijn der verfchaculicke A Bien 1G van € D isdeur het 1 voot-
fictopenbacer,  Maerde felve twee fchacuwen FH,1G , oock evewijdeghe te
wefcn, wortaldus bethoont : Anghefien.de naelde E A B D C, dooifnecn is
met ecn plat H F 1 G evewijdich vanden gront A B C D,foo moetde fne gelijck
fijnanden fclven gront AB C D: DacromFH G is ghelijck.an ABCD, in
welcke F H * lijckftandighe fijnde met AB,en 1G met C.D, voornt wefend® Homologa:
A B et C D oockevewijdeghe, foo moct HF met G [ oock evewijdeghe fijn:
TBEsLVYT. Evewijdeghe verfchacilicke linien dan ghefien fijnde deut
t'glasdatevewijdich is mette evewijdeghe : Hacr fchacuwen' fijn. int glas. oock
evewijdeghe, 'welck wy bewijfen moeflen. -

VERVOLGH,

Tblijckt uyt het voorgacnde,dat cen verfehaculick plat evewijdich vantglas

wefende,altijc cen cleender fchacu gheefi lijckformich an t'verfchaculick plat.
3 VERTOOCH 3} VOORSTEL

Evevyijdegheverfchaeulicke linien ghefien fijnde deur
t'glas dat onevevvijdich is mette cvevvijdeghe , en haer
fchacuvven daerinvoortghetrocken vvefende; {y verga-
renin een felve puntdesftracls, dat evevvijdich ismerte
ver{chaculicke cvcvvijdc§hc; en de felve verfchaculicke
oock evevvijdich vvefende mette vlocr ; hacr facmpunt
comt foo hooch boven devloceralshecoogh.
. TcoHEGHEVEN. Lact AB enCDitwee evewijdege verfchaeulickélinien
wefen, E bet cogh, F de voet,tiffchen welcke ghetrocken isde fienderflijn EF,,
en ujt hiet oogh E de oneyndelicke E G, evewijdeghe met A B beteyckenende
gen firael. Voorr de lini'F Hevewijdeghe met A B., fnyende A€ inl, en ghe-
rakende B Din H. Dacrna 1 K met H L, beyde evewijdeghe en even mict FE:
En deor A CK {y gherrocken eenglas dat onevewijdich s mette evewijdeghe
ABenC D, dacr afde glafgront fy A C. En de fchaeuwen der verfchaeulicke
linicn A B,C D, verfthi)nendeint oneyndelick glas ; fijn A M, C N, deui-het

1voorfted. TREGHEERDE., Wy imoctenbewijendatdeflve AM,CN,
B yoort=
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SUPPOSITION. Let AB and CD be two parallel object lines, E the eye, and
let the glass through FG be parallel to the two parallel lines AB and CD. WHAT
IS REQUIRED. We have to prove that the images of AB and CD are also parallel
in the glass.

PRELIMINARY. Let there be drawn the two lines AC, BD, and the four rays
EA, EB, EC, ED, containing the pyramid EABDC and piercing the glass in H,
F 1, G,

i

PROOF

It is clear from the 1st proposition that FH is the image of the line 4B, and
IG of CD. But that the said images FH, IG are also parallel is proved as follows.
As the pyramid EABDC is intersected by a plane HFIG, parallel to the base
ABCD, the section must be similar to the said base ABCD. Therefore FHGI is
similar to ABCD, in which, because FH is homologous to AB, and IG to CD,
while further AB is also parallel to CD, HF must also be parallel to GI.
CONCLUSION. If therefore parallel lines are viewed through a glass parallel =~
to the parallel lines, then their images are also parallel. in the glass; which we
had to prove.

SEQUEL

It appears from the foregoing that a plane figure parallel to the gle;ss always
gives a smaller and similar image.

3rd THEOREM - 7 3rd PROPOSITION

If parallel lines are viewed through a glass that is non-parallel to the parallel
lines, and their images therein are produced, they meet in the same point of the
ray that is parallel to the parallel lines, and if the said lines are also parallel
to the floor, their meeting point comes as high above the floor as the eye.

SUPPOSITION. Let AB and CD be two parallel lines, E the eye, F the foot,
between which is drawn the observer’s line EF, and from the eye E the infinite
line EG, parallel to AB, signifying a ray. Further the line FH parallel to AB,
intersecting AC in I and meeting BD 'in H. Thereafter IK and HL, both parallel
and equal to FE: And through ACK let there be drawn a glass that is non-parallel
to the parallel lines AB and CD, of which let the glass base be AC. Then the
images of the lines AB, CD appearing in the infinite glass are AM, CN, by the
1st proposition. WHAT IS REQUIRED. We have to prove that the said AM, CN,
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~te weten in K (t'welck

Plavum in-

-B,ghetrocken vorden een

ECD.

voortghetrocken  wefeii- ' R 9
de, vergaren fullen in een
felfde punt des firacls EG,

deur de¢ 12 bepaling het
faempunt is) foo hooch
boven de vlocr 4 als het
oogh daet boven comt.
TBEREYTSEL. Lact
deurde dric punten E, A,

* oncyndelick plat, fghe-
lijcx cen oneyndelick plat
deur de dric punten’

TBEWYS,

_ Anghefien de twecon-
eyndclicke  platten “deut
EABenECD, malcan-
det commen tefnyen int
punt E, foo mocthaer ge-
meene fne evewijdeghe
fijn met A B;Dacrom EG
is nootfakelick der felve platten ghemeene fne: T'welck foo fijnde,de vier pun«

* ten E,A B, L, ftacn altemaclin cen felve plat,alfoo cock doen in cen felve plat

devier punten E,C,D,1, Voottarghefien A M isde fchiacu der verfchaceulicke

* lini A B,die ghefien wort vant 6ogh E deur t'ghegheven,foo noet A M int fel.

ve plat fijn daer A Binis : Macer A B isint oncyndelick plat deut EA BL ;dacr-
om A Mismecint felve plat : Sy is oock int oneyndelick glasdeur t'ghegheven,

__dacrom de voortghétrocken A M comt delini EL (welveiftacnde ghemeene

fnc der twee plattenjte gheraken in K ; Maer de voortghetrocken C N oock te
moeten commen tottet felve punt K, dat wort aldusbethoont: C Niis (om al-
fulcke redenen als van-A M vetclaert fijn) int oncyndelick plat deut ECD L,

- oock int oneyndelick glas A CK: Daerom de voorighetrocken C N, moet de

ghemeene foe EG dértwec oneyndelicke platten ergheis ontinocten : Latet
fijn waertmeughelick in eenich punt-tufichen K en G, of tufichen Ken E;
Maetalle foodanighe putten ijn buyten het glas, daerom de rechte lini C N
wefende int glas, en techt voortghetrocken fijnde, foude: connen buyten het
glasloopen;t'welck onmeughelick is:Maerquaemfe hoogher of leegher dande
lini EG, fy foude moeten buyten het oneyndelick plat EC D L loopen, ' welck
oock nietghefchien encan. AM dan ea C N voortghetrocken fijnde,vergaren
in ¢en felve piint des ftracls EG. -Angacnde dat het faempunt K foo hooch bo-
ven de vioer comealshet cogh E,blijckt dacran,dat K 1 en EF evewijdege fijn,
tufichende evewijdeghe EK,F1, _

Wy hebben tot hier toe bethoont dat de fchacuwen A M, C N, voortghe-
trocken fijade,in cen fclve punt vergaren,en dat van twee verfchaculicke linien

. AB,CD, dicbeydeint plat A B C D ligghen: Macr om te verclaren deghee
" meenheytdes voorftelsoveralle evewijdeghen, oock in ¢en ander plat wefens

de,foo
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when produced, will meet in the same point of the ray EG, to wit in K (which by
the 12th definition is the meeting point) as high above the floor as the eye comes
above it.

PRELIMINARY. Let there be drawn through the three points E, A, B an infinite
plane, and likewise an infinite plane through the three points E, C, D.

PROOF

Since the two infinite planes through E, 4, B and E, C, D intersect in the point
E, their intersection must be parallel to AB. Therefore EG .is necessarily the
intersection of the said planes. This being so, the four points E, 4, B, L are all
in the same plane, and so are in the same plane the four points E, C, D, L.
Further, since AM is the image of the line AB, which is viewed by the eye E
by the supposition, AM must be in the same plane in which AB is situated. But
AB is in the infinite plane through E, A4, B, L; therefore AM is also in the same
plane. It is also in the infinite glass, by the supposition, therefore AM produced
will meet the line EL (i.e.: the intersection of the two planes) in K. But that CN
produced must also meet the said point K is proved as follows. CN is (for the
same reasons as have been advanced for AM) in the infinite plane through
E, C, D, L, also in the infinite glass ACK. Therefore CN produced must meet
- the intersection EG of the two infinite planes somewhere. Let this be, if possible,
in some point between K and G, or between K and E. But all such points are
outside the glass, therefore the straight line CN, if it 'were in the glass and were
produced straight, might extend outside the glass, which is impossible. But if it
came higher or lower than the line EG, it would have to extend outside the in-
finite plane ECDL, which cannot happen either. AM and CN produced will
therefore meet in the same point of the ray EG. As to the fact that the meeting
point K comes as high above the floor as the eye E, this is apparent from the
fact that KI and EF are parallel lines, between the parallel lines EK, FI.

We have so far proved that the images AM, CN, if produced, meet in the same
point, such for two lines AB, CD, both of which lie in the plane ABCD. But
in order to set forth the general applicability of the proposition to all parailel
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de,foo lact ghetrocken worden ¢en verfchaeulicke lini OP, evewijdeghe met
A B,maer wefende boven de (elve A B, inceén ander plat dan ABCD, ende
wefende ¢ punt O, neeniick,in A M, en Pin LB: Daerna fy ghetrocken EP,
fnyende A Kin Q:Dit foo (‘ jnde, r'is kennelick dat ghchyd; A M fchacnisvan
A Balloomoct O Qfchacu fijn van OP. Macrditdefelve O Q_voortghetroc-
ken, oock int faémipurit K vergaert, blijckt openbactlick. TBESLVYT. Eve-
w:;dcghc verfchaculické hmcn dan,gheﬁcn fijnde deurt'glas dat onevewwijdich
ismette evewijdeghe,én haéi {chacutven daet in voonghetxockcn wefeiide, fy
vergaren incen felve punt des firaels dar evewijdich is mene chfchaculxckc
evewijdeghe; en defelye verfchaculicke oock evewijdich wefende mette vloet,
haer facthpunt comt foo hoach boven de vloei als hiet oogh; vwelck wy bcwu-
fen mocften.

MERCKT,

Soo ymant metter dact wilde fien ; ghelijck fijn VORSTELICKE GHE-
NADE felfghedaen heeft, het inhoudt des voorgaenden vertoochs, dic mach
aldus doen: Hy fal trecken tivee ev cwijdeghe linien met crijt of ghcfpanncn
coorden,of dierghelijcke, op eeneffen * fichteinderfchen folder of vioer, dat is Horizousales
die, ghch;ckmcn ghemeenlick feghrop waterpas light : Welcke twee cvewijs
dcghc linien beteyckent fijn met A B, C D; voort bediet E F de langde der fien-
detlijn , waer af F het oogh des hcndcxs bctcyckcm Voort oo ftaendertivee
- rechte houte reghels op de evewijdeghe, alsdé reghel . AG, enCH, crugecnde
malcander int punt I'; alfoo dattet felve | puntlisin fulckcn hooghdc boven dé
vloer,als hetoogh F, foodat I Keéven ismet FE. Dit foo wefende; hy falfien
darde *wijflijn A I xccht overcomt en flactvoor A B, enC | even voor C Dt Fiducials
T'welckmen alfoobevint hoerecht of fcheef, datmcn dic twee reghels oock fues
feli:1aal en valt de hangheridé lini van [ tot K, niet wiffchen de twee evewijde-
ge,macr verte daer buyten,als inde tiwcede forini. Men fal ‘oock fien dat alwaert
meughelick de rive verfchaeulicke evcwx;dcg,hc AB,; C D; metter daet oneyn-
delick voort te trec-
ken,daife evewel met- '
te vootfchreven wijf- ﬂ‘ S
lijn overcommé fou- F
den,endaerondet be-
deckt blijven. Maer
foomen tpunt der )
cruycing 1 hoogerof . e 2
lecgher brengt dan 4G A —
des fienders oogh F,
oft anderfins datren
het oogh fijdcling F
ftelt van [, alfoo dat
de rechre lini van F
tot I, niet evéwijdich
enwaer met AB,tis E K
onmcugelxckdlcwu('- A
lijnen beyde 'famen c ™
. op haer vooifchreven evewijdeghe te fien pafien. Dit fo0 verftaen wefende, en
datmen ﬁ)n felven inr ghedacht voorltelt,al oft d¢ twee wijllijacn ALCl fton.
den

B,
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lines, even if they are in a different plane, let there be drawn a line OP, parallel
to AB, but being above the said AB, in a plane other than ABCD, the point O
being, as I assume, in AM, and P in LB. Thereafter let there be drawn EP, inter-
secting AK in Q. This being so, it can be secen that just as AM is the image
of AB, so must OQ be the image of OP. But that the said OQ produced also
meets in the meeting point K is clear. CONCLUSION. Hence, if parallel lines
are viewed through a glass that is non-parallel to the parallel lines, and their
images therein are produced, they meet in the same point of the ray that is parallel
to the parallel lines; and if the said lines are also parallel to the floor, their
meeting point comes as high above the floor as the eye; which we had to prove.

NOTE

If someone should wish to see in practice, as his Princely Grace has done him-
self, the contents of the foregoing theorem, he may do as follows: He must draw
two parallel lines with chalk, or stretched chords or the like on a level horizontal
ceiling or floor, 7.e. situated, as is commonly said, at water-level; which two parallel
lines are designated by AB, CD; further EF denotes the length of the observer’s
line, on which F signifies the eye of the observer. Further there stand two straight
wooden rulers on the parallel lines, as the rulers AG and CH, crossing each other
in the point I, so that the said point I is situated at the same height above the floor
as the eye F, so that IK is equal to FE. This being so, he will see that the reference
line Al covers AB, and CI likewise covers CD. This is so found, however straight
or inclined those two rulers are placed; nay, even though the vertical from I to K
should fall not between the two parallel lines, but far beyond them, as in the
second figure. It will also be seen that, even if it were possible in practice to
produce to infinity the two parallel lines AB, CD, they would correspond with
the above reference line and remain covered thereby. But if the point of the
crossing I is brought higher or lower than the observer’s eye F, or else the eye
is placed aside of I, in such a way that the straight line from F to I bc not parallel
to AB, then it is impossible to see those two reference lines. covering together
their aforesaid parallel lines. If it is understood thus and imagined that the two
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den en'verfchenen in cen glas,als voortghetrocken fchacuwen van A B,C D
men fiet hoe hacr vergaring ghebeurt op ecn felve punt,datsint facmpunt foo
hooch boven dé vloer als het cogh. T'felve bevintmen oock alfoo fiellende de
. 1eghels op ander vegfchaculicke linien evewijdich met A B, in platten hoogher
of leegher dan ’plar A B D C. Van alle welcke dinghen de oirfaken int bove-
Mathema-  fchreven 2 vooritel * w1fconﬂchck bewefen fijn.

icd,
4 VERTOOCH 4 VOORSTEL.

Welende verfcheyden partien van verfchaculickeeve-

vvijdeghe linien die mette vloer oock cvcvquxch fijn,

- maermetret glasonevevvijdich,en ‘d’een partie det éve-

vvijdeghen onevevvijdichvan d’ander: Haer verfcheyden
facpunten fijnaleven hooch boven deglafgront. -

Leplaw.. TGHEGHEVEN. Lact ABCDEFGH IK fijiide *gtomtc)ckcnlnvdes
Cirediin-  4ecls van cen oirdentlicke fterckee, hebbende int gheheelachtbolwercken *int

fx?,’f.}&"““' rondt befchrijvelick, van welcke dlt decl de twee begrijpt, L y 'ﬁamreyckc-. 7
hing,M N glafgront, diensglas rechthoutkich op de vloer, ﬁrccktdemdctwcc S

. ‘uytérfte puntender bofwercken', dats oock evewijdich” mene groote gordine

" ‘tuffchen beyden, O isdevoet, OPﬁcndcrmact even ande fienderlijn’ di¢ bo-

ven O bedacht wort rechthouckich opde vioer: Dé wallen hebben fes linicns

Furrafierpa. D' cerfte beicyekent hetbugtenfie der * buytenfchde : Van daer totfe tweede
lini is de breede des belchoeyfels: Totte derde isde breede des boflweers: Totte

" vierde isdebreede desbancx: Totte vijfde isde breedé des wechs op de wal: Totte

fefte isdebreede der binnefchoc waer 4f inde ﬁamteyckcnmg L opendickc:

) -

o

P

wrclanng te fienis. Indefe grondnzyckenmg fijn feven vcrf'chcyden parr!en
wn cvewijdeghe rechte linien mact d'éen partié onevewijdich van d'anders
D'e-
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reference lines AI, CI stood and appeared in a glass, as produced images of AB,
CD, it is seen how their meeting occurs in the same point, i.e. in the meeting
point, as high above the floor as the eye. The same is also found if the rulers
are placed on other lines parallel to AB, in planes higher or lower than the plane
- ABDC; the causes of all these things have been proved mathematically in the
aforesaid 2nd proposition.

4th THEOREM B 4th PROPOSITION

If there are various groups of parallel lines, which are also parallel to the floor,
but non-parallel to the glass, while one group of parallel lines is non-parallel
to the other, their various meeting points are all equally high above the glass base.

SUPPOSITION. Let ABCDEFGHIK be the ground-plan of the part of a regular
fortification, having in all eight bulwarks that can be inscribed in a circle, of
which this part comprises two; let L be the vertical plan, MN the glass base,
whose glass, at right angles to the floor, extends through the two extremities of
the bulwarks, 7.e. also parallel to the large curtain between the two; O is the
foot, OP the observer’s measure, equal to the observer’s line which is imagined
above O at right angles to the floor. The walls have six lines: the first signifies
the outside of the outward slope; from there to the second line is the width
of the slope; to the third is the width of the parapet; to the fourth is the width
of the foot bank; to the fifth is the width of the walk on the wall; to the sixth
is the width of the inward slope, which is shown more clearly in the vertical
plan L. In this ground-plan there are seven various groups of parallel straight
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D'ecrfte partie van twelf linien,teweten fesdergroote gordine A, mette fes des
frijckweers I, die mette linien van A evewijdich vallen , om dattet deel is van
ecn oirdentlick achthouck: De tweede partie van iwelf linien | te weten fes des
firijckweers B,en fes der groote gordine K :De derde partie fes cvewijdeghe.van
C:De vierde fes eveivijdeghe van D: De vijfde twelf evewijdeghe van E met F:
De fefic,fes evewijdeghe van G: Dé fevende, fés evewijdeghe van H. Angdende
de fes evewijdeghe der groote gordine,dic evewijdich fijn mettet glas M N,haet
voortghetrocken fchacuwen en hebben gheen faempunt deur het 2 voorftek
Boven alde voorfchreven linien worden de verfchaeulicke bedocht even-en
‘evewijdeghe metec felve, macr elck foo hooch boven de vloer, als de ftantieyc-
kening L anwijtt. Sulcxdateet fijn feven foodanighe partien van linien , heb-
bende intglas datter rechithouckich bedocht wort op de vloer deur M N, feven
_ verfcheyden faempunten , welcke hier op de vloer beteyckent{ijn met QRSS,
T,V,X,Y, foo verre vande glafgront M N, alffe int glasdaer af commen, i€ we-
ten Qals faempunt der voortghetrecken fchacuwen vande verfchaeulicke bo-
ven A¢n [: En R faempunt der voortghetrocken fchaeuwen vande verfchacu.
licke boven B en K, en foo ofrdentlick voort met d’andér. S

TBEGHEERDE. Wymocten bewijfen dat die feven verfcheyden faem.
punten al even hooch boven deglafgront fijn.” TBEREY TsEL. Laet ghe-
trocken worden vande facmpunten Q en R , twee linien rechthouckich op dé
glafgrondt,welcke {ijn Q M, R N. Macr wane die fijn inde felve vioer daer de
ghegeven grontteyckening inis, en nochtans eygentlick behooren te wefen int
glas rechthouckich op de vlocr boven den glafgront M N, foo lact onsdenr t'ge-
dacht nemen datter op M N fulcken glas ffaet, endat de liniecn Q M, R N, ops
waert ghekeert worden dracyendeop de punten M, Ntot datfe fijir rechthoue-
kich opae vloerint glas. i i

TBEWYS.

.. Anghefien Q facmpunt isder evewijdeghen boven A en I, (taende mette lini
Q Mrechthouckich opde vioer deurt'bereytfel, en dat deur het 3 voorfiel het
facmpunt Q foo hooch is boven de vioer als het oogh boven de voet O, t'welck
foo veel isals O P, foo moet QM even fijn an O P. En met derghelijcke re-
deneri falmen bethoonen R N oockeven te fijnan O P, wacr deur oockQ M
en R N even fijn,en vervolghens detwee faempunten Qen R fijneven hooch
boven de vioer : Sghelijck fal oock bethoont worden vanal d'ander faempun-
ten. TBESLVYT. Wefende dan verfcheyden partien van verfchacnlicke
evewijdeghe liniendie merte vloer cock evewijdich fijn, maer metiet glas on-
cvewijdich,en d’een partie der evewijdeghen onevewijdich van d’ander: Haer
wverfcheyden faempunten fijnal even hooch boven de glafgront,twelckwy be-
wijlcn mocften,

' WERCKSTICK. 5 VOORSTEL.
Wefende ghegeven een verfchaeulick puntinde vioer,

tglas rechthouckichopdevloer, de voct, en de fiender-
lijn:Sijn fchaeu revinden.

Problema,

1' Voorbeclt met wyifconitighe vyercking. Maber
TGHEGHEVEN. Lact A cen verfchaculick punt fijn inde vioer, B C de timel

glafgront,diens glas op de vloer rechthouckich bedocht wort, D de voet, waer
opwy,
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lines, but one group non-parallel to the other: the first group of twelve lines,
to wit six of the large curtain A, with the six of the flank I, which are parallel
to the lines of A, because it is a part of a regular octagon. The second group of
twelve lines, to wit six of the flank B and six of the large curtain K. The third
group of six lines parallel to C. The fourth of six lines parallel to D. The fifth
of twelve lines parallel to E and F. The sixth of six lines parallel to G. The
seventh of six lines parallel to H. As to the six parallel lines of the large curtain,
which are parallel to the glass MN, their produced images do not have’ any
meeting point, by the 2nd proposition. Above all the aforesaid lines the object -
lines are imagined equal and parallel to them, but each as high above the floor
as the vertical plan L indicates, so that there are seven such groups of lines, which
in the glass that is imagined at right angles to the floor through MN have seven
various meeting points, which are here denoted on the floor by O, R, §, T, V, X,
Y, as far from the glass base MN as they are therefrom in the glass, to wit O as
meeting point of the produced images of the object lines that are above A and I;
and R the meeting point of the produced images of the object lines that are
above B and K, and thus regularly on with the others.

WHAT IS REQUIRED. We have to prove that those seven various meeting
points are all equally bigh above the glass base. PRELIMINARY. Let there be drawn
from the meeting points Q and R two lines at right angles to the glass base, which
are OM, RN. But because these are in the same floor in which the given ground-
plan is situated, and yet should really be in the glass at right angles fo the floor above
the glass base MN, let us imagine that such a glass stands on MN, and that the
lines OM, RN are turned up, revolving about the points M, N until they are at
right angles to the floor in the glass.

PROOF

Since Q is the meeting point of the parallel lines above A and I, with the line
OM at nght angles to the floor by the preliminary, and since by the 3rd pro-
position the meeting point Q is as high above the floor as the cye above the foot
O, which is as much as OP, QM must be equal to OP. And with similar reasons
it can be proved that RN is also equal ‘to OP, in consequence of which QM and
RN are also equal, and consequently the two meeting points Q and R are equally
high above the floor. The same can also be proved for all the other meeting
points. CONCLUSION. Hence, if there are various groups of parallel lines, which
are also parallel to the floor, but non-parallel to the glass, while one group of
the parallel lines is non-parallel to the other, their various meeting points are all
equally high above the glass base; which we had to prove.

1st PROBLEM 5th PROPOSITION

Given a point in the floor, the glass at right angles to the floor, the foot, and
the observer’s line: to find its image.

15t Example, with Mathematical Operation

SUPPOSITION. Let A be a point in the floor, BC the glass base, whose glass is
imagined to be at right angles to the floor, D the foot, on which we imagine an
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~ opwy deurt’ghedachtnemen een fienderlijnte ftaen; even'ande fiendermaet
D, rechthouckichopdeé vioer. TBEGHEERDE. Wy mocien defchacu
des verfchaeulick punts A vinden. :

TWERCK

Ten eerften treck ick vande voet D totinde glafgront BC, de vioerlijnDF
foot valt, uyrghenomen dat by aldien de felve vioerlijn voortghetrocken wier-
de, nict en firecke deur ’ghegheven verfchaculick punt A, wacr afde reden hiet
na verclaert fal worden. .

Ten tweeden vant vioerlijnraeckfcl F,de fiendermaet FG rechthouckich op
deglafgrondt B C,en even ande fiendermaet DE. ‘

Ten derden, vant ghegheven verfchaculick punt A, delini A H,cvewijdeghe
mette vioerlijn DF, fnyende de glafgront BC in H, alshaer eerfte foe.

“Ten vierden, de lini G H, welckeick hier en int volghende faemlijn noem,
om datfeint werck der verfchaeuwing daermen evewijdeghen verfchacut als
faemlijn is,diens facmpunt G en in haer hebbendede fchacuvan AH.

Ten vijfden,delini vant verfchaeulickpunt A totte voet D, fnyendede glafe -
gront B Cinlalstweede fne,

Ten feften, vande tweede fneLeen lini rechthouckich op de glafgront BC,
tot datfe de faemlijn G Hontmoet,*welck fyin K.

A g

K
H# A F
B e
X
{ .
5
y )

Ditfoo fijnde,ick fegh t'punt K de beghecrde fchaen te wefen des verfchaeu- -
lickpunts A, twelckmen aldus verftaen fal: Genomen dattet platdacr de fchaea
Kin isalsintglas,deur t'ghedacht fcheydelick fy vande vloes,endracyende op de
glafgiont B C alsas;rechthouckich gheftelt worde op de vioer, dat oock fgelijcx
overcynde gheftelt worde rechthouckich op de felve vloer delini E D, blijven-
det’punt D vaft,en commende E inde locht als oogh: T'welck foo wefende,ick
fegh dat al(dar her oogh E, v'punt K,en t'verfchaculickpunt A | alledricin een
sechte lini fijn,en dacrom K fchaeu van A.. o ‘

TBEREYTSEL VAN TBEWYS.. Wantde bovefchreven fcheydingdes.

" glasvande vioer deur t'ghedacht , duyfter mocht valien , wyfullen die dadelick '.

fcheyden als volghit: Laet detwee voorgaende formen hierandermael verteyc--

_kent worden, doch alfoodatmen deur 'behulp van dobbel papier, de téycke-

ning dic heur verftaet int glas te moeten commen, fcheyden mach vande teyc-
* ' ‘kening
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observer’s line equal to the observer's measute DE, at right angles to the floor.
WHAT IS REQUIRED. We have to find the image of the point 4.

PROCEDURE

In the first place I draw from the foot D to the glass base BC the floor line
DF, in any way, except that if the said floor line were produced, it should not
pass through the given point A, the reason of which will be explained hereinafter.

Secondly I draw from the floor-line glass point F the observer’s measure FG, at
right angles to the glass base BC and equal to the observer’s measure DE.

Thirdly, from the given point A the line AH, parallel to the floor line DF,
intersecting the glass base BC in H, as its first intersection.

Fourthly, the line GH, which I call, here and in the sequel, meeting line,
because it serves as meeting line in the operation of perspective where parallel
lines are projected, their meeting point G, and having in it the image of AH.

Fifthly, the line from the point A to the foot D, intersecting the glass base BC
in I, as second intersection.

Sixthly, from the second intersection I a line at right angles to the glass base BC
until it meets the meeting line GH, which shall be in K.

This being so, I say that the point K is the required image of the point A,
which is to be understood as follows. Let us assume that the plane in which
the image K is situated, as the glass, be in thought separable from the floor and,
revolving about the glass base BC as axis, be placed at right angles to the floor;
that there be likewise placed erect, at right angles to the said floor, the line ED,
the point D remaining fixed, and E coming in the air as eye. This being so, I say
that then the eye E, the point K, and the point A are all three in a straight line,
and therefore K is the image of A.

PRELIMINARY TO THE PROOF. Because the above-mentioned separation in
thought of the glass from the floor might seem obscure, we shall separate them
in actual fact, as follows: Let the two preceding figures be drawn here once

again, but in such a way that by means of double paper it is possible to separate
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keninginde vloer, datmen oock de ghegheven fiendermact D E inde vloeral$
fienderlijn overeynde mach fiellen draeyende 'glas op den glafgrondt BCals
as,en de fienderlijn op de voct D, om alfoo t'glas en de fienderlijn beyde recht-
houckich opde vioer e connen ftellen,wel€ke ick hier neem dadelickalfoo ge*
frele te fijn. :

A 4

TBEWYS.

Anghefien t'glas dact Kin is, en de fienderlijn D E, detir t'beteytfel nu bey-
de rechthouckich op de vioer ftacn ; foo fegh ickdatde rechte linivantoogh E
deur t'glastottet verfchaeulickpunt A, t'felve glas deurboortin K;als chact van
A, Ywelckaldusbethoont wort : T'verdoche firacl van E 1ot G iscvewijdich
met D F,en D Fevewijdich met H A deur twercx derdelidt,waer deur EG eve-
wijdegheismetH A , en dacrom is G faempunt der voorighetrocken fchacu
vande verfchaeulicke H A deur hiet 3 voorfiel, wacr deur de {chaeu van H A inde
facmlijn G H moet fijn,en dacrom iscock de fchaeu van A in H G: Syis oock
int oneyndelick plat fireckende deur A E D.: Macr t'fclve plat fnijt HG inK,
dacrom K isdefchacuvan A, '

MERCKT,

Intwercx ecxfte lide is ghefeyt dat de voortghetrocken vioeslijn D F, niet
ftrecken en moet deur U'ghegheven punt A: De reden is datinen anders doen-
de,foo foudeint derde lid het vloerlijnracckfe! F, en d'eerfte glafgrontfne H, al-
tijtin eenfelve punt vallen, mctiet welcke men openbaerlick tot gheen befluyt
engheraeckt: Waer uytnoch ditvolght: Wanneermen de vioesdlijn D Ffoo
trecke, dattet vioerlijnraccklel feer na valt by d'eerfte glafgrontfne H, het dade.

lick werck en heeft de mecfte fekerheyt niet,hoe wel datietin * wifconftich an- Metbomes

fienal een felveis.

Cortheyt opt 'We(clza

Sooder inde vioer wareh twee of meer ghegheven verfchaeulicke punten
gheljck A,vallende altfamen in eenrechte lini, men mach cottheyishalven de
lini'als A H cerft deur dic twee of mecr punten trecken, en de vicedijnals DF,
dacrme evewijdich , opdat detwee linienals A H, GH, in elck verfchaeulick
punts vinding der fchacu de felve blijven.

2 Veor-

sicd confulee
ratione,
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the drawing that is to come in the glass from the drawing in the floor, and that it
is also possible to place the given observer's measure DE erect in the floor as
observer’s line, the glass revolving about the glass base BC as axis and the ob-
server’s line about the foot D, in order that the glass and the observer’s line may
thus both be placed at right angles to the floor, which I here take to be so placed
in actual fact.

PROOF

Since the glass in which K lies and the observer’s line DE by the preliminary
are now both at right angles to the floor, I say that the straight line from the
eye E through the glass to the point A pierces the said glass in K, as the image
of A, which is proved as follows: The imagined ray from E to G is parallel to
DF, and DF is parallel to HA by the third section of the procedure, in conse-
quence of which EG is parallel to HA, and therefore G is the meeting point of
the produced image of the line HA by the 3rd proposition, in consequence of
which the image of HA must be in the meeting line GH, and therefore the image
-of A is also in HG. It is also in the infinite plane passing through AED. But the
said plane intersects HG in K, therefore K is the image of A.

NOTE

In the first section of the procedure it has been said that the floor line DF
produced should not pass through the given point A. The reason is that, if we
did otherwise, in the third section the-floor-line glass point F and the first inter-
section H with the glass base would always fall in the same point, by which
means we cleatly do not reach any conclusion. From which also follows this:
when the floor line DF is so drawn that the floor-line glass point falls very close
to the first intersection H with the glass base, the practical procedure does not
have the maximum of certainty, although mathematically considered it is all one.

Abridgement of the Procedure

If there are in the floor two or more given points like A, all falling in a straight
line, one can for brevity’s sake draw the line as AH fisst through those two or
mote points, and the floor line as DF parallel thereto, in order that the two lines
as AH, GH may remain the same in the finding of the image of any point.
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Mcharici 2 Voorbeelt * tmychuverckelick.
cpel . ..

b ‘Wanneermen de fchaeu van een verfchaeulickpunt , nict en teyckent incen

befonder platals glas,maer ind¢ vioer felf,ghelijck hier vooren.om rbewijs wil-

Mashema 1€ * Wifconflelick gedaen is, en datterveel punten te verfthacuwen waren, haer

1ice, ~ fchacawen fouden mette verfchaeulicke punten |, en anderlinien der wercking

feer verduyflert worden : Omt'welck te voorcomen , wy fullen pu verclaren

hoemeninde dadelicke verfchacuwingdie fchacu teyckentop cen befonder plae

. alsglas. TGHEGHEVEN, - Laet tot defen eynde A endermacl cen ver-

fchaeulick punt fijninde vioer,B C de glafgrondt, diens glasopde vlocr recht.

houckich bedocht wort, D de voet,waer op wy deur t’gedacht nemen cenfiens - -

derlijn te flacn, evenanide fiendermaet D E | welcke lienderlijn ghelijck 'glas
oock rechthouckichopdevloeris. TBEGHEERDE. Wy moctende (chacu
despunts A vinden. : A
TBEREYTSEL VANT TVYCHWERCKELICK WERCK. Icktreck
vandc voct D, tot inde glafgront B C, de vloerlijn D F foot valt, uytghenomen
datbyaldiende felve vloerlijn voorngetrocken wicrde, nict en ftrecke deur t'ge-
gheven verfchaentick punt A ; en verlang de felve vioerlijn op beyden fijden
verre ghenouch , om daer op de volghende wercking te connendoen. Daer na
Homologum, treck ick op cen ander plat int welck alsglas ick de fchacu begheer, de verborgen
1ini G Halsglafgront,daer in teyckenende t'punt I,als *lijckflandich mect F,dace
nadeverbosghen lini 1K rechthouckich op de glafgront G 1, en alfoo darde
felve IK alsfiendermact int glas , even fy ande ghegheven fiendermact D Es
Daer pafyde Klve fiendermact LK verre ghenouch voorighetrocken.

.
ot

o & IE

B
Dit bereyifel aldus censgheftelt fijnde,wy fullen nu verclaren deur ditghe-
gheven verfchaculick punt A inde vioer, hoe de fchacuwen vanalle ghegheven
ver{chaeulicke punten inde vloer, gheteycként worden int glas, endatdeur fes

dArticulos.. #Jeden.

Het tnychvverckelick wyerck. .

Ten cerften ftel ick d'cen voet des paflers int ghegheven verfchaeulick punt
A, d’ander inde verlangde vioerlijn D F, alfoo datde vesdochte rechté anil van
. : con
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2nd Example, by Mec)]animl Operation

When the image of a point is not drawn in a special plane as glass, but in the
floor itself, as has been done mathematically above for the sake of the proof, and
when there are many points that have to be drawn in perspective, their images
would be greatly obscured by the points and other lines of the operation. In
order to prevent this, we shall now explain how in practical perspective that
image is drawn on a special plane as glass. SUPPOSITION. To this end let A
again be a point in the floor, BC the glass base, whose glass is imagined at right
angles to the floor, D the foot, on which we imagine an observer's line, equal
to the observer’s measure DE, which observer’s line, like the glass, is also at right
angles to the floor. WHAT IS REQUIRED. We have to find the image of the
point A.

PRELIMINARY TO THE MECHANICAL PROCEDURE. I draw from
the foot D to the glass base BC the floor line DF, in any way, except that, if the
said floor line is produced, it should not pass through the given point A, and 1
produce the said floor line at either end far enough to enable the following oper-
ation to be applied to it. Thereupon I draw in another plane, in which as glass
I require the image to be, the hidden line GH as glass base, marking therein the
point I as homologous to F, thereafter the hidden line /K at right angles to the
glass base G, and in such a way that the said IK, as observer’s measure in the
glass, be equal to the given observer's measure DE. Thereupon let the said ob-
server’s measure IK be produced far enough.

This preliminary having thus been given, we shall now set forth by means
of this given point A in the floor how the images of all given points in the floor
are drawn in the glass, such in six sections.

Mechanical Procednre

In the first place I put one leg of the compasses in the given point A, the other
in the floor line DF produced, in such a way that the imagined straight line from
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d'een voet des paffers tot d'ander, uyter oogh ten naéflen by rechthouckich
comt op de felve vérlangde vioetlijn D F en blijvende dart dicn voerop A onbe.
weeghlick, men befchrijft metd'ander een verborghen booghsken, t'welck ge-
rakende die verlangde vioerlijn D F fonder fnyen, ick heb op den paffer de be-
gheerde langde. ~ » o )

Ten tweeden de paffér fbo wijt open blijvende ,ick ftel d'cen voet inde ver-
langde vioetlijn D'F, d'anderinde glafgront B € en alfoodat delini tuflchen die
_ twee voeten des paflers, weerom uyter oogh rechihouckich comme op de ver-

langde vioerlijn D F,dat verfouckende met een verborghen booghskenal(voo-
sen,cn d'ander voct valt dan by voorbeelt an L als eerfte fue.

Ten derden neew ick metie paffer de langde van: vioerlijnracckfel F ot d'eer-
fte fne L,en breng die van des glas vioerlijnracekfcl I, na G inde glafgront,wele-
ke valt ncem ick 1ot Malscerfte fne. ]

Ten vierden treck ick de verborghen facmlijn vant fzempunt K, tot d’ecrfte
fne M.

Ten vijfdeh legh ick cen rechte reghel opde voet D, en tverfchaculickpunt
A,welcke séghel fnyende de glafgront B Cin Nals tweede fne,neem dan mette
patler de fangde vande felvewwcede fne N, tottet vioerlijnraeek (el F.

Ten feften ftel ick dan d'een voet des pafiers inde verlangde iendermact 1K,
d'ander indefaemlijn K M, maer alfoo dat de bedochte lijn tuflchen de twee
vocten des paflers, uyter oogh rechthouckich valle op de verlangde fiender-
maet | K, my verfckerende met te befchrijveneen verborghen boochsken inde
verlangde 1 K, als int ecrfte lidt, end’ander voet valt dan inde faemlijn K M;an,
neem ick,O,voor begheerde fchacu. Waceraf tbewijs deur tvoorgacnde bewijs
des 1voorbecltsopenbaeris. TBESLVYT. Wefende dan ghegheven cen
verfchaeutickptint inde vloer, U'glas rechthouckich op de vloer,de voet, en ficn.
detlijn,wy hebben de fchacn ghevonden,nadeneyich,

2 WERCKSTVCK. 6 VOORSTEL.
wefende ghegheven een verfchaculickpunt boven de

vlocrindeloche, vglasrechthouckich opde vloer,de voet,
en ficnderlijn:Sijn {chaeu te vinden.

1 Voorbeelt met vpifeonstighe vvercking. Methensa

bicd dpera-

ToneeHEVEN. Lact Accnpuntfiji inde vioer, waer ap verdocht wort ma#re
cenrechie lini te facnevenan B C ; en rechthouckich opde felve, waer afhet
opperfte puntisvverfchaealickpunt boven de vioetinde locht: Voort fy D Ede
glafgront, diensglas op devloet rechthouckich bedochtwort , Fde voet, waer
opwydeur rghedacht nemen een fienderlijn te ftaen, even ande fiendermaet
¥ G, rechthouckichopde vioer, TBEGHEERDE. WY -mocten de fchacu
des verfchaculickpunts vinden, dats vaa t'uyterteder lini op Aevenan B Cyen
xechthouckich op de vioer,

C TVVERCK.
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one leg of the compasses to the other comes, to the eye, approximately at right
angles to the said floor line DF produced, and while this leg then remains motion-
less in A, with the other a hidden arc is described, and this meeting the floor line
DF produced without intersecting it, I have the required length between the com-
passes. -

Secondly, with the compasses remaining open at the same width, I put one leg
in the floor line DF produced, the other in the glass base-BC, and in such a way
that the line between those two-legs of the compasses again comes, to-the eye, at
right angles to the floor line DF produced, testing this with 2 hidden arc as before;
then the other leg will, for example, fall in L, as first intersection.

Thirdly I take between the compasses the length from the floor-line glass point
F to the first intersection L and transfer it from the floor-line glass point I to G
in the glass base, which I assume to fall as far as M, as first intersection.

Fourthly I draw the hidden meeting line from the meeting point K to the first
intersection M.

Fifthly 1 put a straight ruler on the foot D and the point A, and this ruler
intersecting the glass base BC in N as second intersection, I then take between
the compasses the length from the said second intersection N to the floor-line
glass point F.

Sixthly I then put one leg of the compasses in the observer’s measure IK pro-
duced, the other in the meeting line KM, but. in such a way that the imagined
line between the two legs of the compasses shall fall, to the eye, at right angles
to the observer’s measure IK produced, testing this by describing a hidden arc
on IK produced, as in the first section; the other leg then coincides with the
meeting line KM; I assume: as far as O for the required image. The proof of
which is clear from the foregoing proof of the 1st example. CONCLUSION.
Hence, given a point in the floor, the glass at right angles to the floor, the foot,
and the observer’s line; we have-found the image, as required.

2nd PROBLEM 6th PROPOSITION

Given a point above the floor in the air, the glass at right angles to the floor,
the foot, and the observer’s line: to find its image.

15t Example, by Mathematical Operation

SUPPOSITION. Let A be a point in the floor, on which is imagined a straight
- line equal to BC and at right angles thereto, the uppermost- point of which is:
the object point above the floor in the air. Further let DE be the glass base,
whose glass is imagined to be at right angles to the floor, F the foot, on which
we imagine an observer’s line, equal to the observer's measure FG, at right angles
to the floor. WHAT IS REQUIRED. We have to find the image of the point, 7.e.
of the extremity of the line on A, equal to BC, and at right angles to the tloor.
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8 2

@ - e
TWERCK.

Ten eerften treck ick vande voet Ftotinde glafgront DE, de vioerlijn FH
foor valt,uytghenomen dar by aldien de felve vioerlijn v oonghc(mckcn wier.
de, nieten fliecke deur ’ghegheven punt A, om deredencn int 5 voorfiel vere
claert,

Ten tweeden , vant vicerlijnracckfel H, de fiendermaet H I, rechthouckich
op de glagrondt D E,encvenande fiendermaet F G, fulcxdat 1 is faém punt

Ten:derden \amghcghucn puntA,delini AK, cvewijdeghé mete vioer-
lijn HF, fuyende deglafgront D Ein K alscerfic fie.

“Ten vierden, KL evenande gheghc\ cn B C,en rechithouckich op de glaf
grondt D E,

Ten vijfden,de faemlijn IL.

Ten feften,de lini vant gheghcun punt A;totte voet F, njende deglafzront

.DEinM alsnwccdc fne.

“Ten fcvcndcn, vande tweede fhe M, cen lini mchxhouckichop de glafgrone
: D E, tot datfc de-faemlijn I L ontmost, t'welck fy in N. :
Dlt {oo {ijnde,ickfegh-Nde beghccrde fchacutewefen des ghegheven vet..

: fchacuhckpums, Uwelckmen aldus verftacn (al; Ghenomen dawet plat daer de
fchacu N in is,alsintglas,deur t'gedacht fcheydelick {y vandevloét,endracyen-
deopde glafgrom D Ealsas, rechthonckich gefteltworde op.devloer, dat oock

fghelijex ovueyndc gheﬁelt worde rechthouckichop de felve vioer, dc liniF G,
blijvende 'punt F valt,en commende G inde locht als oogh : Dact-na opt punt
A,ecn linjcvenan B C,me rechthouckich op de vioer, fulcx dartet opperfie van
dien t'verfchaeulick punt bedier. T'welck foo wefende, ick fegh dat alfdan het
00gh G, rpunt N, en dat verfchaculickpunt, alle dric in een rechte linifijn, en
daerom N dcb:ghc:rdc fchaeu, TBEREYTSEL VAN TBEWYS. Want
de bovefchreven fcheyding des glas vande vloer deur r'ghedacht duyfter moche
vallen,
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PROCEDURE

In the first place I draw from the foot F to the glass base DE the floor line
- FH, in any way, except that, if the said floor line were produced, it should not
pass through the given point A, for the reasons advanced in the 5th proposition.

Secondly I draw from the floor-line glass point H the observer's measure HI,
at right angles to the glass base DE and equal to the observer's measure FG, in
such a way that I is the meeting point.

Thirdly, from the given point A the line AK, parallel to the floor line HF,
intersecting the glass base DE in K, as the first intersection.

Fourthly, KL equal to the given line BC and at right angles to the glass
base DE. :

Fifthly, the meeting line.IL. :

Sixthly, the line from the given point A to the foot F, intersecting the glass
base DE in M, as the second intersection.

Seventhly, from the second intersection M a line at right angles to the glass
base DE until it meets the meeting line IL, which shall be in N.

This being so, I say that N is the required image of the given point, which
is to be understood as follows: Let us assume that the plane in which the image N
is situated, as the glass, be in thought separable from the floor and, revolving
about the glass base DE as axis, be placed at right angles to the floor, that there
be also in the same way placed erect, at right angles to the said. floor, the line
FG, the point F remaining fixed and G coming in the air as eye; upon this, in the
point A a line equal to BC, also at right angles to the floor, in such a way that the
uppermost point thereof designates the object point. This being so, I say that
then the eye G, the point N, and that object point are all three in a straight
line, and therefore N is the required image. PRELIMINARY TO THE PROOF.

Because the above-mentioned separation in thought of the glass from the floox
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 "vallen,wy fullen dic dadelick fcheyden als volght:Laet de twee voorgiende for-
men hier andermacl verteyckent worden-, doch alfoo "datmen deur t'behulp

¢ - vandobbel papier, de teyckening die heur vcrﬁact intglas te mocten commen,

fcheyden mach vande teyckening inde vloer, datmenoock de ghegheven fien-

¢ dermact ¥ G,inde vloer,overeynde mach fiellen als fiendeilijn,en fghelijex een

liniop Aeven an BC,als A O, dracyendet'glas op de glafgrondt DEals as,en

vt defienderdijn F G opdc voet F; en A O opt punt A,om alfoo t'glas, ﬁcndcrh)n,

enlijn A°O, rechthouckich op devloer te connen ftellen, welcke xck hier ncem.

. dadelick alfoo gheftelt e fijn.

TBEWTYS.

Anghefien 'glasdder N in is,de fienderlijn F G, eh de lini A O, deut rbe-
reytfel nu alle dric rechchouckich op de vioer ftacn, foo feghick datde reche
lini vant oogh G, deur t'glas tottet verfchaeulick pum O, rfelve glasdeurboort
in N, alsfchaeu van O, t'welckaldus bethoont wort : 'I‘\ erdocht ftracl van G
totl,is evewijdich met F H,cn FH evewijdich thet A K deur t'wercx derde lid,
en A Kmette verdochte O'L, waerdeur G I mette verdochte O L evewi ;dxch
is, endaerom is1faempunt der voortghetrocken fchacu vande verfchaeulicke

‘L O deurhet 3 voorftel, waer deur defchaeu van L Oinde faemlijn 1L moet
fijn, en daerom is oock defchacuvan Oinl L:Syisoock int oneyndelick plat
fireckendedeur A FG, maer t'felve placfnijt JLin N, dacrom N is de (chaeu
van O,

Cortheyt opt voerck.

Sooder inde vioer waren twee of meer ghegheven punten ghelijck A, val-
fende alfamen in cen rechtelini, men mach cortheyishalven de linials 7\ K,
-ectft deur die twee of meer pumcn trecken, ende vloerlijn als F Hdaer me eves
wijdich , op dard'ander linienals K E,al vallenindc felve K L »of in haer vet.
langde. -
- * A . . Mechan;
2 Voorbecls met * tuychuverckelicke voerching. penid
. Omalfulcke redenen alsint 5 vooritel befchteven is een 2 voorbeelt met

tuychwerckelicke wercking , foowort hier cen derghelijcke tweede voorbeelt
, Ca gheflelt
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might seem obscute, we shall separate them in actual fact, as follows: Let the two-
foregoing figures be drawn here once again, but in such a way that by means
of double paper it is possible to separate the drawing that is to come in the glass
from the drawing in the floor, and that it is also possible to place the given ob-
server’s measure FG erect on the floor as observer's line, and likewise a line on A
equal to BC, as AO, the glass revolving about the glass base DE as axis, and the
observer's line FG about the foot F, and AO about the point A, in order that
the glass, the observer’s line, and the line AO may thus be placed at right angles
to the floor, which I here assume to be so placed in actual fact.

PROOF

Since the glass in which N is situated, the observer’s line FG, and the line AO,
by the preliminary, are now all thrée at right angles to the floor, I say that the
straight line from the eye G through the glass to the object point O pierees the
said glass in N, as image of O, which is proved as follows: The imagined ray
from G to I is parallel to FH, and FH parallel to AK by the third section of the
procedure, and AK to the imagined line OL, in consequence of which GI is
parallel to the imagined line OL, and therefore I is the meeting point of the
produced image of the line LO by the 3rd proposition, in consequence of which
the image of LO must be in the meeting line IL, and therefore the image of O
is also in IL. It is also in the infinite plane passing through AFG, but the said
plane intersects IL in N, therefore N is the image of O.

Abridgement of the Procedure

If there be in the floor two or more given points like A, all falling in a stfaight
line, the line as AK may for brevity's sake first be drawn through those two or
more points, and the floor line as FH parallel thereto, in order that the other
lines as KL may all fall in the said line KL, or in KL produced.

2nd Example, by Mechanical Operation

For the same reasons for which in the 5th proposition a 2nd example by me-
chanical operation has been described, a similar second example is here given.
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gheftelt.  TGHEGHEVEN. Lact Aandermacl cen punt fijn inde vloer,
waer op verdocht wort een rechte linite faen even an BC, en rechthouckich
op de felve vloer , waer af het opperfte punt, is t'verfchaeulickpunt boven de
. vloerinde locht,voort fy D E de glafgront,diens glas op de vloer rechthouckich
bedochtwort, F de voet,, waer op wy deur tghedacht nemen ecn fienderlijn te
ftacn,even ande fiendermaet F G rechthouckich opde vloer. .
TBREGHEERDE Wymoctende fchacu des verfchaeulickpunts vinden,
datstuyterfte puntder liniop A,even an B C, enrechthouckich op de vloer.
TBEREYTSEL VANT TVYCHWERCKELICK WERCK. Hocwel
ditbereytfcl teencmacel is ghelijck v'bereytfel vant tuychwerckelick werck des
s voorftels, nochtans em dacter wat verfcheydenheyt inde beteyckenende let-
ters valt, en dattetdaer beneven dient om inde dadclicke verfchaeuwing na te
volghen, foo fullen wijrmeerder claerheyis en gheriefshalven, andermael int
langhe befchrijvenals volght: Ick treck vande voei F, totinde glafgrondt D E,
de vioelijn FH foot vale, uyrghenomen dat by aldicn de felve vioerlijn voort.
ghetsocken wicrde, nict en ftrecke deur Cghegheven punt A, en verlang de felve
vloerlijn op beyden fijden verre ghenonch, om daer op de volgende wercking
teconnen docn : Daer na treck ick op een ander plat intwelckalsglasick de
fchaen begheer, de verborghen lini 1 K alsglafgront, daer in teyckenende ’punt
Homologam. L als * lijckitandich met H, daer na de verborghen lini L M, rechthouckich op
deglafzront I K, en alfoo dat de felve L Mals fiendermactint glas,even fy ande
ghegheven fiendermaet F G: Daer na fy defelve fiendermaet L M verre ghe.
nouch voonghetrocken. '

c P R

DB X

Q@

_ Ditbereytfel aldus eens gheftelt fijnde , wy fullen nu verclaren deur dit ghe-
gheven verfchaeulick punt boven de vloer indelocht, hoe de fchacuwen van
alle ghegheven verfchaculicke punten boven de viocrinde locht, gheteyckent
worden intglas,en datdeur fevenleden,

Mechasica Her tuycbwmrékclick wyerck,

operatio. e - o . .
. Ten cerlten fielick d'een voet des paffers int ghegheven punt A, d'anderin-
-deverlangde vioerija FH, alfoo datde verdochte rechee lini van d’cen voet des

paflers
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SUPPOSITION. Let A again be a point in the floor on which a straight line is
imagined, equal to BC and at right angles to the said floor, the uppermost point
of which is the point above the floor in the air; further let DE be the glass base;
whose glass is imagined to be at right angles to the floor, F the foot, on which we
imagine an observer's line, equal to the observer's measure FG, at right angles to
the floor.

WHAT IS REQUIRED. We have to find the image of the point, 7.e. the ex-
tremity of the line on A, equal to BC and at right angles to the floor.

PRELIMINARY TO THE MECHANICAL PROCEDURE. Although this
preliminary is altogether similar to the preliminary to the mechanical procedure
of the Sth proposition, yet, becausc there is some difference in the reference
letters and because in addition it serves for imitation in practical perspective, we
shall again describe it at length for the sake of greater clarity and convenience,
as follows: 1 draw from the foot F to the glass base DE the floor line FH, in
any way, except that if the said floor line were produced, it should not pass
through the given point A4, and I produce the said floor line at either end far
enough to cnable the following operation to be applied thercto: Thereupon I
draw in another plane, in which as glass T require the image, the hidden line IK
as glass base, marking therein the point L as homologous to H, thereafter the
hidden line LM, at right angles to the glass base IK, and in such a way that the
said line LM as observer's measure in the glass be equal to the given observer's
measure FG. Thereafter let the said observer’s measure LM be produced far
enough.

This preliminary having thus been given, we shall now set forth by means
of this given point above the floor in the air how the images of all given points
above the floor in the air are drawn in the glass, such in seven sections.

Mechanical Procedure

In the first place I put one leg of the compasses in the given point A, the
other in the produced floor line FH, in such a way that the imagined straight
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jpafferstot dander /uyter cogh ten naeften by rechthouckich comt op de felvé
-verlangde vioerlijn F H,en blijvende dan d'cen voet op A onbeweeghlick,men
“befchrijft met d'ander een verborghen booghsken twelck gherakende de ver-
langde vloerlijn F H fonder {nyen, ick heb op den paffer de begheerde langde.
Ten tweeden de paffer foo wijt open blijvende, ick ftel d’een voet inde ver-
langde vicerlijn F H,d'ander indeglafgront D E, en alfoo dat de lini tuflchen dé
1wee voceten despaflers weerom uyter oogh rechthouckich comme op de ver-
langde vloerlijn F H, dat verfouckende met een verborgen booghsken alfvoo-
1en;en d’ander voet valt dan by voorbecltin N als eerfte fne. N
Ten derden neemick mette pafler de langde van t'vioerlijnraeckfel H, tot
d'eerfic foe N, en breng die van des glasvioetlijaraeckfel L nalinde glafgront,
welcke valt neem ick tot O,als eerftefne. ) N
Ten vierden treck ick van d'eerfte fne O,de verborghen lini O P,rechihouc-:
kich opdeglafgront I K, en even ande ghegheven hooghde BC.
Ten vijfden treck ick de verborghen faemlijn van tfacmpunt M tot P.

. Ten feflenleghick cen rechte réghel opde voet F, en t'ghegheven punt A,
welcke reghcl fhyendede glafgrondt D E in Qals tweede fite, neem dan mette,
paffir de langde vande felve tweede fne Qtottet vioerlijuracckel H. _

Ten fevenden flel ickdand'ecn voet des paffers inde verlangde (iendermace:
L M,d’andcrinde facmlijn M P , maer alfoo dat de bedochte lini tuflichen de
twee vocten des paficrs , uyter oogh rechthouckich valleop de verlangde ficn-
dernizer L M, my verfckerende mer te bcfchrijven} ecn verborghen booghf
ken indeverlapgde L M, alsint cerfte lidt,en d’andervoet valt darvinde (aemlijn
‘M Pjan,neem ick R, voor begheerde {chacu, waer af ¢bewijs deurt’voorgaen-
de bewijsdes 1 voorbeelts van dit voorfielopenbaeris,. TBESLvyYT. We-
fende dan ghegheven cen verfchaculick punt boven de vloerindelocht, t'glas
rechthouckich op de vioer, de voet , en fienderlijn; wy hebben de [chaci ghe-
vondennaden eyfch, © -

. Tothiertoe fijn befchréven de voorfiellen van tvinden des fchacuscensver-
fchaculickpunts, alwaer het glas rechthouckich opde vloerwas, maerde vol-
ghende twee voorfiellen fullen dienen tottet vinden des fchaeuseens verfchacus
lickpunts, alwaert'glas fchecfhouckich op de vioer fal ijn, '

S VERTOOCH 7 VOORSTEL.

Draeyende t'glas op de glafprondt als as, en de fien-
derlijn op de voct, al{oo datfe altije * evevvijdich blijft paraumi
van een lini dic intglas op de glafgrondt rechthouckich
1s:Defchaeu eéns ver{chaetilickpuntsinde vloer blijft int
glasaltijropeen felve plaets. ' ) :

TGHEGHEVEN, Lactint béxcyt(cl van t’bcwijs dc‘s § vootflels R hﬁ! glas
B C G,en defienderlijn D E, bejdé overeyndé gheftelt worden rechthoutkich
opde vloer, en alfdan (al K, defchaeu fijn des verfchaeulickpunts A ;ghefien
vant oogh E, ghelijck dacr bewefen is: Dderna fy rgjas necrwaert ghedracyt,
tot datet op de vloer een houck micckt even an defen houck . M N: En defge-
lijex fy oock ghedaen metse fienderlijn D E, fulcx datfe evewijdich blijft met

T ' C 3 v IK’
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line from one leg of the compasses to the other comes, to the eye, approximately
at right angles to the said produced floor line FH, and while one leg then
remains motionless in A, with the other a hidden arc is described, and when this
meets the produced floor line FH without intersecting 'it, I have the required
length between the compasses.

Secondly, with the compasses remaining open at the same width, I put one leg
in the produced floor line FH, the other in the glass base DE, and in such 2 way
that the liné between the two legs of the compasses again, to the eye, comes at
right angles to the produced floor line FH, testing this by means of a hidden arc
as before, and the other leg will then, for example, fall in N, as first intersection.

Thirdly, I take between the compasses the length from the floor-line glass
point H to the first intersection N and transfer that from the floor-line glass
point L to I in the glass base, which I assume to. fall as far as O, as first inter-
section.

Fourthly, I draw from the first intersection O the hidden line OP, at right
angles to the glass base IK and equal to the given height BC.

Fifthly, I draw the hidden meeting line from the meeting point M to P.

Sixthly, I put a straight ruler on the foot F and the given point A,.and when
this ruler intersects the glass base DE in Q as second intersection, I then take
between the compasses the length from the said second intersection Q to the
floor-line glass point H.

Seventhly, I then put one leg of the- compasses in the produced observer’s
measure LM, the other in the meeting line MP, but in such a way that the imagined
line between the two legs of the compasses shall, to the eye, fall in the produced
observer’s measure LM, testing this by describing a hidden arc in the produced
line LM, as in the first section; the other leg will then fall in the meeting line
MP, T assume at R as required image, the proof of which is clear from the fore-
going proof of the 1st example of this proposition. CONCLUSION. Hence,
given a point above the floor in the air, the glass at right angles to the floor,
‘ the foot, and the observer’s line, we have found the image, as required.

Up to this point have been described the proposmons of the finding of the
image of a point where the glass was at right angles to the floor, but the next
two propositions will serve to find the image of a point where the glass’ will be
at oblique angles to the floor.

5th THEOREM 7th PROPOSITION

If the glass revolves about the glass base as axis, and the observer’s line about
the foot, in such a way that it always remains parallel to a line which is in the
glass at right angles to the glass base, the image of a point in the floor remains
always in the same place-in the glass.

SUPPOSITION In the preliminary to the proof of the Sth proposition let the
glass BCG and the observer’s line DE both be placed erect at right angles to the
floor, then K will be the image of the point A viewed by the eye E, as has
there been proved. Theteupon let the glass be revolved downwards until it
makes with the floor an angle equal to the angle LMN shown. And let the same
also be done with the observer’s line DE, in such a way that it remains parallel
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1K,datjs,alsint voorftel ghefeyt wort , evewijdich met een lini dieint glas op
deglafgront rechthouckichis, TBEGREERDE. Wymoeten bewijfen dat K
in dic lactfe gheftalt,fchacu blijft des verfchaeulickpunts A , en dat inde felve
placts vant glas, te weten dattet ftracl vant cogh E tot A, ftrecken fal deur K.
TBEREY TsEL. Om nictduyftetlickte {prcken van verdochte linien inde
lecht, foo lact defe O P,beteyckenen die fienderlijn D E ,alffe rechthouckich
ftaet op de vloer,dats hier rechthouckich op O Qals vlectlijn, in plaets van gin.-
ftevicerlijn D A, en dcfe R S rechthouckich op de felve vioerlijn O Q, beduy.
dedie fini I Kint glas rechthouckich op die vloerlijn D A ;Voort fy defe Q in
plaets vant verfthaeulickpunt A, en P Q fy het firael, deurboorenceglasR'S
in S, als fchacu van Q, ghefien uyt hetoogh P. Na dces eerfic fielling {y ghe-
daen detweede,te weicn O P neerwaett ghedraeyt , foo dautet oogh P ghecom.
men fj tot T, fulcx dat den houck TO Q,_ .
even isanden ghegheven houck L M N;
Voort fy ghetrocken het ftrael TQ; Dact P
naRV, evewijdeghe met O T tot datfe
gheraeckt TQ: T'welck foo fijnde, ick
feghdeliniR 'V, even te vallen an RS,
waer uyt wijder fal volghen cnbethoont , .
-worden, t'ghenc indit voorftel beweftcn @ R <

moct {ijn. _
TBEWYS. -

Tis kennelick dat ghelijck inden drie- M
houck OPQ, delini OPtotR S, alfoo
QOrot QR: Ende ghelijckinden drie- - _
houck O T'Q, delini O Ttot R V,alfoo Q Otot Q R:Sulexdat de twee linien
Proportiona- O P, R S, en oock de twee linien O T,R V,met twee {clfde linien * everedenich
et fijn,en dacrom cock met malcander everedenich,, dat is ghelijck O P tot RS,
Inverfims alf00 O T ot R V: Endeur * verkeerde overanderde reden, ghelijckO T tot
alternan O P, alfoo R V tot R S: Maer O Tis evenmet O P dacrom R V is oock even
rasionem:  met R S: Sulcx dat de fienderlijn O Pghedaelttot O T, en t'glas RS oock foo
veeldats tot R V,foo frecket firacl T Q deur t'fclve puntdesglas, te weten V,
dacr het ftracl P Qdeur freckte, teweten deur S , want Scn Vbedien des glas
felfde punt, overmidts R Sen R V eve lanck fijn,en vervolghensde fchacu des
verfchaculickpunts Q ,en verandert int glas heur plaets niet: Maer V ishier in
. fulcken ghedaente als ghinder K inde tweede gheftalt, deur ghegeven, dacrom
XK blift in diciweedegheftalt fchacu des verfchaculick punts A, en dat inde fel-

ve plactsvantglas, - TBESLvYT. Dracyendedant'glasop de glafgrondtals . -

as,cn de fienderlijn op de voet, alfoo datfealtijtevewijdich blijftvan eenlinidie
int glasopdeglafgrondt rechthouckich is': De fchacu eens verfchaeulick punts
inde vloer, blijft int glasaltijt op een felve plaets, r'welck wy bewijfen mocften.

VERVOLGH.

- Hier boven bethoont fijnde dat wanneer t'glas en fienderlijn evewijdich -

- . draeyeninder voughen alfvooren, dat alfdan het firacl van Etot A altijt deur K
ftrecke;daer uyt volght dartet glas en fienderlijn ghedraeyt fijnde ot op devioer,
filcx dat E fy ghecommentot X, foo mocten dedrie punten X KA danin cen
rechte
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to IK, i.e., as has been said in the proposition, parallel to a line which is in the
glass at right angles to the glass base. WHAT IS REQUIRED. We have to prove
that K in the latter position remains the image of the point A, such in the same place
of the glass, to wit such that the ray from the eye E to A will pass through K.

PRELIMINARY. In order not to speak obscurely of imagined lines in the air,
let this line OP designate that observer’s line DE, if it is at right angles to the
floor, i.e. here at right angles to OQ as floor line instead of yonder floor line DA,
and let this RS, at right angles to the said floor line OQ, designate that line /K
in the glass at right angles to that floor line DA. Further let this Q be instead
of the point A, and let PQ be the ray piercing the glass RS in §, as image of 0,
viewed from the eye P. After this first position let the second be taken, to wit
OP revolved downwards, so that the eye P shall have moved to T in such a
way that the angle TOQ is equal to the given angle LMN. Further let there be
drawn the ray TQ; thereafter RV, patallel to OT, until it meets TQ. This being
so, I say that the line RV is equal to RS, from which what has to be proved in
this proposition will further follow and be proved.

PROOF

1t is obvious that as in the triangle OPQ the line OP is to RS, so is QO to QR.
And as in the triangle OTQ the line OT is to RV, so is QO to QR; in such a
way that the two lines OP, RS and also the two lines OT, RV are proportional to
two equal lines, and therefore also proportional to each other, that is: as OP is to
RS, so is OT to RV. And by taking the terms inversely and alternately: as OT
is to OP, so is RV to RS. But OT is equal to OP, therefore RV is also equal to
RS, in such a way that when the observer’s line OP descends to OT, and the
glass RS the same distance, i.e. to RV, the ray TQ passes through the same point
of the glass, to wit ¥/, through which the ray PQ passed, to wit through S, be-
cause § and V' designate the same point of the glass, since RS and RV have the
same length, and consequently the image of the point Q does not change its
place in the glass. But V' is here in the same position as yonder K in the second
position, by the supposition; therefore in that second position K remains the image
of the point A, such in the same place in the glass. CONCLUSION. Hence, if
the glass revolves about the glass base as axis, and the observer’s line about the
foot, in such a way that it always remains parallel to a line which is in the glass
at right angles to the glass base, the image of 2 point in the floor always remains
in the same place in the glass; which we had to prove.

SEQUEL

It having been proved above that when the glass and the observer’s line revolve
parallel to each other as hereinbefore, then the ray from E to A always passes
through K, it follows that when the glass and the observer's line have revolved,
till they reach the floor, so that E shall have moved to X, the three points X, K, A,
must then lie in a straight line. From which it further follows that the image K
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sechte linilegghen: Waer uyt wijder volght datmen de fchacu K foude connen
vinden deur wat lichter wech dan de'voorgaende wercking des 5 voorfiels : Te
weten fonder te trecken de tweelinien i K, A D, maer alleenclick' A X, wiens
fneinde facmlijn G H de begheerde {chaeu foude wefen , doch anfiende de ghe-
mcenc reghel die inde uychwerckelicke wercking na d’ectfte wijle bequaems
licker ghevolght wort,foo fullen wydacr by blijven. i

Merckt noch datanghefien alle verfchaculick puntinde vloer,altijtin een fel

. ve plactsdesglas blijft wanneer t'glas en fienderlijn ghelijckelick dracyen opde

glafgrondt alsas, foo volght hieruyt,dat de fehacu van alle plate verfehaenlicke

form inde vloer,alijjt de felve blijften in een felve placts des glas,wanneert'glas
«n ficnderlijn ghelijck draeyen,

6 VERTOOCH 8 VOORSTEL
Dracyende t'glas op de glafgronde als as , en de fien=

derlijn op de voet,mettelini vant verfchaculickpunt bo-
vende vloer totte vlocr,alfodatlcaltijt x evevvijdich blije Paratite.
venvanecn linidie int glas op de glafgrondt rechthouc-
kichis: Defchacudes verfchaculickpunts bovendevloer,
blijftintglasaltijropeen felve placts.

T GHEGHEVEN. Laetint bereytfel van t'bewijsdes 6 vootftels, het glas
D EINL, defienderlijh F G, mette lini A O, alle dric overeynde gefielt wor-
den rechthouckich op devicer,en alfdan fal N defchacu fijn desverfchaculick-
punts O, ghefien vant oogh G, ghelijck dacr bewefen is. Dacr na fy hetglas
necrwaert ghedraeyt, tot dattet opde vloer een houck maeckt evenan defeni
houck P QR,cndefghelijex fy ghedaen mette fienderlijn F G, oock mette Jini
A O, folcx datfe beyde evewijdeghe blijven met MN, datis , als in dit voorficl
gheleyt wort,evewijdich met cen linidieint glas op de glafgrondt rechthouc-
kichis.. TBEGHEERDE. Wymoeten bewijfendat Nindie lactfie geflalt,
fchacu blijft des verfchaculickpunts O,en dat indéfelve placts vant glas, te we-
ten dartet ftrael vant oogh G tot O, fuiecken faldeur N, TBEREY T SEL. Om

piet duyfterlick e fpreken van verdochte linien indelocht, foo laet defe S T be-
teyckencn di¢ fienderlijn F G , alffc sechthouckich ftactop de vioer ,'da;s;l::t
-4 ¢
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might be found by a somewhat easier method than the foregoing operation
of the 5th proposition. To wit, without drawing the two lines IK, AD, but
only AX, whose intersection with the meeting line GH would be the required
image, but considering the common rule which is followed more easily in the
mechanical operation-in the first manner, we shall keep to that.

Note also that since any point in the floor always remains in the same place
of the glass when the glass and the observer’s line revolve equally about’ the
glass base as axis, it follows that the image of any plane figure in the floor
always remains the same, and in the same place of the glass, when the glass
and the observer’s line revolve equally.

6th THEOREM 8th PROPOSITION

If the glass revolves about the glass base as axis, and the observer’s line about
the foot, with the line from the object point above the floor to the floor, such
that they always remain parallel to a line which is in the glass at right angles
to the glass base, the image of the point above the floor always remains in the
same place in the glass. - -

SUPPOSITION. In the preliminary to the proof of the 6th proposition let the
glass DEINL, the observer's line FG, and the line AO all three be placed erect
. at right angles to the floor, then N will be the image of the point O, viewed. by
the eye G, as has there been proved. Thereupon ‘let the glass be revolved down-
wards until it makes with the floor an angle equal to the given angle PQR, and
let the same be done with the observer's line FG, also with the line A0, in such
a way that both remain parallel to MN, that is, as is said in this proposition,
parallel to a line which is in the glass at right angles to the glass base. WHAT IS
REQUIRED. We have to prove that in the last position N remains the image of the
point O, such in the same place of the glass, to wit that the ray from the eye G to O
will pass through N. PRELIMINARY. In order not to speak obscurely of imagined
lines in the air, let this ST designate that observer’s line FG, when it is at right
angles to the floor, that is here at right angles to TV, as floor line, instead of yonder
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rechthouckich op T V,alsvlcerlijn, in plaets van ghinfte vloerlijn F A, en defe
W X rechthouckich op de felve vloerlijn TV , beduyde die lini M Nintglas
" sechthouckich op die vloerlijn F A ; Voort fydefc Y Z, in placts vanghinfte
A O,en SV y het ftracl deurboorende t'glas W X in X, als fchaeu van Z ghe:
fien uyt het oogh S. Na decs cerfle fielling {y ghedaen de tweede, te weten
T S neerwacrt ghedraeyt, foo dattetoogh S ghecommen fy tot 4, fulexdar den
houcka T V,evenisanden ghegheven houck PQR , voort fy ghetrocken het
firacl 4 V, dacrna W b,en Y ¢,beyde evewijdeghe met T 4.

TBEWYS.

W b valt even an W X deur t’bewijs des 1 voorbeclss, en om de felve réden
valt Y ¢ oock even met X Z; Sulcx datde fienderlijn T Sgedaelt tot T 4,en t'glas
“W X cock foo veel, dats tot W b,en Y Z1ot Y ¢, foo ftiecket firael van 4 tottet
verfchaeulickpunt ¢, deur 'felve puntdesglas, te weten b, dacr het firacl SZ
deur fireckte, namelickdenr X, Want X en b bedien des glas felve punt, over-
mits X W en 6 W evelanck {ijn : En vervolghens de fchacu des verfchaeulicks
punts Z,en verandert int glas haer placts niet: Macr bis hicr in fulcken gedacnte
alsginder N inde tweede gheftalt,dcur t'ghegeven, dacrom N blijft in dictwec-
de gheftalt fchaeu des verfchaculickpunts O en datinde felve plaets vant glas,
. TBesLvy T: Dracyendedan rglasopdeglafgrontalsas, en de fienderlijn
op de voer mette lini vant verfchaculickpunt boven de vlocr totte vloer alico
datfe altijt evewijdich blijven van een lini die int glas op deglafgrondt rechie
- houckich is:de fchaeu des verfchaenlick punts boven de vloer, blijftintglas
aliijt op een felve placts, twelck wy bewijfen moeften. ’

VERVOLGH.

Hier boven bethoont fijade dat wanneert'glas, fiendetlijn, en de lini AO,
evewijdich dracyen inder voughen alfvooren,dat dlfdan het firacl van G tot O
altijtdeur N ftrecke: Daer uyt volght dattet glas, (ienderlijn,en de lini A O, ghe-
draeyt fijnde tot op de vloer, fulcx dat G fy gecommien tor 4,en O tot ¢, fo moe-

‘ten dedrie puntend Ne, of GNO, dan in eeniechtelinilegghen , wacruye

‘volghtdatmen de {chaen van N, deur ech ander manier foude connen vinden

‘dan de voorgaende wercking des 6 voorftels, aldus : Men fal trecken eenlini
vant ghegheven punt A tot ¢,even an B C,en evewijdich met H 1, dacrna ghe-
trocken de, hacr {neinde faemlijn foude de beghecrde fchaeu wefen: Dochan-
fiende de ghemeene reghel die inde tuychwerckelicke wercking na d'ecrfte wij-
fe bequamelicker ghevolght wort,foo fullen wy daer by blijven.

Merckt noch datanghefien de lini vant verfchaculick punt inde locht totte
vloer, evewijdich moct diaeyen mettet glas en fienderlijn om de fchaeu van
dat punttot een felve placts desglas te fien, hieruyt volght dat foodie lini vant
verfchaeulick punt indelocht totte vioer bleef ftaende,als d'andertwee evewij-
delick draeyden,dattet cogh de fchaeu des verfchaculickpunts foude fien veran-
deren van plaets, en vervolghensalle vaftftacnde gheflichten en verhevendin-
ghen op de vloer veranderen haer {chaeu intglas, t welck de verfchaculicke for-
men inde vloer niet ep ghebeurt, als ghefeyt isin t'vervolgh des 7 voorftelss

3 WERCE-



855

floor line FA, and let this WX at right angles to the said floor line TV designate
that line MN in the glass at right angles to that floor line FA. Further let this YZ
be instead of yonder A0, and let SV be the ray piercing the glass WX in X, as
image of Z, viewed from the eye S. After this first supposition let the second be
made, to wit TS resolved downwards, so that the eye § shall have moved to 4, in
such a way that the angle 4TV is equal to the given angle POR; further let there
be drawn the ray 4V, thereafter W5 and Y, both parallel to T'a.

PROOF

Wb is equal to WX by the proof of the 1st example, and for the same reason
Y is also equal to YZ, so that when the observer’s line TS has descended to T4,
and the glass WX the same distance, 7.e. to Wb, and YZ to Y, the ray from «
to the point ¢ passes through the same point of the glass, to wit 4, through which
passed the ray SZ, namely, through X, for X and b designate the same point of
the glass, since XW and 5 are the same length. And consequently the image
of the point Z does not change its place in the glass. But & is here in the same
position as yonder N in the second position, by the supposition; therefore N
remains in that second position the image of the point O, such in the same place
of the glass.

CONCLUSION. Hence, if the glass revolves about the glass base-as axis, and
the observer’s line about the foot, with the line from the object point above the
floor to the floor, such that they always remain parallel to a line which is in the
glass at right angles to the glass base, the image of the point above the floor
always remains in the same place in the glass; which we had to prove.

SEQUEL

It having been proved above that when the glass, the observer’s line, and the
line AO revolve parallel to each other in the same way as before, the ray from
G to O always passes through N, it follows that if the glass, the observer’s line,
and the line A0 have revolved till they have reached the floor, so that G has
moved to 4, and O to ¢, the three points 4, N, ¢, or G, N, O must lie in a
straight line, from which it follows that the image of N might be found by a
method different from the foregoing operation of the 6th proposition, thus: Let a
line be drawn from the given point A to ¢, equal to BC and parallel to HI.
Thereafter, if de were drawn, its intersection with the meeting line would be the
required image. But considering the common rule, which is followed more easily in
the mechanical procedure in the first manner, we shall keep to that.

Note also that since the line from the point in the air to the floor must revolve
parallel to the glass and the observer’s line in order that the image of that point
may be seen in the same place of the glass, it follows that if that line from the
point in the air to the floor remained erect, while the other two revolved parallel
to each other, the eye would see the image of the point changing its place, and
consequently all fixed buildings and elevated objects on the floor change their
images in the glass, which does not happen with the figures in the floor, as has
been said in the sequel to the 7th proposition. . ;
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3 WERCKSTICK. 9 VOORSTEL.
Wefende ghegheven een vcrfchacuhckpunt s tglas

{fcheefhouckichopdevloer, devoet , ¢n fienderlijn : Siju
fchaeu te vinden.

Want het vcrﬁhacuhckpum can fijninde vlocr, of dierboven, foo fullcu
wijdertwee voorbeclden af befchnj ljyen. 4

1 Voorbeelt me_ttet 'verﬁbamlickpum inde<vloer..

- TGHEGHEVEN. Laet A cenver{chaculick punt fijn inde vioer, BC.de
glafgrondt, D de voer,daer op wy deur v'gedachtnemen een ﬁendcrh)n teftacn
rechthonckich op de vioer, cn even ande fiendermaet D E, die ick hier evewij-
dich ficl met BC, daer na op E D rechthouckich ghc(rockcn fijndede lini: DR
foolanck alft valt,en daer op F G,makendc den houck D F G, fooisden’ houck
der neyghing des; glasopde vlocr na A toe, even anden felven houck DEG. "
TBEGHEERDE. Wymoctcnde(chacu vinden des verfchaculick punts'A.. -

TWERCK.

Ick treck vande fiendermaeif- .
oogh E, centechte linitot H, in ’ A
D F, offoot noodich wacr in hacr b 8
verldngde,en evewijdeghe met GF. L v
Dit foo fijnde ick neemx nuH voor B ; - C
voet, EH voor fiendermact, dicns '
ﬁcnderluu rechthouckich op de
‘vlocr fy; Voort neem ick dattetglas . . B —D .
dicns glafgront B C, oock comme '
. rechthouckich op.dc.vlocr:_En met
fulck gheghevenghcfocht de fchaeu
. van A,na de manicrdes s voorflels, G

fy wort bevonden , neem ick te val-
Jen an 1, welcke iick fegh de be--
gheerde [chacu e wefen,
. R .

" TBEWYS.

 Soodeghegheven fienderlijn: nieren waer even gheweettmet E D, maer
.even met H E,enrechthouckich op de vloer: Dat fghelijex het glas nieten waer
-geweeft fcheefhonckich op de ‘'vioer maer techthouckich , tis openbaer deuz -
twerck van defen; dar alfdan I de ware fchaeu van' A foudé ﬁ;h Maer wanneer
tglasende i enderh;n gelijckelick een felve wech draeyen,als vande bovefchre.
ven rechthouckicheyt , op de vloer ghccommien wefende tot defe fcheefhone- -
kicheyt, fooblijft de fchacuLaltijtop een felve plaets deur het 7 voorftel ; Daers-
om het cogh der fienderlijn dien's fiendermact H E, fiet de beghcerde (chaeu an -
1: Maer dat oogh E der fienderlijn HE, isghedaclt totte felve plaets des gegeven
-06ghs der fienderlijn diens fiendermaet D E,daerom het ghcghcvcn oogh fict
dé begheerde fchacu int glas alster plaets van T v
3 Voer-
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3rd PROBLEM 9th PROPOSITION

Given an object point, the glass at oblique angles to the floor, the foot, and
the observer’s line: to find its image.

Because the object point may be in the floor or above it, we shall describe two
examples of it. :

15t Example, with the Object Point in the Floor

SUPPOSITION. Let A be a point in the floor, BC the glass base, D the foot,
on which we imagine an observer’s line at right angles to the floor and equal to
the observer’s measure DE, which I here put parallel to BC. Thereafter, the
line DF being drawn at right angles to ED and having any length, and then
FG, making the angle DFG, the angle of inclination of the glass on the floor
towards A is equal to the said angle DFG. WHAT IS REQUIRED. We have to
find the image of the point A.

PROCEDURE

I draw from the eye E a straight line to H, in DF, or if necessary in DF
produced, and parallel to GF. This being so, I now take H for foot, EH for
observer’s measure, whose observer's line shall be at right angles to the floor.
Further I assume that the glass base BC of the glass also comes at right angles
to the floor. And when with these data the image of A is sought in the manner
of the Sth proposition, I assume it is found to fall at I, which I I say is the
required image.

PROOF

If the given observer’s line had not been equal to ED, but equal to HE and at
right angles to the floor; and if also the glass had not been at oblique angles
to the floor, but at right angles, it is clear from the procedure of this problem
that I would then be the true image of A. But when the glass and the observer’s
line revolve equally the same distance, ¢.g. from the rectangular position from
the floor described above to this oblique-angled position, then the image I always
remains in the same place by the 7th proposition. Therefore the eye of the
observer's measure HE of the observer’s line sces the required image at I. But
that eye E of the observer’s line HE has descended to the said place of the given
eye of the observer’s line of which the observer’s measure is DE, therefore the given
eye sces the requited image in the glass at I.
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2 Voorbecls met tet <ver[chaeulick punt boven devlver.

TGHEGHE VEN. Laet A een punt fijn inde vlioer,waer op verdochit wort
een rechte lini te flaen even an B C,en rechithouckith op de felve vioer, wacraf
hetopperfie puntis €verfchaculickpuntboven de vioer inde locht : Voor,t“fy
D Edeglafgront, Fde voet,, dacr opwy deur t’ghedacht nemen cen fienderlijn
te ftaen rechthouckich op de vloer, cn even ande fiendermact F G, dic ick altijt
evewijdich treck met D E: Dacr naop FG rechthouckich ghetrocken fijndede
lini F H foo lanck alft valt, en dacr op H I, makende den houck FHI, fooisden
houck der neyghing vande glafgrondt opde vloer na A toe, evenanden felven
‘houckFHI. TaeGHEERDE, Wy moeten de fchacu des verfchaeulick-
punts vinden.

TWERCK:

Itk treck vande fichdermacets oogh G, cen rechte lini tot K in F H, of foot
noodich waerin haer verlangde,en
evewijdeghe met 1 H,dacr nateyc-
ken ick in F G, of foot noodich
waer in haer verlangde, het punt
L, alfoo dat FL even fyanBC! °
Treck dacr na van L een rechte
lini tot M in F H, of foot noodich N
waer in haer verlangde,en evewij
deghe met1 H.Dacer na A N,even L
encvewijdeghe metFM, welver. P B B
ftaende na den felven oirtdaer de
lini van F na M henen fireét,want ) L
quaem M op d'andet fijde van F, e F
foo foude N oock mocten foo veel
op d'ander {ijde van A commes, I M
Dit foofijnde,ick neem nu K voor
voct, K G voor fiendermact,dicns X
fienderlijn rechthouckich op de H
vioer fy: Dacr na neem ick L Min
plactsvan B C, te weten voor lini
welcke ghefteltoptpunt N recht- ,
houckich op de vioer, dat haer uyterfie ghenotnen worde voor verfchaculick-.
punt: Voort ncem ick datter glas diens glafgront D E,0ock comme rechthouc-
kich opde vioer: En met fulck ghegheven ghefochtde fchaeu des verfchaeulick
punts nade manier des 6 voor(iels,{y wort bevonden, neemick,tevallen an O,
welckeick fegh de begheerde fchacu te wefen. Waer af tbewijs is ghelijck 'be-
wijs des 1 veorbeelts. TBEsSLVYT. Wefendedan ghegeven cen verfchacu-
lickpunt, r'glas fcheefhouickich op de voer,de véet, en fienderlijn, wy hebben
fijn fchaeu ghevonden,naden eylch.

>

VERVYOLGH,

Soo int t voorbeelt H, of int 2 voorbeelt M, viel overd'ander fijde vande ge-
gheven voct ('welck ghebeurt als tglas naden ficnder toc neycht) en datfe qua-
men
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2nd Example, with the Object Point Above the Floor

SUPPOSITION. Let A be a point in the floor, on which a straight line is imagined,
- equal to BC and at right angles to the said floor, the uppermost point of which
is the point above the floor in the air. Further let DE be the glass base, F the foot,
on which we imagine an observer’s line at right angles to the floor and equal to
the observer’s measure FG, which I always draw parallel to DE. Thereafter the line
FH having been drawn, at right angles to FG and having any length, and then HI,
including the angle FHI, the angle of inclination of the glass base on the floor
towards A is equal to the said angle FHI. WHAT IS REQUIRED We have to
fmd the image of the point. .

PROCEDURE

I draw from the eye G a straight line to K in FH, or if necessary in FH
produced, and parallel to IH; thereafter I mark in FG, or if necessary in FG
produced, the point L such that FL shall be equal to BC. Thereafter I draw
from L a straight line to M in FH, or if necessary in FH produced, and parallel
to IH. Thereafter AN equal and parallel to FM, to wit in the same direction in
which the line from F to M extends, for if M came to the other side of F, N
would also have to come as much to the other side of A. This being so, I now
take K for foot, KG for observer’s measure, whose observer’s line shall be at
right angles to the floor. Thereafter I take LM instead of BC, to wit for the line,
placed in the point N at right angles to the floor, so that its extremity shall be
taken for the object point. Further I assume that the glass base DE of the glass
also comes at right angles to the floor. And when with these data the image
of the point is sought in the manner of the 6th proposition, I assume it is found
to fall at O, which I say is the required image; the proof of whnch is similar to
the proof of the 1st example.

CONCLUSION. Hence, given a point, the glass at oblique angles to the floor,
the foot, and the observer’s line, we have found its image, as required.

SEQUEL

If H in the 1st example or M in the 2nd example fell to the other side of the
given foot (which happens if the glass inclines towards the observer), and if
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men tot inde glafgrondt,t'is kennelick datmen tot gheen fchacu vant verfchaeu-
lickpunt en foude connen gheraken , uyt oitfacck dattet een onghefchicke ghe-
.gheven foude fijn,als wefendc het oogh intglas,

Maer byaldien dietwee punten als H of Malfoo nochi voorder quamen dani
intglas, derghelijcke onmeughelicheyt foudedaer uyt volghen,om dattet oogh
niet en {oude connen het verfchaeutickpunt fien achter c'glas. .

Soo int 2 voorbeelt N quaem tot inde glafgsondt D E , C’'waer openbactli
teycken,darect verichaculick punt A int glas foudeghegheven fijn, en dacrom
voor fiju felf (chaew verfirecken,deur de 2 begheerte. : :

Maerquaem N noch voorder dan tot inde glafzront D E, t'is kennelick dat«
men dantot gheen fthaeu vant verfchaeulick punten foude connen gherakeny
als commende r'glasachter t'verfchaculick punt,teghen dereden. .

Tis oock kennelick dat de ghegheven voet commen can inde glafgrondt, of
dacrachter tufichen defelve en t'verfchaculick punt,oock int vetfchaeulick punt
endacrachiter: Midis welverftacnde,dat de bovefchreven puatenalsH, M,of N
nieten vallen alsghefeytis. - :

4 WERCKSTICK 1!'© VOORSTEL,

Wefendeghegheven een verfchaculickpunt, t'glas evea
vvijdich mette vioer, devoet, en fienderhjn: Sijn fchaeu
tevinden,

TGHEGHEVEN. Lact A een verfchaetilick punt fijn int plat des blats, en
opde rechte lini BC, fy bedocht een platals vioet, rechthouckich opt plat des
blass: S'ghelijcx fy op de rechte lini D E, bedochit cen glas evewijdich mette

" vooifchreven vioer, yoort fyop B verdocht cen reéhte lini éven'an FG.; oock
xcchihouckich opt platdes blats,en tuyterite puntder felve lini fy het cogh,van
welck deur rghedacht ghetrocken een lini rechthiouckich op de vloer (dic even-
moet fijn ande verdochte linivan F opB C rechthouckich, als fiendermaet) fy
fal veor ficuderlijn verfirecken, TBEGHEERDE. WY mocicn vinden de
fchacu des verfchaeulick punts A,

TWERCK

Ick lact varen de verdochte ges
gheven fiendéilijn, en de vloer,
die ghefeyt wieit op B C verdocht
te fijn rechthouckich opr plat des F
blats , en ncemt'platdes blats felf
voor vloer ,en de lini opF even
an FG, en rechthouckich opt plat
des blats , ncem ick voor fiender-
lijn : T'welck foo fijnde Ais nu D E
cen ghegeven verfchaculick punt o
inde vicer, en vglas diens glaf-
grondt DE comt op de vlocx
techihouckich: Hierme de fchacu
ghevonden van A deur het

Q

.

4 Y001
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they came in the glass base, then it is obvious that no image of the point could
be obtained, because the wrong thing would be given, the eye being in the
glass.

But if those two points, as H or M, came even further forward than in the
glass, a similar impossibility would follow, because the eye would not be able to
see the point behind the glass.

If in the 2nd example N came in the glass base DE, it would be clear that
the point 4 would be given in the glass, and therefore would serve as its own
image, by the 2nd postulate.

But if N came even further forward than in the glass base DE, it is obvious
that no image of the point could then be obtained, because of the glass coming
behind the point, which is contrary to reason.

It is also obvious that the given foot may come in the glass base, or behind
it, between it and the point, also in the point and behind it, provided the above-
mentioned points as H, M or N do not fall as has been said.

4th PROBLEM 10th PROPOSITION

Given a point, the glass parallel to the floor, the foot, and the observer's line:
to find its image.

SUPPOSITION. Let A be a point in the plane of the paper, and on the straight
line BC let there be imagined a plane as floor, at right angles to the plane of
the paper. In the same way on the straight line DE let there be imagined a glass
-parallel to the aforesaid floor. Further let there be imagined on F a straight line equal
to FG, also at right angles to the plane of the paper, and let the extremity of
the said line be the eye, and if from this in imagination a line be drawn at right
angles to the floor (which must be equal to the imagined line from F at right
angles to BC, as observer’s measure), it will serve as observer’s line. WHAT IS
REQUIRED. We have to find the image of the point A.

PROCEDURE

I abandon the imagined given observer’s line, and the floor which was said
to be imagined on BC at right angles to the plane of the paper, and take the
plane of the paper itself for floor, and I take the line on F, equal to FG and at
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5 voorftel dic H fyick fegh defelve de begheerde fchacu te wefen.

TBEWYS. _

. Blijvende 'verfchaculickpuiit, 'glas,en 'oogh,op een felve placts,tis kenne-
Jick dar de fchaen oock in ‘een felve placts des glas blijft ,want de verandering van
fienderlijn en vloerdie wy int werck ghedacn hebben,en gheven gheen veran.
derinig vande placts des fchacus; Sulcx dat de ghevonden fchaeu de begheerde
moet ijn. . TBEsLvY T. Wefende dan ghegheven een yerfkhaenlick punt,
yglas evewijdich metic vloer, de voct,cn fiendedijn,wy hebben f(ijn fchaeu ge-
vonden,naden eyfch. ' i

S WERCKSTICK ' VOORSTEL
Wefende ghegheven een verfchaeulicke form, tglas,
devoet,en fienderlijn:Haer fchacu te vinden. :

-+ TGHEGHEVEN. Laet deverfchacuwen fijn cen form van defer ghedaen-
te: Op den viercanten gront A B C D, diens middelpunt E,gheteycként ine plat,
desblatsals vloer, wort ghenomen te ftaen ¢cn torse, diens flantteyckening
- FG HIK,wefende ten plat evewijdich mettetorrens voorfijde , welck plat de
felye torre deur t'middel (nijt, folcx dat opclck der puntens A; B, C, D, cen lind
. comteven an G H, of LK, en optmiddelpunt E,cen lini evenan F.Len alle vijf
- zechthouckich op de vloer, en van t'bovenfte punt derliniop E ftacnde , coms
.. men vierlinicr-rotte opperite punten der voorlchreven vier linienop A, B, C,
. Diftacnde: Soodat defc torre beftactuyt een viercante lichamelicke sechthouck,
met een viercante naclde dacrop: Voort fy M N deglafgront , diensglas op
-~ de. vloer rechthouckich bedocht. wort, - '
O devoet,waerop wydenr t'gedacht ne-
men cen fienderlijn te (taen even ande
fiendermact O P, rechthoackich op. de .
vioer. TBEGHEERDE. Wymoeten.
. de fchaeu defer verfchaeulicke form
_ vinden.

TWERCK

Ick fouck de drie thacuwen der drie _
verfchaeulicke punten inde vioerB,D,  pl
C, welcke ghevonden deurhet s voor- '
ftelick neem te wefen Q, R, S: Daer na Y.
fouck ick de drie fchaetwen der drie .
punten boven de voer,te weten ten eyn- T (FR %
de der drie linien die deur t’ghegheven Jg
verdocht worden te ftacn op B, C,D, < R
elckeven ande lini GH, cn rechthouc. M : »
kich op de vioer, welckedeur het 6 voor- : X
ficl ghevonden worden tewefen, neem Pu—o
ick, T, V, X; Voort fouck ick de fchaen
des punts boven de vloer, ten eyndeder
linidicdeur t'ghegeven verdocht wort te ftzen op E,evenanIF, en rechthone-

. : kich
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right angles. to the plane of the paper, for observer’s line. This being so, A is
now a given point in the floor, and the glass base DE of the glass comes at
right angles to the floor. When herewith the image of A is found by the 5th
proposition, which shall be H, I say that this is the required image.

PROOF

If the point, the glass, and the eye remain in the same place, it is obvious that
the image also remains in the same place of theglass, for the change of ob-
server’s'line and floor which we have made in the construction does not cause any
change in the place of the image, so that the image found must be the one
required.

CONCLUSION. Hence, given a point, the glass parallel to the floor, the foot,
and the observer's line, we have found its image, as required.

5th PROBLEM 11th PROPOSITION

Given a figure, the glass, the foot, and the observer's line: to find its image.

SUPPOSITION. Let a perspective drawing have to be made of a figure of the
following form. On the square base ABCD, whose centre is E, drawn in the plane
of the paper as floor, is assumed to stand a tower, whose vertical plan is FGHIK,

being a plane parallel to the front of the tower, which plane intersects the tower
in the middle, so that on each of the points A4, B, C, D there comes a line equal
to GH or LK, and on the centre E a line equal to FI, and all five at right angles
to the floor, and from the uppermost point of the line standing on E extend’
four lines to the uppermost points of the aforesaid four lines standing on A, B,
C, D, so that this tower consists of a right prism with a quadrangular pyramid
thereon. Further let MN be the glass base, whose glass is imagined to be at right
angles to the floor, O the foot, on, which we imagine an observer’s line, equal
to the observer’s measure OP, at right angles to the floor. WHAT IS REQUIRED

We have to find the image of. this figure.

PROCEDURE

1 seek the three images of the three points in the floor B, D, C, which, being found
by the 5th proposition, 1 assume to be Q, R, S. Thereupon I seek the three images of
the three points above the floor, to wit at the ends of the three lines which by the
supposition are imagined on B, C, D, each equal to the line GH and at rlght angles
" to the floor, which by the 6th proposition I assume to be found T, V, X. Further
I seek the image of the point above the floor at the end of the line Wthh by the
supposition is imagined on E, equal to IF and at right angles to the floor, which
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kichopde vloer, wilcke deur het felve 6 vootfiel ghevonden woit te wefen,
ncemick,Y:Ickireck.oock dethienlinienQ TRV, SLYT, YV, Y X,Ql},
RS, T V,V X. T'welck foo fijndé , ick fegh defoim tufichen defe linicn begre-
pen,de begheerde fchaeu te wefen. - :

TBEWYS.

_ Defeven punten Q,R,S,T,;V,X,V, T V,V X fijii fchaeuwen der dric B,C,D,
indc vloer,met-e vicr dieder boven eommen,deust'werck,en delinien wflchen
defc punten, fijn fchacuwen det verfthaculicke linlen rufichen die verfchacu-
licke punten deut het 1 voorftel, waer deurditde begheerde fchaeu mioet wefen:

" Angacnde de fehacu der verfchaculicke lini dic op A com;even an G H, en
rechchouckich op de vloet;0ock vande lini die van daer voort ftrecke totet fop
dertorre, met noch d’ander vier :- Ghemérckt de felve vant oogh in ondeur-
luchiighe floffen niet gheficn en tvorden, foo en fijnfe hiér niet
verfchaeut. Doch die fich voorftelde de ftof deurluchiich 1€6ijn, hy )

mocht dierlinicn fchacuwen vinden als van d'ander, en foude de’
fchacu der torredan fijn als hicr nevens.

MERCKT

Nadien'in dit vootbeelt té fien isde verfchacuwing van afle ghegheveh lini;
plat, en lichaem, foo én beheuftmen dacr af gheen befondes voorftellente bee
fchrijven,

Maer want hetglasandersdan récht-
houckich op devloetcan fijn, foo ful- : - F
len-wy daer af met voorbeclt wat fég- \
ghen: Ghenomen dattet ghegheven fy :
alfvooren, uytghefondert - daet glas v
dicasglafgront M N, nicten ftae reches A
louckich op de vloer, als daer, maet BAVLY
fcheefhouckich , neyghende na devet-
fchaculicke form toe , foo dattet mette
vloer ecen houck maecke evenr an defen T N
houck OZ P. Om hier af de fchaeu té B oL\ K
hebben,men fal foucken de fchacuwen T RN 5
der bovelchreven feven verfchaenlicke
punten deur het g voorftel, en daerwuf-
-fehen ghetrocken de linien na rbe- SR s
hooren , men fal dan crijghen ecn _ 2
fchaeu als hier by ghetcyckent fidet: 3 = : 7
Waetinde fchaeu van het rechihouc-
kich verfchaculick deel dertorre, bo<
ven wijder valtdan onder, want langer

isTVdanQR. r 0
Ghenomen andermael t'ghegheven

te fijn alfvooren, uyighefondert dattet

glas diens glafgrondt M N, fiu neyghd <

na heroogh toe, foo dattet mette vioer
eca -houdk maccke even am defen
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by the same Gth proposition I assume to be found Y. I also draw the ten lines
QOT, RV, SX, YT, YV, YX, OR, RS, TV, VX. This being so, I say that the figure
contained between these lines is the required image.

PROOF

The seven points O, R, S, T, V, X, Y (*) are images of the three B, C, D in the
floor, with the four coming above them, by the procedure, and the lines
between these points are images of the lines between those points, by the- st
proposition, in consequence of which this must be the required image.

As to the image of the line which comes on A, equal to GH and at right angles
to the floor, also of the line which from there on extends to the top of the
tower, with the other four as well, since these are not seen by the eye in non-
transparent media, they have not been drawn in perspective here. But if anyone
imagined the medium to be transparent, he would be able to find the images
of those lines just like those of the others, and the image of the tower would then
be as opposite.

NOTE

Since in this example ‘is to be scen the perspective of any given line, plane,
and solid, no special propositions need be described about them.

But because the glass may be other than at right angles to the floor, we shall say
something about this; with reference to an example. Let it be assumed that the
data are as before, except that the glass base MN of the glass is not at right
angles to the floor, as there, but at oblique angles, inclining towards the figure,
so that it shall make with the floor an angle equal to the given angle OZP.
In order to find the image of this, the images have to be sought of the aforesaid
seven points, by the 9th proposition, and if between these the lines be drawn
in the proper manner, an image will be obtained such as is here illustrated, in
which the image of the rectangular part of the tower is broader above than below,
because TV is longer than QR.

Assuming once more that the data are as above, except that the glass base
MN of the glass now inclines towards the eye, so that it makes with the floor

() There must be a printet’s ccror in the Dutch text.
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Jiouck O Z P: Om hicraf de fchaen
te hebben , nich fal foucken de
fchacuwen dér bovelchreven feven
verlchacilicke ‘punten deur  het
9 voorfiel en daer tuflichen ghetroc-
ken de linien na t'behooren, men fal
dair- crijghen cen fchacu als hier by

gheteyckent flac:Waerindefchaen. A

. van het rechthouckich verfchaeulick
.decl der torre boven nauwer valtdan
onder; wantcorier is T V dan Q R.

Maer om oock vootbeelt te fiel-
len vant glas evewijdich mette viocr,
foo lact ABCDE andermael de
flantteyckening der. torre beteycke.
nen {taende met haer viercante gront

op de vioer,verdocht deur A E recht-

- houckich opt plat desblats, en t'glas
dicns glafgront F G fireckende deur’
. tlopdertorre G, fy CVCWl)dich met- .
te bovcfchxcven vloer, dats oock
rechthouckich opt plat des blats:
Voort fy opt punt Hint plat desblats,
verdocht een rechte linievenanH [

en rechithouckich optplat des (clvcn blats , en ten eynde der felve lini fy het
oogh. Dit {oo fijnde, en om nu de fchaeu 1€ vinden, ick doe alsint weick des
10voorftcls, nemende dattet plat des blats vloer xs,H voet,H I ficndermact even

metic ﬁcndcrh,n dic opdefen vlocerrecht-
houckich comt: Voort dat de torre met een
fijde light op dien ghenomen vloer: Sulcx
datop de vier punten A, B,D,E, commen
vicr linicn even an A E, en rechthouckich

op. de vlocr: Voort een liniop C, cven an-

den helft van A E, het uyterfte van welcks
lini het fop der torre beteyckent: Sulex dat
tuffchen die punten linien verdocht na rbe-
hooren, fy maken de ghegheven' lichame-
licke verfchaculicke torre: Om de fchaeu
van welcke te hebben,men fou@ de fchacu:
wen der punten dlcmcn fien can ,als van
B,D,E, metdander dric dieder boven com-

men, ¢n 6ock des punts boven C, die ghc-:.
vondcn fijnde deur hetsen 6 vootﬂellck

neem e wefen X,L,M,N,O,P,Q;: Dacr na .
ghetrocken. finien twfichen bcyden nat'be-.

E

B
—
3
P

hooren, foo comt dacr uyt de fchaeu,neem ick,als hier by getejckent flaet, Van
al welcke 'bewij jsdeurt'werck Opcnbacx is. TBESLVY T« Wefende danfen.
gheven cenverfchaculicke form, U'glas,de voet, ca ficnderlin, wyhebben haes

ichacu ghcvondcn,na den cyfch,

MERCKT.
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an angle which is equal to the angle OZP shown opposité: in order to find the
image of this, the images have to be sought of the aforesaid seven points, by
the 9th proposition, and if between these the lines be drawn in thie proper manner,
an image will be obtained such as is here illustrated, in which the image of
the rectangular. part of the tower is narrower above than below, because TV is
shorter. than QR.

But in order also to give an example of the glass parallel to the floor, let
ABCDE once again designate the vertical plan of the tower, standing with its
square base on the floor, imagined through AE at right angles to the plane of the
paper, and let the glass base FG of the glass passing through the top of the
tower C be parallel to the aforesaid floor, 7.e. also at right angles to the plane
of the paper. Further, on the point H in the plane of the paper let there be
imagined a straight line equal to HI and at right angles to the plane of the
same paper, and at the end of the said line let there be the eye. This being so,
in order to find the image I proceed as in the procedure of the 10th pro-
position, assuming the.plane of the paper to be the floor, H foot, HI observer’s
measure equal to the observer’s line which comes at right angles to this floor,
further that the tower lies with one side on that floor, so that on the four points
A. B, D, E there come four lines equal to AE and at right angles to the floor;
further a line on C, equal to the half of AE, the extremity of which line
designates the top of the tower, so that, if between those points lines be imagined
in the proper mannef, they make the given tower. In order to have thé image
of the latter, the images are sought of the points that can be seen as of B, D, E,
with the other three coming above them, and also of the point above C, which
having been found by the 5th and 6th propositions, I assume to be K, L, M, N,
O, P, Q. If thereupon lines be drawn between the two, in the proper manner,
I assume the result to be the image shown opposite, the proof of all this being
clear from the construction. CONCLUSION. Hence, given a figure, the glass,
the foot, and the observer’s line, we have found its image as required.
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MERCKT. -
Wy hebben inde bovefchreven * werckflicken de gheghéven fienderlijn, Problmait-

mette lini vant verfchaculick punt totte vioer, altijt rechthouckich ghenomen 4%
op de vicer: Oock t'verfchaculick puntaltije inde vioer of daer boven geftelt,en  °
het oogh altijt boven de vioer: Nochtans cant ghebeuren, tocht ymant deac.
ken,dat fulcke twee linien op de vlocr fcheefhouckich ghegheven wotden, en
tverfchaculick punt onder de vioer,en het oogh inde viocr; of daer onder, deut

- t'welck veel verfcheydenheden fouden vallen inde bovelchievén voorftellen
_ nietangheroert. Hier op wort gheantwoort, dat foodic bovefchreven nwee li.
nicn op de vioer fcheefhouckich ghegheven waren, tisén foudefe meuigen reché
daerop trecken,en ghebruycken die dan in plaets der ghegheven,want fulck en
ghecft gheen verandering vande plaets der begheerde fchaei intglis. Maerfoo
t'verfchaeulick punt ghegheven waerindevloer, en hetoogh oock daerin, of
. dacr onder,men mach onder rleeghfte van die twee punten eenander viocr ftel-
en of bedencken evewijdich mete ghegheven, veflanghende tot dacrtoe de
“ficndetlijn enlinl van t'vetfchaeulick punt totte vicer : nemende daer na di¢
“vloer en verlangde linien voor de ghegheven,en dacr me de fchacu'ghefocht na
de voorgdende reghelen, men heefihet beghecerde. v
Maer om hier af by natuerlick voorbeclt te fptrcken,ghenomen dar ymant als
Verfchacuwer, ftoide op een berch; hoogher met fijn vocten dan een ghefliche
dat hy verfchacuwen wil,en nacm vooi vioct Uplat dacr hy op ftaet, t'is kenne-.
lick dat de gheghevien verfchaeulicke form dan onder de vioet foude commcen.
Macrick fegh dat by in fulcken ghevalle nach bedencken een ander viocr deut
t'lecghfte des geflichits,nemende dacrnade lini van fijn cogh totdie vioer voot -
fiendetTijn,want yder verfchaenlick punt meite fienderlijn, fijn dan boven de
vloer vanghedaentealsin ecn der boveRthreven wetckilicken, ivelcke mianicr
ghevolght int foucken der fchaeu, men behouft tot fulcke verfcheyden felling
gheen verfcheyden nieuwe reghelen te befchrijven,

_ Angaende fchacuwen van ciomme linicn die hier yooren niet befchrevenen
fijn,ghclijck haer groothedeninde * Meeicontt niet! wilconftelick ghemeten ® Geomerriai
en'worden,raer s werckelick foo naalft de faéck vereylehi: Alfoo en wordenfe :;’2"’“""""'
deur deconft der verfchacuwing nict wifconftelick veifthacut,maer nien comt sy haice
deus f'verfchacuwen van veel punten der cromme linien , Ubeghecrde foona
als uyrerlick ghenouetifehijnt,

VANDE CORTHEDEN EN

"SEKERHEDEN OPT WERCK DER
VERSCHAEYWTING

Inde bovefchreven voorftellen blijcke el de manier om te vifiden de fchaent
vanalle ghegheven vesfchaculickpunt, waer me openbacr is de ghemcene re-
ghél der verfchaeuwing van alle ghéghieven verfchaculicke form ,als te fienis
int 11 vooiftel. Macr wanttet in groote wercken moeyelick. foude vailen, de
fchacuwen van alie verfchaeulicke punitert en Jinien op fulcke manier te vin-
den,foo fullen wy nu fes vericheyden * Ieden befchrijven , vande cortheden en drsicdsr,
fekerheden dieder na gheleghentheydt der. omftandighen int werck connen

vallens ,
D2 t LIDT.
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NOTE

In the problems described above we have always taken the given observer's line,
with the line from the point to the floor, at right angles to the floor, and also
placed the point always in the floor or above it, and the eye always above the
floor. Nevertheless it may happen, someone might think, that such two lines
are given at oblique angles to the floor, and the point below the floor, and the
eye in the floot or below it, in consequence of which many differences would
occur which are not referred-to in the above-mentioned propositions. To this it
is answered that if those two aforesaid lines were given at oblique angles to the
floor, they might be drawn vertically thereon and be used instead of the given
lines, for this does not cause any change in the place of the required image in
the glass. But if the point be given in the floor, and the eye also in it or below
it, one may place or imagine beneath the lower of those two points another
floor, parallel to the first, producing to that floor the observer's line and the
line from the pointtothe floor. If we thereupon take that floor and the produced
lines for those given and therewith seck the image according to the foregoing
rales, we have the required image.

But to speak of this by means of a physical example: assuming that some-
one who is to make a -perspective drawing were to stand on a mountain, with
his feet higher than a building of which he wishes to make a perspective drawing,
and were to take for the floor the plane on which he stands, it is obvious that
the given figure would then come below the floor. But I say that in such a
case he may imagine another floor through the lowest point of the building,
thereupon taking the line from his eye to that floor for observer’s line, for
every point with the observer’s line is then above the floor of such a kind as in
one of the problems described above; when this method is followed in the
finding of the image, we need not describe different new rules for such a differ-
ent supposition.

As to images of curved lines, which have not been described in the foregoing,
just as their magnitudes are not measured mathematically, but mechanically in
geometry, as accurately as the matter requires; in the same way they are not
drawn mathematically by the art of perspective, but by finding the images of many
points of the curved lines the required image is approximated as much as seems
sufficient. :

OF THE ABRIDGEMENTS AND VERIFICATION
POSSIBILITIES IN THE PROCEDURE OF
_ PERSPECTIVE DRAWING.

In the above-mentioned propositions the method indeed is disclosed for finding
the image of any given point, with which the common rule of drawing any given
figure in perspective is clear, as may be seen in the 11th proposition. But because
in large works it would be difficult to find the images of all the points and
lines in such a manner, we shall now describe six different sections, of the
abridgements and the verification possibilities that may be made in the procedure,
according to circumstances.



40 1 BOVCK DER DEVRSICHTIGHE

1t LIDT.

Tis oirbolr datmen int verfchacuwen cens verfchaeulicker forms, fich int
gheghevenaliijt voorftelt, datet glas fireckt deur het voorftedecl als plat lini,
of punt, der vcrfdlacuhcke form , om dattet felve dan gheen moceyte van ver-'
fchacuwing en bchoufx.ovcrmxdts het voor fijn felfs fchaeu verftreckt deur de
2 begheerte. Macr want ymant nudencken mocht , dattet inde dadelicke ver-
fchacuwing dickwils Conpas foude commen, het plat van een.verfchaeulicke
form,als van ecn groot gefticht,voor ﬁ;n (chacu te nemien, overmidisde fchacu
veel te groot foude vallen om op papier ghereyckent te worden foo fullen wy
daer op wat breeder verclaring doen, Lact by voorbeclt te vcrfchacuwcn fijnees
nich ghetticht diens voorgevel 100 palmen hooth is,en den fiender dacr af we-
fende 300 palmen, ftelt voor fich cen wefendick glas drie palmen vant cogh,at-
foo dattet evewijdich is mette voorfchreven ghevel diemen deur r'glas fiet,waer
in de fchacu moet vallen van een palm hooch. Dit het ghcghcvcn fijnde, en be-
gheert wefende cen fchacu even en ghelijck mette fchaca die int glas ghefica
wort, {00 fouden de linien van 100en 300 palmen, dieder fijn vant oogh totte
Vcrfchacuhckc form te lanck fijn , mocht ymant fegghen ,ommet bequacm-
heyt op papicr dadelick ghetrocken te worden: Hoe falmcn dan hier me leven?
Aldus:Men beelt fich felfsin , al oftmen voor fich had e cleene lichamclicke
bots,diens voorghevel int glas ftacnde,hooch waer de voorfchreven ecn palm,
cn de reft naden eyfch, welcke bots ghenomen voor verfchaculicke fotm, en

Ibeographia daer af * gronticyckening met ftantteyckening ghemaccke, en dacr me int vers-
eamOrtegra- fehacuwen de reghel ghevolght,men heeft t'begheétde, fonder datmen moeyte
4 behoufite doen om dic voorghevel tc vc:fchaeuwcn,wammcn die vcnq yekent.
¢ven foo grooten ghelijckfc dacr comt.

X 2 LIDT.

) ‘Wanter cortheyt valt int vinden def fRhacuwen van. eticlicke rechtc linign

Paralile,  die mette vioer * eveiwijdich fijn,foo fullen wy dacraf ecmgc vgorbeelden ftel-

len. T'cerfte van ceni liniinde vloer, diens ecn uyteifie int glas com, tander

uyterfte dacr buyten. Her tweede van €en liniinde vloer dicns twee uyncxﬂen

beyde buytent *glascommen. Het derde van cen lini bovcn de v]oer diens ecn

uyterfie inrglascomt, r'ander dacr buyten. Het vierde vancen hmbovcn de
vloer,dicnstwee uyterften beyde buytent’glas commen.

1 Voorbects.

Lact ten cerlten A B een verfchaculicke rechte lini fijn inde vioer,gherakens
de mettet punt B, de glafgront C D, diensglas rechlhoucklch opde vlocr Ede
voct, waer op vcrdocht wort een fiendetlijin. .
te faen rectithouckich op de vloer,en even an.
 de fiendermact EF, O hicr af de fchacu te.
vinden, ick treck de vioérijn EG evewijdeghe
metBA dochvalter te gedencken(cwelck hem
verftaen fil foo wel op de drie valghende voor=' ¢
beelden defeslidis als ap dit)dat dedriegheghe-
ven punten E B A in gheen rechte linien meu-”
ghen ftacn , om totte cortheyt te commen dic
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1st SECTION

1t is proper that in the perspective drawing of a figure we should always im-
agine in the supposition that the glass passes through the foremost part, as plane,
linie or point, of the figure, because this does not then require to be drawn in
perspective, since it serves as its own image by the 2nd postulate. But because
someone might now think that in the practice of perspective drawing it would
often be unsuitable to take the plane of a figure, such as a large building, for its
image, since the image would become much too large to be drawn on paper, we
shall give a somewhat fuller explanation thereof. For example, let the perspective
of some building have to be drawn, the front facade of which is 100 palms high,
and let the observer, being at a distance of 300 palms from it, place before himself
a real glass, three palms away from the eye, in such a way that it is parallel to
the aforesaid fagade which is seen through the glass, in which must fall the image
a palm high. This being the supposition, and an image being required which is-
equal and similar to the image that is seen in the glass, someone might say that
the lines of 100 and 300 palms which pass from the eye to the figure would
be too long to be properly drawn on paper in actual fact. How then are we to
tackle this matter? As follows: We imagine we have before us a small physical
model, whose front facade, standing in the glass, is the aforesaid image one palm
high, and the rest according to requirement, and if this model is taken for the
object figure, and a ground-plan and a vertical plan are made of it, while for
the perspective drawing the rule is followed, then the required image is obtained

“without our having to take the trouble to bring that front fagade into perspective,
for the image is drawn of the same size as we have found.

2nd ‘SECTION

Because there exists an abridgement in the finding of the images of several
straight lines which are parallel to the floor, we shall give some examples thereof.
The first of a line in the floor one extremity of which comes in the glass and
the other extremity outside it. The second of.a line in the floor whose two
extremities both fall outside the glass. The third of a line above the floor one
extremity of which falls in the glass and the other outside it. The fourth of a line
above the floor whose two extremities both fall outside the glass.

15t Example

In the first place let AB be a straight line in the floor, meeting in the point B
the glass base CD, whose glass is at right angles to the floor, E being the foot,
on which is imagined an observer’s line at right angles to the floor and equal to
the observer's measure EF. In order to find the image from this, I draw the floor
line EG parallel to BA, but it is to be borne in mind (which applies to the three
following examples of this section as well as to this) that the three given points
E, B, A must not be in a straight line in order to attain the abridgement we require
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wy int werck begheeren,wantmen.dan déur het trecken van EG evewijdeghe
metB A , tot gheen befluyt ¢n foude gheraken, als verclacet isint merck des
5 voorftels: Dacr na G H rechthouckich op.C D, en even met EF, voortHB
en A E, foyende CDin leh IK rechthouckichopC D, gherakende HBin K: .
Twelck foo fijnde, K Bisde begheerde fchacu: van A B:Want B int glas, is
fijn felfs fchaeu,deur de tweede begheerte ;en K thacu van Adeurhet y voor-
frel en dactom de lini K B fchacu van A B deur her 1 vooritel, De cortheyt hiet
uyt volghende,is dat deur E G evewijdeghe ¢ trecken met AB, 1oo blijfi her
deelder faemlijn van B tot K de begeerde fehacu , dacrmen anders doende noch
¢cn nicu lini voor {chaeu moct trecken:

2 Voorbeelt.

Lact tentweeden A B cen verfchaculicke rechre fini fijn inde vicer, niet ge-
xakende deglafgrondt C D, diens glas rechthouckich op de vioer, E de vocr;
avact op verdocht wort cen fiendetlijn te ftacn rechthouckich op-de vloer, ca
cvenande fiendermact EF. Om hier afde fchaen te vinden;ick treck A B voor-
wacrt tot inde glafgrond: an G,daer na de vloerlijn E H evewijdeghe met G A:
Voort Hrechthouckich op C D,en even met EF, dacrna 1G ,en AE fnyens
de¢CDin K enK L rechthouekich op CD;
gherakende 1 G in L, voort B E. fnyende CD
in M,en MN rechthouckichop€ D ; gherna-

kende |G in N T'welck foo fiinde, LNis 4 !
openbacilick de begheerde ichacu van A B - B

De cortheyt hier uyt is , daumen met AB SN i
voortietrecken tot G, ende reftalsboven,de ¢ & 44 2D
twee punten A, B, verfchacut met cen vioer-

lijn EH, cen ficndermaet HI, cn cen f2em. 5 B

1ijn 1 G, dagrmen andess elck punt A, B-int
befonder verfchaeuwende, van elck twee fule«
ke linicn'foude tteckens

3 Voorbeelt.

Lacttenderden A, B, tivee punten fijninde vioer;en noch twee punten elck
foo hooch dder boven als G- D1anck is commende Ccen punt boven B intglas,
en delini iufichen dic twee punten die evéwijdich vande vloer moct wefen,, ff
de ghegheven verfchaeulicke lini, voort is 'glas rechthouckich op de vioersfijn
glafgrondt (y E B F,en G de voet ; waer op déurt ghedaclit ghenomen wort cen
fienderijn te flaen rechthonckich op de vloer;en even ande ficndermaet GH.
©Om hier af de fchaeu te vinden;ick treck Bl rechthouckich op EF, eneven an
€ D,dacr na G K evewijdeghe met B A;en van t'vioerlijnracckfel K, de fien~
dermact K L rechthouckich op EF,en cvenan G H; voort L Ien A G fnyende
EFin M, daerna M N rechthouckich op EF , gherakende de facmlijn [ L
in N, T'welck foo fijnde IN is dc begheerde fchaeu : Want t'punt I is
int glas Gjn eyghen fhacu deur de tweede begheerte , en r'punt Nichaen
van t'punt boven A deur het 6voorfiel , daerom de lini tufichen beyden als
N.1, isdeur . het cerfie voorftel fchacu vande lini boven A B. De cort-

D3 heyt
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in the procedure, for by the drawing of EG parallel to BA we should not then
reach any conclusion, as is set forth in the Note to the 5th proposition. Thereafter
I draw .GH at right angles to CD and equal to EF, further HB and AE, inter-
secting CD in I, and IK at right angles to CD, meeting HB in K. This being so,
KB is the required image of AB, for B in the glass is its own image, by the
second postulate, and K is the image of A by the Sth proposition, and therefore
the line KB is the image-of AB by the 1st proposition. The abridgement resulting
from 'this is that by drawing EG parallel to 4B, the part of the meeting line from
B to K remains the required image, whereas otherwise a new line would have
to be drawn for the image.

2nd Example

Secondly, let AB be a straight line in the floor, not meeting the glass base CD,
whose glass is at right angles to the floor, E being the foot, on which is imagined
an observer’s line at right angles to the floor and equal to the observer’s measure
EF. In order to find the image from this, I produce AB to the glass base in G;
thereafter I draw the floor line EH parallel to GA. Further HI at right angles
to CD and equal to EF, thereafter IG, and AE intersecting CD in K, and KL at
right angles to CD, meeting IG in L, further BE intersecting CD in M, and MN
at right angles to CD, meeting IG in N. This being so, it is clear that LN is the
required image of AB. The abridgement resulting from this is that by producing
AB to G, and the rest as above, the two points A, B are drawn in perspective
with a floor line EH, an observer’'s measure HI, and a meeting line IG, whereas

 otherwise, if each point A, B were drawn in perspective separately, for each two
such linés would have to be drawn.

3rd Example

Thirdly, let A4, B be two points in the floor, and two more such points, each
as high above them as CD is long, one point coming above B in the glass, and
let the line between those two points, which must be parallel to the floor, be
the given object line; further the glass is at right angles to the floor; let its
glass base be EBF, and G the foot, on which is imagined an observer’s line at
right angles to the floor and equal to the observet’s measure GH. In order to find
the image from this, I draw BI at right angles to EF and equal to CD, thereafter
GK parallel to BA; and from the floor-line glass point K the observer’s measure
KL at right angles to EF and equal to GH, further LI and AG intersecting EF in
M, thereafter MN at right angles to EF, meeting the meeting line IL in N. This being
so, IN is the required image, for the point I is its own image in the glass, by the
second postulate, and the point N is the image of the point above A by the 6th pro-
position; therefore the line between the two as NI by the first proposition is the
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beydt hier uyt volghende 18, datmen .
deut G K evewijdeghe te wreckenmetB A, A >
N

‘{00 blijft het deel det facmlijnvanItot N 4 »

‘de begheerde fchaeu , ddetmen anders |

doende cen nicuwe lijn voor fchacu moet « -
trecken,bovendien noch een linialsBlen 2 € B M Xxw
cenanderals B A, o X

4 Viorbeels.

Laetten vierden A en B twee punten fijn inde vioer, elck foo hooch dace
boven als C D lanckis, commende beyde buytent'glas , endelini tufichen die
wwee punten dicevewijdich vande vloer moet welen, (y de ghegeyen verfchaeus
Jicke lini:Voort is tglas rechthouckich op de vloer,fijn glafgront fy EF,en G de
woet, waer op verdothtwort een fienderlijn te ftacn rechthouckich op de vioer,
en cven ande fiendermaet G H. Om hierafde fchaen te vinden ;ick treck A B
*.vhorwaert totdatfe deglafzront gheraeckt in I : Daer na I K rechthouckich op
. EF,encvenan C D, voont G L cvewijdeghe met 1A, en van t'vloerlijnracckfel
- L,de fiendermaet L M rechthouckich op EE,enevenan GH:Daetna MKen
AG,nyende EFin N, voort N O rechthouckichop EF, en gherakende MK
in O; Dacrna B G foyende EF in P,voort P Q rechthouckich op EF, en ghema-
kende MK in Q. T'welck foo fijnde, O Qisde begheerde fckaeu : Want O is
fchaeu van t'verfchaculickpunt boven A,en ‘
Quan tverfchaculickpunt boven B deur
het 6 vootftel,en O ani tufRhen beyden
n

M

die punten , moet fijn de fchacu vande ver- DK o
fchaculicke A B deur het 1 voorftel. De
cortheyt hier uyt volghende,wort bemerckt |
alfmen int langhe elck verfchaculickpunt 8C & P :N; /L &
alleen verfchaeut nade manier des 6 voor.
fiels,fonder A B voort terecken,nochG L X @
dacr me evewijdeghe,
s LIDT.

Dacr valtcortheyt en fekerheytint wenck met teghedencken dat verfchacn.
licke evewijdeghe linien dic mentetglas evewijdich fijn , hun fchacuwen oock
evewijdich hebben deur het 3 vootftel : Macr verichaculicke evewijdeghe die
mettecglas onevewijdich fijn , datfe haer (chacuwen oock onevewijdich heb.
ben, en voortgetrocken fijnde in cen punt verfamen detir het 3 voorfiel. D'oir-
facckditr cortheytisom datmen int fouckender fchacuwen vande ghegheven
ver{chaeulicke punten , nict ahijt en behouft te vervolghenal de fesleden dee
wercking des 5 voorftels,of defeven leden des 6 voorliels, macr alleenclick twea
of dric van dicn; ja fomwijlen nictcen. ' '

t Ve oarbegll.

_ Omdcfe cortheden by vootbeelt te verclaren, {act A B C D cen verfchacu.
licke evewijdeghe vierhouck fijn inde vloer, deurwicns fjde D C de glafgront
_ EFfedt,
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image of the line above A4B. The abridgement resulting from this is that by
drawing GK parallel to BA, the part of the meeting line from I to N remains the
required image, whereas otherwise a new line.would have to be drawn for the
image, and moreover a line such as Bl and another such as BA.

4th Example

Fourthly, let A and B be two points in the floor, {and two more such points} *
each as high above them as CD is long, both falling outside the glass, and let
the line between those two points, which must be parallel to the floor, be the
given object line. Further the glass is at right angles to the floor; let its glass
base be EF, and G the foot, on which is imagined an observer’s line, at right .
angles to the floor and equal to the observer’s measure GH. In order to find the
image from this, I produce AB until it meets the glass base in I. Thercafter IK
at gight angles to EF and equal to CD, further GL parallel to /A4, and from the
floor-line glass point L the observer's measure LM at right angles to EF and equal
to GH. Thereafter MK and AG, intersecting EF in N, further NO at right angles
to EF and meeting MK in O. Thereafter BG, intersecting EF in P, further PQ at
right angles to EF and meeting MK in Q. This being so, OQ is the required
image, for O is the image of the point above A, and Q of the point above B, by
the Gth proposition, and OQ, the line between those two points, must be the image
of the line AB, by the 1st proposition. The abridgement resulting from this is
noted if in the full construction each point is drawn in perspective separately, in
the manner of the 6th proposition, without AB being produced, nor GL being
drawn parallel thereto.

3rd SECTION

Abridgement and verification possibilities are obtained in the procedure by
bearing in mind that parallel lines that are parallel to the glass also have their
images parallel, by the 3rd proposition, but that paraliel lines that are non-
parallel to the glass also have their images non-parallel and, when produced, meet
mn one point, by the 3rd proposition. The cause of this abridgement is that in
seeking the images of the given points we need not always follow all six sections
of the operation of the 5th proposition, or the seven sections of the 6th propo-
sition, but only two or three of them, nay, sometimes not one.

1st Example

To set forth these abridgements by means of an example, let ABCD be a
parallelogram in the floor, through whose side DC passes the glass base EF; G

* These words have been omitted in the Dutch text.




VANDE VERSCHABVWING., 43

EFfirecke,Gisde voet, wasr op deus Ughedacht con findedijn- flact cvenande
ficudermaee G H,en sechthouckich op de viger. '

X X
4 .
: A A4
P .
/%ﬁ o A
32 1IN c Y F ED I\ T (g
X — V¢ H— V@

- Om hier of te verclaten de.cortheden dieder vallen int vinden der fchaex,
-wy fullen eerft het heel werck befchrijven als volght: Ick treck oot al de vioet-

- lijnG Ievewijdeghe met D A , en van het vioerlijnracckfel, de fiendermaet

" fchaeu ijn van AB,cn NvanB.

- IK,evenan G H, en rechthouckich op d¢ glafgront E F, dacr nade linicn K D,
K C,en A G foyende EFin L, voorts L M rechthouckich op EF; en gheraken-
deKDin M, daer na MN cvewijdeghe met D C, engherakende KCin N.
Dit foo fijnde de viethouck M N-C D isopenbaerlick de begheerde {chacu van
A BCD. De cortheyt hicr in gheleghen,is onderanderen,datmen nietgefocht

- enheefide {chacu N des vesfchaculickpunts B na de-manier des s voorftels,
want treckende M N 1ot datfe KC ontmoer alsin N, foo moeft Nde fchaen
fijn van B,en delini M N fchacu van AB,omdcfereden: KD, K C facmlijnen

. wefende,en tpunt M fchaeu van A deurher 5 voorfiel , en dat boven diende

- f&haeu M Nalfoo evewijdeghe moet fijn_mette fchacu D C, ghelijck de ver-

. f&haeulicke A B merte verfchaculicke D C deur het 2 voorficl, foo moet M N

2 Voorbeelr -

Noch veel merckelicker cortheden vallender, als de vetfchaetiticke evewijde.
ghe vierhouck in haer hecft veel evewijdsge linicn mettcafgaende fijden. Laet
~.. by voorbeclt M N CD hier wederom {chacu van AB C D fijn, K facmpunt,.

A 02 F

M

»PPRTECE . PPRTC

© endereft alfvooxen,uyegmom?ﬁ fl;n Ae vexfchtmhckc wo!hohck A VBFCLD,n
in bacthebbe dricevewijdeghe linicnmctAD,alsOP,%l_},S T, o
‘ "4 L
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is the foot, on which is imagined an observer's line, equal to the observer's
measure GH and at right angles to the floor.

To set forth from this the abridgements that may be obtained in the finding of
the image, we shall first describe the whole procedure als follows. I draw first
of all the floor line GI parallel to DA, and from the floor-line glass point I the
_observer’s measure IK, equal to GH and at right angles to the glass base EF,
thereafter the lines KD, KC, and AG intersecting EF in L, further LM at right
angles to EF and meeting KD in M, thereafter MN parailel to DC and meeting
KC-in N. This being so, the quadrangle MNCD is clearly the required image of
ABCD. The abridgement in this is, among other things, that the image N of the
point B has not been sought after the manner of the 5th proposition, for MN being
drawn until it meets KC in N, N was bound to be the image of B, and the line
MN the image of AB, for the following reason: KD, KC being mecting lines
and the point M the image of A by the 5th proposition, while moreover the image . -
MN must also be parallel to the image DC, as the line AB to the line DC, by
the 2nd proposition, MN must be the image of 4B, and N of B.

2nd Example

Even more notable abridgements are obtained if the object parallelogram has
in it many lines parallel to the sides descending to the glass base. For example,
let MNCD here again be the image of ABCD, K the meeting point, and the rest
as above, except that the quadrangle ABCD now has in it three lines parallel to
AD as OP, QR, ST.
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.. .Omderfelve linienfchacuwenicvinden men héeft iiet té doelr’dan te trec-
ken K P, KR, K T,fnyende M Ninde dric punten ¥; X;Y ;' Want de‘drie linien
begrepen inden viethouck MNCD ,als VP, X R, YT, fijn openbacrlick de
begheerde fchacuwen,teweten V PyvanOP,en XRvan QR,en Y TvanST.

3 Voorbeetr.

Maer omoock voorbeclt te flellen als her glas @recke buyten een fijde des
evewijdeghen viethouex,evewijdich mette fijde, foolact A B C D weerom een
verichaculicke evewijdeghe vieshouck fijn inde vioer , wiens fijde D C evewij-
dich is metteglafgront EF, en Gisde vocet, waer op deur rghedachreen fien-
derlijn flaet,even ande fiendermaet G H.Om hier af met cortheyt de fchacute
vinden,ick treck A D en B C voorwaert, tot datfe de glafgront gheraken inl en
K: Vindc daer nade fchacu des vierhoucx A B K1, ghelijckfe fiier vooren ghe-
vonden wiert van-A B C D, welcke fchacu (nemende.L voor facmppunt) fy
M N K 1. Nughelijck hier gevonden is de fchaen. M N der verfchaenlicke A B,
alfoo falmen oock vinden de fchacu der verfchaculicke D Cidatis,ick treck DG
fnyende E Fin O, daer na O P rechthouckichop EF , en gherakende L lin P,
voort P Q evewijdeghe met MN, en gherakende L K in Q: T'welck foo fijnde
denviethouck M N Q P, is openbaeslick de beghéerde fchacu derverfthaeulie.

4 - B 4 B L
b M v N =3 ii
B
£x 0\ K | F B3 0\ K F
B—@ H— —G

Maer foo de verfchaeulicke form evewijdeghe linien hadde merteafgaende
fijden, decortheyt des werex dieder dan op valtis dufdanich:Laet M N Q Phicr
onder weerom de fthacu van A BC D fijn, L faempunt, en derscftalfvooren,
uytghenomen dat de verfchaculicke viethouck A B C D i in’ haer hebbedrie
evewijdeghe liniecn met ADals R S, T V,X Y. Orh de felver linien fchacu te
vinden,men heeft niet te doen dan di¢ felvedric linien voort te trecken totinde
glafgront EFals R 8 Z,en foo met dander twee: Dder nadrik linien vant facm.
punt L,tot die driegheraeckfelen inde glafgrondt,wantde drie linien alfdan be-
grepen inden viethouck M N Q P, fijn openbaerlick de beghcerde fchacuwen
dersmrfchatulicke RS, TV,X Y, ’ SR ’

£ Voor-
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To find the images of the said lines, we need only draw KP, KR, KT, inter-
secting MN in the three points V, X, Y, for the three lines contained in the
quadrangle MNCD as VP, XR, YT are clearly the required images, to wit VP
of OP, and XR of OR, and YT of ST.

3rd Example

But to give also an example where the glass extends outside one side of the
parallelogram, parallel to the side, let ABCD again be a parallelogram in the
floor, whose side DC is parallel to the glass base EF, and G is the foot, on which
is imagined an observer’s line, equal to the observer's measure GH. In order to
find from this bricfly the image, I produce AD and BC until they meet the glass
base in I and K; thereafter I find the image of the quadrangle ABKI as it was
found above of ABCD, which image (taking L for the meeting point) shall be
MNKI. Now just as here the image MN of the line AB has been found, in the
same way the image of the line DC will also be found; that is: I draw DG inter-
secting EF in O, thereafter OP at right angles to EF and meeting LI in P, further
PQ parallel to MN and meeting LK in Q. This being so, the quadrangle MNQP
is clearly the required image of the figure ABCD.

4th Example

But if the figure has lines parallel to the sides descending to the glass base,
the abridgement of the procedure then obtained is as follows. Let MNQP
below again be the image of ABCD, L the meeting point, and the rest as above,
except that the quadrangle ABCD now has in it three lines parallel to AD as RS,
TV, XY. In order to find the images of the said lines, we need only produce the
said three lines to the glass base EF so as to obtain RSZ, and similarly with
the other two. Thereafter three lines from the meeting point L to those three
meeting points in the glass base, for the three lines then contained in the
quadrangle MNQP are clearly the required images of the lines RS, TV, XY.
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5 Voorbecls.

Hoe wel ons voornémen wasuyt verfcheyden manieren van wercking maer
een te verkicfen ; te weten die ons cortft en bequaemft doche, foofullen wy
nochians totte vier bovefchreven voorbeelden dit vijfde vervoughen, met wat
-verandering inde manier deswercx, deur dien wy in dés Anhangs 3 hooftftick
dacr af wat fullen fegghen. ' _ _

Om dan tot de facck te commen;fillen hier ftellen vier forme,deerfte metcen
ghegeven verfchaculick vicrcant, de tweede met een verlchaeulicke rechthouck
op d'een fijde langer,de derde met een evewijdege f-heefhouckighe vierhouck,
cnalle drie metter glas rechthouckich op de vloerdeur een {jjde der véifchacu«

_Jicke vierhonck : De vierde forim mettet glas fcheefhouckich op de vioer,tot
welcke vier formen cen felve befchrijving dienen fal, Laet dan ABC D eén
“verfchaeulicke evewijdeghe viethouck fijn inde vioer, deur wicns fijde D Cde
glafgron: £ F fireckt,G is de voet,waer op deur vghedacht een fienderlijn Rtaer,

_even ande fiendermact G H,en rechthouckich op de vloet, voort fy ghertocken
devloerlijn G I, evewijdeghe met D A,en van het vloerlijnrdeckfel I, de fien-
dermaet [K; even an GH, en rechthouckich opdeglafgront E F | daer na de¢
faemlijnen DK, CK. Tot hiertoeist'werék ghedaen als in tbeghin van het
1 voorbeelt defes 3 lidts; Maer om nude {chacu van A B op ons voorghenomen
manier te vinden, ick teycken inde glatgront EF ¢’punt F, alfoo dat C Feven is
ande lini dieder valt van G rechthouckich op E F, ¢'welck in decrfte, entweede
fotmis G I,inde 3 en 4 form wortfe bedocht : Daer naFL, even cn evewijde-
ghe met 1K, voort teyckenick inde glafgrondt EF 'punt E, alfoo datC E even
is andelinidieder van C rechthouckich valt op A B, of op hacr verlangde,
t'welck in deerfteen tweede form is C Byinde 3 en 4 form wortfe bedocht: Dact
na C M, makendc op E Feen houck even anden houck diemen neemt het glas
op de vlaer tc maken; Ick treck daee na L E fnyende C M in N;ncem daer nade
langde C N, vervough dieindelini1K,van Itot O, en treck deur O de lini P
evewijdeghe mer A Bite wetenPinde aemlijn D K, en Qinde faemlijn CK.
Dit foo fiindejick eghdelini PQ ¢ wefen de fchacu vanAB,en PQCDde
fchaen des viethoucx ABCD. TBEREYT SEL. Lact indeeetfte en twee-
de formgheteyckent wodden C'punt R, als ghemeene fne van IK , of haer vers
langde,cn A B of haer verlangde.

TBEWYS.

Anghefienin d'cetfie en tweede form CF even isandc lini I1G,en CE an
LB, ddisoockan] R, foois EFeven met G R, enF Liseven ande fienderlijny
dicapt puni G faet rechthoiekizh opde vioer, waer deurdendriehouck EFL
reshifijidean Fioven¢n gheliick isanden verdochico drichouck bcg!cp'c? ;\uﬁ

' chen
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Sth Example

Although it was our intention to choose only one out of different operation
methods, to wit that which appeared shortest and most suitable to us, we will
nevertheless add to the above four examples this fifth, with some modification
in the construction method, because we shall say something about it in the 3rd
chapter of the Appendix.

In order to come to the matter, we shall here give four figures, the first with
a given square, the second with a rectangle, one side of which is longer than
the other, the third with an oblique-angled parallelogram, and all three with the
glass at right angles to the floor through one side of the quadrangle; the fourth
with the glass at oblique angles to the floor, for which four figures the same
description will serve. Let ABCD therefore be a parallelogram in the floor,
through whose side DC passes the glass base EF; G is the foot, on which is
imagined an observer’s line equal to the observer’s measure GH and at right angles
to the floor; further let there be drawn the floor line GI, parallel to DA, and from
the floor-line glass point I the observer's measure IK, equal to GH and at right
angles to the glass base EF, thereafter the meeting lines DK, CK. Up to this
point the procedure has been as at the beginning of the 1st Example of this
3rd Section. But in order now to find the image of AB in the manner intend-
ed by us, I mark in the glass base EF the point F such that CF is equal to
the line that is from G at right angles to EF, which in the first and second figures
is GI; in the 3rd and 4th figures it is imagined. Thereafter FL, equal and parallel
to IK; further I mark in the-glass base EF the point E such that CE is equal
to the line that is from C at right angles to AB, or to AB produced, which in
the first and second figures is CB; in the 3rd and 4th figures it is imagined.
Thereafter CM, making with EF an angle equal to the angle that the glass is
assumed to make with the floor. Thereupon I draw LE, intersecting CM in N,
then take the length CN, transfer that to the line IK, from I to O, and draw
through O the line PQ parallel to. 4B, to wit P in the meeting line DK and Q
in the meeting line CK. This being so, I say that the line PQ is the image of
AB, and PQCD the image of the quadrangle ABCD. PRELIMINARY. In the
first and second figures let the point R be marked, as intersection of IK, or IK
produced, with 4B, or AB produced.

PROOF

Since in the first and second figures CF is equal to the line 1G, and CE to CB,
ie. also to IR, EF is equal to GR, and FL is equal to the observer’s line that is
in the point.G at right angles to the floor, in consequence of which the triangle
EFL, right-angled in F, is equal and similar to the imagined triangle contained
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fchen hetoogh, R en G, recht fijnde an G;Voort anghefien1G evenisan CF,
foo mocet L E, delini C M fhyenin N, foohoochboven C, als hetftrael van
r'oogh tot R het glasdeurboort boven I, dacrom C N is de ware langde dieder
moct fijn van D Ctottefchacuvan A B, maer defelvelangde is wfichen DC
en P Qdeurt'werck,dacrom P Qis in haer behooslicke vetheyt van DC : Haex
uyterften P Qfijn oockinde faemlijnen D K, CK; Dacrom P Q_is de wate
fchacuvan A B, '

1t FORM 2 FORM

Deurt'ghene hier bewefen isinde ecrfle en twieede forns, machmen claestick
ghenouch verftacnde nootfakelickheys van desghelijcke-inde desde en vierdss
form, wantfoomen trecks ccn lini van G rechubouckich op A B of op biacr vere

_ langde,
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between the eye, R, and G, being right-angled in G. Further, since IG is equal
to CF, LE must intersect the line CM in N, as high above C as the ray from-the
eye to R pierces the glass above I; therefore CN is the true length that must be
from DC to the image of AB, but the same length is between DC and PQ by
the procedure, therefore PQ is at its proper distance from DC. Its extremities P,
Q are also in the meeting lines DK, CK; therefore PQ is the true image of AB.
" From what has here been ptroved in the first and second figures we may under-
stand clearly enough the necessity of a similar procedure in the third and fourth
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‘llzng;i: » fy faleven fijn met EF, Wacruyt men ghenouch fiet t'veérvolgh varis
cre) ' : '

MERCKT.

Maer fooder t€ vinden Wateh de fchaeutven van ettelitke dndet verichaculic:
kelinien evelwijdich inet A B, datcan met cortheyt aldus ghefchien : Laet wf:
fchen A Ben D € deurtghedacht hoch twiee verfchaculicke linien fijn, ever
en evewijdich met A B,en fireckende deut de punten S,T,die gheteyckent fijn
in A D. Omderfelve linicn fchaeuwen te vinden; ick teycken in C Ede wwee
punten V,X,alfoo dat C V even is mette Lini van S tot op E F rechthouckich en
C Xeven imettelini van T rechthouckich op EF; tteck daer naL V,en L X;
fhyende MCin Y en Z; Teycken dact nainde vierhouck P Q C Ddelini 4b,c
hooch boven D Cjals van Y tot C, fghelijexdelini ¢4 foo hooch boven DC;
als van Z ot C,¢in heb openbatrlick t'begheerde., o

Tot hier toe fijn voorbeelden befchreven alwaert’glas fireckt deur een (ijde
des verfchaculicken vierhoucy,maer om cock vooibeelt te ffellen dacrt buytent
cen fijde ftreckt evewijdich mette felve, foo lactinde twee cerfie rechchoncki.
ghe verfchaculicke vierhoucken A BTe cen verfehaculicke vierhouck fijn,
fireckende t'glasdeu E Fevewijdich et AB; en'de reft van tghegheven fy
alfvooren, - . ' o
~ Omnudefchacu van A Btevinden, men fal AT ¢n hacr tegenoverfijde B¢
voorwaerttrecken', tot datfe E F gheraken , als in C en D: Anfiendedaer na

~ABC Dal offe de ghtgheven verfchaeulicke forih waer, men vint PQ _{chacu
van A B alfvooren; Ep anfiende daer naandermacl T ¢ C D, al offe de gheghe-
ven verfchaeulicke form waer ; men vint 6p de felve voughe de fchacu vande
verdochte T ¢, cn mien heeft vbegheerde; waer af tbevwijs deut rvoorgaende
openbacr is, ' o '

8 Voorbeelr.

Nu fullen wy fegghen vande cortheyt dieder valt, als 'glds ftreckt onevewij-
dich met elcke der vier fijden. Lact tordien eynde A B C D cen verfchaeulicke -
evewijdeghe victhouck fijn, E F de glafgfont onevewijdich met elckeder vier
fijden,en t'glas rechthouckich op de vloer,, fireckende deur een der punten, als
deur C,en Gisde voet, waer op deurt'ghedacht een fienderlijn ftacteven ande

. fiendermact G.H. Om vande felve vieshougk. A B-C D de {chaeu ¢ crijghen,
men foudedncughenvindendefchaen van elck der punten A, B; D, nadeghe-
meehe reghel des-s vooificls, treckendedacr na linien van.t'een punt tottet an.
der ,;, mact. men capfe deur cen. cotterwechcrijghen alswalght: Ick treck de
vioetlijn G 1evewijdich met CB,en K Irechthouckichop EF,enevenan GHj
Daermdevloerlijn G LevewijdeghemetC Dyen op EF de fiendermact L M
even an 6 H, treck dacrna A D voorwaert tot inde glafgrondran N, en A B tot
inde felveglafzrontan O;Dacrna KN,K C,en M Cnyende K Nin P, voorts
MO fnyendeK Nin QenK Cin R.T'welck oo fijnde,de vierhouck Q R cp
isde begheerde fchacu vande vetfchaenlicke ABC D, want MO, MCfijn

facmlijnen der fchacuwen van A BDC cn KN, K€ der fchacuwen van A g;'
)
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figures, for if a line is drawn from G at right angles to AB, or to AB produced,
it will be equal to EF, from which the sequel of the rest is sufficiently seen.

NOTE

But if the images of several other lines parallel to AB are to be found, this
can be done briefly as follows. Between AB and DC let there be imagined to
be two more lines equal and parallel to 4B and passing through the points S, T,
marked in AD. In order to find the images of the said lines, I mark in CE the
two points ¥, X, such that CV is equal to the line from § at right angles to EF,
and CX is equal to the line from 7 at right angles to EF, and thereafter I draw
LV and LX, intersecting MC in Y and Z. Thereupon I draw in the quadrangle
PQCD the line «b as high above DC as from Y to C, likewise the line ¢4 as
high above DC as from-Z to C, and I clearly have what was required to be found.

Up to this point examples have been described where the glass passes through
one side of the quadrangle, but in order also to give an example where it passes
outside one side, parallel to the latter, in the two first rectangles ABTe let there
be a quadrangle, the glass passing through EF parallel to AB, and the rest of
the supposition being as above.

In order now to find the image of AB, let AT and its opposite side Be be
produced until they meet EF as in € and D. Thereupon considering ABCD as
if it were the given figure, PQ is found as the image of AB as above. And then
again considering TeCD as if it were the given figure, the image of the imagined
line Te is found in the same manner, and we thus have found what was required
to be found, the proof of which is clear from the foregoing.

_ 6th Example

We will now discuss the abridgement obtained when the glass is non-parallel
to each of the four sides. To this end let ABCD be a parallelogram, EF the glass
base non-parallel to each of the four sides, and the glass at right angles to the
floor, passing through one of the points as through C, and G is the foot, on which
is imagined an observer’s line equal to' the observer's measure GH. In order to
obtain the image of the said quadrangle ABCD we might find the image of each
of the points A, B, D, according to the common rule of the 5th proposition, there-
after drawing lines from one point to the other, but it can be obtained by a
shorter method, as follows. I draw the floor line GI parallel to CB, and KI at
right angles to EF and equal to GH. Thereafter the floor line GL parallel to
CD, and on EF the observer’s line * LM equal to GH;; thereafter I produce AD
to the glass base to N, and AB to the said glass base to O; thereafter I draw KN,
K¢, and MC intersecting KN in P, further MO intersecting KN in Q and KC
in R. This being so, the quadrangle QRCP is the required image of the figure
ABCD, for MO, MC are meeting lines of the images of ABCD and KN, KC of
the images of AD, BC; therefore the images of AB and DC are in the meeting lines

() “Observer’s measure” is evidently a printer’s error in the Dutch text.
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B C, dacromde fchacuwen van A Ben D Cfijn inde faemlijnen M-O,M C,en
de fchacuwen van A D, B Cinde faemlijnen KN, K C waerdeur QRenPC
fchacuwen fijn vanAB,DC,enQP, R C fchacuwen van A D,BC en ver-
volgens de viethouck Q R C P fchacu des verfchaculicken vierhouex AB C D.

7 Vaor-
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MO, MC, and the images of AD, BC in the meeting lines KN, KC, in coxisequence
of which QR and PC are the images of AB, DC, and QP, RC are the images of

AD, BC, and consequently the quadrangle QRCP is the image of the quadrangle
ABCD.
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: 7 Veorbedr.
Maer foo inde v’crﬁ:haeuliékc cvéwijdcghe viethotick, linién waten evewij<

_dich mette fijden, haer fchacuwen worden oock met cortheyt ghevonden. Laet:

by voorbeelt inden verfchaeulicken viethouck A B C D, drie linien fijb evewij-
dich met AB, en drie ander linien evewijdichmet AD : Dit foo fijnde, men
doct de wescking alfvooren, en dacrenboven treckmen noch de ghegeven eve-
wijdeghen voorwaert,totdatfe de glafgront EF gheraken, als tufichen Cen O
inde drie punten S, T, V, macr tufichen Cen Ninde drie punten X,Y,Z; endeis
dan deform alshier ondets ' :

E Daer
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7th Example

But if in the parallelogram there are lines parallel to the sides, their images
are also found briefly. In the quadrangle ABCD, for example, let there be three
lines parallel to AB, and three other lines parallel to AD. This being so, the oper-
ation is as above, and in addition the given parallel lines are also produced until
they meet the glass base EF as between C and O in the three points S, T, V, but
between C and N in the three points X, Y, Z; then the figure is as shown below.




so I BOVCK DER DEVRSICHTIGHE

Daerna treck ick de feslinien MS,M T, MV,KX,K Y,K Z;ende liniendan
begrepen inden viethouck QR C P (welcken vierthouck wy mecrder claetheyts
halven hier andermacl verteyckenen, fonder de ghegheven verfchaculicke vier-
houck ) fijn de begheerde fchacuwen der verichaculicke cvcwudcghc inden

vierhouck ABCD.

™~ K

ELY X v 2 € 5 T tvﬁ

ELAXYZ C5 TEV o1

& Voor-
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Thereafter I draw the six lines MS, MT, MV, KX, KY, KZ, and the lines then
contained in the quadrangle QRCP (which quadrangle, for the sake of greater
clarity, we draw here once more, without the given quadrangle) are the required
images of the parallel lines in the quadrangle ABCD.
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& Voorbeetr.

Laet nudenglafgront EF firecken buyten den verfchaeulicken evewijdegen
viethouck A BC D, fcnder dien te ghetaken, als hier onder, alwaer G de voét
is, GH fiendermaet, die ghelijck cock t'glas rechihouckich op de vioer is. Hier
memenepunten LK, L M, N, O,de wercking vervolghtalfvooren, dacr na
B C, en CD voorwacrt ghetrocken, tot datfe de glafgront f F,gherakenin Pen
Q; ¢n gherrocken M O,M Q, KN, KP, fooisde viethouck begrepen tufichen
dicbinnenfte deelen,van die vier linien,als R 8 T V, de begheerde fchacu;waet
afrbewijsopenbacris deur 'voorgaende,

E L

E 2 7 Voors
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8th Example

Now let the glass base EF extend outside the parallelogram ABCD, without
meeting it, as shown below, where G is the foot, GH the observer’s measure, which
just like the glass is at right angles to the floor. When upon this, with the points
I, K, L, M, N, O, the operation is continued as before, thereafter BC and CD
are produced until they meet the glass base EF in P and Q, and MO, MQ, KN,
KP are drawn, the quadrangle contained between those interior parts of those
four lines as RSTV is the required image; the proof of which is clear from the
foregoing. )
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9 Voorbeels.

Maer foo den verfchaenlicken vierhouck A B C D, evewijdege linien hadde
metdeen en d’ander fijde,men foude om haer fchaeuwé met lichticheyt te vin-
den,doen alfvooren,te wetendic linien voorttrecken totie glafgrondt EF; daer
" na linien van Mot fulcke gheraeckfelen twuflchen Q_en O vallende, en van K
-tot foodanighe gheracckfelen tufichen Pen N vallende; want diet linien declen

inden vierhouck R S T V begrepen, fouden om de voorgaende redenen de be-
pheerdefchacuwen fijn, :

10 Voorbeelt.

Ons can oock cottheyt ontmoeten int verfchdeuwen der lichamelicke recht.
houcken. Om van t'welck by voorbeelt e fpreken , lact AB C D fijn de gront-
teyckening van een lichamelicke rechthouck diens hooghde E F,en vglas ftrec-
ke deur t'voorfte plat dicnsgrondt D C, e voetfy G, waer op deur t'ghedacht
ftaet cen ficndetlijn rechthouckich op ac vloer, en even ande fiendermact H I,
Om nu ¢werck te doen jck reycken op een ander glas (om de fthaeu metteghe-
geven grontteyckening nict te vermengen) K LM N als fchaeu des viethoucx -
dieint glas comt,t¢ wetendiensgront N M even is met D C, en hooghde NK,
evéan EF.Voortvinde ick deur het s of 6 voorftel rfaempunt O,van t'felve trec
ick O M,0 N, OK,O L,als faemiijnen vande voorighetrocken fchacuwen dex
verfchaeulicke gelijck fijn D A, C B,en dieder boven commen. Om nu de reft
der begheerde fchacu te volmaken, ick en behouf niet dan te foucken de fchaeu
des puntsghelijck A is, welcke fchacu P fy, diemen nu vint alleenelick deurde
twee lactte leden der wercking vant § voorftel: Daer natreckmen P Qevewij-
deghe met N K, tot daife gheraeckt de faemlijn O K: Daer na Q R, evewijdege
met N M, tot datfe gheraecke de faemlijn O L, voorts RS, evewijdeghe met
L M, tot datfe gheraecktde faemlijn O M Ten Jactften SP, welcke fooint
handtwerck niet ghemift er is,nootfakelick moet vallen evewijdich met N M,
deur het 2 voorftel : En om de redenen int felve 2 voorftel bewefen , moeften
I’(&I&n RS, evewijdeghe ijnmet NK,LM,en QR , met N M , fulex dat
KLMNPQRS dc begheerde fchacuis. '

Maer want defe fchaeu gheteyckent is van een lichamelicken rechthouckals
van dearluchtighe ftof fijnde, fulcx datmen de achterfte linien als PQ,PS,P N,
fien can, {ooiste weten datallmen fich voorftelt dattet lichaem niet deurluch-
tich en is, men mach de felve driclinien onghetrocken laten, en in fulckenge-
valle foudemen in plactsdes punts P, hebben meughen vinden t'punt %cn
voort de reft vervolghen na tbehooren.

11 Voorbeels.

Maer fooder achter den ghegheven verfchaeulicken lichamelicken recht.
houck,{tonden meer ander lichamelicke rechthoucken, even enghelijck metee
felve, als diens grontteyckeninghen de viercanten T, V, foodatde iwee fijden
Ten Vwareninde rechte lini van Ddeur A ftreckende, de vinding van haer
fchacuwen is oock heel licht,wantghevonden rpunt X, ghelijck boven ghefeye
is van Q.cn dact mealfoovoornghevaren,men heefi de begheerde fehaen an Xs
En fghetijcx vintmen oock de fchacu an Y. )

12 Voor-
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9th Example

But if the quadrangle ABCD had lines parallel to one side and to the other,
in order easily to find their images we should proceed as above, to wit produce
those lines to the glass base EF, thereafter draw lines from M to such mecting
points between Q and O, and from K to such meeting points between P and N;
for the parts of those lines contained in the quadrangle RSTV, for the foregoing
reasons, will be the required images.

10th Example

We may also obtain abridgement in the perspective drawing of right prisms.
In order to speak of this by means of an example, let ABCD be the ground-plan
of a right prism, whose height is EF, and let the glass pass through the foremost
plane, whose base is DC; let the foot be G, on which is imagined an observer's
line at right angles to the floor and equal to the observer’s measure HI. Now in
order to carry out the procedure, I- draw on another glass (so as not to mix
up the image with the given ground-plan) KLMN as the image. of the quadrangle
that comes in the glass, to wit whose base NM is equal to DC and whose height
NK is equal to EF. Further I find by the Sth or 6th proposition the meeting point
O; from this I draw OM, ON, OK, OL as the meeting lines of the produced

- images of the lines, such as DA, CB, and those coming above them. In order
now to complete the rest of the required image, I need only seek the image of
the point as A, which image shall be P, which is now found simply by the two
last sections of the operation of the Sth proposition. Thereafter PQ is drawn
parallel to NK until it meets the meeting line OK; thereafter QR parallel to NM
until it meets the meeting line OL, further RS parallel to LM until it meets the
meeting line OM; finally SP, which, if the construction has not been defective,
must needs be parallel to NM, by the 2and proposition. And for the reasons
proved in the said 2nd proposition PQ and RS were bound to be parallel to NK,
LM, and QR to NM, so that KLMNPQRS is the required image.

But because this image has been drawn of a right prism of transparent matter,
50 that the rearmost lines as PQ, PS, PN can be seen, it is to be known that if
the solid is imagined not to be transparent, the said three lines can be left un-
drawn, and in such a case instead of the point P we might have found the point
©, and further might continue the rest in the proper manner.

11th Example

But if behind the given right prism there are some more right prisms, equal
and similar to the said one, such as those whose ground-plans are the squares
T, V, so that the two sides T and V are in the straight line from D passing
through A, the finding of their images is also very easy, for when the point X
has been found as has been said above of Q, and the procedure is continued,
the required image is to be found in X; and in the same way the image is also
found in Y.
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Maer foo inden bovefchreven verfchaulicken lichamelicken rechthouck,

_ meer andet finien waren evewijdick merttefijden , haer fchacuwen fouden thet

corthéyt mebghen ghetrockenworden : Als by voorbeelt,ghenomen datter in+

de cortfte fijden gheteyckent waren dtic puriten, van welcke evewijdege linien

ghctrockcnwarcn mette Iangfle fijden : Sghelijex inde langfte fijden feven
punten,van welcke cveiwijdeghe ghetrocken waten merte cortfte fijden,

© Om-det felver cvewijdeghen fchacuwen te vinden ,men heeft niet :n—

E 3 crs
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12th Example

But if in the above right prism there were some more lines parallel to the
sides, their images might be drawn briefly. For example, let us assume that in
the shortest sides there were marked three points, from which lines were drawn
- parallel to the longest sides, and in the same way in the longest sides seven
points, from which lines were drawn parallel to the shortest sides.
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derste doen , dan
die linien uyt Ote
trecken totte voor-
fchreven punten
en voort al d'ans
der ghelijck de.
volghende form
anwijft , welver-
ftacnde dacdeeve-

wijdeghe metKL, LA

inden vierhouck A
K R ghevonden v 7‘V
worden als hiet K¢ (9 %N
vooren in dit 3 lide A

ghefeyt is, en dac
van dier linien
uyterfle punten in
L R, ghetrocken
fijn evewijdeghe-
linien met R S,

NS

M
13 Voorbeels.

Soo tiglas nieten waer evewijdich met des lichamelicken techthoucx plat -
alfvooren,macr onevewijdich, daer vallen oock merckelicke cortheden in.Lact
by vootbeelt A B C D cen rechthouck {ijn,ick neemn ecn viercant als grontreyc-
keninginde vlocr, wacr op verdocht wort cen lichamelicke rechthouck te com.
men, oo hooch als cen der fijdenlanck is, e weten ecn * teerlinck endeur den
houck C fireckt het glas EF rechthouckich op de vloer, voort is G de voet,wact
op verdocht wort ecn fiendetlijn te ftaen rechthouckich op de felve vioer, en
evenande fiendermact G H,Om van defen teerlinck de fchaeu te teyckenen,ick
vinde cerft alfvooren de fchaeu des gronts,of der drie fienlicke punten B, C, D,
welcke fijn, neem ick,als inde volghende tweede form LK, L: En KIM d'ecen
facmlijn,diens facmpunt M: D'ander faemlijnis K L N, diens aempunt N, en
opt punt K datint glas comt, treck ick de fijde desteerlinca dig int glas ftaet, als
K O, cvenan AB, dacr na vant facmpuny/Mdefacmliin MO ,en N O daerna
1P,en L Q evewijdeghe met K O,commiende Pin M O,en Qin N O: Dacrna
M Q,en NP fnyende MQin R: T'welck foo fijnde, de form RPIKL (K?is
de begheerde fchaen desghegheven teerlinex, .

14 Voorbeels.

Macr foo den ghegheven teerlinck op elck viercant evewijdeghe linien had-
de,evewijdich mette fijden , de fchacuwen det felve connen oock met cortheye
lgll;::vondcn worden. Laet by voorbeclt de uyterfte punten dicr evewijdeghe

inien in K O, fijn §, T,en duyterfte punten der-fchacuwen van fulcke linienin
K Lgevonden inden gront nade manicr alfvooren fijn VX eninK i fijn Y Z,
dacr natreck ick de linicn van V en X cvewijdeghe met K O,totin Q O,¢n van
dace




899

In order to find the images of the said parallel lines we need only draw those
lines from O to the aforesaid points, and further all the others as the following
figure shows, in the sense that-the lines parallel to KL arte found in the quadrangle
KR, as has been said before in this 3rd section, and that from the extremities
of those lines in LR there are drawn lines parallel to RS.

13th Example

If the glass is not parallel to the plane of the right prism, as above, but non-
parallel, notable abridgements are also obtained. For example, let ABCD be a
rectangle, I assume a square, as ground-pla‘n in the floor, on which is imagined
to come a right prism as high as one of the sides is long, to wit a cube, and
through the angle C the glass EF extends at right angles to the floor; further G
is the foot, on,which is imagined an observer’s line, at righf angles to the said
floor and equal to the observer’s measure GH. In order to draw the image of
this cube, I first find, as above, the image of the base, or of the three visible
points B, C, D, which I assume to be as in the following second figure: I, K, L.
And KIM is onc meeting line, whose meeting point is M; the other meeting
line is KLN, whose meeting point is N; and in the point K that comes in the
glass I draw the side of the cube that is in the glass as KO, equal to AB, thereafter
from the meeting point M the meeting line MO, and NO, thereafter IP and LQ
parallel to KO, P coming in MO and 'Q in NO. Thereafter MQ and NP inter-
secting MQ in R. This being so, the figure RPIKLQO is the required image of
the given cube.

14th Example

But if the given cube has in-each square parallel lines, parallel to the sides, the
images of these can also be found briefly. For example, let the extremities of
those parallel lines in KO be §, T, and let the extremities of the images of such
lines in KL, found in the base in the same manner as above, be VX, and in KI:
YZ. Thereafter I draw the lines from V' and X parallel to KO, as far as QO, and
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daer voorttot M: Dact navan Y enZ evewijdeghe met K O,totin M O,én van

daer voorttot N; Daerna NS;N T,M§; M T. T'welck foo fijndede linien be- .

‘grepen indedric vierhoucken fijn openbaerfick debegeerde fchacuwen derge

gheven vefchaculicke evewijdeghe linienopde viercanten des teerdinex,
k.. 37

Men foude beneven de bovefchreven voorbeeldei et fichamelicke techt.
houcken , noch meughen ftellen ander voorbeelden van groote gheftichten,
maer achtendedat hier deur de meyning ghenouch verflacn is vande cortheydt
vallende in fulckzevewijdeghen,te weten dic mette vioer of mettet glasevewij-
dich fijn,fullent daer by laten, te micer dat cen dic hem int dadelick verfchacuw &
ecffent veel cortheden mercke die geen mondelicke onderrichting en behouvE,
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from there on to M. Thereafter from Y and Z lines parallel to KO, as far as
MO, and from there on to N. Thereafter NS, NT, MS, MT. This being so, the
lines contained in the three quadrangles are clearly the required images of the
given parallel lines in the squares of the cube.

Besides the above examples with right prisms, other examples of large buildings
might be given, but since we deem that the meaning is thus sufficiently under-
stood of the abridgement obtained with such parallel lines, to wit those that are
parallel to the floor or to the glass, we shall leave it at this, the more so as those
who exercise themselves in the practice of perspective drawing will note many
abridgements which do not call for any oral instruction.
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4 LIDT.

. Onsontmoetoock cortheytint verfchacuwen van vetfchaculicke evewijde.
ghelinien die onevewijdich fijn mette vioer, en oock mettct glas, Om van
rwelckvoorbeelt 1e fiellen, lact A BC D fijn de gronditeyckening van een
huys,diens flantteyckening als voorghevel of achterghevel fy EFGH I, fulex
dat1H evenisen overcomtmet C B, en t'glascomme op devloer rechthouc-
kich dcur D C: Hiertoe noch ghegheven fijnde de voet en fienderlijn, cn de
verfchacuwing ghedaen wefende na r'behooren , foois dacruytghecommen,
neem ick, de fchacu waerafhetdack fy den viethouck KL MN : Ditplat des
dack en is inde verfchaeulicke forin cvewijdich noch mette vloer, noch mettet
glas: Vanc'felve verfchaeulick dack commen neem ick vijfevewijdeghelinicn,
evewijdich mette uyterfte, beteyckenende het onderfcheyt van barders; loot,
pannen, ofdierghelijcke .
dacrmen de huyfen me
deckt, de eynden van
filcke linien commen
inde lini MN , als ter
plactfen vande punten
P,Q,R,S,T. Omnudice
linjen fchacuwen met
fichticheyt te vinden ick
treck N Ken ML voor-.
waert tot datfe malcan-
der ontmoetenan Vals
faempunt ; Daernatreck
ick VP,VQ,VR,VS§,
VT, diealtemael KL
deurfnyen mocten. Dit
foo fijnde,ick fegh datde
vijflinien vallendeinden
vierthouck KLMN, de
begeerdefchacuwen (ijn,
waer af t'bewijs open- .
baer is. - 0

s LIDT.

. Onscan cortheyt ontmocten met te ghedencken het inhoudt dest voorftels,
te weten dat derechte lini tufichen twee fthaeuwen van verfchaenlicke punten,
fchaeu is der verfchaeulicke rechte lini tufichen de felve twee verfchaculicke

punten. Om van t'welck voorbeelt te be-

fchrijven , foo lact ABCD fijn cenver- 4 B

fchaeulicke viethouckige rechthouck,diens-

ghevonden fchacu y EF G H. Hier bene- . 1 E -
vens begheertmen noch de fchaeu desmid- t & : )
delpunts I van A B C D. Om dit met cort- M
hey! te doen, ick treck de twee rechte linien ? >
E G,FH,en daerfe malcanderdeurfnyenals. D C H Q

inK,is debegheerde fchacu des verfchaeu- - o '
lick punts1: Wanr deur het bovefchreven 1 vootftel foo sEG fchaeu vande
' ’ - verdoch-
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4th SECTION

We also obtain abridgements in the perspective drawing of* parallel lines which
are non-parallel to the floor, and also to the glass. To give an example of this,
let ABCD be the ground-plan of a house, whose vertical plan of the front or rear
fagade shall bé EFGHI, so that IH is equal to and corresponds to CB, and the
glass comes at right angles to the floor, through DC. When in addition the foot
and the observer’s line are given, and the perspective has been carried out in the
proper manner, I assume that from this has resulted the image, of which the rcof
shall be the quadrangle KLMN. This plane of the roof in the figure is parallel
neither to the floor nor to the glass. I assume that from the said roof proceed
five parallel lines, parallel to the boundary lines, signifying the distinction be-
tween boards, lead, tiles or the like, with which houses are covered; the ends
of such lines come in the line MN, namely, in the points P, O, R, S, T. In order
now to find easily the images of those lines, I produce NK and ML until they
meet in V' as the meeting point. Thereafter I draw VP, VQ, VR, VS, VT, all of
which must intersect KL. This being so, I say that the five lines falling in the
quadrangle KLMN are the required images, the proof of which is clear.

sth SECTION

We may obtain abridgements when we bear in mind the contents of the 1st
proposition, to wit that the straight line between two images of object points is
the image of the straight line between the said two points. In order to give an
example thereof, let ABCD be a rectangle, the found image of which shall be
EFGH. In addition thereto, the image of the centre I of ABCD is required. In
order to do this briefly, I'draw the two straight lines EG, FH, and where they
intersect as in K, is the required image of the point I. For by the 1st proposition



VANDE VERSCHAEVWING. §7

" verdochte A C,cn FH vande verdochte B D,maerde gemeene fnevan dietwee
verdochte linien ghebeurtin I, daeromdes vierhoucx A B C D middelpunt is
inde verdochte A C, en cock inde verdochte B D , waer deur fijn {chacu oock
moct {ijn in E G,en vock in FH,en dacrom is K de beghcerde fchaeu.

Onscan noch een ander ghedaente van cortheyt onimoeten die wy aldus
verclaren fullen:Laet A B C D een verfehaeulicke evewijdeghe vierhouck we-
fen,deur welcke ter eender (ijde ghetrocken fijn foo veel linien evewijdich met
A D, alffer terander fijde ghetrocken fijn evewijdich met A B, t'welck hier is
op clcke fijde feven linien, op elcke fijde al even verre van malcander, en t'glas
ftreckedeur D Cals glafgront. Van defen verfchaeulicken victhouck ABCD;
fy EF G Hde ghevonden fchaeu, fulcx dat G H ghedeeltisin feven even deelen
alsDC :DacrnaB E, ¢n G F voonighetrocken wefende, fy vergaren in 1, als
facmpunt van t'welckghetrocken fijn feven 'linien toue bovefchreven feven
punten fichen GH, fulcx dat der felve linien deelen begrep&inden vierhouck
EF GH, fijnfchacuwé der verfchaculicke liniendic inden vierhouck ABCD
van boven neerwacrt commen. Macr cm nu met cortheyt te vinden de fehaeu-
wen der feven verfchaculicke linien tufichen A B en D C evewijdich mette fel-
ve, icktreck E G fhyende defeven linien dieder ghetrocken fijn van 1tot inde’
lini GH, cn deur hacrghemecne fneen treck ick feven evewijdeghcn met GH
cyndendec op d'cen fijdein EH, opd'ander fijde in FG, welcke feven linien
alfoo met cortheytghevonden , ick fegh de begheerde ichacuwen te fijn. Om
t’'welck rc bethoonen, foo
laet ceift gherrccken wot-
den de rechte lini AC;
wacraf EGdeuthetivoor- 4
ftel fchaeu moet fijn, over.
midts vpunt G haeu is
van C,en Evan A; Enalde.
ghemeene fneen der fclve
E G, cn der linien van I 1ot
in GH, mocten deur 'bo.
vefchrevé 1 voorftel fchaeu-
wen fijn der ghemeene ver-
fchaculicke fncen van A C;
en de linien dic van ‘boyen .
necrwacert commen. Maef D
want deur de felve ghemee-
ne verichaeulicke fneeny; ) .
d'andcr verfchaculicke evewijdeghe ftiecken,foo mocten der felver fchacuwen
oock ftrecken deur de ghemeenc facen in E G, en vervolgens foo fijn de linien
deurde felve de begheerde fchacuwen.

6 LIDT:

Intverfchdeuwen van ettelicke verfchacnlicke ronden can oock cortheydt
vallen,want het verfchaculickrondt evewijdich fijnde mettet glas,fijn fchaen s
oock ¢en rondtdeur het 2 voorftel : Daerom ghevonden fijnde defchaeu dex
verfchaeulicke middellijn, endaerop ecn rondt befchreven, men heeftde be-
gheerde fchacu.

Maer t'verfchaeulickrondt mettet glas onevewijdich fijnde,de fchaen ca;:‘:ia '
c-
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described above EG is the image of the imagined line AC, and FH of the
imagined line BD; but the intersection of those two imagined lines falls in I,
therefore the centre of the quadrangle ABCD is in the imagined line AC, and also
in the imagined line BD, in consequence of which its image must also be in EG,
and also in FH, and therefore K is the required image.

We may also obtain another kind of abridgement, which we shall set forth
as follows. Let ABCD be a parallelogram, through which on one side are drawn
as many lines parallel to AD as ate drawn on the other side parallel to AB, which
is here seven lines on either side, on each side at equal distances from each other,
and let the glass pass through DC as the glass base. Of this quadrangle ABCD,
let EFGH be the image found, such that GH is divided into seven equal parts,
like DC. When thereafter HE and GF ate produced, they meet in I as meeting
point, from which are drawn seven lines to the above-mentioned seven points
between G and H, so that the parts of the said lines contained in the quadrangle
EFGH are the images of the lines which descend from the top in the quadrangle
ABCD. But in order now to find briefly the images of the seven lines between
AB and DC, parallel to the latter, I draw EG intersecting the seven lines which
have been drawn from I to the line GH, and through their intersections I draw
seven lines parallel to GH, terminating on one side in EH, on the other side in
FG, which seven lines, thus found briefly, I declare to be the required images.
“In order to prove this, let there first be drawn the straight line AC, of which by
the 1st proposition EG must be the image, since the point G is the image of C,
and E of A. And all the intersections of the said EG and the lines from I to GH
by the above-mentioned 1st proposition must be the images of the intersections of
AC and the lines descending from the top. But because through the said inter-
sections pass the other parallel lines, the images of the latter must also pass
through the intersections in EG, and consequently the lines through the latter
are the required images.

6th SECTION

In the perspective drawing of various circles, abridgements may also be ob-
tained, for if the circle is parallel to the glass, its image is also a circle by the
2nd proposition. When therefore the image of the diameter has been found, and
a circle has been described thereon, the required image is obtained.
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gheleghentheyt van t'ghegheven oockeen rondi fijn. Om hier of de reden te

Traflates . Verclaren,foo neem ick voor al den *keghelhandel voor bekent,ofimmess foo
Conicoram.  verre bekent als hier noodich valt,en fegh aldus: Lact A BC een ¥ lanckrondi-
;52"";‘“"“ ghe keghel fijn , diens grondts cleynfte middellijn B C,cleynfte drichouck
L A B C,as A D: Defekeghel wortghefneen met cen plat EF G, rechthouckich
Axin, op den cleentten drichouck A BC .en deur den *as in F: De felvekegheline
Ellpfis. E F G can fijn cen * lanckrondt ghelijck mette gronds, of lanckworpigher , of
cortworpigher, of oock een volcommen rondr,en dat na de lanckheyt vande

Diamesro,  grootfte * middellijn des grondts. Nughenomen de fclve fne cen rond te we-
fen,foo fj ghetrocken fijn teghenfne E H I, diemen hecft alsden houck AHI,

even isanden houck AFE, en alfoo defe teghenfealtiji ghelijck is met d'an-

der , fymoet oock een rondt fijn : Sulcxdatdefe lanckrondighe keghel twee

focen heeft ronden fijnde, als EF G en haer teghenfoc EH 1. Laet onsnu ne-

men het rondt EFG een verfchaculick rondt te fijn, overcant ghefien, A

het oogh,en deur EHIcen platalsglas tufichen beyden , in welck glas oock

. fulcken rondt wefende,foocantghebeuren,ghelijck wy ghefeyt hebben,darter
verlchaeulick rondr mettet glas onevewijdich fijnde , nochtans de fchacu cea

rondt fy. Om nu te commen tot voorbeelt van fulcke verfchacuwing, ick treck

- B D cC P X

G E ghenouch voorwaert,alstot K en dacrop A L, evewijdeghe met 1E, alfoo
dat A L fienderlijn beteyckent,en t'punt L de voet: Dit foo fijnde , ick treck op
ccn anderplatdelini M N, evenmet G L, endacerint’punt O, alfoodat MO,
‘even fy metG E, befchrijf dacrop als middellijn hetrondt MO, treck dacr na
NP, evenanL 4, ftel voortsin O M, 'punt Q , alfoodgt O Q,cvenfyan EL
befchrijfdacr op hetrondt O Q: T'welck alfoo mct fulcke corthéyt ghevonden,
ick fegh de begheerde fchaeu te fijn des rondts O M. Om van t'welck wat bree-
der verclaring te doen, laet deur O ghetrocken worden de lini R S, rechthoug.
kich op M Nals glafgrondt. Dit foo fijndeick fegh aldus: Blijvendc het rondt
O M inde vloct, maert'glas dacr O Q in isdracyendcop R Sals as, fy opwaert
ghebrocht foo dattet op den vioer een houck maeck even an A L G, fghelijex
dracyende N P op N, tot datfe als fiendedijn evewijdegheis mette middeilija

0Q,f0
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But if the circle is non-parallel to the glass, the image may also be a circle,
according to the data. In order to explain the reason thereof, I first of all assume
the treatise on Conics to be known, or at least known as far as is necessary here,
and I say as follows. Let: ABC be a cone with an ellipse for its base, the smallest
diameter of whose base is BC, while the smallest triangle is ABC, and the axis
AD. This cone is intersected by a plane EFG, at right angles to the smallest
triangle ABC, and through the axis in F. The said conical section EFG may be
an ellipse similar to the base, or more elongated, or less elongated, or also a.
perfect circle, such according to the length of the greatest diameter of the base.
If the said section is taken to be a circle, let there be drawn its countersection EHI,
which is obtained when the angle AHI is equal to the angle AFE, and since this
countersection is always similar to the other, it must also be a circle, so that this
cone with an ellipse for its base has two sections that are circles, namely, EFG
and its countersection EHI. Let us now assume that the circle EFG is a circle,
viewed transversely, A the eye, and through FHI a plane as glass between the two,
and if in this glass there is also such a circle, it may occur, as we have said, that
if the circle is non-parallel to the glass, the image is nevertheless a circle. In order
now to obtain an example of such perspective drawing, I produce GE sufficiently,
as to K, and thereon I draw AL, parallel to IE, in such a way that AL signifies
the observer’s line and the point L the foot. This being so, I draw in another plane
the line MN, equal to GL, and therein the point O, in such a way that MO is
equal to GE, describe thereon as diameter the circle MO, thereafter draw NP,
equal to LA, further I mark in OM the point Q such that OQ is equal to EI,
and describe thereon the circle OQ, which, thus found so briefly, I declare to be
the required image of the circle OM. In order to give a somewhat fuller expla-
nation thereof, let there be drawn through O the line RS, at right angles to MN as
the glass base. This being so, I say as follows: If the circle OM remains in the
floot, but the glass, in which OQ revolves about RS as axis, be raised so that it
makes with the floor an angle equal to ALG, while also NP revolves about N
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0 Q, foofal defchacu,, te weten hetrondt O Q,vantoogh ghefien worden t '

overcommen mettet vcrﬁ:hacu]uk rondt O M: Waer af wy t'bewijs en d’oir
facck int voorgacnde verclaert hebben. Oock is kennelick deut het 7 voorftels
dattet {elverondt O Q, fchaeu blijft van t'rondt O Mop alle houck die rglas op
de vioer macckt, midts dat de fienderlijn altijt evéwijdeghe {y mette middel-
lino Q.
Macr foo ymant hierafeenighe werckelicke proefwildé fien,foude het ver-
fchaeulickrondt als M O, mieughen in cen vicrcant fiellenals hicr onder,cndes
felven viercantsfchaeu ghevonden fijnde, als ncem ick TV SR, de vier fijden
gheraken het rondt inde punien O,
X,Q,Y, twelck teycken is van feket- M
heyr.Enwilmé noch voorderonder- :
foucken , men mach trecken des ver-
fchacnlick rondrs middellijn Za,
rechthouckich op O M, De fchacu
“der klve ghevonden fy XY, welcke 7
vallende tuffchen de twee voorfchre-
ven punten des racckfels, fy verfeke-
ren my dat de twee verfchaeulicke
punten des raeckfels Z,4, inde ronde ,
fchacu O Qyallen, tot hacr behoir- R
licke placis. En fielmen cen ander
punt (oot comt , int verfchaculick
ronts omtreck,en foomen (ijn {chaeu ] ]
altijt bevint 1c vallen inden omtreck P N
* (datmen bevinden moet foo het handtwerck niet en mift) men fiet daet dem
- t'ghene voorgenomen was verclaert teworden,
Byaldicnten de voorfchre- ’
.ven fchaeu ftelt over dander
fijde vanS R, alshier nevens,
tiskennclick dat die twee vier-
houcken mette ronden daerin,
fchaeu f{ijn van een verfchaeu- .
licketcerlinck , hebbende op
¢lcke fijde een rondt belthre.
ven , vande welcke men (het
oogh 1er behoirlicke plactsge-
ﬂcln)xwec fijden fiets
Indebovefchreven voorbeelden heeft het glas ghcracckt het verfthaeulick
rondr:Macr om nu voorbeelt te ftellen daer fulck racckfel niet en ghefchiet, foo
Tactinde voorgacnde * keghel ghetrocken worden de lini b ¢ d e evewijdich met Con;
I1H Eals glasovercant ghefien, fnyende dekeghel van brotdendenasin r,en
de vloer K G in e,welck glas nu het rendt E G niet en racckt. Ditfoo ﬁ;nde de
fnebd,is ghcluckl E of E G,ecn rondt: Om welck rondtte vcrfchacuwcn,men
fonde de glafgrontals R S dan foo verre treckea van ¢ punt O,als van Etote, en
vinden dc fchacu als van O M,diceven fal moeten vallenan b den daer op ccn
rondt gheteyckent,tis opcnbacr dattet de begheerde fchden fal fijn.
‘Macr foo de * keghelfne niet en waerevewijdich met 1 E, noch metE G, als Conifigin,
ncem ick,defne E ¢ : Tis kennelick dattet ecn lini of lanckrondt moet fjn,
diens "rcolﬁc of cleenfte middellijn E g, -
) 15
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until the observer's line is parallel to the diameter OQ, the image, to wit the
circle OQ, will be viewed by the eye to coincide with the circle OM, the proof
and cause of which we have set forth in the foregoing. It is also obvious from the
7th proposition that the said circle OQ remains the image of the circle OM at
any angle made by the glass with the floor, provided the observer’s line be always
parallel to the diameter OQ.

But if someone should wish to see a real demonstration thereof, he might place
the circle as MO in a square, as shown below, and when the image of the said
square has been found, which I assume to be TV SR, then the four sides touch
the circle in the points O, X, Q, Y, which gives certainty. And if we wish to
investigate even further, we may draw the diameter Za of the circle, at right angles
to OM. Let the image of the latter, when found, be XY, and since this falls
between the two aforesaid points of contact, this assures me that the two points
of contact Z, 4 fall in the circular image OQ, in their proper places. And if any
other point is taken in the circumference of the circle, and if its image is always
found to fall in the circumference (which must be so found, if the construction
has not been defective), from this may be seen what was intended to be set forth.

If the aforesaid image is placed on the other side of SR, as shown opposite,
it is obvious that those two quadrangles, with the circles therein, are the images
of a cube, with a circle described on each side, of which (if the eye is properly
placed) two sides are seen.

In the examples described above the glass touched the circle. But to give an
example where no such contact occurs, let there be drawn in the foregoing cone
the line bede, parallel to IHF, as the glass viewed transversely, intersecting the
cone from & to 4, and the axis in ¢, and the floor KG in e, which glass now does
not touch the circle EG. This being so, the section &d, like IE or EG, is 2 circle.
In order to make an image of this circle, we should produce the glass base as RS
from the point O as far as from E to ¢, and find the image as of OM, which will
have to be equal to 4d, and if a circle be drawn thereon, it is clear that this will
be the required image.

But if the conic section is not parallel to IE, nor to EG, as — I assume — the
section Eg, it is obvious that it must be a line or an ellipse whose greatest or smallest
diameter is Eg.

N
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Tisoock te ghedenckendat defen vierhouck T-V SR de fchaeu beteycke-
nende, die ghedaente heeft, dattet onmeughelick is daer in cen lanckront te be-
ﬁ:hn)vcn devier fijden gherakende, maer moct nootfakelick een heel \.olcom-
men rondtwelen,

" Bieruyt iskennelick, dat wanneer foodanighe viethouckighe fchaeuvan een
verfchaeulick viercant met een rond: dacr in befchreven, fulex is, datmen inde
felve vierhouckighe fchacn een rondt can belchrijven de vier ﬁjdcn gheraken-
de,dattet felve rondt de {chaen van fijn verfchaeulick rondt moet {ijn. Oockme -
dat wanneer foodanighe vierhouckighe van een verfchaenlicke rechthouck.
met cen lanckrondt daer in befchreven, fulex s, datmen inde felve vierhouckige
{chacu cen rondt can befchrijven de vier fijden gherakende,datict felve rondi de’
fchacu isvan €ijn verfchaculick landkrondt,

NV VAN TVINDEN
DES OOGHS.

Tot hxcr toe befchreven fijnde de manier der verfchaeuwing, foo wortet
noch vereyfcht kennis wacrmen om ccn gheteyckende fchaeu in haer vola
commenheydt te fien, het oogh moet ftellen, datis, hoemen vinden fal het
puntinde locht , dat den verfchacuwer int vcrfchacuwcn fich voor cogh ghe-
ftclt had. Om van rwelck by voorbeelt breeder te fpreken, tis kennelick dat-
men fchilderyen maeckt,welcke van vooren ghefien feer mifimaccke fchijnen,
niet ghelijckende rghene fy beteyckenen mocten, maer de felve fchilderic van
ter fijden gefien deur een feker gaciken daer toe veroitdent,anwijfendede plaets
des ooghs,fy ghelaten feer hupich: Enalfoo falmen verftacn ander fchaeuwen

. dievolcomelick nade conft ghemaecke fijn , fulcken plaets te hebben , alwaet

het oogh ghefielt,de fchilderye in haer volcommenheyt ghefien wort, Nu foo
an alle fchilderyen of fchacuwen fulcken gactken gheftelt wicrde , men foude
dat niet behouven tefoucken: Maer r'felve inde ghebruyck niet fijnde,wy fullen
{chrijven ghene onsvan dies nu te vooren comt,als volght.

6 WERCKSTVCK. 2 VOORSTEL,

Wefende ghegeveneen vierfijdich of meerfijdich plat,
dacfchacu is van een ghcﬂhcvcn verfchaeulick plat, op
tyvelck het glas int verfchacuvven een houck maeckee
evenanecn ghegeven houck,en hebbendede felve fchacu
ten minften cen fijde,of lini tuflchen tvvee houcken*eve.
vvijdich metee glafgrondt: Hetoogh te vinden.

1 Voorbselt vande [chaen eens <ver [chaeulicke evevwijdeghe
rec/ﬂthombglze vierhoucx.

TceHEGHEVEN. Lactde vierhouck A BC D, hebbende twee evewijdege
fijden A B en C D, fchacu {ijn vande verfchaeulicke evewijdeghe rechthouck
EFGH, opwiensoncyndelick plat het glas int verfchaeuwen rechthouckich

flont.
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It should also be borne in mind that this quadrangle TVSR, signifying the
image, has such a form that it is impossible to inscribé therein an ellipse touching
the four sides, but it must necessarily be a whole perfect circle.

From this it is obvious that if such a quadrangular image of a square, with a
circle inscribed therein, is such that in the said quadrangular image a circle touching
the four sides can be inscribed, the said circle must be the image of its object’
circle. Also that if such a quadrangular image of a rectangle, with an ellipse in-
scribed therein, is such that in the said quadrangular image 2 circle touching the
four sides can be inscribed, the said circle is the image of its object ellipse.

NOW OF THE FINDING OF THE EYE*

The method of perspective drawing having been described up to this point,
knowledge is further required as to where the eye has to be placed in order to see
a drawn image in its perfection, i.e. how to find the point in the air which the
draughtsman had taken for the eye in the drawing operation. To speak more
in detail about this by means of an example, it is known that pictures are
made which, when seen from in front, seem very faultily made, not resembling

that which they are intended to; depict, but when the said pictures are seen
" from one side, through a small hole provided for the purpose, indicating the
place of the eye, they make a very nice impression. And in the same way it
should be understood that other images, which have been made perfectly in
accordance with the art, have such a place that when the eye is placed there,
the picture is seen in its perfection. If such a small hole were given for every
picture or perspective drawing, it would not have to be sought. But since this
is not the custom, we will write down what occurs to us on this subject, as
follows.

6th PROBLEM 12th PROPOSITION

Given a quadrilateral or multilateral plane figure, which is the image of a
given plane figure with which in the drawing operation the glass made an angle
equal to a given angle, while the said image has at least one side or line
between two angles parallel to the glass base: to find the eye:

15t Example, of the Image of a Parallel Right-Angled Quadrangle. **

SUPPOSITION. Let the quadrangle ABCD, having two parallel sides 4B and
CD, be the image of the parallel rectangle EFGH, to whose infinite plane the

*) On the general theory see the Introduction,
**) Rectangle.
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De felvefchacu A B C D heeft tweelinien, te weten A B,C D, ghetrocken tuf-
fchen twee houcken, die na den eyfch des voorfiels nootfakelick evewijdich

. menteglafgrondt moeten fijn deur het 2 voorftel: TBEGHEERDE: Wy
moeten het oogh vinden, : ‘

TWERCK::

Tisvoot al te weten dat dit werck ghedacn wiait déur verkeerde wech des
_$ voor(tels van t'vinden der fehaeu,deur hetghegheven oogh mette reft: T'wele
intgemeen gefeyt wefende, wy fullen rotte facck commen. Angelien ABCD,
fchacu fijnde van een evewijdeghe viethouek,tvee evewijdeghe fijden hecftals
- ABmet D C,éndae D Cfchaen is det fijdeals H G deur t'ghegeven, foo moeft
< int vérfchaeuwen lict glas ftrecken deur cen der fijden E F,H G, of daet me eve-.
‘wijdich.fijn deur het 3 voorftel: Macr hiet hebbe gheftréckt hoet wil, wy fullen
- defaeck hier,en in derghelijeke navolgende altijt nethen ddtcer deur ecn der fij-

#den ftreckte ;, overtnidts dattet aléen felve oogh gheeft, foo wy int béwijs be- -

‘thoonen fullen. Om dan nu te weren deur welcke fijde , ick fie nade grootfte
-der tweeevewijdegheA B,DC, de fclve is D C, welcke fchacu fijnde vande lini
H G deurr’ghegheven,foo fireckiet’glas deureen fijdeals HG. Ditfoo fijnde,
+ ick teycken op D Cals lijckflandighe met HG, den viethouck IKC D, gelijck .
. mettenviethouck EFG H:Icktreck dacr na D A'en C Bvoorwaert , tot datfe
malcander ontmoetenint aiempunt L, daes na L M als fiendermacr reche:
. houckich opD C,of - o - T
op haér verlangde
alsglafgrondt, ende .
oncyndelicke M N p "
evewijdege metKC,
voort AO recht-
houckich opdeglaf-
grondt D M, envan
Jdeur O een lini tot y .
-datfe de oneyndelic- H @ b
ke M N ontmoet,als
in P,dacrnaoptpunt’
L cen lini ghefteh of
bedocht evenan PM
xechthouckich - opt
glas,reynde dier link N
15 tbegheerde oogh.

TBEWYS.

Lact door rghedacht t'glas mette fehacu A BC D en de reft diemen verftaet

int glasgheteyckent te wefen , feheydelick fijn vande vloer, dracyende tfclve

- glasopde glafgrond: D Malsas , alfoo dattet rechthouckich ftac opde vloer,
dats 6ock rechthouckich op de verfchaculicke viethouck 1K € D :Dacr na fy
op P één ficnderlijn gheftelt éven ande fiendermact M L, en evewijdich mette
felve: T'welck foo fijnde, het oogh ten cynde dier fiendeslijn fiet de fchacu
A BC D dan overcommen met haer verfchaculicke rechthouck 1K C D;fulex
dattet oogh dacertot fijn behoirlicke plaets is: Maer t'eynde dier lini en dér bo-
vefchreven lini éven an P M réchthouckich opt glé.s , is al een ﬁ:lv; punt,

: acrom
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- glass was at right angles in the drawing operation. This image ABCD has two
lines, to wit AB, CD, drawn between two angles, which according to the
requirement of the proposition must necessarily be parallel to the glass base
by the 2nd proposition. WHAT IS REQUIRED. We have to find the eye.

PROCEDURE

First of all it is to be noted that this procedure is performed by the
method reverse to that of the Sth proposition dealing with the finding of the
image from the given eye and the rest. After this general statement we will
come to the matter. Since ABCD, being the image of a parallel quadrangle, has
two parallel sides (AB and DC) and DC is the image of the side HG by the
supposition, in the drawing operation the glass must have passed through one
of the sides EF, HG or have been parallel thereto by the 3rd proposition. But
in whatever direction it. may have been, in the present and in similar — sub-
sequent — cases we shall always assume that it passed through one of the
sides, since it all gives one and the same eye, as we will show in the proof.
In order to know through which snde, I look at the longest of the two parallel
lines AB, DC. This is DC, and since this is the image of the line HG by the
supposition, the glass passed through one side (HG). This being so, I draw
on DC, the side homologous to HG, the quadrangle IKCD, similar to the
quadrangle EFGH. 1 then produce DA and CB until they meet in the meeting
point L; thereafter I draw LM as observer’s measure at right angles to DC, or to
DC produced as the glass base, and the infinite line MN parallel to KC; further
AO at right angles to the glass base DM, and from I through O a line until it
meets the infinite line MN, which is in P. When thereafter in the point L is
erected or imagined a line equal to PM, at right angles to the glass, the end
point of this line is the required eye.

PROOF

Let us imagine that the glass with the image ABCD and the rest that is under-
stood to have been drawn in the glass is separable from the floor, this glass re-
volving about the glass base DM as axis in such a way that it be at right angles
to the floor, i.e. also at right angles to the quadrangle IKCD. Thereafter let
there be erected in P an observer's line equal to the observér's measure ML
and parallel thereto. This being so, the eye at the end point of this observer's
line then sees the image ABCD coincide with the rectangle IKCD, so that the
eye is there in its right place. But the end point of that line and that of the
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<daerom tbegheerde oogh is ghevonden na.den eyfch,

Maer mocht yman tnu fegghen , de faeck is hicr boven ghenomen al oftint
verfchacuwen het glas ghettreckt hadde deur cen vande fijden der verfichacu-
licke form, vwelck mifichien verre van daerwas evewijdich met D C. Hier op
wort aldus gheantwoort: Stacnde het oogh voor defchacu A B C D tot fijn be.
hoitlicke plaes, en datmen vant felve oogh vier oneyndelicke linien treckt of
bedenckt,deur de vier punten A, B, C, D, fy begrijpen een oncyndelicke vier-
houckighe * naclde, van fulcker ghedaente , ‘datalfinenfe faijt deur DC, mer
cen plat rechthouckich opt glas , defneisals1IKC D, enalle ander fheen met
die'cerfle fne evewijdichen verder vant oogh fijn grooter dan deerfte,doch dace
me ghelijck, en van elckdict verfcheyden fnecn is AB C D openbaerlick de
fchaeu ghefien uyt het felve oogh tot cen felve placts: Daeromaalfmen hetoogh
begheert van een derander fne men macht cortheytsen fekerheyts halven altije -
foucken vande fne die t'glas gheraeckt , of dattet felve is,vant glas dat de voorfte
verfchaculicke fijde gheraeckt,als boven,en men heeft begheerde.

"MERCKT.

Wy hebben Int bovefchreven voorbeelt bet glas rechthouckich ghegheven
opt oneyndelick plat der verfchaculicke form, of anders gefeyt t’glas rechthouc-
kich ghegheven op de vloer:Maer foot dacr op cen fcheefhouck macckie, even,,
geem ick, andefen houck QR S, hebbenderglasna
de (chacu toe, ghelijck de lini Q R na R Stoe heli; In
fulcken ghevalle falmen de wercking doen alfvooren, -2
evenal of rglas op de vloer rechthouckich gheghe-
ven wacr, vindende PM; om alfco cen linievenan
P M, tc ficllen opt punt L, uytgenomen daife opr glas
nict rechthouckich en moercommenalfvooren,maer R S
dacr op cen houck maken, evenanden gegeven houck '

QR S, welverflacnde dat de vootfchreven lini evenan

. P M,(ijn fal int vetdocht platdat rechthouckich isopde glafgrondt D M, en dat

oock rechchouckich is op vglas,merckt noch dat fulcx als wy hier achter dit eers
fte voorbeelt gheleyt hebben vant glas fcheefhouckich op de vioer,derghelijcke
fal hem oock verftaen te meughen ghedaen worden inde volghende voorbeel-
den defer ftof , alwaer cortheytshalven t'glasalleenclick rechthouckich op de
vioerghegheven fal worden.,

Ander manier van vyercking.

. Ghelijek t'voorgaende werck ghedaen is deur verkeerde wech van tvinden
des fchacus achter het 1 1 voorfel,in der contheden 3 lidts 1 voorbeelt, alfo can-
mhc: oock ecn wercking doen deuis verkeerde wech des s voorbeclts van Ufelve
3 har. R .

" Om'welckse verclaren, lact A BC D fijn de-fchiacu, EF G Hde verfchacu-
lickeform/, en de'reftalfvooren: Om hier afhet oogh te vinden,ick teycken op
D C,als* lijckftandighe met H G;den vierhouck 1 K C D, gelijck metten vier-
houck EF G H, treck daer na D A en CB voorwaert , tot datfe vergarenin L,
voort de oneyndelicke L Mrevewijdeghe met DC, fnyende CK of haer vet-
langde in' N, ert treck A B voorwaert foot noot is tot datfe N C ontmoet in O,
en teycken indelini C D of haer verlangde tpunt P, alfoo dat. CP even fy an

: CK;
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aforesaid line equal to PM, at right angles to the glass, are one and the same
point; hence, the desired eye has been found, as required.

But, someone might say, it has been assumed above that in the drawing operation
the glass passed through one of the sides of the object figure, but it was perhaps
far from it, parallel to DC. To this the following reply is given. When the eye
is in front of the image ABCD in its right place, and when from this eye are
drawn or imagined four infinite lines through the four points A4, B, C, D, they
contain an infinite quadrangular pyramid of such a form that when it is inter-
sected through DC by a plane at right angles to the glass, the section'is IKCD,
and all other sections parallel to this first section and further away from the eye
are larger than the first, but similar thereto, and of all those different sections
ABCD is clearly the image seen from the said eye in the same place. Therefore,
when the eye of one of the other sections is required, for the sake of brevity and
certainty it may always be sought of the section one side of which is in the glass
or, which is the same, of the glass which contains the foremost side, as above;
then we have found the required eye.

NOTE

In the above examples we have given the glass at right angles to the infinite
‘plane of the object figure or, in other words, we have given the glass at right
angles to the floor. But if it made therewith an oblique angle, equal — I take it —
to this angle QRS, the glass being inclined towards the image as the line QR is
inclined towards RS, in such a case the operation should be carried out as above,
just as if the glass were given at right angles to the floor, thus finding PM, upon
which a line equal to PM is erected in the point L, with the exception that it
must not be at right angles to the glass, as above, but must make therewith an
angle equal to the given angle QRS, it being understood that the aforesaid line
equal to PM must be in the imagined plane that is at right angles to the glass
base DM and also at right angles to the glass. Note also that just as we have
spoken after this first example of the glass at oblique angles to the floor, it
should be understood that the same can also be done in the subsequent examples
about this matter, where for brevity's sake the glass will only be given at right
angles to the floor.

Another Method of Operation.

Just as the foregoing construction was effected by the method reverse to that
of finding the image after the 11th proposition, in the 1st example of the 3rd
section of the abridgements, thus a construction can also be petformed by the
method reverse to that of the Sth example of the said 3rd section. .

To explain this, le¢ ABCD be the image, EFGH the object figure, and the
rest as above. To find hereof the eye, I draw on DC, the side homologous to
HG, the quadrangle IKCD, similar to the quadrangle EFGH; thereafter I produce
DA and CB until they meet in L; further I draw the infinite line LM parallel
to DC, intersecting CK or CK produced in N, and I produce 4B, if necessary,
until it meets NC in O, and I mark in the line CD or CD produced the point P
such that CP be equal to CK. Thereafter I draw from P through O a straight
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C K; Daer na treckickvan P deur O cen-rechte lini tot datfe de oneyndelicke
1 Montmoet, (welck fy in M, voort fiel ickopt punt L, een linievenan NM
sechthouckich opr glas, T'welck foo fijnde,hetuytesfte dier lini moetet begeer-

-.de oogh {ijn, wacraf t'bewijs openbacy is, deut dicn wy hierin gedien hebben
de vetkeerde wercking van tvinden der fchaeu int 5 vooibecli vant 3 lide def
cortheden.

L o

N

4 B

C .

S G b P . :
2 Voorbeelt vande [chatu eens wer{chacnlicke evevyideghé
[eheefhonckighe vierkoncx. o -
TGHEGHEVEN- Lictinde onderfchreveh fotm t'ghegheven en Cwerck
fijo-al int eerfie voorbeele,uytghenomenidar de verfchaeulicke vierhouick hier

_ Khesfhouckich is, voost dat gheuocken fijnde ] O P, fco en falmen gheen ling
op L ficllen evenan ' M alsdacr, macrdc yoornomde 1O P gherrocken fijn.

IR L
£ F
I Xl
A An
H G o o\¢ |2 M
f ol

5
de,men fil noch trecken P(%,;rcchxhouckid: op deglafgrondt D M, en de felve
P O) voorwaert tot Ryalfoo datQ R even fy an ML, daer naopt punt R cen

- lini PO rechtionckich opt glas, Ceyndedicrlini is
hpxgk?cﬁdtofbcdodar.cm.an Qrechii ‘ Eng s, Uey Crcahect.
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line until it meets the infinite line LM; let this be in M. Further I erect in the
point L a line equal to NM, at right angles to the glass. This being so, the end
point of this line must be the required eye, the proof of which is clear because
we have here performed the construction reverse to that of the finding of the
image in the Sth example of the 3rd section of the abridgements.

2nd Example, of the Image of a Parallel Oblique-Angled Quadrangle.* )

SUPPOSITION. In the figure below let the supposition and the procedure be
as in the first example, with the exception that the quadrangle here is oblique-
angled, while further, when IOP has been drawn, no line has to be erected in L,
equal to PM, as there, but when the aforesaid line IOP has been drawn, PQ has

*} Parallelogram
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t'begheerde oogh,, waer af tbewijsdeur t'voorgaende des 1 voorbeelts open-
baeris. ' '

De reden wacrom int ecifte voorbeelt de fini PQR niet ghetrocken en
wiert alsin dit iweede,is dat R openbaerlick altijtfoude vallenin L , en dacrom
onnoodich ghetrocken, :

3 Voorbeels vande [chaew eens verfchaenlicke vierhouex me
alleenelick rvvee evevwideghe fijden , die int ver(chaen-
vvenevevyydich vwarenmettet glas.

TGHEGHEVEN. Lact ABCD, hebbende twee cvewijdeghe fijdenals
A B en C D,fchacu fijn vande verfchaculicken vierhouck hebbende alleenelick
tweeevewijdeghe fijden als EF, H G , die int verfchacuwen evewijdich waren
mettet glas,op welcx vierhoucx EF G H oneyndelick plat, het glas mette fijde
D C intverfchacuwen rechthouckich ftont,en hebbendede lijckftandighe fijde
met HG diensfchacu DC, inde verfchacuwing evewijdich ghehadr mettet
glas. TBEGHEERDE. Wymocten het oogh vinden. |

TWERCK

Tfydat int verfchacuwen het verfchaceulickplat EFGH, mette fijde HG
quam int glas,of niet, fo ftelick nochtans my felvén voor(omrredenen verclaert
int bewijs des 1 voorbeelts)datter metie foodanige fijde daes in quam,, fulcx dat
‘D C isfoo wel fchacu,als verfchaculicke der % lijeck ftandighe fijde metH Gt Dit
“foo fijnde;ick treckop D Calslijckftlandighe met H G, den vieshouck IKCD,

2 . F ‘
; - 6
i "
H G D L N C
M

G L

H:

phelijck metten viethowck EF G H;ltk treck daer navan 1eor D Cof haer ver-
langde , delini 1L, evewijdeghcinet K C , deerna A L. T'wekd foo fijnde
ABCL
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to be drawn at right angles to the glass base DM, and the said PQ has to be
produced to R in such a way that QR be equal to ML. Thereafter a line has to be
erected or imagined in the point R, equal to PQ, at right angles to the glass. The
end point of this line is the required eye, the proof of which is clear from the fore-
going proof. of the 1st example.

The reason why in the first example the line POR was not drawn, as in this
second, is that R would clearly always fall in L, so that it is unnecessary to draw it.

3rd Example, of the lmage of a Quadrangle With Only Two Parallel Sides*),
Which in the Drawing Operation Were Parallel to the Glass.

SUPPOSITION. Let ABCD, having two parallel sides (AB and CD), be the
image of the quadrangle having only two parallel sides (EF, HG), which in the
drawing operation were parallel to the glass, to the infinite plane of which
quadrangle EFGH the glass with the side CD was at right angles in the drawing
operation, the side homologous to HG, whose image is DC, having been parallel
to the glass in the drawing operation. WHAT IS REQUIRED. We have to find
the eye. '

PROCEDURE

No matter whether in the drawing operation the plane EFGH came with the
side HG in the glass or not, nevertheless I imagine (for reasons explained in the
proof of the 1st example) that it came therein with this side, such that DC is the
side homologous to HG as well as the image thereof. This being so, I draw on
DC, the side homologous to HG, the quadrangle IKCD, similar to the quadrangle
EFGH. 1 draw thereafter from [ to DC or DC produced the line IL, parallel to

YTrapezium.
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"‘ABC Lisfthacu des evewijdeghen viethoucx 1 KC L, ghelijck wy hiet onder
bewijfen fullen: Dacrafghefocht het cogh , wort bevonden deur het 2 voor-
beelt defes voorftels,ten eynde, neem ick,derlini even an M N, geftelt opt punt
O rechthouckich opt glas, twelck ick fegh t'beghcerde oogh te fijn.

TBEWYS

Wy hebben intwerckghefeytdat A B C Lichaet is des vierhoucxt KC L,
om van t'welck verclaring te doen ick fegh aldus: T°punt A des viethoucex
A BCL,isfchaeu vant'punt I, desvierhoucx IKCL jen t'punt Linde glaf-
grondt, is khacu van fijo felven deurde2 begheerte, en daeromis A L fchaeu
van I L deur het 1 voorftel; Macr A Bisfchacu van 1 K, en B C van K C;dacrs
om de viethouck.A BC L, is fchaeu vande vierliouck IKCL, en vervol.
ghens her oogh ghevonden van ABCL , moet oock fijn het oogh van
A BC.D, want de hecle fchacu en haer decl gheen verfcheyden ooghenen
hebben, - : '

MER CKT.

Men foude t'werck cock anders meughen doen met in placts des fcheefs
houckighen evewijdeghen verfchaculicken vierhoucx IKC L tecrijghen een
‘ : rechehouck, Uwelck aldus toegaet: Ick verteycken de voorgaende form IKC D
‘ als hier onder,en treck van ] en K twee linien L, K Prechthouckich op D C,of

op haer veilangde,dacr na A L thet B P,ertom de redencn int bewijshicr boven
| verclaert, foo is den viethouck A B P L {chacu des verfchaeulicken rechthoucs
| kighen vierhoucx I KP L: Daerom vande felve het ooghi'ghefochtdenr hee

1 voorbeclt,men falt vinden ter felver plaetsalfvooren , te weten ten eynde deg
! lini cven an M N, gheftelt opt punt O rechthouckich opr glas.

T e
| i

~

¢ Voorbeelt vande chaes eens ver[chaeslicke vierbouci mes
 alleentlick rvveé cuevsjdeghe fijden,diesnt ver chacuvyen
onevevvijdich vvaren mettet glas.
TGHEGHEVEN. LactABCD ﬁ:h‘aclix fijn van een verfchacutick plat,
-ghelijck metren verfchaeulicken vierhouck EF G H,licbbende alleeinelick tivee

svewjjdeghe Gjdenals EH,FG; dic int verfchacuwen onevewijdich waren
' F i mettet
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KC, thereafter AL. This being so, ABCL is the image of the parallel quadrangle
IKCL, as we shall prove below. When hereof the eye is sought, it is found by the
2nd example of this proposition at the end point — I take it — of the line equal
to MN, erected in the point O at right angles to the glass, which I say is the
required eye. ,

PROOF

In the procedure we have said that ABCL is the image of the quadrangle
IKCL. In order to explain this, I say as follows. The point A of the quadrangle
ABCL is the image of the point I of the quadrangle IKCL, and the point L in
the glass base is its own image by the 2nd postulate, and consequently AL is the
image of IL by the 1st proposition. But AB is the image of IK and BC of KC,
therefore the quadrangle ABCL is the image of the quadrangle IKCL, and con-
sequently the eye that has been found of ABCL must also be the eye of ABCD,
for the entire image and a part of it do not have different eyes.

NOTE

The procedure might also be performed differently by drawing instead of
the oblique-angled parallel quadrangle IKCL a rectangle, which procedure is as
follows. I draw anew the foregoing figure IKCD, as below, and draw from 1
and K two lines IK, KP at right angles to DC or to DC produced, thereafter AL
and BP; then for the reasons explained above in the proof the quadrangle ABPL
is the image of the right-angled quadrangle IKPL. When therefore the eye of
this is sought by the 1st example, it will be found in the same place as above,
to wit at the end point of the line equal to MN, erected in the point O at right
angles to the glass.

4th Example, of the Image of a Quadrangle With Only Two Parallel
Sides * ), Which in the Drawing Operation Were Non-Parallel 10 the Glass.

SUPPOSITION. Let ABCD be the image of a plane figure similar to the
quadrangle EFGH having only two parallel sides (EH, FG), which in the drawing

*) Trapezium.
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meet glas,op welex viethoucx E F G H oneyidelick plat, het glis mette fijds

D Cint verfchacuwen rechthouckich ftont,en hebbende de lijck@tandige fijde

metH G diens fchacu D C,int verfchauwen ‘evewijdich ghehadt mettet glas.
TBEGHEERDE Wy moeten het oogh vinden.

TWERCK

T& datint verfchaeuw:n het verfchdeulick plat EF G H mette fijde H G quam
it glas of niet,{oo ftel ick nochtans my felven voor (om rederien verclaerting
bewijsdes eerften voorbeelts) dattet met foodanighe fijde daerin quam, fulex
dat D C s foo wel fchaenals verfchaeulickeder lijckftandighe fijde. met H G:
Dit foo fijnde , ick teycken op D C als lijckftandighe met HG , den- viethouck
IKC D, ghelijck merten vierhouck EF G H,daernaK L even cn cvewijdeghe
met C D- Voort van Brot in A Ddelini B M oock evewijdeghe met CD,
t'welck foo wefende, M B C Dis fchacu des evcwudcghen viethoucx LKCD,
ghelijck wy hicr onder bewijfen fullen, dacrom vandefelve MBC D ghefocht
het oogh,wortghevonden deur het 2 voorbeelt defes voorftelsten eynde,neem
ick , derlinievenan N O, gheflelt op ¢ puntPrcch:houckxch optglas, rwelds

xckfcgh t bcghccxdc oogh tc fijn.

TBEWYS.

Wy hebben int werck ghefeyt dat MBCD fchaen isdes verfchaenlicken
evewijdeghen vierhoucx LKC D, om van ('welck verclaring te doen ick fegh
aldus . : Anghelien AD
fchaeuisvanl Ddeur'ge- )
ftelde, foo moet de fchacu B
des punts L in A D we-
fen , fy moet oock fijn in
BM, wantalfooKL eve-
wijdeghe is mettet glas,
en dat van B fchaeu des
punts K, ghetrocken is
BM cvcwx;dcgc metKL,
foo moct de fchaeu van
KL fijninde oneyndelic.
ke BM deur het 2 voor- H. a
fiel , en dacrom is MB
fchaeu van LK, en ver-
vo!ghens de vierhouck
MBCD fchaeu van
LKCD,en vervolghens
het oogh ghevonden van : 'K
MBCD, moetoock fijn.
hetoogh van A BC D, want het deel der fchaeu gheen ander oogh en heeft
dan de gheheele fchaen.

MERCKT,

Dcur tgheneghefeytis int merck ant eynde des 3 voorbeelrs, is kennelick
datmen het werck oock foude meughen docn, mette irecken vandeswee pun-
tea,
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operation were non-paralle] to the glass, to the infinite plane of which quadrangle
EFGH the glass with the side DC was at right angles in the drawing operation,
the side homologous to HG, whose image is DC, having been parallel to the
glass in the drawing operation. WHAT IS REQUIRED. We have to find the eye.

PROCEDURE

No matter whether in the drawing operation the plane figure EFGH came with
the side HG in the glass or not, nevertheless 1 imagine (for reasons explained
in the proof of the first example) that it came therein with this side, so that
DC is the side homologous to HG as well as the image thereof. This being so, I
draw on DC, the side homologous to HG, the quadrangle IKCD similar to the
_ quadrangle EFGH, thereafter KL equal and parailel to CD, further from B to
AD the line BM, also parallel to CD. This being so, MBCD is the image of the
parallel quadrangle LKCD, as we shall prove below. When therefore the eye
is sought of this MBCD, it is found by the 2nd example of this proposition at the
end point — I take it — of the line equal to NO, erected in the point P at right
angles to the glass, which I say is the required eye.

PROOF

In the procedure we have said that MBCD is the image of the parallel
quadrangle LKCD; in order to explain this, I say as follows. Since AD is the
image of ID by the supposition, the image of the point L must be in AD; it
must also be in BM, for since KL is parallel to the glass, while from B, the
image of the point K, BM has been drawn parallel to KL, the image of KL must
be in the infinite line BM by the 2nd proposition, and therefore MB is the
image of LK, and-consequently the quadrangle MBCD is the image of LKCD,
and consequently the eye that has been found of MBCD must also be the eye of
ABCD, for a part of the image does not have another eye than the entire image.

NOTE

From what has been said in the note at the end of the 3rd example jt is
evident that the procedure might also be performed by drawing from the two
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- tenLenK tweehanghende opD C , vindende daer na de fchacu eens rech.
houckighen vierhoucx deur het 1 voorbeels )

5 Voorbeelt vande [chaen em'verﬁbde‘uﬁdém Vierhourx met
vier onevevysfdeghe [idens, en devoorste alleenclick eve-
“vvydeghe metteglafgront. o -

- TGHEGHEVEN. LactABC D fthaeu fijn van cen verfchaculick plat ge-
lijck metten verfchaeulicken vierhouck EF G H,hebbende vicr onevewijdeghe
fijden, en op wiens oneyndelick plat het glas mette fijde D C int verfchacuwen
rechthouckich ftont,en hebbende de lijckftandighe fijde met H G diens fchaeu
* DC,intverfchacuwen evewijdich ghchadimeteet glas, TBEGHEERDE. WY
- moeten het oogh vinden, o o .

TWERCK

Tfy datint verfchacuwen het verfchaculick plat EF G H mette lijck@tandige
fijde van H G quam intglas of niet , {oo fiel ick nochtans my felven voor (om
redenen verclaertint bewijs des 1 voorbeelts) datter miet foodanige fijde daerin
quam, fulex dar D Cisfoo wel fchaeu als verlchaeulicke det * lijckRandige met Homologe,
H G. Dirfoo fijndc,ick seycken op D C alslijckftandighe met H G, den' viet.
houck ' K C D, ghelijck metten vierthouck E F.G H; Daerna van Htwedlinien, -
d'ceneals | L evewijdichmet K C, encommende LinD:Cofhaer verlangde,
d'ander | Meven encvewijdeghemet LC: DacrnaL A ,envanAtotinB C

"

0

delini AN evewijdeghe met TM. T'welck foo wefende, ANCL is fchaen
dos evewijdeghen vierhoucx] MC L, ghelijck wy hier onder bewijfen fullen;
Dierom vande felve AN C L ghefocht ‘het oogh'; wott bevonden deur het
3 vootbeclt defes voorfiels,ten eyride, neetn ick,det linti e’;c'n'an OP;ghefteltopt

. 4 punt
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points L and K two perpendiculars to DC and thereafter finding the image of a
right-angled quadrangle by the 1st example.

Sth Example, of the Image of a Quadrangle With Four Non-Parallel
Sides, Only the Foremost Side Having Been Parallel to the Glass Base.

SUPPOSITION. Let ABCD be the image of a plane figure similar to the
quadrangle EFGH, having four non-parallel sides and to whose infinite plane
the glass with the side DC was at right angles in the drawing operation, the side
homologous to HG, whose image is DC, having been parallel to the glass in the
drawing operation. WHAT IS REQUIRED. We have to find the eye.

PROCEDURE

No matter whether in the drawing operation the plane figure EFGH came with
the side homologous to HG in the glass or not, nevertheless I imagine (for reasons
explained in the proof of the 1st example) that it came therein with this side,
so that DC is the side homologous to HG as well as the image thereof. This
being so, I draw on DC, the side homologous to HG, the quadrangle IKCD,
similar to the quadrangle EFGH; thereafter from I two lines, one (IL) parallel
to KC and with L coming in DC or DC produced, the other (IM) equal and
parallel to LC; thereafter LA, and from A to BC the line AN parallel to IM. This
being so, ANCL is the image of the parallel quadrangle IMCL, as we shall prove
below. When therefore the eye is sought of this ANCL, it is found by the 2ad
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punt Q rechthouckich opt glas, t'welck ick fegh tbegheertoogh té fijni

TBEWYS.

Wy hebben int werck ghefeyt dat:A N C L {chaen isdes verfchaeulicken
evewijdeghen vierhoucx 1 M C L; om van rwelck. verclaring t¢ docn ick fegh
aldus: Anghefien 'punt Ades vierhoucx ABC'L), is fchacu van t'punt I des
vierhoucx 1M C D, en t'punt Linde glafgrontis fchacu van fijn felven deur de
2 begheerre,dacrom js A L fchacu van [ L deurhet 1 voorftel. Voortangefien
B C fchacuis van K C deurt’gheftelde, foo moet de fchacu des punts Min BG
wefen, fy moctoock fijn'in A N, wantalfoo I M evewijdich is mettet glds, en
dat van A {chaeu des punts Ighetrocken is A N evewijdege met 1 M, fop thoet
de fchacu van I M fijn inde oneyndelicke A N'deur hiei 2 Vootftel,en dacromis
AN fchaeuvan 1M, én N Cvan MC, en vervolgens de viethouck ANL C,
fchacu van IM C L, en vervolghens het cogh ghevondenvan ANCL, moet
oock fijn hetoogh van ABCD, wantde heele fchaeu gheen ander cogh en
heeft dan haerdeel. :

MERGCKT.

Deur 'genewy ghefeyt hebben ant eyndedes 3 vootbeelts, is kennelick date
men het werck oogk foude meughen docn mette trecken vande twee punten
1 en M twee hanghende linien op D C, vindende dacr pa de fchaeu eens recht-
‘bouckighen vierhoucxdeur het 1 voorbeelt, .

6 Voorbeelt wan dz [chaen eens werfchaeulicke vierbouc
wwiens achterste [fde alleen evevvideghe is meste glaf-.
grondt. ‘

Intbovefchreven 4 en s voorbeelt heeft des verfchaeulicken vierhonex vooe.

fic fijde evewijdich mettet glasghewecft, macr om de ghemeenheyt des voor-
flclste verclarenin vierhoucken dicns achterfte fijde alleenclick evewijdegeis

E ¥ .

metteglafgrondt, fio laet ABC D fibaen fijn van een verfchaeulicken viége
-houck EF GH,hcbbepdc vier onevewijdeghe fijden, e op wicns. oneyndelxick
plat
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example of this proposition at the end point — I take it — of the line equal
to' OP, erected in the point Q at right angles to the glass, which I say is the
required eye.

PROOF

In the procedure we have said that ANCL is the image of the parallel
quadrangle I/MCL; in order to explain this, I say as follows. Since the point A
of the quadrangle ABCL is the image of the point I of the quadrangle IMCD,
while the point L in the glass base it its own image by the 2nd postulate, AL is
the image of IL by the 1st proposition. Further, since BC is the image of KC by
the supposition, the image of the point M must be in BC; it must also be in AN,
for since IM is parallel to the glass, while from A, the image of the point I, AN
has been drawn parallel to IM, the image of IM must be in the infinite line AN
by the 2nd proposition, and therefore AN is the image of IM and NC of MC,
and consequently the quadrangle ANLC is the image of IMCL, and consequently
the eye that has been found of ANCL must also be the eye of ABCD, for the
entire image does not have another eye than its part.

NOTE

From what we have said at the end of the 3rd example it is evident that the
procedure might also be performed by drawing from the two points 7 and M
two perpendiculars to DC and finding thereafter the image of a right-angled
quadrangle by the 1st example. :

6th Example, of the Im;zge of a Quadrangle Whose
Rearmost Side Only is Parallel to the Glass Base.

In the aforesaid 4th and Sth examples the foremost side of the quadrangle was
parallel to the glass, but in order to explain the common applicability of the
proposition to quadrangles whose rearmost side only is parallel to the glass
base, let ABCD be the image of a quadrangle EFGH, having four non-parailel
sides and to whose infinite plane the glass with the point C was at right angles in
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plat het glas mettet punt C int verfchaeuveen sechthouckich ftont, en hebben-
de d'achterfie fijde EF diens fchgeu A B, int verfchacuwen evewijdich ghehadt
metergls. TseGHEERDE. Wymoctenhetoogh vinden,

. TWERCK

Ick treck D I evewijdeghe met A B, en commende 1in B C; Daer- naHK
-evewijdeghe met EF, encommende Kin F G: T'welck foo fijnde; tis kenne-
lickdar A BI D is fchacu van EF KH, hebbende twee evewijdeghe fijden als
EFmet HK dacrom vandefelve A BID ghefocht het oogh , wort ‘bevonden
deur her 3 voorbeeli defes voorftels ten eynde, neem ick, der lini evenan L M
gheftelt op ‘punt N rechthouckich opt glas, t'welck openbacrlick vbegheerde
oogh is. ' ) ‘ '

. .
7 Voorbeels cens ver[chaenlicken Vierhoucx hebbende alleene-
lick tu(fchen tvvee ™ reghenover iaende houcken eenver- Oppefe
dochte ini evevpydichmes teglafgront. e
By aldien de fchau waer van een vierhouck als-hier onder ABC D, fchaen
van EF G H, alloo dat de verdochte lini DB, wacr evewijdich gheweeft merte
glafgrondt, foo foude H F daer me oock moeten evewijdich gheweelt hebbens
Dacrom it kennclick datmen dan
foude trecken HF daer na EH on-
eyndclickvoorwaertnal,en G L eve-
‘wijdeghe met FH, S'gheélijex DB,
‘daer na A D oncyndelick voorwaert H
naKien CKevewijdeghe met BD, ™ §
cendat alfdan-D B C K fchatu foude ¢ Funi
fijn vaw HF G I, ‘waeraf het-oogh - e
gevonden deurhgt 3 voorheelt, men
- falt'begheerde hebben,

X

A

> ”3
: ,-K-"-......‘.'..b i

& Veoorbeeltwan een <verfshatulsck rechslinich plat m m- dan
vher fijdeyhebberide.

“Ghegheven fijnde:de fechacn mette verfchaeulicke form dic meer dan vicr fij-
dém hedft; en'de et na tinhoudt: des voorftels, men fal om voogh te vinden
uyt bet felvevetfchaculick plat verkicfen: vier houck punten, fgo dat daer wfe
Ychien bedochr of getrocken vier linien die cen bequasm vieshouck maken dace

‘afeeniijde int -verfchacuwen evewijdich was mency glas. Sghelijex falmen
tuffchen dier vier punten kkhacuwen . trecken vier -rechte linign en den,viere
Houck daer tuficheh begrepen fal fijn ‘chacuvan d'ander ,; dacrom vande. fejve
het oogh ghevondert deur cen:deriboveichreven voorbeclden na gheleghent-
‘Heyr desverfehacitlicken viethoucx diemen alfoagheeregen heeft,men fal oock
hebben het oogh vande heele fchacu. .
'Laetby voorbeelt ABCDE fchaeu fijh vah een verfchaculick vijfhouck
FG HIK,op wicns oncyndelick plat her glas mettet punt C int vetfchacuwen
rechthouckich ftont,en hebbendc de verdochte rechte lini van K tot G int ver.
fchacuwen cvewijdich gehadt mettet glas. TBEGHEERDE, Wy mocten
hetoogh vinden.

TWERCK.,
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the drawing operation, its rearmost side EF, whose image is AB, having been
parallel to the glass in the drawing operation. WHAT IS REQUIRED. We have
to find the eye.

PROCEDURE

I draw DI parallel to AB, with I coming in BC; thereafter HK parallel to EF,
with K coming in FG. This being so, it is evident that ABID is the image of
EFKH, having two parallel sides (EF and HK). When therefore the eye is sought
of this ABID, it is found by the 3rd example of this propdsition at the end
point — I take it — of the line equal to LM, erected in the point N at right
angles to the glass, which is evidently the required eye.

7th Example, of a Quadrangle Having Only Between Two Opposite
Angles an Auxiliary Line Parallel to the Glass Base.

If the image were a quadrangle, as ABCD below, the image of EFGH, so that
the auxiliaty line DB had been parailel to the glass base, HF would also have
been parallel thereto. Therefore it is evident that one ought then to draw HF,
thereafter produce EH indefinitely to I and draw GI parallel to FH; similarly
one ought to draw DB, then produce AD indefinitely to K, and draw CK parallel
to BD; then DBCK would be the image of HFGI, and when hercof the eye is
found by the 3rd example, it will be the required eye.

8th Example, of a Rectilinear Plane Figure
Having More Than Four Sides.

Given the image and the object figure having more than four sides and the
rest according to the contents of the proposition, in order to find the eye four
vertices have to be chosen from the said plane figure so that between them are -
imagined or drawn four lines which make a convenient quadrangle, one side of
which was parallel to the glass in the drawing operition. Similarly, four straight
lines ‘have to be drawn between the images of those four points; then the
quadrangle contained between them will be the image of the other. When there-
fore the eye is found hereof, by one of the above examples, for the quadrangle
that has thus been obtained, we shall also have found the eye of the entire
image. :

For example, let ABCDE be the image of a pentagon FGHIK, to whose in-
finite plane the glass with the point C was at right angles in the drawing oper-
ation, the imagined straight line from K to G having been parallel to the glass
in the drawing operation. WHAT IS REQUIRED. We have to find the eye.
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TWERCK.

¢k treck E Bals fchacu van K G, en haer &ewijdeghe DL, commende L
inB C,dacr na I M evewijdege met K G,en commende Min G H: T'welck foo
fijnde, tis kennelickdat EB L D fchacuisvan K G M1, hebbende twee cve.
wijdeghe fijden alsK G metI'M ; Dacrom vande felve EBLD ghefocht het
oogh, wort bevonden deur het 3 Voorbeelt defes voorftels ten eynde der lini,
necem ick,evenan N O,geftelrop t'punt P rechthouckich opt glas,t welck opens

baerlick tbegheerdecoghis. TrEstLvyT. Wefende dan ghegheven een
vierfijdich of meetfijdich plat, dat fchacu is van cen ghegheven verfchaeulicls
plat,op twelck hetglas int verfchacuwen een houck maeckee even an een ghe-
geven houck, en hebbende de felve fchacu ten minften cen fijde of lini tufichen
twee houcken evewijdichmetee glafgrondt, wy hcbbcn het cogh ghevonden,
nadencyfch.

MERCKT.

Sooder bekent waer wat houck éenige vande fjden der verfchaeuticke form
int verfchaeuwen op deglafgront macckre, risopenbaer dardear de voorgaen-
de manicr ghevonden foudeworden hetoogh van alle ghegheven fchaeu cens

- yechitlinich plats, 6m datzlle rechtelini ghetrocken uyt cen houck der fchacu,
evewijdich merte glafgiondt, fchacuisderlini ghetiocken inde. verfchaculicke
form iyt der ghelijcken houck oock evewijdich mette glafgrondt. ,

“‘Maer anghefien het felden ghebetirt; dat in fulcke ghegheven fchaeuwen
foodanighen houck bekentis', foo foude dat inde daet weynich ghebruy ckoon-
nenhebben. Doch alsde gheghe\ en:vesfchaculicke form ten minften heeft

-twee ¢véwijdeghe (ijden , of tweeevewijdeghe linien dic uiflchen de houcken
getrocken fijn of gcuockcn connen wordén, foo ifler deurander wech ecniche
{in$ middel om daer toe te commen , waer of wy het volghende voorfiel fullen

_bcfchnp (918
7 WERGE=
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PROCEDURE

I draw EB as image of KG, and the line parallel thereto DL, L coming in
BC; thereafter IM parallel to KG, M coming in GH. This being so, it is evident
that EBLD is the image of KGMI, having two parallel sides (KG and IM).
When therefore the eye is sought of this EBLD, it is found by the 3rd example
of this proposition at the end point of the line — I take it — equal to NO,
erected in the point P at right angles to the glass, which is evidently the required
eye. CONCLUSION. Hence, given a quadrilateral or multilateral plane figure,
which is the image of a given plane figure with which in the drawing operation
the glass made an angle equal to a given angle, while the said image has at least
one side or line between two angles parallel to the glass base, we have found
the eye, as required.

NOTE

If it were known what angle one of the sides of the object figure made with
the glass base in the drawing operation, then it would be evident that by the
foregoing manner the eye of any given image of a rectilinear plane figure would
be found, because any straight line drawn from an angle of the image, parallel
to the glass base, is the image of the line drawn in the object figure from a
similar angle, also parallel to the glass base.

But since it seldom happens that in such given images this angle is known,
in actual fact this would not find much application. But if the given object
figure has at least two parallel sides or two parallel lines that have been or can be
. drawn between the angles, then there is to some extent a means for finding
it by another method, about which we shall describe the following proposition.
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7 WERCKSTVCK 3 VOORSTEL.

Wefende ghegevencen evevvijdichvierfijdich plat, dat
fchacu is van cen verfchaculick plat, op t'vvelck het
glas int verfchacuvven een houck macckee evenaneen
ghegevenhouck,en vvefendede felve {chacu fonder eeni-
ghe fijdeof lini dic tuffchen tvvee houcken evevvijdich
metee glafgrondcis, maér hebbende de verfchaculicke
form ten minften tvvee evevvijdeghe fijden, oflinien die
tufichende houcken ghetrocken (%jn, of ghctrockcn con-
nen vvorden: Hetoogh te vinden. =

TGHEGHEVEN. Lact ABCD fehacu fijn, fonder cenighe fijde of lin
dietuflchen twee houcken evewijdich mette glafgrondt is, en dat vande ver-
fchaculicke evewijdeghe viethouck EF G H, op welcke herglasint verfchaeu-
wen rechthouckich flont.  TBEGHEERDE. Wy moeten het oogh vinden,:

: TWERCK

Ick tieck D A en € B voorwiert,tot datfe vergaten in [ighelijcx BAenCD

vergarende in K, daer na 1K en een oneyndelicke deur C, evewijdeghe met IK
als L M glafgront beteyckenende,ick treck daer na A D voorwaert tot die on-
eyndelicke,ontmoetendedefelvein L; S'ghelijcx A B voorwaert gherakende de

felve oncyndelickein M, en teycken int middel van L M'punt N, en van N

treck ick de oneyndelicke N Q rechthouckich op L M3 Dacr na EP, alfoo dat

den houck HEP even is anden houck PEF, iteck daer nauyt de oneynde-

licke N O, genighe linials O Q,alfoo dat den houck Q Q N, even {y anden

houck H E P, voort van L tot inde oneyndelicke N O, delini L R evewijdeghe

met QO, en befchrijf deur de drie punten L R M een booch;alwacr te gedenc-

ken ftaer,dat wanncer den houckaals H E F rechtis als hier, foo valt des rondts
middelpunt daer de booch op befchreven wort in N, en dien houck fcherp fijn-

de, valtdaer bovenin N R, maer plomp fijndevalt dacr onder inde verlangde

R N:Voort treckick E G; Daer nd vande twee punten Cen M treek ick twee

liniep tot cen felve punt des boochs,als totret punt S, foo dat den houck CS.M,

evenis anden houck G EF, (doch is te weten dartet * wifconflich trecken defes Mashemre.
houcx,my int befchrijven van defen niet 1€ vooren en quam,maer? tuychwerc- fira opera-
kelick macht ghedaen worden onder.anderen met tefnyen ecn papieren houck :;2’:",,“;&
even an G EF, hebbendede fijden E G, E Flanick ghenouch , en' defen papie.:
. ren houck foo gheleyr,datde fijden alsEF,E G, gheraken de iwee punten C M,

enden uyterfleri puntals E inden omtreck, t'welck deur keering en wending

ter eendet én ander fijde daer ioe ghebrocht can worden; Tis oock te weten, dat
fulck gheraeckfel des uyterfien punts vant papicr,alleenclick ghefchien can wifs
conftelick,welverftaende int punt S, want van daer na M, foocomt dandat’

punt buyren den omtreck, en van'S na L vallet overal daer binnen. Defe tuych-
werckelicke manier hebben wy liever hier gheftelt, dan de faeck ongheroert t&

faten, te meet 6pdat ander dieder luft toe hebben de wifconftighe wercking

foucken meughen) daecrna LS voort van'Ken I, twee linienK T, I X, rcixhc‘l;

' : : oug|
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7th PROBLEM 13th PROPOSITION

Given a parallel quadrilateral plane figure *), which is the image of a plane
figure with which in the drawing operation the glass made an angle equal to a
given angle, the said image not having any side or line between two angles parallel
to the glass base, but the object figure having at least two parallel sides or lines
that have been or can be drawn between the angles: to find the eye.

SUPPOSITION. Let ABCD be the image, without any side or line between two
angles parallel to the. glass base, such of the parallel quadrangle *) EFGH, to
which the glass was at right angles in the drawing operation. WHAT IS RE-
QUIRED. We have to find the eye.

PROCEDURE

I produce DA and CB uatil they meet in I, similarly BA and CD until they
meet in K; thereafter I draw /K, and an infinite line through C parallel to 1K
(LM), denoting the glass base. I then produce AD to that infinite line, which
it meets in L; similarly I produce AB, which meets the said infinite line in M,
and I mark in the middle of LM the point N, and from N I draw the infinite
line NO at right angles to LM. Thereafter I draw EP so that the angle HEP is
equal to the angle PEF; then I draw from the infinite line NO a line (OQ) such
that the angle QON be equal to the angle HEP, further from L to the infinite
line NO the line LR parallel to QO; and I describe an arc through the three
points L, R, M. Here it is to be borne in mind that when the angle HEF is right,
as here, the centre of the circle on which the arc is described falls in N, and when
that angle is acute, it falls above it in NR, but when the angle is obtuse, it falls
below it in RN produced. Further I draw EG. Thereafter from the two points
C and M I draw two lines to one and the same point of the arc, »iz. to the point
S, so that the angle CSM is equal to the angle GEF (but it is to be noted that the
mathematical drawing of this angle did not occur to me during the description
of this matter, but mechanically it can be done, among other things, by cutting
an angle of paper equal to GEF, whose sides EG and EF have the required length,.
this angle of paper being so placed that the sides EF, EG pass through the two
points, C, M and the end point (E) touches the circumference, which can be
brought about by turning to one side and the other. It is also to be noted that
such touching of the end point of the paper can only take place mathematically,
viz. in the point §, for from there to M that point comes without the circum-
ference and from § to L it always falls within it. We preferred to give this mechanical
method here rather than leave the matter undiscussed, the more so in order that
others who have a mind may seek the mathematical operation); thereafter LS.
Further I draw from K and I two lines KT, IV at right angles to the infinite line

) Parallelogram.
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- G

houckich op de oneynddlicke . M, voort V W évewijdeghe metSL,en van
T fotinde oneyndelick¢ V W, de lini T W evewijdcghe met S Mdeer naW X
techthouckich op L M, en W X voorwaert tot Yin K1, daer hd ftel ickope
punt Y éen lini éven an W X rechthouckich optglas, rivelck foo fijinde , ick
fegh t'eynde der felve lini r'beghectde oogh e welet. TBEREYT sEi. Laet
ghetrocken worden van C totin'S M de lini C Z, eveijdeghemet LS, fghe.
lijex vanCtotin $ L de lini C s evewijdeghe mer M S,dact na R M.,

' ’1' BEWYS.
Den hotick L R N,is even anden houck MR N, eh den houck HEP, even
fijnde met L R N deur ¢'werck, isocock evenanden houck P EF, dderom den

. houck LR Mis even anden houck H E F ; Macr den houek L S M (commende
. inde (elve booch L R M)is even anden felven houck L R M,dagrom den houck

LSM
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LM, further VW parallel to SL, and from T to the infinite line VW the line
TW parallel to SM, thereafter WX at right angles to LM, and I produce WX
to Y in KI. Thereafter I erect in the point Y a line equal to WX at right angles
to the glass; this being so, I say that the end point of this line is the required eye.
PRELIMINARY. Let there be drawn from C to SM the line CZ parallel to LS,
similatly from C to SL the line Ca parallel to MS; thereafter RM.

PROOF

The angle LRN is equal to the angle MRN, and the angle HEP, being equal
to LRN by the procedure, is also equal to the angle PEF, therefore the angle
LRM is equal to the angle HEF. But the angle LSM (coming in the same arc
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L. SMiseven anden houck HEF, voortisden fiouck CSZ evenanden hotick
G E F,en ghelijck G F evewijdegheis met H E;en GHmet FE, alfoo CZmet
48,enG amet Z S, dacrom den vicrhouck S Z C a,als vér{chaculicke vierhouck;

.is ghelijckmetten vierhouck EF G H,en van defen viethouck SZ C 4,wefende
W de voet,of anders ghefeyt wefende het oogh ten eyndeder lini evenan W X;
ghetteltopt punt Y rechthouckich opt glas, foois AB-C D de fchacu, alsde li-
nicn der form uytwijlen, hjckformich fijnde andc wercking van rvinden der
fchaea inder cortheden 3 lidis 6 voorbeelt. Maerwefende ABCD fchacuge- .
fien uyt fulcken oogh,foo moet dat oogh oock t'begheerde fijn.
~ TsEsLVYT. Wefendedan ghegheven een evewijdich vierfijdich plar, dac
fchaeu isvan cen Verfchaeulick plat, op twelck het glasint verfchacuwen cen
houck maeckic even an €en ghegheven houck, en wefende de felve tchaeu fon-
der cenige fijde of lini dic wfichen wwee houcken evefijdich- mette glafgrontis,
mact Ecbbchde de verlchaeulicke form tcih minften twee evewijdighe fijden,of
Jinicn die tuflchei de houcken ghctrocken (ijn, of ghetrocken connen worden;
wy hebben het oogh ghevonden na den eyfch.

8 WERCKSTICK: 14 VOORSTEL.

'Wefende ghegeven een vierfijdich of meerfijdich plat;

dat {chacuisvan een verfchaculick plac, op t'vvelck het

lasintverfchacuvven een houck macckee even an een
ghegheven houek, en vvefende defelve {chaeu fonder ee-
nighe fijde of lini die tuflchen tvvee houcken evevvijdich
mette glafgrondt is, maer hebbende de ver{chaeulicke
form ten minften tvvee evevvijdeghe fijden , of linien die
tuflchende houcken ghetrocken fijn, of ghetrocken cons
nen vvorden, en boven dicn bekent fijnde den houck
dic eenighe fijde der ghegheven {chacuint verfchacuvven
op de glafgrondt macckc. Hetooghtevinden.

Dit 14 voorfiel verfchilt vant 13 daerin, datterghemeen isover aile* veel. Melilarera
fijdeghe platten, maer wecrom daer teghen mocterbekent fijn wat houck ce- lana,
nighc Kini der fchacu int verfchacuwen op de glafgrondi maeckte, t'welck int
13 vootftel niet nocdich en was,om datde glafgront uyt de ghegheven fchacu
ghevonden wiert. Doch anghefien fulcken houck dickwils bekent wort in
voorgheftelde fchaeuivén of ichildeiyen ,deut ccnighc ander byftacnde linien
diemen weet op de glafgront rechthouckich te commen, fcocan t'vinden des

ooghs van fulcke Khacuwen inde daet fijn ghebruyck hebben , waer deur wy
'elve hier befchrijvens - '

1 Voorbeelt vande fchaen eens ver[chaeulicken wierboucx imet
alleentlick rvvee evevwifdeghe fijden. '
TGHEGHEVEN. Laet ABC D, de fchacu fijn vande veifchaculicke form

E F G Hinde vioer,wacy af de wwee fijden HE, G F , evewijdich fijn, maerd’an+
. -G dex
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LRM) is equal to the said angle LRM, therefore the angle LSM is equal to the
angle HEF. Further the angle CSZ is equal to the angle GEF, and just as GF 1s
parallel to HE and GH to FE, thus CZ is parallel to 45 and Ca to ZS. Therefore
the quadrangle SZCa (the-object quadrangle) is similar to the quadrangle EFGH,
and since W is the foot of this quadrangle SZCa or, in other words, the eye is

at the end point of the line equal to WX, erected in the point Y at right angles -

to the glass, ABCD is the image, as the lines of the figure show, which is similar
to the operation of the finding of the image in the 6th example of the 3rd section
of the abridgements. But since ABCD is the image, seen from the said eye, that
eye must also be the required eye.

CONCLUSION. Hence, given a parallel quadrilateral plane figure, which is
the image of a plane figure with which in the drawing operation the glass made
an angle equal to a given angle, the said image not having any side or line
between two angles parallel to the glass base, but the object figure having at
least two parallel sides or lines that have been or can be drawn between the
angles, we have found the eye, as required.

8th PROBLEM 14th PROPOSITION

Given a quadrilateral or multilateral plane figure, which is the image of a plane
figure with which in the drawing operation the glass made an angle equal to a
given angle, the said image not having any side or line between two angles
parallel to the glass base, but the object figure having at least two parallel sides
or lines that have been or can be drawn between the angles, while moreover the
angle which one of the sides of the given image made with the glass base in
the drawing operation is known: to find the eye.

This 14th proposition differs from the 13th in that it applies generally to all
multilateral plane figures, but on the other hand it must be known what angle
one of the lines of the image made with the glass base in the drawing operation,
which was not necessary in the 13th proposition because the glass base was found
from the given image. But since this angle often becomes known in given per-
spective drawings or pictures from some other accessory lines, which are known
to be at right angles to the glass base, the finding of the eye of such images
may be useful in practice, for which reason we will here describe it.

15t Example, of the Image of a Quadrangle
Having Only Two Parallel Sides.

SUPPOSITION. Let ABCD be the image of the figure EFGH in the floor,
whose two sides HE, GF are parallel, but the other two GH, FE non-parallel.

R
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dertwee G H, F E onevewijdich,en den houck D fy fchacuvan H ,en t'glasheb
int verfchacuwen rechthouckich'gheweeft opt verfchaeulick plat, en evewij-
dich met I K, dieick hier (tfy daifer int verchacuwen deur ftreckte of niet) doc -
ftrecken deur t'punt C fulcx datden houck die eenighe fijdeick neem DC,int
" varfchacuwen op de glafgront maeckte,even was metten houck DCL
T3EGHEERDE. Wy moctcnhetoogh vinden, -
- TWERCK
IktreckDAenC B voorwaert,tot datfe vergaren in'L,en deur L deoneyn.
delicke L M evewijdeghe metK Ldaer na C D voorwaerttot datfe dic oneyne
delicke ontmoet, t'welck fyin M, en van Mdeur A cen linitotdaife C L ont-
" moet,t'welckfyin N, voort van E;tot in ¥ G delini EO,evewijdeghe met GH:
Dit foo ijnde,A N-C D is fchacu des evewijdeghen vierhougx EO G H; Hier
afhet cogh ghevonden deur het 1 voorbeelt van defen, U'welck fy ten eyndedex
linievenan P Q, gh¢fieltopt punt R rechthouckich opt glas, men heeft r'be.
gheerde,wacr af t bewijs openbacr s, deur de verkeerde wercking vantvinden
der fchacu in der costheden 3 lidts 6 voorbeelt. C

2 Voorbeelt wande (chaess eens wverfchaculicken rechtlinich
plats o0t valt; doch hebbende ten miniten na £ inbonds des
voarstels , tvvee evevwijdighe fijden of linien , die tuf-
fechen de houcken ghetrocken [im of ghetracken connen

wvyorden. -

TGHEGHEVEN, Laet ABCDEF de fchaeu fijn vande verfchaeulicke
fomGHIKLM foorvalt,doch hebbende de verdochte of ghetrocken linien
tuflchen de houcken M,H,en I, L, evewijdich , datisM H cvewijdich met L1,
en den houck A fy fchaeu van G,voort hebbe t'glas int verfchacuwen gheweeft
rechthouckich opt vetfchaculick plat, cn deglafgrondt evewijdich met NO,

fulex
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And let the angle D be the image of H, and let the glass have been at right angles
to the object plane figure in the drawmg operation and parallel to /K, which here
(no matter whether in the drawing operation it passed through it or not) I take
to pass through the point C, so that the angle which one of the sides — I as-
sume DC — made with the glass base in the drawing operation was equal to
the angle DCI.

WHAT IS REQUIRED. We have to find the eye.
PROCEDURE

I produce DA and CB until they meet in L, and through L I draw the infinite
line LM parallel to KI; thereafter I produce CD until it meets that infinite line.
Let this be in M, then from M through.A I draw a line until it meets CL. Let
this be in N. Further I draw from E to FG the line EO parallel to GH. This .
being so, ANCD is the image of the parallel quadrangle EOGH. When hereof
the eye has been found by the 1st example of the present proposition *), which
shall be at the end point of the line equal to PQ, erected in the point R at right
angles to the glass, we have found the required eye, the proof of which is evident
by the operation reverse to that of the finding of the image in the 6th example of
the 3rd section of the abridgements.

2nd Example, of the Image of a Rectilinear Plane Figure of Any Form,
But Having at Least, According to the Contents of the Proposition, Two Parallel
Sides or Lines T/mt Have Been or Can Be Drawn Between the Angles.

SUPPOSITION. Let ABCDEF be the image of the object flgure GHIKML of
any form, but havmg the auxiliary or drawn lines between the angles M, H and
1, L paiallel, i.e. MH parallel to LI, and let the angle A be the image of G.
Further, let the glass have been at right angles to the plane figure in the drawing

*) Something is wrong in this reference. What is meant is the 7th Problem, xgth
Proposition.
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fulcx datden houck die eenighe Gjde ick néem ED int verfchacuwen op de
glafgront macckie,even was mettenhouck EDN,  TBEGHEERDE. Wy
mocten het oogh vinden. ’

TWERCK

Woantden houck Fichaeii is van M,en Bvan H, foo treck ick F B; S'ghelijex
want den houck E (chaeu is van I, enC van I, foo treck ick EC, rwelck foo
fijnde, devicthouck F B C E; is fchacu des verfchaeulicken vierhouex MHIL,
hebbende twée evewijdeghe tijden,daer af het oogh gevonden deur het 1 voor-
beelt, ireckende de glafgront deur E evewijdich met N O;en de reft als int felve
1 voo: beelt, men vindtdat oogh ten cynde der lini,neem ick,even an P Q,ghe-
fleltopt punt R rechthouckich opt glas, en men heeft tbegheerde : Waer af
tbewijsopenbaeris, TBEsLvVYT. Wefendedanghegeven cen vicrfijdich
of mectlijdich plat, dat fchaeu is van een verfchaculick plat, optvwelck het glas

a

intverfchacuwen een houck maceckte, even ancen ghegheven houck, en we-
fende de fclve fchaeu fondér eenighe fijde of lini die twflchen twee houcken
evewijdich merte glafgront is, maer hebbende de verfchaculicke form ten min-
ften rwee evewijdeghe fijden of linien, die tuflchen de houcken ghetrocken fijn
of getrocken connen.worden,en boven dicn bekent fijnde den houck die ceni-
ghe fijdeder ghegheven fchaeu int verfchaenwen op de glafgront macckic, Wy
hebben het oogh ghevonden naden eyfch
VERVOLGH,

Anghefien de fchacuwen van lichamen al in platten beftaen , foo volghe-
daer uyt dartct oogh van cen dier plaiten ghevonden fijnde deur de voorgaende
reghelen,datmen heefi het cogh des heelen lichaems(uytgenomen van {chacu-
wendie. int verfchacuwen met haer verfchaeulicke form evewijdich waren,
want die int befonder of alleen angheficn meughen het oogh overal heb-
ben, om daifealsint glas fijnde, gheen verandering en crijghen’ deut verfetting
desooghs) laocock vanalleander omftacnde fchacuwen der verfchaeulicke for-
men by dat lichaem vervought, en r'felve angaende. Maer op dar alles noch

clacrdcs fy,fullen daer af voorbeelt ficllen in defer voughen.
: G ToHE-
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.operation, and the gléss base parallel to NO, so that the angle which one of the
sides — I assume ED — made with the glass base in the drawing operation was
equal to the angle EDN. WHAT IS REQUIRED. We have to find the eye.

PROCEDURE

Because the vertex F is the image of A; and B of H, I draw FB; similatly,
because the vertex E is the image of L, and C of I, I draw EC. This being so, the
quadrangle FBCE is the image of the quadrangle MHIL having two parallel
sides. When hereof the eye has been found by the 1st example by drawing the
glass base through E parallel to NO and the rest as in said 1st example, that eye
is found at the end point of the line — I take it — equal to PQ, erected in the
point R at right angles to the glass; and thus we have found the required eye, the
proof of which is evident.

CONCLUSION. Hence, given a quadrilateral or multilateral plane figure,
which is the image of a plane figure with which in the drawing operation the
glass made an angle equal to a given angle, the said image not having any side
or line between two angles parallel to the glass base, but the object figure having
at least two parallel sides or lines that have been or can be drawn between the
angles, while moreover the angle which one of the sides of the given image made
with the glass base in the drawing operation is known, we have found the eye,
as required.

SEQUEL

Since the images of solids consist entirely of plane figures, it follows that when
the eye of one of those plane figures has been found by the foregoing rules, we
have found the eye of the whole solid (except in the case of images which in
the drawing operation were parallel to their object figutes, for these, when con-
sidered separately or alone, can have the eye anywhere, because, being in the glass,
they do not undergo any change when the eye is displaced), yea, also of any other
adjacent images of the figures belonging to that solid and having some connection
therewith. But in order that everything may be clearer still, we will give an
example thereof, as follows.
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T GHEGHEVEN. Lact ABCD EFG fijn de fchaen eens verfchaeulicken
viercanten pylaers, dic ghelijck isanden pylaer wiens hcoghde D G,en fijde des
gronts G F,en was-hetglas int verfchacuwen evewijdich mettet plat asDCFG
tufichen den grontcn hetdeckfel : Enheeft defe fchacu in haer defchacuwean
van dric plattenals blijckt. 'TBEGHEERDE. Wy mocten het oogh vinden.

TWERGK
lck ftel my felven voor dattet glas int teyckenen freckte (Cfy dat den ver-
fchacuwer dat int verfchacuwen foc mocht ghe- K

ftelt hebben of nict)denr de evewijdege vierhouck
DC FG, daerfe int verfchaeuwen evewijdich me -

was, en nemende het verfchaculick deckfel diens A B
fchacu A BC D, al oft op de vioer laghe,ick vinde D /
- deur her 1 voorbeelt desy2 voorfiels het ooghals cl- Ti

ten eynde der linieven , neemick,anH I gheftelt
opt puntK rechthouckich opt glas, welck oogh _
oock het oogh der heele verlchaeulicke form N
moctf{ijn,

1 MERCK G P .
Wy hebben int werck ghenomen datret vcrfchaeuhck deckfel diens fchaen
ABCD opdevlocer light:En volghcndc fulckghcﬁeldc het cogh ghevonden:
Maer want dat de eyghentlicke vloer niet en is, endat ymant antbefluyr moche
twijfelen,foo fulien wy daer af* vcrclanng doen.
Lact ABCDEFG cen viercante pylaer
fijn alfvooren , maerdeurluchtich , wacr in
noch gheteyckent fijndelinien alsvolght:DA
en CB fijn voortghetrocken tot datfe verfa.
menin H,en D C dieals glafgront ghenomen
wiert, is oneyndehck voorighetrocken na [
wact op rechihouckich ghetrocken de oneyn.-
delicke H K,{y fije D lin L; Daer nac getroc.
ken A Mrechthouckichop D1,en G D voort-
ghetrocken tot N, alfoo dat DN even fyan -
D C,daernavan Ndeur Meen rechte lini tot
: datch K ontmoct in 'O, voost op het punt
Heen lini ghefielt even an 612 enrechte G Rup TN
houckich opt plat daer de fchaen in 1s, heteyn- Yo
deder felve is het oogh, ghelijck int voorgacn« KN
de werck ghevonden wiert, .
Macr om nu te bethoonen dat dit foo wel
het wacr oogh is,als het oogh ghevonden dear *,
wercking op den eyghen vloer , {oo lact ghe- ,
trocken worden GH, en FE voorwacrt die 1
vallen moetinH, daernaE P, cvcwudegc met
FG,en commcndcl’mG H,fulcxd PEFG K
de fchacu beteyckent des’ verfchaculicken
grondts inden eyghen vioer.
Om vandefe{chaeu P EF G het oogh te vinden,ick doe alfvooren,treckende

deglaf-
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. SUPPOSITION. Let ABCDEFG be the image of a right quadrangular prism
* which is similar to a prism whose height is DG and the side of whose base is
GF, while in the drawing operation the glass was parallel to the plane figure
DCFG between the base and the cover; then this image has in it the images of
. three plane figures, as is apparent. WHAT IS REQUIRED. We have to find the cye.

PROCEDURE

I imagine that in the drawing. operation the glass passed (no matter whether
the draughtsman put it thus in the drawing operation or not) through the parallel
: quadrangle DCFG, to which it was parallel in the drawing operation, and taking
the image ABCD of the cover to be in the floor, I find the eye, by the 1st example
of the 12th proposition, at the end point of the line equal — I take it — to HI,
erected in the point K at right angles to the glass, which eye must also be the
eye of the whole figure.

1st NOTE

In the proceduce we have assumed the image ABCD of the cover to be in
the floor, and according to this supposition we have found the eye. But because
that is not the floor itself and because someone might doubt the solution, we
will give an explanation thereof.

Let ABCDEFG be a right quadrangular prism, as above, but transparent, in
which have also been drawn the following lines: DA and CB have been produced
until they meet in H, and DC, which was taken for the glass base, has been pro-
duced indefinitely towards I. Drawn at right angles to this is the infinite line HK;
it intersects DI in L. When thereafter AM is drawn- at right angles to DI, and
GD is produced to N so that DN be equal to DC, a straight line then being
drawn from N through M until it meets HK in O, and a line being erected in
the point H, equal to OL and at right angles to the plane which contains the
image, the end point of this line is the eye, as was found in the foregoing procedure.
_ But in order to prove that this is the true eye just as well as the eye found by
the operation in the floor itself, let GH be drawn, and let FE be produced, which
must fall in H, thereafter EP parallel to FG, P falling in GH, so that PEFG
denotes the image of the base in the floor itself.
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de glafgrondt G F voorwacrt, totdatfe HK ontmoetin Q; en P R rechithouc-
Xichopdeglafgrondt GQ, en tcvcken in G Dt’punt S,alfoodat G Seven is an
GF, daer na van Sdeur R een lini tot datfe H Kontmoet in T; voort opt punt
H cen lini gheftelteven an T.Q , en rechthouckich opt plat daer de fchaeu § inis,
heteynde der felve moet openbacrhck het oogh wefen. -

Maer dat diteynde,en t'eynde der lini na t'eerfic befluyt, alcen felve punt is,
volght daeruyt, dat TQ ¢ven isan OL, t'welck aldus bcthoom wort: AM
voortghetrocken fijnde, ftreckt deur P tot R fulex dar des rechthouckigen drie-
houcx SGR, fijde G R,evenisan DM, en G S evenan D N, deur’'werck, cn
dacrom jsdederde fiyde N M, even en cvewudeOHc metS R, enhaer voortgg-
trocken liniecnals MOen R T moeten inde twee rcchlhoucklghc drichouc-
ken MO L, R TQ,00ck evenen cvewx;dxch fijn,alfoo cock moeten M L met
RQ,en vcrvolghcns ghelijck wy bethoonen w:ldcn OLmetTQ.

Hieruyt is oock openbacr ghenouch,datmen t felve oogh alfod vinden can
deur dander twee afgaende vi ierhouckighefchacuwen BEFC, AP G D,te we-
tendeurBEFC nemende deoneyndclicke daer F C inis voor gld(grom: Maer
deur de vierhouck AP G D nemende de oneyndelicke daer G D in is veor
glafgront, want deurde felve ghevonden de bovefchreven lini die op H moet
ftacn, fy fal oock even fijn met OL of T Q._Sulex datmen uyr foodanighe vier

" vierhouckighe [chaeuwen, verkiefen mach debequaemfte dacr de tuychwercke-
licke handeling demeefte fekcrhcyt in heeft.

2 MERCK.

- Want ymam dencken niocht, wacrom hierint vmdcn des ooghs tiet bcgoﬁ
en wicrt met voorbeelden wefende de fchaca cefipunt, lini, of dnehouck Jtele)
fullen wy daeraf dereden verclareni, welcke intghe-
meen ghefeyn,is,datfe gheen feker cenich befhiyt,macr

oneyndelicke befluyten hebben. Om tfelve breedet A
“te verclaren,en cerft van ¢ punt, foolact ABeenglas: = ,
fijnovercnt ghefien, C een verfchaculick punt, D I‘D —E R
fijn fchacu, daer naghetrocken van Cdenr D de hm ' o
CDE,en E vooroogh ghenomen, tis kennelickdat.” B

tetvoor oogh van C fal meughen verftrecken: Maer-

CD E voorrghetrocken tot F, foofalF mette felve re-

denoock voor ooghvan C mcughen ghenomen worden, en alfoo met oneyn=
delicke ander.

‘Angacnde de liniick fegh aldus; foo t'ecn uytcrﬁc der verfchaculicke lini int
_glasis, tander dacr buyten, de fchacu vantuyterfte punt daceer buytenis, wort
ghcﬁcn 1otk felve placts desglas deur oneyndclicke verfcheyden ooghcn als

boven ghefeytis, en t'ander eyndeint glas wefende,
fijn fchacuen verandert van plaets niet, deur vet.
felling des ooghs, daerom can de fchacu van fule-
ke liniuytoneyndelicke verfcheyden plaetfen glie-
fien worden, Om t'welck by voorbeclt te verclaren,
Lact A B t'glasfijn overcant ghefien, C Deen ver-
fchaeulicke lini,dienseen uyterfte Cint glas is, t'an-
‘deruyrerfte D daer buyten , E het oogh, van welck
getrocken het firacl E D, deurborende tglas ABin
F,als {chacu v D,en F C is defchaeu der verfchaeu-

G ficke
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In order to find the eye of this image PEFG, I proceed as above, producing
the glass base GF until it meets HK in Q, drawing PR at right angles to the
glass base GQ. And in GD I mark the point § such that G§ is equal to GF.
Thereafter I draw a line from § through R until it meets HK in T further I
erect in the point H a line equal to TQ and at right angles to the plane containing
the image; the end point of the latter must evidently be the eye.

But that this end point and the end point of the line according to the first
solution are one and the same point follows from the fact that TQ is equal to
OL, which is proved as follows: AM produced passes through P to R, so that the
side GR of the right-angled triangle SGR is equal to DM, and GS§ is equal to
DN by the procedure, and therefore the third side NM is equal and parallel
to SR, and these lines produced, viz. MO and RT, must also be equal and parallel
in the two right-angled triangles MOL, RTQ. Thus ML must also be equal and
patallel to RQ, and consequently, as we wanted to show, so must OL to TQ.

From this it is also clear enough that the eye in question can thus be found
from the other two receding quadrangular images BEFC, APGD, to wit from
BEFC by taking the infinite line containing FC for the glass base, but from the
quadrangle APGD by taking the infinite line containing GD for the glass base,
for when from this is found the aforesaid line that has to stand in H, it will also
be equal to OL or TQ, so that from these four quadrangular images one may
choose the most suitable, with which the mechanical operation provides the
greatest certainty. ’

2nd NOTE

Because someone might wonder why in finding the eye we did not begin with
examples in which the image is a point, line or triangle, we will explain the
reason thereof, which, generally speaking, is that they do not admit of one certain
solution, but of an infinite number of solutions. In order to explain this more
fully, first for a point, let 4B be a glass seen transversely, C an object point, D
its image. When thereafter the line CDE is drawn from C through D, and E is
taken for the eye, it is evident that it may serve for the eye of C. But when CDE
is produced to F, for the same reason F may also be taken for the eye of C, and
thus with an infinite number of other points.

As regards a line, I say as follows. If one end point of the object line is in
the glass, the other outside it, the image of the end point that is outside it is
seen in the said place of the glass by an infinite number of different eyes, as has
been said above *); and if the other end point is in the glass, the image of this
does not change its place when the eye is displaced; therefore the image of such
a line can be seen from an infinite number of different places. In order to ex-
plain this by means of an example, let AB be the glass seen transversely, CD an
object line, whose one'end point C is in the glass, the other end point D outside

Yy p. 75 Sequel.
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licke D C. Macrom nu te bethoonen datdefe FC oock voot fchaecuvanD ¢

- «can verfirecken,ghefien wefende van een ander cogh dan E,foo laet D E voor.
getrocken worden ot G, welck punt G voor oogh gcnomcn,th it FC noch
voor {chacu van D-C,en alfoo met oneyndelicke ander,

Maer de verfchaeulicke lini
t’cenemael buyten tglas fijn-
de, als neem ick A B, diens
fchacu C D, intglasE F over-
cantghefien, en Ghet oogh,
ick fegh dat alle punt van ghe-
dacenicals H voor oogh ghe-
nomen, foo can CD fchacu
fijn van oneyndelicke ander
ver{chaculicke linien evenan
A B; want treckende van H
deur Cen D, twee linien als -
‘HC1,en HDK,endaértuf-
Ychen vervought de linien
‘L M, NOevenan AB,dé fel:
veL M NO fijn opcnbacrhck verfchaeulicke linfen diens fthaeu C D €n vers
volghcns de fchaeu C D can oncyndelicke menichte van vcrfchcydcn oogen
hcbben.

Tis wel waer dat foomen de verfchaculicke lini thaerder ghcﬂc!dc placts
gave, datmenalfdan het oogh nerghens verfetten'en can fonder verandering
det fchaeuse crijghen, doch wantet felden ghebeurt dat de verfchaculicke lini
init glas onder of by,of inde fchacu met fuicke beteyckening gheftelt wort, {oo
en {chijnet niet dat de vinding des ooghs deur fulcke manier feer begheert is.
Nochtansom hier met eente vetclaren, hoemen, of fulex ghebeurde, daerme
Jeven foude,{oo laet A B fchaeufijn vande verfchaculicke C D, welcke fchaea
ABevewi ;dxch fijnde mette glafgront EF, alfoo gefien wiert docn rglas rechr-
fouckich ftontop deglafgront,en hgchcnde dever-
fchaculicke C Dinde vioer totdie ghegeven plaets c. : D
‘oock evewijdich van EF, endat nootfakelick deur ) _
dien C D daer af evcwudcghe is. Om hiervan het B
oogh te vinden, ick treck vande twee punten C en
D ,0p EF,¢enighe twee evewijdeghe linicn als C B,

DF, tot opdeglafgront E F. T'welck foo fijnde ick e '
fouck hiet het oogh van defe ghegheven A BFEder & ®
vcrfchaeuhckc C DFE., nade manict des 13 voor. -

fels;en hebt bcgheerde. '

Mace foo de fchaeu niet cvewijdich en waer mette glagrondt, als neem
ick defc lini A B, fchaen vande vcrfchaculxcke CD, onevewijdich vande
glafgrondt EF men falom t'oogh te vinden',aldus doen : Ick treck D Cen
BA voorwacrt, tot datfe inde glalgrondt vergaren in G ( indeglafgrondt moe-
tenfc vergaren, 0o 'ghegheven warachtich s, te weten A Bware fchacu te fijn
vanC D, inder voughen als vooren:) Ick treck daer na A H rechthouckich op
EF, envan Cverfchaculick puntdes fchacus A, treck ickdeur H de oneynde-
lickeC 1;S'ghelijex treckick BK l'CChthOllelCh op EF,en van D verfchaeu~ -
lick punt desfchacus B, deur K delini DL, ontmoctende de oneyndelick= C1
inl, daernaL Mevewi ;deghc met G D,en gherakendede glafgrom EFinM,

voort
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it, E being the eye, from which let thete be drawn the ray ED, piercing the glass
AB in F, the image of D, then FC is the image of the object line DC. But in
order to show now that this FC may also setve as the image of DC when seen
by an eye other than E, let DE be produced to G, and when this point G is
taken for the eye, it still sees FC as the image of DC, and thus with an infinite
number of other points.

But when the object line is altogether outside the glass, as — I take it — AB,
whose image is CD in the glass EF, seen transversely, G being the eye, I say that
when any point of such a kind as H is taken for the eye; CD may be the image
of an infinite number of other object lines equal to 4B, for when from H through
C and D are drawn two lines, HCI and HDK, and the lines LM, NO, equal to
AB, are placed between these, these lines LM, NO are evidently object lines
having CD for their image, and consequently the image CD may have an infinite
multitude of different eyes.

It is indeed true that if the object line is given in position, then the eye cannot
be displaced anywhere without the image undergoing a change, but since it seldom
happens that the object line is placed in the glass below, near or in the image with
this intention, it seems that the finding of the eye in this manner is not frequently
required. Nevertheless, in order to explain here at the same time how we ought
to proceed if this happened, let AB be the image of the object line CD, which
image AB, being parallel to the glass base EF, was thus seen when the glass was
at right angles to the glass base and the line CD lay in the floor at the given
place, also parallel to EF, and such necessarily so, because CD is parallel thereto.

_In order to find the eye of this, I draw from the two points C and D to EF two
patallel lines CE, DF to the glass base EF. This being so, I here find the eye of
this given ABFE of the object figure CDFE, after the manner of the 13th propo-
sition, and have found the required eye. :

But if the image is not parallel to the glass base, as — I take it — the line AB
opposite, the image of the object line CD, non-parallel to the glass base EF, in
order to find the eye the following procedure has to be taken. I produce DC and
BA until they meet in the glass base in G (they have to meet in the glass base,
if the supposition is true, to wit that AB is the true image of CD, in the same
manner as above). Thereafter I draw AH at right angles to EF, and from C, the
object point of the image A, I draw through H the infinite line CI. Similarly I
draw BK at right angles to EF, and from D, the object point of the image B,
through K the line DL, meeting the infinite line CI in L; thereafter LM parallel
to GD and meeting the glass base EF in M; further I draw the infinite line MN
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voott de oncyndelicke M N recht.
houckich op de felve glafgront, en
G B voorwaert rot inde oneyndelic-
ke M N, die gherakende in' O, daer
na L. P Q rechthouckich op de glaf:
gront EF | enfnyende de felvein P,
~oock alfoodat P Q even isan M O.
- Dit foo fijnde men fal opt puntQ_
ecnlini fiellen évenan L P, enopt
~ glasfulcké houck makendeals rglas
opdevloer, ent'uyterfte dierlini is =
.openbacrlick t'beghecrde cogh, E

. Angacnde den drichouck dicheeft

oockoneyndelicke tefluyten , want

foo een fijde inde glafgrontis, dicen

verandert nict deur beweging des L

ooghs, alfoo cock en doen d'ander

tweelinien ,als f cogh beweeght int I

oncyndelick firacl vande verichaeu- : '

Jicken houckpunt deur hacr fchaeu,

fulcxdarde hecle fchaen des drichoucx dan fonder verandering blijft, altijt den

verfchaceulicken drichouck bedeckende, en daer me overcommende, Derghe-

lijcke is oock .te verftacn vandedrichouck die de naefte fijde evewijdich-heeft

mette glalgrondt,om datmen int foucken des ooghs het glas dacrdeur mach

doen ftrecken, )

Macr foo de verfte fijde des verfchaculicken drizchoucx mettet glafzront eve.

wijdich waer her cogh can oock tot oneyndclicke verficheyden plaetfen vallen,
Om rwelck by voorbeelt te verclaren; Laet ABC de (chaen fijn eens ver-

fchaculicken drichoucx ghelijck met D EF, voortisde verfte fijde A B evewije

dich ncem ick mette glifgront G C H, diens glasint verfchacuwen rechthoue-

kich ftont opt plat dei verfchaeulicke form : Lact nu vant punt C ghetrocken

worden de twee linien C1,C Ken LK, fulcx dat de drichouck I K C ghelijck is

mct D EF: Laet dacr na C I voortghetrocken worden tot L, en C K tot M,daer

na L M evewijdeghe met 1K, en fal foo wel den drichouck L C M,als IC K, ge-’

lijck fijn met D EF. Dit foo we-

fende, tis openbaer meughelick D _E

hetooghalfoo te connen geftele

worden, datmen de twee punten

A B (midtsdatmen verltac ABC

tefijn int glas rechthouckichop

de vloer) fal fien overcommen

mette twee punté 1K, als fchaeu-

wen der felve, en faldinABC M

fijn fchacu der verfthaculicke

1K C: Tis oock openbaer meu- . ‘

ghelick het oogh te connen gheftelt worden tot noch een ander plaets, alfoo

datmende voorfchreven twee punten A, B, fal fien overcommen mette twee

punten L,M, als {chacuwen dex (elve, en fal dan ABC, fijn fchaeu der ver-
- fchacuticke form L M C, die foowelals IXC, ghelijck fijnde met DFE, ver-
' ' G 4 ftreca
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at right angles to the said glass base, and I produce GB to the infinite line MN,
meeting it in O; thereafter I draw LPQ at right angles to the glass base EF and
intersecting it in P, also so that PQ is equal to MO. This being so, in the point O
has to be erected a line equal to LP and making with the glass the same angle as
the glass with the floor; then the end point of this line is evidently the required eye.

As regards the triangle, this also has an infinite number of solutions, for if
one side is in the glass base, this does not change when the eye moves; nor do the
other two lines when the eye moves in the infinite ray from the angle of the
object figure through its image, so that the whole image of the triangle then
remains-unchanged, always covering the object triangle and coinciding therewith.
The same is also to be understood for the triangle ‘which has the nearest side
parallel to the glass base, because in the finding of the eye the glass may be
made to pass through it.

But if the furthest side of the ob]ect triangle is' parallel to the glass base the
eye may also fall at an infinite number of different places. In order to explain
this by means of an example, let ABC be the image of a triangle similar to DEF;
further, the furthest side AB is parallel — I take it — to the glass base GCH,
whose glass in the drawing operation was at right angles to the plane of the
object figure. Now let there be drawn from the point C the two lines CI, CK,
and IK so that the triangle IKC is similar to DEF. Thereafter let CI be produced
to L and CK to M; thereafter let LM be drawn parallel to IK; then the triangle
LCM as well as ICK will be similar to DEF. This being so, it is evidently possible
for the eye to be so placed that the two points 4, B (provided ABC be taken
to be in the glass at right angles to the floor) will be seen to coincide with the
two points I, K, as images thereof, and ABC will then be the image of the object
triangle IKC. It is also evidently possible for the eye to be placed in yet another
place, so that the aforesaid two points A, B will be seen to coincide with the two
points L, M, as images thereof, and then ABC will be the image of the figure
IMC, and the latter as well as IKC, being similar to DFE, will each serve for the

N
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firecken elck voor ghegheven verfchaeulicke form. Sulcx dat de fchacu AB C

can ghefien worden van twee verfcheyden coghen,en vervolghens van oneyn-
"delicke verfcheyden coghen. o

. Sghelijex falmen oock verftaen vande drichcuck fonder eenighe evewijde-

ghemette glafgront. Lact by voorbeelt A B C fchacu fijn eens verfchaculicken
* - drichoucx gheiijck met D EF: YVoort is de ijde A B evewijdich,rieem ick,met-
te glafgrondt G C H,diensglasint verfchacuwen rechihouckich flont opt plat
der verfchaeulicke form: Lact nu vant punt C ghetrocken worden de twee li-
nien CLCK, en 1 K, fulcx dat den drichouck 1K C ghelijckis met DEF , en
fchaeu van A B.C. Lacet voort op cen ander plaets geteyckent worden den dric-
houck L M C, oockghelijck met DEF, maer grooter dan 1K C, en dat tot
fulcken plactsdacrmen de verfchaeulickelini LM can fien overcommen mct
haet fchacu A B. Dit foo wefende, de woorden der verclaring op de voorgaen-
de form ghedaen,fullen oock dienen tot defe, enfal eyntlick befloten worden
A B C fchacu te connen fijn van oneyndelicke verfchaeulicke drichoucken geo
lijck met D EF uyt verfcheyden ooghen ghefien, o

E

Fr G

‘Maer foo den verfchaeulicken drichouck ghegheven waer thacrder placts-
daerfeint verfchacuwen was, (oo en valter maer een befluyi.Om van t'welck by
vootbeelt te fpreken, lact den drichouck A B C-de fchaeu fijn des verfchaeulic-
kendrichoucx DEC, en FGde glafgrondt, diens glas opt verfthaculick plat
rechthouckich quam. Om hier af het cogh te vinden, ick treck van Etotinde
glafgrondt de lini E G evewijdcghe met D C,en van G deur Bde oneyndelicke
G B H,enC A voorwaert ontmoctende die oneyndelicke in H,en deur Hde on-
eyndelicke HI evewijdege metF G,en A B voorwacrt ontmoetendedie oneyna
delickein Len vande twee punten Hen Ltwee linien rechthouckich op F G, als
H F en I K; Daer.na de oneyndelicke F L evewijdeghe metDC, en KM eve-
wijdeghe met E D,en gerakende FL in M, daer na M N rechthouckich op FG,
endefeclve MN treck ick-voort tot O in H Ldaer na op O cen linigheftelteven
an N'M en rechthouckich opt glasy Het eynde dier lini is t begheerde oogh.

" TBEREYTSEL VAN TBEWYS. Icktreck C Pevencn evewijdege met
‘ "DE.

. ¢
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given object figure, so that the image ABC can be seen by two different eyes, and
consequently by an infinite number of different eyes. v

The same is also to be understood of a triangle without any side parallel to
the glass base. For example, let ABC be the image of a triangle similar to DEF.
Further I assume the side AB to be parallel to the glass base GCH, whose glass
in the drawing operation was at right angles to the plane of the object figure. Let
there now be drawn from the point C the two lines CI, CK, and IK so that the
triangle IKC is similar to DEF and image of ABC. Further let there be drawn
in another place the triangle LMC, also similar to DEF, but larger than IKC,
such in the place where the line LM can be seen to coincide with its image AB.
This being so, the words of the explanation for the foregoing figure will also
serve for the present one, and finally it has to be concluded that ABC may be
the image of an infinite number of triangles similar to DEF, seen by different eyes.

But if the object triangle is given in its position, where it was in the drawing
operation, there is only one solution. To speak of this by means of an example,
let the triangle ABC be the image of the triangle DEC, and FG the glass base,
whose glass was at right angles to the plane figure. In order to find the eye
hereof, I draw from E to the glass base the line EG parallel to DC, and from G
through B the infinite line GBH, and I produce CA until it meets this infinite
line in H; and through H I draw the infinite line HI parallel to FG, and I pro-
duce AB until it meets this infinite line in I; and from the two points H and I,
I draw two lines at right angles to FG, viz. HF and IK. Thereafter I draw the
infinite line FL parallel to DC and KM parallel to ED, meeting FL in M, then
MN at right angles to FG, and I produce this MN to O in HI. When thereafter
a line is erected in O equal to NM and at right anglesto the glass, the end point -
of this line is the required eye.
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DE, voort C Ifnyende G Hin Q,cn E Dmet B A voorwaert vergarende noot”
fakelickinde glafgront GF,rwelck fy in R. i

TBEWYS.
Dit bereytfel foo ghedaen fijnde,men fict een form van gedaente als die der
cortheden 3 lidts 6 voorbeelt alwaer blijét dat A B Q C fchaeuisdes verichaeu-

licken vierhoucx D E P C,en deurde verkeerde wercking van dien blijcke dattet”
©00gh moet commen als boven ghefeyt is.

FAVT-
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PRELIMINARY TO THE PROOF. I draw CP equal and parallel to DE,
further CI intersecting GH in Q, and I produce ED and BA which necessarily
meet in the glass base GF, which shall be in R.

PROOF

This preliminary thus having been made, we see a figure of the same kind as
that of the 6th example of the 3rd section of the abridgements, from which it
appears that ABQC is the image of the quadrangle DEPC, and from the reverse
operation it appears that the eye must come as has been said above.
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"FAVTMERCKING.

Anghefien fommighe fauten in ghegheven fchaeuwendeur Ceerfte opficht
merckelick fijn , welcke kennis foo wel dient om int verfchaeuwen fich daec
voor te wachlcn als om van gemaeckte fchacuwen welte oudcclcn fecofullen
wy dacr afde w;f volghende reghelen befchrijven,

TEN 1

Soomen bevondein gheen rechte lini te ligghen de fchacuwen vandrie of
meer verlchaculicke puaten, welcke ver(chaeulicke punten men wect in cen
rechie lini seligghen,men isdeut het t voorftel verickerr datrer inde verfchacu-
wingghemilt is.

TEN 2,

Wanneerwyin ecnighe fchacu linien fien,die wy weten fchacuwen te moe-

ten fijn van verfchaeulicke evewijdeghe linicn evewijdich metrcrglas, welcke

" fchacuwen nochtans metter daet nictevewijdich ghetrocken en fijn , men can

dacr uyt oirdeclen dc verfchacuwing qualick ghcdacn tewelen, als verfekert
fijnde deur het 2 voorflel.

TEN 3.

Soo de fchacuwen van verfchaeulicke platten diewy weten evewijdich te
mocien (ijn metret glas, nict ghelijck en waren met haer verfchaculicke form,
tfy datfebeftaen in rechte of cromme linien, men weet datter ghemitt isdeur
het bovefchreven 2 voorttel.

TEN 4

Alswyin eenighe fchaenjinien fien, die wy weten {chacuwen te moeten
fijn van verfchaculicke evewijdeghelinien onevewijdich mettet.glas, welcke
fchacuwen voortghetrocken wefende, nochrans nietin een felvepunten ver-

gaten,men candacr uyt oirdeelen de vc:fchacuwmg qualick ghcdacn 1e wefen,
wacr af t'bewijs beftactint 3 voorfiel. -

TEN s.

Alswyin eenighe fchaeu linien fien,die wy weten (chaeuwen te moeten fijn
van verfcheyden partien van verfchaeulicke evewijdeghe linien,die mette viocr
oock evewijdich {1jn,macr mettet glas onevewijdich,en d'een partic onevewij-
dich van d'andcr : Soo'alde faempunten dier verfcheyden partien, nictin een
rechtelinicn vielen,men can daer uyt oirdeelen de verfchacuwing qualick ghee
dacntewelen,wacer af droirfaeck blijckt int 4 voorftel,
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'DETECTION OF ERRORS

Since some errors in given images are noticeable at the first glance, we will
describe for this the five following rules (which knowledge is useful, both
for avoiding such errors in perspective drawing and for rightly evaluating already
drawn images).

1.

If we find that the images of three or more object points, which are known to
be in a straight line, are not in a straight line, we can be sure, by the 1st propo-
sition, that an error has been made in the drawing operation.

2.

If in an image we see lines which we know must be the images of parallel
lines parallel to the glass, which images nevertheless have not in actual fact been
drawn parallel, we can infer from it that the drawing has been performed in a
defective manner, of which we are sure by the 2nd proposition.

.3

If the images of plane figures which we know must be parallel to the glass are
not similar to the object figures, no matter whether they consist of straight or
curved lines, we know by the aforesaid 2nd proposition that an error has been
made.

4.

If in an image we see lines which we know must be the images of parallel
lines non-parallel to the glass, which images, when produced, nevertheless do not
meet in the same point, we can infer from it that the drawing has been performed
in a defective manner, the proof of which is formed by the 3rd proposition.

5.

If in an image we see lines which we know must be the images of different
sets of parallel lines, which are also parallel to the floor, but non-parallel to the
glass, while one set is non-parallel to the other; if all the meeting points of those
different sets do not fall in a straight line, we can infer from it that the drawing
has been performed in a defective manner, the cause of which is apparent from
the 4th proposition. :




6 Hooftstick wvande volcommen Mw{ging der c‘oﬂﬁ.

Ectelicke meeftersin dadelick verfchacuwen , houdent daer voor, datmen
int verfchacuwen nict heel volcomelick en moet nawolghen de rcghclcn defer
. conft, macr fomwijlicn wat behaghelicker voort'oogh ftellen dat teghen dere-
ghel gact: Gheven dacraf voorbeclt, fegghende dat als ymant ftact voor en by
t'middel van een langheghevel met pylaxcn vant'een eynde tottetander, de py-
laren dic int middel fijn, fullen haerint geficht veel wijder van malcander ver-
thooncen, dan dic nabyde cynden ftacn ,nochtans, fegghen fy, en moetmen
int verfchaenwen falcke {chijn niet volghcn maet foodamghc pylaten aleve.
wijt van malcander fetten, na deghemeene manier diemen in fulcke gheteye-
kende fchacuwen deurgaens fiet onderhouden te fijr, want foomen t'verkeerde
dede, t¢ weten daimen die pylaren onevewijdich ftelde ghelijckfe verfchijnen,
tfoude onbehaceghlicke verfchaeuwing fijn. Maer al dit is ghemift, uyt oirfaeck
dat fulcke pylaren inde fchaeu alevewijt van malcander gheftelt wefende, en
tnawuerlick cogh oock ' fijnder plaets, (oo crijghenfe van felfs de behoitlicke
fchijnbacr naerdering die de wate vesfchaeulicke pylaré fchijnbaerlick crijgen.
: Maerom hier af by voorbeelt noch clactder te fpreken, lact de ondergeficlde
punté milche A enB,beteyckenen degionden der voorfchrevé verfchaculicke

A D F @ E B
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APPENDIX
6TH CHAPTER, OF THE PERFECT APPLICATION OF THE ART

Several experts in practical perspective drawing consider that in perspective
drawing one should not follow the rules of this art quite perfectly, but sometimes
give a more pleasant display, though it be contrary to the rule. They give an
example thereof, saying that if a man stands in front and near the middle of a
long fagade with columns from one end to the other, the columns in the
middle will appear to the eye to be much further apart than those near the ends;
nevertheless, they say, in drawing the perspective image one should not imitate
this appearance, but put all such columns equally far apart, according to the
common manner which is generally seen to be adhered to in such drawn images,
for if one did the reverse, to wit, if one put those columns not equally far apatt,
-as they appear to be, this would be an unpleasant perspective. But all this is
wrong, because when such columns are all put equally far apart in the image
and the natural eye is also in its proper place, they will automatically get the
right apparent distance under which the actual columns appear.

But to make this even clearer by means of an example, let the points between
A and B given below denote the bases of the aforesaid columns in the front
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pylaten indevoorghevel van een ghefticht,en hetoogh voor ¢ middel van dien
{yC,welck ocgh d'uyterfte pylarenals AenD , of Ben E, malcander fchijn-
baerlick veel naerder fien fal dan de middelfte pylaren, als Fen G, uy oirfacck
datden houck A C D, of B CE, vecl cleenderisdan den houck F C G. Laetnu
ghetrocken worden delini H 1, alsglas evewijdich mette rye der pylaren A B,
en fnyende de linien dieder ftrecken van C totte pylaren ter plaeifen alfimen Ger,
teweten AC,DC,FC,GC,EC,BCindepunten K,L,M,N,O,P,en fullen
dic gemeenefneenindelini H I, als fchacuwen der pylaren,al evewijt van mal -
cander vallen,ghelijck de verfchaeulicke pylaren tufichen A en B. Dit foo we-
fende, men fictdatde pylaren die tufichen H en 1alfoo evewijt van malcander
ftacn,haer behoorlicke fchijnbaer naerdering crijghen van C ghefien, want
K CLof A CDisaleen felven houck, alfoo oock is M C N of F C G, fghelijex
O CP of ECB: Sulcx dar de verfchacuwers in foodanighe ftelling der pylaren
tufichen H en 1al evewijt van malaander , teghen de reghel der verfchacuwing
nict en doen, ghelijck y felfsmeynen , maermoet alfooghedaen fijnom vol-
comeclick te verfchacuwen.

Tis welfoo datmen fomwijlen fchacuwen fiet,als van menfchen, gedierten,
en derghelijcke, diedeur een vrye hanrtreck behaechlicker ghedaen fijn als an-
derdeur moeylicke teyckening nae reghelen der verfchacuwing ghewrocht;

. Maer dat heeft ecn anderbefcheyt, denrdien falcke linien d’een d'ander foo nict
en befchamen , ghelijck wel doen evewijdeghe linienin gheftichten , wantof
cen peert fijn voet cen duym hoogher of leegher opheft,of dar ecen menfch een

- duym meer of min bo&, dacr en valt foo feker oirdeel niet op hoet eyghentlick
wefen moct,

Merckt oock dat ghelijck boochfche linien van ghedierten | behaeghlicker
en lichter gheteyckent worden deureen vrye handitreck van eenen diet wel
gheleert heeft,dan deur vinding van veel punten, alfooworden ter contrari in

. teyckening van ghefiichten, rechtelinien (waerin de verfchacuwing van ghe.
ftichten meeft beftact) bequameren fuyverderghetrockenlangs een regel, dan
deurcen vrye handttreck.

7 HooftStick vant glas.

" Ickheb erghensghelefen , en dat namijn befte onthoudtin dlbere Durer,
ahvaer hy willende verclaren wat eyghentlicke verfchacuwing is, feght datmen
de verfchaeulicke facck fonde fien denr een plat glas, én fich inbeclden dat tge-
nemen oo intglasfiet, dacrin ghefchildertis, want dats de wate volcomen
fchaen ghefien vant oogh opdie placts. Defe befchrijving der fchaeu (welcke
ons hier vooren beweeghde een glas te bepalen) heeft fijn VORSTELICKE
GHENADE foobequacm ghedocht dat hy fulcke fchaeu niet alleenin een
glas en heefiwillen bedencken, maer dadelick daer in teyckenen , doendetot
dien eynde bereyden een glas, inder voughen alsde byghevoughde form an-
wijft,alwaer A her glas bediet (t welck was t'glas van een groote criftalijne fpic.
ghel) dracyende op decarniere B, om dat 100 recht of fcheef te ftellen alfmen
wil, en wort vaft ghemaccke mettet fchroefken C: T'gaetken daermen deur fiee
is D,t'welemen naerder en verder vant glascan fchuijven,en dat hechten mettet
fchrocfken E: T'glascan cock hoogher en legher gheftelt worden, en dan vaft
ghemaccke mettet {chroefken F, -
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facade of a building and let the eye in front of the middle of this be C, which
eye will see the.extreme columns 4 and D or B and E apparently much nearer
to one another than the central columns F and G, because the angle ACD or BCE
is much smaller than the angle FCG. Let there now be drawn the line HI for the
glass, parallel to the row of the columns AB and intersecting the lines extending
from C to the columns in the places seen, to wit AC, DC, FC, GC, EC, BC, in
the points K, L, M, N, O, P; then these common intersections in the line HI (the
images of the columns) will all be equally far apart, like the columns between
A and B. This being so, it is seen that the columns which between H and I are
equally far apart get their right apparent distance, as seen from C, for KCL or
ACD is all the same angle, and so is MCN or FCG, and likewise OCP or ECB,
so that the draughtsmen do not act contrary to the rule of perspective in putting
all the columns between H and I thus equally far apart, as they themselves think,
but it has to be done in this way in order to draw a,perfect image.

It is indeed true that we sometimes see perspective images, such as of men,
animals, and the like, which have been done more pleasantly by a free stroke
of the hand than other images which have been wrought by laborious drawing
in accordance with the rules of perspective. But this has another explanation,
because with such lines one does not put the other as much to shame as do the
parallel lines in buildings, for when a horse lifts its foot 2n inch higher ot lower,
or when a man stoops an ich more or less, it cannot be judged with such
certainty how it really ought to be.

Note also that whereas curved lines of animals are drawn more pleasantly
and easily by a free stroke of the hand of one who has learned it well than by
the finding of many points, in the drawing of buildings straight lines (of which
a perspective image of buildings mostly consists) are drawn more conveniently
and accurately along a ruler than by a free stroke of the hand.

7TH CHAPTER, OF THE GLASS

I have read somewhere, and if I remember rightly: in Albert Diirer 19), how,
wishing to explain what perspective proper is, he says that one ought to see the
object figure through a plane glass and imagine that what one thus sees in the
glass is painted on it, for that is the true perfect image seen by the eye in that
place. This description of the image (which induced us herebefore to define a
glass) appeared so suitable to his PRINCELY GRACE that he wanted not only
to imagine such an image in a glass, but also to actually draw it therein, and to
this end had a glass made in the way shown in the annexed figure, where A
denotes the glass (which was the glass of a large crystal mirror), pivoting about
the hinge B, so that it may be put as straight or inclined as desired, and fixed
by means of the small screw C. The hole through which one may look is D, which
can be pushed nearer to and further away from the glass and be fixed with the
small screw E. The glass may also be set higher or lower and then be fixed with
the small screw F.

19) In A. Dister, Unterweysung der Messung (1525), see footnote *7) of the Introduction.




VanNpe
Defe ghedaente vantglas

{waer me fijn VORsTE-
LICKE GENADE {chaecu.
‘wen teyckende (0 van men-
fchen als anders, fulcx dat
fchijnt mette waerheyt te
mcughen ghefeyt worden,
dat ftanden van menfchen
nict meugelick en fijn uyter
oogh fondcx glas, foo vol-
comclick gheteyckent 1e
worden) hebben wy willen
befchrijven,opdatfo ymant
torder ghelijcke begeerich
waer,dit tot voorbeelt mach
nemen, verbeterende t'gene
hy hier in noch bequamer
mocht vinden , omy dattet
tot grondelicke kennis der
verichaeuwing voorderlick
is. Ick achte dattet fijn
VORSTELICKE GHE-
NADE ghcholpen heeftom
te mercken en verbereren
cticlicke onvolcomenthe-
den dic in mijn ectftc be-
grijp defer verfchaeuwing
waren : Als onder anderen
- de ghemeenc regel der vin-
ding des ooghs van ver-
fchaeulicke formen diet'glas
noch met fijde noch met
punt gheraken ; t'welck wy
cerft alswat.duyflers onge.
rocrt ghclatcn hadden.
Voort ift ghebeurt dar
wy.inde vinding des coghs
cticlicke voerftellen  be.
fchieven hadden,waerinde
verfchaeulicke form als gé.
gheven by haer ghegheven
fchaeu , gheftelt was ghe-
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lijckfe int verfchacuwen gheftaen hadde, deut t'welck het vinden des ooghs
lichter viel: Doch fijn VORSTELICKE G HENADE defacckgrondelicker
infiende , feyde hier in onvolcommentheyt te wéfen-, omdat ons fulex inde”
*daet niet en ontmoet, wantnien inde fehilderijen foodanighe verfchaeulic. Pras;
kc formen by de fchacuwcn t’haerder plaets nieten teyckent.
- T'welck wy ficnde in reden gegront te wefen,Liebben die voorfiellen veran.
- dert,en in die plactsander gheftele fulckeaals hicr vooren te ficn is.
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We wanted to describe this form of the glass (by means of which his
PRINCELY GRACE drew perspective images both of men and of other things
in such a way that it seems it may be said in truth that postures of men cannot
possibly be drawn so perfectly at sight, without a glass) in order that, if anyone
should be desirous of doing similarly, he may take this for example, improving
it by anything more suitable that he may find in this respect, because it promotes
a thorough knowledge of perpective. I consider it has helped his PRINCELY
GRACE to perceive and correct several imperfections that were present in my
first conception of this perspective, such as, among other things, the general
rule of the finding of the eye of object figures which have neither a side nor 2
point in the glass, which we had first left untouched, as being obscure. ~

Further it happened that in the finding of the eye we had described several
propositions in which the object figure had been put as given beside its given
image, as it had stood in the projection, by which means the finding of the eye
was easier. But his PRINCELY GRACE, understanding the matter more
thoroughly, said that here was an imperfection, because in practice we do not
meet with this, for in paintings such object figures are not drawn beside the
images in their places.

And since we saw that this was reasonable, we changed those propositions and
replaced them by others such as are to be seen herebefore.




Materiam,

Heomologa
lasera.
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& Hoofttick van £vinden der [chaenvwen denr ghetalen.

Alfoo fijn VORSTELIECKE GHE N4 DE verdocht hadde meughelick te
fijn,datmen deur ghegheven bekende ghetalen van cen verfchaeulicke form,
foudeconnen fegghen hocegroor dat fullen valien de fijden en houcken van
haer fchaeu: Soofullen wy,om dattet tot defe * ftof dient,en mijns wetens cen

onghehoorde nicuwe manicr van rekening is ccmgcvcorbccldcn befchrijven
byh)ne VORSTELICKE GHENADE berekentals volght.

TeHEGHEVEN. Lact A BC Deen verfchaculick viercant fijn inde vioer,
Hebbende elcke fijde van 2 voet,en de (ijde D C voorighetrocken tot E, alfo dat

~ CEdoct 3 voct: Daer na van E ghetrocken rechthouckich op D E delini EF

van 4 voet, foo beteyckentF de voet , waer op verdocht wort cen fienderlijn
xechthouckich op de vioer van s voet, en t'glas fireckiedeur D C rechthouckich
opdevioer. TBEGHEERDE. Men wil weten hoelanckelck van d’ander drie
fijden der fchacuwen fal vallen , mette grootheyt der vierhoucken , oock hoe
verrede twee evewijdeghe fi ;dcn van malcanderen fijn.

TBEREYTSEL Op dattet ghedacht int werck ecn gront heb om opte
fteunen foo fullen wy tot dien eyndc defe ghereet{chap maken: Lact F E voot-
wacrt ghctrocken worden tot G,al{vodat E G als liendermact,doe de 5 ghcge-
ven Yoeten der fiendetlijn; Dacr nafyg ﬂhetrockcn DG,CG, A F,foyende DE
in H; Daerna H I rechthouckich op D E,en ghcmkcnde DGinl, DacrnalK
cvcwijdcghc met DE, envallendeKinC G,voort KN rechthouckich opDE.
Dit foowefende,de vierthouck 1 ¥. © D, fal fchacu fijn des verfchaculicken vier-
houcx ABCD, dacer af wy mocten vinden de langde der fijden cn groot-

“heyt der houcken, oock mede delini 1 H,als langde tufichen de twee evewijdes

ghefijden IK, D C:Daerna fiin ABen 1 Kvoortghetrocken tor Len M,ghe.
1akende mette felve punten L, M,de lini F G,

TWERCK

Anghefien LF evewijdeghe is met A D,en A L met D H,foo moet
dep drichouck A LF gelijck fijn mettendrichouck A DH en haer
* lijckftandighe {ijden ¢veredenich. Dacxom feghickF L 6, geeft

LA s,watA D21ComtDH 3
Dicghctrockenvan DE s bh)ft voor H Edatsoock voor [ M 3
D E s ghecft EG § wat I M 3 tweede in d’oirden comt voor MG 3F
Dic ohcuockm vanGEj bll)ft voor M E, dats oock voor K N,ende

b%hu:rdc IH 1
GE s, gheeft EC3,watM G 35 2 derdein d'oirden? comt voor MK z
Die ghetrocken vanIM 35  derde in doirden blijft voor de beghecr-

de IK I;

Dedrichouck 1H D heeft drie bekende palen, teweten ] Hvierdein
d'oirden, D H ecrfte in d’oirden,en den houck I HD recht. Hierme
ghefochtd'ander drie onbekende palen, worden bevonden deur
heu s voorftel derplatte drichoucken te weten de begheerde (jj-

de 1D v
Denbegheerden houckIDH 45 tr.
Endenhouck DIH <t 45t

Daer toe vergaert den houck H 1K go tr, comt voor den begheerden
houck DIK 135,



963

8TH CHAPTER, OF THE FINDING OF THE IMAGES BY MEANS
: . OF NUMBERS

Since his PRINCELY GRACE thought it possible that by means of given

known values of an object figure one should be able to say how great will be
the sides and angles of its image, we will, because it is useful for this subject
matter and to my knowledge is 2 new method of calculation not yet heaird of,
describe a few examples calculated by his PRINCELY GRACE as follows.
SUPPOSITION. Let ABCD be a squate in the floor, each side of which is 2
feet, and let the side DC be produced to E so that CE is 3 feet. When there-
after from E the line EF of 4 feet is drawn perpendicular to DE, F denotes the
foot, on which is imagined an observer's line at right angles to the floor, of 5
feet, while the glass passed through DC at right angles to the floor. WHAT
IS REQUIRED. It is required to know how long each of the other three sides of
the images will be, as also the magnitude of the quadrangles, also how far apart
the two parallel sides are.
PRELIMINARY. In order that our thought may have a foundation in the con-
struction on which to base itself, we shall make the following preparations: Let
FE be produced to- G so that EG, as observer's measure, be the given 5 feet of
the observer’s line. Thereafter let there be drawn DG, CG, AF, intersecting DE
in H; then HI at right angles to DE and meeting DG in I; thereafter IK parailel
to DE, K falling in CG; further KN at right angles to DE. This being so, the
quadrangle IKCD will be the image of the quadrangle ABCD, of which we have
to find the length of the sides and magnitude of the angles, also the line IH,
the length between the two parallel sides /K, DC. Thereafter AB and IK have
been produced to L and M, meeting the line FG in these points L, M.

PROCEDURE

Since LF is parallel to AD and AL to DH, the triangle ALF must be similar
to the triangle ADH, and its homologous sides must be proportional to those of
the latter. Therefore I say:

FL (6) gives LA (5); what does AD (2) give? This gives for DH  '12/3
When this is subtracted from DE (5), there remains for HE, i.e. also

for IM 314
DE (5) gives EG (5); what does IM (31/3), the second in the list,

give? This glves for MG 31/s
When this is subtracted from GE (5), there remains for ME, i.e. also

for KN and the required IH 12/4
GE (5) gives EC (3); what does MG (31/3), the third in the list, give?

This gives for MK 2

When this is subtracted from IM (31/3), the third in the list, there re-
mains for the required IK ‘ 11/4
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GE s, gheeft EC 3, wat K N r3vierde in d'oirden comt voor NC .

Dedrichouck KN C heeft driebekende palente weren KN 12 vier- .
deind'oitden, N C 1 elfde in d'orden, en den houck K NC rechts
Hier me gefochr d’ander drie onbekende palen , worden bevonden
deur het s voorftel der plarte drichoucken , teweten de begheerde

fijde CK van , , _ Vi
Enden houck KC N sg tr. 2 @, dic ghetrocken van 18o1r. blijffi voor
denbegheerdenhouck KCD 1201r.58.
En denhouck N K Cvan so1r.58 ®, die ghetrocken vanden houck
1K N oo tr. bljjfy voor den begheerden houck IKC. sotr.2,
G »
I :' . | M
D NG N B
|F

Des VERSCAEVWINGS
EYNDE



The triangle JHD has three known terms, to wit IH, the fourth in the
list, DH, the first in the list, and the angle IHD, which is right. When
the other three unknown terms are sought herewith, they are found by

¢

the 5th proposition of plane triangles, to wit the required side ID is

The required angle IDH

And the angle DIH

When to this is added the angle HIK (90°), the required angle DIK
becomes

GE (5) gives EC (3); what does KN (12/3), the fourth in the list, give?
This gives for NC

The triangle KNC has three known terms, to wit KN (12/3), the fourth
in the list, NC (1), the eleventh in the list, and the angle KNC, which
is right.

Whéi the other three unknown terms are sought herewith, they are found

by the 5th proposition of plane triangles, to wit, the required side CK is

And the angle KCN is 59°2’; when this is subtracted from 180°, there
remains for the required angle KCD

And the angle NKC is 30°58’; when this is subtracted from the angle
IKN (90°), there remains for the required angle IKC

END OF PERSPECTIVE.
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INDEX

abridgements (perspectlve), 869 ff

absurd number, 460, 533, 738

ABU KAMIL, 470

ADRIAEN ANTHONISZ, 3

ADRIANUS ROMANUS, 474, 767

aem, 383

aestimatio ficta, 645

» vera, 645

ALBERTI, L, B., 787, 788 789

ALEXANDROV, A D., 12§

Algebra, 329, 463, 549, 681, 682

ALHAZEN, 786, 789, 790

Aliza, 473, 618

AL-KASHI, 385

AL-KHWARIZMI, 404, 467, 468, 470, 474,
586, 598, 6o8

ALLENT, A., 382

Almagest, see PTOLEMY

Amasias, 470, 475, 594

ANTHEMIUS, 765

AP(P)IANUS, P., 23, 378, 751

APOLLONIUS, 121, 129, 76§

application of areas, 465 .

ARCHIBALD, R. C., 17, 24, 123, 124, 380,
384,751

Archimidean spiral, 765, 767

ARCHIMEDES, 6, 7, 121, 126, 128, ‘129,
208, 299, 303, 311, 323, 325, 327, 735,
764, 767

Arcbttecture ( ngy.fbou) 785, 801

astrolabe, 773

astrologer 393

astronomical computations, 393

aulne, 383

Babylonians, 18

BALDI, 13, 14

BALL, W, W, R., I3I
BARBARO, D., 128, 789
BARENDTZ. W., 8

BARNARD, F. P, 373
BAROZZI, F., 766

BAROZZI DA VIGNOLA, }., 789
BARTJES, W., 8

BAS, F. DE, 13§

BAULDE, D., 480

Baubhiitten, 788

BEECKMAN, I., 8, 801
beghin, 401, 404, 754
beginning, 460, soo0, 514
BENEDETTI, G. B., 123, 767, 789
BERTIE, F., 480

BEYER, J. H., 379, 380
BIGOURDAN, G., 383, 384
binomial, 540, 714ff 723
s  »conjoint, 544
» disjoint, 544
BION,N., 429
BLAEU, W.7]., 8
BLAGRAVE, J., 383
BLASCHKE, W., 12§
BLOMFIELD, R., 382
BOETHIUS, 122, 547, 548
BOMBELLI, R., §, 128, 377, 459, 460, 462,
471, 473, 474, 527, 539, 586, 617, b19
BONCOMPAGNI, B., 14
BONFILS, E., 375
BORDA, 384
BORTOLOTTL, E., 128, 377, 462, 471, 472
BOSMANS, H., 14, 19, 23, 377, 385, 459,
463, 474, 648, 656, 737, 740, 756
BRAHE, T., 76
BRAUNMUHL, AV, 374, 751 T
BRESSIEU, M., 752, 753
BRIGGS, H., 23, 380, 381, 382, 384
BROERSZ, C. J., 23
BROESSOON, 23
BRUCKNER, M., 128
BRUNELLESCHI, F., 787
BURGY, J., 379, 380
bulwark, 811
BURGER, C. P., 373

CAJORI, F., 374, 377, 380, 382, 385, 472,
711 '

CALLET, 384

CALVERT, H. R., 383

CALVIN, J., 387

Calvinism, 22

CAMPANUS, J., 533, 534, 535

CANTOR, M., 14, 20, 374, 379, 472, 751,
768,789

CARAVAGGIO, M. 4., 788

CARDAN, J., Se€ CARDANO

CARDANO, G., §, 17, 123, 471, 472, 473,
474, 476, 586, 594, 612, 617, 625, 645,
650, 667, 677, 767

CARDANO’s solution of the cubic
cquatlon 471

CARDANO’s transformation methods
472,629

casus irreducibilis, 5, 473, 617, 618, 6: i

catoptrics, 785, 790, 791, 807 S

census, 468 :

+
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center of vision, 815

CERCEAU, JACQUES DU, 789

CEULEN, L. V., 3, 7, 21, 23, 476, 736, 737,
740, 751, 764, 767

C.G.S. system, 384

CHARLEMAGNE, 383

CHARLES THE BALD, 383

CHOISY, A., 787

chord, see tables

circle (perspective), 9os

circumferentor, 765

CITTERT, P. H. V., 429

CLAES PIETERSZ., 3

CLAVIUS, C., 6, 121, 122, 123, 124, 125,
168, 169, 172, 173, 180, 181, 306, 307,
378, 379, 380, 459, 752, 753, 754, 755,
765,817

COIGNET, M., 15§, 23, 379

COLEN, COLLEN, s¢¢ CEULEN

COMMANDINO, F., 6, 7, 121, 123, 126, 129,
785,789, 817

commencement, see beghin

complex numbers, 460, 472, 475, 617 ff

conic section, 9og

continuum, 460, 501, 02, 765

COOLIDGE, J. L., 766, 788

COPERNICUS, N., 752, 766

COPHART, F., 127, 224, 22§

cosa, 509, 681

Coss, 377, 461

cossist, 463, 471

COUSIN, J., 789

COXETER, H. S. M., 128

CRANMER, T., 387

CREMONA, L., 793

croix des mathématiciens, 712 ff
,, rectangulaire, 429

cross-staff, 429

CRUYNINGHEN, M. V., 133, 134, 13§

CUNDRY-ROLLETT, 131

DANTI, E., 786, 789

DA VINCI, L., 788

DAVIS, C. B., 15, 19

decimal notation, 373 ff, 766

,» - point, 380,382

DE DECKER, E., 8, 23, 24, 378, 381, 382,
755

DEE, J., 123

DEIDIER, 382 .

DEL MONTE, G., 8, 764, 765, 773, 775,
779, 785, 789, 790, 791

DE MOIVRE, A., 619

denominator, 517.

DEPAU, R., 385

derivative, 521, 677

DESCARTES, R., §, 8, 461, 583

detection of errors (perspective), 95§

Dialectike, 447

DICKSON, L. E., §62

dignity, 517

dime numbers, 401, 407

DIOCLES, 129

DIOPHANT, DIOPHANTOS, 459, 467, 476,
497. 499, 501, 586

diopter, 765

dioptrics, 807

discounting, zo0, 22

distance point, 789

division of angle, 384

dixme, 382

docid, s10

DODOENS, R., 378

Dov, J.P., 8, 382, 399

DOUCET, R., I§

drawing of curves, 771 fl

DURER,. A., 6, 121, 124, 125, 126, 222, 223,
766, 788, 789, 790, 791, 959 i

DU CERCEAU, J., 789

DUMORTIER, 382

DIJKSTERHUIS, E. J., 129, 385, 461, 467,
476,792, 793

Eertclootsehrift, 8o1
EHRENBERG, R., 1§
ellipse, 765, 766, 773, 777, 791
ENRIQUES, F., 47
equation, I’ Arithmétique passim

.. ,arbitrary degree, 745

,» ,biquadratic, 649 fI, 686

. cubic, 6121, 684, 745

.  »quadratic, 594 ff

» ,theoryof, 463
équerre d’arpenteur, 429
ERATOSTHENES, 129,767
EUCLID, passim
EULER, L., 382, 619, 751
EUTOCIUS, 6, 128, 129, 130, 302, 303, 734,

767

EVANS, A., 13
exponent, 517, 568
exponential notation, 462, 471
extraction of toots, 580
EYCKE, S. V. D., 21
eye, 789, 790, 815, 819
finding of the, 911 ff

A

» >

false position, see rule of -

FASOLA, G.N., 788

FAVRE, A., 383

FERRARI, L., §, 123, 473, 518, 5§86, G50,
767 :

FERRO, §. DEL, 472, 586

FINK, T., 752, 753

floor, 781, 815

floot-line glass point, 817

FLORIDO, §86

FOIX, F. DE, 128




foot, 815

: foreshottenmg, 8,787
fortification, 785, 790, 801, 807, 809, 811
FRANCESCHI, P. DEI, 788
FREART DE CHANTELOU, R., 786
FRIEDLEIN, G., 766
FUGGER, 13, 15§

GALILEI, G., 785
GANDZ, S., 375
GAUSS, C. F., 475
GECHAUFF, TH., S€€ VENATORIUS
GELLIBRAND, H., 384
GEMMA FRISIUS, 7§ 1
gettons, 373
GILBERT, rh., 474, 740
GINSBURG, J., 375, 378, 379
GIRARD, A., 19, 378, 382, 459, 472; 475,
674, 740, 751, 756, 792
GIROLAMO DI PIERO, 14 - - -
GLAISHER, J. W. L., 380
glass, 791, 803, 817
,, base, 817
,» ground, 791
. (for drawing 1mages), 959, 96:
gnomon 469, 598
GOUGEON, L., 382 -
GOVI, G,, 786
grand parti, 15
grandeur, 502
GRAVELAAR, N. L, W. A., 121, 380 472,
629,751, 768 .
GRAVESANDE, W. J.’S, 793
greatest common divisor of two polyno—
mials, 462, 577
-GREGORY XIII, 459 = .
GROOT, }: C. DE, 3, 480, 736
GROTIUS, H., 3
ground lmc,789, 791, 817
,» plane, 791, 801, 807, 815
GUIDO UBALDUS, See DELMONTE . - .
GUNTER, R. T., 765, 766
GUNTHER, S., 128, 751

HAAFTEN, M. V., 20, 21, 23, 381, 38;
HARDY, G. M., 377

HEATH, T. L., Passim’

HEIBERG, J. L., 129, 766, 786

HENRI 1I, kmg of France, 15; 26, 27, 383

HERON, 129, 130, 300, 301, 467, 723, 765,
767

HILBERT, D., 765

Hindu-Arabic numerals, 4, 373, 381

HOBBE JACOBSZ., 23

HOECK, G. v. d., 23

HOLT, E. G., 788

HOLTZMANN, W., 459

homologous tcrms 161

homology, 790, 791

HONDIUS, H., 792
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HONDIUS,.J., 8"
HOPE-JONES, W., 767
HUGEL, L. F. J., 786.
HUNRATH, K., 376, 380
HUYGENS, CHR., 8, 384,792
Huysbon, see Architecture

[BN AL-HAITHAM, 786
ichnography, 787, 801
image, 815
images by means of numbers, 6 3
imaginaries, 463, 473, 617, 6x8 619
incommensurable quantities; 529,533,
g12ff, 723 ff
interest, compound, 21 ff, 32 ff
» detnmental 20 ff, 33 ff
» ,profitable, 20 ff, 33 ff
» slmple, 20ff, 33 ¥ i
ittationals 4,459, 533, 738"
IVINS, W. M., 789

JAMNITZER, W,, 128
JONG, C. DE,- 767
JOVE, M., 19

KARPINSKI, L. C., 8, 373, 375, 378 464,
468, 469, 470

KASIR, D.S., 472 . - :

KEPLER, J., 7,:25,:26 xz7,379

KERN, G. J., 788 -

KIELY, E., 765 :

KUENINCXBERGE L v ' see REGIOMONTA-
NUS ST

. LANSBERGEN, PH. V., 8,' 757,752, 753, 756

LAPLACE, P. $., 384

law of cosmes 753, 754> 755

PER 2] SlnCS 755

LAZARD, 382 o

LEIBNIZ, G. W., 14, 765
LEONARDO DA vmcx 788 °
LEONARDO OF PISA, 14, 17, 123, 124
linea tertea, 789

logarithms, 756

LONDE, DE LA, 382

LORIA, G., 472, 789; 790, 791, 793
loxodromc, 7,9 .

LYTE, H., 378, 383.

MACDONALD, W. R,,-387T
MAGINI, A., 379

magnitude; 502 .
MAHOMED OF BAGDAD, 123
MANITIUS, K., 374, 766
MARLO, MAROLOIS, S., 8, 792
MASACCIO, T., 787 -
MASTERSON, T., 23, 374
Mathematical Tbe:er 536, 738
MAUPIN, G., 474
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MAURICE, PRINCE OF ORANGE, 3,-7, ‘8,

379, 751, 756, 767, 768, 769, 785, 795

792,795, 801, 811, 829; 959,:960, 963

MAUTZ, 0., 379

MAZINGHI, A., 14"

mazzocchxo 787

mean ptopotnonal 567, 724
mechanical operation, 790, 839, 845, 847
MEDICI, 13

meeting line, 817

» point, 817

MEHMKE, R., 384

MENELAOS, 755"

MENGER, K., 6

'MENNHER, V., 1§, 23

MERCATOR, R.,\9 ~

METIUS, 3

MEURS, J. OF,'375’

MICHEL, H., 773"

MICHELANGELO, 788

MIKAMI, Y., 385

mirrors, 786

MOBIUS, K. F., 75§ .

MOHAMMED IBN MUSA, se¢ AL-RHWARIZM{
moins de moins, 460, 617

MOIVRE, A. DE, 619

Molens,, Van a'e 7.

MONGE, G., 787, 788

MONTAIGLON, A. DE, 789

MONTE, G.'U. DEL, .$¢¢ DELMONTE.
MONTROIAL, J. DE, S¢¢ REGIOMONTANUS .
MORGAN, M. H., 787, 801 )
MORREN, TH., 792

MOUTON, G., 384

multinomial = polynomial, 716 ff
MURIS, J. DE, S¢¢. MEURS, J. OF

NAGEL, A., 373
NAPIER, J., 23, 376,380,381, 382
negative roots, 471, 475, 642 ff, 672
NEUGEBAUER, 0., 407. )
NICOLAAS PIETERSZ see PETRI :
NICOMACHUS, 122 :
Nile, 27
nominator, 568
NORTON, R., 24, 378, 387,447,451
number conccpt 460, 501 °
numbers; absurd,’ 460 738 -
, algebraic, 462, 519
, arithmetical, 514, 519
» »complex, 460, 617, 618,619
, composite, 503 -
R gcomemcal 461,509,519, 528.
, imaginary, 463,617, 618,619
, inexplicable, 460;:738
, irrational, 460,738 .
» irregular; 460,738: - :
» negative, 460, 642 fl, 672>~
» » prime, 503 : .

, surd; 460, 758
NUNES P. G., 463, 474

observer’s line, 811, 813

,  'Smeasure, 811, 815
OCKENDEN, R. E., 378 ©
OMAR KHAYYAM, 472
D’00GE, M. L., 122 -
Optigue, Oj)tm 785, 792; 799
optics, 7853, 807
Opus Palatinum, 4,375, 752
ORE, O., 472
orthodrome, 9
orthographic projection, 787, 788
orthography, 787, 8ot
OTHO, L. VALENTINUS, 7§ 2
OUGHTRED, W,, 382
OZANAM, J., 382

7,767
PACIOLI, PACIUOLI, L., 14, 17, 18; 123, -
128, 472, 474, 535, 586

PAGNINI, G. F., 13

PANOFSKI, E., 788

PAPINI, G., 787

PAPPERITZ, E., 793

PAPPUS, 6,126,766,

parabola, 767

parallactic instrument, 766 :

parallelogram (perspective), 877 ff,.917;

933

PASCAL, B., §59

PEGOLOTTI, F. B.;’13, 17,16 -

PELERIN, J., 789

PENA, J., 786

perch, 427

perspective, 807
, fundamental -~ theorem~ of;
79° 825 - )

, inverse problem of, 790,791,
911 o

PETRI, N., 3, 23

PEURBACH, G., 374,378,752 -

PICARD, J., 384

picture plane, 791

PIERO DEI FRANCESCHI, 788

PIERRE'DE SOVONNE, 23~

PITISCUS, B., 380 751,753, 755

PLANCIUS, P., 3, 8

plane nctwork ‘263 -

planispheres, 807

PLATO, 129, 734

plinthid, st1

plus de moins, 460,617

POGO, A., 384

POINSOT, L., 128

olygons 767

33

: polyhedra, see solids

POST, W. C., 21
postponed quantities, 633, 677, 688

pot, 383




’ POUDRA; 786,'789, 793

prime, 401, 405

prime vertlcal 815

principal, 30 fi

primitive quantity, 521

PROCLUS, 766

ptojection, central, 785
’ ,» 5 orthographic, 787, 788
proportion, 143, 155, d388,""76'7

”» alternated;143, 165

" anthmeucal 546,739
. - bmary, 157 :
»  »changed, 143

» ,continuous, 159

. dlscontmuous 161

» dupllcate 169"

» » geometrical, 546, 739
. , harmonic, 546,:739

» mvcrtcd 143, 163

» |rrat10nal ‘153

' xrtcgular 143

”» , perturbed, 143, 167

» , positive, 143

" , regular, 143

» ; ternary«r§7 -

» , transformed,’ 143, 163

tnplxcatc 169
PTOLEMY 374,423, 7115 7$1,.766, 786,789
»» ’s ro S, 7
punctum concursus, 790,791
e prmclpale 789
PYTHAGORAS 429

quadrangle (perspective), 877 ff, 911 ff
quadrilateral, 911 ff

quantlty, 502,583 -

quantités postposées, 6;3, 677,.688
querna da bis, 594

RAA, F. J. G. TEN, 13§
radlcals 559
radix, 468 -
RAFAEL, 788
RAMUS, P., 3, 509
ratio, 143, 145, 131, 710, 711

- » atithmetical, 151, 546

., binary, 147,157 "

,» » changed, 143

. , compound, 151

,» » duplicate, 167

» s equal, 147

., inverted, 143, 155

» s irrational, 153

,» » itregular, 143

» > perturbed, 143,155

» oy positive, 143 -

. » rational, 149

. rcgular 143

. ,simple, 151, 546 .

A

ratio, submultiple, 151, 546"
. sub—supcrpartxculat,.tzz 1§1,¢ ;46
,» »sub-superpartiens, 122,151,546
> superpartxcular 122,'1$1,'546
,» ,superpartiens,.122, 151, §46
. » transformed, 143, 153
. » triplicate, 167,-169
ray, 817
rechtcruys, 429, 765
RECORDE, R., 387
reduction, 587, 589
reflection, 785, 786, 799 :
refraction, 785, 786, 791, 797, 799
REGIOMONTANUS, J., 374, 378, 423, 500,
501,752,753, 754, 755 -
regula, seerule
regula Aliza, 473, 618
RENI, G., 788
res, 509, 682
RHAETICUS, G. J., 4, 752
rhumb hnc,
RICCARDI, P.; 793
RIESE, A, 23, 537,.539
RISNER, F., 78
RIVARD, 382
ROBERT OF CHESTER, 464
rod, roede, 383,427
roersouckers 399
ROHN, X., 793
ROMANUS, A, 56¢. ADRIANUS:ROMANUS
root, 461, 517, 524, 738
£oots, complex,Gx 7,618,619 -
,» » negative, 642 ff, 67z
ROOVER, R. DE, 14
ROSEN, F., 464, 468, 469
ROZENFEL’D, B. A., 385
RUCELLAI, G., 14 ’
RUDOLFF, C., 23, 375, 3 76 532, 538 539
RUFFI, 384
rule of algebra, 681
» » alligation, 711
., company, 71T
, double false position, 124, 567,
17 .
. tZaISe position, 121, 124,206, 2074,

462
rule of fellowshlp, 71K
s s five, 71T

, » Mixture, 711 ’
o thrcc,581,5‘88,7n

saemlijn, 817

saempunt, 791, 817

SANFORD, V., 38§

SARTON, - 14, 374, 375, 380, 334, 385,
787

scenographia, 7855787, 790, 792, 799; 801

SCHEFFERS, G., 793 ' °

SCHMIDT, F., 765 -

SCHONBERGER, L., 766
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SCHOOTEN, F. V., 7, 382, 753, 765

SCHWENTER, D., 75§

SCULTETUS, A., 75"

second, 401; 405 :

SEMS, J., 379, 380, 382 399

SERENUS, 799 -,

SERLIO, S., 789, 790, 791

sexagesxmal fractions, 374

shadow construction, 790

side, 509

similar association, 165

sinus, see table  *

sinus versus, 753

SIRIGATI, L, 789

SMITH, C. S., 383 ’

SMITH, D. E., 124, 374, 375, 380 385, 464

SMITH, J., 387

SNEL, See SNELLIUS

SNELLIUS, R., 3, 7

SNELLIUS, W., 7,9, 767 - :

solids, augmented tegular 124 ff, 223 ﬁ'

, regular, 124 ff, 223 ff,- 766 790

truncated regular, 223 gy S
. sexmrcgular 124 ff, 766 -

spherc 790

spherical triangles, 753, 755, 756

Spiegelschacuwen, 785 = .

stage, 787, 790

STAMPIOEN DE JONGE, ]. J., 756

STEVIN, H., 801

STIFEL, M., §, 470, 474, 475 554, 594

STRONG, E, W. , 765

STRUIK, RUTH, 476

sun—dlals 807 R

surd, 4, 460, 532,738 [+

sursolldum §31,

surveyor’s cross, 429, 765

SYMON JACOB VAN COBURG, 23

1

»

tables of chords, 374
e . interest, 56 3 )
» »» Sines, 374,754
ato g tangents, 374
TACQUET, A., 377
TANNERY, P., 476
TARTAGLIA, N,, 17, 18, 2;, 123, 472 586,
612, 616, 652 76s, 767 .
TAYLOR, E. G. R.; 3; 387,
tenth progression, 403
tercia puncta, 789
term, 14§
TERQUEM, 0., 382
theodolite, 765 :
THEODOSIUS, 754, 755" ’
THEON OF ALEXANDRIA, 754, 785, 786
Theses, Mathéniatical, 536,738
TIMERDING, H.E., 376 = -°
TOTH, L. F., 131 R

Traité des i surables gr

Traité des triangles, 751

trapezium, 921

traprondt, 766

Treatise on incommensurable magnitudes,

459,476, 712

TRENCHANT, J., 4, 14 ﬂ' 26, 27, 44, 45, 84,
85 .

triangle (perspective), 949 ..

tngonometry, 9,751

triquetrum, 766

TROPFKE, J., passim

truncated regular solids; see solids

two mean proportionals, 129, 567

5. 5 ﬁ, 712

UCELLO, P.,'787
ULUGH BEG, 385
unity, 460, 494, 738 -

vanishing pomt 787,817

VASARI, G.,787 -

VAUBAN, S. DE, 382

VELDE, A. J. J. V. D., 382

VENATORIUS, 6, 128 -

VER EECKE, P., 129, 766, 786 791

VERHAEGHE, F. T., 382

verification (perspectlve), 869

VERROOTEN, J., 384

verschaeuwlyck punt, 803

vertical plan, 809

VIATOR, 789

VIETE, F., 23, 375, 376, 584, 474,753,
755,756

VIGNOLA, J. B. DE, 789

VIOLA,-T., 789 .~

VITELLIO see WITELO

VITRUVIUS, M., 787, 790, 8o1 .

VLACQ, A., 381 384

VOooYs, C. G, N. DE, 399

VREDEMAN DE VRIES, H., 792

WAARD, C. DE, 801
WALLER ZEPER, C.
24
Wanschaeuwing, 185, 791,796. |
WEBER, H., 463. . o .
anglJ:on.rt 736 )
weights and mcasures 385 4z7 ff
WELSER, I3
WENTZEL, M., 17, 23 . .
WEYER, §. V. D., 382
WEYMOUTH, F., 378
WHITE, J. D., 380
WIELEITNER, H., 462
WIENER, C., 793 . -. _
WINTERBERG, C., 128, 788
WITELO, 786, 789, 790
WITT, R., 24
WOEPCKE, 123 <
WOLFF, G., 788

M., 14, 17,‘r8_;i9, 23,




WREN, C., 384
WRIGHT, E., 380
WRIGHT, E. M., 377
WIJDENES, P., 384
Wysentyt, 767

erANﬁER,);s 9,476

973

YANG HUI, 385
yard, 429

ZAMBERTI, B., 6, 33, 534, 535, §36, 817
ZEUTHEN, H. G., 467

ZINNER, E., 403

ZUCCARO, F., 788







975
TABLE OF. CONTENTS
FIRST PART

The Mathematical Works of Simon Stevin. . . . . . . . . .. 1

General Introduction . . . . . . . . . . . . . . . ' 3

Tafelen van Interest. Tables of Interest . -. . . . . . . . . . 11

Introduction . . . .. 13

Tafelen van Interest, Mldtsgaders de Constructne der selve,. .. 25

Supplement (1590) . . . . . . . . . . . . . . . 112,113

Problemata Geometrica . . . . . . . . . . . . . . . . 119

Introduction . . . Lo 121

Problematum Geometncorum ben V FE 133

Problemata Geometrica . . . . . . . . . . . . . . 135

De Thiende. The Tenth . . . . . . . . . . . . . . . 371

Introduction . . . . . . . . . . . . L L 373

De Thiende. Dime . . . . . . . . . . . . . . . 386, 387

SECOND PART

L’Arithmétique. Arithmetic . . . . . . . . . . . . . . 457

Introduction . . . o 459

Le Premier Livre d’ Anthmetxque Fll‘St Book . 494

Le Second Livre d’Arithmétique. Second Book . . . . . . . 552

La Pratique d’Arithmétique . . . . . . . . . . . . . 709

Appendice Algébraique . . . . . . . . . . . L. 740

Selections from Wisconstighe Ghedachtenissen, Mathematical Memoirs 747

De Driehouckhandel. Trigonometry . . . . . . . . . . 749

Introduction and Summary . . . R 751

De Meetdaet. The Practice of Measurmg o 763
Introduction . . R e T 764

De Deursichtighe. Perspectnve C e e 783

Introduction . . .o 785

Eerste Boeck der Deursxchtlghe Van de Verschaeuwmg .o 798

First Book of Optxcs Of Scenography, commonly called
v Perspective . . . . L. 799
Index . . . . . . . . . ... 954

Corrigenda et Addenda . . . . . . . . . . . .. .. 976




976
p- 6 136 For:
p- 385 18 For:

For:

1.10 For:

R For:
p- 387 1.37 For:

p- 788 1.25 For:
p. 789 19 For:

Corrzgmdﬂ e Addenda

First part

opportounity read: opportunity.”’

Bey read: Beg.

1429 read: 1429 (?)

Rosenfel'd read: Rosenfel’d and A P. Yu§kev1¢
6..62 read: p. 62.

E. J. R. read: E. G. R.

Second part
Zuccari. Zuccari read: Zuccaro. Zuccaro.

punctus principalis read: punctum principale.




