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Non-Linear Theory of an g u~tbrial Flow, with

Special Application to the tiromwell Current*
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Abstract :

around the Equator, taking into account the effect of field

pressure gradients and Coriolis forces.

a result which agrees with the observed flow pattern in the

The Cromwell Current (Equatorial Undercurrent) and the

noticed quite distinctly.

A method is given for computing the velocity of equatorial flow at and

accelerations in addition to the

Applied to the observational data, this method gives

equatorial Pacific quite well.

Equatorial Countercurrent are

We can also show from the result that effect of inertia terms is

negligible except at or within a few degrees from the Equator.

1. Introduction

In this paper will be discussed a method
to compute a steady, oceanic flow in which
pressure
east-west
of the

oceans, particularly in the Pacific and Indian

the velocity components and

gradients have no variation in

direction. In the equatorial zones
Oceans, this condition is approximately ful-
filled.

In a paper by the author and Y. Nagara
1958),
computation of ocean currents was given in
a meridional section of the Pacific, taking

(HIDAKA and NAGATA, a dynamical

into account the Coriolis forces, pressure
gradients, and the friction due to both ver-
tical and lateral mixing. In that computa-
tion the two authors could locate an east-
ward flow comparable in magnitude with
the Equatorial Undercurrent (Cromwell Cur-
rent). The next year Robert S.

1960) pointed out that the term

A RTHUR

(ARTHUR,
V-?g will amount to I0-4 on both sides of
y

the Equator and will no longer be negligible.
Moreover, it will be interesting to check the
effect of those inertia terms on the equa-
torial flow pattern. For this reason the
author has tried to recompute the problem
taking the effect of these non-

linear terms into consideration.

ever since,
In another of the recent papers by the

author (Hibaka, 1961), it was discussed to

* Received March 31, 1962
*%* University of Tokyo

compute the velocity of flow at the Equator,
taking into account the inertia terms :

respectively, and the result was compared
with that obtained from the method propos-
ed by Hipaka (Hipaka, 1955)and M. Tsucwui-
vya (Tsucuiva, 1955) almost simultaneously
for computing
itself.

an idea on the influence of the inertia terms

the velocity at the Equator
By this comparison, we could have
on the magnitudes of an equatorial flow.

This paper is the result of one of the at-
tempts to compute the effect of inertia terms
on the velocity distribution in a meridional
dynamical section.

2. The problem

Suppose a meridional section

through the Equator.

passing
Take x-, y-and z-axis
positive eastward, northward and downward,
and let the velocity components in these direc-
tions be u,
that the east-west variation of velocity com-

V and w respectively. Assume

ponents are small compared with the meridion-
al, and neglect the terms u~~ and u”~.
X ox

Since it is not easy to solve non-linear
equations as they stand, and because it is
that the

most cases represented by geostrophic flows

well-known ocean current is in
except at or close to the Equator, we shall
neglect the frictional forces due to mixing
Then the
state equations for a planetary flow become

in dynamical equations. steady
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dil d
26>sin pv—v “ _dD

dy dz dx (1)
d d dD
2aesin (pu—i Y
~dz~ 0z dy
where D is a geopotential distance of an

isobaric surface counted above a sufficiently
deep reference level, @ the angular velocity
of the Earth and 9 the geographical latitude.
The general principle of solving the equa-
tions (1) is first to neglect the terms :
Su ; av

dz and A dz

—w-

and to solve the ordinary non-linear simultane-
ous equations :

d dD
20) sin (pv-v-gu—Z-dx
" 3)
) in ( dv,_ dD
—2cosin (pu—v—=—=-
Ay dy

This solution will be possible if the quanti-
ties (2) are small compared with dD/dx and
dD/dy respectively. The principal part of
this paper is devoted to the solution of the
equations (3).

When the approximate values of the velo-
city components are computed along the
meridional section, it will be possible to ap-
proximately compute the vertical velocity w
from the equation of continuity. This enables
us to compute the quantities (2). By sub-
tracting these from dD/dx and dD/dy, we
obtain a pair of equations of the type (3),
there being slight changes in the magnitudes
of dD/dx and dD/dy. Repetition of this
process will give the final solution of the
problem.

For the processes of obtaining w and im-
proving the solution, refer to the sections 8
and 9.

3.  On the balance of acting forces at the
Equator

It has been customary in most cases to

neglect the of field accelerations or
the non-linear terms. This seems to be pos-
sible equatorial
However, the Coriolis forces vanish or be-

come vanishingly

terms

except for narrow zones.

small exactly at or very
close to the Equator, so that these non-linear
terms are considered to balance the pressure

gradients and are no longer negligible. We
may suppose that —w(du/dz) and —iv(dvjdz)
are small compared with the terms —v(du/dy)
and —v(dv/dy) which have
pressure gradients in the absence
Coriolis forces at the Equator.

In a geostrophic computation, it is assumed
that several in the dynamical equa-
tions except the Coriolis forces and the pres-

to balance the
of the

terms

sure gradients are negligibly small. Thus
we have
90) sm (pv=—[—l—p——
dx
dD
-20) sin (pu=
dy

This balance evidently fails at the Equator
where the Coriolis forces vanish. For this
reason we have to consider a factor f which
would balance the pressure gradients at and
near the Equator, but is much smaller than
Thus,
in a meridional direction, we must have

—Sa)sm <pu+ *%D—
y

the Coriolis terms at higher latitudes.

(47
factor f will not vanish even if the
thus
balancing the pressure gradient dD/dy there.

There is another requirement imposed on
the factor f. According to Hipaka (HIDAKA,
1958) and M. 1958),
the equatorial velocity # can be computed
by differentiating

This

Coriolis term vanishes at the Equator,

T SUCHIYA (T SUCIHIYA,
the geostrophic equations
with respect to y and putting p=y=0. The
approximate validity of the resulting formula
R !*D)

dy2/ ip=o
where R is the average radius of the Earth,
In order that this
requirement be fulfilled, however, the quan-
tity df/dy should become much smaller than
the term (d/dy) (—2e sinpw) at the Equator.
This is another necessary condition which
the factor f has to satisfy.

is now widely accepted.

From these considerations, the factor f in
(4) should be in a balance with the term
dD/dy at the derivative
df/dy must either small or vanish there.

It appears from observations that the zonal
distributed sym-
This can be

Equator, and its

velocity component u is

metrically around the Equator.
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section of the
Equatorial Undercurrent (Cromwell Current)
recently published by Knauss (Knauss, 1959).
On the other hand,
knowledge on the meridional distribution of
the meridional

seen from the meridional

we have a very little
component v. We have not
had an exact image on this question as yet.
However, it can be anticipated that v as
well as dv/dy will not vanish even at the
itself. Thus it seems reasonable
for us to suppose that —v (dv/dy) corresponds
with or with a part of the quantity f which
It will be a
quantity at or very near the Equator, being

Equator

we considered above. small
in balance with the term dD/dy which in

turn appears quite small there. Thus in a

region very close to the Equator, the term
—2a)sin i is

gradient :

small, but its meridional

. . 2a)
~(—20) sin <pwip«( «0
dy =~R

can be much larger than

a2\
3 (cv— 1

ay dy J,p=o ''dy2)"o

which is the meridional gradient of an inertia
term.

It is also quite hard to know the distribu-
gradient dD/dy at the
But various estimations show that

tion of meridional
Equator.
dD/dy never vanishes there, though it is a
small quantity (Ca. I0-5%.%*..).
These prudent considerations lead us to

suppose that, in the equation :

dv dD

—20)sm (pu—v- & P

—2esin (pu vanishes at the Equator, thus a
balance having to exist primarily between
—v(dv/dy) and dD/dy there, whereas the der-
ivative of the Coriolis force —2a)sinpu is

much larger than that of the inertia term
—v (dv/dy), thus an approximate balance exist-
ing between d/dy(—2a) sin m) and (d/dy)(dD/dy)
at the Equator.

In this paper, the terms of both horizontal
and vertical mixing were neglected, though
some of them appear to act as a part of the
factor f in the equation (4). The importance

of these terms will be left for later studies.

4. Solution of the non-linear equations for
equatorial flows

Neglecting —w(du/dz) and —w(dv/dz) as
small, we have from (1)
X
di dD 3)
y —
dy ~ dy
Consider that dD/dx, dD/dy and u, v can

be expanded in series of y around the Equator

y=0 or y=0. Thus assume
dx —d0+db+dy2\— (6)
b So0+5ij+52y2+
< -
gy —S0TSii¥SYy (7)
where, do, d\, d2'" | do& <§, d2,—, can be

obtained from the meridional distribution of

the geopotential distance D. Further let u
and v be given by

7/(*o .

u:uO—\—u'y—\—§~!ry2—\ ------ 1---;[-\r73' d&— 1 (8)

v y
v=v0+v'y+ —2—'y+ .-H

&) i

Y (9)
where u() v0 are the east and north com-
ponent of the current velocity at the Equator,
whereas u’, u",*; uCV--; v/, v",--—-, v(n),--- are
the 1st, 2nd,---, nth derivatives of u and v
at y=0, which are to be determined by solv-
ing the equations (3).

Substituting (6)........ (9) in (3), we have

2a) 3 0 5
Yy o~y 2
Ry <®@RP verv ey
V<to
PpEp - vy — p2-
Fn\'y + v O+v'y y2
pOO
+ mf[’+ u'tu"y+— y2+ -
pp-2+ 1G9
(n-2)! (n—1)!
=d0+dly+d 2y 2+--- (10)

or

2a)sin (py—v _f_l_Lf______d__[_)__ =
dy dx

(-u'v0-d 9+ 0 "Vg-u'v'-u"Vo—d~ y

+f - N-uv"-u"v'- ~u'"vo-dzjy2

LAY '%«*3!17%0 3uv
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3!
+ (-%E(<C7»-l) ______ ?, (Q A yC»-3)-— LAy C «)-m-
“IR R 3IR2 W
77(;_1im"v — «\!u +i)y 0— }y”+ cum= 0.

(1
Equating to zero the coefficients of y°, vy,
v2 y3---, y*¥*,— we have

—u"vQ—do—0),
iK@} VQ—uivi —u[/Vo—z]ﬁ: %,

Ayl M "-u(V-~u'"v,-d2=0,

1 20, 2a)

1 y0— mV
I'~RV ~~R 2IR2
“¥ m,v'¥ “igio”i3=0  (12)
p Ll 2Nege
i—1)! R~ (n-2)!'R

1,07 AT At
AUV ) e Yy

— \\—u a+H:yv0—dn=0.
n

In a similar manner, we have from the

second equation of (3),
-Vov'-60"0,

- ul- vov"—v'- 6!1=0,

AV W - T v 820,

1 200 2co 1
“ 2T 1?7«

s

/2" 3RAP 2 )

Ay Ty I ™ _ =
y iévov 83=0, (13)

1 20 . 1 2a;
(n—1)! 1i? (n-3)! i?

x ¢ dit7"3)~ + al

- Z\;}:;l"l;fyoﬂ”% -«1§v0V<n+ - a,=0.

Two sets of equations (12) and (13) are
They satisfy
the expansions of two equations (3) to y”.
Here we notice, however, that the number
of the equations in (12) and (13) is 2n+2,

while we have 2n+4 unknowns. We have

non-linear and simultaneous.

therefore a larger number of unknowns than
that of the equations. For this reason, these
equations cannot be solved in their forms as
they stand.

A feasible countermeasure for this
tion will be to obtain approximate roots
by neglecting the terms :

situa-

— M’+D)y0 and ATV gt
n\ n\
in the last equations of (12) and (13). By
neglecting these terms, the number of the
unknowns just equals that of the equations.
It is therefore possible to solve the equa-
tions provided the expansions are satisfied
only up to yn having the residues
- i bk
ot n+t)V ynty and i '}’Q}’C’ +1)y +H
(14)
respectively. Actually there is a good reason
for us to neglect these two terms, because
these quantities become smaller and smaller
as n increases. The result will be therefore
more improved as we adopt a larger number
of equations. several
approximations, of which we shall mention
cases n—2 and 3.

i) Case n=2

Thus we have to try

Take n—2. Then we have
—u'vo—do=0>
2
RCO Vo—u'v'—u"v0—di—0,

Ay —Nu'v"—tt"v'—d2—0,

9
—vv'-80=0, as)

2(0
- —g~uo— (v')2-VoV"-8i=20,

— |V -fw '-s 2=0.

Eliminating v/, v” and u, u” out of the
five equations which do not involve u( we
have a quartic equations for v( or

(3d280—d052)v0i-k ~d o 2Vo2+ 3d1802Vo2+3do803= 0

(16)
This equation will give the possible value
of Jo as one of its four roots. Substituting
v0 thus obtained in the remaining equation

of (15) which involves u() we have
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R (2d*,Z J2d;*, , , ,o®\ n7v
Mo=“ 2,{'TOVO+~drv'+ol+*W) (17)

In this case, the expansions of the equa-
tions (3) will be
residues will be

satisfied up to y and the

~u"v2and v'y2
respectively,
ii) Case n=3
Take n=3. The equations to be solved
are
—u'v0—d0=0,
jz/iv%ui\'z —u”vO—dy=b,
A
—~u"v"—it"v'—--u"% —d2—0,
A 3 3
1 20 ,, 20) ' 1 _—u'v'”
2 A R 6AR 6
1
mu v u'"v'-da=0
(18)
-y @2/-<50=0,
21>
40—
F
2, 4
F W—1I»'»"—i-K»t/"-52=0,
i 2. 2f) 1 2
£33
2
_L(,")2=o0.

In this case the expansions of the equations
(3) will be satisfied up to y2and the residues
will be

—\u!"voyi and —uivf"'yz

respectively. The resulting equation giving
Vo is
20 ( dy '
288R r ' ~~R \288A4
d3
+24A2)“‘"13 wg A2 o1
2a) d d 032 d 25¢
‘A 96A" T PRI 2445
t do2 dy2) dod 3do
+ t\A j 172a2 32 )H ,16A2
dody02 d\d2o , dyMy  d 283
144A2 48A2  96A3 T 16
. d2d2%0 idod3d2\) 4 101 20/ do2dy
1 4 i2 y) 0 A \l144A2
1 3dodii

A A rA i 16

48A2 16 A2 32A2 16A2
Zdodyéoh  d02022 d 22502
12 ! 7 (a9
dod260d2 21) ( d (500
12 T A V48A2  12A2
i29d0dy260 d024280 ddd?2
+ 'A96'+ -q2+ I r I»o
32 72) 16
2.d 28<?ax  d 04i<503 d 0d 160262
32A2 12A2 12

5do2<0t_"di2604 7do280362

32A2 4 12
d(jd26o 21) 83, - o
A 96
- Sdoa}@oo5 -0

If we evaluate v0 by solving the equation
(19), Uowill be given by

A 1 2 1) .
«o= - . t°07- 2i/3-yo6
2ft) 3d<W +iW I13A2 A
+ (' 2+ufl51+2t250)yH- |- ©“  "~02-yo3
+ ((Ti5iz+3i/0<5051)w2+ St/0503f . (20)

Further approximations are of course pos-
But the derivation of the
equation giving v0 will be extremely com-
then, so that we have to satisfy
with this degree of approximation. The ac-
be estimated by

sible theoretically.
plicated

curacy of the solution will
a comparison of the results of the cases n—2
and n—3.

5. Extension of the computation to higher
latitudes

Once the velocity components u and v at
the Equator are known, the next question is
how to compute those at higher latitudes.
For this purpose, let us start again with the
equations (3).

From the first equation, we have

du s 1 dD
Sy s PG

Integrating this equation from 0 to y, we
have
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20)\ sin~d . b | df]
U—Ug- -20)\ sin~dr; 1. .
o NSV ax Ay
i dD

- 'dv

Sy dx }/y:n
(21)

where u0is the value of u at the Equator
and both v and dD/dx are functions of y only.

From the second equation of (3), we have

4. (A
dy | 2

-+ D ) = - 2(o sin <pu. (22)
)

Substituting from (21), we have
Ne(-N-+d)= - 2a)Sin” j«O+ 20)i?"l-cosN

Wwig £) o
vV odx )y-r, )
Integrating this equation with respect to
v, we have

2

+ D=+ + D,

2wR'uS” sin
R
—(a)R)2,"sinj l-cos”

+ 2a>i?m edsl df

OsmR (jo\y dx);
(23)
where v0and D are the values of v and D
at the Equator.
If we confine the integration limit within
a few degrees from the Equator and change

the order of integration, we have

1

2——FD(1—20)R U(l.il(i)z' "

6! \'R ) j
>y\

1
48 (i?) +(',(’R)
T2a>R"' /CUos booA
JlﬁlW wXJy=s \ kx £XJ
(24)

ifjrY
$\R)

This equation gives the meridional com-
ponent v of current in terms of the horizon-
tal distance of a pointy from the Equator,
and geopotential distance D at the point y.

Suppose we have the observational data at
the Equator and the integral
meridional arc, or at 0°(y=0), I°N(y=-M),
2°N(y=+2¢i) and 3°N(y=+3;/). Since the

degrees of

length 4 of one degree of meridional arc is
J=-2-=1.112x 10%cm,

we have to compute the velocity component
v at the above latitudes, use being made of
Let the velo-
city component v at IoN, 2°N and 3°N be

the corresponding values of D.
denoted by v2 and v3 respectively.
It is essential now to express the integrals

in the right-hand members in terms of vv

v2 and v3. For this purpose, it will be re-
commended to apply Newton-Cdtes’ mean
value method. (Runce und K onic 1924) In
evaluating these integrals, we have several

formulas resulting from the Newton-Cdtes’

rule, or

AF(s)ds= jF (0)+1f(J)} 4 (25)

ZA fl 4 1

0F (s)ds= j-F (0)+|F (J)+-~F (2J)j -24
(26)

32f (1 o o

0F (s)ds= \-F (0)+J F(A)+J F(24)

+J F(34) -31  (27)

The formula (25) gives the so-called tra-

pezoidal rule, while (26) is the well-known
Simpson’s rule. The formula (27) gives a
rule applicable to the interval (0"s"34).

The accuracies of (26) and (27) are nearly
the same, but the trapezoidal rule which re-
places the curve by a straight line is much
less accurate than two other formulas. In
order to remove this difficulty,
replace the right-hand member of (25) by a
difference of the rules (26) and (27), or

A 34 rZA

F (s)ds=\ F(s)ds—
o Jo JA

we have to

F(s)ds
= 1.AF(0)+4-ir(J)+]|-F,24)
+{F(32/)i -34
E(A) = 2a)wnF(3a) 24
3 19 9
= \-F(0)+~F (A)~F {24)
+-F(31)j.] (28)

Applying the rules (28), (26) and (27) to
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the integrals at the right hand-members of
(23),
computations,

oA #12 #13
vad+ 0 x= 5
v

we have after necessary numerical

v+ 2= " (29)
VX
Bl 0R

v3i2ze 0 7= -
Vi Vi

where
Ox=—v®@+2(Dx—D () +28.2957m,,
(dD
dx
+200.2734-1180. 26x105
Vr
Q2= —®@jr2(D2—Dk+ 113. 0793w0
/ dD

| dx /o
+3203.886-4196.16x105

(30)

Ve.
0 3= —v02+ 2 (D 3—D () +254. 040420

dx /o

Vo

16215.556-10620. 62X105
and
B12=21966.90x105" - |~

dD

al3= - 1048.89x10s

aZ=12588.16x105( ~ -) a1
JdD

a31=28320. 00x105

Vdx

N =17698. 74X105( - |»

It is possible to eliminate vx and v2from the

three equations in (27). First we have,
from the second equation,
#1
32
22 (32)
Substituting this equation in the first equa-
tion of (29), we have
#12
. (33)
#21 #i
+ Qi-~ 12
v22+ ¢ Qi Vz
Substituting (32) and (33) in the third
equation of (29), we finally have
#12
#21 #12 2 Q3
+ QI —
V22+ 0 2 V2
#31 y— — =0 (34)
#21 a2

or
QzV2- ¢ v 2{v2;+ Qz) —a32 102-# 1
G {#2202- # 12(y22
+ Q022+ Q M v2+ Q222
+ai2v3(v2+ Q 2y=10 (3%5)
This is an equation of 13th order and

determines the possible value of v2 or the
meridional velocity at 2°N. Substituting the
value of v2 thus obtained in (32) and (33),
we shall have vx and v3 or the meridional
velocities at 1°N and 3°N respectively.

A simpler way of solving (29) is to neglect
the squares vx2 v2 and v32 in the left-hand
members of (29). Then we have, from the
second equation,

#21

vy = (36)

Substituting in the third equation of (29),
we have

cu 37

e #31 (7

#21

Again inserting this in the first equation of
(29), we have

#12

vee (38)

+ (0o 3-— o,
#32 0\ #21

These are approximate values. Inserting
them in the left-hand members of (27) gives
more roots. Repetition of this
process results in an accurate set of roots
of (29).

In order to obtain the values of ux and u2
we have only to transform the second equa-
tion of (3) as

accurate

W (vt
v 20(osin9 ) (39)

Since the quantity —-+ D is given for Io,
z

2° and 3°N, we have from (39)

2 1.2
VE m

+(Z)2_D 0
ux= — .
20) sin [o'2 A4 (40)
-+(D3-D ¥
ul= —

30isin2°-2//

In this process we cannot compute u3 though
we already have v3 from (33).
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In the expressions (40), v222—val2 and
v322—vx22 are in most cases larger than
D2—Dqg and D3—D\ respectively. This is

in very close agreement with R.B. Montgo-
mery’s conclusion on his dynamical computa-
tion which showed that the zonal component
of velocity in the Equatorial Pacific is in an
approximate geostrophic balance even in the
Io intervals next to the Equator. (M ontgo-
mery, 1961) This sup-
ported by John A. Knauss 1960)
who showed that the Coriolis force and the
in the

conclusion was also

(Knauss,

pressure gradient are in a balance
north-south direction except very near the
Equator.

For still higher latitudes (I0[>2°), we can
compute these components by simpler suc-
cessive approximations, transforming the
equations (3) into the form :
3D dv_
dy vy
2w sin @

dD du

Ty—o
a dx dy

2(osin (p

with initial guesses u—v—0, using the values
computed already at 2°N and S and assum-
ing that the flow at stations very far from
the boundaries are purely geostrophic, or

dD

dy
2(0 sin P (42)

dD

dx
2(0 sin (p

This process fails at as low a latitude as
1°N and 1°S or because the
Coriolis parameter becomes too small. So
we had better confine it for the latitudes
higher than 3°N and 3°S.

The result of practical application shows
that at latitudes higher than 3°N or S, the
flow is actually geostrophic.

(41)

vy =

in between,

6. Southern hemisphere

In order to v for the
southern hemisphere, we have, to solve

compute u and

#12 #13
V.S+Q-1=—
o V-2 U3
y o L (43)
- 0-1~

V— 0-3— 32
0-1 #-2
where
(2_i= —#02+2(D _1—D 0)+28. 2957M0
m

+200.2734+1180.26 X 105- deA -,
v
Q-2= -v@+2(D_2-D () +113. 079«0

(44)
+3203.886+4196.16x 10s§/11,}§'\
(¢

0-3=—v2+2(D _3—D () +254. 040w0

m

+ 16215. 556+10620. 62x105A5T /o
Vo

and al2, a3 a2v a3l and a32 are the quantities
given by (31).
The east-west components Xand w_2 can
be computed by
2 o 2
’; +(D0—D 2

20) sin 10*24
(45)
vt -H -~ D-"-D-3
2(0sin2°-2]
This process gives the components at 1CS
and 2°S. For higher southern latitudes, suc-
cessive approximation used for the northern

U. 2=

latitudes will also apply without an altera-

tion.

7. Upwelling velocity and the vertical

circulation in a meridional section

The equation of continuity is, since du/dx=0,

g-sg--gy- (v eos )+ ‘2[12-20 (46)

where tu is counted

the vertical velocity

positive downward. If we integrate this

equation, we have

v w0t

N eNcos9N vdzh.
dy

But, since there will be no vertical velocity
at the sea surface (z=0), we have

7v{z) =

— eos 9\ vdz). 47
o (575" “n
This is an expression of vertical component
of velocity in terms of .
It is evident that the equation of continuity
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(46) will result in a stream function ¥(y, z)
such that

y— we~ A 48
dz " dy (48)
A constant value of this function, or the
equation :
z)—a constant (49)

gives stream lines of vertical circulation in

a meridional section. The numerical values

of stream function will be computed as

2)=cos j vdz, (50)

because there is a reason to suppose that

the free sea surface is a stream line *=0.

8. Practical computation of ocean currents
in a meridional section

In the expressions (6) and (7) for dD/dx
and dD/dy, we have

dn—1— ) )

dt= (~~/r~) , etc.
dx | (00

(d 2D 51

Oi~h @ 1,-0" crce

The theory was applied to the hydrographic
data obtained by Townsend CrRoMWELL (CROM -
WELL, 1951,1954), Thomas S. AusTin (A USTIN,
1954) and E.D. strour (STrROUP, 1954) in the
Mid-Pacific Equatorial Waters. Their reports
give
several meridional sections across the Equator,
each station being located at 0° (Equator),
1°N and S, 2°N and S, etc., or at a constant
spacing lo of a meridional arc.

The data of the
were computed from the observations of the
following cruises of the M/V Hugh M. Smith
of the Pacific Oceanic Fishery Investigations,
Honolulu, and published in the Special Scienti-
fic Reports, United States Department of
the Interior Fish and Wildlife Service.

the data occupied at stations along

geopotential distances

Published in

o the special
Occupied in scientific Latitudes
report-
fisheries No.
I Jan.-Mar. 1950 54 158°W, 172°W
VvV June-Aug. 1950 131 158°W, 172°W
VII Jan.-Mar. 1951 131 158°W, 172°W
XIV Jan.-Mar. 1952 135 155°W, 168°W, 180

In order to remove small fluctuations in-
volved in the meridional variation of D and
dD/dy, the anomalies of D over 1000 decibar
surface in these several meridional sections
were averaged for the same latitudes. They
extend from 5°S to 15°N and are given in
Table 4.

The meridional gradients of D, or dD/dy
at a latitude <% were computed by making
difference D((p+1°) —D{<p—I1o0) in a meridion-
al direction, and

then dividing them by

twice the length of Io of meridional arc, or

(dD \ =D{<p+V)-D{<p-1°)

52
\dy )v 2x1.112x107 (52)

The meridional variation of dD/dy near

the Equator was then determined, assuming

b =do+oi* 53
dy - otoi*y (53)
or 52=53=---=0.
The values of dD/dx were computed by

NAGATA and NacGaTa,

1958) only
for the Equator also from Hawaiian observa-

(HIDAKA

tional data. this was

assumed common to all latitudes, or

In their computation,

dD
=d 54
dx r (54)
and d/=d2=---=0. 1In Table 5, are com-
piled the values of do, 81 and d0 at the

Equator.

First we are to compute the equatorial
velocity components u0and v0 for each depth
from the formulas (16), (17), (19) and (20).
in Table 5, the case

They are also shown

n—3 giving of course the more accurate
values. The case n=2 is given to estimate
the accuracy of the case n—3. Table 1

gives the velocity components at all latitudes
between 4.5°S and 14.5°N. Those for the
Equator in this table are the result of the
case n=3 above. The values of velocity
components at loand 2"N and S respectively
were computed by the equations (29), (34)
or (35) and (40) for the northern hemisphere
and (43), (44) and (45) for the
The result is

columns in Table 1.

southern.
given in the corresponding

For higher latitudes, the iteration process
given at the end of 5 enables us to compute
initial

the velocity components. Since the

(231)
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guesses are u=v=0 except at the Equator
0=0), To, 2° and 3°N and S, and the outer
boundaries (14.5°N, 4.5°S), where the flow
is considered to be geostrophic, the first ap-
proximations will give geostrophic flows for
all latitudes in between.

As a second step,

du \ _ u(<p+1°)—u(<p—i°)
~dy) 9~ 2x1.112 X107 ~
dv \ _ ziQ-1-10) —w(<p—1°)
~di)<p~ 2x1.112x 107
were computed and the results multiplied
by —v, thus evaluating the quantities :
du dv
—v—— and —v——
dy dy

These two terms were added to dD/dx and
dD/dy respectively, thus the result, divided
by 2a)sin ¢ giving second approximations
for v and v. This process was hardly re-
peated three or four times before the final,
steady values were attained for the succes-
sive pairs. The convergence of iteration was
better as we go away from the Equator.

This process failed for the interval 2°S”¢?
N 2°N, because the factor 2wsin % becomes
too small there. 2°N and S seem to be the
limits of internal boundaries for this itera-
tion process. This is the reason why the
author had to compute the flow at and around
the Equator in spite of a big labor. The
contents of Table 1, for the latitudes higher
than 3°N and S, were exclusively computed
by this process.

In Table 7 are given the percentage dif-
ferences geostrophic currents
(41) and the
corresponding components in Table 1 com-

between the
computed from the equations

puted taking the inertia terms into account.
A satisfactory agreement at latitudes more
than a few degrees away from the Equator
means that the inertia terms have very little
influence on the computation of the ocean
currents except at and close to the Equator.

9. Discussions of the result
i) Equatorial Undercurrent (Cromwell Cur-
rent) and Equatorial Countercurrent
The velocity components computed from
the meridional distribution of pressure gra-
dients and compiled in Table 1 are pronounced

in the east-west direction, remarkable me-
ridional flow being seen only within a few
degrees from the Equator.

The diagrams in Figs. 1 and 2 give the
meridional distribution of the components u
The variation of u
in the layers above 500 m. We
Equatorial Undercurrent or

and v. is particularly
remarkable
can see the
Current

Equatorial

Cromwell
and the
6. SAN.
The Equatorial
100 m to
about 85 cm/sec.

exactly at the Equator
Countercurrent around

Undercurrent has a core
140 m speed
This seems to be a little

around attaining a

below observed values. It is only seen in a
1.30°N. The result

surface also moves to the east at

zone between 1°S and
that the
the Equator seems contrary to observed facts
This

may be because we have neglected the wind

in connection with the equatorial flow.

stresses at the sea surface. Thus we may
have to add westward drift currents of Ek-
max’s type which, however, is very hard to

either estimate or compute.

Below the Equatorial Undercurrent we
notice a slower westward flow less than
50cm/sec. This flow centers around 400-600m

layers. The speed of this westward flow
seems a little higher than observed values.
The computed Equatorial Countercurrent
of a velocity a little more than 40 cm/sec is
located at the latitudes 5° to 8°N, the core
of this current being seen at 6.5°N and 50m
layer. This

agreement with observations.

location and speed are in good
No distinct
connection is seen between the Equatorial
Countercurrent and Equatorial Undercurrent.

The westward flows in the South Equa-
torial Current has velocity of 45 and 70 cm/sec
on both
These are

sides of the Equator respectively.
regarded as geostrophic in most

cascs.

i1) Upwelling and vertical circidation in a
meridional section

In Table 2,
velocities computed by the formula (42) for

are compiled the upwelling
several latitueds and depths. The upwelling
is most intense in layers 200-250 m the velo-
city exceeding —I14x I0-3 cm/sec. Intense
vertical motion down in deeper layers are
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ing, (vertical velocity component w in 10 3cm/sec)

k

sin

and

upwelling
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quite doubtful.

Table 3 gives the stream function com-
puted from the formula (50). The contents
of this table are more visualized in the dia-
gram of Fig. 3, indicated by stream lines
in the meridional section. We notice, against
observations, that the water is sinking around
the Equator, giving equatorial convergence.
This will be because we neglected the wind
drift at and around the Equator. We may
thus conclude that wind will be responsible
for most part of the actually observed equa-

torial divergence.

i’ Fig. 1. East-west
component,

(cm/s)

/I

Fig. 2. North-
south com-
ponent,
(cm/s)

y<— a i -i-»  sa.--Sa  —a

Fig. 3. Meri-

dional circula-

H L

tion (stream
lines).

ilil) Merit of inertia terms in interpreting

the east-ivest flow

So far it seems to the author that the
inertia terms
du 1 dv
-V y- and -v—-
dy ay

greatly improves the explanation of the equa-
torial flow, thus giving us an idea that field
accelerations are necessary factors for in-
terpreting the Cromwell Current or the Equa-

There
in hydrodynamical
equations of the ocean currents, which may
balance the pressure gradients at the Equator.

torial Undercurrent in the Pacific.

are some other factors

However, there seem to exist many dif-
treating the problem by
regarding them as the probable agencies for
the explanation of the equatorial flow. Thus
the discussions for them will be left for

future studies.

ficulties for us in

10. Summary and conclusions

. A
the equatorial current system on the assump-
tion that pressure
velocity do not
direction.

simple model was considered for
and current
change in the

gradients
east-west

2. A balance between the Coriolis forces,
pressure gradients and field accelerations was
assumed, the terms —w{du;dz) and —w(dv/dz)
being neglected as small compared with
—v(duldy) and —v(dv/dy) respectively. The
friction due to mixing and thermodynamic
process were disregarded.

3. The
dynamic meridional section, first computing

solution was carried out for a
the velocity components at the Equator, then
extending calculation to higher latitudes of
both hemispheres by different procedures.

4. An attempt was made to interpret the
significance of Hipaka-Tsucniva’s formula
of computing the east-west equatorial velocity.

5. The Equatorial

located as an equatorial jet stream of a speed

Undercurrent can be

about 85cm/sec confind to a narrow band

between 1°S to 1.5°N.
6. The location and

Countercurrent agree with observations quite

size of Equatorial

well.

7. It can be shown theoretically that the
east-west component of velocity is ap-
proximately geostrophic even

tervals next to the Equator.

in the ITo in-

were determined
and found to be an order of 10-3cm/sec.

9. Vertical in a meridional
section was determined by constructing the
stream function between v and io.

8. Upwelling velocities
circulation
10. A brief discussion was made as to

the merit of the in hydro-
dynamical equations of an equational flow.

inertia terms
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Table 4. Anomalies of geopotential distances D over 1000 decibar surface in 105c.g.s.
(Data from POFI S.S.R. No. 54, 131, 135 averaged)
, lat.

dep. o 5°8 4° 3° 2° 0° 1°N 2° 3° 4°
0 m 1. 822 1.791 1.760 1.755 1.713 1.721 1.704 1.740 1.753 1.772
20 m 1.727 1.697 1.667 1.661 1.622 1.630 1. 613 1.643 1.656 1.672
40 m 1.632 1.600 1. 572 1. 568 1.530 1. 541 1.520 1.545 1.560 1.570
60 m 1.536 1. 506 1.480 1.475 1.450 1.430 1.447 1.461 1.470
80 m 1.439 1.414 1. 387 1.383 1.350 1.360 1.339 1.354 1.366 1.370
100 m 1.346 1.320 1. 295 1.291 1. 260 1.272 1.249 1.258 1.269 1.273
120 m 1.255 1.230 1.206 1.205 1.180 1.190 1.168 1.170 1.178 1.180
140 m 1. 167 1.140 1. 120 1.118 1.099 1. 110 1.086 1. 084- 1.088 1. 090
160 m 1.080 1.060 1.036 1.040 1.025 1.035 1.010 1.007 1.000 1.005
200 m 0.950 0. 923 0.913 0.922 0.920 0. 930 0. 908 0. 899 0. 885 0.880
240 m 0. 854 0.831 0. 831 0. 846 0. 845 0. 851 0. 838 0. 833 0.819 0.804
280 m 0.779 0. 762 0. 765 0. 782 0. 781 0. 784 0.774 0.772 0. 760 0.745
320 m 0.722 0. 707 0.711 0. 724 0.722 0.722 0.717 0.716 0. 706 0.695
400 m 0. 612 0.599 0.604 0. 613 0.609 0.606 0. 607 0. 606 0. 598 0.593
480 m 0. 514 0. 501 0. 505 0. 510 0. 507 0. 502 0. 506 0. 505 0. 499 0.498
560 m 0.422 0.410 0.412 0.415 0.413 0.410 0.415 0.410 0. 406 0.408
640 m 0. 335 0. 324 0. 326 0. 326 0.327 0. 325 0.330 0. 323 0.319 0. 323
800 m 0.177 0.170 0.170 0. 169 0.170 0.170 0.174 0.168 0.166 0.168
960 m 0. 035 0.034 0. 034 0. 034 0.034 0.034 0. 035 0. 034 0. 033 0. 034

1120 m 0 0 0 0 0 0 0 0 0

1280 m 0 0 0 0 0 0 0 0 0
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lat.
dep.

0m
20 m
40 m
60 m
80 m
100 m
120 m
140 m
160 m
200 m
240 m
280 m
320 m
400 m
480 m
560 m
640 m
800 m
960 m
1120 m
1280 m

depth

0m
20 m
40 m
60 m
80 m
100 m
120 m
140 m
160 m
200 m
240 m
280 m
320 m
400 m
4-80 m
560 m
640 m
800 m
960 m

5° 6° 7° 8° 9°
1.784 1.754 1.686 1.605 1.570
1.681 1.646 1.573  1.491 1.457
1.579  1.538 1.460 1.375 1.346
1.476  1.430  1.349 1.267 1.240
1.376  1.324  1.238 1.168 1.150
1.277 1.223  1.150 1.090 1.078
1.184 1.138 1.069 1.027  1.030
1.093 1.055 1.004 0.979 0.980
1.008 0.980 0.957 0.940 0.940
0.893 0.885 0.876 0.872 0.871
0.817 0.818 0.814 0.812 0.811
0.758 0.759 0.757 0.756  0.755
0.705 0.706 0.705 0.704 0.702
0.604 0.603 0.603 0.601  0.597
0.508 0.505 0.508 0.504 0.499
0.416 0.413 0.416 0.412 0.408
0.329 0.327 0.328 0.326 0.323
0.172  0.170 0.172  0.171  0.169
0.034 0.034 0.034 0.034 0.034
0 0 0 0 0
0 0 0 0 0
Table 5. Computation of the
toy 00 aliu vr al %Iﬁbﬁﬂl
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Table 4. (Continued)

13° 14° 15°N
1.693 1. 721 1. 787
1.591 1.619 1. 686
1. 487 1.514 1 585
1.385 1. 412 1 485
1.290 1.320 1 385
1.204 1.235 1 297
1.127 1.159 1210
1.062 1.090 1. 135
1.009 1.033 1 070
0.914  0.927 0.952
0.838 0.847  0.863
0.770  0.774  0.786
0.714 0.715 0. 722
0.604 0.601 0.602
0.505 0.502  0.501
0.413 0.411 0.410
0.327 0.326  0.326
0.172 0.171 0.172
0.034 0.034 0.034

0 0 0

0 0 0

equatorial velocity components.

Equatorial velocity components

case

n—2

vo

27. 90
26.71
26.51
24. 64
23. 44
23.28
19.95
16. 98
13.73
7.31
7.29
9. 30
7.73

case n =3
u0 Vo
39.46 -15.91
41.55 -16.16
68. 04 -17.91
63.01 -18.13
67.13 -19.55
82.33 -19.62
73.32 -20.76
84. 86 -21.34
81.62 -22.09
75.18 -17.32
43.25 13.82
21.16 14. 63
- 3.68 12.09
-29.72 6.27
-45.25 - 3.45
-42.53 - 6.48
-44.50 - 8.00
-30. 05 - 9.83
- 9.43 - 4.18
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Non-Linear Theory of an Equatorial Flow, with Special Application

Om
20 m
40 m
60 m
80 m

100 m
120 m
140 m
160 m
200 m
240 m
280 m
320 m
400 m
480 m
560 m
640 m
800 m
960 m

* Figures in brackets seem uncertain, because of low speeds.
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Percentage differences between the geostrophic

computation of the east-west velocity components.
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