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Abstract

Numerical simulations were carried out to determine the particle size distribution (PSD) in marine waters by 
accounting for particle influx, coagulation, sedimentation and breakage. Instead of the conventional rectilinear model 
and Euclidean geometry, a curvilinear collision model and fractal scaling mathematics were used in the models. A 
steady-state PSD can be achieved after a period of simulation regardless of the initial conditions. The cumulative PSD 
in the steady state follows a power-law function, which has three linear regions after log-log transformation, with 
different slopes corresponding to the three collision mechanisms, Brownian motion, fluid shear and differential 
sedimentation. The PSD slope varies from —3.5 to —1.2 as a function of the size range and the fractal dimension of the 
particles concerned. The environmental conditions do not significantly alter the PSD slope, although they may change 
the position of the PSD and related particle concentrations. The simulation demonstrates a generality in the shape of 
the steady-state PSD in the ocean, which is in agreement with many field observations. Breakage does not affect the size 
distribution of small particles, while a strong shear may cause a notable change in the PSD for larger and fractal 
particles only. The simplified approach of previous works using dimensional analysis still offers valuable 
approximations for the PSD slopes, although the previous solutions do not always agree with the simulation results. 
The variation in the PSD slope observed in field investigations can be reproduced numerically. It is argued that non­
steady-state conditions in natural waters could be the main reason for the deviation of PSD slopes. A change in the 
nature of the particles, such as stickiness, and environmental variables, such as particle input and shear intensity, could 
force the PSD to shift from one steady state to another. During such a transition, the PSD slope may vary to some 
extent with the particle population dynamics.
©  2003 Elsevier Ltd. All rights reserved.

Keywords: Coagulation; Flocculation; Fractal; Marine water; Particle; Particle size distribution (PSD); Phytoplankton bloom

1. Introduction

Particulate materials in the ocean play an important 
role in the transport of many substances, including 
biogenic matter, trace metals and organic pollutants, 
from surface waters to, eventually, the ocean floor. 
Natural particles can vary widely in size from sub­
micron colloids to larger aggregates of a few millimetres, 
such as marine snow. Field observations indicate that 
the particle population in marine waters has a size
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distribution that may be fitted by a power-law function,
i.e., N ( l) ~ l~h, where N(l) is the cumulative number 
concentration of particles of size / or larger, and —b is 
defined as the slope of the size distribution [1-7]. Despite 
vast differences in particle properties and environmental 
conditions in different waters, the size distribution 
slopes are found to vary within a narrow range only, 
which is mainly from —1.5 to —4.0, particularly for 
particles smaller than 100 pm (Table 1). Field observa­
tions suggest a generality in the shape of the size 
distribution of marine particles, which, however, re­
mains to be established theoretically.

Particle coagulation has been considered to play a 
major role in determining the particle size distribution
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Table 1
Slopes of the cumulative particle size distributions (log MO vs. I) predicted by dimensional analysis and observed in the ocean and a 
mesecosm

Dominant collision mechanism assumed 
Approximate size range

Brownian motion 
< 2 pm

Fluid shear 
2 ~  60 gm

Differential sedimentation
> 60 gili

References

Dimensional analysis:
Hunt -1.5 -3.0 -3.5 [1]
Jiang and Logan: (D: fractal dimension) _D

2 -j(2> +  3) —((1 +  2D) (Stokes' settling, Z)>2) [13]
Observations:
(a) Natural waters:

N. Atlantic Ocean —2.7 + 0.2 -3.6 [41]
-3 .0 +  0.3 -4.1 [42]

Gulf of Mexico -1.6 -3 .4 -4.0 [43]
S. Atlantic Ocean -2 .8 — 7.7 [44]
E. Pacific Ocean -3.3 [45]

-1 .8 — 11.0 [46]
California coastal —2.8 ±0.2 [1]
Ocean (unidentified) -1.5 -1.5 [3]

E. Pacific coastal [5]
Monterey Bay-1 — 1.8 ±0.2 — 1.8 ±0.2
Monterey Bay-2 —1.5±0.1 -1 .5  + 0.1
East Sound —2.0±0.2 —2.0 + 0.2

(b) Phytoplankton bloom in a mesocosm — 1.2---- 1.8 — 1.2---- 1.8 [30]

(PSD) in natural waters [1,5,8-13]. The dynamics of 
particle interactions and the resulting size distribution 
can be modelled using the approach of Smoluchowski’s 
equation [14-17]. However, the Smoluchowski formula­
tion is too complicated to be solved analytically. Hunt 
[1,11] used dimensional analysis to simplify the coagula­
tion equation and attained an approximation of the 
steady-state PSD slope. As oceanic particles have been 
found to be fractal in nature [2,18,19], Jiang and Logan
[13] extended H unt’s work to fractal particles and 
included the fractal scaling relationship in the calcula­
tion. The result gave three linear regions in the particle 
size distribution in accordance with the three collision 
mechanisms, Brownian motion, fluid shear and differ­
ential sedimentation, operating in different size ranges. 
The value of the PSD slope is only a function of the size 
range and the fractal dimension of the particles, and is 
independent of other environmental and process factors 
(Table 1). The analytical approximations from dimen­
sional analysis show the general shape of the PSD in the 
ocean.

However, the application of dimensional analysis to 
the PSD problem relies on a number of important 
assumptions, many of which do not necessarily hold in 
actual situations [14]. The most critical, but also 
questionable, assumptions include: (1) that collisions 
occur only between particles of similar sizes for which 
only one collision mechanism dominates, and (2) all 
particle mass moves through the size distribution to the 
largest particles, which are removed from the system by 
settling. Moreover, the analytical solutions are derived

based on the rectilinear collision model, which has been 
known to over-predict particle collision kinetics to a 
great extent [17,20-22]. These unrealistic assumptions 
and the rectilinear model used by dimensional analysis 
largely undermine its results for PSD slopes. Apart from 
the general shape, dimensional analysis provides little 
information about particle population dynamics in 
marine waters.

A numerical technique can be used to solve the 
Smoluchowski equation without using the above 
assumptions [12,17,23-25]. Burd and Jackson [14] 
applied the sectional method to simulate particle 
dynamics in the ocean. The simulation reached a 
steady-state size distribution in a particle system while 
accounting for a consistent particle influx, coagulation, 
sedimentation and breakage processes. They found that 
the numerically simulated PSD slopes do not always 
agree with those predicted by dimensional analysis. The 
assumptions underlying dimensional analysis are mainly 
responsible for the disagreement. Nonetheless, their 
mathematical simulation was still based on the unrea­
listic rectilinear model. The impact of the fractal scaling 
property of marine particles on the size distribution was 
not fully investigated, and the simulated distributions 
were not used to reconcile the findings of field surveys 
for the PSD slope or its variation.

In the present study, an improved numerical approach 
was used to simulate the particle size distribution in 
marine waters. The methodological improvements in­
cluded a modified sectional method [17], the application 
of fractal scaling mathematics, and a new curvilinear
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collision model developed by H an and Lawler [20]. The 
simulation results were compared with the previous 
dimensional analysis and field observations of the shape 
of particle size distributions. The generality of marine 
PSD was verified in terms of the slope values. In 
addition, a simulation of the transition between the 
status of different steady states and related particle 
population dynamics helped to explain the variation in 
the slope values observed in the field.

2. Theory and methods

2.1. Flocculation equation

The flocculation process in a system of heterodisperse 
particles has been modelled by the change in particle size 
distribution [14,23,24,26-28]. When simultaneous ac­
tions of particle influx, coagulation, sedimentation and 
breakage are considered, the particle size distribution 
dynamics can be described in the form of the Smo­
luchowski equation given below:

converted to

dn(m) j
——  — , i otß{m — n i, m')n(m — ni)n(ni) dn i

— n(m) / otß{m, m )n(m ) d»;
Jo p 00

— s(m)n(m) +  / y(m, m")s(m")n(m") dm"
Jm

u(m)
H

-n{m) + (1)

where t is time, n(m) is the particle size density function 
with respect to the particle size measured by mass, m, n i  
is the mass of another particle, which is smaller than m 
in the first term on the right-hand side of the equation, ß 
is the collision frequency function describing the rate of 
contacts between the particles indicated, a is the collision 
efficiency defined as fraction of collisions that result in 
particle attachment, s(m) is the break-up rate function, 

is the breakage distribution function defining 
the mass fraction of fragments of size m  breaking from a 
larger aggregate of size in", H  is the depth of the water 
column, u(m) is the settling velocity and <ß(m) is the 
input rate of the particles concerned.

The sectional approximation has been employed to 
find numerical solutions to Eq. (1). Following the 
common approach of the sectional method 
[12,16,17,23], the size sections are so generated that the 
upper bound of a section is twice its lower bound in 
terms of mass, e.g., my — 2mk_\ for section k. Within 
each size section, it is assumed here that the particle 
mass is distributed uniformly along the log-scale, which 
gives a particle size density function of n(m) — 
Qk/ ((\TL2)nr), where Qy is the particle mass concentra­
tion in the Lth section [17]. Subsequently, Eq. (1) can be

d 0 k- 1
Cp @k ~ 1 X  1 Q ' +  ÔA- © + Í . A . A  Q i

Z—1 1=1
k  s

— Qk ©  3 B  ykjy Qi — ^ By y y Qy — Qy ©  5 B yyyQ¡
í= l i—k+ 1

s
-  1 Sy Qy +  X  2SkjQi -  UyQy + qy, (2)

i—k+1

where i signifies the section number and s is the last size 
section. Eq. (2) is the governing equation for modelling 
particle size dynamics in an open system, such as marine 
waters. For any given section, such as section k, there is 
a total of nine cases of particle input, attachment, 
breakage and sedimentation involved in the mass 
movement. Table 2 illustrates the nine particle transport 
and transformation processes that result in the gain and 
loss of particle mass in the Lth section. 
l B y y - U , 2B ukM, 3B LyÁ., 4ByÁ.Á. and sB kJÁ. ^are the sec­
tional coagulation coefficients, 1Sy and 2Syj are the 
sectional breakage coefficients, Uy is the sectional 
settling velocity and qk is the sectional particle input 
rate. The computation of these sectional coefficients is 
also summarized in Table 2. Eq. (2) represents a finite 
number of coupled ordinary differential equations for 
the change in particle concentrations in all the size 
sections. These differential equations can readily be 
solved using the fourth-order Runge-K utta method 
with a constant time step of 1 s, as described elsewhere
[17,28],

2.2. Fractal aggregates

Although mass is used to track particle transport 
between size sections, the rates of particle coagulation 
and breakup depend more directly on the actual length 
of the particles. N atural particles have been character­
ized as fractals with a highly porous and amorphous 
structure [2,5,13,18,29]. For fractal particles, the length, 
/, can be related to the mass by m ~ lD, or

1= c
1 /D

(3)

where pp is the density of primary particles and c is an 
empirical constant [13,30]. The settling velocity of a 
fractal particle can be calculated using Stokes’ law, or

u(m) = ff(Pp -  Pi)™
371/ip / (4)

where g is the gravitational constant, p¡ is the density 
and /i is the viscosity of the liquid [31,32].



Table 2
Different partiele transport cases and related sectional rate coefficients

Case Symbol Description Illustration Calculation f(m x,my) = 
(aß(my,m y))/ ((In 2) ni ni )

1 Gain 1Btik Newly formed doublet moving into the Ath section 
(»h-i <(mx +  niy)<ink): nl 5  in kuh  and
tnk_2 ktniy o n ^ , :  i k  A — 1, j  = A — 1.

2 Gain 2B,jk Newly formed doublet in the Ath section (mi_1 <(/nx +  
niy)<int ): m kt ui <nh and m: k m < ui:. i< k ,j = A.

3 Loss 3Bjj.t A particle being moved out of the Ath section by
attachment toa  smaller particle (mk < (mx +  
m )): in k m < m: and m: km  knn: i< k ,j = k.

4 Loss ABui A particle being moved out of the Ath section by
attachment toa  similarly sized particle; (mk < (mx +  
m )): ui: km  <ul and m: kin o n k: i = k J  = A.

5 Loss sBkii A particle being moved out of the Ath section by
attachment to a larger particle (mk < (mx +  
m )): ui: k m  <tii: and m: k m :  i = k ,j  > A

6 Loss 'SV Particles being moved out of the kth section by breakage,
»h-i o t i o n i-

7 Gain 2Sk, Particle fragments moving into the kth section by breakage
of larger particles, mt_! o n  <mk and m,_i o ti -o n ,:  A <

8 Loss Uk Particles moving out of the kth section by sedimentation,
ith-i < m < n t .
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2.3. Coagulation models

The rectilinear collision model, which assumes that 
particles move in straight lines until a collision occurs, 
has the following formulations for the collision fre­
quency functions of the three collision mechanisms. 
Brownian motion'.

Aír (Ui )
2 k T ( \  1'i. ñ  = ------ -  +  -
3/í U  h

Fluid shear:

ßsh  ( Uj )  — ■IjY

Differential sedimentation:

ß o s  ( Uj )  — ■bf

(5a)

(5b)

(5c)

where k  is Boltzmann’s constant, T  is the absolute 
temperature, and G is the shear rate which is a 
measurement of the turbulence intensity in water. The 
total interparticle collision frequency function is the sum 
of these three independent mechanisms, i.e.,

ß ( U j )  =  ß v A U j )  +  ß s h V , j )  +  ß o s ( U j ) - (6)

The curvilinear collision model takes into account 
hydrodynamic interactions and short-range forces be­
tween approaching particles, which results in reduced, 
but more realistic, collision frequencies between im­
permeable particles [20,21,33,34]. According to H an and 
Lawler [20], the curvilinear ßcllr can be related to the 
well-defined rectilinear ß by the reduction factors, i.e.,

ß n fU j)  =  eSrßTSr (Uj) +  ^Shfth (Uj) +  H ^D S  UJ), d )

where eBr, eSh and eDS are the curvilinear reduction 
factors for the collision mechanisms indicated. Based on 
their numerical solutions, H an and Lawler [20] sug­
gested the following estimations for these factors:

i J i 3¿'ij, — a h/. cX

<?sh :
( 1 + A ) 3

_10(fl+ôl+cl2+dl3)

g p g  —  | Q ( a + ô l + c l 2+ cU3)^

(8a)

(8b)

(8c)

where X is the size ratio (0 < 2 < 1 )  between the two 
colliding particles, and a —d  are the intermediate 
coefficients. Although the same letters are used, these 
coefficients are completely different in each of the 
equations given above. The values of a—d  were given 
by Han and Lawler [20] in discrete form in three tables 
for the three collision mechanisms. To make their results 
more available for use in mathematical simulations, 
non-linear regressions were conducted in an earlier work 
to transform the discrete data into 14 fitting formula­
tions [17]. The regression equations are used here to 
compute the curvilinear reduction factors in Eqs. (8a)-

(8c), and hence obtain the curvilinear collision frequency 
functions.

2.4. Breakage rate and breakage distribution functions

Particle breakage is brought about mainly by fluid 
shear stress, and the fragility of a particle aggregate is 
generally proportional to its size [27,35-37]. The break­
age rate coefficient has been written as a function of the 
shear intensity, G, and the particle size in volume, V  
[27,38,39], or s{V) =  EGbV ^ 3, where E  and b are the 
breakage rate constants. This equation can also be 
converted to become a function of the shear rate and 
particle mass, as given below:

s{m) = E'Gbm l/n , (9)

where E' — (n/6)l^ ( \ / p v)l D̂cE. The pair E  =  
7.0 X 10~4 and b — 1.6, which have been used in 
previous studies [26,28], are adopted in the present 
numerical simulation.

For the breakage of a particle aggregate, the 
distribution of its fragments has been approximated by 
binary, ternary and normal distribution functions 
[26,38]). Binary and ternary unctions are simplified 
formulations, while the normal distribution is consid­
ered to be a more realistic description. However, these 
three distribution functions do not differ significantly 
according to our previous study on the role of breakage 
in the formation of particle size distribution [28]. Thus, 
simple binary breakage is employed here as the fragment 
distribution function. Binary breakage means the break­
up of an aggregate into two equal fragments, which has 
the distribution form

y(m," m) —
(m — m"/2), 
(m jtn i" /2).

( 10)

2.5. Modelling and simulation conditions

Numerical simulations were performed for PSD 
dynamics in marine waters, which is an open particle 
system with consistent particle fluxes into and out of the 
mixed water column. Three scenarios were investigated, 
with different combinations of collision models and 
simulation conditions. For scenario A, the rectilinear 
collision model and the assumptions described above for 
dimensional analysis (DA assumptions) were used; for 
scenario B, the curvilinear collision model was used 
without the DA assumptions, i.e., collisions occur 
between particles of all sizes, and particles of all sizes 
can be removed from the system by sedimentation; for 
scenario C, the curvilinear model was also used without 
the DA assumptions, and the particle breakup process 
was included. Fractal scaling properties were incorpo­
rated into the modelling simulations.
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The density of the primary particles was 1.2 g cm-3 . 
The initial particle concentration was 
go =  5.0 X IO-5 g cm-3 in a mono-dispersion. The size 
of the primary particles was usually 0.1 pm, while an 
input at 0.01 pm as well as a simultaneous input of three 
primary particles at 0.1, 1.0 and 10.0 pm were also 
tested. The normal conditions had a shear intensity of 
G =  0.5s_1 and a particle input rate of 
<7in =  5.0 X IO-10 gcm _3s_1. Both parameters were var­
ied, and the responses of the PSD in the system were 
examined. It is generally agreed that an increase in the 
particle collision efficiency would result in faster 
coagulation and the formation of particle aggregates 
with a lower fractal dimension [21,29,34,40]. Thus, three 
combinations of the fractal dimension and collision 
efficiency were used in the present simulation study: 
(1) D  =  3.0 and a — 0.1, (2) D  =  2.5 and a — 0.3 and 
(3) D — 2.0 and a =  0.5. In addition, a change in 
the collision efficiency from a =  0.01 to 1.0 was tested. 
The whole size range with 48 contiguous size sections 
was from 0.1 pm to approximately 1 cm for non-fractal 
particles, and this extended further for fractal particle 
aggregates. Other coefficients and constants included 
the depth of the mixing water layer H  — 5.0 m, 
temperature T  =  298 K, liquid density p\ =  1.0 g cm-3 , 
viscosity p =  8.9 x 10~3 g s_1cm_1, Boltzmann’s con­
stant k  =  1.38 X 10 ^gcm ~ s ~K. 1 and the gravita­
tional constant gr =  981cm s_2. The program was 
written in the Compaq Fortran (formerly DIGITAL 
Fortran) programming language, which includes For- 
trans 95 and 90, and runs on a PC under Windows 98. 
There were occasional negative values for particle 
concentrations in the numerical simulations. However, 
based on the sensitivity test for the computation time- 
step, this problem disappeared when the time step was 
shortened to 1 s.

3. Results and discussion

3.1. Simulations based on the rectilinear model and DA 
assumptions

A dynamic steady state in particle size distribution 
can be reached after a period of simulation, accounting 
for particle influx, coagulation and sedimentation, and 
regardless of the initial conditions. The simulations 
based on the rectilinear collision model and the 
assumptions used for dimensional analysis give three 
linear regions with different slopes in a typical cumula­
tive particle size distribution after log-log transforma­
tion (Fig. la). As suggested by previous dimensional 
analysis [1,11], different collision mechanisms appar­
ently dominate in different size ranges, resulting in 
different PSD slopes. For small particles ranging from 
0.1 to 2 pm, Brownian motion is believed to be the

le+12

le+10 -
Slope=-1.61

le+8 -

le+6 -
Slope=-3.01

g  le+4 - 

i=~ le+2 -
Slope=-3.48

le+0 -

le-2 -

le-4 -

le-6
(a)

le+12

le+10 -
Slope=-1.41

le+ 8 -

^  le+ 6 -
Ë
o  le+4 - 

1Ë+
3  le+2 - 

le+0 -

Slope=-2.72

Slope=-2.83

le-2 -

le-4 -

le-6
le-5 le-4 le-3 le-2 le -1 le+0

(b) Size (cm)

Fig. 1. Simulated cumulative particle size distributions based 
on the rectilinear model and the DA assumptions for marine 
particles with fractal dimensions of (a) D = 3.0, and (b) D = 
2.5.

dominant mechanism for particle collisions, which 
produces a size distribution with a slope of —1.61. In 
the size range approximately from 2 to 60 pm, where 
fluid shear is considered to dominate, the PSD slope is 
—3.01. For particles larger than 60 pm, differential 
sedimentation becomes dominant, which leads to a 
PSD with a steeper slope of —3.48.

When fractal scaling is incorporated for particle 
characterization, three linear regions with different 
slopes can also be identified in the size distribution 
(Fig. lb). The major change with the inclusion of fractal 
mathematics is that the PSD lines become flatter, i.e., the 
slope decreases with the value of the fractal dimension. 
For example, as D  decreases from 3.0 to 2.5, the slope 
changes from —1.61 to —1.41 for small particles in 
the size range dominated by Brownian motion, from 
—3.01 to —2.72 for particles in the range of shear 
collisions, and from —3.48 to —2.83 for the size range of 
differential sedimentation.
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The values of the simulated PSD slopes compare well 
with those previously predicted by dimensional analysis 
based on the same rectilinear model and assumptions 
[1,13] (Table 3). In the size ranges dominated by fluid 
shear and differential sedimentation, there is an excellent 
agreement of the slope between the dimensional analysis 
values and the simulation results. For small particles 
dominated by Brownian motion, the simulated slopes 
are slightly steeper than those determined by dimen­
sional analysis (Table 3). According to additional 
simulations, the likely cause for the steeper slopes is 
that the primary particles may not be small enough for 
the narrow range from 0.1 to 2 pm. If the size range is 
expanded to a much smaller size of the primary 
particles, e.g., 0.01 pm, then the simulated slopes become
— 1.55 for particles with D — 3.0, —1.30 for D — 2.5, and
— 1.05 for D — 2.0. These revised slopes are closer to the 
dimensional analysis values (Table 3), while the slopes in 
the size ranges of shear collisions and differential 
sedimentation are hardly affected by a change in the 
size of primary particles.

W ith the rectilinear collision model employed, DA 
assumptions, particularly the one assuming that colli­
sions occur only between like-sized particles, have to be 
used collectively for the PSD simulations. If  the 
assumptions were not applied, collisions would take 
place between particles of all sizes rather than just 
between those of similar sizes. The steady-state PSD 
simulated is no longer a smooth line in the full size range 
(Fig. 2), and only a short linear region where Brownian 
motion dominates can be found. This modelling result 
does not appear to be realistic, and is completely 
different from the observations of PSD from many field 
and laboratory studies (Table 1). The PSD curves

simulated in Fig. 2 imply that both the rectilinear model 
and the DA assumptions need to be applied together for 
a reasonable simulation of the steady-state PSD in the 
ocean.

3.2. Simulations based on the curvilinear model without 
the DA assumptions

It has been well accepted that the curvilinear model is 
more applicable than the rectilinear model to describe 
the collision kinetics of the particles in which perme­
ability is not considered. In the following simulations, 
the curvilinear model is used for particle dynamics

le+12

le+10 -

le+8 -

le+6-

§  le+4 - 

^  le+2- 

^  le+0 -

le-2 -

le-4 -

le-6
le-5 le-4 le-3 le-2 le -1 le+0

Size (cm)

Fig. 2. Simulated cumulative particle size distributions based 
on the rectilinear model without the DA assumptions for 
particles with fractal dimensions of 3.0 and 2.5.

Table 3
PSD slopes and particle concentrations predicted by dimensional analysis (DA) and numerical simulations

Dominant collision mechanism assumed 
Approximate size range

Brownian motion 
< 2 pm

Fluid shear 
2 ~  60 pm

Differential sedimentation 
> 60 pm

Particle concentration 
( X IO4 g cm“3)

D =  3.0, DA prediction -1.50 -3.00 -3.50 —

Simulation
A -1.61 (—1.55) -3.01 (—3.03) -3.48 (—3.47) 2.16
B -1.60 -2.87 — 2.35
C -1.58 -2.70 — 2.85

D = 2.5, DA prediction -1.25 -2.75 -3.00 —

Simulation:
A -1.41 (—1.30) -2.72 (—2.69) -2.83 (—2.79) 0.61
B -1.38 -2.55 -2.75 0.81
C -1.37 -2.53 -2.73 1.06

D =  2.0, DA prediction -1.00 -2.50 -2.50 —

Simulation:
A -1.18 (—1.05) -2.42 (—2.54) -2.50 (—2.52) 0.29
B -1.17 -2.38 -2.32 0.30
C -1.17 -2.39 -2.13 1.25

Note: (A) Rectilinear model + DA assumptions, data in ( ) are for the input of the primary particles at 0.01 pm; (B) Curvilinear model 
(without the DA assumptions); (C) Curvilinear model + breakage function (without the DA assumptions).
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without the assumptions made in the dimensional 
analysis approach. As in the rectilinear results, there 
are different linear regions with different slopes that can 
be identified in the cumulative particle size distributions. 
The three collision mechanisms apparently operate in 
different size ranges, while the fractal dimension also 
plays an important role in determining the PSD slope 
(Fig. 3). Compared with the rectilinear cases, a 
significant alteration in the distribution curve can be 
found in the size range of larger particles. For particles 
with a higher fractal dimension approaching 3.0, the 
PSD becomes much steeper, with a slope of about —20
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Fig. 3. Simulated cumulative particle size distributions based 
on the curvilinear model without the DA assumptions for 
marine particles with fractal dimensions of (a) D = 3.0, (b) D = 
2.5, and (c) D = 2.0.

(Fig. 3a). As the fractal dimension value decreases, the 
PSD slope in this portion becomes flatter (Fig. 3b). With 
a fractal dimension of 2.0, the slope for the large 
particles changes to —2.32 (Fig. 3c).

The simulation results obtained with the more 
accurate curvilinear model without the unrealistic DA 
assumptions validate the important generality for the 
particle size distribution in marine waters. The environ­
mental conditions, such as the intensity of fluid shear, 
the rate and size of particle input into the system, and 
the nature of the particles, do not appear to affect the 
general shape of the PSD curve. For example, for 
particles with D — 2.5, as the shear rate increases from 
0.5 to 5 s ~ \ the position of the PSD curve is slightly 
lower. Flowever, the size distribution remains the same 
shape, with virtually the same slopes, for the three linear 
regions (Fig. 4a). As the particles become less sticky, 
with a changing from 0.3 to 0.03, the particle 
concentration increases and the position of the PSD 
curve moves up considerably. Flowever, the shape and 
slopes of the distribution are hardly affected (Fig. 4a). 
With an increase in the rate of particle influx from 
5 x  1CT10 to 5 X lO ^ g c n r X s X  particle population 
increases for all sizes, but the PSD slopes remain almost 
unchanged (Fig. 4b). If the same input of 
5 X 10~logcm ~3 s_1 occurs equally in the three classes 
of primary particles at 0.1, 1 and 10 pm, the PSD result 
is almost identical to the situation when there is only an 
input of primary particles of 0.1 pm, except for a slight 
decrease in the slope in the size range of small particles.

It is also worth noting that the PSD slopes predicted 
by dimensional analysis with the rectilinear model 
compare fairly well with those simulated using the 
curvilinear model without additional assumptions, 
particularly in the size range of small particles (Table 
3). The rectilinear model is known as the simplest 
description of collision kinetics that over-predicts 
particle collisions [20,21,30,34]. As the particle system 
becomes more heterogeneous, coagulation could be 
largely accelerated with the rectilinear model [20,28]. 
On the other hand, however, the DA assumption about 
collisions occurring only between particles of similar 
sizes leads to an under-prediction of the coagulation 
rate. In actuality, there are abundant particles over a 
wide spectrum of sizes. Collisions occur between 
particles of all sizes, and all of the three collision 
mechanisms are involved. In the scheme for the sectional 
method, for example, a primary particle has a chance of 
becoming attached to any of the larger particles and 
arriving in a larger size section, rather than coagulating 
with other primary particles only. Therefore, the 
opposite effects of the DA assumptions, which under­
estimate the collision frequencies, and the rectilinear 
model, which overestimates the collision frequencies, 
may largely offset each other and result in a rather 
reasonable calculation of the coagulation rates.
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Fig. 4. Effects of particle properties and process variables on 
the particle size distribution when: (a) the collision efficiency 
decreases from 0.3 to 0.03. and the shear intensity increases 
from 0.5 to 5s_1. and (b) the particle input pattern changes 
from a single class of primary particles of 0.1pm to three 
classes of primary particles of 0.1. 1. and 10 pm. and the 
influx of primary particles increases from 5 x IO-10 to 
5 x  10_8gcm_3s_1. The simulations are based on the curvi­
linear model without the DA assumptions for particles of 
D = 2.5.

Using the curvilinear model of H an and Lawler [20], 
the magnitude of the curvilinear reductions given in 
Eq. (7) increases dramatically as the difference between 
the sizes of colliding particles increases. For example, 
the reduction factor for shear coagulation could change 
from 0.5 to 1CU4 or below as the size ratio of two 
particles decreases from 1 to 0.1. Thus, the curvilinear 
model actually gives much more importance to collisions 
between like-sized particles in the coagulation process, 
although interactions between particles of all sizes are 
taken into account. The mathematical treatment of the 
curvilinear model actually created a situation that is to a 
certain extent similar to the DA assumption of collisions

taking place only between similarly sized particles. As a 
result, the simulations from the rectilinear scenario with 
the DA assumptions and the curvilinear scenario with­
out the DA assumptions for the PSD slopes do not differ 
extensively, although the positions of the PSD and 
related particle populations from different simulation 
scenarios are different from one another. In general, as 
far as the shape of the PSD curve is concerned, the 
analytical solutions from previous dimensional analysis 
still offer valuable approximations for PSD slopes in 
marine waters.

3.3. Effects o f  the breakage process

The effect of aggregate breakup on the steady-state 
PSD increases with the degree of shear intensity and 
decreases with the magnitude of the fractal dimension, 
especially in the size range of large particles. For 
particles of D — 2.5, the PSD, with the inclusion of the 
breakage function at G = 0.5s_1, is nearly the same 
as that without accounting for the breakup process 
(Fig. 5a). As the shear rate increases to 5 s ~ \ the size 
distribution of small particles for which Brownian 
motion and shear collisions are dominant is still not 
seriously affected by particle breakage. The size dis­
tribution of large particles, however, is altered. There are 
fewer particles larger than 600 pm left in the PSD, 
apparently due to aggregate breakage, and the distribu­
tion curve becomes steeper as a result. The fragments of 
the broken aggregates accumulate in the intermediate 
size range from 60 to 600 pm, in which the PSD becomes 
flatter and the slope changes to —2.50 from the original 
—2.75 without breakage being considered.

For more fractal particles with D — 2.0, particle 
breakage by fluid shear also shows no significant effect 
on the size distribution of small particles (Table 3). 
However, the PSD of large particles is further modified. 
With an increase in the shear intensity from 0.5 to 5 s-1 , 
particles larger than 2000 pm decrease in concentration 
and their distribution changes from an approximately 
straight line to a descending curve. There is a further 
accumulation of particles in the intermediate size range 
from 100 to 2000 pm. Large fractal aggregates are 
broken up by a higher degree of fluid turbulence. More 
fragments fall into the intermediate size range, resulting 
in a rather flat slope of —1.63 (Fig. 5b).

Unlike coagulation, which transforms small particles 
into larger aggregates, breakage turns large particles 
into smaller ones. Since the settling velocity decreases 
with the size of the particle, breakage keeps the 
particulate material in suspension in the water column 
for a longer time. Larger and more fractal particle 
aggregates are more vulnerable to breakup by the shear 
of fluid turbulence than smaller and non-fractal particles
[27,28]. Breakage impedes the continuous formation of 
larger particles and prevents the trend of particle size
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Fig. 5. Effects of particle breakage on the size distributions of 
particles with fractal dimensions of (a) D = 2.5 and (b) D =  2.0 
at shear intensities of 0.5 and 5 s-1, in comparison to no 
breakage cases. The simulations are based on the curvilinear 
model without the DA assumptions.

growth. As a result, particles accumulate within a certain 
size range. This finding agrees well with the simulation 
results of Burd and Jackson [14]. The degree of particle 
accumulation depends on the balance between the two 
processes of coagulation and breakage. In general, 
however, given the low intensity of fluid shear in the 
ocean, the present simulation does not suggest an 
important role for breakage in the formation of marine 
PSD. Only at a higher degree of fluid turbulence could 
the impact of breakage become important to the size 
distribution of large particles that usually are highly 
fractal in nature [5,18,19].

As depicted by the governing equation (2), all particle 
transport and transformation processes, including coa­
gulation, breakup, sedimentation and influx, influence 
the PSD dynamics. For additional examination of the 
numerical simulation, the particle mass fluxes brought 
about by the nine individual transport cases given in 
Table 2 are plotted in Fig. 6 for a number of selected size
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Fig. 6. Particle mass transport fluxes into and out of a size 
section brought about by the nine transport cases indicated in 
Eq. (2) and Table 2 for the selected size sections under the 
simulation conditions of (a) D =  2.5 and G =  5.0s_1 and (b) 
D =  2.0 and G =  0.5 s-1. The simulations are based on the 
curvilinear model without the DA assumptions for the size 
distributions in the steady state with a constant particle influx 
of 5 x IO-10 gem-3 s-1.

sections. These transport flux terms that cause either 
gain or loss of particle mass take place all the time and 
contribute to various extents to the mass concentration 
of particles in a section. However, the sum of mass gain 
terms is always well balanced by the sum of mass loss 
terms for any PSD section in its steady state (Fig. 6). 
Thus, a stable PSD can be maintained in the system with 
constant concentrations in all size sections.

3.4. Implications o f PSD dynamics

Many field observations have shown a power-law size 
distribution of particles in the ocean (Table 1). The slope 
appears to vary only within a relatively narrow range
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mainly from —1.5 to —4.0, despite the differences in 
particle properties and the water environment. The 
present simulations demonstrated that the PSD slope is 
mainly a function of the size range and fractal dimension 
of the particles. The shape of the PSD is generally not 
regulated by the nature of the particles, the rate and 
pattern of particle input, or other physical and chemical 
factors. W ith the demonstrated generality of PSD for 
marine particles, and particularly for particles which are 
not much larger than 100 pm, the degree of variation in 
the slope observed in the field becomes an issue that has 
not been addressed. It is argued that non-steady-state 
conditions in natural waters could be the main reason 
for the deviation in PSD slopes.

Due to frequent changes in the natural conditions, 
such as rain, wind, current and fluid shear intensity, as 
well as changes in the input rate and the characteristics 
of the particles, the size distribution in the ocean may 
not stay in a consistent steady state. The PSD may 
frequently be transformed from one steady state to 
another by changes in the environmental variables. As 
the PSD moves in position, its slope also varies from 
time to time. For example, as the particle influx rate 
increases from 5 x 1CT10 to 5 x IO- 8 gem - 3 s-1 , the 
original PSD steady state will not be maintained, and 
the particle system will approach a new steady state. 
After 40,000 s of simulation, a new steady state is 
reached with a higher particle concentration. Although 
the new PSD slope in a different size range is almost 
unchanged, its position is higher than the previous one 
(Fig. 7a). During the transition from the previous steady 
state to the new steady state, the concentration of small 
particles initially increases with the higher rate of 
particle input. The concentration then increases gradu­
ally through the size distribution from the size sections 
of small particles to the sections of larger particles until 
the new steady state is reached. During this transition 
phase, the PSD slope increases in the early phase and 
then decreases, instead of remaining at the same value.

In addition, the nature of the particles, especially 
phytoplankton and other biological particles, often 
changes with time. For example, during an algal bloom, 
the cells could become stickier toward the end of the 
bloom [8,47,48]. Such a change in the property of the 
particles would result in a higher collision efficiency and 
thus faster aggregation. According to the simulation, as 
a increases from 0.01 to 1.0, the mass concentration of 
particles in the system decreases considerably when the 
new steady state is reached. The position of the size 
distribution changes, although the slopes in different size 
ranges are almost unaffected (Fig. 7b). A higher 
collision efficiency enhances particle flocculation, which 
forces small particles into larger size sections that can 
readily be removed from the water by sedimentation. 
The amount of small particles decreases continuously, 
while the amount of large particles first increases with
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Fig. 7. Transitions of particle size distributions between 
different steady states as (a) the particle influx rate increases 
from 5 x 1(T10 to 5 x 10_8gcm_3s_1 and (b) the collision 
efficiency increases from 0.01 to 1.0. The simulations are based 
on the curvilinear model without the DA assumptions for 
particles of D = 2.5. Shear breakage at G = 0.5 s-1 is included.

coagulation and then decreases through sedimentation. 
Therefore, the transition of the PSD from one steady 
state to another in natural waters may often result in 
shifting of the slope within a certain range, as observed 
in the field (Table 1).

The slope is the single most important parameter for 
characterizing the shape of the particle size distribution. 
With the generality in the steady-state PSD demon­
strated by the present simulation, the variation in the 
actual slope provides a useful insight into particle 
dynamics in marine waters. A higher value of the slope 
(a steeper slope) may be related to the rapid input of new 
particles of specific sizes, such as a phytoplankton 
bloom, additional surface runoff, or wastewater dis­
charge. A lower value of the slope (a flatter slope) may 
indicate the importance of particle coagulation in the 
system [5,9,49]. In previous field studies in the spring in
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eastern Pacific coastal waters, one in East Sound, WA, 
and the other in Monterey Bay, CA, USA, the PSD 
slopes observed in the two different sites were not 
consistent with each other. A steeper size distribution 
with an average slope of around —2.0 was determined 
for the samples in East Sound, where a phytoplankton 
(Phaeocystis pouchetii) bloom was found in its early 
stages [5]. The later development of the bloom was 
unclear owing to the limited period of the field survey. In 
Monterey Bay, the measurement showed a flatter PSD 
with an average slope of around —1.5. A relatively low 
concentration of small particles was observed, together 
with a large number of diatom floes, including marine 
snow-sized floes [5]. In this water, coagulation could be 
an important means of transforming small particles into 
larger aggregates following a likely spring bloom. The 
change in the PSD slope driven by coagulation was 
further demonstrated by a diatom bloom generated in a 
laboratory mesocosm further [2,30]. After 7 days of 
inoculation, flocculation of the diatom cells in the tank 
became increasingly important, forcing the slope to 
change from —1.77 to —1.20. These field and laboratory 
observations are in good agreement with the findings of 
the present simulation for PSD-related particle popula­
tion dynamics.

4. Conclusions

Particle influx and interactions are essential in 
determining the general shape of the particle size 
distribution in the ocean. Based on the fractal-curvi­
linear coagulation model, the particle size distribution 
dynamics in marine waters can be simulated by 
accounting for particle input, coagulation, sedimenta­
tion and breakage. A steady-state PSD can be estab­
lished after a period of simulation regardless of the 
initial conditions. There are three linear regions in the 
cumulative PSD after log-log transformation with 
different slopes corresponding to the collision mechan­
isms of Brownian motion, fluid shear and differential 
sedimentation. The PSD slope varies from —3.5 to —1.2 
as a function of the size range and the fractal dimension 
of the particles concerned. The simulation results agree 
well with many field observations in the ocean in terms 
of the generality in the shape of the steady-state PSD. 
The environmental conditions, such as the intensity of 
fluid shear, the rate and size of particle influx into the 
water, and the particle properties, such as the type and 
collision efficiency of the particles, do not seriously 
affect the PSD slope, although they may change the PSD 
position and related particle concentrations. Breakage 
has virtually no effect on the size distribution of small 
particles, while a strong shear may cause a considerable 
change in the PSD for larger and fractal particles. The 
simplified dimensional analysis approach developed by

H unt [1] and Jiang and Logan [13] still offers helpful 
approximations for the PSD slopes, although the 
previous solutions are not always consistent with the 
simulation results. A certain degree of variation in the 
PSD slope that has been observed in the field also can be 
mathematically demonstrated. It is suggested that, 
owing to the complex nature of particles and water 
environments, the size distribution could be altered by 
inconsistent particle input or non-steady-state coagula­
tion. The PSD slope would vary with time during the 
transition stage of the size distribution. An increase in 
the slope value may be caused by a greater input of 
particles that have yet coagulated, while a decrease in 
the slope may suggest a well-flocculated particle system. 
Therefore, the PSD modelling has important implica­
tions for better descriptions of the interactions and 
transport of particulate matter, including biomass and 
organic pollutants, in the ocean.
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