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Abstract

Several studies have demonstrated the effectiveness of the singular evolutive extended Kalman (SEEK) filter and its 
interpolated variant called singular evolutive interpolated Kalman (SEIK) filter in their capacity to assimilate altimetric data into 
ocean models. However, these filters remain expensive for real operational assimilation. The purpose of this paper is to develop 
degraded forms of the SEIK filter which are less costly and yet perform reasonably well. Our approach essentially consists in 
simplifying the evolution of the correction basis of the SEIK filter, which is the most expensive part of this filter. To deal with 
model instabilities, we also introduce two adaptive tuning schemes to control the correction basis evolution and adjust the 
variable forgetting factor. Our filters have been implemented in a realistic setting of the OPA model over the tropical pacific 
zone and their performance studied through twin experiments in which the observations are taken to be synthetic altimeter data 
sampled on the sea surface. The SEIK filter is used as a reference for comparison. Our new filters perform nearly as well as the 
SEIK, but can be 2 -30  times faster. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In recent years, there has been an increasing 
interest in operational data assimilation schemes in 
oceanography. The need for such schemes arises from 
the purposes of improving short and mid-term weather 
prediction, developing climate prediction or from the 
specific objectives of the navies in various countries. 
Since the event of satellites launching, considerable
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progress has been made in applying concepts and 
techniques for statistical estimation and optimal con
trol theories to the problem of oceanographical data 
assimilation (see for example Ghil and Malanotte- 
Rizzoli, 1991 for a review). The major challenge for 
the coming year is to design operational data assim
ilation schemes which can be operated in conjunction 
with realistic ocean models, with reasonable quality, 
and at acceptable cost as in meteorology.

One of the most widely used statistical assimilation 
schemes is the extended Kalman (EK) filter which is 
an extension of the common Kalman filter to non
linear models. However, brute-force implementation 
o f the EK filter in realistic ocean models is not 
possible in practice because of its prohibitive cost. To

0924-7963/02/$ - see front matter © 2002 Elsevier Science B.V. All rights reserved. 
PII: S 0 9 2 4 - 7 9 6 3 ( 0 2 ) 0 0 1 2 9 - X

mailto:Ibrahim.Hoteit@imag.fr
mailto:Dinh-Tuan.Pham@imag.fr
mailto:Jacques.Blum@imag.fr


102 I. Hoteit et al. /  Journal o f Marine Systems 36 (2002) 101-127

deal with this difficulty, different degraded forms of 
the EK filter, which basically reduce the dimension of 
the system n through some kind o f projection onto a 
low dimensional subspace, have been proposed (Cane 
et al., 1995; Dee, 1990; Evensen, 1994; Fukumori and 
Malanotte-Rizzoli, 1995; Hoang et al., 1997).

With the same aim in view, the singular evolutive 
extended Kalman (SEEK) filter has been proposed by 
Pham et al. (1997). It essentially consists in approx
imating the error covariance matrix by a singular low 
rank r  {r-'< n ) matrix which leads to making correction 
only in the directions for which the error is not 
sufficiently attenuated by the system. Such directions 
evolve in time according to the system dynamics. 
Further, Pham et al. (1998) introduces a variant called 
singular evolutive interpolated Kalman (SEIK) filter 
in which the linearization used in the SEEK filter is 
replaced by a linear interpolation as this could result 
in less error for large deviations. These two filters 
have been applied in different realistic ocean frame
works with quite satisfactory results (Brasseur et al., 
1999; Pham et al., 1997, 1998; Verrón et al., 1998). 
The SEIK filter has strong similarities to the ensemble 
Kalman (ENK) filter introduced by Evensen (1994) 
(see also Burgers et al., 1998). Such a filter have been 
tested in realistic settings (Evensen, 1994; Houte- 
kamer and Mitchell, 1998) and produces good results. 
Our filter however amounts to use, in an efficient way, 
the smallest number o f ensemble member (or inter
polating states), namely r + 1, hence possesses an 
advantage in term o f cost.

But the above filters remain expensive in real 
operational assimilation since the evolution equation 
of their correction basis requires model integration for 
each basis vector. Our aim is to reduce further their 
costs by simplifying the evolution of their correction 
basis, as it is the only way to achieve a significant 
reduction. This results in several degraded forms of 
the SEEK and SEIK filters which are much less costly 
and yet perform reasonably well. These filters gen
eralize the fixed correction basis filter o f Brasseur et 
al. (1999), derived from an empirical orthogonal 
function (EOF) analysis.

A number o f studies have revealed rapid error 
growth when model instabilities appear (Farrell, 
1989; Moore and Farrell, 1994; Trefethen et al., 
1993). Our experiments confirm this finding in that 
the performances of our filters decline mostly in the

presence o f instability. To overcome this problem, we 
introduce two adaptive tuning schemes. The first is 
based on the control o f the evolution of the correction 
basis and the second makes use o f a variable forget
ting factor.

This paper is organized as follows. The SEEK and 
SEIK filters are described in Section 2. Section 3 
introduces some new degraded forms o f the SEEK 
and SEIK filters. Section 4 discusses two approaches 
to overcome model instabilities. Finally, the perform
ance o f the new filters is illustrated in Section 5 with 
some simulation results based on a realistic setting of 
the OPA model over the tropical Pacific ocean.

2. The singular evolutive Kalman filters

We shall adopt the notation proposed by Ide et al.
(1997). Consider a physical system described by

X \ t k) = M {tk, tk^ ) X \ t k^ )  +  n {tk) (1)

where X '(t) denotes the vector representing the true 
state at time t, M(t,s) is an operator describing the 
system transition from time s to time t and i](i) is the 
system noise vector. At each time tk, one observes

Y° = HkX \ t k) +  £i (2)

where Hk is the observational operator and &k is the 
observational noise. The noises r¡(tk) and &k are 
assumed to be independent random vectors with mean 
zero and covariance matrices Qk and a2Rk, respec
tively. Often Rk is assumed to be the identity matrix 
and then <r2 represents the error covariance. The 
parameter <r2 is introduced because the observation 
error matrix may be known only up to a constant 
factor, and even if  it is known, we still prefer to 
estimate a2 from the data, for reasons explained later.

The sequential data assimilation consists in the 
estimation o f the state o f the system at each observa
tion time, using only observations up to this time. In 
the linear case, this problem has been solved by the 
well known Kalman filter. In the nonlinear case, one 
often linearizes the model around the current esti
mated state vector, which yields to the so-called 
extended Kalman (EK) filter (see for example Ghil 
and Malanotte-Rizzoli, 1991 for details).
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The SEEK filter is aimed to reduce the prohibitive 
cost o f the EK filter (in meteorology and oceanog
raphy applications), arising from to the huge number 
(n ) o f the state variables. The main idea is to view the 
error covariance matrix as singular with a low rank 
r ^ n .  This leads to a filter in which the errors 
correction is made only along certain directions paral
lel to a linear subspace of dimension r. These direc
tions are those for which error is not sufficiently 
attenuated by the system dynamic.

This filter proceeds in two stages apart from an 
initialization stage. To initialize the filter, we generate 
a long sequence o f state vectors according to our 
model and take X l(t(l) as the average o f these vectors 
and F l(/(i ) as the rank r  approximation to their sample 
covariance matrix, obtained via an EOF analysis (see 
Pham et al., 1997 for details).

2.1. Forecast stage

At time //, i an estimate X ‘\ t k , ) o f the system 
state and its corresponding error covariance matrix 
P \ t k _ i), in the factorized form G1Lk _ \U k _\iJk _ \  
where Lk _ i and Uk _ i are o f dimension n X r  and 
r  X r, respectively, are available. The model (model
(1)) is used to forecast the state as

X î {tk) = M { tk,tk^ ) X \ t k^ ) .  (3)

The forecast error covariance matrix is given by

P f {tk) = (72LkUk- \L k + Qk (4)

where

Lk =  M(í¿, tk- i ) L k- i  (5)

and Mit/,,//, _ , ) is the gradient of M{tk,tk _ i ) evaluated
d X X a(tk _ i).

2.2. Correction stage

The new observation Yk at time tk is used to 
correct the forecast according to

with Hk as the gradient o f Hk evaluated at X [(tk) and 
Uk is computed from

X \ t k) = X f (tk) + G tlY V -H tX ^ t t ) } ,

where Gk is the gain matrix given by

Gk = LkUkL¡H ¡Rk \

(6)

(7)

Uk_! +  {LlLk) - lL lQ kLk{LlLk) - x

(8)

The corresponding filter error covariance matrix is 
then equal to

P*(tk) = (j2LkUkLk . (9)

Eqs. (4) and (9) are only included for interpreting 
the results, but not needed in the algorithm. Thus the 
SEEK filter reduces drastically the computing cost 
with respect to the EK filter. Basically, it requires r  + 1 
times the cost o f the numerical integration o f the 
model (to compute the evolution o f /_/). One can also 
see from Eq. (6 ) that the correction of the forecast 
state is only done in the directions parallel to the linear 
space spanned by the columns of Lk. Therefore the 
collection o f such vectors will be called the correction 
basis of the filter.

It has been shown in Pham et al. (1997) that in the 
case o f a linear autonomous system and under the 
usual observability  condition (which is clearly 
unavoidable for any data assimilation methods), the 
SEEK filter is stable provided that the initial cova
riance error matrix P0 satisfies some “generic” con
dition and has rank at least equal to r*, where r* is the 
number o f eigenvalues o f the system matrix M (which 
is constant by assumption) of modulus not less than 1 . 
Here by generic we mean that the set o f values o f P(l 
for which the condition is not met has zero measure. 
The precise conditions for which stability holds can be 
found in Pham et al. (1997). It is shown there that 
under these conditions, the linear space spanned by 
the correction basis vectors1 converges to that 
spanned by r* eigenvectors o f largest eigenvalues 
(in modulus)2 o f M. It is then a simple matter to 
show that the filter is stable since any error in the

1 Although these basis vectors (the columns of Lk) are not 
unique, the linear space spanned by them is.

2 The proof in this paper actually is only valid in the case where 
the r*-th largest eigenvalue (in modulus) is single, but it can be 
extended to cover the case of multiple eigenvalue.
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direction parallel to the linear space spanned by the 
other eigenvectors would be attenuated by the system 
dynamic itself. O f course, in applications, the system 
is not linear, but one can hope that if  the nonlinearity 
is weak enough, the evolutive correction basis Lk still 
eventually capture most o f the errors which are not 
sufficiently attenuated by the system dynamics. Note 
that although theoretically the initial basis can be 
almost anything, in practice its choice is o f great 
importance, since (i) the ideal conditions (no system 
noise and linear dynamics) under which our argu
ments are based are not met and (ii) even if  they are 
met the convergence o f the filter could be too slow to 
be o f practical interest. We have however reasons (not 
detailed here and supported by experiments) to 
believe that the EOFs analysis provides a good choice.

The SEEK filter, as the EK filter, may produce 
instabilities, even divergence, due to strong model 
nonlinearities (see for example Evensen, 1992; Gauth
ier et al., 1993). To alleviate this problem, Pham et al.
(1998) proposed a variant o f the SEEK, called SEIK, 
in which linear interpolation is used instead o f linea
rization. The interest o f this filter is twofold: firstly it 
avoids the complex computation o f the gradient 
required by the SEEK filter. Secondly it is more 
robust with respect to model nonlinearities, since 
interpolation results in less error for large deviations 
than linearization. The novelty in this filter lies in the 
choice o f its interpolating states X\l(ik) , . . .X/'iJi) 
which are drawn randomly at every filtering step in 
such a manner as to represent the analysis state vector 
and its error covariance matrix by an ensemble o f state 
vectors, i.e.

X*(tk)
i= 1

( 10)

p \ t k) = 17¿ [ Jz = l

x y t k) - x \ t k) x y t k) - x \ t k)

( i i )

The use o f these ensemble states is very similar to 
the ENK filter o f Evensen (1994). However, here the 
drawing is constrained to satisfy Eqs. (10) and (11) 
and further the smallest possible number of interpolat
ing states, equal to r+  1, is used.

The SEIK filter proceeds in three stages apart from 
the initialization stage which is identical to that in the 
SEEK filter.

2.2.1. Drawing interpolating states: or “second order 
exact sampling ”

At time //, i, an analysis state X \ t k _ , ) and its 
corresponding error covariance matrix P \ t k _ i), in 
the factorized form a2Lk _ , Uk , Ok ,, are available. 
The Cholesky decomposition of Uk l \  to Ck i Ck i 
is performed which enables to write

P  (tk-1) =  & Lk- i(C k_i) Qk_xQk- \C k_xLk_ x ( 12)

where Qk is any (r+  1) X r  matrix with orthonormal 
columns and zero column sums. This matrix will be 
drawn randomly using the procedure described in 
Appendix A. Then one can take as interpolating states

^ ( í t - 0  = I S( i n )

+  crV T+TTi-i {Qk-\,iC k\ Ÿ , (13)

for 1 <  i < r+  1, where Qk i ¡ denotes the /th row of 
Qk ,. Note that formulas (12) and (13) ensures that 
the sample covariance matrix of the state is precisely
P \ t k -  i)-

2.2.2. Forecasting
One applies the model to bring the interpolating 

states X f{tk _ i) to Xf{t¿). The state forecast A%fc) will 
be taken as the average o f the X f(tk). The prediction 
error covariance matrix is approximated by

1 r+1 r
p f (^ = — Y E  [ x K t Z - x / t , )

7=1

X¡{tk) —X ( t k) + Q k. (14)

For later use, this matrix will be represented as

P f {tk) = Lk [{r+  1 )T TT ]-lL l  + Qk, (15)

with a correction basis

Lk = [X{{tk) - X \ t k)  ■ X f ( t k) - X \ t k)]T

= [X l/k ) ' ' X f ( t k)\T  (16)

where F  is a ( r + l ) X r  full rank matrix with zero 
column sums. This property o f T  implies the second
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equality in Eq. (16) and ensures that Eq. (15) is indeed 
the same as Eq. (14). The last assertion can be shown 
by noticing that any row vector v with components 
summing to 0 , such as a row o f the matrix in the right 
hand side of Eq. (16), can be expressed in the basis 
formed by the rows o f TJ as v = vT(TtT) 
convenient choice o f T  is the matrix

1r T. a

/ i  o\

0  1

\ o  ••• 0 /

/ I  ••• 1 \

r  +  1
(17)

\ 1  ••• 1 /

2.2.3. Correction
As in the SEEK filter, the correction o f the forecast 

state is done according to the formulas (6 ) - ( 8 ) ex
cept that the matrices HkLk and U/; _ i are replaced by 
(HL)k=[HkX{(tky ■ ■ H X . i ih W  and[cr2( r+  l ) r T7]_1, 
respectively.

2.2.3.1. Observation error estimation. Theoretically, 
the variance <r2 in Eq. (12) and especially in Eq. (13) 
should be the same as the factor <r2 in the observation 
error <72Rk. However, using this parameter when it is 
known is not recommended since this would generally 
leads to under estimating the filter error (especially 
when the observation error is small). A detailed 
explanation can be found in Pham (2001). It is better 
to estimate a2 from the data as follows. In the case 
where Rk~ I,]- the identity matrix, we estimate a2 at 
time tk by the quantity ef !n% where ef and nk are 
updated recursively according to

4  = p 4 - i +  \\Y°k - H kX \ t k^ ) \

n°k = pn l_1 +  {dimension o f Yk — r}

(18)

(19)

where p is a forgetting factor (see Section 4.2). In our 
case, r  is much smaller than the dimension o f >7° so 
we can drop it. (Also our procedure is only intend to 
be used in the case where this dimension is much

larger than r.) This estimator actually estimates the 
spatial average o f the squared prediction errors and its 
use in Eq. (12) would somewhat over-estimate the 
filter error covariance matrix. But we feei that it is 
better to over estimate rather than under estimate this 
matrix.

As the SEIK filter operates along the same princi
ple as the SEEK filter, it possesses the same property 
for weekly nonlinear systems (in fact they coincide if  
the system is linear). It seems however that the SEIK 
filter is more robust with regard to strong nonlinear
ities than the SEEK filter.

3. Reduction of the cost of the SEIK filter

Our aim is to reduce the cost o f the SEEK and 
SEIK filters. We will, however, consider only the 
SEIK filter since it is similar to the SEEK filter, and 
seems to perform better (in our experiments). Thus, 
we will propose several degraded forms o f the SEIK 
filter, which are less costly and yet perform reason
ably well. Our approach consists essentially in sim
plifying the way the correction basis o f the SEIK filter 
evolves which is the most expensive part of the filter.

3.1. The singular fixed  extended Kalman (SFEK) filter

M otivated by the fact that m ost o f  the error 
estimation in numerical experiments in Pham et al. 
(1997) was reduced immediately after the first cor
rection, i.e. while the evolution o f the EOF basis was 
not yet effective, Brasseur et al. (1999) proposed to 
keep the initial correction basis o f the SEEK filter 
fixed in time. This can be justified by the fact that the 
state o f the ocean evolves very slowly. Therefore, one 
can suppose that the transition operator o f the ocean 
model is almost equal to identity and then write

(20)

Under this approximation, the correction basis of 
the SEEK filter, according to Eq. (5), will always 
remain constant equal to the initial EOF basis L0. This 
filter, called singular fixed extended Kalman (SFEK), 
operates in two stages exactly as for the SEEK but
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without the evolution equation o f the correction basis 
(Eq. (5)). It is thus almost r+  1 times faster than the 
SEEK filter.

The SFEK filter highly depends on the representa
tiveness o f the EOF correction basis. It yields good 
results when this basis represents sufficiently well the 
model variability. Its appeal is its very low cost, thus 
providing a cheap way to test the relevance of the 
EOF basis. Actually, we find it useful to experiment 
with the SFEK filter to gain insight on the correction 
basis dimension r  and the forgetting factor (see 
Section 4.2) to be used in the SEIK filter and its 
variants.

3.2. The singular intermittently evolutive interpolated 
Kalman (SIEIK) filter

Another approach to simplify the evolution o f the 
correction basis o f the SEIK filter is to use the 
convergence property o f the error covariance matrix 
of the filtered state. It is well known that when the 
model model is linear and autonomous, this matrix, in 
the Kalman filter converges in time to a fixed matrix. 
Thus in the nonlinear but nearly linear (and still 
autonomous) case, one can expect that it tends quickly 
towards a semi-fixed mode in which it will evolve 
slowly. We therefore propose, after an initialization 
period with the SEIK filter, to let the correction basis 
evolve intermittently according to two modes:

•  Fixed mode: Keep the matrices L/, Uk and (HL)k 
fixed. The drawing o f the interpolating states is no 
longer performed. Forecast and correction steps are 
done as for the SFEK filter.

•  Catch up mode: After a certain time in the fixed 
mode, the matrices Lfo Uk and (HL)k will need to be 
updated. We start up again the SEIK filter to bring 
back these matrices to the semi-fixed mode. More 
precisely, we let Lk evolve as in the SEIK filter 
starting with its previous (fix) value and update Uk 
accordingly. This catch up mode actually can be very 
short (in our experiments, 1 day, that is 1 time step, 
can be enough).

This filter, called SIEIK, can be as stable as the 
SEIK filter but much less costly. For example, if  one 
evolves the correction basis once every K  filtering

steps, one can easily see that the cost of the SIEIK 
filter is about K  times less than the SEIK filter.

3.3. The singular semi-evolutive interpolated Kalman 
(SSETK) filter

The main idea of this filter is to let only a few 
correction basis vectors evolve and keep the other 
fixed. The basis vectors, which do not evolve, are 
taken to be those which contribute the least to the 
error filter representation, as this would minimize the 
effect of keeping them fixed.

To construct this filter we start by representing the 
analysis error covariance P \ t k _ i) = a2Lk - \  Uk _ \  
Lk - i as

P fitk - ,)  = a2Lk- \  {Ck\ Y © © TCk\ L l _ x (21)

where Ck _ i is the Cholesky decomposition of 
Uk 1, and 0  is an arbitrary orthogonal matrix. This 
shows that there is a whole set o f equivalent repre
sentations

P \ t k- 1) =  G2~Lk- XL l_ x (2 2 )

with the correction basis

Lk-1 = L k- 1(Ck\ ) T0 .  (23)

The idea is to exploit this degree of freedom to our 
advantage. One can split the representation (21) as

P fitk - ,)  = a2i y xL f_ x + a2i y j y x (24)

where /'/" , and / '/ ' , contain the first r0 and the 
last rx=r — r0 columns of Lk _ x, respectively. Since 
Eq. (24) holds for any orthogonal matrix 0 ,  one 
can choose 0  such that the columns o f /'/ i are 
orthogonal and ranked according to their norm in 
increasing order (relative to some metric J i  in the state 
space, see Section 5.2.2). In this way, the matrix Lk _ , 
will contribute the most to the filter error representa
tion. Such a matrix 0  can be easily constructed as 
the matrix whose columns are the eigenvectors of 
C i \ i l  \J iL k \Ci \  ranked according to their 
eigenvalue in increasing order (for simplicity the nota
tion J i  denotes both a metric in the state space and the 
corresponding positive definite matrix).

From the above considerations, we will let only the 
matrix L[' , evolve (in the same way as in the SEIK
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filter) while keeping the matrix L[' \ fixed in time. 
Specifically, we construct the interpolating states 
X i i h - i  + i {tk _ i) with mean X a(tk _ 1) and
covariance matrix a2LkX \ Lk' l  \ and let Lk _ i be the 
matrix [Lk°_ h[Xf(tk _ i> • -X* + i( tk _ i) ]r]  where T is 
as in Eq. (17) with r, instead o f r. With this cons
truction, we can write

3.4. Doubling the basis o f  the SEIK filter

Consider a physical system described by the differ
ential equation

(29)

Id 0

0 a2y  +  1 )T t T

(25)

Then in the forecast stage, we compute the 
interpolating states X f(tk) by applying the model on 
x \ t k _ i) and approximate the forecast error cova
riance matrix by

which is quasi-autonomous in the sense that the 
gradient o f F  with respect to its first argument is 
independent o f time (the second argument). Let F( ) 
denote this gradient and M(tk+ \ ,tk) be the transition 
operator from time tk to tk+ ,, associated with the 
system (29).

Recall that in the SEEK filter, the /th column Lk i of 
the correction basis Lk evolves according to the 
equation

p / e ) = ¿ L y J i y  +  — t t X !  K f & ) -  & )] z*+1>i =  M (ii+ 1  ’ ^V"-t -i— i Jn  + 1

X \Xl(tk) - X f (tk)]T +  Qk.

Again, the above matrix can be rewritten as

-l

(30)

(26)

P / h )  = G2Lk
Id 0

o cr2(n  +  i ) r Tr
L l + Qt

(27)

where X f(tk) = M(th tk _ l)X?(tk _ l) for i=  I , . .  ,,rl + I, 
Atk) is the average o f the X f(tk) and Lk=[Lk0_ i ,
[x\(tk) ■ ■ A i f w i

This representation is the same as Eq. (4) in the 
SEEK filter but with Uk _ i replaced by the matrix

Id 0

0 G2(n  + l )T J T
(28)

Therefore, one may apply the same correction step 
as in the SEEK filter to get Uk and hence P \ t k).

The cost o f the SSEIK filter is about f i  + l)/(r + I) 
times the cost o f the SEIK filter. Since the value of 
can be often taken equal to I or 2 , this filter is much 
less expensive than the SEIK filter.

where M (tk+ i,tk) is the gradient o f M(tk+ i,tk) eval
uated at X ‘l(lk). Therefore, the vector function v(t) — 
M (t,tk)Lk i is a solution o f the differential system

' dv /d t =  F (X a(t))v(t) 

v(tk) = Lk¡i 

Let vh(t) = v(t + h), we have

d(vA -  v )/h  _  F { X \ t  +  A)) -  F(Xa(t))

(31)

At Vh(t)

vh(t) -  v(t)
(32)

If  the model is linear, then F is constant so that the 
first term in the right hand side o f the above equation 
vanishes. If  the model is nonlinear but close to linear, 
one may still neglect this term. Thus the limit v of 
(vh — v)/h as h tends to zero verifies

dv
At

;F { X \ t k))y. (33)
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Since, by construction, v(//) and \ ( tk 1) are no 
other than F( X \ t k))LKi and F\ x \ t k + i))Lk+ M respec
tively, the above equation is equivalent to

¥ { X \ t k+x))Lk+hi^ M { t k+xtk) ¥ { X \ t k))Lkii. (34)

One recognizes in the last formula the evolution 
equation of the correction basis vectors (Eq. (30)), 
with F ( X \ t k))Lk¿ in place o f  Lk>i. Therefore, if  
F ( X y y L b i  was a basis correction vector at time tk 
then F( X a(tk+ i))Lk+ is too at time tk +\.  This 
remark enables us to “double” the dimension o f the 
correction basis o f the SEEK filter without really 
increasing the computation cost. Indeed, if  one initi
alizes the correction basis by

¿ 0  =  [ ¿ 0 ,1 ' • ' ¿ o , r  ; F ( X a ( í o ) ) ¿ o , r  • ' F ( X a ( t o ) ) ¿ o , r ] ,

(35)

then from the evolution equation (Eq. (5)) o f the 
correction basis and using Eq. (34) repeatedly, the 
correction basis at time tk is approximately

Lk = [Lktr  • 'Lkr : ¥ { X \ t k))Lkp •F { X \ t k))Lky \ .

(36)

Thus, to compute the new correction basis Lk at 
time // , one needs only to compute its first r  columns 
and then deduce the last r  columns via the pre-multi
plication o f the first ones by the matrix V(X‘l(lk)).

•  On numerical computation’. Often F can be 
deduced analytically from the system equations. In 
this case, one can compute the Lk r by solving Eq. (31) 
directly so that one gets both Lk+1>; and F ( X \ t k))Lk>i. 
More generally Lk+ 1>; would be computed through 
an integration scheme involving the intermediate 
values M(tk + hv,tk)Lk i, v = 1,.. ,,p, h=(tk+ 1 -  tk)/p (p  
being the number o f time steps between two observa
tions), then one may approximate F (X a(tk))Lki by 
[M(tk + h,tk)Lk¿ — Lky h .  Thus no extra calculation is 
required.

As we are more interested in the SEIK than the 
SEEK filter, we shall now develop the procedure for

doubling the correction basis o f the former. Recall that 
the correction basis o f the SEIK filter is given in Eq. 
(16). Thus, based on the above considerations, we 
propose to double this basis to

i k = [[X¡(tk)  ■ ’X f ( t k)}T : [X¡(tky ■ X f  (tk)}T]

(37)

where X f(tk)^F (X f(tk),tk). Assume that the analysis 
error covariance matrix P \ t k) can be represented in 
term o f the above basis as P \ t k) = a2LkÜkL l  where Ük 
is some 2r  X 2r  positive definite matrix, we can bring 
it to a form similar to Eq. (12) as follows. As we 
usually work with the inverse o f Ük instead o f Ük, we 
factorize the upper left r  X r  block o f Cjk 1 into 
CkCk and put

u k l =

T y Q k_ ,c ky ) 0

0  T \ Q k^ C kJ )

{Qk- XCk\ f T  0

u z

0 {Qk- XC j f T

(38)

where Qk and T  are as in the SEIK filter (that is they 
both have zero columns sum and Qk is random with 
orthonormal columns while T  is fixed and needs only 
to be o f full rank). Thus by construction, the upper left 
r  X r  block o f Ük 1 is Tt T. Inverting the above 
equality, we can express Ük in term of Uk, which 
yields the representation P^itZ) = a2LkÜkLk where

¿ i  — ¿ i
(Qk- \ C z \ ) J T

0

0
(39)

If the matrix Ük l is block diagonal, the upper left 
r  X r  block o f Ük would be (Tt T)~  \  For simplicity, 
we shall proceed as it is the case (even if  it is not) and 
take (7:| 7) 1 as an approximation to the upper left
r  X r  block o f Uk. Further, we shall neglect other 
blocks which leads to the representation P^iF) ~  
a2Lk(QkC p 1)TT(TTr ) - 1TTQkC p 1LkT. But since the 
rows o f Qk has components summing to zero and thus 
can be expressed in the basis formed by the rows o f T, 
we have Qk = T ( f I T ) ~ 1T I Qk so that the factor
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T(T' T) ' I a in the above representation can be drop
ped. By analogy with Eq. (12), this suggests construct
ing the interpolating state X f (tk) , . .., A/ 1 , (tk) as in 
the SEIK filter, that is by the formula (13) with Lk now 
being the matrix formed by the first r  columns of Lk.

The above considerations only serve to motivate 
our construction o f the interpolating states X ‘l(tk). We 
will not actually use the above approximation to 
P a(tk). Instead we derive a much more accurate 
approximation which is exact when the model is 
linear. We begin by looking for an approximation to 
Lk and since its first r  columns are no other than those 
o f [Xf(tk) . . .  X a+ i (tk)]T, we need only to consider its 
last r  columns, which are those o f [Xf(tk) . . X f + \ (tk)\ 
T(QkCk 1)t 71 Observe that X a(t/¡) equals X a(tk) plus 
the rth column o f [X{(tk) . . X rf+ i (tk)\T(QkCk :)T and 
is thus a linear combinations o f X\(ik).. ■ --Xi \ (i/i 
with coefficients summing to 1, since the same is true 
for X \ t k), as will be seen below, and each column of T  
has its elements summing to 0. Thus by approximat
ing the function F(-,tk) by its linear interpolation based 
on X{(tk) , . .., X y  i(tk), one can write F (X a(tk),tk) as 
linear combinations o f F(Xf(tk),tk) , . . .,-F(Xrf+ i (tk),tk) 
with the same coefficients. Therefore, letting X a(tk) — 
F (X t(tk),tk) and noting that F(Xf(tk),tk) =Xf(tk), we get

[xyty ■ -xyyk)] = F{x\tk),tk)
+ [X{{tk)  ■ - x f i h ) ]

X T{QkC j f  (40)

Finally, we get the approximation

Lk = [[xyty ■ ■x y y k)]T \ x y tky ■ -xyyk)]T\
(41)

and
The above representation has the same form as in 

the SEIK filer, therefore we can proceed in the same 
way. More precisely, the algorithm operates as follows.

(0) Initialization: As in the SEEK filter, one starts 
at the initial time t0 from an analysis state X n(t(l) and a 
low rank approximation F l l ,  ) of the error covariance 
matrix. The first r+ 1  interpolating states X a(to) is 
drawn as usual by Eq. (13). The number of interpolat

ing states is next doubled by considering the new r + 1  
interpolating states X ‘l(t(l) -  l''(X‘l(lu),lu). One can then 
consider as initial correction basis the matrix Ltr  
\ \ m 0) ■ ■ -X y  y y i T -  [Xîfo) • • -Xa+ i(*o)]T]. The fust 
correction can then be done as in the SEIK filter.

(1) Drawing interpolating states’. At time tk, one 
should have an analysis vector X ‘l(lk) with an error 
covariance matrix F'(/k) = LkÜkL j  with Lk of the form 
(37). Further X n(tk) is a linear combination o f the 
X,f(tk) with coefficient summing to 1. One factories 
the upper left r  X r  block o f 0/. 1 into CkCk, then 
draws the interpolating states X f( tk) , . . X a+ 1(4 ) 
according to Eq. (13), as in the SEIK filter but with 
the above Ck and with Lk the matrix formed by the 
first r  columns o f Lk. Finally, one computes Ük 1 by 
Eq. (38) and Lk by Eq. (41).

(2) Forecasting’. One applies the model operator to 
bring the X a(ik) to X,f(tk+1), then takes the average of 
the latter as forecast state X \ t k). Then one constructs 
the new correction basis Lk i by Eq. (37) with k+  1 in 
place o f k. The forecast error covariance matrix may 
be obtained by P \ tk+ i)= L k+1 ÜkL j+ x + Qk+ u but it 
is not needed.

(3) Correction’. One computes ()/ similarly as in 
the SEIK filter, that is by the right hand side o f Eq. 
(8 ), with k — 1 replaced by k  and then Uk replaced by 
Uk and Lk+i replaced by Lk+Ï but Hk + 1LÆ+1 is 
replaced by (HL)k + \ as defined in the SEIK filter. The 
forecast is then corrected in the usual ways via 
formulas (6) and (7), again with the above replace
ments. As the columns o f Lk+ ,, hence those o f Gk+ \ 
are linear combinations o f X\{tk+ i ) , . . .y l+  \(tk+ i) 
with coefficients summing to 0, X \ t k+1) is indeed 
also a linear combination o f these vectors, with 
coefficients summing to 1, as required.

•  Numerical computation o f  X /tf} :  One can use 
the time differencing Euler scheme of the system (29) 
to compute

F (X [(tk), tk) =  1  [M(tk + 5, tk)X¡{tk) -  X¡{tk)],

(42)

where <5 is the time step o f the numerical model.



110 I. Hoteit et al. /  Journal o f Marine Systems 36 (2002) 101-127

4. Tracking model instabilities

A large number o f studies have made clear that 
rapid error growth in periods o f baroclinie and baro- 
tropic instability is nonmodal (Farrell, 1989; Moore 
and Farrell, 1994; Trefethen et al., 1993). Cohn and 
Tolding (1996) noted that all their degraded EK filters 
failed to capture the instability, and generally diverge. 
The degraded forms o f the SEIK filter presented in 
Section 3 cannot be an exception to this observation 
since the assumptions on which we have constructed 
them are no longer justified in unstable periods. To 
overcome this problem, we introduce two adaptive 
tuning schemes: the first controls the correction basis 
evolution and the second makes use of a variable 
forgetting factor.

4.1. Adaptive tuning o f  the correction basis evolution

In our experiments we noticed that the SEIK filter 
is more or less well-behaved in the presence o f 
instability. This motivates us to let the correction basis 
evolve as in a degraded SEIK filter when the model is 
stable and as in the SEIK filter when the model is 
unstable.

To detect the periods o f model instability, one can 
track the filter’s state by computing an instantaneous 
average and a long term average o f the prediction 
error variance, denoted by sk and lk, respectively. If 
csk < lk (c is a tuning constant), one may assume that 
steady conditions have been achieved and consider 
that the model is in a stable period (we would expect 
that sk is close to lk and if  it is much less than lk, we 
attribute this to chance). In this case, we let the 
correction basis evolve according to a degraded SEIK 
filter. If esk > lk, this is an indication that the correction 
basis is not able to capture all the unstable modes of 
the dynamics and this is often associated with the fact 
that the model is in a period o f rapid change or 
possesses too many unstable modes. Thus, it is then 
better to use the full SEIK evolution equation for the 
correction basis (in any case as the filter performance 
decreases, it is reason enough to switch to a better but 
more costly filter). The value o f c is normally 1 but 
can be chosen slightly different than 1 to facilitate or 
to hinder somewhat the switch, this choice could be 
determined by experiments on a case by case basis. 
(Note that sk and lk are only estimates o f the short and

long term prediction errors variances, so that s¿>lk 
does not mean that their true values are in this order.)

The estimates o f sk and lk are computed recursively 
as follows

Sk o s j t - 1  +  ( ! — « )  I I  Y° -  HkX f (tk) I

h  = ß h - 1 + 0 - ß)  I I  Y0k- H kx f {tk)\

(43)

(44)

where a and ß  are constants chosen such that /] < 1 and
ot<ß.

4.2. Adaptive tuning o f  the forgetting factor

There are three reasons behind the use o f the 
forgetting factor in the SEIK (and the SEEK) filter. 
Firstly, it limits the effective filter memory length by 
discarding old data. This will attenuate the error 
propagation and enable the SEIK filter to follow 
system changes. Secondly, it sets up the gain matrix 
to avoid the “blow up” phenomena (see Astrom and 
Wittenmark, 1995). Thirdly, it does not require any 
extra cost for its implementation: the filter equations 
remain unchanged except for the emergence o f the 
forgetting factor p in the time propagation error 
covariance equation (see Pham et al., 1998). Specif
ically, the updating equation for Uk now changes to

[pcr2(r +  i ) r Tr ]~ 1 

+ (LjLkyJkQkLkiLlLk)-1

+ m ) l R k \ H L ) k - (45)

With p — 1, all data have the same weight, but with 
P< 1, recent data are exponentially more weighted 
than old data.

However, the use o f a too small forgetting factor 
when the system evolution is stable would degraded 
the filter performance especially when there is little 
information in the measurements. To maximize the 
benefit o f the forgetting factor, we propose to use a 
variable one (Sorenson and Sacks, 1971): such factor 
should be close to 1 when the model is stable and 
much less then 1 when the model is unstable. Indeed, 
old data should be forgotten more in the last case to 
adapt the filter to the new model’s mode. Therefore,
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we will give the forgetting factor the value p f  or p f 
according to the relative magnitudes of the instanta
neous and long-term prediction errors sk and lk, i.e.

p f < l  if  csk < l k,

pf <  p f if  csk>lk .

Here, sk and lk are the same estimates for the short 
and the long term average prediction error variances, 
defined in Section 4.1, and c is again a tuning constant 
similar to the one used in this section (but need not be 
exactly the same). In this way, the adaptive scheme and 
the one in Section 4.1 can be implemented simulta
neously. The goal o f the present adaptive scheme is to 
choose p to optimize the filter performance. The long 
term estimated prediction error variance would be, by 
design, related to the average effect o f this parameter. If 
our adaptive scheme is successful, this variance would 
be nearly optimal, that is, it cannot be significantly 
reduced. However, the short term estimated prediction 
error variance would be related to the current value of p 
and could rise significantly if  the system enters a 
period of quick changes (instability). Thus it makes 
sense to reduce then the value o f p to make the filtered 
state depending more on the observation and less on 
the model equation.

A different approach proposed in Dee and da Silva
(1999) is to consider p as a unknown parameter o f the 
forecast error covariance matrix, then estimate it adap
tively (on-line) by the maximum likelihood method. 
Mitchell and Houtekamer (2000) follow a similar 
approach but parameterize directly the model error 
covariance matrix (which is more natural) in the 
context o f the ENK filter. However, this can be much 
more costly than our simple adjustment o f the forget
ting factor.

5. Application to altimetric data assimilation in the 
OPA model of the tropical Pacific

In order to evaluate the performance o f the degraded 
SEIK filters, we have implemented them in a realistic 
setting o f the OPA model in the tropical Pacific ocean, 
under the assumption of a perfect model (Q k = 0). The 
assimilation is based on the pseudo-observations, 
which are extracted from twin experiments. The SEIK

filter is used as a reference to compare the performance 
of these new filters. The configuration and the charac
teristics o f the model used in our experiments are 
presented in the next section.

5.1. OPA model in tropical pacific

In this section, we briefly present the model basics 
and a description of our configuration.

5.1.1. Model description
The OPA model (OPA for Océan PArallélisé) is a 

primitive equation ocean general circulation model 
which has been developed at the LODYC laboratory 
(Laboratoire d ’Océanographie DYnamique et de Cli
matologie) to study large scale ocean circulation. It 
solves the N av ie r-Stokes equations which express the 
momentum balance, the hydrostatic equilibrium, the 
incompressibility, the heat and salt balance and a 
nonlinear realistic equation o f state plus the rigid lid 
assumption and some hypothesis made from scale 
considerations. The system equations are written in 
curvilinear z-coordinates and discretized using the 
centered second order finite difference approximation 
on a three dimension generalized “C-grid Arakawa” . 
In this scheme, the scalar variables are computed in 
the center of the cells and the vector variable in the 
center o f cell faces (see Arakawa, 1972 for details). 
Time stepping is achieved by two time differencing 
schemes: a basic leap-frog scheme associated to an 
Asselin filter for the non-diffusive processes and a 
forward scheme for diffusive terms. The sub-grid 
scale physics is a tracer diffusive operator o f second 
order on the vertical, the eddy coefficients being 
computed from a turbulent closure model (see Blanke 
and Delecluse, 1993). On the lateral, diffusive and 
viscous operators can be either o f second or o f fourth 
order. The reader is referred to the OPA reference 
manual (Madec et al., 1997) for more details.

5.1.2. Model configuration
The model domain covers the entire tropical 

Pacific basin extending from 120°E to 70°W  and 
from 33°S to 33°N and the level depth varies from 0 
at the sea surface to 4000 m. The number o f horizontal 
grid points is 171 X 59 on 25 vertical levels. The 
model equations are solved on an isotropic horizontal 
grid with a zonal resolution I o and a meridional
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resolution maximal at the equator (0.5°) and goes 
down to 2° to the north and south boundaries. The 
vertical resolution is approximately 10 m from the sea 
surface to 120  m depth then decreases to 100 0  m at 
the sea bottom. The time step is 1 h.

The bathymetry is relatively coarse. It was obtained 
from Levitus data’s mask (Levitus, 1982). The forcing 
fields are interpolated from the ECMWF (European 
center for medium-range weather forecasts) reanalysis 
with monthly variability. It is composed o f wind 
stress, heat and fresh water fluxes. Zero fluxes o f heat 
and salt and non-slip conditions are applied at solid 
boundaries.

A second order horizontal friction and diffusion 
scheme for momentum and tracers is chosen with a 
coefficient of 2000 m2/s in the strip 10°N -10°S  and 
increase up to 1 0 0 0 0  m2/s at the north and south 
basins boundaries. The static instabilities are resolved 
in the turbulent closure scheme.

The model starts from rest (i.e. with zero velocity 
field). The salinity and the temperature stem from 
seasonal climatologie Levitus data (Levitus, 1982).

5.2. Experiments design

5.2.1. The state vector
The state vector is the set o f prognostic model 

variables that must be initialized independently. Since 
the prognostic variables o f the OPA model are the 
zonal U  and meridional V velocities, the salinity S  and 
the temperature T, one should consider the state 
vector

X ' = ( U ,V ,S ,T ) t . (46)

However, the observed variable, which is the sea 
surface height SSH, is a diagnostic variable computed 
from the barotropic velocity by a complex nonlinear 
algebraic equation. Thus, the observation operator II. 
which relates this state vector to the observed variable, 
will be nonlinear and very difficult to compute. To 
avoid these difficulties, we will adopt a pseudo-state 
vector in our experiments which contains the true state 
vector augmented by the SSH, namely

A* =  (17, E ,5 ,r ,S S H )T. (47)

In this case, II will always be linear o f the form 
[0 : I,,]. O f course, the dimension o f the state vector

will increase but the increase is insignificant since 
the SSH is computed only on the sea surface. More 
precisely, the number o f state variables is now 4 X 
171 X 59 X 25 + 171 X 59= 1018989 instead o f 4 X 
171 X 59 X 25 = 1008 900.

5.2.2. Filters initialization
Following the strategy explained in Pham et al. 

(1997), the choice of the initial state estimator flow 
field and the corresponding error covariance matrix is 
made through a simulation o f the model itself. Note 
that this is only done once, and the results can be used 
to initialize all our degraded SEIK filters. In the 
present study, the data for the assimilation experi
ments is again simulated but in an unrelated way with 
the above simulation.

Thus, in a first experiment, the model has been spun 
up for 7 years from 1980 to 1986 with the aim to reach 
a statistically steady state o f me so scale turbulence. 
Next, another integration of 4 years is carried out from 
1987 to 1990 to generate a historical sequence / / s of 
model realization. A sequence o f 480 state vectors was 
retained by storing one state vector every 3 days to 
reduce the calculation since successive states are quite 
similar. Because the state variables in Eq. (47) are not 
of the same nature, we shall in fact apply a multivariate 
EOF analysis. We define a metric J i  in the state space 
to make the distance between state vectors independ
ent from unit o f  measure. We choose J i  as the 
diagonal matrix with diagonal elements being the 
inverse o f the spatial variances o f each state variables, 
namely U, V, S, T  and SSH, average over the grid 
points. The initial error covariance matrix I*'(/(, ) is then 
estimated via an EOF analysis on the sample / / s (Pham 
et al., 1997).

Fig. 1 plots the number of EOFs and the percentage 
o f variability (or inertia) contained in the sample / / s 
they explain. From this result, we have chosen to 
retain r  = 30 EOFs in all assimilation experiments, as 
this achieve 85% o f the inertia of the sample and this 
percentage is not much increased for higher value o f r.

5.2.3. Data and filters validation
Twin experiments are used to assess the perform

ances and the capabilities o f our filters. A reference 
experiment is performed and the reference A* saved to 
be later compared with the fields produced during the 
assimilation experiments. More precisely, a sequence
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Fig. 1. Percentage of inertia versus the number of retained EOFs.

of 250 state vectors was retained every 24 h during the 
period of March 1, 1991 to November 10, 1991.

The assimilation experiments are performed using 
the pseudo-measurements which are extracted from 
the reference experiment. The SSH are assumed to be 
observed at every grid points of the model surface 
with a nominal accuracy of 3 cm. The observation 
error is simulated by adding randomly generated 
Gaussian noise to the synthetic observations of SSH. 
Note that in the assimilation interval, a period of very 
strong model instability occurs between July and 
September (see Fig. 2).

Finally, the performance of all our filters is eval
uated by comparing the relative root mean square 
(RRMS) error for each state variable, in each layer or 
in the whole domain. The RRMS is defined as

™ s w . J 3 ! h £ W ! ,  (48)
| | j n < t ) — r | |

where X a is the analysis state obtained by the filter, X  
is the mean state of the sample H s and || • || denotes 
the Euclidean norm. Note that the error is relative to 
the free-run error since the denominator represents the 
error when there is no observation and the analysis 
vector is simply taken as the mean state vector.

5.3. Results o f  assimilation experiments

We first present the results of the SEIK filter and 
compare them to those of the SEEK filter. Next, we

implement the degraded SEIK filters to study their 
performances with respect to the SEIK filter. Finally, 
we investigate the effect of our two adaptive tuning 
schemes presented in Section 4 on the performance of 
our filters.

5.3.1. SEIK and SEEK filters
The SEIK filter has been implemented with a fixed 

forgetting factor equal to p = 0.8. It can be seen in 
Figs. 3 -5  that it performs very well both in the upper 
layers and in the lower layers. Although its perform
ance appears to degrade somewhat in the presence of 
instability, the filter behaves satisfactorily during this 
period. It may appear that the meridional velocity V is 
not sufficiently well assimilated because the assim
ilation error is only reduced to almost a half. How
ever, since the velocity field of the tropical Pacific 
Ocean is essentially zonal, the meridional velocity 
fields are generally well approached by the average 
meridional velocity. This means that the free run error 
is already low and therefore it would be hard to reduce 
it much further.

We have presented the results of our experiments 
for the SEIK filter in both the upper and lower layers 
for completeness. But we have noticed that, for our 
new filters, the difference between their RRMS and 
that of the SEIK filter computed in all the layers are 
quite similar to that computed on each layer. There-
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Fig. 2. Relative variation of the state vector in the assimilation 
period.
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Fig. 3. Evolution in time of the RRMS for the SEIK filter on the whole model domain, on the (mean of 5) upper and the (mean of 5) lower 
layers.
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Fig. 4. Maps of ocean velocity on September 1st 90 in the uppermost (left) and the 17th (right) layers: from the SEIK filter (top); from the
reference (middle); and from the SEEK filter (bottom).



116 I. H oteit et al. /  Journal o f  M arine Systems 36 (2002) 101-127

Fig. 5. Maps of sea salinity on September 1st 90 in the uppermost (left) and the 17th (right) layers: from the SEIK filter (top); from the reference
(middle); and from the SEEK filter (bottom).
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fore, in the sequel we will only present results in all 
layers, to save space.

We have also conducted a preliminary experiment 
with the SEEK filter, which confirms the advantage of 
the interpolation in the SEIK filter over the lineariza
tion used in the SEEK filter. Fig. 6 plots the assim
ilation results o f these two filters using the same setup 
as before. Clearly, the SEIK filter performs better, 
particularly with regard to the velocity components U  
and V. in the unstable period. The SEIK filter thus 
seems to be more robust than the SEEK filter, in the 
sense that it can support more deviation from linearity 
without being broken. Therefore in the sequel we will 
be interested only in the variants o f the SEIK filter and 
shall evaluate their performance against this filter.

5.3.2. Degraded SEIK fdters
In order to study the numerical performance o f the 

degraded SEIK filters with respect to the SEIK filter, 
we have implemented them under the same previous 
setup. For the SSEIK filter, only one vector out o f 30 of 
the correction basis evolves. For the SIEIK filter, the 
whole basis o f 30 vectors was to evolve once every two 
filtering steps after an initialization period o f 10 steps 
(using the SEIK filter). Concerning the SDEIK filter, 
an evolutive basis o f 15 vectors was “doubled” as in 
Eq. (37) to yield abasis o f 30 vectors. Thus, the SFEK, 
SSEIK, SIEIK and the SDEIK filters are respectively 
about 30, 15, 2 and 2 times faster than the SEIK filter 
(Table 1 provides a summary o f the cost and perform
ance for all the filters that we have implemented in this 
section with respect to the SEIK filter). Results o f the 
experiments are plotted in Fig. 7.

The SFEK filter is relatively well-behaved in the 
stable period. Its performance degrades when model 
instability appears. This suggests that the EOF anal
ysis has failed to capture a large part o f the ocean 
variability, particularly those occurring in the unstable 
periods. Indeed the performance o f this filter depends 
highly on the representativeness o f the correction 
basis obtained from the EOF analysis.

The results o f the SIEIK filter are very encourag
ing. It seems to be reasonably well behaved in the 
unstable period thanks to the update of the correction 
basis. The good performance o f this filter seems to 
suggest the existence o f the semi-fixed mode for an 
autonomous nearly linear model. We have also 
noticed, in other experiences not presented here, that

Table 1
Summary of the filters costs and performances with respect to the 
SEIK filter (the cost of which is slightly higher than (r+1)  times a 
model integration, where r is the dimension of the correction basis)

Filter Cost ratio relative Performance with
to the SEIK filter respect to the 

SEIK filter

SFEK 1/30 Reasonable when the 
model is stable 
and bad when 
instabilities appear

SFEK-adaptive 1/30 Acceptable
SSEIK 1/15 Good when the model is 

stable and bad when 
instabilities appear

SSEIK-adaptive 1/15 Good performance
SIEIK (1/2) 1/2 Very good performance
SIEIK-adaptive 2/5 Very good performance
SDEIK 1/2 Very good when the 

model is stable and 
very bad when 
instabilities appear

SDEIK-adaptive 3/5 Very good performance

the results o f this filter depend mostly on the fixed and 
the keep up modes length noted K f and K u, respec
tively. Its performance is a decrease function of K f  and 
an increased function of Ku. as one would expect.

Concerning the results o f  the SSEIK filter, it 
performs very well in the stable period. However, its 
performances degrade quickly during the unstable 
period.

Finally, with regard to the results o f the SDEIK 
filter which are in some way a bit disappointing, we 
have started this filter by using the SEIK to let the 
correction basis settle into a “more stable” mode. 
Despite a very good behavior in the stable period, this 
filter diverges somewhat especially in the upper 
layers, during the unstable period (see Fig. 12). The 
poor performance o f the SDEIK filter on the upper 
layers let us presume that it is very sensible to the 
forcing fields. Note that the results o f this experiment 
was plotted together with the results o f the SDEIK 
filter with the adaptive tuning correction basis evolu
tion scheme (presented in Section 4) in order to show 
the usefulness o f this scheme.

5.3.3. Adaptive tuning o f  the forgetting factor
We discuss here the results o f several experiments 

conducted to study the sensibility o f our filters with
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Fig. 7. Evolution in time of the RRMS for the SEIK, SFEK, SSEIK and SIEIK filters.
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Fig. 8. Evolution in time of the RRMS for the SFEK filter with different values of the forgetting factor and with adaptive forgetting factor.
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respect to the forgetting factor p and to test the 
usefulness o f the adaptive tuning scheme on p 
described in Section 4. Since one can expect that the 
effects o f the forgetting factor on different degraded 
SEIK filters are quite similar, we have only conduct 
experiment with the SFEK filter to save the compu
tation cost. Therefore, we consider, on the one hand a 
fixed forgetting factor with three different values 1, 
0 .8  and 0 .6  and on the other hand, a variable forget
ting factor which takes value 1 or 0 .6  according to the 
relative magnitudes of the short-term and long-term 
prediction error sk and lk. The initial values s0 and /0 
were taken as || Y0° — HkX \to )  | |2 to make sure that p 
takes the value 0 .6  during early assimilation period. 
The values of the constants c, a and ß  were chosen as
1.001, 0.95 and 0.9, respectively.

Fig. 8 shows the RRMS error for these experi
ments: as expected, the SFEK filter diverges for p=  1 
when model instability appears. For p = 0.8, the SFEK 
performs relatively well but its results are not as good 
as for p = 1 in the stable period. Finally, the results of 
this filter are improved in the unstable period for 
p = 0 .6 , however, its performance degraded in the 
stable period. We conclude from these experiments 
that the nearer to 1 the value of p is, the better the 
SFEK performs in the stable period but we observe 
the opposite phenomena in the unstable period (under 
some limit on the minimum value of p). This confirms 
our argument on how to adapt the forgetting factor p. 
Furthermore, these results show the efficiency of our 
adaptive tuning scheme for the forgetting factor and, 
as can be seen form Fig. 9, for the detection of the 
unstable periods.

In other assimilation experiments, we study the 
usefulness of a variable forgetting factor on SSEIK, 
SIEIK and SDEIK filters under the same previous 
setting. The results for the SSEIK filter are plotted in 
Fig. 10. It can be seen that the performance of the 
SSEIK filter is significantly enhanced, particularly in 
the unstable period. A similar, but not as significant, 
improvement has been observed on the SIEIK filter. 
However, this scheme has no significant effect on the 
SDEIK filter.

5.3.4. Adaptive tuning o f  the correction basis 
evolution

To test the relevance of the adaptive tuning scheme 
of the correction basis Lh evolution, we first compare

3r

2.5 - 

2 -

1.5 -

0 . 5 - .............................: ---------------------------   -

0I-------------1-------------1-------------1-------------1-------------
0 50 100 150 200 250

Fig. 9. Evolution in time of the forgetting factor (solid line) to 
show its relation with the relative variation of the state vector (the 
curve in Fig. 2 is reproduced in dotted line, rescaled by a factor of 
IO3).

the performance of the SIEIK filter, with and without 
this adaptation scheme, in the same situation as 
before. We chose to let the correction basis Lh evolve 
once every four filtering steps and the forgetting 
factor was also adapted, taking the values 1 and 
0.8. Note that we have increased the second value 
of the forgetting factor because there is no need to use 
a small value when the correction basis also evolves 
as in the SEIK filter, since the last is sufficiently 
stable during the unstable period. It can be seen from 
Fig. 11 that the adaptive tuning of the evolution of Lk 
noticeably improves the performance of the SIEIK 
filter.

The same previous set up has been used in experi
ments with SDEIK, SFEK and SSEIK filters. In Fig. 
12 , one can clearly see by comparing the results of the 
SDEIK filter with and without this adaptation scheme 
that this filter was completely stabilized in the first 
case. Concerning the SFEK and the SSEIK filter and 
particularly for the last one, this adaptation scheme 
has made no significant improvement. This can be 
explained by the fact that the convergence of the 
correction basis towards the amplification error direc
tions was very slow during the unstable period because 
of the initial value of Lk (just before the evolution) 
which badly represents the unstable periods of the 
model.
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Fig. 10. Evolution in time of the RRMS for the SSEIK filter with and without adaptation of the forgetting factor and the SEIK filter.
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6. Conclusions

New data assimilation schemes that derived from 
SEEK and SEIK filters have been developed and 
discussed. The motivation was to reduce the cost of 
the SEEK and SEIK filters. Our approach was to 
simplify the way the evolution o f the correction basis, 
which is the most expensive part o f these filters. To 
deal with model instabilities, we have proposed two 
adaptive schemes. The first consists in letting the 
correction basis evolves as in the SEIK filter during 
the unstable periods. The second scheme is to con
sider a variable forgetting factor. Moreover, a method 
to detect periods o f instability was suggested. It 
essentially consists o f tracking the filter state by 
computing an instantaneous and a long-term predic
tion error norm. Finally, a series o f twin experiments 
was conducted to assess the feasibility of the new 
filters and to evaluate their performances in compar
ison with SEIK. Our main conclusions are as follows:

(1) When model is stable, the degraded SEIK 
filters perform nearly as well as the SEIK filter, but 
can be 2 -3 0  times faster. When model instabilities 
appear, the assumptions on which the degraded SEIK 
filters have been constructed are no longer justified 
and their performances degrade.

(2) Without any adaptive scheme, comparison 
between all degraded SEIK filters shows the superi
ority o f the SIEIK filter. With a very low cost, the 
SSEIK filter is well behaved but only on one con
dition: the value o f the forgetting factor is well tuned. 
Concerning the instability o f the SDEIK filter, one can 
remedy to this by combining this filter with the SEIK 
filter. The resulting filter seems to be very effective in 
practice. The performance o f  the SFEK filter is 
relatively poor which is understandable, however, it 
can be used in a preliminary study to get some idea for 
the tuning o f the parameters o f the SEIK filter and its 
variants, because of its very low cost.

(3) By tracking prevision errors, one can obtain 
information about the filter state and then adapt the 
filter parameters to the present situation.

(4) Adaptive tuning o f the forgetting factor con
siderably enhances the performance of all degraded 
SEIK filters. Moreover, its very low cost makes it 
particularly attractive.

(5) In most cases, and especially with the SDEIK 
filter, adaptive tuning o f the evolution o f the correc

tion basis is useful; in few cases, it makes no signifi
cant improvement.

In twin experiments, our degraded SEIK filters was 
found to be fairly effective in assimilating o f surface- 
only pseudo-altimeter data. Further works will con
sider more realistic situations, like the addition of the 
model error, or the use of more realistic observations 
(according to satellite tracks and real data from 
satellite). However, these preliminary twin experiment 
applications were necessary steps before realistic 
applications and provide us with encouraging as 
regard to that purpose.
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Appendix A. Drawing a random orthogonal matrix

We present here an algorithm to generate a uniform 
orthogonal matrix Q with r  columns orthonormal in
Rr+ 1 and orthogonal to (1,.. .,1)T. In order to do this,
we will construct an iterative sequence o f orthogonal 
matrix Q¡. for I varies from 1 to r, as follows

A.I. Initialization

Take Í2i = wi;i where u:i_i is a random variable 
taking value 1 or — 1 with a probability 1/2 .

A.2. Iteration

For 1= 1,.. ,,r, we compute Q¡ from Q¡ i with the 
formula

/  wy i \

Q, = H ( w , ) Q : , (49)

V wi,i J
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where w¿=(w/;1, . . .,wy)T is a random vector distributed 
uniformly on the unit sphere o f Rz and //(vi7) is the 
Householder matrix associated to the vector w¡, 
namely

H {Wl)

( 1  ■ ■ 0 \

l

0  • • 1 1 w-7,/1 +  1

\ o  • • 0 /

( \

Wl,l- 1 

\  Wíj +  sign(w;j;) J

Note that the columns o f //(vi7) are orthonormal 
and orthogonal with the vector 117. One can then show 
that the matrices Q¡, 1—1 , . . r are random orthogonal 
matrices distributed uniformly. Finally, to obtain Q,  
just multiply Qr with the Householder matrix associ
ated to the normed vector ^ ¡ =  ( 1 , . . . ,  1)T.
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