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SUMMARY

This paper addresses some aspects of shallow water theories used for the description of the flow around boats in the context 
of confined navigation. We start by giving a brief account of the derivation of the most general version of the shallow water 
system of equations for a boat with non‐constant beam and draught profiles. We will also consider the boat to be able to trim 
and sinkage by hydrostatic effects. Then, we present a quick review of the two classical families of theories of the literature 
on the matter: the energy and momentum approaches. We will comment their consistencies or inconsistencies with regards 
to the aforementioned general model. Finally, some numerical results are presented on the general model and comparisons 
with classical approaches such as the one proposed by Kreitner (1934), Schijf (1949) and Constantine (1960) will be shown.

NOMENCLATURE

CFD Computational Fluid Dynamics
CNR Compagnie Nationale du Rhône
KSC Kreitner‐Schijf‐Constantine
t‐KSC trapezoidal Kreitner‐Schijf‐Constantine

An Anthony number (Fourdrinoy et al. 2019)
𝐵 Boat’s beam (function) m
𝐵𝑚𝑎𝑥 Boat’s maximal beam m
Fnℎ Froude number based on ℎ and 𝑉
Fn𝐻𝑚 Froude number based on the average depth 𝐻𝑚 = 𝐴𝑐/𝑊 (trapezoidal channel)
𝑔 Earth’s gravitational acceleration (9.81m/s2) m/s2

ℎ Canal’s section maximal depth m
𝐼𝑏 Tensor of inertia of the boat kgm2

𝐿𝑤𝑙 Length of the boat (at the waterline, at rest) m
𝑚 Blockage ratio or Bossut number (Bossut 1775)
𝑚𝑏 Mass of the boat kg
𝑝 Canal’s walls slope with respect to the vertical direction
R𝑖 Moment of inertia ratio
R𝑚 Mass ratio
Sr Sretensky number (Sretensky 1936)
𝑇 Boat’s draught (function) m
Td Trapezoidal deviation
𝑇𝑚𝑎𝑥 Boat’s maximal draught m
𝑢 Return current velocity m/s
𝑉 Horizontal speed of the boat m/s
𝑊 Canal’s section maximal width m
𝑤 Canal’s section minimal width m
𝑥∗ Centre of mass relative position (0 : stern ; 1 bow) )
𝑥𝑏 Horizontal coordinate of the bow (w.r.t the centre of mass) m
𝑥𝑠 Horizontal coordinate of the stern (w.r.t the centre of mass) m
𝑧 Water level drawdown m
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𝑧 Boat’s squat (from rest) m
𝜃 Boat’s trim (from rest) rad
𝜇 Water depth to boat length ratio
𝜌 Water’s mass density (1000kg/m3) kg/m3

1 INTRODUCTION

The launch of major waterway expansion projects for inland water transport is currently driving the development of inland
navigation, which is recognised as a mode of transport with significant economic and environmental potential (Bouman et al.
2017; Pompée 2015). However, this type of navigation has a direct impact on the balance of river ecosystems, as the waves
generated by boats disturb the banks of rivers and canals.

In contrast tomaritime navigation, inland navigation takes place in a confined environment inwhich thewaterways are limited
in bothwidth anddepth. These special conditions significantly influence the behaviour of boats, leading to pronounced effects
such as increased squat, greater resistance to forward motion, lower propulsion efficiency, and reduced manoeuvrability.

These phenomena are inherently complex and depend on a variety of factors: the geometry of the waterway, the shape
and speed of the boat, the velocity and direction of the current, and the presence of sediments and obstacles. A thorough
understanding of these interactions is crucial, not only to minimise the environmental impact of inland navigation, but also
to ensure safety and optimise the efficiency of navigation operations.

Several attempts have been made in the literature to describe the mechanisms governing these phenomena: vertical, lat‐
eral, and/or sectional confinement. Ranging from early studies based on fundamental physical theories proposed by Thiele
(1901) or Rassmussen (Biles 1908) to more recent investigations employing advanced CFD (Computational Fluid Dynamics)
techniques as in (Gourlay 2000; Bechthold and Kastens 2020; Nieutin‐Redon 2024).

This paper addresses key aspects of shallow water theories applied to confined navigation. We begin by deriving the most
general formulation of the shallow‐water equations, which has been adapted to account for boats with non‐uniform beam
and draught profiles. The model also incorporates hydrostatic effects that allow for trim and sinkage (lowering of the centre
of gravity) of the boat, thus extending its relevance to practical applications. In the context of the current article, we will call
this model the ”general model”.

This is followed by a brief overview of the two classical families of theories in the literature: the energy‐based and the
momentum‐based approaches. In most of these works, the flow is considered one‐dimensional, with no head losses, and
assumes a constant canal cross section that is rectangular or, more generally, trapezoidal. Similarly, the boat is modelled as a
rectangular blockwith a constant cross section. This simplification underpins theworks of Thiele (1901), Kreitner (1934), Schijf
(1949), and Constantine (1960), which we will refer to as the KSC (Kreitner‐Schijf‐Constantine) theory throughout this article.

More recently, an analytical calculation has been provided (Pompée 2015; Delefortrie et al. 2024), ultimately offering a com‐
prehensive summary and detailed mathematical formulations of these theories, offering valuable insights into their under‐
lying principles and calculations. These studies used the energy‐based approach, as did Marchal (1975), who extended the
framework by incorporating head losses due to wall friction, as well as those occurring in wave crests, troughs, and hydraulic
jumps. In addition, Marchal accounted for dynamic squat effects, providing a more comprehensive representation of real‐
world conditions.

In contrast, other research work, such as those of Sharp and Fenton (1968), Bouwmeester, Drost, and Van der Meer (1986)
and Tenaud & CNR (Compagnie Nationale du Rhône) (1977) adopted the so‐called ”momentum conservation” approach.
Although this method offers an alternative perspective, it is ultimately limited by the discontinuity of the flow at the bow of
the vessel, which renders the momentum‐based approach inconsistent with the classical shallow‐water theory (and thus our
model). Wemention that Chen (2013) proposed amodel that is very similar to the one shown here, but with additional terms
(transverse flow, thickening of the boat by boundary layer effects, first‐order dispersive effects), which takes into account
phenomena that are far beyond the scope of the present work.

Their consistencies and limitations are critically assessed in light of the aforementioned ”general model”. This comparative
analysis highlights the conditions under which these traditional theories align or deviate from the behaviour predicted by the
general model in the limit of a block boat.

Finally, numerical simulations of the general model are performed, and the results are compared with the classical KSC the‐
ories adapted to trapezoidal section canals (Jules et al. 2024), called t‐KSC (trapezoidal Kreitner‐Schijf‐Constantine) in the
context of this article. The results provide valuable insight into the dynamics of confined navigation and suggest possible
improvements to existing theoretical frameworks. Further, the results compared with classical theories illustrate the impact
of this asymmetry on the boat’s trim and overall hydrodynamic behaviour.
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2 DERIVATION OF THE GENERAL SHALLOW‐WATER MODEL

Let us consider a waterway with a constant trapezoidal section, we denote ⃗𝑒𝑥 the unit vector indicating the longitudinal
direction (pointing forward), ⃗𝑒𝑦 the transverse unit vector, and ⃗𝑒𝑧 the upward unit vector. We denote Ω the fluid domain,
Γ𝑓 the free surface (time dependent), Γ𝑐 the walls and bottom of the waterway, and Γ𝑏 the boundary (time dependent) of
the boat immersed in fluid. We assume that the boat is moving at a constant speed V along the ⃗𝑒𝑥 axis and is free to move
vertically and to trim. The frame of reference is following the boat that is moving forward with constant speed 𝑉 . The origin
of the frame of reference is set at the intersection between the vertical axis passing through the centre of mass of the boat
and the horizontal plane that coincides with the water level at rest. Let 𝑆(𝑥) = (]𝑥 − 𝜀/2, 𝑥 + 𝜀/2[× ℝ2) ∩ Ω be a transverse

Figure 1: Geometric setting of the problem and main notations for the fluid and boat’s domains.

slab of the fluid domain, centred on the longitudinal coordinate 𝑥 ∈ ℝ, with thickness 𝜀 (see figure 1). Let us denote Σ+ and
Σ− the front and back boundaries of the slab, and let us denote, respectively, Σ𝑐, Σ𝑏, Σ𝑠, the boundaries of 𝑆 in contact,
respectively, with the waterway, the boat and the free surface. The conservation of mass and momentum in 𝑆 for an inviscid
incompressible fluid write (Batchelor 1967):

𝑑
𝑑𝑡 |𝑆| = ∫

Σ±

⃗𝑈 ⋅ 𝑛⃗ 𝑑𝑠, (1)

𝑑
𝑑𝑡 ∫

𝑆
⃗𝑈𝑑 ⃗𝑟 = − ∫

Σ±

( ⃗𝑈 ⊗ ⃗𝑈) 𝑛⃗𝑑𝑠 − 1
𝜌 ∫

𝑆
∇𝑃𝑑𝑥 − 𝑔 |𝑆| ⃗𝑒𝑧, (2)

where |𝑆| denotes the volume of 𝑆, ⃗𝑈 is the fluid’s velocity, 𝑃 is the fluid’s pressure, 𝜌 is the water’s mass density and 𝑔 is the
Earth’s gravitational acceleration. In addition to these conservation equations for the fluid, we shall consider the following
equations for the conservation of the linear and angular momentum of the boat (Landau and Lifshitz 1976):

𝑑
𝑑𝑡 (𝑚𝑏 ⃗𝑈𝑏) = − ∫

Γ𝑏

𝑃 𝑛⃗ d𝑠 − 𝑚𝑏𝑔 ⃗𝑒𝑧 , (3)

𝑑
𝑑𝑡 (𝐼𝑏 ⃗𝜔𝑏) = − ∫

Γ𝑏

𝑃 ⃗𝑟 ∧ 𝑛⃗ d𝑠 − 𝑚𝑏𝑔 ⃗𝑟𝑔 ∧ ⃗𝑒𝑧, (4)

where ⃗𝑈𝑏 is the velocity of the boat’s centre of mass, 𝑚𝑏 is the mass of the boat, ⃗𝜔𝑏 is the boat’s angular speed, and 𝐼𝑏 is
its inertia tensor. Since the origin of the reference frame is placed on a vertical line that passes through the centre of gravity
of the boat, we have ⃗𝑟𝑔 ∧ ⃗𝑒𝑧 = 0. The next section introduces some hypotheses about the dynamics of the boat along with
some notation of its geometric parameters and kinematic variables.

2.1 BOAT’S GEOMETRY AND KINEMATICS

Recall that it is assumed that the boat moves horizontally at constant speed 𝑉 . The displacement and rotation of the boat are
governed by equations (3), (4). In the context of this article, we will call ”sinkage” the vertical displacement of the boat and
”trim” the angle of rotation of the boat along the ⃗𝑒𝑦 axis starting from the rest configuration. It is important to note that in the
literature a distinction is made between sinkage and trim induced by hydrostatic effects (solely due to the buoyancy forces)
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and sinkage and trim induced by hydrodynamic effects. In the scope of this paper, as we will see later, the only components
of the sinkage and trim are the hydrostatic ones. Let 𝑧 be the sinkage and let 𝜃 be the trim angle (positive for an upward
displacement of the bow). We have, in the frame of reference following the horizontal motion of the boat (as described in
the previous section):

⃗𝑈𝑏(𝑡) = − ̇𝑧(𝑡) ⃗𝑒𝑧 , 𝜔⃗𝑏(𝑡) = ̇𝜃(𝑡) ⃗𝑒𝑦 . (5)

The left‐right symmetry of the boat implies that:

𝐼𝑏 ⃗𝑒𝑦 = 𝐼0
𝑦 𝑚𝑏 ⃗𝑒𝑦 , (6)

where 𝐼0
𝑦 is the boat’s principal moment along ⃗𝑒𝑦. For simplicity, we also assume that all sections of the boat are rectangular

(with a beam 𝐵 and a draught 𝑇 ).

The domain of the boat at rest is hence (see figure 2, top row):

Ω0
𝑏 = { ⃗𝑟 ∈ ℝ3 | |𝑟𝑦| < 𝐵(𝑟𝑥)/2, and 𝑟𝑧 > 𝑇 (𝑟𝑥)}. (7)

With a vertical displacement 𝑧(𝑡) and trim angle 𝜃(𝑡) (see figure X, bottom row), it can be shown that, at first order with
respect to 𝜃 the domain of the boat becomes:

Ω𝑧,𝜃
𝑏 = { ⃗𝑟 ∈ ℝ3 | |𝑟𝑦| < 𝐵(𝑟𝑥)/2, and 𝑟𝑧 > 𝑇 (𝑟𝑥) + 𝑟𝑥𝜃 − 𝑧}. (8)

The hypothesis that the trim angle is small is consistent with the ”long boat hypothesis” that will be introduced in the next
section. This implies that, in first order, the effect of a sinkage and trim can be seen as a modification of the draught profile
of the boat. Let us also introduce the following notation:

• The surface area of the section of the waterway at rest:

𝐴𝑐 = 𝑊 + 𝑤
2 ℎ , (9)

where 𝑊 (respectively 𝑤) is the canal’s section maximal (respectively minimal) width, and ℎ is the canal’s section
maximal depth. Since 𝑤 = 𝑊 − 2𝑝ℎ (by definition of 𝑝, see figure 2), we have:

𝐴𝑐 = 𝑊 + (𝑊 − 2𝑝ℎ)
2 ℎ = (𝑊 − 𝑝ℎ) ℎ . (10)

• The surface area of the section the immersed part of the hull at longitudinal coordinate x and time t:

𝐴𝑏(𝑥, 𝑧, 𝑧, 𝜃) = 𝐵(𝑥) (𝑧 − 𝑥𝜃 + 𝑇 (𝑥) − 𝑧)+ , (11)

where (⋅)+ denotes the positive part, and we recall, from figure 2 that 𝑧 is the free surface drop profile. Since it
introduces both theoretical and numerical challenges, this threshold effect will be ignored later on as we will assume
that the free surface shall never drop below the boat in reasonable situations.

• The surface area of the section of the waterway at longitudinal coordinate 𝑥 and time 𝑡:

𝐴𝑤(𝑥, 𝑧, 𝑧, 𝜃) = 𝐴𝑐 − 𝐴𝑏(𝑥, 𝑧, 𝑧, 𝜃) − 𝑧(𝑊 − 𝑝𝑧) . (12)

Let us note that in the above definitions, 𝐴𝑏 and 𝐴𝑐 appear to be independent of time, which is wrong in general: both 𝐴𝑏
and 𝐴𝑐 depend on the functions 𝜃, 𝑧, and 𝑧, which, depending on the context, can be functions of time. For example, the
surface area of the boat at time 𝑡 and longitudinal coordinate 𝑥 is given by 𝐴𝑏(𝑥, 𝑧(𝑡, 𝑥), 𝑧(𝑡), 𝜃(𝑡)).

2.2 FLOW HYPOTHESES

We now assume that the variations of the boat’s geometrical parameters 𝑇 (𝑥) and 𝐵(𝑥) are slow along the longitudinal
coordinate, i.e.:

ℎ𝑇 ′(𝑥)/𝑇𝑚𝑎𝑥 << 1 , ℎ𝐵′(𝑥)/𝐵𝑚𝑎𝑥 << 1 , (13)

where 𝑇𝑚𝑎𝑥 and 𝐵𝑚𝑎𝑥 are respectively the maximum draught and beam of the boat. Note that, for a boat with length
𝐿𝑤𝑙, if we suppose that the dimensionless beam and draught profiles (𝑇 (𝑥/𝐿𝑤𝑙)/𝑇𝑚𝑎𝑥 and 𝑇 (𝑥/𝐿𝑤𝑙)/𝑇𝑚𝑎𝑥) are fixed, then
assuming (13) is equivalent to suppose that:

ℎ/𝐿𝑤𝑙 << 1 . (14)
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Figure 2: Notation for the main geometrical variables involved in the model. Top row: boat at rest : bottom row: boat
in motion. left column: side view, right column: front view for a slice at longitudinal coordinate 𝑥

These assumptions, which we will refer to as the ”long boat hypothesis”, will lead us to assume that the flow is slowly varying
along the longitudinal axis of the waterway and that the pressure can be assumed to be at hydrostatic equilibrium on every
section of the canal (Saint‐Venant hypotheses on the flow). We hence first assume that the flow is unidirectional and uniform
across each section:

⃗𝑈( ⃗𝑟) = − (𝑢(𝑟𝑥) + 𝑉 ) ⃗𝑒𝑥 , (15)

where 𝑢 is the return current velocity (negative in the ⃗𝑒𝑥 direction). Second, the pressure is at hydrostatic equilibrium for
each section:

𝑃( ⃗𝑟) = −𝜌𝑔 (𝑟𝑧 + 𝑧(𝑟𝑥)) . (16)

The first consequence of this is that no transverse variations are taken into account, and hence the free surface elevation is
constant on each section:

Γ𝑓 = {(𝑟𝑥, 𝑟𝑦, −𝑧(𝑟𝑥)) ; 𝑟𝑥 ∈ ℝ , 𝑟𝑦 ∈] − 𝑊/2, 𝑊/2[} , (17)

where 𝑧 is a function that represents thewater drawdown longitudinal profile. Note that this hypothesiswas already implicitly
introduced in the previous section (through the definitions of 𝐴𝑐 and 𝐴𝑤). Since the hypotheses (13) are consistent with a
flow forced by a smooth and long obstacle (albeit not necessarily thin), it is, in principle, excluded to consider boat geometries
that have discontinuous variations, such as ”block”‐type boats. We will therefore assume that, at least, the beam profile 𝐵 is
continuous and that there exist two longitudinal coordinates 𝑥𝑠 (for stern) and 𝑥𝑏 (for bow) such that 𝐵(𝑥𝑠) = 𝐵(𝑥𝑏) = 0.
By injecting (15), (16) and (17) into the mass and momentum balance equations (1)‐(2) and taking the limit 𝜀 → 0 we obtain
after some calculations (which will be detailed in an upcoming review paper on this topic) :

𝜕𝑡𝐴𝑤⏟
1
𝜀

𝑑
𝑑𝑡 |𝑆|

+ 𝜕𝑥 (𝐴𝑤 (𝑉 + 𝑢))⏟⏟⏟⏟⏟⏟⏟
− 1

𝜀 ∫Σ±
𝑈⃗⋅𝑛⃗ 𝑑𝑠

= 0 , (18)

𝜕𝑡 (𝐴𝑤(𝑉 + 𝑢))⏟⏟⏟⏟⏟⏟⏟
− 1

𝜀
𝑑

𝑑𝑡 ∫𝑆 𝑈⃗𝑑 ⃗𝑟

− 𝜕𝑥 (𝐴𝑤(𝑉 + 𝑢)2)⏟⏟⏟⏟⏟⏟⏟
1
𝜀 ∫Σ±

(𝑈⃗⊗𝑈⃗)𝑛⃗𝑑𝑠

+ 𝑔𝐴𝑤𝜕𝑥𝑧⏟
− 1

𝜀
1
𝜌 ∫𝑆 ∇𝑃𝑑𝑥−𝑔|𝑆| ⃗𝑒𝑧

= 0 . (19)

where the terms indicated below the following equations show the origin of the terms above in the limit 𝜀 → 0. Note that
in the above equation, we identified, by a small abuse of language, the function (𝑡, 𝑥) ↦ 𝐴𝑤(𝑥, 𝑧(𝑡, 𝑥), 𝑧, 𝜃) with a function
of space and time 𝐴𝑤 taken as an unknown of the system. The system (18)‐(19) is a generalised version of the classical Saint‐
Venant system, that has been adapted to take into account the geometry of the boat implicitly through the relation between
𝑧 and 𝐴𝑤 (that we recall from 12):

𝐴𝑤(𝑥, 𝑧, 𝑧, 𝜃) = 𝐴𝑐 − 𝐵(𝑥) (𝑧 − 𝑥𝜃 + 𝑇 (𝑥) − 𝑧) − 𝑧(𝑊 − 𝑝𝑧) (20)

Let us now describe the simplified dynamics of the boat by introducing the Saint‐Venant hypotheses (15), (16) and (17) in the
expression of the hydrostatic forces applied to the boat’s hull.
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2.3 DESCRIPTION OF THE BOAT’S DYNAMICS

For ⃗𝑟 ∈ Γ𝑏, let ⃗𝐹𝑤( ⃗𝑟) be the force exerted by the fluid on the boat at ⃗𝑟, we have:
⃗𝐹𝑤 = −𝑃 𝑛⃗ (21)

Consistently with (13), since the variations of the boat’s beam and draught profile are assumed to be slow with respect to
the longitudinal coordinate 𝑥, we neglect the component of ⃗𝐹𝑤 along ⃗𝑒𝑥. At a given section of longitudinal coordinate 𝑥 (see
figure 3), we have:

⃗𝐹𝑤(𝑥, 𝑟𝑦, 𝑟𝑧) = { ± 𝜌𝑔(𝑟𝑧 + 𝑧(𝑥)) on the sides (𝑦 = ±𝐵(𝑥))
𝜌𝑔(−𝑧 + 𝑥𝜃 − 𝑇 (𝑥) + 𝑧(𝑥)) at the bottom (𝑧 = 𝑧 + 𝑥𝜃(𝑡) − 𝑇 (𝑥)) (22)

by symmetry, we then obtain the resultant force ⃗𝐹𝑤(𝑥) applied at (𝑥, 0, −𝑧 + 𝑥𝜃 − 𝑇 (𝑥)) on the boat:

Figure 3: Schematic description of the forces exerted by the fluid on the boat (white arrows) at a given section of
longitudinal coordinate 𝑥. Left: vertical forces; right: horizontal forces.

⃗𝐹𝑤(𝑥) = 𝜌𝑔𝐵(𝑥)(−𝑧 + 𝑥𝜃 − 𝑇 (𝑥) + 𝑧(𝑥)) ⃗𝑒𝑧 (23)

Thus the total resultant force applied by the fluid on the boat writes:

∫
Γ𝑏

⃗𝐹𝑤 d𝑠 = 𝜌𝑔 ∫
𝑥𝑏

𝑥𝑠

⃗𝐹𝑤(𝑥)d𝑥 = 𝜌𝑔 ∫
𝑥𝑏

𝑥𝑠

𝐵(𝑥)(−𝑧 + 𝑥𝜃 − 𝑇 (𝑥) + 𝑧(𝑥))d𝑥 ⃗𝑒𝑧 (24)

And the corresponding total resultant force moment writes:

∫
Γ𝑏

⃗𝑟 ∧ ⃗𝐹𝑤 d𝑠( ⃗𝑟) = 𝜌𝑔 ∫
𝑥𝑏

𝑥𝑠

(𝑥 ⃗𝑒𝑥 + 𝐵(𝑥)(−𝑧 + 𝑥𝜃 − 𝑇 (𝑥)) ⃗𝑒𝑧) ∧ (−𝑧 + 𝑥𝜃 − 𝑇 (𝑥) + 𝑧(𝑥)) ⃗𝑒𝑧 d𝑥

= −𝜌𝑔 ∫
𝑥𝑏

𝑥𝑠

𝑥𝐵(𝑥)(−𝑧 + 𝑥𝜃 − 𝑇 (𝑥) + 𝑧(𝑥)) d𝑥 ⃗𝑒𝑦 (25)

Recalling (3)‐(4) we hence have, for (𝑧, 𝜃) :

̈𝑧(𝑡) = 𝜌𝑔
𝑚𝑏

∫
𝑥𝑏

𝑥𝑠

𝐵(𝑥) (𝑧(𝑡) − 𝑥𝜃(𝑡) − 𝑧(𝑡, 𝑥) − 𝑇 (𝑥)) d𝑥 + 𝑔 (26)

̈𝜃(𝑡) = −𝜌𝑔
𝐼0𝑦

∫
𝑥𝑏

𝑥𝑠

𝑥𝐵(𝑥) (𝑧(𝑡) − 𝑥𝜃(𝑡) − 𝑧(𝑡, 𝑥) − 𝑇 (𝑥)) d𝑥 (27)

Finally we point out the fact that at rest (𝑧 = 0, 𝜃 = 0, 𝑧 = 0), the boat must be at equilibrium, hence we must have:

∫
𝑥𝑏

𝑥𝑠

𝐵(𝑥)𝑇 (𝑥) d𝑥 = 𝑚𝑏
𝜌 , ∫

𝑥𝑏

𝑥𝑠

𝑥𝐵(𝑥)𝑇 (𝑥) d𝑥 = 0 . (28)

The first condition states that themass of the boatmust be equal to themass of a volume ofwater equivalent to the immersed
part of the boat at rest. It is important to note that 𝑇 represents the boat’s draught at rest (which will be affected, in motion,
by the boat’s sinkage and trim). The second condition states that, at rest, the centre of buoyancy of the boat must be at the
same longitudinal coordinate as its centre of mass. Therefore, taking into account the conditions (28) in (26)‐(27), we obtain:

̈𝑧(𝑡) = 𝜌𝑔
𝑚𝑏

∫
𝑥𝑏

𝑥𝑠

𝐵(𝑥) (𝑧(𝑡) − 𝑥𝜃(𝑡) − 𝑧(𝑡, 𝑥)) d𝑥 (29)

̈𝜃(𝑡) = −𝜌𝑔
𝐼0𝑦

∫
𝑥𝑏

𝑥𝑠

𝑥𝐵(𝑥) (𝑧(𝑡) − 𝑥𝜃(𝑡) − 𝑧(𝑡, 𝑥)) d𝑥 (30)
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2.4 THE COMPLETE DIMENSIONLESS MODEL

In this section we rewrite our model in a dimensionless form in order to identify the key parameters of our problem. For the
sake of simplicity, instead of giving a different name for the dimensionless variables, we rather rename our variables in their
dimensionless form:

̃𝑡 = 𝑉
𝐿𝑤𝑙

𝑡 , ̃𝑥 = 𝑥 − 𝑥𝑠
𝐿𝑤𝑙

, 𝐵̃(𝑥) = 𝐵((𝑥 − 𝑥𝑠)/𝐿𝑤𝑙)
𝐵𝑚𝑎𝑥

̃𝑇 = 𝑇 ((𝑥 − 𝑥𝑠)/𝐿𝑤𝑙)
𝑇𝑚𝑎𝑥

(31)

̃𝐴𝑤( ̃𝑡, ̃𝑥) = 𝐴𝑤( ̃𝑡 𝐿𝑤𝑙/𝑉 , 𝑥𝑠 + ̃𝑥 𝐿𝑤𝑙)
𝐴𝑐

, ̃𝑧( ̃𝑡, ̃𝑥) = 𝑧( ̃𝑡 𝐿𝑤𝑙/𝑉 , 𝑥𝑠 + ̃𝑥 𝐿𝑤𝑙)
ℎ , 𝑢̃( ̃𝑡, ̃𝑥) = 𝑢( ̃𝑡 𝐿𝑤𝑙/𝑉 , 𝑥𝑠 + ̃𝑥 𝐿𝑤𝑙)

𝑉 (32)

̃𝑧 = 𝑧
ℎ , ̃𝜃 = 𝐿𝑤𝑙𝜃

ℎ (33)

where 𝐿𝑤𝑙 = 𝑥𝑏 − 𝑥𝑠, 𝐵𝑚𝑎𝑥, 𝑇𝑚𝑎𝑥 represent respectively the length, maximum beam and draught of the boat (in meters).
We also recall that ℎ is the maximum upstream depth of the canal, and that:

𝐴𝑐 = ℎ𝑊 + 𝑤
2 = ℎ(𝑊 − 𝑝ℎ) (34)

where 𝑝 is the slope of the waterway with respect to the vertical direction at the border of the banks. Then, gathering the
equations (18)‐(19)‐(29)‐(30)‐(12), we get the following system of dimensionless equations (again, the details will be shown
in an upcoming review paper):

𝜕 ̃𝑡
̃𝐴𝑤 + 𝜕𝑥̃( ̃𝐴𝑤(1 + 𝑢̃)) = 0 , (35)

𝜕 ̃𝑡( ̃𝐴𝑤(1 + 𝑢̃)) − 𝜕𝑥̃( ̃𝐴𝑤(1 + 𝑢̃)2) + 1
Fn2

ℎ
̃𝐴𝑤𝜕𝑥̃ ̃𝑧 = 0 , (36)

̃𝐴𝑤( ̃𝑡, ̃𝑥) = 1 − Sr 𝐵̃(𝑥)( ̃𝑧( ̃𝑡) − ̃𝑧( ̃𝑡, ̃𝑥) + An ̃𝑇 ( ̃𝑥) − ( ̃𝑥 − 𝑥∗) ̃𝜃( ̃𝑡) − 1
1 − Td

̃𝑧(1 − Td ̃𝑧) , (37)

̈ ̃𝑧( ̃𝑡) = 𝜇−2

Fn2
ℎ
R𝑚 ∫

1

0
𝐵̃( ̃𝑥) ( ̃𝑧(𝑡) − ( ̃𝑥 − 𝑥∗) ̃𝜃( ̃𝑡) − ̃𝑧( ̃𝑡, ̃𝑥)) d ̃𝑥 , (38)

̈ ̃𝜃(𝑡) = 𝜇−3

Fn2
ℎ
R𝑚R𝑖 ∫

1

0
( ̃𝑥 − 𝑥∗)𝐵̃(𝑥) ( ̃𝑧(𝑡) − ( ̃𝑥 − 𝑥∗) ̃𝜃( ̃̃𝑡) − ̃𝑧( ̃𝑡, ̃𝑥)) d ̃𝑥 , (39)

where, in addition to the non‐dimensional beam and draught profiles 𝐵 and 𝑇 , the parameters of the problem are :

• Fnℎ represent the maximum height‐based Froude number:

Fnℎ = 𝑉√𝑔ℎ . (40)

Note that in Pompée (2015), rather than the Froude number based on ℎ, the (cross‐sectional) averaged depth based
Froude number was considered:

Fn𝐻𝑚 = 𝑉
√𝑔𝐻𝑚

(41)

where 𝐻𝑚 = 𝐴𝑐/𝑊 . This definition of the Froude number is useful in cases where 𝑝 is neglected, in order to obtain
an equivalent rectangular canal section for a given trapezoidal section. In our case, we retain (40) since 𝑝 is taken into
account in the model.

• Sr (Sretensky number) accounts for the beam to average width ratio :

Sr = 𝐵𝑚𝑎𝑥
𝑊 − 𝑝ℎ = 𝐵𝑚𝑎𝑥

𝑊+𝑤
2

, (42)

and An (Anthony number) accounts for the draught to depth ratio :

An = 𝑇𝑚𝑎𝑥
ℎ . (43)

These two quantities are of crucial importance in confined hydrodynamics since they both appear in fully dispersive
linear theories developed, either by Sretensky (1936) and Sretensky (1937) for the wave‐making resistance in finite
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depth or width, or by Keldysh and Sedov (1937) for rectangular canals. Our previous work on the battle of Actium
(Fourdrinoy et al. 2019) have shown the importance of the draught to depth ratio in the outcome of this historical
event, which is why we have chosen the terminology An for this ratio.

Although our model (35)‐(39) is fully non‐linear but non‐dispersive, it is worth noticing that Sr and An also play a role
here, in contrast with the KSC theory where the only geometrical ratio that matters is the blockage (or Bossut number)
factor 𝑚 (we recall from (10) that 𝐴𝑐 = (𝑊 − 𝑝ℎ) ℎ for a trapezoïdal canal):

𝑚 = 𝐵𝑚𝑎𝑥𝑇𝑚𝑎𝑥
(𝑊 − 𝑝ℎ)ℎ = Sr An (44)

• 𝜇 is the depth to length ratio :

𝜇 = ℎ
𝐿𝑤𝑙

(45)

in principle this quantity is assumed tobe small from (13). This suggests that the system (35)‐(39) should haveproperties
of a slow‐fast system, and that a quasi‐static version of (38)‐(39) should be considered even in the case of a time‐
dependent solution of the full system. This is of little importance here as we will only seek stationary solutions.

• Td is the trapezoidal deviation :

Td = 𝑝 ℎ
𝑊 = 1

2
𝑊 − 𝑤

𝑊 (46)

that measures how much the section of the canal deviates from a rectangle (in which situation its value is 0).
• R𝑚 and R𝑖 are mass and moment of inertia ratios:

R𝑚 = 𝜌ℎ𝐿𝑤𝑙𝐵𝑚𝑎𝑥
𝑚𝑏

, R𝑖 = ℎ𝐿𝑤𝑙𝑚𝑏
𝐼𝑦

0
. (47)

which are of few importance here since these constant disappear for the stationary problem.

• 𝑥∗ is the relative position (between 0 and 1) of the centre of mass of the boat:

𝑥∗ = − 𝑥𝑠
𝐿𝑤𝑙

(48)

In the following section, we shall drop the ∼ symbol over the variables in equations (35)‐(39) for the sake of clarity.

3 SUB/SUPER CRITICAL FLOWS

In this section, we seek stationary solutions of (35)‐(39) , which might only exist in a particular range of the above‐mentioned
parameters. First, the stationary version of (35) give the flow rate conservation equation:

𝐴𝑤(1 + 𝑢) = 1 . (49)

Second, the stationary version of the momentum conservation equation (36) give an equation that describes the variation of
the flux of fluid momentum caused by the presence of the boat:

−𝜕𝑥 (𝐴𝑤(1 + 𝑢)2) + 1
Fn2

ℎ
𝐴𝑤𝜕𝑥𝑧 = 0 . (50)

Let us develop the first term in the above equation:

−𝐴𝑤(1 + 𝑢)𝜕𝑥(1 + 𝑢) − (1 + 𝑢)𝜕𝑥(𝐴𝑤(1 + 𝑢)) + 1
Fn2

ℎ
𝐴𝑤𝜕𝑥𝑧 = 0 . (51)

On one hand using (49) , we remark that 𝜕𝑥(𝐴𝑤(1 + 𝑢)) = 𝜕𝑥(1) = 0 ; on the other hand, assuming 𝐴𝑤 ≠ 0 everywhere,
we have:

−(1 + 𝑢)𝜕𝑥(1 + 𝑢) + 1
Fn2

ℎ
𝜕𝑥𝑧 = 0 , (52)
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which leads to :

𝜕𝑥 ((1 + 𝑢)2

2 − 1
Fn2

ℎ
𝑧) = 0 . (53)

and so, integrating with respect to 𝑥, and noting that, in the absence of a current:

𝑢(𝑥), 𝑧(𝑥) ⟶
𝑥→+∞

0 , (54)

we have:

(1 + 𝑢)2 − 2
Fn2

ℎ
𝑧 = 1 . (55)

Finally, we recall the equations (38)‐(39) in the steady state :

∫
1

0
( 1

𝑥 − 𝑥∗) 𝐵(𝑥) (𝑧 − (𝑥 − 𝑥∗)𝜃 − 𝑧(𝑥)) d𝑥 = 0 , (56)

which can be recast as a linear system of unknowns (𝑧, 𝜃):

( 1 −𝑥
−𝑥 (𝜎2 + 𝑥2)) (𝑧

𝜃) = ∫
1

0
( 1

𝑥∗ − 𝑥) 𝑧(𝑥)𝑏(𝑥) d𝑥 , (57)

where 𝑥 and 𝜎 are respectively the mean and variance associated with the normalized beam profile 𝑏:

𝑏(𝑥) = 𝐵(𝑥)/ ∫
1

0
𝐵(𝑠) d𝑠 , (58)

𝑥 = ∫
1

0
(𝑥 − 𝑥∗) 𝑏(𝑥) d𝑥 , (59)

𝜎2 = ∫
1

0
(𝑥 − 𝑥∗)2 𝑏(𝑥) d𝑥 − 𝑥2 . (60)

Provided that 𝜎 is non‐zero (which is true provided that the boat is not described by a singular mass), the system (57) has a
unique solution that writes:

𝑧 = ∫
1

0

𝜎2 + 𝑥2 − 𝑥 (𝑥 − 𝑥∗)
𝜎2 𝑏(𝑥)𝑧(𝑥)d𝑥 , (61)

𝜃 = ∫
1

0

𝑥 + 𝑥∗ − 𝑥
𝜎2 𝑏(𝑥)𝑧(𝑥)d𝑥 . (62)

Our problem is therefore to solve the system of equation (49) and (55), alongwith the relations (61)‐(62). Injecting (49) in (55)
and recalling the expression (37) of 𝐴𝑤, our problem can be reformulated as finding 𝑧 satisfying

( 2
Fn2

ℎ
𝑧 + 1) (1 − Sr𝐵(𝑥)(𝑧 − 𝑧 + An𝑇 − (𝑥 − 𝑥∗)𝜃) − 1

1 − Td
𝑧(1 − Td 𝑧))

2
= 1 (63)

where 𝑧 and 𝜃 are given by (61) and (62). We call an ”admissible solution” any continuous function 𝑧 ∶ [0, 1] → ℝ satisfying
equation (63), with the boundary conditions (upstream and downstream): 𝑧(0) = 𝑧(1) = 0. From a numerical point of view,
the integrals in (61) and (62) are approached with the rectangle method, and all functions 𝑧, 𝐵, 𝑇 , are uniformly discretized
in the interval [0, 1]. The solution of (63)‐(61)‐(62) is then sought using a quasi‐Newton method implemented in python with
Numpy/Scipy (Harris et al. 2020; Virtanen et al. 2020). All the results obtained in this article have been produced by a Python
code available at: https://github.com/jdambrin/MASHCON/ .

3.1 RELATIONSHIPS WITH OTHER MODELS

In this section, we stress the differences between the model presented in the previous sections and some of the models of
the same family (based on a shallow water approach) that can be found in the literature. The predictions of the hydrostatic
sinkage and return current are usually presented in the literature as belonging to one of the two following families of physical
approaches.
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• Momentum‐based approaches such as those found in the works of Sharp and Fenton (1968), Bouwmeester, Drost, and
Van der Meer (1986) and Tenaud & CNR (1977) in which the variation of the flux of momentum between the upstream
region and the region abreast of the boat is determined by a term that is supposed to model the effect of the boat’s
bow on the fluid. Here, the term ”momentum‐based approach” is an abuse of language, since the quantity of interest
is the flux of momentum (or the impulsion, when divided by 𝜌) rather than the momentum itself.

• Energy‐based approaches such as those found in the works of Kreitner (1934), Schijf (1949), Constantine (1960) in
which the conservation of the total energy (or the hydraulic head, when divided by 𝜌𝑔) is invoked to obtain a relation
between the quantities of interest (return current and waterlevel drawdown) upstream and abreast of the boat.

It should be noted that these two approaches have been shown to produce different predictions of 𝜃 and 𝑧 (Sharp and Fenton
1968). This might be counter‐intuitive since a balance of momentum and a balance of energy of a mechanical system should
lead to the same set of equations. The key of this paradox is that both approaches, that are based on the same Saint‐Venant
assumptions are equivalent (indeed (50) and (55) have been shown to be equivalent in the previous section) only when 𝐵 is
continuous, which is not the case in all the references mentioned above in this section, in which the boat is assumed to be a
block, i.e.:

𝐵(𝑥) = {1 if 𝑥 ∈ [0, 1]
0 if 𝑥 ∉ [0, 1] . (64)

The approach of the present paper is to suppose beforehand that 𝐵 is continuous and supported in [0, 1], and to eventually
investigate the limit where 𝐵 degenerates towards (64).

We remark that by setting 𝐵 ≡ 1, 𝑇 ≡ 1, then 𝑧 is constant (and equal to 𝑧), 𝜃 = 0, and then equation (63) becomes:

( 2
Fn2

ℎ
𝑧 + 1) (1 − 𝑚 − 1

1 − Td
𝑧(1 − Td𝑧))

2
= 1 , (65)

where𝑚 = SrAn is the obstruction parameter. We will call this equation the ”t‐KSC equation” (for trapezoidal Kreitner‐Schijf‐
Constantine), that has been studied revently by Jules et al. (2024). Moreover, for a rectangular channel (𝑝 = 0) we retrieve
the usual equation of the classical KSC theory:

( 2
Fn2

ℎ
𝑧 + 1) (1 − 𝑚 − 𝑧)2 = 1 . (66)

In (63), (65) and (66) it is expected that, for given values Sr, An, Td, there exist two critical values of the Froude number Fn−
ℎ

and Fn+
ℎ which are such that, only for Fnℎ ∈ [Fn−

ℎ , Fn+
ℎ ] the equation does not have a solution. For Fnℎ < Fn−

ℎ , the flow is
called subcritical ; for Fnℎ > Fn+

ℎ , the flow is called supercritical. For the KSC equation (66) the critical Froude values can be
determined analytically as calculated by Pompée (2015) and ultimately proven completely by Delefortrie et al. (2024):

Fn−
ℎ = (2 sin(arcsin(1 − 𝑚)

3 ))
3/2

(67)

Fn+
ℎ = (2 sin(𝜋 − arcsin(1 − 𝑚)

3 ))
3/2

(68)

For the other models (63) and (65) these critical values will be estimated numerically with a search by dichotomy.

4 NUMERICAL EXPERIMENTS

In this section we present some numerical tests with a range of parameters that are chosen to be close to realistic situations,
and we aim to show the effect of the boat’s end profiles and the influence of the asymmetry on the main characteristics of
the flow around the boat (sinkage, trim, free‐surface elevation). All the tests presented here have been produced using a
script developed by the authors of the present article, and available at: https://github.com/jdambrin/MASHCON/.

4.1 PARAMETERS

Let us consider the following set of parameters for the boat:

𝐿𝑤𝑙 = 100m , 𝐵𝑚𝑎𝑥 = 11.4m , 𝑇𝑚𝑎𝑥 = 2.5m (69)

Which corresponds to a large Rhine class boat as defined by the European Conference ofMinisters of Transport (ECMT) (1992).
We will also consider two different waterways, as in Pompée (2015). However, unlike Pompée (2015), we deliberately use
the same single vessel CEMT class Vb in both class IV and Vb cross sections to simplify our comparisons:
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Figure 4: Left: cross section of the canal with the boat at rest for the CEMT class IV (top) and Vb (bottom) canals; right:
schematic view of the boat’s beam profile, with the geometrical parameters ℓ𝑠 and ℓ𝑏.

• CEMT class IV

𝑊 = 36m , 𝑝 = 2 , ℎ = 4.5m (70)

• CEMT class Vb

𝑊 = 54m , 𝑝 = 2 , ℎ = 4.5m (71)

The figure 4 shows the cross section of the waterway and the boat at rest at the midpoint of the boat (maximum beam
and draught); it shows that the main difference lies in the blockage factor (or Bossut number according to our terminology)
𝑚 = (𝐵𝑚𝑎𝑥𝑇𝑚𝑎𝑥)/((𝑊 − 𝑝ℎ)ℎ) (which is 23% for the class IV canal and 14% for the class Vb canal). For simplicity, we will
consider 𝑇 ≡ 1 (constant draught profile), but more general profiles can be considered without any technical difficulty. The
longitudinal change of the boat’s section will be induced by the beam profile (prismatic boat):

𝐵(𝑥/𝐿𝑤𝑙) =
⎧{
⎨{⎩

− (𝑥/(𝐿𝑤𝑙ℓ𝑠) − 1)2 + 1 if 𝑥/𝐿𝑤𝑙 ∈ [0, ℓ𝑠]
1 if 𝑥/𝐿𝑤𝑙 ∈ [ℓ𝑠, 1 − ℓ𝑏]
− ((𝑥/𝐿𝑤𝑙 − 1)/ℓ𝑏 + 1)2 + 1 if 𝑥/𝐿𝑤𝑙 ∈ [1 − ℓ𝑏, 1]

(72)

where ℓ𝑠 and ℓ𝑏 are two dimensionless parameters representing the ratio between the length of the smooth transition be‐
tween the stern (respectively the bow) of the boat and the position beyond which the beam can be considered constant (see
figure 4). These parameters can be related with the boat’s block coefficient:

𝐶𝐵 = ∫
1

0
𝐵(𝑠) d𝑠 = 1 − (ℓ𝑠 + ℓ𝑏)

3 (73)

and so it is clear that, as ℓ𝑠, ℓ𝑏 → 0, we have 𝐶𝑏 → 1. In this ”block limit”, the shape of the boat converges towards a ”shoe’s
box” shape. The contrast between ℓ𝑠 and ℓ𝑏 can be related to the asymmetry of the boat :

𝑎 = 1 − 2𝑥∗ = −1 + 2 ∫
1

0
𝑥𝐵(𝑥)d𝑥/ ∫

1

0
𝐵(𝑥)d𝑥 . (74)

A positive (r.p. negative) value of 𝑎 means that the centre of gravity of the boat is towards the bow (r.p. the stern), and its
maximum value is 1 (r.p. −1).
In the next sections, we will study the effect of these two geometrical parameters on the behaviour of the boat for different
speeds (or Froude numbers) in the subcritical and supercritical regimes. Note that we are fully aware that such boats are
never in the supercritical regime due to their incapacity to overcome the wall of resistance that appears at the end of the
subcritical regime. The results in the supercritical regime are shown for theoretical interest only.

4.2 INFLUENCE OF THE END PROFILES OF THE BOAT

In this section we set ℓ𝑠 = ℓ𝑏 = ℓ, and we investigate the behaviour of the boat as ℓ → 0. By symmetry arguments, it can be
shown that in this particular situation we expect the trim 𝜃 to vanish. For the aforementioned values of the parameters (both
class IV and Vb canals), we will compare the sinkage 𝑧 as a function of the Froude number for values of ℓ ranging from 0.05 to
0.4 (which corresponds to block coefficients ranging from 0.96 to 0.73). These profiles will also be compared with the results
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Figure 5: Top : boat sinkage 𝑧 as a function of the Froude number for the class Vb (plain) and IV (dashed) canal, and
different values of the geometrical parameter ℓ. Left : sub‐critical solutions ; right : supercritical solutions.
Bottom : instances of the longitudinal profile of the free‐surface elevation, and position of the boat (shades
of red indicate the beam values), for parameters indicated by a star on the figure above.

of the t‐KSC theory (block limit). In figure 5 (top row) we can remark that, as ℓ becomes smaller, the sinkage of the boat 𝑧
becomes closer and closer to the prediction of 𝑧 given by the t‐KSC model (purple lines), showing that the energy approach
for the prediction of the hydrostatic sinkage is consistent with the Saint‐Venant theory in the block limit. The tendency shown
is that larger values of ℓ will give slightly larger values of the critical Froude numbers Fn−

ℎ and Fn+
ℎ (defined in the previous

section), along with a smaller maximum sinkage in the subcritical regime. The effect of larger values of ℓ therefore seems
to be similar (in a nontrivial way) to smaller values of the blockage factor. For the supercritical case, the effect is inverse, as
larger values of ℓ are associated with higher values of the elevation of the boat. The figure 5 (bottom row) shows instances
of the longitudinal profiles of the free surface along with the boat’s position for the parameters indicated by a star on the top
row. These figures show that the trim is indeed null in this symmetric case.

4.3 INFLUENCE OF THE ASYMMETRY OF THE BOAT

Here, wewill choose different values for ℓ𝑠 and ℓ𝑏, ranging from ℓ𝑠 = 0.4 and ℓ𝑏 = 0.05 to ℓ𝑠 = 0.05 and ℓ𝑏 = 0.4 (asymmetry
coefficient 𝑎 ranging between −10% and 10%). The figure 6 (top) shows the trim angle as a function of the Froude number
for subcritical flows (left) and supercritical flows (right). We can notice that the trim angle grows sharply in magnitude as the
Froude number approaches Fn−

ℎ , and changes sign in the supercritical regime (where the angle seems to be changing more
slowly with respect to the Froude number). One important fact to be noted here is that the sign of the angle depends on
the direction of the asymmetry of the boat: if the centre of gravity is closer to the stern, the trim is bow up in the subcritical
regime, and conversely, if the centre of gravity of the boat is closer to the bow, the trim is bow down in the subcritical regime.

5 CONCLUSIONS

In this article, we derived from general principles a one‐dimensional hydraulic model for the flow around a boat in the context
of inland navigation, that allows for regular shape profiles of the boat’s beam and draught. The first feature of this model,
in contrast with the more classical KSC theory, is that it requires a distinction between the water drawdown and the boat’s

7th Mashcon     18 - 22 May 2025, Bruges, Belgium

225



Figure 6: Boat trim 𝜃 as a function of the Froude number for the class Vb (plain) and IV (dashed) canal, and different
values of the geometrical parameters ℓ𝑠 and ℓ𝑏. Left : sub‐critical solutions ; right : supercritical solutions.
Bottom : instances of the longitudinal profile of the free‐surface elevation, and position of the boat (shades
of red indicate the beam values), for parameters indicated by a star on the figure above.
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vertical displacement. The second consequence of allowing non‐block boats is the emergence of a trim, merely by hydrostatic
effects, induced by the longitudinal asymmetry.

Our numerical simulations, restricted to subcritical and supercritical flows, have shown that, first, when the boat’s profile
degenerates towards a block boat, our results converge towards the classical KSC theory adapted for canals with trapezoidal
sections (t‐KSC). This fact can be demonstrated formally on the systems of equations being solved, but it ought to be proven
rigorously by a convergence theorem (this is a work in progress that will be the occasion of a future, more mathematical
paper). Second, is the existence of the hydrostatic trim effect, which sign depends on the position of the boat’s center of
gravity and which is maximal in amplitude at the subcritical critical value of the Froude number Fn−

ℎ . We have shown that,
when the centre of gravity of the boat is closer to the bow (r.p. the stern), the trim is nose‐down (r.p. nose‐up) in the
subcritical regime and that the effect is reversed in the supercritical regime. In this study, we have always considered the
draught to be constant at rest and the asymmetry being induced by variations of the beam, but it is very easy to consider,
with the same model, a longitudinal variation of the draught at rest (caused, for example, by an uneven loading of the boat).

The trans‐critical regime Fn−
ℎ < Fnℎ < Fn+

ℎ has not been investigated here. In fact, stationary solutions to this problem do
not exist in this particular situation (there is no continuous profile 𝑧 of a constant specific head along the canal). This problem
is usually resolved by the appearance of several hydraulic jumps: one in front of the bow (in a forward relative motion), one
behind the stern (in a backward relative motion), and one abreast (stationary). Then, in the absence of friction, there is a lack
of uniqueness of the position of the later stationary hydraulic jump. This suggests a position that is history dependent and
justifies a future work, focused on numerical simulations of (35)‐(39) which will require the design of well‐balanced schemes
to capture correctly the dynamics of this hyperbolic system.

These purely hydraulicmodels are only valid in situations of significant blockages (𝑚 ∼ 1) and for very long vessels (ℎ/𝐿𝑤𝑙 <<
1). In particular, frictional head losses, which play a role not only in the dynamics of the fluid around the vessel but also in the
dynamics of the vessel itself, have been neglected here. We aim to include these effects in a future study. Finally, shallow‐
water theory also neglects the dispersive effects of surface waves, which are also significant in the forces exerted by the fluid
on the vessel (wave resistance, lift). Accounting for precise hydraulic effects alongside dispersive effects within a framework
consistent with the Euler equations poses a major challenge, which we intend to address in future work.
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