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Abstract

The time base reconstruction method proposed by Wilkinson and Ivany [Paleoclimatic inference from stable isotope profiles of
accretionary biogenic hardparts—a quantitative approach to the evaluation of incomplete data. Palacogeogr. Palaeocl. Palacoecol.
185 (2002), 95—114] can be further refined. They have shown that variations in accretion rate can be reconstructed from variations
in the period of the measured signal. Here, it is shown that such variations influence not only the period, but also the phase of the
signal. So, a refined estimator for the time base is constructed, which takes both period and phase variations into account.

© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Palaeo-environmental studies are often based on
measurements of proxies or trace elements in corals,
sponges or shells. One major problem with these records
is the dating of the individual observations. Any proxy
record is measured as function of a distance, while we
would like to have the time series, which can be inter-
preted in the framework of palaeo-climate reconstruc-
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tion and compared with other records or with models.
Many of these records are so short in time (e.g. shells)
that radio-isotopes can hardly be used for dating pur-
poses. Even if it could be used, it will give an idea about
time scales (is the record 100 or 150 years old?), not
about the time base, which describes the variation in
accretion rate from one observation to another. An
elegant method developed to construct such time bases
is proposed by Wilkinson and Ivany (2002; Ivany et al.,
2003) and assumes that the signal model is sinusoidal,
reflecting the large summer/winter variations. To
reconstruct the time base, a window moves over the
record by one observation per step. For each window the
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Fig. 1. Illustration of the parameters used to estimate the amplitude,
period, phase and position of Wilkinson and Ivany’s method (2002).
The observations are shown by the “+” sign, the dotted line is the model
and the rectangular is the window.

amplitude Amp (dimension of the measurement, e.g. per
mil), period Per (distance), phase Phs (distance) and
position or offset Pos (dimension of measurement), are
estimated by matching

mp . 2n
YWI = p S |:( VVmid_PhS) Per] + Pos (1)

on the samples in the window (see Fig. 1 for a visualiza-
tion of the parameters). When the accretion rate is large
this will be reflected in a large and vice versa. By
moving the window over the observations, the varying
period is finally estimated over the total length of the
record and the varying accretion rate can be calculated
from the variations in period.

2. First refinement

Note, firstly, that it is better to estimate the position
and amplitude before windowing, because these para-
meters do not change from one window to another. If
these parameters would be estimated in each window,
they will slightly differ from one window to another,
due to the stochastic noise. Moreover, the differences
will cause additional variations in the estimated period
and phase (Schoukens and Renneboog, 1984), which
would make the method less stable. Therefore, we
propose to estimate the position and amplitude on the
total record, remove these parameters by subtracting the
position and dividing by the amplitude. This has the
advantage that the noise is averaged over much more
observations. Besides this, in a next step the amplitude
and position must be fixed anyway to estimate
variations in accretion rate (see Eq. (3)). This means
that this method cannot be applied if variations in
amplitude or position are present.

3. Second refinement

The method proposed by Wilkinson and Ivany does
not explicitly take into account that a part of the
variations in accretion rate will appear in the phase (De
Ridder et al., 2004). The result of this neglection is
illustrated in Fig. 2: the artificial proxy record is a sine,
shown by the dotted and the full line. The accretion rate
decreases slowly from left to right. The last window of
10 samples is represented by the full line. On this
window, a sinusoidal model, i.e. Eq. (1), is matched.
This model is extrapolated over the total measurement
window. At the origin, it can be seen that the phase is
now 71/2 (cosine). Indeed, a change in the time base does
not only influence the period, but also the phase. So, if
we want to reconstruct the time base more accurately,
both the period and phase variations have to be taken
into account.

To find a mathematical expression for this idea, we
start by assuming that the true signal Y;;, (dimension of
the measurement) is sinusoidal and is described by

Yin = Ampy sin{znTime + Phso} + Posy (2)
2 Pery
with Time the corresponding time instance (dimension:
time) Amp,, and Pos, respectively the amplitude and
position of the signal (dimension of the measurement),
Pery the period of the sine (dimension is now time) and
Phs, the phase (scalar). The index 0 indicates that these
parameters do not vary with time. If the time instances
Time are larger then average, the time interval between
sample »n and the previous one is larger than average and
the accretion rate was thus smaller than average (assum-
ing a constant sample distance). For time instances
smaller than average the opposite is true. The clue of this
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Fig. 2. The dotted and the full line represent a proxy-signal. On the full
line a sinusoidal signal is matched. This sinusoidal is shown by the
dashed line.
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refinement is the identification of these time instances:
we have followed the procedure proposed by Wilkinson
and Ivany, i.e. a window of ¢ samples is moved over the
record. For each step Eq. (1) is matched on the win-
dowed data.

In order to reconstruct the variation in accretion rate,
Eq. (2) is set equal to Eq. (1) and the resulting expres-
sion is solved for Time. In order to derive an explicit
expression for Time (pull it out of the sine’s argument),
we have had to assume that the amplitude and position
do not vary with time. So,

Amp = Amp, and Pos = Pos,

(3)

which leads to

(4)

. Wmid—PhS PhSo
Time = Perg| ————

Per 2n

See the appendix for a derivation. If we look in more
details to this expression, one can notice that the Period
Pery acts as a scaling factor and that the phase Phs, acts as
an offset of Time. To put it more simply, the time instance
between two subsequent samples is scaled by the period
Pery Fortunately, we usually have a good idea about the
real period of the measured signal. So, this period can be
fixed in advance (e.g. for annually resolved archives this
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period is 1 year). As a result, we are able to date each
observation w.r.t. the other observations, but the complete
record can still be translated in time. In order to fix this, the
phase Phs, has to be identified and this can sometimes be a
problem: this method is not able to tell when the obser-
vations were formed; the latest period can correspond to
this year or to any other year. In order to overcome this, the
investigator has to use additional information, like
radiocarbon dates or the sampling date, which can be
linked to the latest observation. If this date is known, the
phase Phs, can be fixed.

So to conclude, two parameters have to be chosen by
the user, i.e. Pery and Phs,. The first defines the time
scale of the time base and the second positions the time
base in real time. If this is done, all observations can be
assigned an absolute date (Time).

4. Results

The refinement is illustrated on a simulated 6'%0
record (see Fig. 3a), consisting of a sinusoidal signal
(100 observations sampled over 5 years) with amplitude
one per mil, disturbed by stochastic noise (with a stan-
dard deviation of 0.1 per mil), no systematic errors are
present and the accretion rate increases exponentially.
The change in accretion rate was chosen sufficiently
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Fig. 3. (a) Simulated signal with noise: the amplitude of the simulated sine is 1 per mil, while the standard deviation of the noise is 0.1 per mil. (b) The
estimated time bases: the divergence of the original signal is mainly due to the changing phase, which was not incorporated in the time model. Note
that the refined method and the ‘true’ time base fall almost together. Therefore, the accretion rate of these is shown in (c). (d) shows the signal on the
reconstructed time base. The dotted line represent the function Yg,.
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large, so that the importance of the phase is pronounced.
The width of the window used is 20 samples. In Fig. 3b
the time is shown as function of distance, i.e. the func-
tion relating the physical position of an observation with
its date. Note that neglecting the phase can have a large
influence on the estimated time, which even inverses
near the end of the record. In Fig. 3c, the simulated
accretion rate and the refined reconstruction are shown.
Both are very similar, which illustrates that the refined
method is very robust in the presence of stochastic
noise. However, one should be careful if the sinusoidal
model assumption is violated (i.e. a non-sinusoidal sig-
nal) or if the accretion rate varies rapidly compared to
the width of the window.
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Appendix B. Supplementary data
Supplementary data associated with this article can
be found, in the online version, at doi:10.1016/].
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List with symbols

Symbol Description Dimension
Amp Amplitude Dimension

of measurement
c Width of the window (number of samples) Scalar
Per Period Time
Phs Phase Scalar
Pos Estimated position or offset Dimension

of measurement
Time Time instance Time
W inid Number in the middle of the window Scalar
Ysin Signal model, proposed in this comment Dimension

of measurement
Ywi Signal model proposed by Wilkinson and Dimension

Ivany of measurement

Derivation of Eq. (4)
Eq. (1) is set equal to Eq. (2), so

A 2
% sin {(Wmid—Phs) P_:r} + Pos
Amp,

2

2
sin{—n Time + Phso} + Posy (5)
Pery

We assumed that Amp=Amp, and Pos=Pos, (Eq.
(3)), i.e. the amplitude and position are no function of
time. This is actually necessary, because otherwise, as
far as we know the arguments of the sinuses cannot be
entered. Eq. (5) simplifies to

2 2
sin {(Wmid—Phs) P—:J = sin{gfo Time + Phso} (6)

Now, we apply an arcsin on both sides, which leads to

(Wmia—Phs) % = %Time + Phsy + 27k (7)
with k an integer. From a mathematical point of view, the
27k can be dropped because adding 27 to the phase
would not change the signal. However, from a physical
point of view, this corresponds to a shift of & periods in
the time domain (for annually resolved archives this
corresponds to a shift of exactly & years). So, now the
time can be written as function of the other variables

21 2n
Wiia—Phs) — = ——Ti Ph
(Wiia ) Per  Per, tme + Fhso
. Wmid—PhS PhSO
T =P _ 8
<>Time ero( Per " ) (8)

which is Eq. (4).
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