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A B S T R A C T

The diverse microbial community in the ocean, encompassing various metabolic types, interacts with the
wide array of compounds in the dissolved organic matter (DOM) pool, thereby influencing the ocean’s
biogeochemical state and, consequently, the global climate. Our understanding of the interactions between
specific DOM constituents and microbial consortia remains limited, necessitating further refinement to achieve
a mechanistic comprehension of the relationship between the DOM field and the microbial metabolic network.
Attaining this level of understanding is crucial for accurately predicting the marine ecosystem’s response to
natural and anthropogenic perturbations. To address this gap, we developed a bacterial population model
based on the von Foerster equation. This model aims to describe the complex microbial-mediated degradation
of gelatinous zooplankton (hereinafter ‘jellyfish’) detritus, as an important, but largely overlooked source of
DOM in the ocean. By considering microbial growth and decay, as well as DOM uptake, and nutrient release,
the model is able to describe the microbial community’s life cycle, and the biochemical transformations of the
jellyfish-derived organic matter. We fitted the model to results of laboratory microcosm experiments conducted
to simulate scenarios experienced by ambient microbiomes during decay of two different jellyfish species in
the northern Adriatic Sea. By interpreting the fitted parameters, we highlight the differences in the microbial
response to different jellyfish species, namely how these affect the microbial community composition and the
release of nutrients. This model has been specifically designed for integration with ocean circulation models
to create a comprehensive physical-biogeochemical ocean model. Such an extended model can be utilized for
multi-scale simulations to assess the system’s response to jellyfish and jellyfish-derived organic matter. Given
that jellyfish blooms may become more prevalent under future ocean scenarios, this modeling approach is
essential for understanding their potential impact on marine ecosystems.
1. Introduction

Due to their unique features and metabolic machinery, diverse ma-
rine microbes are capable of accessing the plethora of compounds com-
prising the dissolved organic matter pool (DOM) in the ocean (Azam
and Malfatti, 2007). By controlling the uptake, degradation and re-
mineralization of DOM compounds marine microbes contribute to the
fate of this largest reservoir of carbon in the biosphere (Hansell et al.,
2009). Besides, by returning recycled inorganic nutrients to primary
producers, marine microbes crucially contribute to the net CO2 removal
from, and oxygen input to, the atmosphere (Arndt et al., 2013). Thus, a
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mechanistic understanding of microbial degradation of diverse pools of
DOM at different spatial–temporal scales in the ocean is a crucial step
towards the comprehension of the global carbon cycle (Shang, 2023).
Yet knowledge on the microbial processes and mechanism that governs
the degradation of the individual compounds within the oceanic DOM
pool is still in its infancy.

The process of microbial degradation of specific organic matter
pool is complex and determined by quality and quantity of available
substrate and ability of diverse microbes to access and use available
compounds for their growth. To reveal the complex relationships be-
tween all involved players and components the power of biological
vailable online 18 July 2024
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modeling based on mathematical description of microbial-mediated
processes in a prototyping environment can be exploited (e.g., for
marine sediments Arndt et al., 2013, and references therein and Shang,
2023). By simplifying the complexity of the system, models can also
provide an important platform for testing hypotheses and different sce-
narios, e.g., before staring cumbersome experimental work. Modeling
has been used to describe microbial growth and evaluate the factors
influencing it (reviewed in McMeekin et al., 2002; McKellar and Lu,
2003; Li et al., 2007; Peleg and Corradini, 2011). Model complexity
can further range from including one factor, such as a simple substrate
dependency, to more bio-physicochemical processes, environmental
conditions, and even biotic interactions (Esser et al., 2015). Microbial
growth models are critical components of ocean ecosystem models that
link the supply of organic and inorganic resources to the microbial
communities, enabling predictions of biomass distributions, resource
contributions to food webs, and biogeochemical fluxes. Modeling of
bacterial growth in ecology usually makes use of the Monod equation
to predict bacterial growth kinetics, and exponential decay functions
are used to model bacterial decay (Wade et al., 2016). The Monod
model can be improved by the use of population models, such as the
von Foerster equation (M’Kendrick, 1925; von Foerster et al., 1960). By
assuming the age or maturity dependence of the population (Stukalin
et al., 2013; Rochman et al., 2018; Hadd and Lahbiri, 2022), one
can model more complex phenomena, such as population fluctuations,
which result from age-dependent decay and growth, and potentially
such models could also be used to model the growth lag.

DOM plays a key role in the carbon cycle in the oceans, and among
others, it is one of the sources of energy for microheterotrophs (Dittmar
et al., 2021). Yet, the composition of DOM differs and the ability
of microorganisms to consume it also depends on the presence of
other macronutrients. Near-surface waters are often nitrogen-, and
phosphorous-limited (Moore et al., 2013), e.g., the northern Adriatic
is P-limited (Grilli et al., 2020; Fanelli et al., 2022). A disruption
of the nutrient balance may therefore start a succession of events.
Biogeochemical models deal with such interplay of living organisms,
and the chemistry of oceans (Vichi et al., 2007; BFM Consortium,
2024).

One largely overlooked source of organic matter in the ocean is
gelatinous marine zooplankton (the cnidarian subphylum Medusozoans
and phylum Ctenophore, hereinafter jellyfish). The amount of car-
bon stored in jellyfish in the epipelagic ocean was recently estimated
to amount to ∼510 × 109 kg (Luo et al., 2020). Besides, due to their
great ability to adapt, jellyfish might be the winners of the future
ocean (Richardson et al., 2009). Adaptive features of jellyfish likely
enable their proliferation under projected oceanic changes, such as
warming, acidification, oxygen loss, and the increasing human exploita-
tion of its ecosystem services (Richardson et al., 2009; Purcell, 2012;
Steinberg and Landry, 2017). Despite debates on the cause of recent
jellyfish population fluctuations, the increase of their numbers, influ-
enced by natural population oscillations, anthropogenic stressors, and
climate change, poses significant socioeconomic and serious ecological
consequences (Richardson et al., 2009; Purcell, 2012; Condon et al.,
2013; Sanz-Martín et al., 2016). In the aftermath, jellyfish blooms rep-
resent a considerable, but underappreciated source of organic matter,
especially locally and regionally. Our previous findings indicate that
decaying jellyfish blooms exhibit a distinct chemical and metabolic
fingerprint compared to decaying phytoplankton blooms, potentially
altering marine system functioning and biogeochemistry (Tinta et al.,
2020, 2023; Fadeev et al., 2024). Namely, about half of jelly-OM is
instantly available as DOM, which is rapidly respired and incorporated
into the biomass by opportunistic bacteria. In less than 2 days jelly-
OM degrading microbial consortia degraded most of jellyfish-derived
proteins and amino acids. As the end result of microbial degradation of
jelly-OM, substantial accumulation of ammonium and phosphate was
2

recorded, with potentially important implications on biogeochemical
Fig. 1. A sketch of bacterial growth phases. ln𝑋 is the natural logarithm of the
bacterial biomass.

cycles (Tinta et al., 2021; Fadeev et al., 2024). Currently, comprehen-
sive experimental data sets on microbial degradation of jelly-OM are
available only for a limited number of jellyfish species from a few
marine ecosystems at restricted spatial–temporal scales. However, due
to aforementioned characteristics of jelly-OM it is important to incor-
porate jellyfish into ocean biogeochemical models as key components
of the biological soft-tissue pump (Steinberg and Landry, 2017; Lebrato
et al., 2019). In order to comprehensively understand the importance of
jellyfish–microbes interactions for biogeochemical cycles in the ocean,
we need to expand our data sets by taking into account great jellyfish
diversity, range of marine ecosystems and possible future scenarios of
jellyfish population increase. One way to approach the great complexity
of this problem is to create physical model of the jelly-OM microbial
degradation process.

In this work we present a bacterial population model based on
the von Foerster equation with SIR-type model for kill-the-winner
population decay. The model is developed for the purpose of describing
a set of experiments where decaying jellyfish biomass is consumed by
bacteria. During the process inorganic nutrients are released, which
is described by the Luedeking–Piret equation. A system of equations,
representing the model, is given, and its free parameters are adjusted
to fit to the experimental data. The experimental data in question are
laboratory microcosm experiments of two jellyfish species’ decay in the
northern Adriatic Sea. Finally, the results of these fits are discussed. The
presented model does not deal with the full complexity of biogeochem-
istry of the ocean, but rather with a specific short-timescale seasonal
event. As such it may present itself useful as a part of a multi-scale
analysis of the biogeochemistry.

2. Material and methods

2.1. Model

Microorganisms subjected to a limited amount of substrate in a
closed environment usually follow a typical growth-curve, which can
be broken down in several phases (Fig. 1). For simplicity let us consider
only the following:

1 lag phase;
2 exponential growth phase;
3 stationary or steady phase;
4 decay phase.

The lag phase occurs due to microorganisms adjusting to the en-
vironmental factors or the substrate (Rochman et al., 2016), but it
is generally not well understood (Rolfe et al., 2012). Once adjusted,
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the microorganisms start multiplying exponentially, entering the ex-
ponential growth phase, which lasts while the substrate is plentiful,
and the environmental conditions are favorable. When the substrate
starts running out the growth slows down, and eventually stands still, as
the microbial population stabilizes in the stationary phase. Eventually
this population can no longer be sustained in given conditions due
to diverse factors: metabolite build-up, and consequent population
poisoning, viral infection of the population (kill the winner) or changed
environmental factors such as oxygen concentration, temperature or
water pH. This results in the population entering the decay phase.

To model the exponential growth of bacteria we use the Monod’s
growth model, which is widely used in biogeochemical models:
d𝑋
d𝑡

= 𝜇𝑋, (1)

= 𝜇𝑚𝑎𝑥
𝑆

𝐾𝑆 + 𝑆
, (2)

here 𝑋 is the biomass concentration, 𝜇 and 𝜇𝑚𝑎𝑥 are the specific
rowth rate and the maximal specific growth rate, respectively, 𝑆
s the substrate concentration, and 𝐾𝑆 is the biomass’ affinity for
he substrate. This model reproduces the sigmoid growth curves of
he exponential growth, and stationary phases. During exponential
rowth the substrate consumption by microorganisms is modeled via
he following correlation:
d𝑆
d𝑡

= −
𝜇𝑋
𝑌𝑋∕𝑆

. (3)

𝑌𝑋∕𝑆 is the biomass yield per unit of substrate consumed. To monitor
(side-)product formation the Luedeking–Piret equation is used:
d𝑃
d𝑡

= 𝛼𝜇𝑋 + 𝛽𝑋, (4)

where 𝛼 relates to the product formation due to biomass growth, and
𝛽 to the product formation due to respiration.

Eqs. (1)–(4) are a system of equations which we solve to describe
icrobial growth, as well as substrate consumption, and product for-
ation during the exponential growth, and the stationary phases.
hey, however, fail to describe the lag phase. The latter we model
ith the von-Foerster-type equation (M’Kendrick, 1925; von Foer-

ter et al., 1960), which assumes age-dependent growth rate. Age-
ependent growth rate is supported by some studies (Stewart et al.,
005; Lavric and Graham, 2010; Stukalin et al., 2013; Rochman et al.,
018), but maturity is also sometimes used instead of age (Hadd and
ahbiri, 2022). The previous system of equations thus becomes:

(𝑡) = ∫

∞

0
𝑥(𝜏, 𝑡)d𝜏, (5)

𝜕𝑥
𝜕𝑡

+ 𝜕𝑥
𝜕𝜏

= −𝜇(𝜏)𝑥(𝜏, 𝑡), (6)

𝑥(0, 𝑡) = 2∫

∞

0
𝜇(𝜏)𝑥(𝜏, 𝑡)d𝜏, (7)

d𝑆
d𝑡

= −
∫ ∞
0 𝜇(𝜏)𝑥(𝜏, 𝑡)d𝜏

𝑌𝑋∕𝑆
, (8)

d𝑃
d𝑡

= 𝛼 ∫

∞

0
𝜇(𝜏)𝑥(𝜏, 𝑡)d𝜏 + 𝛽𝑋, (9)

𝜇(𝜏) = 𝜇𝑚𝑎𝑥 exp
(

−𝑘𝜇𝜏
) 𝑆
𝐾𝑆 + 𝑆

. (10)

𝜏 represents the population’s age, i.e. clock-time since last division, and
𝑥 is the age density of the biomass. The latter can be thought of as a
measure of the abundance of 𝑋 of certain age (𝜏) and is related to 𝑋
via Eq. (5). The assumption of fading specific growth rate introduces
exponential decay into the calculation of 𝜇, which contains an aging
coefficient 𝑘𝜇 . Eqs. (6) and (7) assume that with each division 2 new
cells appear, so the old cell is removed from the respective balance. In
Eq. (10) we assume that with increasing age the specific growth rate
follows an exponential decay function, which mostly affects the initial
3

growth rate and thus introduces a lag phase. Eq. (6) can be further
modified to also accommodate the decay phase:
𝜕𝑥
𝜕𝑡

+ 𝜕𝑥
𝜕𝜏

= − (𝜇(𝜏) + 𝑑) 𝑥(𝜏, 𝑡). (11)

he newly introduced coefficient 𝑑 represents the specific decay rate.
can depend on environmental factors, toxin concentrations or even

olony’s age (Zahariev et al., 2015). A specific mode of colony decay
s the ‘‘kill the winner’’ (KTW) event, where a viral infection spreads
mong the most populous bacteria in a community (Thingstad and
ignell, 1997). As a viral infection it can be modeled with SIR-type
opulation models (i.e., Susceptible, Infected, Removed). We expand the
xisting model by introducing a population of infected bacteria 𝐼 .
d𝐼
d𝑡

= 𝑘𝐼 (𝑋 − 𝐼) 𝐼 − 𝑑𝑉 𝐼, 𝑋 − 𝐼 ≥ 0. (12)

ome studies model the viruses as a separate population (Miki and
amamura, 2005), however, in the present study’s SIR model, the
opulation of viruses is not monitored separately, but is rather included
ithin the infected population of bacteria. As the bacterial abundance

s not modeled for separate bacterial strains, but is rather an umbrella
erm for all the present bacterioplankton, the outcome of the KTW
odel does not actually give a winning strain, as is otherwise the ex-
ected result (Miki and Yamamura, 2005; Maslov and Sneppen, 2017).
he viral infection instead acts merely as a population ending event.
n Eq. (12) 𝑘𝐼 is the infection rate at which susceptible population is
eing infected, and 𝑑𝑉 is the decay rate of the infected population.
er assumption, 𝐼 behave the same as 𝑋 up until the moment they
ie, and are equally present through all 𝑥. This eliminates the need
or a separate variable for the susceptible population, which can be
eplaced by the difference 𝑋 − 𝐼 > 0. Consequently, 𝑑 in (11) becomes
= 𝑑𝑉 𝐼∕𝑋, where 𝐼∕𝑋 is the infected proportion of 𝑋. The decay may

dditionally affect the product balance, thus an extra term is added to
he Luedeking–Piret equation to account for that:

d𝑃
d𝑡

= 𝛼 ∫

∞

0
𝜇(𝜏)𝑥(𝜏, 𝑡)d𝜏 + 𝛽𝑋 + 𝛾𝑑𝑉 𝐼, (13)

ith 𝛾 being the coefficient related to product formation due to biomass
ecay.

To limit the upper age of 𝑥, 𝜏𝑚𝑎𝑥, the following assumptions are
pplied:

∫

∞

0
𝑥(𝜏, 𝑡)d𝜏 = ∫

𝜏𝑚𝑎𝑥

0
𝑥(𝜏, 𝑡)d𝜏 + ∫

∞

𝜏𝑚𝑎𝑥
𝑥(𝜏, 𝑡)d𝜏

= ∫

𝜏𝑚𝑎𝑥

0
𝑥(𝜏, 𝑡)d𝜏 +𝑋∞,

d𝑋∞
d𝑡

= 𝑥(𝜏𝑚𝑎𝑥, 𝑡) − 𝜇∞𝑋∞,
∞

0
𝜇(𝜏)𝑥(𝜏, 𝑡)d𝜏 ≈ ∫

𝜏𝑚𝑎𝑥

0
𝜇(𝜏)𝑥(𝜏, 𝑡)d𝜏 + 𝜇∞𝑋∞.

(14)

These assumptions can be made for 𝜏𝑚𝑎𝑥 large enough that the
rror of the following assumption is negligible: 𝜇(𝜏𝑚𝑎𝑥) ≈ 𝜇∞. They
lso simplify the numerical complexity of the problem, when solving
qs. (5)–(10) discretely, as the discretization of the population’s age
hen requires less variables (see Appendix A).

The system of equations presented above is made dimensionless by
ntroducing the following variables: 𝑋̄ = 𝑋∕𝑋∗, 𝑥̄ = 𝑥∕𝑋∗, 𝐼 = 𝐼∕𝑋∗,
𝑆̄ = 𝑆∕𝑆∗, 𝑃 = 𝑃∕𝑃 ∗, with 𝑋∗, 𝑆∗, and 𝑃 ∗ being constants (e.g., maxi-
mal experimental values of the respective variable). Additionally, some
model constants need to be updated: 𝐾 ′

𝑆 = 𝐾𝑆∕𝑆∗, 𝑌 ′
𝑋∕𝑆 = 𝑌𝑋∕𝑆𝑆∗∕𝑋∗,

𝛼′ = 𝛼𝑋∗∕𝑃 ∗, 𝛽′ = 𝛽𝑋∗∕𝑃 ∗, 𝛾 ′ = 𝛾𝑋∗∕𝑃 ∗, and 𝑘′𝐼 = 𝑘𝐼𝑋∗. Through
these substitutions we arrive at the final model formulation:

𝑋̄(𝑡) = ∫

∞

0
𝑥̄(𝜏, 𝑡)d𝜏, (15)

𝜕𝑥̄
𝜕𝑡

+ 𝜕𝑥̄
𝜕𝜏

= −
(

𝜇(𝜏) + 𝑑𝑉
𝐼
𝑋̄

)

𝑥̄(𝜏, 𝑡), (16)

̄(0, 𝑡) = 2
∞
𝜇(𝜏)𝑥̄(𝜏, 𝑡)d𝜏, (17)
∫0
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d𝑆̄
d𝑡

= −
∫ ∞
0 𝜇(𝜏)𝑥̄(𝜏, 𝑡)d𝜏

𝑌 ′
𝑋∕𝑆

, (18)

d𝑃
d𝑡

= 𝛼′ ∫

∞

0
𝜇(𝜏)𝑥̄(𝜏, 𝑡)d𝜏 + 𝛽′𝑋̄ + 𝛾 ′𝑑𝑉 𝐼, (19)

d𝐼
d𝑡

= 𝑘′𝐼
(

𝑋̄ − 𝐼
)

𝐼 − 𝑑𝑉 𝐼, 𝑋̄ − 𝐼 ≥ 0, (20)

𝜇(𝜏) = 𝜇𝑚𝑎𝑥 exp
(

−𝑘𝜇𝜏
) 𝑆̄
𝐾 ′

𝑆 + 𝑆̄
. (21)

The initial conditions, and the numerical procedures involved in
solving this system of equations are further discussed in Appendix.

2.2. Experiments and fitting the model

The presented model is fitted to data from microcosm experiments
in which we simulated the scenario potentially experienced by coastal
pelagic microbial communities after the decay of a bloom of the cos-
mopolitan (Aurelia aurita) and invasive ctenophore (Mnemiopsis leidyi)
in coastal marine ecosystems of the northern Adriatic Sea. For more de-
tails on these experiments see Tinta et al. (2020), Fadeev et al. (2024).
Briefly, for each experiment we inoculated 1.2-μm-pre-filtered ambient
prokaryotic coastal community collected in near-surface waters of the
northern Adriatic Sea in aged seawater (ASW) media in a ratio of
ASW:bacterial inoculum of 9:1. For each experiment, three of the ex-
perimental bottles received 100mg of jellyfish or ctenophore dry matter
L-1, representing the jelly-OM or cteno-OM treatment to mimic typical
bloom conditions in a coastal ecosystem. Three experimental bottles
remained unamended with jelly-OM and served as control. All bottles
were incubated in the dark at in situ temperature (∼24 °C) and mixed
gently prior to subsampling. In all experiments, we sampled at short
time intervals for bacterial abundance, dissolved organic carbon (DOC),
total dissolved nitrogen (TDN), total hydrolyzed amino acids (TDHAA),
dissolved free amino acids (DFAA) and inorganic nutrients (NH +

4 , PO 3–
4 ,

NO –
3 , NO –

2 ). In total we conducted and analyzed 2 experiments with
A. aurita and 1 experiment with M. leidyi organic matter. Experiments
were terminated at different stages of bacterial growth: one A. aurita
experiment was terminated after bacterial community reached the late
exponential phase (A. aurita exponential), and the other A. aurita and
the M. leidyi experiments only after bacterial community entered decay
phase (A. aurita full and M. leidyi full). At the same time, we analyzed
the composition of bacterial community using microscopy-based and
omic approach, but data were not used in this model and are discussed
elsewhere (Tinta et al., 2020, 2023; Fadeev et al., 2024). Bacterial
inoculum used in all our experiments was collected from the 5 m depth
at the same sampling station and in the same season in the northern
Adriatic Sea, but there was one year apart between A. aurita and M.
leidyi experiments. Both A. aurita experiments were conducted using
the same bacterial inoculum, which was sampled on the same day as
the start of first experiment (A. aurita full) and was kept in the dark at
4 °C until used in the second experiment (A. aurita exponential) 4 days
later. Results of these experiments are presented in Fig. 2.

As 𝑋 we model the bacterial abundance, as 𝑆 the concentration of
the amino sulfonic acid taurine, and we additionally model two prod-
ucts of jelly-OM microbial degradation process 𝑃 , namely ammonium
and phosphate. Additionally, we model the change of dissolved organic
carbon (DOC), as an independent substrate which is consumed during
bacterial growth, but its concentration does not affect the growth rate.
Although taurine cannot be considered the sole substrate for bacterial
growth, and the process is likely more complex, it is used as a marker
of DOM available for bacteria. As an amino sulfonic acid, taurine was
one of the most abundant dissolved species picked-up in the analysis
of free amino acids in the jelly-OM amino acid pool. Furthermore,
taurine was available in great amount from the beginning, and was
depleted during the experiment, unlike some other amino acids, as not
all organic matter was processed during the microbial decay (Tinta
4

Fig. 2. Results of A. aurita exponential (top), A. aurita full (middle), and M. leidyi full
(bottom) experiments. Shown are dimensionless values of bacterial abundance (𝑋̄), and
concentrations of taurine (𝑆̄𝑇 𝑎𝑢), DOC (𝑆̄𝐷𝑂𝐶 ), NH +

4 (𝑃𝑁𝐻+
4 ), and PO 3–

4 (𝑃 𝑃𝑂3−
4 ).

et al., 2020). Ammonium ions are produced throughout the process
of protein degradation (via ammonification, i.e., a process in which
bacteria break down complex nitrogen-containing compounds to even-
tually ammonia), whereas phosphate ions appear to be depleting during
the microbial growth, but are again being produced during stationary
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growth phase, and even more so during the decay phase. A. aurita expo-
ential results are used to find the model parameters of the exponential
hase, and A. aurita full results are used to find the parameters of the
teady, and decay phases. The model assumes constant environmental
arameters such as pH, salinity, and temperature, as these were kept
onstant during experiments, and due to a relative short time-scale of
he process (compared to oceanographic time-scales) it is likely that
onditions would remain stable also in natural environments.

To fit the model to the experimental data, the following cost func-
ion 𝜆 is used:

=
∑

𝑓

[

𝑤𝑓
∑

𝑖

|

|

|

|

|

1 −
𝑓𝑚𝑜𝑑,𝑖
𝑓𝑒𝑥𝑝,𝑖

|

|

|

|

|

]

, (22)

here 𝑓 represents model and experiment results (𝑋, 𝑆, and 𝑃 ), 𝑤𝑓
s the weight factor of 𝑓 , indices 𝑚𝑜𝑑, and 𝑒𝑥𝑝 represent the model
nd experiment, respectively, and 𝑖 represents a common point in time,
here an experimental measurement was made, and is compared to the
odel’s values. 𝑤𝑓 is equal to 1 when parameters related to 𝑓 are being

itted, otherwise it equals 0.
The model is fitted to the experimental data by using the scipy’s

mplementation of the differential evolution global optimizer (Virtanen
t al., 2020). A cascaded approach is used for fitting the parameters,
s they affect different parts of the model’s output. This is done in
rder to reduce the computational complexity of the problem. Thus,
arameters 𝜇𝑚𝑎𝑥, 𝐾 ′

𝑠, and 𝑘𝑚𝑢 are fitted first to the A. aurita exponential
xperiment, along with 𝜏𝑚 to adjust for a possible lag phase. 𝑌𝑋∕𝑆 is
ssumed from the experimental data as the total amount of bacteria
rown divided by the amount of substrate consumed. Then 𝜏𝑚, 𝑘′𝐼 ,

𝑑𝑉 , and 𝜉 are fitted to the A. aurita full experiment. With this the
acterial growth and decay parameters are covered. The products-
elated parameters do not affect the growth phases, as no inhibition
ith products is present in the model. Therefore 𝛼′, 𝛽′, and 𝛾 ′ of each

of the two products can be fitted separately, however as 𝛼′ is related to
the growth phase, it is fitted to the A. aurita exponential experiment,
and the latter two parameters to the A. aurita full experiment. As we
assume that DOC is consumed mostly during the growth phase, it was
fitted to the A. aurita exponential experiment. Additionally, 𝜏𝑚 and 𝜉 are
free parameters, and are case/experiment specific, and are thus always
optimized for each case.

Obtained parameters are then tested against the M. leidyi full ex-
periment results, and adjusted, where required. It should be noted at
this point that the experimental conditions, while controlled, were not
entirely identical in both cases, therefore the A. aurita experiments can-
not be entirely used to predict the behavior of the M. leidyi experiment.
The starting community is likely different, and so is the composition of
the substrate (Fadeev et al., 2024). Experiments were conducted one
year apart, yet the community composition at the peak of bacterial
abundance is very much the same, as shown through a metagenomic
analysis (Fadeev et al., 2024). Both A. aurita experiments are indeed
comparable, as the samples for them were collected at the same time.

All fitting procedures were done with 𝛥𝑡 = 1 × 10−2 h, 𝛥𝜏 = 1 × 10−2 h
and 𝜏𝑚𝑎𝑥 = 100 h. The initial conditions, parameters, and scaling
parameters are given in Table 1.

3. Results and discussion

Fig. 3 displays the model fitted to experimental data. Parameter
values are listed in Table 2. Using the cascaded fitting procedure,
described in the previous section, we obtained the bacterial growth
parameters as well as parameters related to substrates consumption,
and products formation. The exponential growth parameters, obtained
by fitting the model to A. aurita exponential data, were used to model
the growth phase of the A. aurita full experiment. The decay-related
parameters were then obtained by fitting the model to A. aurita full
results. These parameters were used as an initial guess when modeling
the M. leidyi full experiment. Since good fits were obtained by using
5

Table 1
Initial conditions for solving Eqs. (15)–(21) when fitting model parameters to the
experimental results. The superscripts 𝑇 𝑎𝑢, 𝐷𝑂𝐶, NH +

4 , and PO 3–
4 represent taurine,

dissolved organic carbon, amonium ions, and phosphate ions, respectively.
A. aurita exponential A. aurita full M. leidyi full

𝑋̄0 [–] 0.078 0.011 0.019
𝑆̄𝑇 𝑎𝑢
0 [–] 1 1 0.98

𝑆̄𝐷𝑂𝐶
0 [–] 1 1.1 1

𝑃𝑁𝐻+
4

0 [–] 0.091 0.015 0
𝑃 𝑃𝑂3−

4
0 [–] 0.32 0.32 0.54

𝜏𝑤 [h] 50 50 50
𝜎0 [h] 10 10 10
𝑋∗ [cellsmL−1] 1.1 × 107 1.1 × 107 7.8 × 106

𝑆𝑇 𝑎𝑢∗ [μmol L−1] 2.3 2.3 0.82
𝑆𝐷𝑂𝐶∗ [μmol L−1] 126 126 180
𝑃𝑁𝐻+

4 ∗ [μmol L−1] 27 27 16
𝑃 𝑃𝑂3−

4 ∗ [μmol L−1] 1.4 1.4 0.46

bacterial growth, and decay parameters (𝜇𝑚𝑎𝑥, 𝑘𝜇 , 𝐾𝑆 , 𝐾𝐼 , and 𝑑𝑉 )
these remained unchanged when fitting the model to M. leidyi full
data. 𝑌 𝑇 𝑎𝑢

𝑋∕𝑆 varies from experiment to experiment, suggesting different
growth efficiencies with regard to taurine, where A. aurita experiments
show about twice the bacterial growth with regards to taurine. How-
ever, 𝑌 𝐷𝑂𝐶

𝑋∕𝑆 suggests that bacteria in M. leidyi experiment consume DOC
about twice less efficiently. In other words, the bacterial community
exposed to M. leidyi was less efficient in using DOC for building up
its biomass, but this was not also reflected in the efficiency of taurine
consumption. There are two possible explanations for this: (i) difference
in quality and quantity of substrate and (ii) different composition
and performance of bacterial community in each experiment. Since
we know that the bacterial community composition was remarkably
similar between experiments with two different substrates, i.e., A. aurita
and M. leidyi (Fadeev et al., 2024), and we added the same quantity of
different substrates, the observed difference must be due to differences
in available substrates quality. This is in line with our observations
that the A. aurita s.l. contains more than twice the amount of dissolved
organic carbon, total dissolved nitrogen, dissolved free amino acids and
phosphate, as well as a higher amount of proteins, as compared to M.
leidyi (Fadeev et al., 2024). Thus, A. aurita represent a higher quality
substrate for marine bacteria compared to M. leidyi. Bacteria exposed
to A. aurita have more substrate available to support growth of their
biomass. This is in line with our experimental results, showing that the
addition of M. leidyi-OM to the microcosms promoted rapid bacterial
growth and activity, similar to the A. aurita-OM treatments (Tinta
et al., 2020; Fadeev et al., 2024). However, the biomass reached by
the bacterial communities in M. leidyi-OM microcosms was much lower
compared to the A. aurita s.l. experiment, likely due to the higher DOC
content of A. aurita s.l. (see Table 2).

It should be noted that leeching of DOC from decaying jellyfish is
not included in the model, and therefore the highest measured DOC
value from experiments was used as the initial condition of the model.
This may explain the misfitting of the DOC model, which was predicted
with A. aurita exponential data, on A. aurita full data. More DOC may
have been released from particulate organic matter fraction in the time
between the first two data points, and was thus unaccounted for.

Generally, the bacterial yield from a substrate accounts for all sub-
strate consumed, even if it was not used directly towards the biomass
growth (Cajal-Medrano and Maske, 1999), and the present model does
not follow bacterial respiration separately. Nevertheless, model output
parameters such as 𝛼 and 𝛽 provide information on product formation
due to bacterial biomass growth and product formation as a result of
bacterial respiration. Product formation was inconsistent between the
A. aurita experiments, and the M. leidyi experiment. The fit obtained
on the M. leidyi data suggests tenfold lower NH +

4 production due
to bacterial growth than in A. aurita experiments (parameter 𝛼𝑁 ).
Production due to respiration is similar in both cases (parameter 𝛽 ),
𝑁
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Table 2
Final parameter values. Indices 𝑁 and 𝑃 represent ammonium and phosphate, respec-
tively, and 𝑇 𝑎𝑢 and 𝐷𝑂𝐶 superscripts represent taurine, and dissolved organic carbon,
respectively.

Parameter A. aurita exponential A. aurita full M. leidyi full

𝜇𝑚𝑎𝑥 [h−1] 0.36 0.36 0.36
𝑘𝜇 [h−1] 0.049 0.049 0.049
𝐾𝑆 [μmol L−1] 0.10 0.10 0.10
𝐾𝐼 [h−1] 6.4 × 10−8 6.4 × 10−8 6.4 × 10−8

𝑑𝑉 [h−1] 0.26 0.26 0.26
𝑌 𝑇 𝑎𝑢
𝑋∕𝑆 [cells L μmol−1 mL−1] 5.1 × 106 4.5 × 106 9.6 × 106

𝑌 𝐷𝑂𝐶
𝑋∕𝑆 [cells L μmol−1 mL−1] 2.6 × 105 2.6 × 105 1.1 × 105

𝛼𝑁 [μmolmL cell−1 L−1] 1.0 × 10−6 1.0 × 10−6 1.4 × 10−7

𝛽𝑁 [μmolmL cell−1 L−1 h−1] 1.4 × 10−8 1.4 × 10−8 2.0 × 10−8

𝛾𝑁 [μmolmL cell−1 L−1] 5.1 × 10−7 5.1 × 10−7 2.5 × 10−7

𝛼𝑃 [μmolmL cell−1 L−1] −7.1 × 10−9 −7.1 × 10−9 −7.95 × 10−9

𝛽𝑃 [μmolmL cell−1 L−1 h−1] 1.7 × 10−10 1.7 × 10−10 8.4 × 10−12

𝛾𝑃 [μmolmL cell−1 L−1] 9.0 × 10−8 9.0 × 10−8 4.4 × 10−8

𝜏𝑚 [h] 96.9 75.6 89.0
𝜉 [–] 0 6.3 × 10−8 1.0 × 10−4

and the release of NH +
4 during the decay phase is about half in the M.

leidyi experiment than in the A. aurita experiments (parameter 𝛾𝑁 ). The
release of ammonia is the end product of ammonification, i.e., a process
in which bacteria break down complex nitrogen-containing compounds,
like proteins. High release rate of ammonia (production) thus implies
a higher rate of protein degradation by bacteria. In other words, based
on our model outputs, supported with our experimental data, it seems
that bacterial community exposed to M. leidyi had much less proteins
available to degrade and support its biomass growth (𝛼𝑁 ). At the same
time, similar 𝛽𝑁 values for the A. aurita- as well as the M. leidyi-exposed
community imply that the amount of ammonia produced is a result
of bacterial respiration or maintenance of basic metabolism. Both A.
aurita and M. leidyi support similar rates of bacterial respiration of basic
metabolism. This is in line with our previous observations that the M.
leidyi degrading community exhibits lower bacterial growth efficiency
(BGE) than A. aurita degrading communities (Tinta et al., 2020; Fadeev
et al., 2024). Lower BGE implies that bacteria incorporate less carbon
into their biomass but use it mainly for respiration or basic bacterial
metabolism maintenance. BGE of bacterial communities is an important
parameter, which helps us understand if carbon from a specific source is
either more respired (low BGE) and thus lost for the ecosystem (as CO2)
or incorporated into bacterial biomass (high BGE) and thus retained
in the food web (e.g., propagated in the food chain when bacteria are
grazed or used by other microorganism upon bacterial lysis). Finally,
the discrepancy in the rate of release of ammonia during the decay
phase (𝛾𝑁 ) could be interpreted as less nitrogen being incorporated into
the bacterial biomass during the growth phase, and similarly less of it
being available for release upon its decay.

According to the fitted results, the consumption of PO 3–
4 during the

growth phase is similar among all the experiments (𝛼𝑃 ), the production
due to respiration (𝛽𝑃 ) is negligible in the M. leidyi experiment, and
about 20-times higher in A. aurita experiments, yet still minimal, and
the release of PO 3–

4 during the decay phase (𝛾𝑃 ) is halved for the M.
leidyi experiment as compared to A. aurita experiments. This output is
again in line with our hypothesis, also supported by experimental data,
that bacterial community exposed to A. aurita was characterized by
higher biomass growth, which is energetically a very expensive process
and requires more phosphate. The fact that in the exponential growth
both communities were consuming phosphate with similar rates can
be explained by the fact that the studied coastal ecosystem, where
we sampled the bacterial inoculum, is P-depleted, hence the ambient
community is P-starved. The higher release rate of phosphate during
decay of A. aurita-degrading community can probably be explained by
the fact that in the A. aurita experiment the bacterial community de-
cayed rapidly, probably due to a viral attack. Once this highly abundant
community with high biomass crashed, more phosphate contained in
6

Fig. 3. Model and experiments comparison for the A. aurita exponential case (top); A.
aurita full case (middle); M. leidyi full (bottom).

their cells was released into the system. At this stage, all free phosphate
released from jelly-OM was consumed and the remaining community
had to make use of P stored in organophosphorus compounds. The
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phosphate measured in the system is probably the end result of extra-
cellular alkaline phosphate activity, released by bacteria during decay
phase (Tinta et al., 2023).

Model parameters that describe the bacterial community (𝜇𝑚𝑎𝑥, 𝑘𝜇 ,
𝐾𝑆 , 𝐾𝐼 , and 𝑑𝑉 ) are identical between the A. aurita and M. leidyi fits.
This compatibility of bacterial growth and decay parameters suggests
similarity of the bacterial populations in the experiments, as well as a
similar mode of their decay. There was apparently a higher viral pres-
ence in the sample collected for the M. leidyi experiment, but this claim
is based on model fits, as experiments did not monitor viruses. The
bacterial production was seemingly more efficient per unit of taurine
consumed, but this rather suggests that taurine is likely not the most
suitable tracer of DOC available to marine bacteria or other parameters
may affect general growth efficiency. The latter is beyond the scope
of this paper, as we do not have sufficient data points to investigate
correlations with environmental parameters further, but e.g., varying
concentrations of inorganic nutrients in the environment may affect the
growth-to-respiration ratios of bacterioplankton (Shchur et al., 2004).
Interestingly, both NH +

4 and PO 3–
4 release during the decay phase

is twice as high in the A. aurita than in the M. leidyi experiment.
Nevertheless, the released inorganic nutrients, as the end results of
microbial degradation of jelly-OM, represent a major nutrient input,
particularly in oligotrophic environments, with possible implications
for biogeochemical cycles and primary production.

The first order decay function for specific growth rate is used in
this study for its simplicity, and differently shaped functions were not
studied. Additionally, the viral infection susceptibility of cells is not
cell-age dependent in the proposed model, as this would introduce yet
more parameters. The proposed model is meant mainly as a means of
analyzing laboratory results, as it has the ability to capture the whole
life cycle of a bacterial community. With its need to track several
discrete age densities, it is impractical for large-scale biogeochemical
simulations, as simulating the transport of thousands of tracers would
be computationally too expensive. As such it would be the most appro-
priate to use the model as a piece in the mosaic of a multi-scale model.
Alternatively, the proposed model can be simplified by removing the
cell-age component, as its main function is to model the growth lag,
which is only relevant for experimental studies.

4. Conclusion

The developed model offers an insight into several stages of
microbial-mediated degradation processes of jellyfish detritus released
during collapse of the bloom. Through several growth-, and decay-
related parameters it describes the life cycle of an ambient microbial
community exposed to jellyfish-derived organic matter, and through
growth yield parameters it describes the community’s ability to turn a
substrate into biomass. It also captures the production of respiration
and remineralization products, specifically in this study the ammonia
and phosphate. The proposed model is applied and fitted to two sets
of experiments, analyzing the effect of a collapse of blooms of two
different groups of gelatinous zooplankton — ctenophore M. leidyi
and jellyfish A. aurita - on the ambient marine microbial community.
Previous studies, dealing with the experiments, as well as the inter-
pretation of model fits presented here, suggest certain discrepancies
between the two organic matter sources. A. aurita experiments show
that A. aurita organic matter is more favorable for bacterioplanktonic
growth than M. leidyi organic matter, and consequently yields greater
bacterial abundance at its peak. However, in both cases the resultant
bacterial community is very similar, which is shown also through
model fits, namely the bacterial growth, and decay parameters that
fit the model to A. aurita experiments are the same as for M. leidyi
experiment. The developed model can be eventually used to extend
the current biogeochemical models (e.g., BFM Consortium, 2024) and
coupled with ocean circulation models to understand the effect of
jellyfish blooms, specifically in terms of organic matter released as
7

𝑋

jellyfish populations decay, on the natural microbial community and
thus, on marine ecosystem functioning and biogeochemical cycles in
the ocean. In particular, the invasive bloom-forming ctenophore as
perturbation and the potential new, sporadically available, source of
DOM for the natural bacterial community of the invaded coastal marine
ecosystem are interesting. The resulting modeling system could be also
used to perform case studies in realistic spatial and temporal context
and provide a solid base for further development into a prognostic
system capable of forecasting the system response to anthropogenic
and natural perturbations in the coastal marine ecosystems affected by
potentially increasing jellyfish blooms in the future. Nevertheless, there
are still some technical challenges that have to be addressed before one
can design a proposed modeling system that are mostly related to the
numerical stability of the coupled multi-scale model.
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Appendix A. Discretization and stability conditions

The system of Eqs. (15)–(21) is solved numerically with the finite
difference method, and Euler time-integration. We introduce the finite
difference:
𝜕𝑥̄(𝜏, 𝑡)
𝜕𝜏

=
𝑥̄(𝜏, 𝑡) − 𝑥̄(𝜏 − 𝛥𝜏, 𝑡)

𝛥𝜏
+ 𝑂(𝛥𝜏) =

𝑥̄𝑎,𝑖 − 𝑥̄𝑎−1,𝑖
𝛥𝜏

+ 𝑂(𝛥𝜏). (A.1)

he integrals in Eqs. (15), (17), (18), and (19) are computed with
he trapezoid method (trap) (Sirca and Horvat, 2012; Virtanen et al.,
020) in bounds 0 ≤ 𝜏 ≤ 𝜏𝑚𝑎𝑥, where 𝜏𝑚𝑎𝑥 should be greater than the

maximum analyzed time 𝑡𝑚𝑎𝑥. By applying the Euler method, and the
ssumptions above, Eqs. (15)–(21) are transformed into the following
ystem:

̄ = trap(𝑥̄ (𝜏), 𝜏)|𝜏𝑚𝑎𝑥 , (A.2)
𝑖 𝑖 0

https://gitlab.com/e62Lab/public/2024_p_jellyfish_decay_example_code
https://gitlab.com/e62Lab/public/2024_p_jellyfish_decay_example_code
https://gitlab.com/e62Lab/public/2024_p_jellyfish_decay_example_code
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𝑥

𝑥

𝑥

̄𝑎,𝑖+1 = 𝑥̄𝑎,𝑖 +
𝛥𝑡
𝛥𝜏

(

𝑥̄𝑎−1,𝑖 − 𝑥̄𝑎,𝑖
)

− 𝛥𝑡
(

𝜇 + 𝑑𝑉
𝐼
𝑋̄

)

𝑥̄𝑎,𝑖, (A.3)

̄0,𝑖+1 = 2trap(𝜇(𝜏)𝑥̄𝑖(𝜏), 𝜏)|
𝜏𝑚𝑎𝑥
0 , (A.4)

𝑆̄𝑖+1 = 𝑆̄𝑖 −
𝛥𝑡

𝑌 ′
𝑋∕𝑆

𝑥̄0,𝑖+1
2

, (A.5)

𝑃𝑖+1 = 𝑃𝑖 + 𝛥𝑡
(

𝛼′
𝑥̄0,𝑖+1
2

+ 𝛽′𝑋̄𝑖 + 𝛾 ′𝑑𝑉 𝐼𝑖

)

, (A.6)

𝐼𝑖+1 = 𝐼𝑖 + 𝛥𝑡
[

𝑘′𝐼
(

𝑋̄𝑖 − 𝐼𝑖
)

𝐼𝑖 − 𝑑𝑉 𝐼𝑖
]

, 𝑋̄𝑖 − 𝐼𝑖 ≥ 0, (A.7)

𝜇(𝜏) = 𝜇𝑚𝑎𝑥 exp
(

−𝑘𝜇𝜏
) 𝑆̄𝑖

𝐾 ′
𝑆 + 𝑆̄𝑖

. (A.8)

This system is solved with the following set of initial conditions:

̄(𝜏, 𝑡 = 0) = 𝑓 (𝜏), trap(𝑓 (𝜏), 𝜏)|𝜏𝑚𝑎𝑥0 = 𝑋̄0,

𝑆̄(𝑡 = 0) = 𝑆̄0,

𝑃 (𝑡 = 0) = 𝑃0,

𝐼(𝑡 = 0) = 𝜉𝑋̄0,

(A.9)

where 𝜉 is the coefficient of viral presence in the colony, a quasi
fraction of infected cells.

To obtain a stable solution of Eq. (A.3), the CFL condition 𝛥𝑡∕𝛥𝜏 ≤ 1
needs to be satisfied. Additionally, as the value of 𝑆̄ becomes small
(𝑆̄ ≪ 𝐾 ′

𝑆 ), the solution of the system may become unstable. 𝑋̄ usually
reaches its maximum value at that point (all 𝑆 is nearly depleted,
growth slows down), Eq. (A.8) becomes:

𝜇 ≈ 𝜇𝑚𝑎𝑥 exp
(

−𝑘𝜇𝜏
) 𝑆̄𝑖

𝐾 ′
𝑆
, 𝑆̄𝑖 ≪ 𝐾 ′

𝑆 , (A.10)

and consequently:

𝑆̄𝑖+1 = 𝑆̄𝑖 − 𝛥𝑡
𝜇𝑚𝑎𝑥

𝑌 ′
𝑋∕𝑆𝐾

′
𝑆
trap

[

exp
(

−𝑘𝜇𝜏
)

𝑥̄𝑖, 𝜏
]

|

𝜏𝑚𝑎𝑥
0 𝑆̄𝑖, 𝑆̄𝑖 ≪ 𝐾 ′

𝑆 . (A.11)

The conditions described above are found at the beginning of the
stationary growth phase. At that point:

trap
[

exp
(

−𝑘𝜇𝜏
)

𝑥̄𝑖, 𝜏
]

|

𝜏𝑚𝑎𝑥
0 ≈ max(𝑋̄). (A.12)

Thus Eq. (A.11) is simplified to:

𝑆̄𝑖+1 = 𝑆̄𝑖 − 𝛥𝑡
𝜇𝑚𝑎𝑥 max(𝑋̄)
𝑌 ′
𝑋∕𝑆𝐾

′
𝑆

𝑆̄𝑖, 𝑆̄𝑖 ≪ 𝐾 ′
𝑆 . (A.13)

The expression 𝜇𝑚𝑎𝑥 max(𝑋̄)
𝑌 ′
𝑋∕𝑆𝐾

′
𝑆

is assumed to be constant and positive,

and is replaced by 𝑐. Assuming a temporary initial condition 𝑆̄0 for
Eq. (A.13), it can be shown that 𝑆̄𝑛, a solution after 𝑛 iterations, equals:

𝑆̄𝑛 = 𝑆̄0 (1 − 𝑐𝛥𝑡)𝑛 , 𝑛 ∈ N. (A.14)

From Eq. (A.14) follows that in order for the errors not to be amplified
through iteration |1 − 𝑐𝛥𝑡| > 1. Thus 𝑐𝛥𝑡 > 0, and since 𝑐 ∈ R+, 𝛥𝑡 > 0.
Additionally, values of 𝛥𝑡 that satisfy −1 < 1−𝑐𝛥𝑡 < 0 yield numerically
stable, yet oscillating solutions, and if 𝛥𝑡 = 1

𝑐 , all solutions of Eq. (A.14)
equal 0. However, since 𝑐 is not truly constant, the latter scenario is
unlikely, and since in this case 𝑆̄𝑖 ≪ 𝐾 ′

𝑆 damped oscillations would not
necessarily greatly affect the solution. Therefore as a general rule of
thumb 0 < 𝛥𝑡 < 2

𝑐 should be satisfied, from which follows:

0 < 𝛥𝑡 < 2
𝐾 ′

𝑆𝑌
′
𝑋∕𝑆

𝜇𝑚𝑎𝑥 max(𝑋̄)
. (A.15)

As 𝑌 ′
𝑋∕𝑆 indicates the amount of 𝑋̄ grown from 𝑆0 it automatically

regulates max(𝑋̄). Additionally, in dimensionless formulation both for-
merly mentioned values are approximately equal to 1. With these
assumptions, the stability criterion is updated to:

0 < 𝛥𝑡 < 2
𝐾 ′

𝑆 . (A.16)
8

𝜇𝑚𝑎𝑥
Fig. A.1. Effect of varying free parameters in Eq. (B.17) on initial distribution. From
top to bottom: 𝜎0, 𝜏𝑤, 𝜏𝑚. Default settings that reproduce these curves are: 𝜏𝑚𝑎𝑥 = 600 h,
and unless differently specified 𝜎0 = 10 h, 𝜏𝑤 = 50 h, 𝜏𝑚 = 300 h.

Appendix B. Initial conditions

In Appendix A the initial conditions for solving Eqs. (A.2)–(A.8) are
given by (A.9). The initial population distribution 𝑥̄(𝜏, 𝑡 = 0) = 𝑓 (𝜏)
may affect the final solution. This is investigated by setting 𝑓 (𝜏) to the
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Fig. A.2. The effect of the initial distribution 𝑥̄(𝑡 = 0) on 𝑋̄(𝑡) solution.
Table A.1
Eq. (B.17) settings that are tested. All available combinations of parameter values
presented below are used, and their results analyzed.

Parameter Value

𝜏𝑚 [h] 0 𝜏𝑚𝑎𝑥
4

𝜏𝑚𝑎𝑥
2

𝜏𝑤 [h] 10 50 100
𝜎0 [h] 0.1 10 20

Table A.2
Parameters and initial conditions for solving Eqs. (A.2)–(A.8) for analysis of initial
distribution effects on the solution.

Parameter Value Initial condition Value

𝜇𝑚𝑎𝑥 [h−1] 0.2

𝑋̄0 [–]
𝜉 [–]
𝑆̄0 [–]

0.01
0.135
1

𝐾 ′
𝑆 [–] 0.02

𝜏𝑚𝑎𝑥 [h] 200
𝑌 ′
𝑋∕𝑆 [–] 1

𝑘𝜇 [h−1] 0.05
𝑘′𝐼 [h−1] 0.5
𝑑𝑉 [h−1] 0.25

following family of bell curves:

𝑓 (𝜏) = 𝑁
2

[

erf

(

𝜏 − 𝜏𝑚
√

2𝜎0

)

− erf

(

𝜏 − 𝜏𝑚 + 𝜏𝑤
√

2𝜎0

)]

, (B.17)

where 𝑁 is a normalizing factor, such that trap(𝑓 (𝜏), 𝜏)|𝜏𝑚𝑎𝑥0 = 𝑋̄0 is
satisfied, and is computed on the go. 𝜏𝑚 sets the bell curve’s mid-
point, 𝜏𝑤 regulates its width, and 𝜎0 its slope. Several combinations
of these free parameters (Table A.1) are used to obtain diverse initial
distributions 𝑥̄(𝑡 = 0). The effects of these parameters are illustrated in
Fig. A.1. The initial distributions 𝑥̄(𝑡 = 0) generated with combinations
of parameters given in Table A.1 are used to obtain solutions for 𝑋̄ and
𝑆̄ for 0 ≤ 𝑡 ≤ 400 h, with initial conditions, and model parameters given
in Table A.2. For these solutions 𝛥𝑡 = 0.025 h and 𝛥𝜏 = 0.05 h are used.
9

Table A.3
Mean age 𝜏, variance 𝜎2, skewness 𝑠 of final distributions 𝑥̄(𝑡 = 400 h), and lag time
𝜏𝐿.
𝜏𝑚 [h] 𝜏𝑤 [h] 𝜎0 [h] 𝜏 [h] 𝜎2 [h2] 𝑠 [–] 𝜏𝐿 [h]

0

10
0.1 375.30 11.01 1.65 3.56
10.0 374.27 10.99 1.65 4.57
20.0 372.93 10.99 1.65 5.91

50
0.1 373.46 10.99 1.65 5.38
10.0 373.15 10.99 1.65 5.69
20.0 372.31 10.99 1.65 6.52

100
0.1 371.19 10.98 1.65 7.64
10.0 371.11 10.99 1.65 7.73
20.0 370.81 10.99 1.65 8.02

150

10
0.1 334.58 10.97 1.65 44.22
10.0 335.32 10.97 1.65 43.48
20.0 337.52 10.97 1.65 41.27

50
0.1 335.98 10.97 1.65 42.82
10.0 336.72 10.97 1.65 42.08
20.0 338.92 10.97 1.65 39.88

100
0.1 339.73 10.97 1.65 39.07
10.0 340.46 10.97 1.65 38.34
20.0 342.63 10.97 1.65 36.17

300

10
0.1 290.29 10.92 1.66 88.51
10.0 291.03 10.92 1.66 87.77
20.0 293.24 10.93 1.66 85.56

50
0.1 291.69 10.93 1.66 87.11
10.0 292.43 10.93 1.66 86.37
20.0 294.65 10.93 1.66 84.15

100
0.1 295.45 10.93 1.66 83.35
10.0 296.19 10.93 1.66 82.61
20.0 298.40 10.93 1.66 80.40

Results are presented in Figs. A.2 and A.3, as well as Table A.3.
By a first glance at the graphs in Figs. A.2 and A.3 it can be assumed
that parameters 𝜎0, and 𝜏𝑤 mostly do not affect the solution, at least
when it comes to the shape of the final distribution (Fig. A.3). Due to
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Fig. A.3. The effect of the initial distribution 𝑥̄(𝑡 = 0) on 𝑥̄(𝑡 = 400 h).
Fig. A.4. The stability constraint 2∕𝑐 at different times 𝑡 depicted with solid lines,
where 𝑐 = 𝜇𝑚𝑎𝑥

trap[exp(−𝑘𝜇 𝜏),𝜏]
𝐾 ′

𝑆+𝑆̄𝑖
. Dashed lines represent 𝛥𝑡 for comparison with the

constraint. On the secondary axis are solutions of 𝑋̄, and 𝑆̄, depicted with dash-dotted,
and dotted lines, respectively. The close-up is showing the 2∕𝑐 and 𝛥𝑡 comparison at
the point where instabilities are expected in the solution.

different initial age-distribution the aforementioned parameters may
affect the initial growth lag, as is seen in Fig. A.2, although less so
than 𝜏𝑚 affects it. These findings are further backed up by analyzing the
final age distributions for their mean age, variance of the distribution,
and its skewness as presented in Table A.3. The lag time therein is
estimated by comparing the results to a non-population-based solution
(Eqs. (1) and (3)). More precisely compared are the times each solution
requires to reach 𝑋̄ = 0.5. Results show that combinations of 𝜎0, and
𝜏𝑤 within investigated ranges affect the lag time by a maximum of
about 8 h, whereas varying 𝜏 gives us more control over lag time at
10

𝑚

Fig. A.5. ‘‘Wigglyness’’ of the solution plotted against the quotient of 𝛥𝑡 and the
stability criterion approximation (Eq. (A.16)).

specified model parameters. Results also show that all the final age
distributions are qualitatively equal, as their variance and skewness are
mostly the same. This age distribution shape is likely caused by the
exponential growth phase, which is producing many young cells, and
as the population ages once the substrate is depleted, the relative age
structure remains the same. The latter quality is sometimes in literature
referred to as ‘‘mean-scalable’’ (Rochman et al., 2018).

Appendix C. Stability and convergence

Appendix A briefly discusses the theoretical stability limits when
solving Eqs. (A.2)–(A.8). These predictions are further tested in this



Progress in Oceanography 227 (2024) 103312F. Strniša et al.
Fig. A.6. Convergence of the maximum 𝑋̄ value max(𝑋̄) (left) and its position in time (right). The plots were obtained by varying the age-distribution density 𝛥𝜏 and the integration
time step 𝛥𝑡. Note different axes orientation in both plots. The CFL stability condition ( 𝛥𝑡

𝛥𝜏
≤ 1) is well observable on both plots.
Table A.4
Parameters and initial conditions for solving Eqs. (A.2)–(A.8) for analysis of ini-
tial distribution effects on the solution, as well as solution stability, and system
convergence.

Parameter Value Initial condition Value

𝜇𝑚𝑎𝑥 [h−1] 0.2

𝑋̄0 [–]
𝜉 [–]
𝑆̄0 [–]

0.01
0.135
1

𝐾 ′
𝑆 [–] 0.02

𝜏𝑚𝑎𝑥 [h] 200
𝑌 ′
𝑋∕𝑆 [–] 1

𝑘𝜇 [h−1] 0.05
𝑘′𝐼 [h−1] 0.5
𝑑𝑉 [h−1] 0.25
𝜏𝑚 [h] 0
𝜏𝑤 [h] 50
𝜎0 [h] 10

section. Eqs. (A.2)–(A.8) are solved with initial conditions given in
Table A.4.

Solution stability is tested by varying 𝛥𝑡. As discussed previously,
Eq. (A.16) suggests the stability bounds of 𝛥𝑡, therefore to test this
prediction 𝛥𝑡 is varied in the range: 𝐾′

𝑆
𝜇𝑚𝑎𝑥

≤ 𝛥𝑡 ≤ 6
𝐾′
𝑆

𝜇𝑚𝑎𝑥
. To satisfy the

CFL condition in these tests 𝛥𝜏 is set to 2𝛥𝑡.
Furthermore, the assessment of the system’s convergence is neces-

sary. Initial conditions presented in Table A.4 are therefore used to
solve the system with a range of 𝛥𝑡 and 𝛥𝜏, namely 0.0001 h ≤ 𝛥𝑡, 𝛥𝜏 ≤
0.025 h.

Fig. A.4 is displaying the change of the stability constraint
(Eq. (A.15)) against time on the primary axis, and on the secondary
axis the solutions of 𝑋̄ and 𝑆̄. Additionally, the values of 𝛥𝑡 are also
plotted on the primary axis. The closeup within the plot shows that
instabilities in the solution occur for values of 𝛥𝑡 where the dynamically
changing stability constraint dips below said 𝛥𝑡. However, as the
stability constraint starts growing after 𝑆̄ is depleted a full solution may
still be produced, and the system diverges only for the biggest 𝛥𝑡. The
‘‘wigglyness’’ of a function can be assessed by analyzing its changes in
curvature. This can be done by integrating the second derivative of the
function squared. Fig. A.5 displays a plot of ‘‘wigglyness’’ against the
quotient of 𝛥𝑡 and the stability criterion approximation (Eq. (A.16)).
A significant increase of ‘‘wigglyness’’ can be seen once the criterion
expressed in Eq. (A.16) is passed, which suggests that the solution gets
less stable past that point.

The convergence tests are done for all combinations of 𝛥𝑡 and 𝛥𝜏
from the following set {0.025, 0.014, 0.0082, 0.0047, 0.0027, 0.0016,
0.00090, 0.00052, 0.00030, 0.00017, 0.00010} h. Fig. A.6 is displaying
the results of these tests. Plotted are maximal obtained values of 𝑋̄, and
times at which these maxima are found. Data where the CFL condition
11
is violated are not displayed, as the solution diverges in those cases.
The plot of maximal 𝑋̄ suggests that this value is highly dependent on
the value of 𝛥𝜏 which is in turn limited by the CFL condition. According
to the times at which these maxima are found, the solution appears to
converge the fastest when 𝛥𝜏 = 𝛥𝑡. Although one should note that the
deviation of times at maximum 𝑋̄ is of the same magnitude as the high
values of 𝛥𝑡 and 𝛥𝜏.
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