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the reviews are received, they are sent to the author(s) and once they are addressed the Editor makes
the final decision to accept the updated draft for publication. At that time, the names of the reviewers

are shared with the author(s) and the reviewers are acknowledged in the Water Monograph.
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Foreword

Therealisation that variational principles might be usefulin the theory of water waves appears to have
been first noticed by Purser and Synge [191] in a 1962 letter to the Editor of Nature, with the detailed
mathematics appearingin Synge [217]. Their observation was that “ocean waves approaching a beach
may be discussed by the method of geometrical optics...”, and it had already been noted by Hamilton
over a century earlier that the rays in geometric optics theory could be characterized as a Hamiltonian

system. Synge [217] adapted this theory to derive the Hamiltonian system for water wave rays.

Purser and Synge go further and write “It may be useful to have a word, analogous to ‘photon;, ‘phonon’
and ‘graviton; for a fictitious particle that travels with the ray (or group) velocity and carries energy: we
suggest the name ‘hydron’” However, neither the Hamiltonian theory of Synge nor the name hydron
evertook off. Although ray theory is today a central part of coastal engineering and the theory of shoal-
ing water waves, reference to Synge’s Hamiltonian approach is almost nowhere to be found. Unfor-
tunately, the word “hydron” was never taken up either. However, a few years later, using the same
logic, Kruskal and Zabusky coined the term “solitron”, eventually shortening it to “soliton”, which did

indeed take off.

It is the discoveries, just a few short years later, of Luke [155] (the Lagrangian theory) and Zakharov
[243] (the Hamiltonian theory), of variational principles for the full, albeit irrotational, water wave
problem, that firmly established the importance of variational principles in every aspect of the theory
of water waves. Today, variational principles are a central part of the theory of water waves across the

spectrum from pure to applied mathematics through to applications.

This monograph takes the subject of variational principles for water waves to a new level. Lagrangians
such as Luke’s are improved via relaxation where a sequence of constraints are added, enforced by
Lagrange multipliers, that may be exact or approximate and, in the latter case, a range of new and
surprising model equations for water waves emerge, without the need to introduce a small parameter.
Itis a highly effective strategy and produces Lagrangian, Hamiltonian and multisymplectic structures

with equal ease.
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The strategy recovers known equations and many new ones. It allows for the enforcement of bound-
ary conditions, thereby including bottom topography without restriction on size, as well as time-
dependent boundary conditions. The latter case, applied to time-varying topography, is shown to
have great practical value in the modelling of tsunami waves, with the emergent models capturing
the Synolakis mechanism of tsunami slowdown followed by acceleration nearshore. The heart of
the monograph is chapter 4, which is a theme and variations on the Serre equations, re-deriving,
re-interpreting the classical versions, and then taking Serre equations in new directions. A triumph
here is the discovery via relaxation of a multisymplectic formation. Chapter 4 segues into chapter 5
with the dual problem of model equations in deep water. A range of new models PDEs are discovered,
building on the authors’ previous discovery of a generalised Klein-Gordon equation for deep water

waves, with new and surprising Hamiltonian and multisymplectic structures emerging.

A strength of this monograph is that the new models are tested with high-quality numerical schemes.
For simulations, finite-volume methods and pseudo-spectral methods are used. Variational princi-
ples feed into numerics in the improved preservation of local and global invariants like energy and
momentum, as well as symplecticity. Variationally-designed numerical schemes also appear to pre-

serve the properties of the dispersion relation.

Multisymplectic structures are a much more recent addition to the panoply of variational structures
for water waves, first appearing in the 1990s [32, 33, 162]. In its simplest form, multisymplecticity
is a collection of pre-symplectic forms (one for each space direction and time) and a scalar-valued
function (serving the role of Hamiltonian function). The subject has a rich history with many vari-
ants. Historically, the concept emerged from a multidirectional Legendre transform, whereby each
space direction as well as the time direction are transformed. However, this approach is limiting, and
the modern approach is to define multisymplecticity axiomatically: a manifold or phase space M on
which there is one (classical case) or many closed, but not necessarily non-degenerate, two forms.
A pull-back of each two-forms by a vector field on M defines a scalar-valued function, the Hamilto-
nian. This axiomatic approach was initiated in [33]. A multisymplectic structure for Lagrangians on
manifolds was developed in [162], with the restriction of first-order fields. In [35], a coordinate-free
approach for multisymplectic structures on abstract manifolds was presented without recourse to a
Lagrangian. The introduction to [35] also gives a history of multisymplecticity and its many variants
(Dedonder-Weyl theory, Norris’ soldering form, k—symplectic structures, Cartan form, polysymplec-
ticity, the TEA bundle). Hamiltonian systems on a multisymplectic structure have been found to be

important in a wide range of applications.
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In this monograph, the authors take multisymplecticity in a new direction, showing how relaxed vari-
ational principles provide an efficient strategy for deriving new multisymplectic formulations, even in
cases where it is by no means obvious. Two successes of this strategy are the discovery of a multisym-
plectic formulation of the Serre equation in shallow water and the construction of a multisymplectic

structure for the generalized Klein-Gordon equations (gKG) equations in deep water.

This monograph is more of a starting point than a complete story. It paves the way for new research
directions. For example, there is a wide open area of models for parametrically defined free surfaces,
opening the door to the modelling of wave breaking, and there is a need for models that include vor-

ticity and, most importantly, new models that capture the three-dimensionality of water waves.

Prof. Tom Bridges Surrey, UK
November 2021
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Preface

Surface water waves represent an exceedingly complex field of physical study, characterized by a rich
tapestry of underlying mechanisms and a long-standing history of scholarly investigation, see e.g.
[65, 232]. Water waves serve as a distinct subclass within the broader category of fluid mechanical
waves, uniquely characterized by their propagation along the interface that separates aqueous and
atmospheric mediums. They play a central réle in the interactions taking place between the ocean and
atmosphere [138, 221]. In addition to their fundamental physical importance, understanding water
waves is also important for many applications related to human safety and the economy, such as
tsunamis, freak waves, harbour protections, and beach nourishment/erosion, just to mention a few
examples. Water waves function as a paradigmatic example that encapsulates a wide array of nonlin-
ear wave phenomena manifesting in diverse physical media. The famous physicist Richard P. Feynman

wrote in his celebrated lectures [100]:

“Now, the next waves of interest, that are easily seen by everyone, and which are usu-
ally used as an example of waves in elementary courses, are water waves. As we shall
soon see, they are the worst possible example, because they are in no respects like

sound and light; they have all the complications that waves can have.”

Itis precisely these intricate complexities that contribute to the richness and intellectual allure of the
study of water waves. Indeed, despite numerous studies, new waves and new wave behaviour are still
discovered (e.g.,[193, 194]), and wave dynamics are still far from being fully understood. The complete
mathematical formulation describing the propagation of water waves is quite complex to deal with.
The mathematical formulation cannot be solved analytically (unless in some asymptotic sense), and

thus, efficient numerical algorithms have been developed since the 1970’s [43].

The use of mathematical and numerical models is unavoidable for understanding water waves.
Despite the apparent simplicity in formulating the foundational equations governing these waves,
specifically the Navier-Stokes equations, the mathematical analysis required to solve them is excep-
tionally intricate. Furthermore, even the computational approaches aimed at their numerical resolu-

tion present significant challenges, demanding considerable computational resources and expertise.
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Therefore, simplified models are crucial to gain insight and to derive operational numerical models.
Moreover, the water wave theory has always been developed by constructing convenient and phys-
ically sound approximations [65]. Most of the time, simplified models are derived via some asymp-
totic expansions, exploiting a small parameter in the problem at hand. This approach is very
effective leading to well-known equations, such as the Saint-Venant [68, 212, 232], Boussinesq [29],
Serre-Green-Naghdi equations (SGN) [115, 203], Korteweg-deVries equation (KdV) [140] equations
in shallow water and the Nonlinear Schrodinger equation (NSE) [165], Dysthe [98] equations in deep
water. These governing equations are frequently derived through the application of various pertur-
bation techniques. Such techniques generally yield models that are applicable primarily to waves
characterized by small amplitude and/or a low ratio of wavelength to water depth. However, for a
broad range of practical applications, it becomes imperative to employ models that are uniformly
valid across all depths and that offer a high degree of accuracy even for waves with large amplitudes.
It is worth noting that our understanding of the shallow water regime has significantly advanced in
recent years. Within the context of shallow water, a well-structured hierarchy of hydrodynamic models

has been firmly established:

e Nonlinear shallow water (Saint-Venant or Airy (especially in the UK) or fully nonlinear non-
dispersive) equations [2, 68].

e Boussinesqg-type (or weakly nonlinear weakly dispersive) equations [30, 196].

e Fully nonlinear weakly dispersive equations [134, 204].

e Fully nonlinear strongly dispersive equations [125, 233].

e Fully nonlinear fully dispersive Euler equations [159].

The deep water case is much less organised. The main difference between these two regimes comes
from the dimensionless numbers which characterize the flow. When the depth d is finite, we have one
parameter aig/d which characterizes the wave non-linearity and another parameter d /) to describe
the flow ‘shallowness’. Here g refers to the typical wave amplitude, and X is the typical wavelength.
By applying asymptotic expansions in one or even two parameters, we can obtain various approxi-
mate models. Now, if we take the limit d — oo, both these parameters lose their sense in the deep
water, making this case somehow special. Traditionally, deep water waves have been described as
perturbations of a certain carrier wave. In this way, the wave field has been conveniently described
using wave envelopes [21]. Then, the envelope function is shown to satisfy the nonlinear Schrodinger
[243] or Dysthe-type [98] equations depending on the desired asymptotic order of accuracy. These

equations can be also recast into the Hamiltonian framework [112]. In the present monograph, we
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take an alternative route without appealing to wave envelope techniques. Moreover, some phenom-
ena (see e.g. [193, 194]) do not involve any small parameter and do not bifurcate from rest. The prob-

lem is then to derive models without relying on a small parameter.

It is well-known in theoretical physics that variational formulations are tools of choice to derive
approximations when small parameter expansions are inefficient. Fortunately, a variational principle
is available for water waves that can be exploited to derive approximations. There are mainly two vari-
ational formulations for irrotational surface waves that are commonly used, namely the Lagrangian
of Luke [155] and the Hamiltonian of Broer, Petrov and Zakharov [39, 190, 243]. Details on the varia-
tional formulations for surface waves can be found in review papers, e.g. [192, 197, 245]. The paper
[34] gives variational formulations for water waves in curvilinear coordinates. A variational principle
for fluid sloshing with vorticity was recently proposed in [7] in terms of the stream function. It also

includes coupling to body motion.

In water wave theory, variational formulations are generally used together with a small parame-
ter expansion. This is not necessary, however, because variational methods can also be fruitfully
used without small parameters, as it is well-known in Quantum Mechanics, for example. This will
be demonstrated in the present monograph. Here, only elementary knowledge in vector calculus is
assumed, as well as some familiarity with the Euler-Lagrange equations and variational principles in
Mechanics [110, 147].

Through the utilization of straightforward examples, we aim to elucidate the merits of employing
relaxed variational principles, among other variational approaches. The benefits of adopting this par-
ticular methodology become even more pronounced in scenarios involving variable water depths. In
such cases, this approach facilitates the derivation of simplified approximations that are not readily
obtainable through the use of asymptotic expansions (see e.g. [83]). The relaxed variational princi-
ple provides a common platform for deriving several approximate equations from the same Ansatz in
changing only the constraints. Besides the Ansatze and the subordinate conditions, no further approx-
imations are needed to derive the equations. Using more general assumptions (i.e., involving more
free functions and parameters) and well-chosen constraints, one can hopefully derive more accurate

approximations.

Although the possibility of using the variational methods without a small-parameter expansion has
been overlooked in the context of water waves, it has long been recognized as a powerful tool in
Theoretical Physics, in particularin Quantum Mechanics. This approach is even taughtin some under-

graduate lectures. For instance, from Berkeley’s course on Quantum Mechanics [179]:
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e The perturbation theory is useful when there is a small dimensionless parameter in the prob-
lem, and the system is exactly solvable when the small parameter is sent to zero.

e [... ]itis notrequired that the system has a small parameter, nor that the system is exactly
solvable in a certain limit. Therefore, it has been useful in studying strongly correlated sys-

tems, such as the fractional quantum Hall effect.

However, in order to be successful, the great power of the variational method needs to be harnessed
with skill and care, as it is well-known in Theoretical Physics. Indeed, as quoted in the same lecture

on Quantum Mechanics:

e [... ] there is no way to judge how close your result is to the true result. The only thing you
can do is to try out many Ansdtze and compare them.
e [... ]the success of the variational method depends on the initial “guess”[... ] and an excel-

lent physical intuition is required for a successful application.
But it is also well-known that this approach can be very rewarding:

e for example, R.B. Laughlin [148] proposed a trial wave function that beat other wave func-
tions that had been proposed earlier, such as “Wigner crystal’.

e Once your wave function gives a lower energy than your rival’s, you won the race*.

Thus, despite its “dangers,” the variational approach is a tool of choice for modelling water waves,
especially for problems when there are no obvious small parameters or if approximations valid for a

broad range are needed. We shall illustrate these claims in this monograph.

Prof. Didier Clamond Nice, France
Assoc. Prof. Denys Dutykh Abu Dhabi, UAE
Assoc. Prof. Dimitrios Mitsotakis Wellington, New Zealand
October 2023

*R.B. Laughlin et al. earned the 1998 Physics Nobel prize.
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CHAPTER 1

Introduction

The water wave problem in fluid mechanics has been known for more than two hundred years [65].
The classical mathematical formulation of surface gravity waves involves five equations: the irrota-
tionality of the fluid motion, the incompressibility of the fluid, the bottom and the surface imperme-
abilities, and the surface isobarity [165]. This system of equations cannot generally be solved exactly,
and historically, water wave theory has been developed by constructing various approximations. In
shallow water, we have the equations of Korteweg and de Vries [140], Boussinesq [29], Benjamin et al.
[19], Serre [203], Green and Naghdi [115], Camassa and Holm [40], Degasperis-Procesi [69], and many
other model equations. In finite depth and deep water, there is the celebrated nonlinear Schrodinger
equation [165] and the equations of Dysthe [98], Trulsen et al. [225], Kraenkel et al. [141], among
others. These equations are most often derived via some perturbation techniques and are thus valid
for waves of small amplitude. Moreover, these equations are generally valid for a very limited range of
the ratio wavelength/water-depth and for narrow-banded wave spectra. However, for many applica-
tions, it is necessary to use models uniformly valid for all depths, which are accurate for large ampli-
tudes. In the domain of theoretical physics, it is widely acknowledged that when the endeavour is
to derive approximations, especially in scenarios where expansions predicated on small parameters
prove to be inefficient, variational formulations are often the methodologies of choice. These for-
mulations, characterised by their flexibility and robustness, provide a structured approach towards
obtaining approximate solutions. By minimising or maximising a functional?, they allow for the explo-
ration of system dynamics under various conditions, thereby often yielding more accurate or insight-
ful approximations compared to traditional small parameter expansion techniques. Furthermore, the
variational approach often unveils underlying geometric or topological properties of the physical sys-
tem under consideration, which can be instrumental in fostering a deeper understanding of the phe-

nomena at hand.

There are mainly two variational formulations for irrotational surface waves that are commonly used,
namely the Lagrangian of Luke [155] and the Hamiltonian of Petrov [190] and Zakharov [243]. Details

on the variational formulations for surface waves can be found in review papers, e.g., [192, 197, 245].

Un practice, we always look at stationary points of a given functional.
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In tracing the lineage of such variational methodologies, it is intriguing to note the historical evolu-
tion of related formulations in theoretical physics. Specifically, the development of multi-symplectic
formulations emerged as a significant stride towards a more comprehensive understanding of vari-
ational problems involving multiple variables. The history of multi-symplectic formulations can be
traced back to V. Volterra (1890), who generalised Hamiltonian equations for variational problems
involving several variables [229, 230]. Later, these ideas were developed in the 1930s [67, 150, 235].
Finally, in the 1970s, the multivariable Hamiltonian formulation was geometrised by several mathe-
matical physicists [109, 135, 142, 143] similarly to the evolution of symplectic geometry originating
from the ideas of J.-L. Lagrange [146, 211]. In our study, we have been inspired by modern works on
multi-symplectic PDEs [33, 161]. Recently, the multisymplectic geometry has found many applica-
tions to the development of structure-preserving integrators [37, 47, 82, 174]. These variational prin-
ciples have been exploited, in different variants, to build analytical and numerical approximations,
e.g.,[11, 136] just to mention a few references. The water wave problem is also known to have a multi-

symplectic structure [32].

Luke’s Lagrangian is predicated on the assumption that the fluid flow under consideration is strictly
irrotational; that is to say, the Lagrangian encapsulates a velocity potential while abstaining from
direct incorporation of the velocity components. This formulation aligns with the theoretical under-
pinning that in an irrotational flow, the velocity field is derivable from a scalar potential func-
tion, thereby rendering the explicit articulation of velocity components unnecessary within the
Lagrangian. Should the conditions of fluid incompressibility and bottom impermeability be satisfied
identically, it consequently facilitates the derivation of the equations pertinent to the surface from
Zakharov’s Hamiltonian, as delineated in [243]. This formulation elucidates the inherent relationships
and dynamics at play, particularly at the fluid-surface interface, thereby providing a robust analyti-
cal framework to explore the complex interactions therein. Zakharov’s Hamiltonian, in this context,
serves as a pivotal theoretical construct, linking the fundamental physical constraints of incompress-
ibility and impermeability to the observable phenomena at the fluid surface, thus enriching the dis-

course on fluid dynamics and surface wave behaviour.

In both Luke’s and Zakharov’s variational formulations, there is an inherent assumption of exact
irrotationality in the flow dynamics, a characteristic prominently featured in the water wave prob-
lem formulation. However, a discernible distinction arises in that Zakharov’s Hamiltonian exhibits a
more stringent constraint compared to Luke’s Lagrangian. These variational formulations necessitate
that either a portion or the entirety of the equations governing the fluid dynamics in the bulk of the

fluid and at the bottom are satisfied identically. Concurrently, any residual relations are subject to
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approximationin the course of constructing an approximate variational model, as expounded upon in
[64]. The predilection towards satisfying irrotationality and incompressibility identically is attributed
to their mathematical tractability, making them relatively straightforward to fulfil. Yet, beyond this
allure of simplicity, there does not appear to be a compelling rationale to prioritize irrotationality
and/or incompressibility over other conditions, such as the impermeability or the isobarity of the free
surface. In the ensuing discourse of this monograph, we endeavour to underscore the advantages
of relinquishing the rigid adherence to exact irrotationality and incompressibility. As we shall
demonstrate, approximations of these relations suffice in a majority of practical scenarios, thereby
offering a pragmatic and flexible approach to exploring the dynamical behaviour of fluid flows and

surface waves.

Variational formulations involving as few dependent variables as possible are often regarded as sim-
pler [241]. It is understandably tempting to solve exactly (i.e., analytically) as many equations as pos-
siblein orderto ‘improve’ the solution accuracy. However, this is not always a good idea. Indeed, there
are many examplesin numerical analysis and scientific computing where efficient and well-used algo-
rithms do exactly the opposite. These so-called relaxation methods — e.g., pseudo-compressibility for
incompressible fluid flows [130] — have proven to be very efficient for stiff problems. When solving
numerically a system of equations, the exact resolution of a few equations does not necessarily ensure
that the overall error is reduced. What really matters is that the global error is minimized. A similar
idea of relaxation may also be applied to analytical approximations. The interplay between contin-
uous and discrete models has already been proven to be very fruitful. The paper [101] introduced
the idea of a numerical dispersion relation and how it approximates the exact dispersion relation. One
outcome of this study is that multi-symplectic schemes, such as the Preissmann scheme, preserve the
monotonicity of the dispersion relation, thereby eliminating spurious group velocities in a numerical

scheme.

In this study, we would like to elucidate the benefit of using relaxed variational methods for the water
waves problem. In other words, we illustrate the advantage of using a variational principle involving
as many dependent variables as possible. We emphasize that our primary purpose here is to provide a
generalized framework for deriving model equations for water waves. This methodology is explained
in various examples, some of them being new to our knowledge. However, the potential of the present

approach is far from being fully exploited.

Our review would not be complete if we did not mention one less-known, but still remarkable varia-
tional model for shallow water waves. The Isobe-Kakinuma model was derived by M. Isobe and fur-

ther expanded by T. Kakinuma as a mathematical approximation for long water waves (see [125] for
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exact Japanese references). The Isobe-Kakinuma modelis also derived from Luke’s variational formu-
lation of the full water wave problem. The Isobe-Kakinuma model, which is the Euler-Lagrange equa-
tion for an approximated Lagrangian, is established by approximating the velocity potential in Luke’s
Lagrangian. Various model systems can be obtained depending on the choice of function system used.
The strength of the Isobe-Kakinuma model lies in its ability to provide a high-order approximation to
the water wave equations without containing high-order derivative terms, which can be computa-
tionally burdensome. Specifically, the Isobe-Kakinuma model is considered a superior higher-order
approximation to the water wave equations. However, this model did not gain much popularity in
the water wave community. Due to this model’s highly technical construction and approximations,
it is not without limitations. It requires specific initial conditions and involves a number of complex
calculations that may not be feasible for all practical applications. The variational structure of the
Isobe-Kakinuma model originates from its foundation in the Lagrangian framework established by

J.C. Luke for water wave problems.

The present manuscript is organized as follows. First, the water waves problem formulation is briefly
reviewed in chapter 2. In chapter 3, several variational formulations are presented. In chapter 4,
we present several examples in the shallow water regime, while chapter 5 focuses on the opposite,
i.e. deep water regime. We also provide some guidance on how to address the intermediate depths
in chapter 6. Some numerical methods and illustrations in shallow water regime are given in

chapter 4.6. Finally, in chapter 7, we outline the main conclusions and perspectives of this study.
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CHAPTER 2

Water wave problem formulation

Consider an ideal incompressible fluid of constant density p. The horizontal independent variables
are denoted by x = (x1, x2) and the upward vertical one by y. The origin of the Cartesian coordinate
system is chosen such that the surface y = 0 corresponds to the still water level. The fluid is bounded
below by the bottomaty = —d(x, t) and above by the free surfaceaty = n(x, t). Usually, we assume
that the total depth h(x, t) def d(x, t)+n(x, t) remains positive h(x, t) > hy > Oatalltimes tfor some

constant hg. A sketch of the physical domain is shown in Figure 2.1.

Remark 2.1. In our analytical approach, we adhere to the classical assumption that the free sur-
face is represented as a graph y = n(x, t), derived from a single-valued function. This assumption,
while simplifying the analytical framework, inherently imposes a limitation on the scope of phenom-
ena that can be effectively captured within this modelling approach. Specifically, by representing the
free surface in such a manner, we are essentially restricting our analysis to scenarios where the sur-
face profile can be described unambiguously at every spatial point for a given time. This simplifica-
tion, albeit useful for analytical tractability, precludes the exploration of certain complex phenomena,
notably wave breaking, which manifest beyond the confines of a single-valued function representa-
tion. Wave breaking, characterized by the overturning or steepening of wave crests to the point of
discontinuity, challenges the single-valued function depiction and, thus, falls outside the ambit of the
current modelling approach. This exclusion, while narrowing the scope of our investigation, allows for
a more focused and manageable exploration within the defined analytical framework. Nevertheless,
it is important to acknowledge this limitation, as it delineates the boundary between the simplified
scenarios amenable to our analysis and the more intricate phenomena demanding a more nuanced

or alternative modelling approach.

Wedenote u = (uy, u2) the horizontal velocity and v the vertical one. The fluid density is constant, and
the mass conservationimplies anisochoric motion, yielding the continuity equation valid everywhere

in the fluid domain
V-u+9,v =0, 2.1

where V denotes the horizontal gradient and - denotes the standard scalar (inner) product of two-

dimensional Euclidean vectors. Here, 8, denotes the usual partial derivative with respect to the
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@B, AR, J T >
A x1,2

y = —d(x,t)

Figure 2.1 | Sketch of the fluid domain.

verticalvariable y . Denoting with over ‘tildes’ and ‘breves’ are the quantities computed?, respectively,
atthe free surface y = n(x, t) and at the bottom y = —d(x, t), the impermeabilities of these bound-

aries give the relations

Traditionally, in water wave modelling, the assumption of flow irrotationality is also adopted because
itis relevant in many situations, and it brings considerable simplifications. The zero-curl velocity field

condition can be written
Vv = d,u, VXxu=0, 2.3

where x is a two-dimensional analogue of the cross® product. The irrotationality conditions (2.3) are

satisfied identically, introducing a (scalar) velocity potential ¢ such that
u —= v¢, vV = ay¢ 2.4

For irrotational motions of incompressible fluids, the Euler momentum equations can be integrated

into the scalar Lagrange-Cauchy equation
p+ 0 + gy + 3|Ve]* + 3(8,¢)> = 0,

where p is the pressure divided by the density p and g > 0 is the acceleration due to gravity. At the

free surface, the pressure can be set to zero without any loss of generality —i.e., = 0 — but surface

2Forexample it = u(y = n), vV = v(y = —d).
3For two two-dimensional vectors a = (a1,a2)and b = (by, bp),a X b = a1by — azby is ascalar.
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tension or other effects could be taken into account. Note that for steady flows, i.e. when the velocity
field isindependent of time, 8;¢ = constant = —B and the Lagrange-Cauchy equation becomes the

Bernoulli equation, B being a Bernoulli constant*.

In summary, with the hypotheses stated above, the governing equations of the classical (non-

overturning) surface water waves are [129, 212, 237]:

V¢ +082¢=0, —d(x,t)<y<mn(xt), 2.5

O+ (V¢)-(Vn)—0,6=0, y=n(x,1), 26

0ch + 3|V + 3(0,6)° +gn =0,  y=n(x1), 2.7
0:d + (Vd)-(V¢)+0,6=0, y=—d(xt). 2.8

The assumptions of fluid incompressibility and flow irrotationality lead to the Laplace equation 2.5 for
the velocity potential ¢(x, y, t). The main difficulty of the water wave problem is associated with the
boundary conditions. Equations 2.6 and 2.8 express the free-surface kinematic condition and bottom

impermeability, respectively, while the dynamic condition 2.7 expresses the free surface isobarity.

4We would like to mention that for unsteady flows, the ‘constant’ could actually be a function of time.
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CHAPTER 3

Variational formulation

The water wave problem is known to encompass a multitude of variational structures as elucidated
in seminal works [155, 236, 243]. These variational structures provide a robust framework for delving
into the intricate dynamics of water waves, each offering a unique perspective and analytical tools
for investigating the underlying physics. In the ensuing monograph, our discourse will be significantly
channelled towards the exhaustive exploitation of the Lagrangian variational formalism. This partic-
ular formalism is revered for its profound ability to articulate the dynamics of water waves through a
potent mathematical apparatus. Through a meticulous exploration of the Lagrangian formalism, we
aim to contribute a nuanced understanding to the existing body of knowledge, thereby enriching the
discourse on water wave dynamics and potentially unveiling novel facets or solutions pertinent to the
problem at hand.

Equations 2.5-2.8 can be derived from the “stationary point” (the point where the variation is zero®)

ty
Ez/ /fpdzxdt
t1 Q

(€2 the horizontal domain), where the Lagrangian density .Z is [155]:

of the following functional

n
f:—ld[gy+at¢+§|v¢|2+§(ay¢)2]dy. 3.1

Upon examination, it becomes apparent that the Euler-Lagrange equations emanating from this
particular functional lead directly to the water wave equations, thereby establishing a coherent
mathematical bridge between the variational formalism and the governing equations of water wave
dynamics. The derivation of these equations, though succinct in its nature, unveils a structured
pathway connecting the variational principles to the fluid dynamics encapsulated in the water
wave problem. A meticulous derivation of these equations is provided in the seminal work by Luke

[155]. Furthermore, a more accessible exposition of this derivation is also available on Wikipedia®,

5For a more precise definition of a stationary point we refer to classical books on variational methods in Mechan-
icssuch as [15, 147,177, 202].
Chttp://en.wikipedia.org/wiki/Luke's_variational _principle.
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providing a platform for a broader audience to grasp the underlying principles and the consequential
Euler-Lagrange equations. The availability of these resources, ranging from scholarly articles to more
publicly accessible platforms, facilitates a comprehensive understanding of the variational framework

and its pivotal réle in formulating the water wave equations.

If the fluid incompressibility and the bottom impermeability are satisfied identically, Luke’s
Lagrangian is reduced to a form leading directly to the Hamiltonian of Zakharov [243]. However, for
many practical applications, it is advantageous not to fulfil a maximum of relations, as advocated in
[52]. Note also that Luke’s Lagrangian 3.1 can be extended to the case where the bottom function
d(x, t) is unknown if a condition at y = —d is added to the problem [220].

Integrating by parts and neglecting the terms at the horizontal and temporal boundaries because they
do not contribute to the functional variations (this will be done repeatedly below without explicit

mention), Luke’s variational formulation 3.1 can be rewritten with the following Lagrangian density:

. . 2 d2 | IVe|2 ¢2
L =¢n+¢de — £ +—g - / Vel + =X | dy. 3.2
2 2 _d 2 2

The alternative form 3.2 is somehow more convenient. Note that:

e the term ¢n,, for example, can be replaced by —n¢; after integration by parts;
e theterm gd?/2 can be omitted because d being prescribed, it does not contribute to the variational
principle;

e the term gn?/2 can be replaced by gh?/2 via a change of definition of ¢.

Luke’s Lagrangian involves a velocity potential but not explicitly the velocity field. Thus, any approx-
imation derived from 3.1 has an irrotational velocity field because the latter is calculated from the
relations 2.4. The realm of water wave dynamics is characterized by a complex interplay of various
equations, each encapsulating distinct physical phenomena pertinent to fluid motion and surface
interactions. Within this intricate framework, there exists an array of conditions, namely irrotational-
ity, incompressibility, and surface isobarity, each offering unique perspectives and constraints on the
underlying fluid dynamics. The enforcement of irrotationality, in particular, is often seen as a conven-
tional choice, however, there are, a priori, no foundational rationales dictating the exclusive enforce-
ment of irrotationality over, say, incompressibility or surface isobarity or even a synthesis of these
conditions. Each of these conditions delineates a unique facet of the fluid dynamics, and their enforce-

ment or relaxation within the analytical framework can profoundly impact the nature and accuracy of
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the resulting solutions to the water wave problem. For instance, the enforcement of incompressibil-
ity could shed light on the volume conservation aspects of fluid flow, while surface isobarity could
provide insights into the pressure dynamics at the fluid-surface interface. As it is well known in
numerical methods, enforcing an exact resolution of as many equations as possible is not always a
good idea. Indeed, numerical analysis and scientific computing know many examples of when effi-
cient and most-used algorithms do exactly the opposite. These so-called relaxation methods have
proven to be very efficient for stiff problems. When solving numerically a system of equations, the
exact resolution of a few equations does not necessarily ensure that the overall error is reduced. What
really matters is that the global error is minimized. A similar idea of relaxation may also apply to ana-

lytical approximations, as advocated in [52].

In order to give us more freedom for building approximations, while keeping an exact formulation, the
variational principleis modified (relaxed) by introducing explicitly the horizontal velocity u = V¢ and
the vertical one v = ¢,. The variational formulation can thus be reformulated with the Lagrangian
density

g

2 2
$:$Ut+$dt—7—/n |:u —;v +p- (Vo —u)+v(p, —v)|dy, 3.3
—d

where the Lagrange multipliers i and v have to be determined. By variations with respect of u and v,

one finds at once the definition of the Lagrange multipliers:
B =u, v =y, 34

so (p, v) is another representation of the velocity field, in addition to (u, v) and (V ¢, ¢, ). Using these

definitions, 3.3 becomes
~ o n
$=¢m+¢dt—%gn2+/ (3P +3v2—u-Ve—ve,]dy. 35
—d

The Lagrangian density 3.5 was used by Kim et al. [136] to derive the ‘irrotational’ Green-Naghdi equa-

tions for long waves in shallow water.

However, it is advantageous to keep the most general form of the Lagrangian. Indeed, it allows
one to choose Ansatze for the Lagrange multipliers p and v that can be different from the velocity
field u and v. The Lagrangian density 3.3 involving six dependent variables {n, ¢, u, v, p, v} — while
the original Lagrangian 3.2 only two (n and ¢) — it allows more and different subordinate relations to
be fulfilled.
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The connection of 3.3 with the variational formulation of the classical mechanics can be seen by
applying Green’s theorem to 3.3 that yields another equivalent variational formulation involving the

Lagrangian density
L =0+ f-Vn—0)+(0d+ji-Vd+D)$—3gn’

n
+/ (p-u—Ltv> +vv — 22+ (V-p+0v)¢]dy. 3.6

—d
We underline that the last Lagrangian is the most general (relaxed) form of Luke’s variational princi-
ple, including two Lagrange multipliers g and v. We remind also that ji, 7, i and U denote the traces
of these Lagrange multipliers at the free surface and bottom, respectively. Perhaps other generaliza-

tions of Luke’s variational principle are possible (see e.g. [61]). However, at the current stage, we are
completely satisfied with 3.6.

If the relations 3.4 are used, the Lagrangian density 3.6 can be reduced to

.,?:(am—i—l"l-Vn—V)$+(0td+ﬁ-Vd+V)$—%gnz

n
+/ (307 + 3V +(V-u+0,v)¢]dy. 3.7
—d

Thus, the classical Hamilton principle is recovered, i.e., the Lagrangian is the kinetic energy minus
the potential energy plus constraints for the incompressibility and the boundary impermeabilities, as
already pointed out by Miles [166]. In other words, the Lagrangian density 3.6 is the Hamilton principle
in its most general form for irrotational surface gravity waves. Note finally that extensions of 3.3 and
3.6 including, e.g., obstacles, surface tensions and stratifications in several homogeneous layers are
straightforward generalizations. For instance, to include the surface tension, it is sufficient to add the
term —o ( 1+ (Vn)?— 1) into the definition of the Lagrangian density 3.6, the constant ¢ being
the surface tension coefficient. The application of variational principles to capillary-gravity waves can
be found in e.g. [55, 56, 103].

The Lagrangians 3.1, 3.2, 3.3, 3.6 and 3.7 yield the same exact relations. However, 3.3, 3.6 and 3.7
allow the constructions of approximations that are not exactly irrotational, that is not the case of

Lagrangians 3.1 and 3.2. This advantage is illustrated below via some straightforward examples.
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CHAPTER 4

Shallow water examples

If \is a characteristic wavelength and h is an average water depth, the shallow water approximation
consists of assuming that h/\ < 1 or, in other words, the water depth is much smaller compared to
the typical wavelength. This regime is relevant in coastal engineering problems [156, 210, 238]. In the

open ocean, only tsunami and tidal waves are in this regime [71, 133].

In this Section, we are going to derive various approximate water wave models in shallow waters.

Some of these models are well-known” and some of them will be totally new.

4.1 | Serre equations: the first derivation

For surface waves propagating in shallow water, it is well known that the velocity fields vary little along
the vertical. A reasonable Ansatz for the horizontal velocity is thus one such that v is independent of

y,i.e., and one can consider the approximation
u(x,y, t) =~ o(x, t), 4.1
meaning that u is assumed to be close to its depth-averaged value.?

In order to introduce a suitable Ansatz for the vertical velocity, one can assume, for example, that the
fluid incompressibility 2.1 and the bottom impermeability (2.2b) are fulfilled. These choices lead to
the Ansatz

vix,y,t) = —(y + d) ix. 4.2
Notice that, with this Ansatz, the velocity field is not exactly irrotational, i.e.

Ve — Uy R —(y + d) Oex.

"In this case, we just provide an alternative derivation procedure.
8- _ 1
i=z fi’d udy.
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This does not mean that we are modelling a vortical motion but, instead, we are modelling a potential

flow via a velocity field that is not exactly irrotational. This should not be more surprising than, e.g.,

using an approximation such that the pressure at the free surface is not exactly zero.

With the Ansétze 4.1-4.2, the vertical acceleration (with D/Dt being the temporal derivative following

the motion) is

Dv _0v, O0v, 0", i —( +d)DEX—
Dt  at dx dy x— VY Dr !

where « is the vertical acceleration at the free surface:

wz% ~ h[07 — e — Olxx ] -

X
y=n

The kinetic energy per water column % is similarly easily derived®

p —d 2

dy ~ — +

A /" u? + v? hia?  h®ia?
2 6

The Hamilton principle 3.7 —i.e., kinetic minus potential energies plus constraints for incompressibil-

ity and boundary impermeabilities — yields, for this Ansatz and after some elementary algebra, the

Lagrangian density

L=Lthw+inral-tgh +{h +[hid] }¢.
The Euler-Lagrange equations for this functional are

6¢: 0=h,+[ha],,

§i: O=¢h—[hdlc— [N i+ ha,

Sh: 0=L1 —gh+1ra?— ¢+ —[adl

thence

4.3

4.4

4.5

4.6

4.7

9This computation is straightforward and does not involve any approximations beyond the ones stated in the

chosen Ansatz.
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Differentiation of 4.7 with respect to x and differentiation of 4.6 with respect to t yield, after some

algebral?, the equation

[G—3h ' (Pi)x], + [30° +gh—3hal—sah ' (FPi)x], =0,

t

that can be rewritten in the non-conservative form
O+ 00+ gh+3h 10 [MPy] =0
After multiplication by h and exploiting 4.3, we also derive the conservative equation
[ha],+ [hd+3gh +Fh ], =0
In summary, we have derived the system of equations
he +0x[hid] = 0,
8:[hia] + o« [hiP+1gh +1hmy] =0,
hi? — hilye — hiil = 7,

that are the Serre-Green-Naghdi equations (SGN). With the SGN equations, the irrotationality is not

exactly satisfied, and thus, these equations cannot be derived from Luke’s variational principle.

Assuming small derivatives (i.e., long waves) but not small amplitudes, these equations were first
derived by Serre [204] via a different route. They were independently rediscovered by Su and
Gardner [215], and again by Green, Laws and Naghdi [114]. Another variational derivation based on
the Lagrangian (fluid particle) formulation was given by Salmon [197]. These approximations are
valid in shallow water without assuming small amplitude waves, and they are therefore sometimes

called weakly-dispersive fully-nonlinear approximation [134, 239] and are a generalization of the

10The elimination of the variable $ aligns with expectations, given its designation as a Lagrange multiplier-a
mathematical entity introduced to enforce certain constraints-rather than a variable fundamentally rooted in
the physical essence of the problem at hand. This characteristic of ¢ is emblematic of the rdle of Lagrange multi-
pliers, which serve as auxiliary constructs to ensure the satisfaction of specified conditions within the analytical
framework yet do not carry intrinsic physical significance pertaining to the core dynamics of the problem. Their
introduction facilitates a structured approach to navigating the constraints inherent in the system, allowing for a
more disciplined exploration of the solution space. However, once these constraints are adequately addressed,
the retention of such multipliers, including $, becomes superfluous, warranting their elimination from the ensu-
ing analysis. This process of elimination, far from being arbitrary, underscores the transient utility of Lagrange
multipliers in bridging the mathematical formulation with the physical constraints, while also delineating the
boundary between auxiliary mathematical constructs and variables of core physical relevance.

IAHR.org #WaterMonographs | 15



Shallow water examples IAHR Water Monographs

Saint-Venant [212, 232] and of the Boussinesq equations. The variational derivation above is obvious
and straightforward. Further details on the SGN equations concerning their properties and numerical

resolutions can be easily found in the literature, e.g., [87, 153, 216].

4.2 | Serre equations: the relaxed variational principle

For along wave in shallow water, in potential motion on a horizontalimpermeable seabed aty = —d,
it has long been noticed that the velocity field can be well approximated by truncating the following

expansion'! due to Lagrange [145]:
u=u-L(y+d?Va+ Ly +d)!Va+-. 4.8

The methodological legacy of Lagrange, particularly his approach to expansion, found resonance
among a myriad of subsequent scholars, including, but not limited to, notable figures such as Airy,
Boussinesq, and Rayleigh. These scholars, inspired by Lagrange’s pioneering work, embraced this
genre of expansion as a potent tool in their analytical arsenal, employing it judiciously to derive their
individual approximations tailored to address specific problems in the realm of fluid dynamics and
wave theory. Each scholar, while drawing upon the foundational insights from Lagrange’s expansion
methodology, contributed their own nuanced understanding and refinements, thereby enriching the
collective body of knowledge in the field. This tradition of methodological evolution, as chronicled
in [65], not only pays homage to Lagrange’s seminal contributions but also epitomizes the vibrant
scholarly exchange and cumulative knowledge advancement emblematic of the scientific discourse

in this domain.

We consider here a simple Ansatz of polynomial type, that is, a zeroth-order polynomialin y for ¢ and
for u, and a first-order one for v, i.e., we approximate flows that are nearly uniform along the vertical

direction. Our Ansatz thus reads

¢ ~ ¢(x,t), u =~ a(x,t), v (y+d)(n+d)ti(x,t). 4.9

Such Ansétze are the basis of most shallow water approximations. We have also to introduce suitable
Ansatze for the Lagrange multiplier p and v. Since p = u and v = v for the exact solution, a natural

Ansatz for the multipliers is

p =~ p(x,t), v (y+d)(n+d)to(x,t). 4.10

e remind thatin this expansion, the variable i denotes the trace of the horizontal velocity at the solid bottom.
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With the Ansatze 4.9 and 4.10, the Lagrangian density 3.6 becomes

4+ ¢V -p]. 411

o=

L=m+i-Vné—3gn’ +(n+d)|[p-u—-3u*+ 307

Wi

Using the Green formula, the variational problem can also be written such that the Lagrangian density

isin the following simpler form
L=¢n—Lgn*+ (n+d)[p-o—tu*+ 100 - 12— p-Ve]. 4.12

The two Lagrangian densities 4.11 and 4.12 differing by a divergence term yield exactly the same
equations. Thus, depending on the constraints, we use the Lagrangian density, leading to the simpler
expression. We now investigate equations led by this shallow water model under various subordinate

relations.

4.2.1 | Unconstrained approximation

Without further constraints, the Euler-Lagrange equations of 4.12 yield

su: O0=p —, 4.13
§v: 0=0— ¥, 4.14
Sip: 0=u —V¢, 415
§v:  0=7, 4.16
§¢: 0=n+V-[(n+d)i], 4.17
sn: O=p-o—-ir+i00-1P—p-Vé—¢:—gn. 4.18

The relations 4.13-4.16 imply that the motion is exactly irrotational, but the fluid incompressibility is

not satisfied identically. With these four relations, the last two equations can be rewritten in the form:

h: +V -[ha] =0, 4.19
i, +3V|a?+gVh=0, 4.20
where h = n + d is the total water depth. Equations 4.19-4.20 are the very well-known nonlinear

shallow water equations, also known as Airy or Saint-Venant equations (Wehausen & Laitone [232,

§28]). They are sometimes called non-dispersive fully nonlinear approximation because their classical
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derivation assumes long waves without the extra hypothesis of small amplitudes. These equations

112

have a canonical'? Hamiltonian structure for the conjugate variables n and ¢ with the Hamiltonian

/Q{%ganr%(nerHVd;\z}dzx.

The Saint-Venant equations do not admit smooth progressive wave solutions. They are nevertheless
widely used because they can be solved locally analytically by the method of characteristics [212].
This analytical method translates into the celebrated Finite Volume method [13, 108] in the realm of

numerical techniques.

4.2.2 | Constraining with free surface impermeability

We now constrain the Ansatz 4.9, 4.10, imposing that the impermeability of the free surface is satis-
fied identically. Since the surface impermeability is expressed through the velocity (i, v) in 3.6, we
substitute

v=n+p-Vn, 4.21

sa: O0=p —a, 4.22
§v: O0=mn+p-Vn-—7, 4.23
Sjp:  O0=u+10Vn-V¢, 4.24
6¢: O0=n+V-[(n+d)@], 4.25

—t(n+d)[+RB-Vi+0V-R]. 4.26

The relations 4.22 and 4.24 link the velocity potential and the horizontal velocity as V¢ # & = ji and,
therefore, equations 4.22-4.26 cannot be derived from Luke’s variational principle. Relations 4.22 and
4.25 provide the mass conservation, and hence, with 4.21, the approximation 4.22-4.26 implies that

the fluid incompressibility is fulfilled identically.

12Along with a multitude of non-canonical Hamiltonian structures as well.
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Eliminating ¢, ji and ¥ from the horizontal gradient of 4.26, the system 4.22-4.26 becomes

he+V -[ha] =0, 4.27
U+ 3Val?+gVh+Th V[P y]=3(a-Vh)V(hV -u)—[a-V(hV -a)]Vh,
4.28
and where
y=Vw+ua-Vi=h{(V-a)’-V-u,—u-V[V-u]}, 4.29

is the fluid vertical acceleration at the free surface.

In the two-dimensional case (one horizontal dimension), the right-hand side of 4.28 vanishes, and the
system 4.27, 4.28 reduces to the equations first derived by Serre [203], independently rediscovered
by Su and Gardner [215] and again by Green, Laws and Naghdi [114]. It is sometimes called weakly-
dispersive fully-nonlinear approximation [239]. These equations admit a travelling solitary wave solu-

tion propagating along the horizontal dimension
n = asech’ 3x(x — ct), c?=g(d+a), (2d)? =3a(d +a)!,

which is linearly stable [153]. Note that this solution does not impose any limitation on the wave
amplitude, meaning that the Serre equations are physically inconsistent with the existence of the
highest wave in the full Euler equations as it has been known since the brilliant argument by Stokes
[214]. Note also that the Serre equations have a non-canonical Hamiltonian structure [153] along with

the multi-symplectic structure [48].

In three dimensions, equations 4.27-4.28 were called by Kim et al. [136] ‘irrotational’ Green-Naghdi
equations®3. If the right-hand side of (4.28) is neglected, we recover the classical Green-Naghdi

equations [115].

Remark 4.1. Craig and Grooves, as documented in [62], alongside a host of other scholars, have
ventured into the derivation of various shallow water models, anchoring their efforts in a variational
principle. Their approaches predominantly hinge on the introduction of small parameters to facilitate

the derivation process. Thisis where our methodology diverges markedly. In our approach, we eschew

135ee the original work [136] to see why this term was coined.
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the incorporation of small parameters; instead, we channel our focus towards making well-founded

assumptions regarding the vertical structure of the flow.

4.2.3 | Constraining with incompressibility and partial potential flow |

Here, we restrict the freedom by imposing that the velocity potential is related to the horizontal veloc-
ityasu = V¢, andthatthefluidincompressibility V-u+v, = Oisfulfilled, together with the relations

B = uandv = v, ie., we take the subordinate conditions
i=a, b=, =V, vV = —(n+d) V3.

These constraints do not impose exact irrotationality because v # ¢,. Undoubtedly, we aim to derive
an approximation that resides intermediate to the Saint-Venant and Serre-Green-Naghdi equations
(SGN) equations, potentially encapsulating aspects of both, thereby fostering a broader understand-

ing of the fluid dynamics under investigation.

Thus, the Lagrangian density 4.12 becomes
$:$mf%gnzf%(n+d)(V$)2+%(n+d)3(V2¢_>)2, 4.30
and its Euler-Lagrange equations yield
§¢: 0=n+V-[(n+d)V]+1V?[(n+d)> (V)]
§n:  0=¢i+gn+3i (V) —1(n+d)p? (v2¢'>)2.
It seems that these equations have never appeared before in the literature before our study [52]. They
are a generalization of the so-called Kaup-Boussinesq (or canonical Boussinesq) equations [131, 144]

and are thus referred to as the gkB equations. This can be seen by noticing that the gkB equations can

be derived from the canonical Hamiltonian
-2 -2
/Q{égn2+§(n+d)|v¢| — :(n+d)(V?9) }d2x, 431

while the classical Kaup-Boussinesq equations (cKB) equations are obtained replacing (n + d)3
by d3 in 4.31 and restricting the resulting Hamiltonian to one horizontal dimension. Note that the
Lagrangian 4.30 is cubic in n, meaning that it has (at most) one local minimum in n and not a global

one.

The linearized gKB and cKB systems admit the special travelling wave solution

n = acos k(x; — ct), ?=gd(1- %k2d2), 4.32
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implying that these equations are linearly ill-conditioned (c? < 0for kd > /3). Nevertheless, should
the generalized Kaup-Boussinesq equations (gKB) equations exhibit integrability akin to that of the
cKB equations, they may emerge as a somewhat intriguing model for investigating gravity waves in
shallow water scenarios. The allure of integrability holds promise for facilitating a structured explo-
ration of the complex wave dynamics inherent in shallow water environments. Despite this potential,
itis important to note that a comprehensive study of these equations, to fully elucidate their applica-

bility and the insights they might offer, remains an endeavor yet to be undertaken.

4.3 | Constraining with incompressibility and partial potential flow Il

So far, all the approximations derived turned out to be such that g = v and v = v. We propose here
a novel approximation that does not satisfy one of these identities, and that is an interesting variant

of the previous models.

We impose a partially potential flow such that p = V¢ and v = ¢,, together with the incompress-

ibility condition V - u + v, = 0 and the condition u = p. Thus, substituting the constraints

L=0=Vé, 7=0, V=—(n+d)V?¢
into the Lagrangian density 4.12 yields
L =¢n—Lgn—1(n+d) (V) —L(n+dP (V)
and the corresponding Euler-Lagrange equations are
§¢: 0=n+V-[(n+d) V] -1V [(n+d)?(V?¢)], 4.33
§n: 0=¢i+gn+i (Ve +1m+d?(v3P)°. 4.34
These equations can be derived from the canonical Hamiltonian
/Q{%gn2+%(n+d) V" + Ln+dP (v29) } dx,

which is always positive (an interesting feature for modelling water waves). To the linear approxima-

tion, equations 4.33, 4.34 have the progressive wave solution

n = acosk (x1 — ct), ?=gd(1+ 1k2d?), 4.35

which is well-behaved (i.e., c? is never negative). Comparisons with the gkB equations sug-

gest to refer to equations 4.33-4.34 as regularized general Kaup-Boussinesq equations (rgkB).
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However, the linear dispersion relation 4.35 approximates the dispersion relation of linear waves —
i.e., c> = gtanh(kd)/k — only to the order O(k?), while the dispersion relation 4.32 to rgkB model
is O(k*). Therefore, the rgkB equations are not very interesting for modelling water waves, but these
equations may be of interest in modelling other physical processes.

4.3.1 | Constraining with incompressibility and potential flow |

In the previous example, we have constructed an approximation such that p = u butv # v. Now, we

release the constraint u = u and keep the other constraints. Thus, we impose
L=V¢, p=0, V=—-(n+d)V-a,

so that the pseudo velocity field (i, v) is irrotational while the velocity field (u, v) is incompressible.

After some elementary algebra, the Lagrangian density becomes

L —Fh—Lgn?+ha-Ve—Lha?— L (V.a) —h(V$)°,
The corresponding Euler-Lagrange equations read

Su: 0=hVé¢—hu+iV[PV-u],

d¢: 0=h—V-[ha]+2V-[hV¢],

§n:  O=¢.+gn+ia+ (V) —u-Vé+1n(V-u).

The linearization of this system of equations has a (27 / k)-periodic sinusoidal travelling wave solution
with the dispersion relation

® =gd(1+2k%d?) (14 1k2d?) ™! = gd (1 + 1k%d?) + O (k*),

which, like the previous example, is not satisfactory for water waves. However, these equations may
be of some Mathematical interest nevertheless.

4.3.2 | Constraining with incompressibility and potential flow I

We now assume that the pseudo velocity field (p, v) is divergence-free, while the velocity field (u, v)

isirrotational, i.e., we impose the constraints
=V, V=0, b=-(n+d)V- i
The Lagrangian density becomes

L=¢n—Lgn® — L(n+d) (V)
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which yields the Saint-Venant equations. Thus, these constraints do not bring anything new. It should
be emphasized that this is the case for the special shallow water Ansatz we are considering here, but

this is not necessarily the case for other Ansatze.

4.4 | Further possibilities

The constraints of sections 4.2.3 to 4.3.2 can be unified into a single formalism considering combi-
nations. Indeed, the velocity field (u, v) being not more (nor less) physical than the pseudo-velocity
field (p, v) and the potential velocity field (V ¢, ¢,), the constraints can be imposed by combinations

of these three fields. For instance, we could impose irrotationality on the field
(au+top+ (1-a-a)Vé, av + v+ (l—a—a)d,),
the fluid incompressibility for the field
(au+ap+ (1-—a—a)Vd, v+ arv+(l—a—a)p,),

and so on for any other constraint or field we may think of. The { ¢, } C R are parameters at our dis-
posal. We can choose them in a convenient way based on some mathematical and physical consid-
erations. For example, imposing that the approximate equations derived must be linearly well-posed

and/or have better dispersion relation properties.

In the examples above, only some kinematic constraints (irrotationality, incompressibility, imperme-
ability) were used. We could have also considered dynamical constraints based on, e.g., the Bernoulli

equation, or other relevant dynamical equations.

The relaxed variational principle provided a common platform for deriving several shallow water
equations from the same Ansatz in changing only the constraints. Besides the Ansatz, no further
approximations were made, and the derivations required only some elementary algebra. Using more
general Ansédtze — i.e., involving more free functions and parameters — one can introduce more con-

straints, if desired, and derives more accurate approximations.

4.5 | Modified Serre’s equations

The Serre equations are named after Francois Serre, an engineer at Ecole Nationale des Ponts
et Chaussées, who derived this model for the first time in 1953 in his prominent paper entitled
“Contribution a 'étude des écoulements permanents et variables dans les canaux” (see [203]). Later,

these equations were independently rediscovered by Su and Gardner [215] and by Green, Laws and
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Naghdi [114]. The extension of Serre equations for general uneven bathymetries was derived by
Seabra-Santos et al. [201]. In the Soviet literature, these equations were known as the Zheleznyak-
Pelinovsky model [249].

For the sake of simplicity, we consider here only one horizontal dimension, say x;, and we set x; = x
and u; = u,forbrevity. We also consider the special case p = vand v = vtogether with the constraint

V = n: + dny (free surface’s impermeability). The generalized shallow water Ansatz reads

_ d1>
¢ ~ ¢(x,t), u =~ O(x,t), v A [f}i—d] V(x,t).

Thus, the Lagrangian density 3.6 yields

L =me+ [+ d)al)é— 2gn? + L+ d)a® + 162+ d) [ne + imi]?, 4.36
where g2 = (2X + 1)L
After some algebra, the Euler-Lagrange equations are

he +[hT]x =0, 437

U+ 00y +ghe+ B2 [HF]x =0, 4.38

where 4 is defined in 4.29. If 8 = 1/+/3 the classical SGN equations are recovered.

Using equations 4.37 and 4.38 one can show that the following relations hold

[hale+ [ho® + 3gh + BHP4] =0, 439

[6 — Bh M (PPU)x]e+ [30° + gh — $ W02 — Buh™' (KT, ]| =0, 4.40

[ha — B(PPux)x]e+ [hT° + 2gh® — 28R 02 — BRP Uiy — WP heliy] =0, 4.41
[3ht® + 3BM0 + gk ], +[(530° + 3BH T + gh+ Bhy) ht] =0. 44

Physically, these relations represent conservations of the momentum, quantity § = o—Bh~(h3iiy)x,
itsflux § := hii— B(h30y )« and the total energy, respectively. Moreover, the Serre equations are invari-
ant under the Galilean transformation. This property is naturally inherited from the full water wave
problem since our Ansatz does not destroy this symmetry [20], and the derivation is made according

to variational principles.
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Remark4.2. Insomeapplications,such as coastal engineering, itis required to estimate the loading
exerted by water waves onto vertical structures [59]. The pressure can be computed in the framework
of the Serre equations as well. For the first time, these quantities were computed in the pioneering
paper by Zheleznyak (1985) [248]. Here, for simplicity, we provide the expressions in two space dimen-

sions, which were derived in [248]. The pressure distribution inside the fluid column is given by

P(x,y, t - 1 /hn\° 2| 4d
(xyt) _n-—y 1((h —(1+Z> id
pgd d 2 d d gh

one can compute the force F exerted on a vertical wall:

F(x, t K 1 4 h\?
(x.t) _ P dy = (=+ ) (2)
pgd? _q pgd? 2 3g)\d

Finally, the tilting moment M relative to the sea bed is given by the following formula:
M(x, t) nop 14\ /h\°
— = — ddy =(=4+—) (=] -
pgd? /ﬂj pgd? o+ d)dy 6" 8g/) \d

Equations 4.37-4.38 admit a (27 / k)-periodic cnoidal travelling wave solution:

cn n:aan(%zE\m)fE/K
d+n’ 1-E/K

o= —=a— Hsn? (%zi\m) . 4.43
with § := x — ct, dn and sn being elliptic functions of Jacobi of parameter m (0 < m < 1), and where
K = K(m) and E = E(m) are the complete elliptic integrals of the first and second kinds, respectively
(see [1, Section §17.3]). The parameter s plays the r6le of a wavenumber, a is the wave amplitude
(mean level to crest elevation), H is the total wave height (trough to crest elevation), and c is the wave
phase velocity observed in the frame of reference without mean flow. The wave parameters obey the

relations

T maK gH
k=—, H=——, d? = =, 4.44
2K k£ = ma
. gH(d+a)(d+a—H)
g(d+a)2(d+a—H)—d?c?

4.45

In the limiting case m — 1, we have K — o0, E/K — 0,k — 0, H — aand hence, a classical solitary

wave solution is recovered

2
n = asech’Ls(x — ct), c2=g(d+a), g = 193(;2,)2. 4.46
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Solitary wave solution Cnoidal wave solution
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(a) Solitary wave (b) Cnoidal wave

Figure 4.1 | Two exact solutions to the Serre equations. The solitary wave amplitude is equal to a/d = 0.05. For the cnoidal
wave parameters, m and a/d are equal to 0.99 and 0.05, respectively. Other cnoidal wave parameters can be deduced from
relations 4.44, 4.45.

Forillustrative purposes, a solitary wave along with a cnoidal wave of the same amplitude a/d = 0.05

are depicted in Figure 4.1.

Utilising the exact solitary wave solution delineated in equation 4.46, we are poised to assess the accu-
racy of the Serre equations (with 8 = %), through a comparative lens against the corresponding solu-
tions to the original, potential full Euler equations'#. The methodology that propels the construction
of travelling wave solutions to the Euler equations is meticulously articulated in references [53, 84].
Further facilitating this exploration is a MATLAB script, dedicated to generating these profiles with a
precision that approaches the machine limit. This script is readily accessible for download from the
File Exchange server, as cited in [51], thereby providing an open avenue for rigorous computational

examination.

As we unveil the outcomes of this comparative analysis for a spectrum of values attributed to the
speed parameter c, encapsulated in Figure 4.2, a narrative of approximation accuracy begins to
unfold. It is discernible that the solitary waves corresponding to the Serre equations exhibit a com-

mendable approximation to the full Euler solutions, maintaining this fidelity up to an amplitude ratio

14ysually, we call this mathematical formulation to be the full water wave problem.
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Figure 4.2 | Comparison of solitary wave solutions to the Serre and the full Euler equations.

of approximately a/d ~ % . This observed accuracy not only underscores the robustness of the Serre
equations in encapsulating the dynamics of the Euler equations but also echoes a semblance of
validation for the analytical frameworks employed.

Itis noteworthy to mention that our findings resonate with the conclusions drawn in a prior investiga-
tive venture by Li et al. (2004) [154]. The harmony between these independent studies reinforces the
narrative of approximation accuracy, thereby elevating the confidence in the utilisation of the Serre
equations as a viable analytical tool for exploring the dynamics of solitary waves, especially in sce-

narios where the amplitude ratio hovers around or below the threshold of a/d < % . Through this
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comparative analysis, we have not only benchmarked the accuracy of the Serre equations but also
accentuated their potential as a reliable and efficacious conduit for delving into the complex realm of

fluid dynamics governed by the Euler equations.

At this stage, B is still a free parameter. A suitable expression for this parameter may be obtained by
substituting the solution 4.43 into the Lagrangian density 4.36, integrating .2’ over one wavelength,
then solving d£/dB = 0 while keeping k and ¢ constant (as well as g and d) and varying the other
parameters according to relations 4.44-4.45. Thus, after some cumbersome algebra, we found 8 = 0
for this parameter, which is not very interesting for practical applications. A possible alternative here
isto choose B such that the exact (for potential flow) relation c? = g tan(s¢d)/sis satisfied identically

or up to some asymptotic order.

4.5.1 | Invariants of the Serre equations

Henceforth, until the end of this Section, we consider only the two-dimensional case. As pointed out
by Li (2002) [153], the classical Serre equations possess a non-canonical Hamiltonian structure which

can be easily generalized for the model 4.37, 4.38

he\ ] dH /6§
Gy §H/6h)’
where the Hamiltonian functional H and the symplectic operator J are defined as

Hz%/ [he® + BH° T + gn’] dx,  T=-
R

hy 0
G + GO haj '
The variable z is related to § as follows
G = hi— B[ O]
The conservation of the quantity § was established in equation 4.41.

According to [153], one-parameter symmetry groups of Serre equations include the space translation
(x + €, t, h, u), the time translation (x, t + ¢, h, u), the Galilean boost (x + €t, t, h, u + €) and the
scaling ef(efx, t, €% h, u). Using the first three symmetry groups and the symplectic operator J, one

may recover the following invariants:

ki ~
Q :/ ——— dx, H, / tg — xn] dx. 4.47
R d+N lR[ ]

28 | #WaterMonographs IAHR.org



IAHR Water Monographs A variational approach to water wave modelling

It is manifest that the equation 4.37 engenders an invariant that is intimately tethered to the mass
conservation property!®, encapsulated by the integral expression fR ndx. The scaling symmetry,
however, does not furnish any conserved quantity in relation to the symplectic operator J. As we
navigate further, our discourse will pivot on the utilisation of the total energy H and the generalized
momentum Q conservation, employing these principles as pivotal instruments to rigorously evalu-
ate the accuracy of the numerical schemes at our behest. These evaluations will not merely dwell
in the abstract but will be juxtaposed against the exact analytical solution delineated in equation
4.46, thereby providing a grounded and comparative assessment of the fidelity and robustness of
the numerical schemes in replicating the underlying dynamics of the SGN equations. Through this
meticulous examination, we aim to forge a comprehensive understanding of the numerical schemes’
performance, while concurrently illuminating the inherent conservation principles and their interplay

with the accuracy and reliability of the numerical solutions generated.

4.5.2 | Multi-symplectic structure of the Serre equations

This section is devoted to a further study of the celebrated SGN model 4.37, 4.38 of fully nonlinear
long water waves propagating in shallow water. For the sake of simplicity, we adopt the ‘classical’
value of the parameter § = % The Hamiltonian formulation for the SGN equations was revisited ear-
lier. However, this structure is non-canonical and highly non-trivial, at least at first sight. Within this
section, we elucidate a multi-symplectic structure pertaining to the same system of SGN equations,
a structure whose initial unveiling in the scholarly domain was effectuated through the publication
[48]. This exposition not only revisits the groundbreaking revelation from [48] but also ventures to
delineate the nuanced intricacies and implications of this multi-symplectic structure in the context
of the SGN equations. Through a meticulous examination, we aim to accentuate the profound ana-
lytical utility and the enriched understanding that this multi-symplectic framework bequeaths upon
the SGN equations, thereby contributing to the broader comprehension and exploration of long wave

dynamics in shallow waters.

The multi-symplectic structure generalizes the classical Hamiltonian formulations [15] to the case
of PDEs such that the space and time variables are treated on the equal footing [33] (see also
[149, Chapter 12]). The hint for deriving this multi-symplectic structure is given in Appendix C. The
generalisation to a multi-symplectic structure from classical Hamiltonian formulations engenders a

more holistic and nuanced analytical framework, especially conducive for the examination of PDEs.

15Indeed, thisinvariant should be rather termed as the mass perturbation conservation. However, we stick to the
classical term even if it is not fully accurate.
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By extending the Hamiltonian perspective to accommodate both space and time variables on an
equal footing, this multi-symplectic vantage point fosters a more harmonised understanding and
manipulation of the underlying dynamics encapsulated within the PDEs. This enriched framework
consequently broadens the horizon for deriving conservation laws and invariant properties, thereby
unveiling a more profound comprehension of the intricate interplay between spatial and temporal
dimensions within the equations under scrutiny. Moreover, the multi-symplectic structure holds the
promise of facilitating the derivation and analysis of numerical schemes that remain faithful to the
conservation laws inherent in the continuous problem, thus significantly enhancing the accuracy and

reliability of numerical solutions.

A system of PDEs in 1D is said to be multi-symplectic if it can written as a system of first-order equa-
tions of the form [33, 161]:

M-z, +K-z,=V,5(z), 4.48

where a dot denotes the contracted (inner) product, z € R" is a rank-one tensor (vector) of state
variables, M € R"" and K € R"*" are skew-symmetric constant rank-two tensors (matrices) and
S is a smooth rank-zero tensor (scalar) function depending on z. (We use tensor notations because
they give more compact formulae than the matrix formalism [27].) The function S plays the rdle of
the Hamiltonian functional in classical symplectic formulations [15]. Consequently, S is sometimes
called the ‘Hamiltonian’ function as well. It should be noted that the matrices M and K can be (and

often are) degenerated [38].

It turns out that the SGN equations 4.37-4.38 have a multi-symplectic structurewithz = he; + ¢ er +

ues+veys+ pes+ qgeg+ rer+ seg(e;unitary basis vectors) and

M=e;®e—e20e1+3e106e5— e5Q ey, 4.49
K=1e1®er—ferQe—e® e+ e @ ey, 4.50
S:(%v2f%u2f%suv)hf%gh2+%p(usfv) +Q(U+%SV) — %rs, 451

where ® denotes the tensor product. Indeed, the substitution of these relations into 4.48 yields the

equations*®

¢t+%pt+%rxz%v2f%u27%suvfgh, 4.52

Y —) 4.53

16The variables p, g, r, and s are defined right after the system.
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0=qg—hu+3is(p—hv), 4.54
0=3(hv—p)+ 3s(qg—hu), 4.55
—the=3%(su—v), 4.56
$=u+3sv, 4.57
—3he=—%s, 4.58
0=3(putqv—r—huv). 4.59

These equations have the following physical meaning. Equation 4.58 gives s = h,, so s is the sur-
face slope. Equations 4.54 and 4.55 yield p = hv and ¢ = hu, which are the vertical and horizontal
momenta, respectively. It follows that 4.53 is the mass conservation h; + [hu]x = 0 and 4.56 is the
impermeability of the free surface h; + uh, = v (v is then the vertical velocity at the free surface).
Equation 4.57 shows that the velocity field is not exactly irrotational for the SGN equations (a well-
known result). The definition above of p and g substituted into 4.59 gives r = huv. Finally, substitut-

ing all the preceding results into 4.52, after some algebra, one obtains
Bt 3P HER U2 b gh— YR g~ Yhud,[hu] = 0

Differentiating this equation with respect to x, eliminating ¢ using 4.57 and exploiting the mass con-

servation, one gets equation 4.40.

It should be noted that after eliminating p, g and r, the ‘Hamiltonian’ S becomes

S=3h*—Lthv?—3gh=3hu*—thu? - Sgh,

so S is neither a density of total energy nor a Lagrangian density.

Conservation laws

A multi-symplectic system of partial differential equations has local conservation laws for the energy

and momentum [37, 38]
0:E(z) + 0+F(z) =0, 0:I(z) + 0xG(z) =0,
where

E(z)=5(2)+3z.- K-z, F(z)=-1z, K-z
G(z2)=S(z)+3z:-M-z, I(z2)=-3%z M-z
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For the SGN equations, from the results given above (cf 4.50-4.51), we thus find
E=%rhe—thri+3dac—5qd— 38N +3hu*>— 3 hv?
F:%hrt*%rhtJr%q(l’t*%d’Qt,
G=tphi—thpe+3sdh—ihee—3gh+3hu>—Lhv?
I:%hpréphx‘i’%h(ﬁx*%d’hx-

Furthemore, after using the relations 4.52-4.59 and some algebra, one gets the expression of quanti-

ties E, F, G and I in terms of initial physical variables
—E=3hiP+3igh+thu? -0 [sdhu+thuu],
—F = (%u2+%h2u3+gh+%h'y)hu+8t[%¢hu+%h3uux],
G=hu?+ighP+1imy+0.[L¢h+inu],

I:hufax[%d)th%h:iux].

So the momentum and energy conservation equations 4.39 and 4.42 are recovered, though —E, —F,

G and I are not exactly the densities of energy, energy flux, momentum flux and impulse, respectively.

Intermediate conclusions

In the discourse of this section, we have delved into the multi-symplectic structure pertinent to
the SGN equations, which have garnered substantial acclaim in recent times as a robust model for
long waves navigating shallow water terrains. Our understanding underscores the publication [48]
as a seminal piece, heralding the initial unveiling of such a structure within the academic litera-
ture, thereby contributing a novel lens through which to interpret the SGN equations. While a non-
canonical Hamiltonian structure of the SGN equations has been previously delineated, for instance
in [128], our exploration has led us to discern that the corresponding multi-symplectic structure
emanates as a more intuitive and streamlined framework for these equations. A salient feature of this
multi-symplectic structure is its egalitarian treatment of both spatial and temporal variables, as eluci-
dated in [161], thereby furnishing a balanced analytical perspective. The merits of such a formulation
are well-documented and recognized, with references such as [33] shedding light on its advantageous
disposition. This multi-symplectic formulation, hence, not only augments the analytical rigour but
also enhances the intuitive understanding of the dynamics encapsulated within the SGN equations,

thereby fostering a more comprehensive and nuanced exploration of long waves in shallow waters.
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The elucidation of the multi-symplectic structure in the exact water wave equations, as showcased
in [33], naturally engenders the conjecture that such a structure might extend to approximate equa-
tions as well, a notion echoed in [79]. However, the terrain becomes nuanced with the SGN equations,
which do not embody exact irrotationality, thereby casting a veil of uncertainty on an a priori basis,
over the existence of such a multi-symplectic structure within them. The quest to unearth this struc-
ture directly from the SGN equations, as enumerated in equations 4.37-4.38, transcends a mere trivial

endeavour, presenting a complex analytical challenge.

In light of this, our investigative journey commenced with the relaxed variational principle, an exem-
plification of the generalized Hamilton principle, as expounded in [52]. This choice of starting point
proved propitious, rendering the derivation of the multi-symplectic formulation of the SGN equations
considerably lucid, as substantiated in appendix C. This route not only illuminated the coveted multi-
symplectic structure but also underscored the nuanced interplay between irrotationality and the sym-
plectic characteristics of the SGN equations. The transparent derivation ensuing from the relaxed
variational principle accentuates the profound utility and the insightful lens it provides in navigat-
ing the complex mathematical landscape of the SGN equations, thereby contributing significantly to

the understanding and analytical treatment of long waves in shallow waters.

The SGN equations can be extended to 3D in several ways. One extension of special interest concerns
the so-called irrotational Green-Naghdi equations [52, 136] for which a multi-symplectic structure can
be obtained following the same route as for the SGN equations, i.e., starting from the relaxed varia-

tional principle.

This form of structure revelation unveils fresh avenues for the fabrication of structure-preserving inte-
grators pertaining to the SGN equations. To our current understanding, this realm of inquiry remains
largely unexplored in contemporary times. There have been endeavours to resolve SGN equations
employing a variety of methodological approaches, including conventional finite volume techniques
[45], pseudo-spectral methods [87], and finite element methods [171], each with its unique set of mer-

its and considerations.

However, it is noteworthy that these attempts do not invariably ensure the preservation of the
variational structures, be they symplectic or multi-symplectic, at the discrete level as well. The
quintessence of preserving these structures transcends a mere mathematical formality, venturing
into the realm of ensuring a faithful representation of the underlying physics even in a discretised
computational framework. The discourse presented in this manuscript sheds light on pivotal findings

that could significantly ease the application of finite difference [9, 37, 174, 231] and pseudo-spectral
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[47,111] variational schemes. These schemes are lauded for their capability to preserve, with exacti-
tude, the multi-symplectic conservation law even at the discrete echelon. This preservation is instru-
mental in engendering numerical solutions that are not only accurate but also imbued with the essen-

tial physical attributes inherent in continuous equations.

A meticulous numerical comparison has been orchestrated, juxtaposing symplectic, multi-
symplectic, and pseudo-spectral schemes, as articulated in [80, 82]. This comparison, pivoted
on the renowned KdV equation, unveils the nuanced performance and the fidelity of these schemes
in capturing the essence of the continuous problem in a discrete setting. The insights gleaned
from this comparison, in tandem with the findings elucidated in this manuscript, offer a promising
pathway towards not only constructing but also discerning the efficacy of variational schemes that
hold the promise of preserving the essential symplectic and multi-symplectic structures. This, in
turn, augments the robustness and reliability of numerical solutions, thereby fostering a more

informed and accurate exploration of the complex dynamics inherent in the SGN equations.

4.6 | Numerical applications

In this Section, we shall consider the classical SGN equations corresponding to the choice of 8 = %
A variety of numerical methods have been applied to discretize dispersive wave models and, more
specifically, the Serre equations [87]. A pseudo-spectral method was applied in [73], an implicit finite
difference scheme in [14, 169] and a compact higher-order scheme in [49, 50]. Some Galerkin and
Finite Element type methods have been successfully applied to Boussinesq-type equations [6, 10, 75,
91,170-172]. Afinite difference discretization based on an integral formulation was proposed by Bona
and Chen [25]. Recently, efficient high-order explicit or implicit-explicit finite difference [46] and finite
volume schemes for dispersive wave equations have been developed [45, 93, 93]. The robustness of
the proposed numerical schemes also allowed simulation of the run-up of long waves on a beach with

high accuracy [93].

4.6.1 | Finite volume scheme and numerical results

In the present study, we propose a finite-volume discretization procedure [12, 13] for the Serre

equations 4.37, 4.38, which we rewrite here as
h: +[hulx =0, 4.60
ut—f—[%uQ—f—gh]X:ﬁh_l [h3(uxt+uuxx—ux2)]x, 4,61

where the over-bars have been omitted for brevity. (In this section, over-bars denote quantities

averaged over a cell, as explained below.)
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We begin our presentation with a discretization of the hyperbolic part of the equations (which are
simply the classical (Airy-)Saint-Venant equations) and subsequently discuss the treatment of dis-

persive terms. The Serre equations can be formally put into the quasi-linear form
V:+[F(V)]x = S(V), 4.62

where V, F(V) are the conservative variables and the advective flux function, respectively

vV = (Z) F(V) = (; u2h: gh>.

The source term S(V') denotes the right-hand side of 4.60, 4.61 and thus, depends also on space and

time derivatives of V. The Jacobian of the advective flux F(V') can be straightforwardly computed

uh
gu|
The Jacobian A (V) has two distinctive eigenvalues

)\i:uj:cs, csz\/ﬂ.

The corresponding right and left eigenvectors are provided here

h—h] L:R—lzl[h_l cs—l]_

R =
Cs Cs 2 (—p1 c;l

We consider a partition of the real line R into cells (or finite volumes) C; = [x-,% iyl ] with cell centers
Xj = %(x,_% + x,+%) (i € Z). Let Ax; denote the length of the cell C;. In the sequel, we will consider
only uniform partitions with Ax; = Ax, Vi € Z. We would like to approximate the solution V/(x, t)
by discrete values. In order to do so, we introduce the cell average of V on the cell C; (denoted with

an over-bar), i.e.,

\_/,'(t)

1l
—~
>
-~
=
S
A
=
N
N—
I
2|
x
9\
<
—~
X
-
N
a
X

Asimple integration of 4.62 over the cell C; leads the following exact relation:

v 1

G A [FVesn ) - FVes )] = 5 [ swyox =5,

2 Ax
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Since the discrete solution is discontinuous at cell interfaces Xy 1 (i € Z), we replace the flux at the

cell faces with the so-called numerical flux function

~ 1 SR
F(V(xiz1, 1) = Fiz1(Vii1, Vi),
where \_/,-Lig denotes the reconstructions of the conservative variables V from the left and right sides
of each cell interface (the reconstruction procedure employed in the present study will be described
below). Consequently, the semi-discrete scheme takes the form
av; 1

at " ax [F’*% ~Fi-

— 5. 4.63

1
2

In order to discretize the advective flux F(V), we use the FVCF scheme!” [105, 106]:

F(V)+ F(W)

F(W) — F(V)
: LALLS Aula A8

FV.W) = ;

—U(V, W) -

Thefirst part of the numerical fluxis centred, and the second partis the upwindingintroduced through
the Jacobian sign-matrix U(V, W) defined as

U(V, W) =sign [A (3(V+W))], sign(A) = R - diag(s™s™) - L,
where s* = sign(A¥). After some simple algebraic computations, one can find

1 st+s™ (h/cs) (st —s7)
2 (g/es) (st =s7)  sT4sT

the sign-matrix U being evaluated at the average state of left and right values.

4.6.2 | High order reconstruction

In order to obtain a higher-order scheme in space, we need to replace the piecewise constant data
by a piecewise polynomial representation. This goal is achieved by various so-called reconstruction
procedures such as MUSCL TVD [137,226,227],UNO [120], ENO [119], WENO [240] and many others. In
our previous study on Boussinesg-type equations [92], the UNO2 scheme showed a good performance
with small dissipation in realistic propagation and run-up simulations. Consequently, we retain this
scheme for the discretization of the advective flux in Serre equations.

1" This scheme is slightly dissipative and non-variational. However, we choose finite volumes due to their excel-
lent shock-capturing properties, whose importance can hardly be underestimated for shallow water flows.
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Remark 4.3. InTVD schemes, the numerical operator is required (by definition) not to increase the
total variation of the numerical solution at each time step. It follows that the value of an isolated maxi-
mum may only decrease in time, which is not a good property for the simulation of coherent structures
such as solitary waves. The non-oscillatory UNO2 scheme, employed in our study, is only required to
diminish the number of local extrema in the numerical solution. Unlike TVD schemes, UNO schemes

are not constrained to dampen the values of each local extremum at every time step.

The main idea of the UNO2 scheme is to construct a non-oscillatory piecewise-parabolic interpolant
Q(x) to a piecewise smooth function V/(x) (see [120] for more details). On each segment containing
theface x; 1 € [xi, xi41], thefunction Q(x) = g;,1(x)islocally a quadratic polynomial and wherever

v(x) is smooth we have

Q(x) — V(x) = 0+ O(AX%), C;—S(xj:O)f C;—\: =0+ O(AX%).

Also, Q(x) should be non-oscillatory in the sense that the number of its local extrema does not exceed

that of V(x). Since g; 1 (x;) = V;and qiy 1 (xit1) = V1, it can be written in the form

(o x)(x — x521)
Ax?

X — Xj

Ax

q;,1(x) = Vi +0;1{V} x +391{V} ,

where D,-Jr%{V} =V;1—V;and D, 1Visclosely related to the second derivative of the interpolant
since®; 1 {V} = Ax? qj.’Jr% (x). The polynomial g; 1 (x) is chosen to be the least oscillatory between
two candidates interpolating V/(x) at (x;—1, x;, xi+1) and (x;, Xi+1, Xi+2). This requirement leads to the
following choice of ®;, 1 {V} = minmod (D;{V}, D;11{V}) with

DV} =V -2V + V4, Di{V}=Vio -2V +V,,

and where minmod(x, y) is the usual minmod function defined as

minmod(x, y) = 1 [sign(x) + sign(y)] x min(|x], |y|).

1

To achieve the second order O(Ax?) accuracy, it is sufficient to consider piecewise linear reconstruc-
tions in each cell. Let L(x) denote this approximately reconstructed function, which can be written in

this form

A X € [xi 1, x,1].
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In order for L(x) to be a non-oscillatory approximation, we use the parabolic interpolation Q(x) con-

structed below to estimate the slopes S; within each cell

_ : Qo) 99,
S; = Ax x minmod (a(x, 0), X (xi +0)> .

In other words, the solution is reconstructed on the cells, while the solution gradient is estimated on
the dual mesh as it is often performed in more modern schemes [12, 13]. A brief summary of the UNO2

reconstruction can also be found in [92, 93].

4.6.3 | Treatment of the dispersive terms

In this section, we explain how we treat the dispersive terms of Serre equations 4.60, 4.61. We begin
the exposition by discussing the space discretization, and then, we propose a way to remove the
intrinsic stiffness of the dispersion by partial implicitation.

For the sake of simplicity, we split the dispersive terms into three parts:

M(V) = Bht [ h? i ] Dy (V)

Bht [FPuuw], . DaV)

Bht [Kul],

x !

We propose the following approximations in space (which are all of the second order O(Ax?) to be

consistent with UNO2 advective flux discretization presented above)

h; [,—,fﬂ (@e)iv2 — (Ge)i E?IW}

3

B h; =3 - -3\ 73
(Bl @2 = (B + B (@) + By (@2

4 Ax?

The last relation can be rewritten in a short-hand form if we introduce the matrix M(V) such that the

i-th component of the product M(V) - V, gives exactly the expression IM;(V).

In a similar way, we discretize the other dispersive terms without giving the intermediate steps

Dy;(V) =

B hi [—3

_ _ _ _ -3 _ _ _ _
YN hii1 Uiga (Ojyo — 20j41 + 0j) — hi_y Gj—1 (07 — 20j—1 + Ui—2)} .

-1
— Bh; -3, _ -3 _
D2i(V) = or 3 [hi+1 (Tiva — T)* — hi_y (T — Uifz)z} :
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In a more general non-periodic case, asymmetric finite differences should be used near the bound-
aries. If we denote by I the identity matrix, we can rewrite the semi-discrete scheme 4.63 by expanding
the right-hand side S;

dh 1

Wy _ O] —
= A [.ﬂ (V) — U (V)} 0, 4.64
o do 1 @ @] oy -
(=DM + 5 [a (V) — FC© (V)} =D(V) -1, 4.65

where }'il’z)(\_/) are the two components of the advective numerical flux vector F at the right (+) and
left (—) faces correspondingly and D(V) = D;(V) — Dy(V).

Finally, in order to obtain the semi-discrete scheme, one has to solve a linear system to find explicitly
the time derivative diz/dt. A mathematical study of the resulting matrix I — IM is not straightforward

to perform. However, in our numerical tests, we have never experienced any difficulties in inverting it.
4.6.4 | Temporal scheme
We rewrite the inverted semi-discrete scheme 4.64-4.65 as a system of ODEs:
Orw = L(w, t), w(0) = wy,
wherew = (h, @)".

In order to solve numerically the last system of equations, we apply the Bogacki-Shampine method
[24]. It is a third-order Runge-Kutta scheme with four stages. It has an embedded second-order
method, which is used to estimate the local error and, thus, to adapt the time step size. Moreover,
the Bogacki-Shampine method enjoys the First Same As Last (FSAL) property, so it needs three func-
tion evaluations per step. This method is also implemented in the ode23 function in MATLAB [205]. A

step of the Bogacki-Shampine method is given by
ki = L(w", t,),
ko = LW + LAt ki, t, + 1A0),
ks = L(w(™M) + 3Atoko, tn + 2At),
w ) = W) L Aty x (2k + Tho + Ek3),
ky = LWt 4+ Aty),

n+1)

Wi = W L Aty x (ki + Tho + ks + 1ka)
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Here w(" ~ w(t,), At is the time step and w2("+1)

is a second-order approximation to the solu-
tion w(t,, 1), so the difference between w("*1) and wz("ﬂ) gives an estimation of the local error. The
FSAL property consists of the fact that k4 is equal to k; in the next time step, thus saving one function

evaluation.

If the new time step At,.; is given by At,.1 = p,At,, then according to the H211b digital filter
approach [208, 209], the proportionality factor p,, is given by:

5 B s B2 .
on=\|— Pn 1 4.66
E€n €n—1

where g, is a local error estimation at time step t,,, § is the desired tolerance, and the constants $1, 8

and o are defined as

Ol:Zy .3125225-

The parameter p is the order of the scheme (p = 3in our case).

Remark 4.4. The adaptive strategy 4.66 can be further improved if we smooth the factor p,, before

computing the next time step At 1
Athrl = ﬁn Atm ,6n = N(Pn)-

The function w(p) is called the time step limiter and should be smooth, monotonically increasing and

should satisfy the following conditions
w(0) < 1, w(+o00) > 1, w(l) =1, W'(1)=1.

One possible choice is suggested in [209]:
-1
w(p) =1+ karctan (‘0—> .
K
In our computations, the parameter « is set to 1.

4.6.5 | Pseudo-spectral Fourier-type method for the Serre equations

In this section, we describe a pseudo-spectral solver to integrate numerically the Serre equations in

periodic domains. With spectral methods, it is more convenient to take as variables the free surface
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elevation n(x, t) and the conserved quantity g(x, t) . Hence, we consider the system of equations:

ne+[(d+n)i]x =0, 4.67
G+ [qu— 30 +gn—3(d+n)?2@] =0, 4.68

The first two equations 4.67 and 4.68 are of evolution type, while the third one 4.69 relates the con-
served variable g to the primitive variables: the free surface elevation n and the velocity . In order to

solve the relation 4.69 with respect to the velocity u, we extract the linear part as

0—1d?0u —q= 1(2dn+n?) Dux + (d + 1) N T

N(n,a)

Then, we apply to the last relation the following fixed point type iteration in Fourier space

X & FiNmE)
= + L j=012--, 4.70
T T I L(kd? T 14 L(ka)? !

where 1/3 = F{¢} denotes the Fourier transform of a quantity ¢ . The last iteration is repeated until
the desired convergence. For example, for moderate amplitude solitary waves (=~ 0.2), the accuracy
1010 is attained in approximately 20 iterations if the velocity &g is initialized from the previous time

step. We note that the usual 3/2-rule is applied to the nonlinear terms for anti-aliasing [58, 102, 224].

Remark 4.5. One can improve the fixed point iteration 4.70 employing the so-called relaxation

approach [126]. The relaxed scheme takes the following form

. & F{NmE) .
. e 9 179 i :0,]-;2;"'1
RAE <1+§(kd)2 T T i(kay A0,

where 6 € [0, 1] is a free parameter. We obtained the best convergence rate for § = 1.

In order to improve the numerical stability of the time-stepping method, we integrate exactly the lin-

ear terms in evolution equations

nt+de = 7[nu]X1

Getgm= [0 + 1(d+n)P?@ - qu]_.
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Taking the Fourier transform and using the relation 4.69 between & and g, we obtain the following

system of ODEs:
ikd ikd F{N(n, 1;)}

A + ——— § = —ik F{ni} —

§e +ikg =ik F{30* + 3(d+n)’i — qu}.

The next step consists in introducing the vector of dimensionless variables in Fourier space

V = (ikf),iwg/g), where w? = gk?d/[1 + (kd)?] is the dispersion relation of the linearized Serre

equations. With unscaled variables in vectorial form, the last system becomes
N N N 0 iw
Vi+L-V=N(V), L= [ ]
iw 0
On the right-hand side, we put all the nonlinear terms
k2 F{na} + dk*> F{N(n, 7;)} /(1 + 3(kd)?)
—(kw/g) F{it® + X(d+ )@ — qu} |

In order to integrate the linear terms, we make a last change of variables [102, 168]:

N(WV) = (
W, = elt—0)t -N{e*fffo)ﬁ : W} W(t) = DL 0(),  W(t) = V(k).

Finally, the last system of ODEs is discretized in time by Verner’s embedded!® adaptive 9(8) Runge-
Kutta scheme[228]. The time step is chosen adaptively using the so-called H211B digital filter [208,209]

18Embedded Ru nge-Kutta schemes are a quintessence of numerical ingenuity in the realm of differential equa-
tions’ resolution, embodying a dual-tier architecture that furnishes not only the sought-after solution but also
an estimate of the local truncation error. This dual-faceted construct is eloquently manifest in the Verner embed-
ded adaptive 9(8) Runge-Kutta scheme, a paradigm that unveils a confluence of accuracy and adaptability. At the
heart of this scheme lies a pair of intertwined Runge-Kutta methods, one of the ninth order and its counterpart
of the eighth order. The orchestration of these methods is such that they share common function evaluations,
thereby entwining efficiency with precision.

The crux of adaptivity in this scheme emanates from the discrepancy between the solutions procured by the
ninth and eighth-order methods, a discrepancy that serves as a harbinger of the local error. This local error esti-
mation, devoid of additional function evaluations, furnishes the fodder for an adaptive strategy, wherein the
step size is meticulously modulated to ensure that the error dovetails with a preordained tolerance. The Verner
scheme, thus, transcends a mere solver to embody a self-adjusting algorithm, acclimatising to the terrain of the
differential equation at hand.

Furthermore, the Verner scheme’s elegance is not confined to its adaptive prowess alone but extends to its
error control strategy. The scheme’s architecture is meticulously crafted to ensure that the error estimation is
robust, a feature indispensable for the scheme’s adaptive strategy. This symbiosis of a high-order method with a
reliable error estimator, encapsulated within a singular scheme, underscores the essence of embedded Runge-
Kutta schemes. The Verner embedded adaptive 9(8) Runge-Kutta scheme epitomises a harmonious blend of
precision, efficiency, and adaptability, rendering it a potent tool in the arsenal of a computational scientist ven-
turing into the intricate domain of differential equations resolution.
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Table 4.1 | Values of various parameters used in convergence tests.

Undisturbed water depth: d 1
Gravity acceleration: g 1
Solitary wave amplitude: a 0.05
Final simulation time: T 2
Free parameter: 8 1/3

to meet some prescribed error tolerance (generally of the same order of the fixed point iteration 4.70
precision). Since the numerical scheme is implicit in the velocity variable z, the resulting time step

At is generally of the order of the spatial discretization O(Ax).

4.6.6 | Numerical results

In this section, we present some numerical results using the finite volume scheme described above.
First, we validate the discretization and check the convergence of the scheme using an analytical
solution. Then, we demonstrate the ability of the scheme to simulate the practically important soli-
tary wave interaction problem. Throughout this Section, we consider the initial value problem with

periodic boundary conditions unless a special remark is made.

Convergence test and invariants preservation

Consider the Serre equations 4.60 and 4.61 posed in the periodic domain [ —40, 40 ]. We solve numer-
ically the initial-periodic boundary value problem with an exact solitary wave solution 4.46 posed as
an initial condition. Then, this specific initial disturbance will be translated into space with known
celerity under the system dynamics. This particular class of solutions plays an important réle in water
wave theory [76, 77], and it will allow us to assess the accuracy of the proposed scheme. The values

of the various physical parameters used in the simulation are given in Table 4.1.

The erroris measured using the discrete Lo, norm for various successively refined discretizations. The
result is shown in Figure 4.3. As anticipated, the finite volume scheme (black solid line with circles)
shows a fairly good second-order convergence (with estimated slope ~ 1.99). During all the numer-
ical tests, the mass conservation was satisfied with the accuracy of the order ~ 1074, This remark-
able result is due to the excellent local conservative properties of the finite volume method. We also
investigate the numerical behaviour of the scheme with respect to the invariants H and Q defined in

4.47. These invariants can be computed analytically!® for solitary wave solutions. However, we do not

1911 the sense of closed-form solutions.
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Figure 4.3 | Convergence of the numerical solution in the Lo, norm computed using the finite volume method. Circles repre-
sent the error measured in our numerical solution. Two other curves demonstrate typical first and second-order convergence
for the sake of comparison.

provide them to avoid cumbersome expressions. For the solitary wave with parameters given in

Table 4.1, the generalized energy and momentum are given by the following expressions:

_21V7 7\/§|o V21— 1

~ 0.0178098463

Ho="00 " 10 8 T '
6215 2v35 21 —1

Qo = + | ~ 0.017548002.

(o]
225 5 8 ATl

These values are used to measure the error on these quantities at the end of the simulation. The con-
vergence of this error under the mesh refinement is shown in Figure 4.4. One can observe a slight
super-convergence phenomenon of the finite volume scheme. This effect is due to the special nature
of the solution we use to measure the convergence. This solution is only translated under the system
dynamics. For more general initial conditions, we expect a fair theoretical 2" order convergence for
the finite volume scheme. As anticipated, the pseudo-spectral scheme shows the exponential error

decay with respect to the number of spectral modes.
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Figure 4.4 | Hamiltonian and generalized momentum conservation convergence computed using the finite volume and spec-
tral methods under the mesh refinement. The conserved quantities are measured at the final simulation time.

Solitary wave interaction

Solitary wave interactions are an important phenomenon in nonlinear dispersive waves, which have
been studied by numerical and analytical methods, and results have been compared to experimental
data. They also often serve as robust nonlinear benchmark test cases for numerical methods. We men-
tion only a few works in the existing literature. For example, in [63, 163, 195] solitary wave interactions
were studied experimentally. The head-on collision of solitary waves was studied in the framework of
full Euler equations in [42, 63]. Studies of solitary waves in various approximate models can be found
in[5, 74,92, 93, 154]. To our knowledge, solitary wave collisions for the Serre equations were studied
numerically for the first time in the PhD thesis of Seabra-Santos [200]. Finally, there are also a few

studies devoted to simulations with full Euler equations [63, 102, 154].

Head-on collision

Consider the Serre equations posed in the domain [ —40, 40] with periodic boundary conditions. In
the present section, we study the head-on collision (weak interaction) of two solitary waves of equal
amplitude moving in opposite directions. Initially, two solitary waves of amplitude a = 0.15 are
located at xg = +20 (other parameters can be found in Table 4.1). The computational domain is
divided into N = 1000 intervals (finite volumes in 1D) of the uniform length Ax = 0.08. The time

step is chosen to be At ~ 1073, The process is simulated up to time T = 36. The numerical results
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Figure 4.5 | Head-on collision of two equal solitary waves simulated with the finite volume scheme.

are presented in Figure 4.5. As expected, the solitary waves collide quasi-elastically and continue to
propagate in opposite directions after the interaction. The value of importance is the maximum
amplitude during the interaction process, sometimes referred to as the run-up. Usually, it is larger
than the sum of the amplitudes of the two initial solitary waves. In this case, we obtain a run-up of
0.3130 > 2a=10.3.

In order to validate the finite volume simulation, we performed the same computation with the
pseudo-spectral method presented briefly in section 4.6.5. We used a fine grid of 1024 nodes and
adaptive time stepping. The overall interaction process is visually identical to the finite volume
result shown in Figure 4.5. The run-up value according to the spectral method is 0.3127439, show-
ing again the accuracy of our simulation. A small inelasticity is evident from the small dispersive wave
train emerging after the interaction (for example, in a slightly different setting described below, see

Figure 4.15, as first found numerically and experimentally by Seabra-Santos [200].

Overtaking collision

A second type of solitary wave interaction is the overtaking collision (or strong interaction) of two soli-
tary waves of different amplitudes moving in the same direction. Sometimes, this situation is also

referred to as the following collision or strong interaction. For this case, we consider a physical domain
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Figure 4.6 | Overtaking (or following) collision of two solitary waves simulated with the finite volume scheme.

Table 4.2 | Values of various parameters used to simulate the
overtaking collision.

Undisturbed water depth: d 1
Gravity acceleration: g 1
Large solitary wave amplitude: a; 0.6
Initial position: x; —60
Small solitary wave amplitude: ap 0.1
Initial position: x» —45
Final simulation time: T 96
Free parameter: 1/3

[—75, 75] divided into N = 1000 equal control volumes. The initial data consists of two separated
solitary waves of different amplitudes moving in the same direction. The solitary wave with larger
amplitude moves faster and will overtake the smaller wave. This situation was simulated with the
finite volume scheme, and the numerical results are presented in Figure 4.6. The parameters used in
this simulation are given in Table 4.2. The strong interaction is also inelastic, with a small dispersive

tail emerging after the over-taking (see Figure 4.14 for a magnification).

Experimental validation

In this Section, we present a comparison between the classical Serre model solved with our finite
volume scheme and one head-on collision experiment from [63]. This specific experiment was already

considered in the context of Boussinesg-type systems [92].
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Table 4.3 | Values of various parameters used to simulate the
head-on collision.

Undisturbed water depth: d [cm] 5
Gravity acceleration: g [m s72] 9.81
Right-going SW amplitude: a; [cm] 1.077
Initial position of the SW-1: x; [m] 0.247
Left-going SW amplitude: a; [cm] 1.195
Initial position of the SW-2: x5 [m] 1.348
Final simulation time: T [s] 20.5
x10° x10°
‘ ‘ ‘ ‘ ‘ ‘ ‘ : ‘Simule‘ition ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ : ‘Simule‘ltion ‘
181 __ Experimental data [ 18 __ Experimental data |
16f 4 16f 4
141 — 141 —

-2r . . . . . . . . . . b -2r . . . . . . . . . . b
-0.2 0 02 04 06 08 1 12 14 16 18 -0.2 0 02 04 06 08 1 12 14 16 18
T T
(a) t=18.5s (b) t=186s

Figure 4.7 | Head-on collision of two solitary waves of different amplitudes. Comparison with experimental data [63].

We simulate a portion of the wave tank [ —0.9, 2.7] (divided into N =1000 equal control volumes)
where the interaction process takes place. The initial data consists of two solitary waves (of dif-
ferent amplitudes in this case) moving in opposite directions. The exact parameters are given in
Table 4.3. Simulation snapshots are presented in Figures 4.7-4.15. The general agreement is very
good, validating the Serre equations in water wave theory, along with our numerical developments.
Figure 4.15 shows visible dispersive oscillations after the interaction process, numerical evidence of
theinelastic character of solitary wave interactions in the framework of the Serre equations. This sim-
ulation thereby not only validates the theoretical constructs of the Serre equations but also augments
our numerical understanding of solitary wave interactions, paving the way for further analytical and

numerical explorations in elucidating the complex dynamics of water wave interactions.
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Figure 4.9 | Head-on collision of two solitary waves of different amplitudes. Comparison with experimental data [63]. Note the
difference in vertical scales on the left and right images.
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Figure 4.11 | Head-on collision of two solitary waves of different amplitudes. Comparison with experimental data [63].
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Figure 4.13 | Head-on collision of two solitary waves of different amplitudes. Comparison with experimental data [63].
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n(x,t)
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Figure 4.15 | Dispersive tail after head-on collision of two solitary waves (weak interaction). Small wavelets between two
solitary waves clearly indicate that the collision is inelastic.
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4.7 | Modified shallow water equations for significantly varying bottoms

The celebrated classical nonlinear shallow water equations (NSWE) were derived in 1871 by
A. J. C. de Saint-Venant [68]. Currently, these equations are widely used in practice, and one can find
thousands of publications devoted to the applications, validations and numerical solutions of these
equations [95, 96, 164].

Theinteraction of surface waves with mild or tough bottoms has always attracted the particular atten-
tion of researchers [8, 44, 94, 180]. There are, however few studies which attempt to include the bot-
tom curvature effect into the classical Saint-Venant [68, 212] or Savage-Hutter?® [113, 198] equations.
One of the first studies in this direction is perhaps due to Dressler [78]. Much later, this research was
pursued almost at the same time by Berger, Keller, Bouchut and their collaborators [22, 28, 132]. We
note that all these authors used some variants of the asymptotic expansion method. Recently, the
model proposed by Dressler was validated in laboratory experiments [70]. The present study is a fur-
ther attempt to improve the classical Saint-Venant equations by including a better representation of
the bottom shape. Dressler’s model includes the bottom curvature effects, which require the compu-
tation of the bottom’s profile second-order derivatives. For irregular shapes, it can be problematic.
Consequently, we try below to propose a model which requires only the first spatial derivatives of the

bathymetry to be continuous.

The Saint-Venant equations are derived under the assumption of a hydrostatic pressure field, result-
ing in a non-dispersive system of equations. Many non-hydrostatic improved models have long been
proposed; see [18, 158, 181, 239] for reviews. These Boussinesq-like and/or mild-slope [18, 181]
equations are dispersive (i.e., the wave speed depends on the wavelength) and involve (at least)
third-order derivatives. Although these models capture more physical effects than the classical Saint-
Venant shallow water equations, they have several drawbacks. First, the dispersive effects are often
negligible for very long waves such as tsunamis and tidal waves. Second, the higher-order deriva-
tives introduce stiffness into the equations, and thus, their numerical resolution is significantly more
involved and costly than for the Saint-Venant equations. Third, the Boussinesg-like equations are not
hyperbolic and, unlike the Saint-Venant equations, the method of characteristics cannot be employed
(unless the operators are split, e.g. [26]). Therefore, it is not surprising that various dispersive shallow

water models are not systematically?! used in coastal modelling.

20The Savage-Hutter equations are usually posed oninclined planes, and they are used to model various gravity-
driven currents, such as snow avalanches [4].

21There is a notable exception of the SGN equations, which gained a certain popularity even in more applied
circles.
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Inthe presence of varying bathymetry, the shallow water equations are derived under the assumption
that the bottom variations are very weak. However, even for very long surface waves, significant vari-
ations of the bathymetry can play an important réle in wave propagation. These bottom slope effects
can be even more important when the wave travels over many oscillations of the seabed, due to the
accumulation of bottom slope influences. Therefore, even for a shallow water long waves model, it
is important to take properly into account the significant bottom variations [44]. In this article, we
present a modification of the Saint-Venant equations in the presence of a seabed of significant varia-
tions. This model is derived from a variational principle, which is a powerful method to derive approx-

imations that cannot be obtained from more classical asymptotic expansions.

Within the domain of water wave theory, variational principles are typically employed in concert with
small parameter expansions, a methodology that often proves instrumental in deriving approxima-
tions. When undertaken, this approach may yield approximations that mirror those acquired from
asymptotic expansions applied directly to the governing equations. A salient advantage of such con-
gruence is the preservation of the variational structure, a fundamental attribute that lends a coher-
ent framework for the ensuing analysis. However, should this congruence falter, the approximation
procedure risks fracturing the invaluable variational structure, thereby potentially obfuscating the
analytical clarity and coherence. The allure of variational methods extends beyond mere elegance
and streamlined derivations, although these are notable merits. Principally, these methods exude a
capacity for preserving the intrinsic variational structure even as they navigate the complexities of the

problem at hand.

Variational methods transcend this conventional framework, showcasing their prowess in deriving
approximations even in the absence of reliance on asymptotic expansions. This feature burgeons into
a significant asset, particularly in scenarios where the identification of a discernible small parameter
proves elusive. The robustness of variational methods in such scenarios underscores their versatility
and the breadth of their analytical potential. They not only offer a pathway to deriving approximations
but do so in a manner that retains the core variational structure, thereby ensuring a structured and
disciplined analytical discourse. This capacity for adapting to the nuanced demands of the problem,
sans a tether to asymptotic expansions, amplifies the appeal and the utility of variational methods in

tackling the intricate and diverse challenges endemic to water wave theory.

Here, we adopt the same philosophy, applying it to the long water waves propagating over a seabed
with significant variations. Namely, the shallow water Ansatz from [52] is additionally constrained
to respect the bathymetry variations in space and time. Then, applying the variational principle,

we arrive naturally at some modified Saint-Venant (mSV) equations. These mSV equations, like the
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classical Saint-Venant equations, are hyperbolic and can be solved with similar techniques, which is
an interesting feature in the prospect of integration/modification of existing operational codes. The
derivation of mSV equations presented below were communicated by the same authors in a short
note announcing the main results [83]. In the present study, we investigate the properties of the pro-
posed mSV system along with its solutions through analytical and numerical methods. We especially
focus on predictions of interest for ocean modelling, in particular the fact that the waves are slowed

down by the seabed slope.

4.7.1 | Model derivation

In order to simplify the full water wave problem, we choose some approximate but physically relevant
representations of all dependent variables in the relaxed variational principle. In this study, we choose
a simple shallow water Ansatz, which is a velocity field, and velocity potential independent of the

vertical coordinate y such that
¢ ~ d_:(x t), u=p =~ b(x,t), v=v = V(x,t), 4,71

where u(x, t) is the depth-averaged horizontal velocity and v(x, t) is the vertical velocity at the bot-
tom. In this Ansatz, we take for simplicity the pseudo-velocities to be equal to the velocity field u = p,

v = v. However, in other situations, they can differ (see [52] for more examples).

Physically, the Ansatz 4.71 means that we are considering a so-called columnar flow [167], which
is a sensible model for long waves in shallow water, as long as their amplitudes are not too large.
Mathematically, the Ansatz 4.71 implies that the vertical variation of the velocity field does not con-
tribute (i.e., is negligible) to the Lagrangian 3.6. Thus, with the Ansatz 4.71, the Lagrangian density 3.6

becomes
&L =(8:h+u-Vh+hV-u)¢—Lgn’+Lh(a®+ ), 4.72
where we introduced the total water depth h = n + d.

Since we are considering a columnar flow model, each vertical water column can be considered as a
moving rigid body. In the presence of bathymetry variations, the columnar flow paradigm then yields
the fluid vertical velocity must be equal to the one at the bottom because the bottom isimpermeable.

Thus, we require that the fluid particles follow the bottom profile, i.e.,
V=-0;d—u-Vd, 4,73

this identity being the bottom impermeability condition expressed with the Ansatz 4.71.
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Remark 4.6. Note that for Ansatz 4.71 the horizontal vorticity w and the vertical one ¢ are given by:
w= (axzv, faxlv), ¢ = B Tio — By Uy

Consequently, the flow is not exactly irrotational in general. It will be confirmed below one more time
when we establish the connection between & and V. We would like to mention also that it was
demonstrated in [36] that perturbations of horizontal vorticity in shallow water models are not stable

when embedded in the Euler equations.

After substitution of the relation 4.73 into the Lagrangian density 4.72, the Euler-Lagrange equations

yield:
Su: 0=u—-V¢—vVd, 4.74
6¢: 0=0:h+V-[hi], 4.75
dn: 0=0:¢p+gn+u-V—1i(lal>+v?). 4.76

Taking the gradient of 4.76 and eliminating of ¢ from 4.74 gives the system of governing equations:

0:h+V-[hua] =0, 4.77
O:lu —VvVd]|+V [gn+3|alP+ivV?+Vod] =0, 4.78

together with the auxiliary relations

8:d +(V§) - (Vd)

U=V¢+vVd=V¢— vd 479
u p+v ¢ 1+ [VdP ;

] 8:d + (V) - (Vd)
o 8.d—0-Vd— — 4.80
14 O u 1+ [VdP

Hereafter, every time the variables & and v appear in equations, it is always assumed that they are
defined by the relations 4.79-4.80.

Remark 4.7. The classical irrotational NSWE or Saint-Venant equations [68, 212] can be recovered

by substituting v = 0 into the last system:

d:h+V-[ha] =0,
dea+Vgn+3lual?] =0,

where 1 = V¢.
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4.7.2 | Properties of the mSV model

From the governing equations 4.77, 4.78 one can derive an equation for the horizontal velocity u:
deu+iV|uP+gVn=qVd+uA(VVAVd), 4.81

where « is the vertical acceleration at the bottom defined as:

4
d—‘t/:atwr(a-vw. 4.82

v

Remark 4.8. Notethatin4.81,the lastterm on the right-hand side cancels out for two-dimensional
waves (i.e., one horizontal dimension). It can be seen from the following analytical representation,

which degenerates to zero in one horizontal dimension:
u/N(VvAVd)=(VV)(a-Vd)— (Vd)(a-VV).

This property has an interesting geometrical interpretation since u A (Vv A V d) is a horizontal vector

orthogonal to & and thus vanishes for two-dimensional waves.

Defining the depth-averaged total (kinetic plus potential) energy density & together with the Ansatz
4.71,i.e.,

n 2 2 =2 w2 2 42
52/ |u‘iJrgy dy%hu+v +gn : 4.83
d 2 2 2
and using 4.79-4.80, after some algebra, one derives the energy equation
:E+V-[Cu+ighu] = —(g+7)hod. 4.84

Obviously, the source term on the right-hand side vanishes if the bottom is fixed d = d(x) or, equiva-
lently, if 8:d = 0.
The mSV equations 4.74-4.76 possess a Hamiltonian structure with canonical variables h and ¢, i.e.,

oh_sH 94 _
ot §¢’ ot~ 6&h’

where the Hamiltonian H is defined as

h[8:d + (V) - (Vd)]Z} Px. 4.85

2H=/{g(h df —gd” + NG - AT
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One can easily check, after computing the variations, that the Hamiltonian 4.85 yields

0:d + (V¢) - (Vd)

Oeh=—-V.|hV¢— [ vap

hVd |,

_IVE2 [0 + (V) (V)P

Ot =—g(h—d) - = 2+2|VdE

which are equivalent to the system 4.75-4.76 after introduction of the auxiliary variables & and v
defined in 4.79 and 4.80.

Remark 4.9. If we rewrite the Hamiltonian 4.85 in the following equivalent form:
2H=/{gn2—gd2+h|a\2+hv2+2hvatd}d2x, 4.86

one can see that the Hamiltonian density is actually the physical energy density & if the bottom is
static (i.e., if 8;d = 0), but these two quantities are different if the bottom moves. In other words,
the Hamiltonian is the energy only if there is no external input of energy into the system. Note also
that the Hamiltonian structure of the classical Saint-Venant equations can be recovered substituting

v = 0 into the last Hamiltonian 4.86:
2Ho = /{gvf —gd®+hlal*} dx,

where it = V¢.

4.7.3 | Steady solutions

We consider here the two-dimensional case (i.e., one horizontal dimension) in order to derive a closed-
form solution for a steady state flow over a general bathymetry. We assume the following upstream

conditions at x — —o0:
n — 0, d — dy, U — u = 0.

Physically, these conditions mean that far upstream, we consider a uniform current over a horizontal

bottom. The mass conservation in steady condition yields
ho = do up,
while the momentum conservation equation becomes

gh+ 30 [1+ (0:d)?] = gdo+ 5 ud.
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The last two relations yield the following cubic equations for the total water depth (with the dimen-
sionless height Z = h/dy > 0 and the Froude number F = uy/+/gdo > 0)

G(Z)=22—(1+ 1F2) 22+ 3 F2[1 + (8.d)?] =0. 4.87

Notethat G(0) > Oforall F > 0,G hasamaximumat Z = 0andaminimumat Z = Z; = (2+F?)/3.
Therefore, 4.87 has two positive solutions if G(Z1) < 0, one positive solution if G(Z;) = 0, and no
positive solutions if G(Z1) > 0. Equation 4.87 always has a real negative root, which is of no interest

for obvious physical reasons.

If G(Z1) < 0, the two positive solutions may be presented as

Zt = {2 A/3cos (% arccos (—371/2BA73/2) — %71’)}_1

and
1
e [2 A/3cos(%arccos(—B’l/ZBA"%/Z))} ,
where
142F2 9F 2
A= ———— >0, B=———->0.
1+ (6.4 ~ 1+ (6.d)

We note that Z= < Z*. Theroot Z = Z* corresponds to the sub-critical regime, while Z = Z~

corresponds to a supercritical regime. For the special case F = 1,wehave Z* > 1and Z~ < 1.

If G(Z1) = 0, for a given Froude number F, there is only one absolute value of the slope for which this

identity is satisfied, that is
(0.d)? = (F2 —1)?(F2 +8) /21 F%.

For instance, if 0xd = 0then G(Z;) = 0ifand only if F = 1.

Remark 4.10. It is straightforward to derive a similar equation for steady solutions to the classical
Saint-Venant equations

Z2—(1+3F)22+1F2=0.

The last relation can also be obtained from equation 4.87 taking 0,.d = 0. Consequently, we can say
that steady solutions to the classical Saint-Venant equations do not take into account the bottom

slope local variations.
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Table 4.4 | Values of various parameters used for the steady state
computation.

Parameter Value
Gravity acceleration g: 1ms™?
Undisturbed water depth dp: Im
Deformation amplitude a: 0.5m
Half-length of the uplift area b: 25m
Upstream flow speed, up: 20ms!

Supercritical flow with Fr = 2

:
0.6 v T Bottom shape ||

—~ -0.2} 1
]
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Figure4.16 | Supercritical steady state solutions over abump for the Froude number F = 2. Comparison between the classical
and modified Saint-Venant equations.

In order to illustrate the developments made above, we compute a steady flow over a bump. The
bottom takes the form

d(x) =do—ab~* (X — ) H(b? — x2),

where H(x) is the Heaviside step function [1], a and b being the bump amplitude and its half-length,
respectively. The values of various parameters are given in Table 4.4. We consider here, for illustrative
purposes, the supercritical case for the classical and new models. The result is shown in Figure 4.16

where some small differences can be noted with respect to the classical Saint-Venant equations.
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4.7.4 | Hyperbolic structure

From now on, we consider equations 4.77, 4.78 written in one horizontal space dimension

(two-dimensional waves) for simplicity:

d:h+0c[hu]=0, 4.88
0:[u—vo.d] + 8. [gn+ 307 + 3V 4+ vo:d] =0. 4.89

In order to present the equations in a more suitable conservative form, we willintroduce the potential

velocity variable U = 8,¢. From equation 4.74, it is straightforward to see that U satisfies the relation
U=1u-v0.d,

Depth averaged, and vertical bottom velocities can also be easily expressed in terms of the potential
velocity U

U - (atd) (axd) « atd + Uaxd
=~ 5 V=5
1+ (8.d)? 1+ (8.d)?

f]:

Consequently, using this new variable, equations 4.88 and 4.89 can be rewritten as a system of con-

servation laws

d; h+ 8, h%] =0,

1+ (0.d)?

%U+0|glh—d) + 3 1+ (0xd)?

102~ 2U(0,0) (0.d) — (0.9)’ ] o

For the sake of simplicity, we rewrite the above system in the following quasi-linear vectorial form:
Orw+ 0k f(w) =0,

where we introduced the vector of conservative variables w and the advective flux f(w):

U — (0:d)(0xd)
v (s) o P 0o
=yl = U2~ 20(8,.d)(0,d) — (8ed)?
g(h—d)+ 2L+ (8.d)]

The Jacobian matrix of the advective flux f(w) can be easily computed:

h
o 0fw) 1 [U=(8:d)(8d) h _ " 15 @y
A(w) ow 1+ (0xd)* | g (14 (0xd)?) U — (0:d)(0xd) g +(D )
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The matrix A (w) has two distinct eigenvalues:
U — (8:d) (8xd)
1+ (0.d)?

gh

:l: :_:t , 227.
C u C C 1+(8Xd)2

2=
Remark 4.11. Physically, the quantity ¢ represents the phase celerity of long gravity waves. In the
framework of the Saint-Venant equations, it is well known that ¢ = /gh. Both expressions differ
by the factor 1/+/1 + (8xd)2. In our model, the long waves are slowed down by strong bathymetric
variations since fluid particles are constrained to follow the seabed??. We also note that a similar factor
was previously introduced in [107] to account for steepness in the bathymetry. In our case, it appears

naturally when one studies the hyperbolicity property of the model.

Right and left eigenvectors coincide with those of the Saint-Venant equations, and they are given by

the following matrices

p_ | h h 1 |—=h7t(gh)7M?
| Veh veh]' S 2 ht (gh) 2]
Columns of the matrix R constitute eigenvectors corresponding to eigenvalues A~ and \*, respec-

tively. Corresponding left eigenvectors are conventionally written in lines of the matrix L.

4.7.5 | Group velocity

We would like to compute also the group velocity in the framework of the modified Saint-Venant (mSV)
equations. This quantity is traditionally associated with the wave energy propagation speed [89, 212].
Recall that in the classical linearized shallow water theory, the phase c and group ¢, velocities are
equal [212]:

— d —
C:%: gh’ Cg:d—:: gh’

where w = k+/gh is the dispersion relation for linear long waves, k being the wavenumber and w

being the angular frequency.

In order to assess the wave energy propagation speed, we will consider a quasi-linear system of equa-
tions composed of mass and energy conservation laws:
U — (0xd)(8:d) ]
1+ (0xd)?

ath+ax |:h 01

O + 0 | (E + 3gh?) 53 | = —(g+ ) hard,

T+(0.d)?

22This property is rooted in the Ansatz that yields the mSV equations.
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where y is defined in 4.82 and E is the total energy considered already above 4.84:

g(r—d®) hU?+(8.d)  g(h —2hd)

E=h 2 2 1+ (6.d) 2

#+W+
2
The last formula can be inverted to express the potential velocity in terms of the wave energy:

U? = [1+ (8«d)?] <% — gh + 2gd> — (8:d)%.

In the spirit of computations performed in the previous section, we compute the Jacobian matrix J of

the mass-energy advection operator:

) U — (8.d)(8:d) + h—%f h—gg
J=— " _
duU ou |
1+ (0xd) | ghU — (8,d)(8:d)] + (E + %th)—ah U — (0xd)(0:d) + (E + %ghz)—aE

where partial derivatives are given here:

OU _ 114 (a.d)]

gh® 4+ 2E OU 1+ (0.d)?
oh '

2U ' 9E  hU
Computation of the Jacobian J eigenvalues leads the following expression for the group velocity of

the mSV equations:

2 & h  U- (axd)(atd)_
€ 14 (0xd)? U

The last formula is very interesting. It means that in the moving bottom case, the group velocity c,
is modified and does not coincide anymore with the phase velocity ¢ = gh[l + (8xd)?]~L. This
fact represents another new and non-classical feature of the modified Saint-Venant equations. The

relative difference between phase and group velocities squared is

c? —cg _ (0xd)(0.d)

c? U '

which is not necessarily always positive. When it is negative, the energy is injected into the system
at a higher rate than can be spread, thus leading to energy accumulation and possibly favouring the

breaking events.

4.7.6 | Numerical results

In this section, we also employ the finite volume method [85] very similar to the one presented above

to solve SGN equations. This scheme has already been validated in several studies, even in the case
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of dispersive waves [92, 93]. Consequently, we do not present here the standard convergence tests,
which can be found in the references cited above. In the present Section, we show numerical results
which illustrate some properties of the mSV equations with respect to their classical counterpart. In
the sequel, we consider only a one-dimensional case for simplicity. The physical domain will also
be limited by wall-boundary conditions. Other types of boundary conditions obviously could also be

considered.

Wave propagation over the oscillatory bottom.

We begin the exposition of numerical results by presenting a simple test case of a wave propagat-
ing over a static but highly oscillatory bottom. Let us consider a one-dimensional physical domain
[—10, 10] which is discretized into N = 350 equal control volumes. The tolerance parameter § in the
time stepping algorithm is chosen to be 10~*. The initial condition is simply a bump localized near

the centre x = 0 and posed on the free surface with an initial zero velocity field
no(x) = bsech?(kx), up(x) = 0.
The bottom is given analytically by the function
d(x) = do + asin(kx).

In other words, the bathymetry function d(x) consists of uniform level dy, which is perturbed by uni-
form oscillations of amplitude a. Since the bathymetry is static, the governing equations 4.88 and 4.89

are simplified at some point.

Hereafter, we fix two wavenumbers k; and k> (k; < k) and perform a comparison between numerical
solutions to the classical and mSV equations. The main idea behind this comparison is to show the
similarity between two solutions for gentle bottoms and, correspondingly, to highlight the differences
for stronger gradients. The values of various physical parameters used in numerical simulations are

given in Table 4.5.

Several snapshots of the free surface elevation during the wave propagation test case are presented
in Figures 4.17-4.23. The left image refers to the gentle bottom gradient case (k; = 2) while the right
image corresponds to the oscillating bottom (k, = 6). Everywhere, the solid blue line represents a
solution to the mSV equations, while the dotted black line refers to the classical solution. Numerical
results on left images indicate that both models give very similar results when bathymetry gradients
are gentle. The two solutions are almost indistinguishable from graphical resolutions, especially at

the beginning. However, some divergences are accumulated with time. At the end of the simulation,
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Table 4.5 | Values of various parameters used for the wave prop-
agation over an oscillatory bottom test case.

Parameter Value
Initial wavenumber k: Im?!
Gravity acceleration g: Ims?
Final simulation time T: 24s
Initial wave amplitude b: 0.2m
Undisturbed water depth dp: Im
Bathymetry oscillation amplitude a: 0.1m
Low bathymetry oscillation wavelength kq: 2m~!
High bathymetry oscillation wavelength ko: 6m~!

Free surface elevation at t = 2.00 Free surface elevation at t = 2.00

0.14f ——mSV 0.14f ——mSV
——sv ——sv

0.12 1 0.12 1
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(a) Low oscillations, ky (b) High oscillations, ko

Figure 4.17 | Wave propagation over an oscillatory bottom, t = 2.

some differences become visible in the graphic resolution. On the other hand, numerical solutions on
the right images are substantially different from the first instants of the wave propagation. In accor-
dance with theoretical predictions (see Remark 4.11), the wave in mSV equations propagates with
speed effectively reduced by bottom oscillations. This fact explains a certain lag between two numer-
ical solutions in the highly oscillating case. We note that the wave shape is also different in classical
and improved equations. Finally, in Figure 4.24, we show the evolution of the local time step during
the simulation. It can be easily seen that the time adaptation algorithm very quickly finds the optimal
value of the time step, which is then maintained during the whole simulation. This observationis even

more flagrant on the right image corresponding to the highly oscillating case.
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Figure 4.18 | Wave propagation over an oscillatory bottom, t = 5s.
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Figure 4.19 | Wave propagation over an oscillatory bottom, t = 9.

Wave generation by sudden bottom uplift

We continue to investigate various properties of the modified Saint-Venant equations. In this Section,
we present a simple test case which involves the bottom motion. More precisely, we will investigate
two cases of slow and fast uplifts of a portion of the bottom. This simple situation has some important

implications for tsunami genesis problems [90, 118, 223].
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Figure 4.20 | Wave propagation over an oscillatory bottom, t = 16s.
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Figure 4.21 | Wave propagation over an oscillatory bottom, t = 18ss.

The physical domain and discretization parameters are inherited from the last section. The bottom is
given by the following function:

1— efoct

d(x,t) = do — aT(t) H(b? — x2) [(5)2 - 1} ,
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Figure 4.22 | Wave propagation over an oscillatory bottom, t = 20s.
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Figure 4.23 | Wave propagation over an oscillatory bottom, t = 24s.

where H(x) is the Heaviside step function [1], ais the deformation amplitude and b is the half-length of
the uplifting sea floor area. The function T (¢t) provides us with complete information on the dynamics
of the bottom motion. In tsunami wave literature, it is called a dynamic scenario [88, 118, 133]. Obvi-
ously, other choices of time dependence are possible. Initially, the free surface is undisturbed, and the

velocity field is taken to be identically zero. The values of various parameters are given in Table 4.6.
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Time step size evolution Time step size evolution
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Figure 4.24 | Local time step size during the simulation of a wave propagating over an oscillatory bottom test case.

Table 4.6 | Values of various parameters used for the wave generation by a moving bottom.

Parameter Value
Slow uplift parameter a1 2.0s7 !
Fast uplift parameter a;: 12.0s!
Gravity acceleration g: Ims 2
Final simulation time T: 5s
Undisturbed water depth dp: Im
Deformation amplitude a: 0.25m
Half-length of the uplift area b: 25m

Numerical results of the moving bottom test case are shown in Figures 4.25-4.30. In all these images,
the blue solid line corresponds to the mSV equations, while the black dashed line refers to its classical

counterpart. The dash-dotted line shows the bottom profile, which evolves in time as well.

First, we present numerical results (see Figures 4.25-4.26) corresponding to a relatively slow uplift of
a portion of the bottom (ai; = 2.0). There is a very good agreement between the two computations.
We note that the amplitude of bottom deformation a/d = 0.25 is strong, which explains some small
discrepanciesin Figure 4.26(a) between the two models. This effect is rather due to the bottom shape

than to its dynamic motion.

Then we test the same situation, but the bottom uplift is fast with the inverse characteristic time

ap = 12.0. In this case, the differences between the two models are very flagrant. As it can be seen
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Figure 4.25 | Slow bottom uplift test-case (a1 = 2).
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Figure 4.26 | Slow bottom uplift test-case (o1 = 2).

in Figure 4.28, for example, the mSV equations give a wave with almost two times higher amplitude.
Some differences in the wave shape persist even during the propagation (see Figure 4.30). This test
case clearly shows another advantage of the modified Saint-Venant equations in better representa-

tion of the vertical velocity field.
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Figure 4.27 | Fast bottom uplift test-case (ap = 12).
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Figure 4.28 | Fast bottom uplift test-case (ap = 12).

In Figure 4.31, we show the evolution of the local time step adapted while solving the mSV equations

with moving bottom (up to T = 5s). We can observe a behaviour very similar to the result presented

above (see Figure 4.24) for the wave propagation test case.
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Figure 4.29 | Fast bottom uplift test-case (az = 12).
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Figure 4.30 | Fast bottom uplift test-case (cp = 12).

Application to tsunami waves

Tsunami waves continue to pose various difficult problems to scientists, engineers and local author-
ities. There is one question initially stemming from the PhD thesis of Synolakis [218]. On page 85 of
his manuscript, one can find a comparison between a theoretical (NSWE) and experimental wave-

front paths during a solitary wave runup onto a plane beach. In particular, his results show some
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Figure 4.31 | Local time step size evolution during the numerical experiment on wave generation by moving bottom.

discrepancies whose importance was not completely recognized until the wide availability of videos
of the Tsunami Boxing Day 2004 [3, 182, 222]. In the same line of thinking, we quote here a recent

review by Synolakis and Bernard [219], which contains a very interesting paragraph:

“In a video taken near the Grand Mosque in Aceh, one can infer that the wavefront first moved
at speeds less than 8 km h™1, then accelerated to 35 km h='. The same phenomenon is proba-
bly responsible for the mesmerization of victims during tsunami attacks, first noted in a series of
photographs of the 1946 Aleutian tsunami approaching Hilo, Hawaii, and noted again in count-
less photographs and videos from the 2004 mega-tsunami. The wavefront appears slow as it
approaches the shoreline, leading to a sense of false security, it appears as if one can outrun it,

but then the wavefront accelerates rapidly as the main disturbance arrives.”

Since our new mSV model is able to take into account the local bottom slope into the wave speed
computation, we propose a simple numerical setup which intends to shed some light on possible
mechanisms of the reported above wavefront propagation anomalies. Consider a one-dimensional
domain [ —20, 20] with wall boundary conditions. This domain is discretized into N = 4000 control
volumes in order to resolve local bathymetry oscillations. The bottom has a uniform slope, which is

perturbed on the left side (x < 0) by fast oscillations which model the bottom “steepness”

d(x) = do — xtan(d) + a[1 — H(x)]sin(kx), 4.90
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Table 4.7 | Values of various physical parameters used for the wave propagation over a sloping bottom.

Parameter Value
Undisturbed water depth dp: 1m
Gravity acceleration g: Ims2
Bottom slope tan(é): 0.02
Oscillation amplitude a: 0.1m
Oscillation wavenumber k: 20m~!
Final simulation time T: 19s
Solitary wave amplitude A: 0.3m
Solitary wave initial position xg: —12.0m

where H(x) is the Heaviside function. The initial condition is a solitary wave moving rightwards as it

was chosen in [218]:

M) _ A coch? (Le(x — x () = 2
d0g) = Aseh” (3r(x =) () = GEmE s,
kd(xp) = A i =ihA

1+ A gd(x)

This configuration aims to model a wave transition from steep to gentle bottoms. The values of various

physical parameters are given in Table 4.7.

Then, the wave propagation and transformation over the sloping bottom 4.90 was computed using the
classical and modified Saint-Venant (mSV) equations. The wavefront position was measured along
this simulation, and the computation result is presented in Figure 4.32. The slope of these curves
physically represents the wavefront propagation speed. Recall also that the point x = 0 corresponds

to the transition between steep and gentle regions of the sloping beach.

As one can expect, the classical model does not really ‘see’ a region with bathymetry variations except
from tiny oscillations. An observer situated on the beach, looking at the upcoming wave modelled by
the classical Saint-Venant equations, will not see any change in the wave celerity. More precisely, the
slope of the black dashed curvein Figure 4.32 is rather constant up to the graphical resolution. On the
other hand, one can see a drastic change in the wavefront propagation speed predicted by the mSV

equations when the bottom variation disappears.

The scenario we present in this section is only a first attempt to shed some light on the reported
anomalies in tsunami wave arrival time on the beaches. For instance, a comprehensive study of Wes-
sel [234] shows that the reported tsunami travel time often exceeds slightly the values predicted by
the classical shallow water theory (see, for example, Figures 5 and 6 in [234]). This fact indirectly sup-

ports our theory. Certainly, this mechanism does not apply to laboratory experiments, but it can be
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Figure 4.32 | Wave front position computed with modified and classical Saint-Venant equations.

a good candidate to explain the wavefront anomalies in natural environments. The mechanism we
propose is only an element of explanation. Further investigations are needed to bring more valida-

tion to this approach.

We underline that the computational results rely on sound physical modelling without any ad hoc
phenomenological terms in the governing equations. Only an accurate bathymetry description is

required to take full advantage of the mSV equations.

4.7.7 | Intermediate conclusions

We derived a novel non-hydrostatic, non-dispersive model of shallow water type, which takes into
account large bathymetric variations. Previously, some attempt was already made in the literature
to derive shallow water systems for arbitrary slopes and curvature [22, 28, 78, 132]. However, our
model contains a certain number of new elements with respect to the existing state of the art. Namely,
our derivation procedure relies on a generalized Lagrangian principle of the water wave problem
[52], which allows easily the derivations of approximations that cannot be obtained with more con-
ventional asymptotic expansions. Indeed, we do not introduce explicitly any small parameter and
our approximation is made through the choice of a suitable Ansatz. The resulting governing equa-

tions have a simple form and physically sound structure. Another new element is the introduction of
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arbitrary bottom-time variations. Finally, the non-hydrostatic character of obtained equations is fun-
damentally different from the well-known Boussinesq-type and mild-slope models. The reason for the

non-hydrostaticity of mSV equations lies in the pressure term and not in the frequency dispersion.

The proposed model was discretised with a finite volume scheme with adaptive time stepping
to capture the underlying complex dynamics. The performance of this scheme is then illustrated in
several test cases. Some implications for tsunami wave modelling are also suggested at the end of
this study. For ocean modelling, the most interesting feature of the model is perhaps the predic-
tion that a wave slows down due to the bottom slope. Among various perspectives, we would like to
underline the importance of a robust runup algorithm development using the current model. This
research should shift forward the accuracy and our comprehension of a water wave runup onto

complex shores [92, 94].
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CHAPTER 5

Deep water examples

The deep water approximation is the opposite of the shallow water case when h/A > 1, ie.
the water depth is much larger than the typical wavelength. In practice, some deep water effects
(defocussing type of the Nonlinear Schrodinger equation (NSE) equation) can already manifest when
kh = 2mwh/X\ 2 1.36. This regime is relevant for most wave evolution problems in open oceans [23].
The sketch of the fluid domain is shown in Figure 5.1. Some classical variational structures of water

wave equations in the deep water regime are described in appendix D.

For waves in deep water, measurements show that the velocity field varies nearly exponentially
along the vertical [117, 127], even for very large, unsteady waves (including breaking waves). Thus,
this property is exploited here to derive a simple approximation for gravity waves in deep water
(cf Figure 5.1).

5.1 | State of the art

The golden standard in deep water wave modelling is incontestably the cubic Zakharov model used,
recently e.g. in [97, 139] to study wave (weak) turbulence [246]. These equations are obtained by

expanding the Hamiltonian in the wave steepness parameter
H=Ho+Hi+Hs+ .

The cubic Zakharov equations (cf. Appendix B) are obtained by truncating this expansion after quartic
terms (thus, the governing equations are effectively cubic after taking the variations). This model is
weakly nonlinear, but it is valid for the whole spectrum of gravity waves. Cubic Zakharov equations
are well understood nowadays. Consequently, in the present study, we focus on models which do
the opposite: on the one hand, there are a priori no assumptions on the nonlinearity parameter. On
the other hand, we describe waves around a certain wavenumber k. Let us review the state of the art
by following the main steps of [141]. However, below, we generalize their computations to the three-

dimensional case.
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Figure 5.1 | Sketch of the physical fluid domain in the deep water case.

Consider the incompressible Euler equations:

V-u+v, =0, 5.1
u+Vp=0, 5.2
v+p, +g=0, 5.3

where p is the fluid pressure, and the over dot denotes the total material derivative, i.e.
'\ def
() =0)etu-V()+v()y.

The governing equations are completed with the following boundary conditions:

N +u-Vn=v, y =n(x, t), 5.4
p=pa  y=n(xt), 5.5
lul, [v| =0, y — —oo, 5.6

where p, is the constant atmospheric pressure.

In order to derive an approximate model, Kraenkel et al. [141] propose to take the following solution
Ansatz for the Euler equations 5.1-5.3:

1
u(x,y, t)=uo(x,t) e, v(x,y,t)=—=(V-up)ev. 5.7
K
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(a) U1 (xlv Y, t)

Figure 5.2 | Vertical structure of the chosen Ansatz 5.7 under a simple linear travelling periodic wave: (a) the horizontal and (b)
vertical components of the velocity field. The periodic wave amplitude isa = 0.2.

From the above Ansatz, it is straightforward to understand the physical sense of the variable ug —
it is simply the value of the 3D horizontal velocity u on the surface®® y = 0. Other Ansitze will be
considered below. Here, k = const is the wavenumber around which we model water waves in the
spectral domain. The vertical velocity Ansatz is chosen to satisfy identically the free surface incom-
pressibility 5.1. The velocity fields under a linear periodic wave predicted by this Ansatz are repre-
sented in Figure 5.2.

Substituting Ansatz 5.7 into the kinematic boundary condition 5.4, we readily obtain the mass con-

servation equation:
Kr/t-l-V-[uoe"”]:O. 5.8

In order to derive momentum balance equations, we first compute the material derivatives using
Ansatz 5.7:

i = ugy e + € e,

—kv=oeY + B,

23t is a direct consequence of the Asatz 5.7.
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(a) (p—pa) (z1,¥,1) (b) pa (1,y,t)

Figure 5.3 | Fluid pressure distribution under a linear travelling wave as predicted by equation 5.9 (a). The right panel (b) shows

the dynamic pressure py def p — pa — g(n — y) distribution (i.e. without hydrostatic effects). The periodic wave amplitude is
a =02

where &7, % and ¢ = (¢1, ¢») are defined as

ﬂ:V'UOt, e@:V(V'uo)'uo—(V'U())z,
o Our Our Ou

GL=U — —uy —, G = — — Uy —.
0X2 0X2 0X1 6x1

By substituting v into 5.3 and taking into account the boundary condition 5.5, we obtain the pressure
distribution in the fluid bulk:

1 K K 1 K K
p—pa=g(n—y)+;[(ey—e”)ﬂ+§(e2y—e2")%’]. 5.9

Notice that the pressure field p diverges when y — —oo due to the hydrostatic effects (in agree-
ment with the Archimedes law). The pressure distribution under a linear periodic wave is shown in
Figure 5.3.

The problem now is to satisfy in some sense equation 5.2 with available expressions for & and p.

Kraenkel et al. proposed the following weak formulation:

/n [u+vp] e dy — 0,

—00

where m > 0is a modelling parameter to be chosen later. So, the Newton law is satisfied in a weak

sense. The exponential weight function allows us to overcome the problem of Archimedian pres-
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sure divergence. In order to derive the momentum equation in a conservative form, we shall use the

equivalent form:

—00 —00

n n

/ uemydy—i—v[/ Pemydy}—paem"-Vnzﬂ.
After performing all computations, we obtain the desired horizontal momentum equation:
mn e(m+r)n 1 e(m+2x)n

e
mglivlgss o S~ —p- S -0
¢ }—i— [g m?2 km(m+k) 2  km(m+ 2k)

e(m+r)n m+k

m + K [ T M2k

5.10

These equations 5.8 and 5.10 constitute a closed system which describes the evolution of water waves
in deep water.

Remark 5.1. In order to make a check of the derivation made above, we shall restrict our attention

to the two-dimensional case. Here we can set ug; ~ u, ugy ~+ 0 and dependent coefficients become:

'Q{M"Uxty t%"’“)qux_uf, & ~ 0.
Thus, Equations 5.8 and 5.10 in 2D become:
KntJr[ue’“’]X =0, 5.11
(m+k)n mn (m+k)n (m+2k)n
e e e 5 e
5 Ukt s — —uf) —F————| =0. 5.12
m+k et |8 m2 uXth(m—i—K) (uuxx ux) km(m+2k) |,

By switching to dimensionless variables (g ~» 1, k ~» 1) we recover equations (2.18) and (2.20)
from [141].

As we saw above, the water wave problem possesses Hamiltonian and Lagrangian variational struc-
tures. The question we can ask is whether just derived equations 5.8, 5.10 (which are supposed to
approximate the full Euler equations) possess at least one of these structures. By looking at equa-
tions 5.8, 5.10 the answer is not clear. Even in the ‘Conclusion and comments’ section in [141], the
Authors admit that they did not succeed in finding a Hamiltonian formulation even for the short wave

limit of these equations. We shall propose some fixes to this problem below.

5.1.1 | Choice of the modelling parameter

In order to derive a physically sound value for the modelling parameter m, we consider the governing

equationsin 2D, and we linearize Equations 5.11, 5.12:

Knt+ux:Ov

1 g 1
up+ | —nN—————~
m+ K m km(m+ k)

Uyt =0.

X
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It is easy to eliminate the variable n from the above equations to obtain the linear version of the so-

called improved Boussinesq equation:
MK Ut fg(er K) Uyyx — Uttxx = 0

Then, we look for plane wave solutions of the form:

u(x, t) = ap et

Such solutions exist only if wave frequency w and wavenumber k are related by the following relation,

which is called the dispersion relation:

w(k) /| m+k
k = — = -
ce(k) k gm/l»c-i-k2

The ratio c, (k) is called the phase velocity. Notice that in the limit k — « we obtain

im 9K _ /&
k—k k K

which coincides with the exact phase velocity of the full Euler equations in deep water. Finally, in order

to determine the modelling parameter m, we consider the group velocity:

def a(d(k)
k) = .
Cg( ) ak
In the limit Kk — &, we obtain
. m g
| k) = a =
kﬂlcg( ) m+ Kk K

1
Now, it is straightforward to notice that we recover the exact expression ¢ (k) = 5 \/E for deep
K

water Euler equations only if m = k. This is the desired value of the modelling parameter m.

5.2 | Variational derivations

In the ensuing section, we are poised to present alternative derivations of the model equations akin
to equations 5.8, 5.10, albeit rooted in the relaxed variational principle embodied in equation D.4.
It is pivotal to note that the models emergent from this variational derivation might exhibit dis-
tinctions, and as will be elucidated, they indeed deviate from equations 5.8, 5.10. The crux of this
alternative approach lies in the preservation of the Lagrangian structure, a feature inherent to the
construction of the variational principle employed. This preservation is not merely a mathematical

nicety, but a profound attribute that facilitates a coherent and structured exploration of the dynamical
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behavior underpinning the model equations. By anchoring our derivations in the relaxed variational
principle D.4, we are effectively harnessing a robust framework that not only engenders alternative
model equations but also upholds the Lagrangian structural integrity.

5.2.1 | Weakly compressible Ansatz

Consider an Ansatz similarto 5.7:
d(x,y, t) = do(x,t) &Y, u(x,y, t) = uo(x, t) e, v(x,y, t) = w(x,t) . 5.13

The main difference with 5.7 is that here, the vertical velocity approximation vy is kept independent
from ug, and it will be chosen by the variational principle. Substituting 5.13 into Lagrangian D.4 and

performing exactly all the integrations over the depth, we obtain the following Lagrangian density:

1
Ezf{nﬁr(uo-vnfvo) e’“’} ¢oe"‘”+§gn2

ﬂ [%(|UO‘2+VOQ)—(V'Uo-‘f-KVo)(l)o} e2km, 5.14

The governing equations are then obtained by computing variations of this functional:

1
6o me+ (uo-Vn—w) e"":ﬂ(v-uo—i—i{vo) e,
dug: ug+Veo+4k¢doVn=0,

1
dvo : ¢O_ﬂ (vo — k ¢o) =0,

§n: (¢oe™), + V- [pouge®™ ] +gn
— [3 (ol + ) — (V- o + K v6) o | 27

— K [nt+2(uo-Vn—vo) e”’}daoe"":o.

The Euler-Lagrange equations turn out to be rather complicated. However, we can learn some lessons
nevertheless. The variation du gives us the connection between the horizontal velocity ug and the
velocity potential ¢g (thus, ug can be, in principle, eliminated from the equations). In particular, one
canseethattheflowisnotirrotational. The variation § vy gives us the expression of the vertical velocity
vo = 3k¢o in terms of the velocity potential. The variation with respect to n gives the analogue of the

Cauchy-Lagrange integral (i.e. an unsteady Bernoulli equation). Finally, the variation with respect to
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¢ o gives us the mass conservation equation, and in order to have a conservative form, it is better to

reinforce the flow incompressibility, i.e.
V-up+kvw = 0.

It will be done in the following section.

5.2.2 | Exactly incompressible Ansatz

Now, we take the same Ansatz 5.13, but the vertical velocity approximation vy is chosen in order to
satisfy identically the incompressibility condition. Itis not difficult to see that this goal can be achieved
by taking vy = —% V - ug. In this way, we recover Ansatz 5.7 proposed by Kraenkel et al. [141].
Substituting this expression for vy into the Lagrangian density 5.14, we obtain the following slightly
more compact density functional:

1 K K 1 2 1 2 1 2 2k

EI*[T]t+(U0-VT]+_V'UQ) e 77:| ¢oe ’7+—gn - — [‘U0| +—2(VUQ) :| e N,
K 2 4K K

The Euler-Lagrange equations yield the following system:
So: Kme+ V- (uge) =0,
dupg: V ((V - up) e2’“’> — K2 up e =2k3 ¢y Une* ™ —2k%2V <¢0 e2’“’> .
§n: (goe™), + V- [pouge®™ ] +gn

1 1
- kV. (quKT’> ¢>0e2’“’— 5 [‘U0|2+F (V'UO)2} = 0.

Evenif these equations are more compact (than the system we obtained in section 5.2.1) and the mass
conservation coincides exactly with 5.8, still, this system seems to be quite complicated. This time, it
follows from the variation dug that in order to reconstruct the horizontal velocity ug from the velocity

potential ¢o, one has to solve an elliptic (vectorial) equation.

Intermediate conclusions. We saw above that the variational method can easily lead to compli-
cated and unamenable equations, even if the latter naturally inherits the variational structure. Con-
sequently, the choice of good Ansatz is absolutely crucial for the derivation of an approximate model.

In this respect, a better Ansatz will be proposed below.

5.3 | Alternative deep water Ansatz

Let k > 0 be a characteristic wavenumber corresponding, e.g., to the carrier wave of a modulated

wave group or to the peak frequency of a JONSWAP spectrum. Following the discussion above, it is
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natural to seek approximations in the form
{qb;u;v}%{qg;ﬁ;\?}e"(y_"), 5.15

where ¢, i and ¥ are functions of x and t that can be determined using the variational principle (with
or without additional constraints). The Ansatz 5.15 is certainly the simplest possible that is consistent

with experimental pieces of evidence.

The Ansatz 5.15 substituted into the Lagrangian density 3.7 yields
2K$I2K¢7nt*gl{‘r]2+%ﬁ2+%\72*($X*K(£T])H*K\7(£. 5.16

With (or without) subordinate relations, this Lagrangian gives various equations.

5.4 | Unconstrained approximation

We present here the case without further constraints; thus, the Euler-Lagrange equations to
Lagrangian density 5.16 yield [81]:
§i: 0=1i—du+ kP,
§V: 0=0V—ko,
§¢: 0=2km+ lix — K V+K i,
dn: O:2gxn+2x¢~>t+x[$ﬁ]x.
The two first relations imply that this approximation is exactly rotational, and their use in the last two
equations gives
M+ 3K b — 36 =3¢ [ +rn7], 5.17
b +gn=—3 [firﬁx—xfiznx}x. 5.18

Since Equations 5.17, 5.18 derive from an irrotational motion, they can also be obtained from Luke’s
Lagrangian 3.1 under the Ansatz 5.15. That would not be the case if, for example, we had enforced the
incompressibility in the Ansatz because, here, that leads to a rotational Ansatz (see [52, Section §4.3]).
Equations 5.17 and 5.18 are a deep water counterpart of Saint-Venant equations for shallow

water waves.

It is straightforward to verify that the gkG equations possess a canonical Hamiltonian structure
0 SH /6 0-1
M)yl (SR0R) ,
0+ SH/dn 10
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where the Hamiltonian functional H is defined as
. - 2 -
/H:/{%gnz—i—%i{l{V(ﬁ—K(ﬁVn} +%K¢2}d2x. 5.19
Q

This Hamiltonian is quartic in nonlinearities and involves only first-order derivatives. It has to be com-
pared with Zakharov’s quartic Hamiltonian B.2, which involves second-order derivatives and pseudo-
differential operators. However, Zakharov’s quartic Hamiltonian is valid for broad spectra. Note that
the Hamiltonian 5.19 cannot be derived from the exact one B.1, since the latter assumes that irrota-
tionality and incompressibility are both satisfied identically in bulk, while the incompressibility is not
fulfilled by equations 5.17, 5.18.

To the linear approximation, after elimination of ¢, equations 5.17, 5.18 yield

Nee — (8/2K) Nxx + (g /2)n =0, 5.20

that is a Klein-Gordon equation. For this reason, equations 5.17 and 5.18 are named here generalized
Klein-Gordon equations (gKG). The Klein-Gordon equation is prominent in mathematical physics and
appears, e.g., as a relativistic generalization of the Schrodinger equation. The Klein-Gordon equation

5.20 admits a special (27 / k)-periodic travelling wave solution
n = a cos k(x — ct), =g (K+k*)/(2kk).

Therefore, if k = « the exact dispersion relation of linear waves (i.e., c> = g/k) is recovered,
as it should be. This means, in particular, that the gkG model is valid for spectra narrow-banded
around the wavenumber k. Further details and properties of the gkG are given in [52, Section §4.2]
and in [81].

5.4.1 | Stokes wave

We focus now on (27 /k)-periodic progressive waves solution of the gKG equations 5.17, 5.18, i.e., we
seek for solutions depending only on the variable § = k(x; — ct). We were not able to find an exact
analytic solution, but a Stokes-like expansion gives some interesting insights. To the seventh order,

we have

KM= acosf + %az (1 + %a2+ %a“) cos 20

+ %a3 (1+ %az + %a“) cos 30 + %a“ (1+ %oﬁ) cos 46
+ %as (1+ %oﬁ) cos50 + g—gaﬁ cos 66 + —iggggo/ cos 76 + O(a®),
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L 37 _ 1.2 59 4 4741 6\ 1.2 11 .2 | 547 .4\ o
g 2K2¢—OL(1720£ — 36 fﬁa)smGJria (1+ﬁo¢ +ma)sm29

+ %a3 (1+ %oﬁ + 21—251a4) sin30 + %a“ (1+ %az) sin46

+ %as (1 + %oﬁ) sin 50 + %aé sin 60 + 41—23%047 sin76 + (’)(ozg),

g ikic=1+ a2+ 1ot + B0 4+ O(a®).
The expansions of 7 and ¢ match the exact Stokes wave (cf Appendix A) up to the third order
(non-matching coefficients are displayed in bold). This is not surprising since the gKG equations are
cubic in nonlinearities. A bit more surprising is that the phase velocity c is correct up to the fifth
order. But the most interesting is that, to the leading order, the nth Fourier coefficient is (for all n up

to infinity)

nn—2 a

m y 5-21

which is also the case for the exact Stokes wave (Appendix A).

In a comparative vein, when examining the cubic Zakharov equations as delineated in equations
B.3-B.4, it is observed that the phase velocity retains accuracy only up to the third order, and the
Fourier coefficients do not adhere to the asymptotic behaviour described in equation 5.21 (refer to
Appendix B for a detailed discussion). Upon truncating Zakharov’s Hamiltonian at the order of N+1in
nonlinearities, the ensuing Stokes double series manifests correctness up to the order N with respect
to the expansion parameter. However, it is noteworthy that none of these elevated approximations
attain the exact asymptotic behaviour outlined in equation 5.21 regarding their Fourier coefficients.
This discrepancy emanates from the fact that they encapsulate expansions centred around n = 0, a
feature not shared by the generalized Klein-Gordon equations (gKG) equations. The Zakharov equa-
tions, on the other hand, hold validity across a broad spectrum of conditions, showcasing a level
of versatility. Yet, they diverge from the gKG equations, which do not exhibit the same breadth in
applicability. This comparative analysis underscores the nuanced differences in the performance and
applicability of these mathematical formulations, illuminating the inherent trade-offs and the con-
textual efficacy of the Zakharov and gKG equations in capturing the complex dynamics of water wave

phenomena.

5.4.2 | Multi-symplectic structure

The gKG equations have multiple variational structures. First of all, they appear as Euler-Lagrange

equations of an approximate Lagrangian that also possesses a canonical Hamiltonian formulation
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[52]. In this study, we show that the gKG system can be recast into the multi-symplectic form [37, 161]
as well. The main idea behind this formulation is to treat the time and space variables on equal foot-
ing [38] while, for instance, in Hamiltonian systems, the time variable is privileged with respect to
the space. Based on this special structure, numerous multi-symplectic schemes have been proposed
for multi-symplectic PDEs, including the celebrated KdV, NSE equations [37, 173, 199, 247] and the
Boussinesq family of equations [79]. These schemes are specifically designed to preserve exactly the
discrete multi-symplectic form [80]. However, these schemes turn out to be fully implicit and, thence,
advantageous only for long-time simulations using larger time steps. Since in the present study, we
focus on the mid-range dynamics; we opt for a pseudo-spectral method which can ensure a high accu-
racy with an explicit time discretization [58, 102, 168, 224]. Since the periodic and localised solutions
play an important role in the nonlinear wave dynamics [187], we use the numerical method to study

the behaviour of these solutions.

In addition to the Lagrangian and Hamiltonian formulations, the gkG equations 5.17 and 5.18 can be

recast into a first-order PDE system:

2kdm+V-i=k’¢—kii-a, 5.22

—2K6t¢~>—V-'y:2Kgn, 5.23

—Vé=—-ti—kda, 5.24

Vn=a, 5.25

0=~—koir, 5.26

where @ = (a3, a2) and v = (v1,72) are auxiliary variables. These relations yield the multi-
symplectic canonical structure

M- Z + K - 2, + Ks- 2, = grady S(2), 5.27

where Z = (¢, m, iy, 2, Y1, 92, @1, &2) | € R8, S is the generalised Hamiltonian function
S(Z):a-'y+xgn2+%<K¢~>>2—Kq§l”l-a—%fl-l~l,
and where the eight-by-eight skew-symmetric matrices M, IK; and K, are defined as
M=2k(E®8&—-&®é),
Ki=e1®& -0 +&RQ6& — &R 6,
K:=é1®e&-—a®é+&®é&— &R &,

& being j-th unitary vector of the Cartesian coordinates for the R® space (® the tensor product).
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Conservation laws

The local multi-symplectic conservation law for 5.27 is
0w +V -1 =0,

where the pre-symplectic forms are defined, for any solution of the first variation of 5.27, as

w=31dZA(M-dZ), 1 =3dZA(K;-dZ), 1 =3dZA(K;-d2),
that is to say

w=2kdnAdd, T =diy Adp + dy Adn, T =diy Add + dy Adys,
where A is the usual exterior or wedge product [37, 186].
Along with the multi-symplectic system solutions, local energy conservation law is verified

0:E(Z)+ V- F(Z) =0,
with
E=8-17T- Ky 2, — 7T K, Z,, F; =

which can be explicitly expressed in terms of the physical variables as

2E=2kgn?— i + (kd)? — kPt - In+knV - (¢pit) —$pV -1+ i1- Vg,

2F =k $i1dem —knd(Pit) + $d.it — i10+4.

There exists also two local momentum conservation laws associated with each spatial direction

0+ I1(Z) + 0x,G11(2) + 0x,G12(2) = 0,
0+ I5(Z) 4+ 04,G21(2) + 0x,G2(2) = 0,
the corresponding quantities being
2L= 7" M- %, = 2 ($0,n— 1949,
2612 =2" Ky Zy = k$ i 0yn — kN0 (pil2) + ¢ Bxil> — ip P,

26y =7" Ky - Z, =k $piiy 0, — kN0, (Pil) + ¢ O, ily — iy Oy P,
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261 =28-7"" M-z -7" K- 2,
=2kgn’+ (K$)2 —i? + 2k <n6t¢~: - ¢N>8tn>
- (miaz 0 — K 10,($ 1) + § Oy f2 — 2 O
26 =28-7""M 7 - 7" K, 2,
=2k gn?+ (kp)? — ir* + 2k (né‘td; - ¢~>6tn)
- <K$ﬁ1 8n — kN0 (P i) + ¢ By il — i axl4;> -
The multi-symplectic form highlighted above can be used to construct various numerical multi-
symplectic schemes, which preserve exactly the multi-symplectic form at the discrete level [37, 38,
173, 199, 247]. These schemes are suitable for long-time integration using rather coarse discretiza-

tions [80, 82]. The development and application of these schemes to proposed approximate model

equations are left for our future studies.

5.4.3 | Travelling waves

For the sake of simplicity, we will consider hereinafter the special case of two-dimensional wave
motions, i.e. the dependent variables are independent of, say, the variable x»; for brevity, we denote

x = x; and u = u;. The equations of motion become

0= — kb,
V=K
0=2Kkmn:+ lx — KV A+ KNy,
0=2gkn+2k¢:+ [i7]s

which can be reduced into a two equations system

nt+%"{71¢7x><*% ¢ %$[nxx+Kn3],
%+gn=—ﬂﬁﬁ—K&mL
The equations can be combined to derive useful secondary relations. For instance, we derive the con-

servative equations

W+[%ﬁ +% +gn(l—gzkm)], =0, 528
?)], + [Fam-d)] =o 5.29
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which physically describe (after division by k) the conservations of the momentum and energy fluxes,

respectively.

For travelling waves of permanent form, the dependent variables are functions of the single indepen-

dent variable § = x — ct. The equations 5.28 and 5.29 can then be integrated as

3P +317P+gn(1-
anf

<
Il

kn) — ¢

K,,
i+ Ke,

\72

B Lol ST
IS

lg
where K, and K. are integration constants. Adding these two relations, one obtains
%ﬂ2+%\72+gn7cG:Kp+Ke,

which is the Bernoulli equation, K, + K. being a Bernoulli constant. Subtracting the two relations,

one gets at once
ﬁ2+gn(1—my)—cﬁ: Ky, — Ke,

that can be used to express i in terms of 1 (or vice-versa), i.e.,

ﬁ:%ci\/Kp—Ke—i—%cQ—gn(l—Kn), 5.30
With these relations, the Lagrangian density 5.16 becomes

2

2K$:f2c0n§fgi<n27%ﬁ 7%02

=2cni[2c—i—(g/k) (1 —2kn)/(c—2id)] — i — 2K,
where i should be expressed via 5.30. An equation for 7 is then obtained from the Beltrami identity
0.%
L —ng — = constant = (K — 2K.) / 2k,
one

yielding

dn\* K (Kp + 0?) (c — 2i)
(d§> = 2clg(—2xm) 4k (2c—0) (c —20)] 232

where i is given by 5.30. Unfortunately, we were not able to solve the equation 5.32 analytically.

However, this solution might be useful for theoretical investigations of travelling waves. In order to
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construct these solutions numerically to high accuracy (~ 1071%), we employ a Newton Jacobian-
free method combined with the Levenberg-Marquardt algorithm [175]. The computed profiles will

be shown below in section 5.4.5.

5.4.4 | Pseudo-spectral method

We briefly describe below a highly accurate Fourier-type pseudo-spectral method [31,224] that we use
to simulate the dynamics of the gkG equations. These methods have been proven to be extremely effi-
cient (practically unbeatable) in the idealized periodic setting [31]. Below, we show that the gKG sys-
tem can be integrated up to the Riemann wave breaking using the proposed pseudo-spectral scheme.
We would like to mention that the pseudo-spectral method presented below does not rely on a varia-
tional structure. However, due to the fact that the numerical error committed by this pseudo-spectral

method is exponentially small, we may use it confidently to study the dynamics of the gkG equations.

WithV = (n, ¢~>)T denoting the vector of dynamic variables, the gKG system 5.17, 5.18 can be recast

in the vector form
Vi+ L-V =N(V), 5.33

where the operator NV denotes the right-hand side of equations 5.17, 5.18 and the linear operator L is

2,2 k242
£ — 0 V2K, ' ﬁ — 0 _l ‘2K, '
g 0 g ©0

where £ is the operator £ in the Fourier space. The equation 5.33 is solved by applying the Fourier

defined as

transform in the spatial variable x. The transformed variables is denoted by V/(t, k) = F{V(t, x)},
k being the Fourier transform parameter. The nonlinear terms are computed in the physical space,
while spatial derivatives are computed spectrally in the Fourier space. For example, the term ¢$V?7 is

discretised as:
FLavin} =F{F 1 (4) x FH{-IkPa} }.

The other nonlinear terms are treated in a similar way. We note that the usual three-half rule has to
be applied for anti-aliasing [58, 102, 224].

In order to improve the stability of the time discretization procedure, we integrate exactly the linear

terms. This is achieved by making a change of variables [102, 168]:

~

W(t) =exp (¢~ t0)£) - V(e W(to) = V(1)
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yielding the equation
W, = exp ((t — to)/f> -]—"{N (exp ((to — t)/f) : W)} :
The exponential matrix of the operator £ can be explicitly computed to give

N | cos(w(t—t))  —(w/g)sin(w(t— to))]
ex —t)L) = )
P (= 0)) [(g/w)sin(w(t— ) cos(w(t — 1))

where

Finally, the resulting system of ODEs is discretised in space by the Verner embedded adaptive 9(8)
Runge-Kutta scheme [228]. The step size is chosen adaptively using the so-called H211b digital filter

[208, 209] to meet the prescribed error tolerance, set as of the order of machine precision.

5.4.5 | Numerical results
Periodic steady solutions

We begin the numerical study of gkG equations by computing numerically steady periodic Stokes-
like solutions. We employ the Newton Levenberg-Marquardt method, which tends to the steepest
descent far from the solution (to ensure the convergence) and becomes the classical Newton method
in the vicinity of the root [175]. Then, we compare the computed profile to the seventh-order Stokes
expansion to the full Euler equations A.1-A.3. In order to fix the ideas, we choose the wavelength to be
X = 2{ = 27, i.e. the computational domainis [ —¢, £]. Consequently, the parameter k = 27/X = 1.
For simplicity, we take also g = 1 m/s. In steady computations, we use only N = 128 Fourier modes.
It is sufficient to compute to high accuracy (~ O(107?)) the numerical solution at the collocation

points. The results are shown in Figures 5.4, 5.5 and 5.6.

In order to validate further the computed travelling wave profiles, we use the dynamic solver
described in section 5.4.4. Consider the computational domain composed of 16 periodic waves with
steepness e = 0.095. The discretization was done with N = 4096 Fourier modes. This initial condition
was propagated up to T = 250, which corresponds to approximately ~ 40 wave periods. As one can
see in Figure 5.7, the initial wave system propagates uniformly in space without changing its shape.
This simulation shows again that travelling waves were computed correctly. To test the stability of
these solutions, we consider the same initial condition with long (~ 4 wavelengths) and short (~ 1/4

wavelength) wave perturbations. Both situations were simulated numerically on the same time scale,
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Figure 5.4 | Comparison of the travelling wave solutions to the gKG equations with the seventh-order Stokes solution for vari-
ous values of the wave steepness parameter. The wavelength is fixed to 2.

and results are presented in Figures 5.7(a,b). We can see that the travelling wave solutions in the gkG
equations appear to be stable. However, a more detailed study is needed to answer this question with

more certitude.

Envelope soliton

In this Section, we consider an example stemming from the wave packet propagation theory on deep
waters. As it was shown for the first time by Zakharov [243], the free surface complex envelope A(x, t)

is governed by the classical Nonlinear Schrodinger equation (NSE) [57, 121, 243]:

C iwo k3
At+CgAx+—gAxx+ 070

i
AlAP? = 5.34
4 ko 2 A" =0,
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0 0.1458 0.2917
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Figure 5.5 | Speed-steepness relation for periodic steady waves: blue solid line — the gKG equations, red dashed line —
seventh-order Stokes expansion. The wavelength is fixed to 2.
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Figure 5.6 | Periodic travelling wave to the gkG equations for the steepness parameter ¢ = 0.29967.
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nla.t)
nla.t)

(a) Long perturbation (b) Short perturbation

Figure 5.7 | Evolution of 16 wavelengths of computed periodic travelling waves for e = 0.0954 during about 160 periods: (a)
long wave perturbation; (b) short wave perturbation.

where wy = +/gko and ¢; = Owy/Oko = wo/2kg is the linear group velocity. Equation 5.34 admits the

envelope soliton solution:
A(x, t) = a sech (\/Ekg(x — cgt)) exp(—ia’kZwot/4). 5.35

The free surface elevation n(x, t) and the velocity potential ¢(x, t) can be recovered from the complex

envelope A(x, t) in the following way:
n(x, t) = Re{A(x, t) ek} = g(x,t) = Re{—ll‘:—oA(x, t) ei(kOX*wof)}. 5.36
0

The evolution of this envelope soliton in higher-order models was studied in [57, 121]. Consequently,
we put this localised structure as the initial condition in the gKG equations. Consider the computa-
tional domain [—128, 128] with periodic boundary conditions and the envelope soliton 5.35 (trans-
formed to physical variables using formulas 5.36) witha = 0.1,k = ko = 1.0and g = 1. We simulated
the evolution of this wave packet until T = 1000.0, which was sufficient for the packet to go around
the computational domain three times. The space-time evolution is shown in Figure 5.8, and several
individual snapshots of the free surface elevation are shown in Figure 5.9. The shape of the envelope
soliton is not preserved exactly, of course. However, during short times, the preservation is satisfac-
tory. On snapshots 5.9 (b & c), one can notice a small wavelet travelling in the opposite direction.
The general effect is the broadening of the wave packet in agreement with previous investigations
[206, 2071].
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Figure 5.9 | Evolution of initially localized wave packet under the gkG dynamics.
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Table 5.1 | Physical and numerical parameters used for the simulation of the shock wave formation in gkG equations.

Gravity acceleration: g [m s’2] 1.0
Characteristic wavenumber: [m_l] 0.7
Computational domain half-length: £ [m] T
Final simulation time: T [s] 11.5
Initial condition amplitude: a [m] 0.1
Initial bump width: k [m™] 7r
Number of Fourier modes: N 4096

Shock wave formation

Finally, we present an additional test case where the gkG system shows an interesting behaviour. The

initial condition is taken to be a localised bump on the free surface with zero initial velocity:

n(x,0) = a sech?(kx), #(x,0)=0.

Allthe values of physical and numerical parameters are given in Table 5.1. The space-time dynamics of
this system are shown in Figure 5.12, and several snapshots of the free surface elevation are depicted
in Figure 5.10. The particularity of this simulation consists of two shock waves which develop at the
free surface. The snapshot at the final simulation time T is shown on the upper panel of Figure 5.11.
One can clearly see the sharp transitions at the free surface. It is even more instructive to look at the
energy spectrum, which is depicted on the bottom panel of the same Figure. For the sake of compar-
ison, we also plot the energy spectrum of a breaking Riemann wave, which was recently shown to be
exactly of the form |7, |> ~ k—8/3[178, 188]. This excellent agreement shows that the gKG system may
produce wave breaking of a similar type as classical shallow-water type systems. This result was to
be expected since the gKG system is a deep water counterpart of the classical Saint-Venant equations
[68].

Intermediate conclusions

We discussed the derivation of some gKG equations, which are a new model for water waves propa-
gating in deep water approximation. This model already appeared as an illustration for the relaxed
variational formulation [52, 81]. Here, the structure of this model was further investigated, and a
multi-symplectic formulation was proposed. Moreover, we computed periodic travelling wave solu-
tions, and we showed that they approximate fairly well the corresponding solutions of the full Euler
equations, including the formation of a limiting wave with a singular point at the crest [160, 213].
The dynamics of regular periodic waves were studied, and these solutions appear to be stable under
long and short-wave perturbations. Finally, we showed also that solutions of gkG equations may pro-

duce the shock wave formation phenomenon of a similar type as the breaking of Riemann waves in

98 | #WaterMonographs IAHR.org



IAHR Water Monographs A variational approach to water wave modelling

0.1 . Bl

n(x,t)

-0.051 B

-0.1
-3.14

3.14

=N

(a) t=0s

0.4 : i

0.051 4

n(x,t)

-0.051 B

-0.1 .
-3.14 0 3.14
x

(b) t=2.875s

0.051 4

n(x,t)
E

-0.051 Bl

-0.1 .
-3.14 0 3.14

n(z,t)

-0.051 A

-0.1 I
-3.14 9 3.14

(d) t=8.625s

Figure 5.10 | Several snapshots of an initial bump evolution. See also Figure 5.12. The free surface at the final simulation time
is shown in Figure 5.11.
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Figure5.11 | Free surface elevation and the energy spectrum at the final simulationtime T = 11.5s. The red dotted line shows

the theoretical prediction of a Riemann wave breaking spectrum [178, 188].
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Figure 5.12 | Space-time dynamics of an initial bump posed on the free surface in the gkG equations.
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shallow water models [178, 188]. To our knowledge, it is the first approximate model in deep waters
which shows this behaviour. Although the results presented here are encouraging, further investiga-
tions would be necessary to assess the relevance and limitations of the gkG for modelling water waves

in deep water.

5.5 | Constraining with the free surface impermeability

In order to satisfy the free surface impermeability identically, we take
V=m:+0-Vn,
and the Lagrangian density 5.16 becomes?*
2K$=$(Knt+v-l"l)ngT]2+%l~l2+%(T]t+a-VT])2, 5.37

while the Euler-Lagrange equations yield the relations

Sir: 0 =i+ (n+i1-Vn)Vn—Ve, 5.38
§5¢: 0 =kn+V-i, 5.39
§n: 0 =2gkn + ke + Mee + (i1 - V) + V - (ime) + V - [(i1 - V) i]. 5.40

The relation 5.39 implies that V - u + v, = 0, the solution satisfies the incompressibility identically.
Notice that we did not require this condition at the level of Ansatz 5.15. On the other hand, the irrota-
tionality being not verified identically, equations 5.38-5.40 cannot be derived from Luke’s variational
formulation. Note that 5.38 yields V¢ = i1 + 7'V that is exact for potential flows [64, 102]. As for the
shallow water case, the potential ¢ can be eliminated from equations 5.38, thus yielding a deep water

analogue of SGN equations. These equations have also been studied in [86].

To the linear approximation, relations 5.38-5.40 can be combined into a single equation for the

elevation of the free surface:
(V2 —k®)n + 28k V21 =0,
which admits the special (27 k)-periodic solution

n = acosk(x; — ct), ?=2gk(k*+k*)L

24We refer to section 5.3 for the genesis of this Lagrangian density.
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Therefore, if k = k, the exact linear approximation is recovered, as it should be. Again, this means
that this model is valid for narrow-banded spectra. The question on how narrow was investigated in
[52, section §4.3.1].

5.5.1 | Evolution equations

The governing equations 5.38-5.40 may appear complicated to the reader. The main problem with
the formulation given above is that equations are not written in an evolutionary form of a system of
PDEs with time derivatives separated from other terms. We can recast the model 5.38-5.40 in a more

amenable form. In order to obtain a compact form of equations 5.38-5.40, first we are going to expand

them:
i i +V$-V 3 e -
VET]t—I—u-V'r]:T]a_’_iqunEu-VT]—K lv.a,
. Vé—n:Vn+|Vn|2Vé—[Ve-Vn|V
PR SRS & ek A T A A [Vé-Vn] n

1+ [Vn|?
0=kn:+ V-,
0:2Kgn+l<¢~>t+\7t+v-(\7ﬁ).

The last equation gives us a hint that the right evolution variable is

o

GEV@E+k0) =a+0Vn+k V(- Vn) -k 2V(V - @),

We can notice that V(V - &) can be seen as an application of the operator matrix V ® V to the

vector i1, i.e.

G=[1-k?VQV]-a+07Vn+k 'V(i-Vn),

]D—l

where I denotes the identity operator. Finally, the system of evolution equations can be written as
kne+V-D-g=V-D-[0Vn+k'V(i-Vn)], 5.41
G,+2gVn=—k1(VRV)- (V). 5.42

These equations have to be supplemented by two algebraic-differential relations:

<t
Il

i-Vn—k1V-a,
D-[g—vVn—k'V(i-Vn)].

I
I
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The pseudo-differential operator D = []I - Kk2V® V]_l can be easily computed in the Fourier

space:
D=[T-k2kek]

where k = (ki, k2) is the vector of wavenumbers. Otherwise, one has to invert an elliptic operator

numerically as it is custom in the numerical analysis of classical Serre equations [87].

An open problem. By analogy to the classical Serre-Green-Naghdi equations, the canonical Hamil-
tonian structure for deep water Serre equations 5.41 and 5.42 does not probably exist. The Authors
of the present manuscript did not succeed in finding even a non-canonical Hamiltonian formulation
which should exist in principle. Consequently, it remains an open problem so far. However, we suc-

ceeded in finding the multi-symplectic formulation for deep water Serre-type equations.

5.6 | Multi-symplectic formulation

Here, we give the multi-symplectic structure for deep water Serre equations in the case of one spatial
horizontal dimension x; = x (and, thus, i = ;) for the sake of notation compactness. The generaliza-
tion to the case of two horizontal dimensions is straightforward. The general form of multi-symplectic

equations (with one spatial variable) is
M-z, +K-z,=V,S(2), 5.43

where z € RY is the vector of state variables and M, K € Matgx4(IR) are some skew-symmetric
matrices. It is not difficult to check that for deep water Serre equations 5.38-5.40 (in 1D) it is sufficient
to take

z= (g n i 67,

S(z)=—gkn*+B(I7—7)+

N~
—~
st

N
<t

N

SN—

and the skew-symmetric matrices M and KK are defined as

0—-0000 00 —-1000
k 00001 00 0100
VRS 0 00000 , K % 10 0000
0 00000 0-10000
0 00000 00 0O06O0OC
0-10000 00 0O0O0OC
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Equation 5.43 can be rewritten in the component-wise form for the sake of clarity:

K+ Ve+yx=—-2gKkm,
$x=i+B7,
—Nx=—P,
O=y—-140dv,
—ne=—V+Bd.

Now it is straightforward to check by making substitutions that equation 5.43 is indeed equivalent to

the deep Serre equations 5.38-5.40. The generalization to the 2D case is straightforward.
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CHAPTER 6

Intermediate depth example

A general Ansatz, for waves in finite constant depth and satisfying identically the bottom imperme-

ability is suggested by the linear theory of water waves:

coshkY N coshkY _ N sinhkY _

t ~
(o), v

¢~ $(x 1), (x, 1), 6.1

coshkh v coshkh Y

whereY = y+d.Theparameterk > 0Oisacharacteristic wave number to be made precise a posteriori.
This Ansatz is uniformly valid for all depths because it yields the shallow water one 4.1 as k — 0, and
the deep water one 5.15 as d — 0. Obviously, the Ansatz 6.1 should be valid for wave fields with

wavenumber spectra that are narrow-banded around k.

Substituting the Ansatz 6.1 into 3.7, one obtains

2 ~2 . 7~
. -~ g v* sinh(2kh) —2kh ¢V 2kh
Z = |-+ — -1
[me+ <] ¢ 2 + 2 2k cosh(2kh) — 2k + 2 | sinh(2kh)

2 . sinh(2kh) + 2k h
_ ~>< — ktanh(kh i x -
T3 + ¢ i, — ktanh(kh) ¢ iin 2k cosh(2kh) + 2k

6.2

Applying various constraints, one obtains generalized equations, including the ones derived in the
previous sections 4 and 5 as limiting cases. In particular, one can derive arbitrary depth generaliza-
tions of the Serre and Klein-Gordon equations. These derivations are left to the reader. The main
purpose of this section is to illustrate the easiness of deriving approximations uniformly valid for all
depths, contrary to perturbation methods with which the two main theories (i.e., Stokes-like and shal-

low water expansions) have separated validity domains.

Indeed, the Serre equations of section 4 can also be derived from an asymptotic expansion (with the
depth over wavelength ratio as a small parameter). This is not the case for all approximations obtain-
able from the variational principle (see examples in [52] and [83]). However, this does not mean that

approximations obtained this way do not have restricted validity domains, as further discussed below.
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CHAPTER 7

Conclusions and perspectives

In the discourse of the current survey, we have elucidated a novel variational principle predicated on
a relaxed Lagrangian functional as expounded in [52]. The applicability and versatility of this varia-
tional principle have been demonstrated through a plethora of examples emanating from a spectrum
of water depths: shallow, deep, and intermediate. It is our aspiration that the wide array of examples
furnished herein would serve as a robust guide, aiding our readers in adeptly employing this method
to address the challenges inherent in their specific scenarios. However, a word of caution is warranted
here: every approximation deployed carries with it a defined domain of validity. Therefore, it is imper-
ative that these approximate models are wielded judiciously, and preferentially in scenarios that align
with their foundational design principles. The task of delineating the bounds of a model’s validity
region is not to be taken lightly and ideally warrants a dedicated study to ensure a nuanced under-
standing of the model’s capabilities and limitations. It is pertinent to note that these observations are
not confined to the relaxed variational principle proposed herein but extend to all approximate mod-
els harnessed in the realm of applied sciences. The essence of these remarks underscores a broader
scientific rigour and discernment requisite in the employment of approximate models, thereby fos-
tering a more informed and judicious application of these tools in unravelling the intricacies of fluid
dynamics.

It may be worth reminding the main advantages of using the variational methods in modelling water

waves (and not only):

e The approximate model inherits naturally the variational structure of the base model. Thus, it can
be studied using similar methods.

e Thanks to the celebrated Noether theorem, we may preserve important symmetries and conserva-
tion laws. In particular, in water waves, we believe itis of capitalimportance to have the momentum
and energy conservation (or balance) laws along with the Galilean boost symmetry. This systematic
route has not been explored in our study yet.

e The derived model also enjoys the Hamiltonian formulation®.

25Possibly a non-canonical one as it is the case of the classical Serre-Green-Naghdi equations [153].
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e This variational structure might be exploited to construct efficient and structure-preserving varia-
tional integrators [151]. We started the exploration of this research direction in [82] for the case of
the celebrated KdV equation and in [79, 80] for a family of Boussinesq-type equations. However, this
methodology should be applied to more complex (in particular, fully nonlinear) water wave models

as well.

We have illustrated the advantage of using a variational principle with as many variables as possible.
We call it the relaxed variational principle, since the Lagrangian density 3.6 involves more degrees of
freedom (i.e., the variables n, ¢, u, v, p and v) compared to the two degrees of freedom (n and ¢) in
the classical case. In particular, these extra variables can be used to impose various constraints such
as incompressibility, irrotationality, impermeability, etc. The practical use of the relaxed formulation
was illustrated in numerous examples in shallow, deep and intermediate waters. Thus, we obtained

several approximations, some well-known and some new to our knowledge.

In the shallow water regime, we have first obtained the classical nonlinear shallow water (or Saint-
Venant) equations 4.19-4.20. Then, with the same Ansatz 4.9 but imposing the constraint of the free
surface impermeability, we have derived the irrotational Serre-Green-Naghdi equations 4.27-4.28.
Applying the incompressibility constraint and choosing the pseudo-velocity field in a different way,
we have obtained two kinds of generalized Kaup-Boussinesq equations. Several ways of further gener-
alizations were also outlined. We considered a generalized Ansatz, and we illustrated its consequence
in the limiting case of shallow water. In this way, we derived the modified Serre-Green-Naghdi equa-
tions (mSGN) and subsequently obtained exact cnoidal and solitary wave solutions. The main purpose
of this example was to illustrate the fact that one can introduce an Ansatz which is not inspired by any

asymptotic expansion and nevertheless leads to reasonable approximations.

In deep water, two models were considered. Namely, we derived deep water counterparts of the
celebrated Saint-Venant and Serre equations. The former has a canonical Hamiltonian formulation
and degenerates to the Klein-Gordon equation in the linear approximation; we thus called the new
system 5.17, 5.18 generalized Klein-Gordon equations. The latter could be solved analytically for a
two-dimensional travelling wave. This solution is a striking illustration of the power of the variational
formulation compared to asymptotic expansion methods, especially for large amplitudes when the
expansion parameter is no longer small. Of course, the validity limits of all these models have to be

properly studied and assessed.

The case of arbitrary depth has also been briefly considered. In particular, it has been shown how

easily one can introduce an Ansatz valid for all depths. Indeed, the vertical variation of the velocity
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field suggested by the linear theory provides at once such a general Ansatz, which degenerates to
previous cases when the water is shallow (kd — 0) or deep (d — o0). This simplicity and flexibility of

the variational principle is quite remarkable compared to perturbation methods.

In this survey, some further possibilities for generalizations are also mentioned. However, we have
to emphasize that not all Ansatze and constraints will necessarily lead to physically relevant and
tractable approximations; the same is true for models derived from asymptotic expansions, however.
Nonetheless, the relaxed variational formulation is sufficiently versatile to allow easy derivations of
physically sound models. We have illustrated this claim, in particular, by showing how it is simple to

obtain approximate equations valid for all depths.

Sometimes, the choice of the constraints may seem to be rather ad hoc, but that should not be sur-
prising. Indeed, the water wave theory already knows several ad hoc ‘tricks’ intended to improve the
approximation quality. For instance, it was proposed in [157] to replace the polynomial shallow water
expansion 4.8 by a (m, n)-Padé approximation, the orders mand n being chosen to improve the linear
dispersion relation of progressive waves. Another example is the use of the velocity potential defined
at some depth y, [183] and, as before, the free parameter yq is chosen to improve linear dispersion
characteristics. The approach proposed here is not more ad hoc than any example mentioned above.
Moreover, the variational principle allows for greater flexibility in the choice of the Ansatz. Thus, the
approximations derived via the relaxed variational procedure must be studied a posteriori in order to
verify their mathematical consistency and physical relevance. This is also the case for approximations
derived via perturbation techniques, and many such approximations commonly used have not yet
been justified on a rigorous mathematical basis. In the several examples presented here, the Ansatze
involve free parameters that we have chosen constant for simplicity. One may also consider these
parameters as functions and find their values from the stationary point of the Lagrangian. Doing so
will lead to more complicated equations, but this is not a major issue if these equations are intended

to be treated numerically.

In order to derive approximate models, variational formulations are an attractive alternative to
asymptotic expansions. However, both approaches can also be combined. Indeed, once the varia-
tional principle has been applied to an Ansatz, asymptotic expansions can be further applied to obtain
simpler models. For instance, one could consider ‘unidirectionalized’ approximations [184, 185] to
derive variants of Korteweg and de Vries [140], Dysthe [98], Camassa and Holm [40], Degasperis and
Procesi [69], Kraenkel et al. [141], and other equations. This possibility will be investigated in future

works.
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Regarding the perspectives, interested readers could use this method to build new pertinent approx-
imations. The authors of the present survey are already fully engaged in the quest for new models. In
particular, a lot of work has still to be done in the three-dimensional setting. Also, new physical effects
may be added to the variational principle. The examples presented above stem from the free surface
gravity waves [41, 232, 242]. However, the (discretely or continuously) stratified flows can also be con-
sidered (such as internal waves [104, 116]). Adding the surface tension [54, 72, 189], flexural-gravity
[66] and electro-magneto fluid effects [123, 124] are very promising research directions which have
been treated mostly with non-variational approaches so far. It is only for the sake of simplicity that
we have considered only gravity waves propagating at the surface of a single layer of a homogeneous
fluid. Itis trivial to introduce a relaxed variational formulation including, e.g., surface tension, stratifi-
cationsin several homogeneous layers and obstacles. Such general variational formulations, together
with relevant Ansatze and well-chosen constraints, will easily lead to interesting models. For perfect
fluids, variational formulations can also be obtained for rotational motions [60, 99, 152, 155, 176, 197].
Arelaxed version of such variational principles will facilitate the derivation of approximate models. We

invite everybody to join this scientific direction.
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APPENDIX A

Exact Stokes wave

In deep water, a seventh-order Stokes expansion (for the exact equations) is
kn=acosé + 10® (1+ Lo® + 220*) cos2¢

+ 3 (14 3%a® + $Ba*) cos3¢ + 1o (1+ 3%a?) cosag Al

+ %as (1 + —11%60%7012) cos5§ + g—gaﬁ cos 6§ + —iggggoﬁ cos7§ + O(ag),

p=o(l-1a®—2a'— Za°)sing + 1o® (14 5o’ + Ha*)sin2¢

g

(NI
Niw

K

+ %a3 (1 + %az + %a“) sin3¢ + %a“ (1 + %az) sin4¢ A2

+ 2a° (1+ B9?)sin5¢ + 2ZLalsin6¢ + L8%a7sin7¢ + O(a?),

g tkic=1+30% + jo' + Ja + 0(f), A3

where § = k(x— ct). Note that, to the leading order, the n'" Fourier coefficientis 2! ="n""2a" /(n—1)!

(thisis also true for all n > 7). In the bulk of the fluid, the velocity potential is

-+ 3, 1.2 7 4 14761 6\ Ky o 1.4 11 2\ 2ky :
g 2/{?4)—0{(17504 — 0 fﬁa)e sinf + sa (1+Fa)e sin 26

+ $a’ (14 Pa?) e¥sin30 + Lol ™ sin46
+ 50’ € sin50 4+ O(a®),

meaning that harmonics appear in the fourth order only, thus justifying the Ansatz 5.15. Note that, to
the leading order, the nth Fourier coefficientis a"*2/n!(n — 1) forall n > 1.
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APPENDIX B

Cubic Zakharov’s equations

Satisfying exactly the Laplace equation and the bottom impermeability, the gravity waves variational

formulation [155] yields the Hamiltonian [243]:
1 2, 7 2 _
H=y [{em+dv)ax  v=is-Vn-V9)_,.

B.1

Introducing a Dirichlet-Neumann operator G, such that V = G(n)¢ (Craig and Sulem (1993), [64]),

expanding G around n = 0 and neglecting the terms beyond the quartic nonlinearities, the Hamilto-

nian B.1 becomes
1 - o o o
= [ {en+8[od-o(md) - V- (109)
+ 3P V2g) + o(no(nod)) + V(P od) | b dx,

with the pseudo-differential operator?® @ = (—W?)z tanh[(—V?)2d]. Thus, the cubic Zakharov

B.2

equations (CZE) are

nthd;

= —V - (nV$) — d(ndg) + 1V?(n?0¢) + d(nd(n2¢)) + 2o(n? V), B.3

$: +gn = 3(08)* — 3(V$)* — (1) V>$ — (04)0(110). B.4
For progressive (27 /k)-periodic solutions in infinite depth, a seventh-order Stokes expansion is

kKn = acosf + %a2 (1 + %az + %a“) cos 26
263 2

+ 3o (14 3o + 22a’) cos30 + Lot (14 2R a?) cos46
+ 2a° (14 BR0?) cos50 — 395a° cos 60 — 118247 cos 70 + O(a®),

g ik? ¢=a (1 — %az — 2—10{4 — %oﬁ) sinf + %az (1 + %a2 + 16%43044) sin 26
+ 3 (1+ 8a® + 22 o) sin30 + Lot (1+ 122a°) sin 46
+ 2a° (14 B0?) sin 50 — 3350°sin 60 — 18847 5in 76 + O(a®),

c=1+1a”+ g—}‘a“ + %ae + 0(a®),

(NI
(NI

g %K

28For one horizontal dimension in infinite depth of = —.(f), . being the Hilbert transform.
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where the incorrect (compared to the exact expansion) coefficients and signs are displayed in bold-
face. Thus, the CZE matches the exact Stokes wave up to the third-order only. Truncating the Hamil-
tonian at the order N + 1 in nonlinearities, the corresponding Stokes double series is correct up to
the order N in the expansion parameter. None of these approximations has the exact asymptotic

behaviour 5.21 for their Fourier coefficients.
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APPENDIX C

The workflow pattern

The section 4.5.2 would not be complete if we did not explain how we arrived at the multi-symplectic
structure 4.48 of the SGN equations. Itis not so trivial to see how this structure appears from equations
4.37,4.38. However, when we derive the SGN system from the relaxed variational principle [52],a more
suitable form of the equations appears. Namely, the relaxed Lagrangian [52] under the shallow water
Ansatz reads (see also [87])

L= (h+ih)$-lglR+nlpa—La*+1ov-10 + ¢p,],

where fi, U are the Lagrange multipliers. An additional constraint of the free surface impermeability
isimposed:

D:ht+ﬁhx

The corresponding Euler-Lagrange equations are

Su: O0=p —a, ci
§V:  0=h+ph, — 7, c2
Sfp: 0=+ 30Vh— ¢y, c3
§¢: O=h+[hia],, C4
Sh: O=po—t* -1 - —¢:—gh—Sh[l+pi+Vp,]. C.5

After eliminating & from equations C.2-C.5 thanks to C.1 and introducing the extra variables
p = hv,q = hu,r = huv,and s = h,, one almost obtains the required system 4.52-4.59 for the

multi-symplectic formulation.
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APPENDIX D

Classical variational structures in deep water

In this Appendix, we briefly describe the main variational structures of the deep water wave problem
in the chronological order of their appearance. Of course, this list is not exhaustive. The water wave
problem is known since Petrov [190] and Zakharov [243] to have the Hamiltonian structure. Below,
we present the classical Lagrangian and Hamiltonian formulations together since they are naturally

related by Legendre transformation.

Let us compute the kinetic #” and potential P energies of a deep fluid moving under the force of

gravity g:
of 1 n 1
Ji’d:fi// lu|? dy dx, P:Eg/ n* dx.
R? J—o0 R?

According to Hamilton’s principle [15], the fluid motion has to provide a stationary value to the

following action functional

t1
S= / o L dt, D.1
to
where L is the Lagrangian density classically defined as
LY P

Below in section D.1, we shall give another Lagrangian density. We have to keep in mind that the flow

isincompressible, i.e.
V.-u=0,
and on the free surface, we also have the kinematic boundary condition that we shall write as

Ne =/ 1+[Vn2- up,

where u, ¢ i+ nis the normal velocity at the free surface and nis the the outer unitary normal vector
1 —-Vn
n—= —m————— .
V1 + |Vn? 1
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We have to incorporate these conditions into Hamilton principle using two Lagrange multipliers

¢ = ¢(x,y, t)and é = §(x, t):
£:%7P+/ /71 ¢V-udydx+/ [nt*m'“n]‘f’dx'
R2J -0 R2

By taking the variation of this functional with respect to u and requiring that it vanishes in the fluid
bulk, we obtain

du: u—V¢=0. D.2

Consequently, the flow is necessarily irrotational. It is a direct consequence of assumptions made
above, and the Lagrange multiplier ¢ is a velocity potential. From Kelvin’s circulation theorem, we
know that the flow that is initially irrotational will remain irrotational forever [16]. The variational

description of flows with vorticity is out of the scope of the present study.

Taking into account D.2, from now on, we can substitute u = V¢ into the Lagrangian density L.

By applying the Gaul3-Ostrogradsky theorem to the Lagrangian density we obtain
= [ [dnc+ uTTIV0P-(6-4],_,)] dx—K P
By taking the variation with respect to the normal velocity u, we obtain
Sup: ¢— ¢|y:n =0.

Thus, the other Lagrange multiplier ¢ is simply the trace of the velocity potential at the free

surface, i.e.
qg(x, t) = qS(x,y = n(x, t), t).
Finally, the Lagrangian density £ becomes

L= én: dx —H
RZ

where %' K + Pis the total fluid energy being also the Hamiltonian of the water wave problem:

1 K 2 1 2
H== Vo|2dx + =g [ n?dx.
2 R2 —0 2 R2
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The last Hamiltonian functional was independently rediscovered by Broer [39], then by Miles [166]
and probably several other researchers.
The evolution equations for canonical variables are

_H g O
5’

By 6H, we denote the variational (Gateaux’s) derivative. In order to compute the Hamiltonian H one

Nt

has to solve the Laplace equation
V?$ =0,
with corresponding boundary conditions:
¢’|y:n=f5, IV¢| — 0, as y — —oo.

In general, itis not possible to solve this problem analytically. Consequently, in deep water, one uses

in practice asymptotic expansions with respect to the small parameter e ~ || V7]|.

D.1 | Luke’s Lagrangian formulation

In 1967, Luke proposed to use the following functional [155] (in finite depth case):
K 1 1
= [ [60+ 31987 + 167 + £v] o,

where d is the constant water depth. The action integral is defined in D.1 as above. Without free sur-
face effects, this functional was proposed in 1929 by Bateman [17]. One can easily recognize that
the expression under the integral sign is the well-known Cauchy-Lagrange integral. In his seminal
paper [155], Luke justified the advantages of this functional over the classical Lagrangian L = K — P

described above.

In order to apply the deep water approximation, we have to take the limit d — oco. The term gy is not

integrable, so before taking this limit, we integrate it over the depth and remove the constant term
2

d A — . . .
—& 5 which disappears under the Gateaux derivative operation. As a result, we obtain the following

Lagrangian density:

n 1
E:/ [¢:+3|Ve]> + 167] dydx+§gn2. D.3
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In order to recover the water wave problem equations 2.5-2.8 in deep water, we write down the Euler-

Lagrange equations corresponding to the functional D.3:

¢ : V2¢»+¢'yy =0,

59| ne+Ve-Vn—¢, =0,

y=n :
n: ¢e+5 VPP + 3592 +gn=0.
Luke’s variational principle has at least one important advantage over the Hamiltonian principle: the

flow incompressibility 2.5 is incorporated into the variational principle, and it does not have to be

additionally assumed as a constraint. It appears as one of Euler-Lagrange equations.

D.2 | Relaxed Lagrangian formulation in deep water

In this Appendix, we shall redevelop the so-called ‘relaxed variational principle’ in the deep water
approximation. Earlier in the literature, this method was also introduced under the name of a “moti-

vated Legendre transform” (see e.g. [122] for more details).

We would like to introduce more variables into the Luke Lagrangian D.3, which has the velocity poten-
tial ¢(x, y, t) and free surface elevation n(x, t) in its original form. Let us also introduce explicitly the

components of the velocity field u = V¢ and v = ¢, by using two Lagrange multipliers p and v:

. n
L—dnotsents [ (@ v) 4 e (Vp-w)+ g - )] o,

where we also took the term ¢, out of the integral sign for the sake of convenience. By applying the

Gaul3-Ostrogradsky theorem we can rewrite the Lagrangian L in the following equivalent form:
. w1
L=—(m+i-Vn-0)¢+5gn

+/n [%(u2+v2)—y,-u—u-v—(V-MJruy)(ﬁ} dy.

—00

The tildes denote the quantities evaluated at the free surface, i.e. 7(x, t) def v(x,y = n(x,t),t). The

last functional L is the so-called relaxed variational principle. Let us count the degrees of freedom:

(1)

n(x, t) is the free surface elevation
(2) ¢(x,y, t)isthe velocity potential

(3) u(x,y,t)isthe horizontal velocities vector
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(4) v(x,y,t)isthe vertical velocity
(5) p(x,y,t)isthe Lagrange multiplier associated to the horizontal velocities

(6) v(x,y,t)isthe Lagrange multiplier associated to the vertical velocity

So, instead of having two degrees of freedom in the original Luke Lagrangian, the relaxed Lagrangian

has six. This extra freedom can be used to derive various approximations, which was illustrated in [52].

D.2.1 | Lagrange multipliers

For the practical purposes of wave modelling in deep waters, we may content with four degrees of
freedom by eliminating the Lagrange multipliers g and v. Indeed, let us compute the variations of

the relaxed Lagrangian with respect to u and v:
du: u—p=0,
dv: v—v=0.

This computation also gives us the physical sense of Lagrange multipliers — they are pseudo-
velocities, which coincide with physical velocities u and v at least in the unconstrained case. Thus,
we can substitute g = uand v = v into L to obtain

n

ﬁ=—(ﬂr+ﬁ-Vn—\7)$+%gn2—/ [%(u2+v2)—(v-u+vy)¢} dy. D.4

—00

The last Lagrangian can also be used for modelling purposes in deep waters; see e.g. [86].

The variational structure in general (such as Hamiltonian or Lagrangian functionals) is important in
many respects. First of all, since the full water wave equations 2.5-2.8 enjoy this variational structure,
we should seek approximate models which enjoy the same structure and, thus, preserve some sub-
set of qualitative properties of the base model. For instance, the Hamiltonian formalism [245] allows
to simplify asymptotic developments in powers of the nonlinearity parameter e a/\, which is the
wave steepness in the deep water regime. Finally, the Hamiltonian formulation also allows us to put
the problem of hydrodynamic waves in a unified framework of nonlinear waves in various media [244,

245]. Thus, methods developed in other fields might be directly transposed to water waves.
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APPENDIX E

Nomenclature

R : Thefield of real numbers.

£: Adimensionless nonlinearity parameter.

x ¢ The vector product of two vectors.

V : The gradient operator with respect to horizontal independent variables.

0: Apartial derivative operator.

D: The total (material) derivative operator.

t: Time evolution variable.

x = (x1, x2) ¢ Vector of horizontal coordinates.

x ¢+ The short-hand notation for x; in 2D.

y ¢+ Vertical coordinate.

y = 0 Still water level.

n(x, t) Free-surface elevation above the still water depth.

d(x, t): Bathymetry function.

h(x, t): Total water depth.

ho ¢ A positive constant having the meaning of the minimal water depth.
: Average water depth.

h

B: Afreereal parameter.

At Characteristic wave length.
u

= (u1, up) : Horizontal velocity of fluid particles.

o

: Horizontal velocity at the free surface.

=

: Horizontal velocity at the bottom.

-}

: Depth-averaged horizontal velocity in 2D.

]|

: Depth-averaged horizontal velocity in 3D.

<

: The vertical velocity of fluid particles.

<t

: The vertical velocity of fluid particles at the free surface.

v : The vertical velocity of fluid particles at the solid bottom.

~vand 4 : The vertical acceleration of fluid particles at the free surface.
p: Fluid pressure divided by the fluid constant density p.

B : Bernoulli constant.
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: Velocity potential function.
: Velocity potential trace at the free surface.

: Velocity potential trace at the bottom.

: The Lagrange multiplier corresponding to the vertical velocity variable v.
: The Lagrange multiplier v evaluated at the free surface.

: The Lagrange multiplier v evaluated at the solid bottom.

: (Solitary) Wave amplitude.

: The travelling wave celerity.

: Constant fluid density.

: Constant gravity acceleration.

: Characteristic wave number.

: The wave number.

: The horizontal momentum.

: The horizontal momentum flux.

¢+ The surface tension coefficient.

: The kinetic energy.

: The potential energy.

: The Lagrangian density.

: The action integral.

: Landau symbol.

¢ The reconstructed pressure distribution.
¢ The reconstructed force.

¢ The reconstructed tilting moment.

: The total cnoidal wave height.
: The cnoidal wave number.

A symplectic operator.

: AHamiltonian functional.

¢ Aconserved quantity.

: The total (conserved) energy.

The conserved momentum.
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: The Lagrange multiplier corresponding to the horizontal velocity variable u.
: The Lagrange multiplier p evaluated at the free surface.
: The Lagrange multiplier p evaluated at the solid bottom.

The depth-averaged Lagrange multiplier p.

: Aparameter in the cnoidal wave solution.
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F,G: The conservation laws fluxes.

Mand K: Skew-symmetric matrices in the multi-symplectic formulation.
z: Avector of state variables in the multi-symplectic formulation.
S: The Hamiltonian function in the multi-symplectic formulation.
c1,2,3,4 ¢ Some real constants.

{e;}_, : Thestandard basis vectors in R".

V : The vector of conservative variables.

F : The flux in the conservation laws.

S : The source term in a system of balance laws.

A : The Jacobian matrix of the advective flux F (V).

Xt Eigenvalue of the Jacobian matrix A.

¢s: The speed of infinitely long gravity waves.

R: The matrix of right eigenvectors.

IL: The matrix of left eigenvectors.

Ax: The length of a discrete cell (control volume) in the finite volume method.
V : The cell-averaged vector of conservative variables.

F : The numerical flux function.

U: The sign matrix.

Q : Aquadratic interpolating polynomial.

L: Alinearinterpolant.

k1,2 3,4 Intermediate stages in the time-stepper.

At: The local time step.

Nand NV : Anonlinear operator.

: Afree relaxation paremterin [0, 1].

i The imaginary unit, i.e. i = —1.
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This IAHR Water Monograph takes the subject of variational principles for water waves to a new level. Lagrangians
such as Luke’s are improved via relaxation where a sequence of constraints are added, enforced by Lagrange
multipliers, that may be exact or approximate and, in the latter case, a range of new and surprising model equations
for water waves emerge, without the need to introduce a small parameter. It is a highly effective strategy and
produces Lagrangian, Hamiltonian and multisymplectic structures with equal ease.
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