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S um m ary . — A two-dimensional, reduced-gravity model is established to 
study the wind-induced oscillations of the thermocline of Lake Tanganyika. An 
analytical solution is obtained for a simplified, one-dimensional, linearized set of 
equations, which suggests that the first mode of oscillation — exhibiting one 
node only — should be dominant. The sensitivity to the wind stress, the strat­
ification and the unperturbed thermocline depth of the amplitude and period of 
the linear solution is analysed. Numerical solutions of the complete, non-linear, 
two-dimensional reduced-gravity model are compared cursorily with field data 
and are seen to exhibit properties that are rather similar to those of the idealized, 
one-dimensional model.

1. Introduction

Lake Tanganyika is one of the deepest freshwater lakes in the world 
with a maximum depth of about 1,470 m. The lake is situated from
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Fig, 1. —  Map of Lake Tanganyika

3°20’ S to 8°45’ S, and 29o05’ E to 3 Io 15’ E (fig. I). On average, its 
length and width are o f the order o f 650 km and 50 km, respectively. The 
lake is a significant source of food for the countries sharing it, i.e. DR 
Congo, Burundi, Tanzania and Zambia. The region undergoes two main 
seasons, the dry season and the wet season. The dry season, approx­
imately from May to September, is characterized by strong southeasterly 
winds, the trade winds, whereas during the wet season the winds are gen­
erally northeasterly and weaker ( C o u l t e r  &  S f ig e l  1991), though some 
short, strong wind events can occur during this season. For the dry sea­
sons of ENSO years, preliminary data suggest that the air temperature is 
higher and the wind weaker. This seems to cause variability in catches of 
several species of pelagic fishes, affecting the economy and the food 
stock of the neighbouring populations (P l is n ie r  1997, P l is n ie r  et a i  
2000). Furthermore, over recent years, the lake hydrodynamics has been 
seen to exhibit variability related to climate change ( P l is n ie r  1997, 
2000).

Understanding the lake hydrodynamics and its variability is important 
for the management of its resources, as well as understanding limnologic- 
al conditions in the framework of paleoclimatic studies such as the ongo­
ing CLIMLAKE project (D e s c y  et al. 2002). In this respect, numerical 
modelling is an invaluable tool. Our objective is to build a three-dimen­
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sional model of the lake hydrodynamics and ecology. The first stage of 
this undertaking is concerned with the study of one of the most striking 
features of the lake hydrodynamics, i.e. the tilting o f thermocline occur­
ring during the dry season and the associated large-amplitude internal 
seiches ( C o u l t e r  Sl S p ig e l  1991, C h it a m w e b w a  1999, P u s n ie r  ef al. 
1999, P l is n ie r  &  C o e n e n  20 0 1 ). These phenomena, which are believed to 
be induced by the wind forcing, are studied herein by means o f a reduced- 
gravity model.

In the next section, the equations and the surface forcing o f the 
reduced-gravity model are established. Then, this model is simplified to 
a one-dimensional, linear model, of which an analytical solution is 
derived and analysed. Finally, numerical results of the complete reduced- 
gravity model are obtained, and compared cursorily with field data and 
one-dimensional, analytical solutions.

2. The Reduced-gravity Model

The thermocline is present all year round over a large fraction of the 
lake. This is the main reason why a two-layer model is believed to be a 
relevant tool for representing the motions of the thermocline in an ideal­
ized manner. In such a model, the prognostic variables related to each 
layer are assumed to be vertically homogeneous. If the subscripts “ 1” and 
“2” are associated with the top and the bottom layer, respectively, h„ u. 
and V, (i = 1,2) denote, for the ¡'-th layer, the unperturbed depth, the com­
ponent o f the horizontal velocity along the x-axis and the component o f 
the horizontal velocity along the y-axis, x and y  being Cartesian horizon­
tal coordinates as illustrated in figure 2. Let q and |  represent the upward 
displacement o f the lake surface and the downward displacement o f the 
thermocline, respectively, which is assumed to be impermeable (fig. 3). If 
the pycnocline and bottom stresses are neglected, the continuity and hor­
izontal momentum equations read :

Æ -  + v.(ff,uO  = 0, (1)
d t

M H í I  + V .  (H u.ii,) + /e ,  X (Hilii) =  -  gH,Vq + D , + - 1 ,  (2)
01 pi

Ä  + V . ( H lU l)  = 0 ,  (3)
ot

+ V * ( H » )  + f t ,  X (HjUz) =  -  gH2V(q -  E^) + D 2 , (4)
ot
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where t is time ; u, = M,e_, + v,e, is the velocity vector in the i-th layer ; e, 
and e, are the horizontal unit vectors associated with the j: and y coor­
dinate axes, while e1 = e, x e, is the vertical unit vector, pointing upward ; 
ƒ  is the Coriolis factor —  which is relatively small and negative in the 
domain o f interest —  and g is the gravitational acceleration (= 9.8 m s-1).

In the governing equations above, the vector is the wind stress, which 
is evaluated by means of the S m it h  &  B a n k e  (1975) parameterization,

t  = p„ (0.63 x IO'3 + 0.066 x IO'3|v j)  |v j  v , , (5)

where p„ (= 1 kg ra'3) is the air density and v„ is the wind velocity, 
expressed in m s-1. The actual height of each water layer is evaluated as 
Hi -  hi + q + £ and H 2 = h2-  The dissipative terms are expressed as

D, = V • (AM.Vu,) + V .  (A,HVv,) (i = 1 ,2 ), (6)

where A, and A, are the horizontal eddy viscosities, which are taken to be 
different in the x- and y-directions because the “width” of the lake is 
much smaller than its “length”. If the constant p( (i = 1,2) represents the 
water density in the i-th layer, the relative density difference e is defined 
to be

e _  P i - P '  , (7)
p2

The density is computed from the UNESCO (1981) equation of state 
of the water, in which the salinity is set to zero while the pressure is as­
sumed to be equal to one atmosphere —  as density variations are mainly 
due to temperature variations in Lake Tanganyika. Given the range of the 
available in situ temperature profiles, ë is likely to be smaller than IO-5.

The displacement of the lake surface is assumed to be much smaller 
than that of the pycnocline. Therefore, by virtue of continuity equations 
(1) and (3), the layer heights and transports satisfy dH Jdt -  -  dH2/dt = 
-V  • (Hill,) = V •  (HjU;). Thus, the order of magnitude of the top layer 
transport, H,Ui, is equal to that of the bottom layer, H2u2, implying that 
the order of magnitude of the left-hand side of momentum equation (2) is 
equivalent to that o f the left-hand side of (4). As the thickness of the 
hypolimnion ranges from about 100 m to over 1,000 m  while the depth 
of the epilimnion rarely exceeds 50 to 100 m, the ratio H, ! H2 is general­
ly much smaller than unity. Therefore, the contributions to the pressure 
force prevailing in the hypolimnion are likely to be the only dominant 
terms in (4), i.e. - g H 2V(r| -  e |)  = 0. By virtue o f continuity equations (1) 
and (3), the lake-averaged values o f q and ̂  must be constants, which are

700km

OOOtm

t h e  w in d - in d u c e d  o s c il l a t io n s  o f  t h e  t h e r m o c l in e

£ wjrfnrp

3 1

fffcm  tSO km

t  . / -  n

V

Pi ® ->M ,

\  . ..

L

h\ = const

------"  i
V i  V -

thermocline

V2
P2 ® -»  «2

1

h { x ,y )

'

\  \  bottom

z =  o

. z = -h i

) — >  x
Fig. 2, —

Bathymetry (in
metres) of Lake Fig. 3. — The main parameters and variables of a two-layer 
Tanganyika. model of the lake, which upon assuming that h, «  h, gives rise to

a reduced-gravity model.

assumed to be zero in all applications considered below. As a result, the 
displacement of the lake surface and that of the thermocline satisfy 
approximately the following relation

t| = e |-  (8)

Substituting (8) into the pressure force in the right-hand side o f (2), 
neglecting q relative to dropping the subscripts “ 1” , it is readily seen 
that the equations governing the dynamics of the epilimnion can be 
approximated by

—  + V • (Hu) = 0, (9)

+ V • (Huu) + /e .  x u = -  ëg H v l  + D + — , (10)
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with H  = h + | .  The latter equations are similar to those of a one-layer, 
depth-integrated model, except for the reduction of the gravitational 
acceleration by the small dimensionless factor e. Hence, they make up a 
model usually referred to as “reduced-gravity model”. Models of this 
type have demonstrated their ability to represent the displacement of a 
pycnocline in many applications.

3. The Linearized, One-dimensional Model

According to N a it h a n i  et al. (2002), a suitable idealized wind forcing 
is as follows : during the wet season the wind stress is zero, and during 
the dry season the wind is assumed to blow at a constant velocity from 
the southern end o f the lake toward the northern one. Let Td and T, denote 
the duration of the dry season and that of the wet season, respectively, so 
that one year is T  = Td + Tw. Then, if  time is prescribed to be zero at the 
beginning of a dry season, the wind stress can be written as t  = 
with

i / 0  = 2  [X(f -  jT) -  X(f - j T - Td)]p x , (11)
t- o

where p i  is a positive constant representing the dry season wind stress, 
which is to be estimated by means of parameterization (5), knowing the 
order of magnitude of the wind speed ; x is the Heaviside step function, 
i.e. a function which is equal to 1, 1/2, or 0, according to whether its argu­
ment is > 0, = 0, < 0. The surface forcing (11) (fig. 4) is used to obtain all 
of the results presented herein, be they of an analytical or a numerical 
nature.

wind stress:

t=0 t -Td

1 year ■ T  -  + T*
T d : duration cf dry seas®  
Tw  : tfo-ratioo o f  w et season

l - T  t -T+Td

time: t

Fig. 4. — Schematic representation of the annual cycle of the wind stress (11).
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.. Assuming that the thermocline displacement remains small compared 
with the thickness of the epilimnion, neglecting the Coriolis force and the 
advective part o f the acceleration, integrating governing equations (9)- 
(10) over die width o f the lake and parameterizing the dissipative terms 
as Newtonian friction —  for physical reasons and for the sake of sim­
plicity, as well — , the following linearized, one-dimensional model 
focused on along-lake variations is obtained :

dt dy
=  0 , ( 12)

dt ° dy ' p h

where y is the relevant Newtonian friction coefficient. At the initial 
instant the thermocline displacement and the velocity are assumed to be 
zero. The impermeability o f the lake ends requires that the velocity be 
prescribed to be zero at any time at both ends of the lake, i.e. v ( t , y  = 0) 
= 0 = v(f, y) = L, where L  = 650 km is the length of the lake.

The steady-state response of the thermocline to the dry season wind 
stress p r is a linear function of the distance y  to the southernmost end of 
the lake, with the thermocline being shallower in the south and deeper in 
the north, i.e.

^  <14>2  tg h

The associated along-lake velocity is obviously zero. This solution is 
incompatible with the initial conditions and, hence, cannot set in abrupt­
ly. For this reason, a transient regime develops, in which oscillations of 
the thermocline are superimposed on the steady-state solution. The 
response to a Heaviside-type wind forcing starting at t = 0 reads

^"(i, y) = ^ s(y) + S  [cos(U)„t) + —  sin (ca„t)] cos(fc„y), (15)
n = I

«

v"(f, y) = 2  sin(“ »0 sin(fcy), (16)
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where the damping coefficient, the angular frequency and the wave 
number of the n-th mode are p = 7 /  2, ui„ = (eg/ch,2 -  (x2),/2 and fc, = (2n -  
l ) j t /L ,  respectively. As the model is linear and the surface wind stress is 
a sum o f Heaviside functions, the solutions of (11)-(13) may be expressed 
as a sum of appropriately-delayed responses to a single Heaviside-type 
forcing, i.e.

É ft y) = I  ß " ( f - jT ,  y) x a - j T ) -  i  "(i - j T -  Z . y)x(t - j T - T „)], (18)
y-o

Vft y) = i  [v*(t - jT ,  y)x ( í - / O - vH( t - j T -  Td, y )X(f - ; T -  2 3 ] . (19)>0

The oscillations of the thermocline may be seen as standing waves, of 
which the n-th mode exhibits 2n -  1 nodes. As E, /  E, = (2n -  I) 2, the 
amplitudes E„ of the oscillation modes decrease quickly as n increases, so 
that only the first mode contributes significantly to the oscillations, as is 
illustrated in figure 5. In other words, the present simplified model sug­
gests that the thermocline oscillations are likely to exhibit only one node, 
in the centre of the lake, and two maxima, at the ends o f the lake.

Fig. 5. —  The first three modes (n = 1,2,3) of the thermocline oscillations, as defined 
in expressions (15) and (17).
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Furthermore, according to the idealized solution above, the amplitude 
and period of thermocline oscillations should depend on the wind stress, 
the density difference —  or stratification —  and the unperturbed depth of 
the thermocline as indicated in table 1, and exhibit values of the order of 
those displayed in figure 6 . The latter suggests that the period of the oscil­
lations is much less sensitive than the amplitude of the thermocline 
motions to the variations of the model parameters and forcing.

Table 1

Qualitative illustration of the sensitivity of the amplitude and period of thermocline 
oscillations to model parameters or forcing, in accordance with the linearized, 

one-dimensional model solution

Amplitude Period
Wind velocity : v, t T —
Stratification : e T I 4
Unperturbed depth of the thermocline : h T i i

40

amplitude : E\ = 20 ± 11 metres

U Î /7 7 /7 P ,
l í i f t t  /  . y1 1 1 1 1 / /  /  / \ /  /11 / t t / /  y  X  Vl i i l i f t  /  / /  >ú

period : —  = 26 ± 4.5 days

4020
amplitude (metres)

Fig. 6. — Values of the amplitude E, and period 2 It / ü), of the first — and only sig­
nificant — mode of thermocline oscillations obtained by varying the wind velocity v„ the 
relative density difference e and the unperturbed depth of the thermocline h in the inter­
vals 3 i v , S 7 ( m  s ') , 0.5 x 10’ s e s  IO3 and 30 s  h s  70 (m), which are believed to 
represent the range of the admissible values of these parameters. The damping coefficient 
(i is set to 2 year1, a value which has a minor impact on the amplitude and period of the 
oscillations — but seems to be appropriate in view of the numerical results discussed 
below. The mean and standard deviation of amplitude E, and period 2 it / to, are indicated.
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4, Numerical Results from the Complete Reduced-gravity Model

The equations (9)-(10) o f the complete reduced-gravity model are dis­
cretized on an Arakawa C-grid, and solved by means o f a fmite-volume 
scheme including a forward-backward tim e stepping similar to that 
described in B eckers &  D eleersnijder (1993), The “width” o f the lake 
being much smaller than its “length”, the grid size in the ̂ -direction is set 
to be smaller than that associated with the y-direction, i.e. Ax  = 3 km and 
Ay = 10 km. To ensure numerical stability, the time increment A í must be 
such as that (B eckers &  D eleersnuder 1993).

Ai s  max f — , -  -----------}. (20)
l[ f | [2gA(Ax? + A y 3)]"3]

It is readily seen that setting Aí = 5 minutes is appropriate for most 
relevant values of the model parameters. For numerical reasons, the hor­
izontal viscosities are given values satisfying A, ! Aa = Ay2 /  Ax3. A series 
of numerical experiments suggests that the suitable order of magnitude of 
A, is 3 m2 s'1.

In certain model runs, the upward displacement of the thermocline can 
be equivalent to the unperturbed depth of the thermocline. To prevent the 
thermocline from outcropping, an elementary wetting-drying algorithm

-2 0

-40

240 360

Fig. 7. -— Evolution during the second year of simulation of the downward displace­
ment of the thermocline at the northern (solid curve) and southern (dashed curve) ends of 
the lake, as evaluated by means of the complete, reduced-gravity model. The unperturbed 
depth of the thermocline, the dry season duration, the wind speed, and the relative density 
difference are h = 50 m, Tj = 4 months, v, = 5 m s-', and e = 6.3 x IP4, respectively.
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( B a l z a n o  1998) is implemented, consisting in setting to zero the water 
fluxes crossing the boundaries of every grid box in which the actual water 
column depth would become —  after one-time step —  smaller than a 
critical value, which is taken to be 5 ni herein.

A series o f numerical experiments is conducted, with different values 
of the model parameters, the results of which are in agreement with table 
1. A detailed discussion of this work may be found in N a it h a n i et al. 
(2002), along with an in-depth comparison with the available field data, 
which includes the identification of the main timescales of the thermo­
cline displacement by means of wavelet analysis. Typical numerical 
results are displayed in figure 7. The latter is qualitatively and —  to a 
large extent —  quantitatively similar to the analytical solution of the lin­
ear model presented in figure 8, indicating the relevance of the analytical 
solution (18). The tilting of the thermocline induced by the dry season 
wind stress —  from day 1 to day 120 in figures 7 and 8 — , and the oscil­
lations o f the thermocline may be found in all available field data, as may 
be seen in, for instance, C o u lte r  & Sp igel (1 9 9 1 ), N aithan i et al. (2002) 
and figure 9.

-2 0

36(1240120

Fig- S. — Evolution during the second year of calculation of the downward displace­
ment of the thermocline at the northern (solid curve) and southern (dashed curve) ends of 
the lake, as obtained from the analytical solution (18) of the simplified, linearized model. 
The model parameters listed in Ute caption to figure 7 are equal to those selected to obtain 
the present results. In addition, the friction parameter y Is set to 4 year'.
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S um mary . —  The analyses of the Great East African Lakes, Victoria, 
Tanganyika, and Nyassa-Malawi level records show synchronisms, which can 
only be accounted for large-scale mechanisms. The relations between lake-level 
variations and atmospheric circulation indexes are studied. This way, for the per­
iod 1946-2000, four indexes are selected to characterize the boreal autumn zonal 
circulation over the Pacific and Indian Oceans. Over the Indian Ocean two sur­
face Zonal Wind Index (ZWI calculated for October to December) are used. For 
the Pacific the Southern Oscillation Index (SOI) and the Niño 3 index (during the 
same quarter) are held to account for the El Niño Southern Oscillation (ENSO). 
This exploration shows that overall negative correlations between level fluctua­
tions (especially for Victoria and Tanganyika) are only obtained with Indian 
Ocean circulation indexes. If ZWI are highly correlated with ENSO indexes, 
except a positive correlation with Nyassa-Malawi, no correlations with ENSO 
events are shown. It seems tempting to consider that, for the 1946-2000 period, 
the autumn zonal circulation cell over the Indian Ocean may play a role in the 
equatorial lake level anomalies. Intense ZWI (abnormally strong western wind) 
is associated with deficient autumn rainfall followed by lower lake rise. On the
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