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INTRODUCTION

§ i
Stevin’s Arithmétique was published in 1585, theyear in which also The Tenth 

appeared. N o Dutch original was published, as in the case of The Tenth-, the 
Arithmétique was only presented in French. Bound together with the Arithmé
tique was another book, entitled Pratique d ’Arithmétique; it mainly dealt with 
commercial applications of the theory unfolded in the Arithmétique. These appli
cations included The Tenth and the Tables of Interest, which were thus published 
a second time, now in . a French translation. Added to the Arithmétique was 
Stevin’s own and very free version of the first four books of Diophantus, at that 
time available in a Latin translation by X ylanderi). Moreover, added to the 
Pratique was a treatise on incommensurable quantities, with Stevin’s explanation 
of the tenth book of Euclid’s Eletnents 2). When after Stevin’s death Albert 
Girard republished the Arithmétique, he not only added a few remarks of his 
own (clearly indicated), but also added Stevin’s Appendice algébraique, a short 
essay first published in 1594. At the same time Girard completed Stevin’s work 
on Diophantus by adding his own version of the fifth and sixth books 3).

The Arithmétique is thus a collection of several books, all loosely related to 
each other and centring around the main part, which deals with the arithmetic 
of integers, fractions, and irrationals, along with what we call the algebra of 
polynomials and the theory of equations. Apart from The Tenth and the Tables 
of Interest, published separately, the part dealing with equations is probably to 
us the most interesting section of the book. It gives us a late sixteenth-century 
approach to the theory of algebraic equations, including those of the fourth 
degree —  called, in Stevin’s words: “les équations de cinc quantitez”.

§ 2
Stevin’s Arithmétique is divided into two books, one on Definitions, the other 

on Operations. In the Definitions he explains his notation .and his classification 
of numbers in arithmetical, geometrical, and algebraic ones. What strikes us 
immediately when we begin to read the book is Stevin’s emphatic plea to consider

') D iophanti A lexandrin i Rerum Arithm eticarum  L ib r i sex . . .  A  Guii. Xylandro A ugusta- 
no incredibili labore latine redditum. (B asle, 1575). -  X ylan d er’s G erm an nam e w as W ilhelm  
H oltzm an  ; he w as a professor at H eidelberg . Rafael B om b elli, a professor at B o lo g n a , had  
already pu blished  143 prob lem s o f  D iop h an tu s in  th e th ird b ook  o f  L ’A lgebra  parte  
maggiore dell’A rithm etica  (B o logn a , 1572; there is a lso  an ed ition  o f  1579).

2) S tev in  k n ew  E u c lid ’s Elem ents prim arily from  th e L atin  translation by C lavius: 
E uclidis Elementorum libri X V ,  . . . accessit X V I .  D e  solidorum regularium comparatione . . . 
Auctore Christophoro Clavio (R om e, 1374, 2 v o ls , several later ed itions) -  C lavius (15 37— 
1612) tau ght at the Jesu it C ollege  in  R om e and w as an advisor to  P op e  G regory  X III  
o n  the calendar reform  o f  1582.

3) H . B osm ans, A n n . Soc. Sc. B ruxelles 35 (1 9 1 0 -1 1 ), I.e. (33) ind icates precisely  the  
relation b etw een  G irard’s ed ition s and th e orig in a l version s edited or su perv ised  by  
Stevin .
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one a number: “Que l ’unité est nombre”. W e here have to do with an opposition 
to a point o f view which had come down from the Greeks and which finds 
expression in Euclid’s Elements VII, def. 2: “Number is a multitude made up of  
units (¿továSes)”. The unit itself is not a number, since the origin or principle 
(ápxv) of a thing is not that thing itself. Similarly, a point is not a line, though 
it is its origin. This analogy between the point and the arithmetical unit was 
stressed in particular by the Pythagoreans, who taught that a unit is a point with
out position and a point is a unit having position, and whose influence was felt 
By Euclid. It appears that Stevin disagrees with this analogy. Two units, he points 
out, form a number different from the unit but of the same nature, but two 
points only form a point. If we wish to compare a point with an arithmetical 
concept, we had better take zero: a multitude of zeros is still zero. W e may call 
the point the “beginning” of the line (here we find the concept ápxv aga'n). 
and zero the “beginning” of number, “le vrai et naturel commencement”. This 
idea is found again in The Tenth, in the second definition, where the “begin
ning” is indicated by (Ô). Zero, therefore, is not a number in Stevin’s mode of 
thinking. He uses the symbol zero freely, but does not accept zero as a root of 
an equation.

But though he may exclude zero as a number Stevin is quite convinced that 
the traditional number concept, as it had come down from the Greek through 
the early Reñaissancé and especially from Euclid, was too narrow. This number 
concept included natural numbers as well as rational and certain irrational ones, 
the latter usually conceived as radicals. Stevin now draws the conclusion that 
number is a continuous quantity “as continuous water corresponds to a con
tinuous humidity, so does a continuous magnitude correspond to a continuous 
number”. There are, he states, no “absurd, irrational, irregular, inexplicable or 
surd numbers”. What he means is that one number, qua number, is not different

from any other, 2 is the square root of 4 just as s /2  is the square root of 2. 
We can only speak of incommensurability if we consider the ratio of two numbers, 
6 \ / 2  is rational in terms of '- \ /2, and irrational in terms of 2. Stevin is willing 
to include negative numbers in his number concept, though with some caution: 
they still are somewhat of a novelty to him. However, he draws the line at 
complex numbers, despite the fact that his older contemporary Rafael Bombelli 
had shown no such scruples, and had developed an algebra 1) in which our

5 +  7 y/-—1 is written as 5 p. | 0 m. 49 | and 5— 7 V — l  as 5 m. | 0 m. 49 | • Here
p. stand for più, m. for meno, and the new radicals are called più di meno 
when they are added, and meno di meno when they are subtracted (Stevin’s “plus 
de moins” and “moins de moins” in Probl. 69). Stevin does not see the use of 
these novel numbers: “There are enough legitimate things”, he writes, “to work 
on without need to get busy on incertain matter” 4 ) .

This extension of the number concept is typical of sixteenth-century mathe
matics; it is due to the enormous amount of numerical work which was done 
and to the general reluctance to let the Greeks dominate all intellectual endeavour. 
W e here witness a gradual process rather than a conscious break, and thus we 
find Stevin making concessions to the Ancients which look quite antiquated to us.

4) A rithm étique, p . 309
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An example of this is formed by the part of the Definitions which deals with 
“geometrical” numbers, numbers such as squares, cubes, roots, etc., still tradition
ally connected with geometrical figures (our terminology: “square”, “cube”, still 
preserves this ancient trait). However, Stevin breaks with the old Coss notation 
and introduces the new exponential notation of Bombelli to denote the powers 
of a given number, so that he writes

© 2 , © 4 , © 8 , © 1 6 .........
© 3 ,  © 9 ,  © 2 7 ,  © 81 ,   ;

in our notation: if a =  2, then a2 = 4 ,  cß =. 8, a* =  16..
if a =  3, then a2 =  9, a2 =  27, ai =z 81............

Here ©  stands for the / th power of a given number. Stevin is perfectly willing 
to take i fractional, ©  means a square root, ©  the root of a cube; thus ©  means 

VTsometimes he also w ritesV ©  instead of © • since ©  is the expression 
of the length of a line segment, ©  stands for a square, ©  for a cube, ©  for
a segment which is the mean proportional between the unit segment e and © :

Similarly ’ e • ©  — ©  • ©  =  ©  ; i .

Since space has three dimensions, the geometrical expression of ©  also calls 
for an artifice, and Stevin again uses a proportion

© : ©  = © : © ,
which, by comparing ©  and the cube © , expresses ©  as a rectangular block, 
having the square ©  for base, and a height such that the volume of the block 
is to that o f the cube in the ratio of ©  to © ;  here ©  and ®  are numbers. In 
the same way © , © , . . .  can be interpreted as solids.

This is a clumsy procedure. The way out towards spaces of higher dimensions 
only appeared in the nineteenth century at a level of mathematical understanding 
far different from that of Stevin’s days. However, there was another way out, 
which was implicit in Stevin’s work and was actually adopted by Descartes not 
long after Stevin’s death. It consisted in applying the method used to interpret 
© , also to © , © , @ , etc., and writing e: ©  =  © : © , © : ©  =  ©  : © . In 
this way every power can be expressed in terms of the unit line segment, and 
we have arrived at the correspondence between numbers and line segments on 
which analytic geometry is based 5). W e see in this example how great were 
the obstacles that had to be overcome in order to reach such a simple thing ■—■ 
simple to us —  as analytic geometry.

§ 3

The second book of the Arithmétique deals with Operations and consists of 
three parts. The first two parts do not contain much of particular interest to us;

6) E. J. Dijksterhuis, Simon Stevin, p. 7 2 .
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they expound the rules of ordinary arithmetic with integers, fractions, and ra
dicals, and teach proportions and the “regula falsi”. The subject matter does 
not differ appreciably from that of our present textbooks, e.g. the multiplication

and division of fractions such as ( a / 2 +  A/6 )  /  ( a / 2 +  \ / 4 ) , and the reduction 

o f  ]/ 7 +  \ /  48 to a /3  +  2. It is a little more elaborate than our present treat
ment, because Stevin insists on proving some of his results with the aid of geo
metrical figures in the Euclidean tradition, about which more is to be said below. 
He has our signs +  and — ; the sign of equality, if he needs it, is :. In an
other place he uses M  for multiplication, D  for division.

The third- section of this book On Operations contains the algebraic part, the 
theory of polynomials, and that of equations. Here we meet with “algebraic” 
numbers. To define them, Stevin again introduces the exponential notation (T),
but this time to indicate the ;'th-power of an indefinite quantity, i.e. what we 

usually denote by x‘v By a combination of these symbols we obtain an “algebraic” 
number, for instance

©  ©  ®  ®. ' , . , 

which amounts to what we now write as a0x3 +  axx2 +  a2x +  a3. Here the sym
bol (?) therefore stands not only for x’ , but for any positive multiple ‘of x ‘ ; the 
+  sign is omitted, if not required. When the coefficient is given, it has to be 
indicated: 5 ©  stands for 5 x4. In this case the sign for the summation or sub
traction appears 6) :

4 0 +  12 means 4 x +  12.

Stevin then teaches the principal operations with polynomials (multinomials, 
as he calls them), very much following the methods he used for expressions con
taining radicals. Here we find, for instance, the division of polynomials, such as
4x7 __ 2x6 __  6x5 -4- 9x4
---------------■-----------------------  =  2x3 —  4x2 -p 3 X This is followed by an original2x4 +  3X3 1 6 ■

idea of Stevin, the method for finding the greatest common divisor (G .C.D.) of 
two polynomials. He states that he was led to his discovery by some remarks of

*) W e have to  bear in  m ind that S tev in  uses B o m b elli’s exp on en tia l n o ta tion  in  fou r  
different w ays:

a) In  The Tenth, to  ind icate  decim al u n its;
b) in his Trigonometry, to  ind icate sexagesim al un its ;
c) \TlU  A rithm étique, to  ind icate p ow ers o f  a g iv en  p o s itiv e  nu m ber, in practice 2 or  3, 

hence to  ind icate  ou r  aP ; a  b e in g  a con stan t;
d ) a lso  in L.' A rithm étique, to  ind icate p ow ers o f  an ind efin ite  quantity , h en ce our x P  , 

and under certain circum stances ev en  a m u ltip le  o f  x P , h en ce ou r  a xP  . B ut w h en  th e a  is 
specifically  g iv e n , he w rites it, e.g. 5(4) m eans 5.V4. -  O n  B o m b e lli’s n o ta tio n , see  our in 
trod u ction  to  The Tenth; a lso : Iff. W ieleitner, Z u  Bombelli’s Bezeichnung der Unbekannten' 
und ihrerPotenzen, A rch iv io  d i Storia delle  Scienze 7 (1926), pp . 2 9 -3 3  ; B . B o rto lo tti, Sulla  
rappresentazione simbólica delle incognita e delle potenze d i essa introdotte da l Bombelli, ib. 8 
(.19*7), PP- 49~ 6 3-
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Pedro Nunes (1502— 1578), a Portuguese mathematician, whose latinized name 
of Nonius is preserved in the measuring instrument better called a vernier. 
Nunes, in his Libro de algebra 7) of 1567, had derived some methods for the 
factorization of certain polynomials 8). This brought Stevin in search of a general 
method to reduce rational algebraic fractions to their simplest form, to a discovery: 
the generalization of ;the Euclidean algorithm for finding the G.C.D. of two 
positive integers to two polynomials 9). This is the way we still find the G.C.D. 
of two such forms 10).

The remaining part of L’Arithmétique is devoted to the theory of equations. 
Before we discuss it, we have to report on one other aspect of Stevin’s notation. 
Though it is true that Bombelli’s exponential notation (7) is an advantage over 
previous notations which denoted every power of x by a symbol of its own, there 
is a difficulty when two or more indefinite quantities have to make their ap
pearance. W e now meet this difficulty by introducing other letters, y, z, etc.
Stevin cannot do this, and so, where we write y, y2  he writes sec @ , sec
@ ...........; where we continue with z, z2, .......... he writes ter (T), ter 0 .........  The

result is that the term which in our notation is — ----- , appears in L’Arithmétique

as 5 0  D  sec 0  M  ter 0 .  W e can now appreciate better the advantages of 
Descartes’ x, y, z . . .:... notation.

§ 4

The chief theoretical achievement of sixteenth-century mathematics is the 
development of algebra, and this development was primarily due to the advance
ment in the theory of equations. During this century the solution of the third and 
fourth-degree equations was added to the classical solution of the quadratic 
equation, and methods were found to deal with the numerical solution of equa
tions of higher degrees. The algebrists •—■ or “cossists”, as they were called —  
created an algebraic symbolism and improved the notations step by step. They 
abandoned the exclusive concentration on positive numbers, and admitted negative 
and even imaginary numbers. On the one hand these men showed increased skill 
in numerical work with large integers, fractions, and irrationals, on the other hand 
they reached greater abstractions in their treatment of equations.

The theory of equations reached the mathematicians of the Renaissance period

7) P . N u n es, L ibro  de algebra en arithmetica y  geometría (A ntw erp , 1567). T h is w as a 
translation by th e author in to  Spanish from  th e orig in a l P ortu gu ese . See H . B osm an s, 
Sur le “L ibro  de algebra” de Pedro N úñez, B ib i, m athem atica (3) 8 (1908), pp. 154 -169;  
id ., L ’A lgèbre de Pedro N unez, A nnaes de A cad . P o lyt. d o  P orto  3 (1 9 0 8 ), 50 pp.

8) See th e accou n t in  B osm an s, I.e. (7) B osm ans p o in ts o u t that th ere is n o  reason to  
believe  (as S tev in  seem s to  su ggest) that N u n es tried to  find the G .C .D . o f  po lyn om ia ls  
and failed.

9) Elem ents V II , P rop . I, II. E u c lid ’s p roo fs are geom etrica l, and m ake a d iscrim ination  
b etw een  th e cases that th e G .C .D . is 1 and =4= 1 ;this is d on e  because o f  th e assum ption  that 
o n e  is n o t a num ber.

10) F or  a m od ern  d iscu ssion , see H . W eber, Lehrbuch der A lgebra  I  (B raunschw eig , 
1898), p . 37.
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primarily in two ways 11 ) : through Euclid’s Elem ents'Li') and Al-Khwarizmi’s 
Algebra 13). Both were available in Latin translations 14), though Al-Khwarizmi’s 
book remained in manuscript. The two texts were not independent, since the 
Arabic writer showed the influence of the Elements. But whilst the Elements 
followed an abstract-geometrical pattern, the Arabic text contained numerical 
examples and used geometry only for illustration, or as a means of demonstra
tion. Since Stevin's exposition is strongly influenced by both Greek and Arabic 
writers, some understanding of their methods is necessary for the understanding 
of the Arithmétique.

§ 5
Euclid’s theory of what we call linear and quadratic equations has, at first 

sight, little in common with them. It is cast into the form of questions and de-

(2 )(n (3 )

Fig. 1

, n ) F or  a general ex p o sitio n , see  J. T r o p fke, Geschichte der E lem entar-M atbem atik  III 
(B erlin -L eipzig , je  A u fl., 1937), 239 pp . A n  appendix  con ta in s  sam ples o f  different 
n ota tion s, in c lu d in g  so m e taken from  S tev in ’s U  Arithm étique  o n  pp . 2 2 2 -2 2 3 . A  s o m e 
w h at different treatm ent o f  quadratic equations is fou n d  in J. T ro p fk e , Z u r Geschichte der 
quadratischen Gleichungen über dreieinhalb Jahrtausende, Jahresber. D eu tsch . M ath. V er. 43 
(1934), pp . 9 0 -1 0 7 ; 44  (1924), pp . 2 6 -4 7 , 9 5 _ I I 9 (O n Stev in , see  p . 119). C om p, a lso  D .  
E . Sm ith , H isto ry  o f  M athem atics II (B o sto n , N e w  Y ork , e tc ., 1925, X II  -  723 p p .), Ch. V I  
and  M . C antor, Vorlesungen I, II.

12) Euclidis opera omnia ediderunt J .  L .  H eiberg e t H . Menge, v o l. V I  (1896). See T . L . 
H eath , A  H istory  o f  Greek Mathematics', O xford , 1921, 2 v o ls . X V  +  446 p p ., X I  +  586 
p p .; id ., A  M anual o f  G reek Mathematics', O xford , 1931, X V I  -f- 552 p p .). T here is n o  
translation  o f  th e D a ta  in to  any m od ern  language.

13) T h e  A lgebra  o f  A l-K h w arizm i w as o n ly  available in  m anuscript co p ie s, either in  
A rabic or  in  L atin. In  1831 th e A rabic tex t w as pu b lish ed , to g e th er  w ith  an E n g lish  
translation: The A lgebra  o f  M ohammed ben M usa, ed. and transi, by F . Rosen (L o n d o n , 1831). 
See a lso  L . C. K arpinski, Robert o f  Chester’s L a tin  Translation o f  the A lgebra  o f  A I-K h o-  
rvari^mi (N e w  Y o rk , 1915, 164 p p .).

14) See e.g. th e translation  I.e. a)
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monstrations concerning the so-called application of areas (mxpaßoXr) tüv x<ùpîoùv) 
It is required to construct in a given angle a parallelogram, one side of which 
is to lie along a given segment PQ, while its area A  is to satisfy certain 
conditions. The area A  is given as that of a convex polygon, which can always be 
transformed into a triangle or parallelogram of given size and equal area. The 
simplest case is that of Elements Prop. I, 44, 45, where it is required to apply 
in a given angle to a given segment PQ as base a parallelogram of given area r . 
The construction is equivalent to the solution of the linear equation ax sin <p — T , 
when d is the length of segment PQ.

W e arrive at the equivalent of the quadratic ■ equation when to PQ is to be 
applied a parallelogram equal to a parallelogram of a given area A  and deficient, 
resp. exceeding by a parallelogram similar to a given parallelogram B (which, of 
course, has angle ¡p). This means (Fig. 1) that we have to find on PQ or its 
continuation a point R such that the parallelogram of area A on PR in case (1 )  
falls short of parallelogram PS on PQ by the parallelogram RS similar to B\ in 
case (2 ) exceeds parallelogram PS by the parallelogram QT  similar to B. In case 
(3 ) , where PS is equal to A, we are back to Prop. I, 44, 45.

Case (1) is solved in Prop. VI, 28 of the Elements. Bisect PQ at M  (Fig. 2) 
and erect on MQ  the parallelogram M Q IH  similar to the given one B; its 
area be À B, Construct at H  a parallelogram H T  along HI and 11 M  with area 
equal to À B— A, which requires )B~^>A. The vertex T  lies on diagonal HQ. 
Then parallelogram PT  is the required parallelogram on PQ of area A. Indeed, 
since area PT  =  area MS +  area M T  =  area MS +  area 27, area PT — XB —  
(AB— A ) -  A.

To obtain the algebraic equivalent of this construction let PQ be a, TR  =  x and 
RQ — ¡i x ( u given through parallelogram B ) . Then parallelogram PT has the area

d1x(a— ¡xx) sin p =  A, - — sin f  >  A.
4P

When we take <p =  90° (which does not impair the generality), we are led 
to the quadratic equation

fix2 —  ax -f- A  — 0, a2 A¡x A , fxT>0, dd>0.

For RQ — fix we find

H

p M R Q

Fig. 2
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The case ¡i — 1 corresponds to the application of an area deficient by a square, 
favorite with Stevin.

—  fiA is missing in Euclid. It is obtained by

placing the parallelogram of area A B— A  at H  on the continuation of OH. The new 
point R lies with respect to P as the old point R lies with respect tó Q  and thus 
offers no essentially new geometrical solution.

Case (2 ) is solved in Prop. VI, 29 of the Elements. The solution is very 
much like that of case (1 ) , which the exception that now (Fig. 3) the parallelo
gram at H  has the area À B +  A. W e find for the corresponding quadratic 
equation a x 2 +  ax —  A =  O  (<p =  9 0°), *C>0, 0.

H I

The root ¡xx =  — + K t

S T

Fig. 3

For RQ =  ¡xx we find jux =  — y  +  j / “̂ ~ +

The other solution makes no sense for Euclid, since it is negative. W e can
say that it corresponds to a new point R lying with respect to P  as the old point 
R  lies with respect to Q and offers no essentially new geometrical solution.

These two quadratic equations are therefore of the form I) ¡xx2 —  ax +  b —
0, or ¡ve2 — ax— b, II) ¡ix2 +  ax— b — 0, or ¡xx2 =  — ax +  b (¡x, a, ¿>>0).
The first type has two positive solutions for a2l>  4¡ub, of which Euclid mentions 
only one, the second type has one positive solution. There exists another type 
with one positive solution:

III) ¡ix2 —  ax —  b =  0, ¡xx2 =. ax +  b,
which does not appear in Euclid’s Elements. However, Prop. 84 of another 
book by Euclid, the Data 12) also deals with an application of areas, and this 
proposition requires (in geometrical language) the construction of two unequal 
segments x and y of given difference x— y — a ( x > y ) ,  forming a parallelogram 
of given angle ¡p and given area A. Then x— y ■=. a, xy sin <p — A, or

x2 s in  çp —  ax s in  rp —  A  — 0,
the equation of type III). In this case y =  x— a satisfies an equation of type 
II). This is substantially also Euclid’s solution, since he shows how Prop. 84 
can be reduced to Prop. 59 of the Data, which is equivalent to Elements 
VI 29.
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The Elements contain another approach to these problems, which we can
interpret as follows. If one of the positive roots is p, then type I can be written,
for fx zz l ,  as follows:

b =  p ( a - p )  =  ( | ) 2  ~ ( j -  p)*  (or: p ( p - a )  =  ( | -  p)2  _  ( | ) 2  

for p >  a) and type II:

b  =  P i *  + P)  =  P2 +  *p  =  ( P  +  y )2 — ( f ) 2 -
These identities are the (algebraic) content of two geometrical theorems,

listed as Prop. 5, 6 in Book II of the Elements. (Prop. 5 states that if  a 
segment a is divided into two parts av  a2, then the area of the rectangle with

sides ax, a2 plus that of the square with side ——-— -  is equal to that of the

• i  ^ 1  ""b  ein es (  a* —  ein aD)^square with side ——-— — = — ; ai a2 +   ̂ — —j =  —- take a2 =  p,

d1 =  (a  —  p ). These identities are demonstrated with the same figure used 
later in Prop. VI 28, 29. Euclid here confines himself to the rectangles, and 
since he only develops the theory of proportions in Book V, he does not use the 
concept of the application of areas; the coefficient of x2 in the corresponding 
quadratic equations is ju =  1. However, this formal relation to the theory of 
quadratic equations is the reason that many authors quote the Prop. II 5, 6 rather 
than those of Prop. VI 28, 29 as the basis of their geometrical theory of quadratic 
equations 15).

Quadratic equations also appear, in some form or other, in the works of other 
Greek authors known to the mathematicians of the sixteenth century (Heron, 
Diophantus). The main line of development, however, starts from Euclid.

§ 6

The Algebra of Al-Khwarizmi (Bagdad), c. 825 A .D .) 13) was so influential 
that the name “algebra” is derived from the Arabic title of his book. It attests 
to the influence of Euclid, but also represents a characteristic Oriental tradition, 
which can be traced to ancient Mesopotamian sources as far back as the second 
millennium B.C. 16). The emphasis is here on numerical computation; geometrical 
demonstrations are incidental and lack the axiomatic precision of the Greeks, 
while homogeneity is not preserved. Euclid never adds areas to lengths, Al- 
Khwarizmi has no objection to this.

Al-Khwarizmi has no algebraic notation, he writes his problems and answers

15) F or further accou nts o f  w hat has been  called th e “ geom etrical a lgebra”  o f  th e G reeks  
see  th e b o o k s on  E u clid  by H eath  I.e. 12) ; H . G . Z eu then , D ie  Lehre von den Kegelschnitten 
im  A lterth u m  (K op en h agen , 1886); L . C. K arpinski, I.e. 13), and E . J. D ijk sterhu is, D e  
Elementen van Euclides, 2 v o ls  (G ron in gen , 192g, 1930).

16) D escr ip tio n  and source m aterial in  O . N eu geb au er , The E x a c t Sciences in A n tiqu ity  
(P rin ceton , 1952, I X  +  191 pp .).
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out in full. He recognizes six types of equations, which the Renaissance authors 
often rendered as follows:

Latin

1) census aequatur radicibus
2) census aequatur numeris
3) radices aequantur ' nume

ris
4) census et radices aequan

tur numeris
5) census et numeri aequan

tur radicibus
6) radices et numeri ae

quantur censui

English

square equal to roots 
square equal to numbers 
roots equal to numbers

square and roots equal to 
numbers
square and numbers equal to 
roots
roots and numbers equal to 
square

modern notation

X2 i= ax 
x2 =  a 
ax — b

*2 q. ax — b

x2 +  a =  bx

ax +  b =  x2

The coefficients are all positive. The types 5), 4 ), 6) are the three types I, II, 
III o f Euclid. Al-Khwarizmi illustrates each type by means of one typical example.

I) x2 +  21 =  10 x, II) x2 +  lOx =  39, HI) x2 =  3x +  4.

These examples became standard ones. L.C. Karpinski remarks that “the 
equation x2 +  lOx =  39 runs like a thread of gold through the algebras for 
several centuries” 17)'. The solution is first obtained by using a certain recipe, one 
for each case:

I) x =  5 ±  =  5 ±  \ ' 4  -  5 ±  2 =  7 or 3,

II) x =  \ /  25 +  39 —  3 =  V 6 4  — 3 =  5,

' = ) / " ¡ | ) V ¡ 1+23 = ] / ¡ I  + }  = •*.

In type I) Al-Khwarizmi gives both roots. Only positive roots are recognized. 
In the first type of the Latin list, x2 =  ax, the only root is x — a\ the root 
x =: 0 is not recognized, since 0, as we have seen, is not considered a number 1S) .

The arithmetical formula for the solution of quadratic equations requires a 
proof, which Al-Khwarizmi gives by following the Euclidean procedure. Since 
all his examples have 1 as the coefficient of x2, the application of areas can be

17) L . C. K arpinski, I.e. 13), p. 19.
1B) F . R o sen , I.e. 13), p. 5 ; L . C. K arpinski, I.e. 13), p. 67 (“ nih il aliud esse  nu m eroru m , 

n isi q u od  ex  un itatibus co m p o n itu r” ). T h e  con cep t is o f  G reek  or ig in , see ab o v e , pp . 2 -3 .



performed with squares. For x2 +  io  x =  39, Fig. 3 is used, in the following 
form (Fig. 4):

H I

25 5 a

Q

5a: x 2

2 5
4 ■ J *

2 5
4

” • - 5  V 5 V

2 5 5 V  -■ 2 5
4 ? 4

L S T
Fig. 4 Fig. 5

This can be changed into a more symmetrical form (Fig. 5). In Fig. 4 the 
“gnomon” 1QMLT has area x2 +  10 x =  39, in Fig. 5 the shaded cross has 
the same area. The large square has area (x  +  5 )2, the “quadratic supplement”.

For x2 +  21 =  10 x, Fig. 2 of Euclid is used (with a slight modification; 
6) :  H I

P M R Q
Fig. 6

N o figure is given for the second root. For x2 =  3x +  4 =  ax +  b a special 
figure appears (Fig. 7) 19):

f  .

H 1

M Q
Fig. 7

«
I
I
I
I
I
I
I

X
I
I
I
t
I
I
ÿ

lfl) F . R o sen , Le. 13), p. 19, L . C. K arpinski, Le. ls), p . 87.
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If PQ =  a, M Q — a/2, then square HQ  —  (a/2 ) 2 ,  square M D  —  ( d / 2 ) 2 -f- b, 
then TR =  x.

Al-Khwarizmi solves many other quadratic equations, such as x2 — 12x +  288;

IO _ V y 1
(10  —  x )2  +  * 2  -(-(10 —  x )  —  x  =  54; ------:------- 1--------------- =  2 — In later
v '  v x  10 -  x  6

authors, writing in Arabic, we also find quadratic equations with irrationals: thus 
Abu Kamil, “the Egyptian calculator” (c. 900 A .D .) 2 0 ) ,  has equations such as

( x +  Vi)  (x  +  V 2) =  2 0 , X  =  " |/2 1 - |— I- j / l 4  j /ó  — j / y  — J /y .

§ 7
The mathematicians of the Christian world followed Al-Khwarizmi and 

other Islamic authors, such as Abu Kamil, both in their numerical work and in 
their geometrical proofs. They recognized the three types of quadratic equations, 
solved them either by a formula or by completing the square, and then had a 
figure equal to or resembling the Euclidean rectangles. Gradually some changes 
appeared. In the first place, an algebraic notation was developed, different in 
different authors; symbols like + ,  — , ]/ made their appearance, and the nume
rical symbols began to look like ours. Michael Stifel (c. 1487— 1567), in his 
Arithmetica integra (1544) 21), tried to find one formula for the solutions of 
all three types of quadratic equations. For this purpose, he wrote the equations 
in the following forms:

I) x2 =  ax —  b, II) x2 — b —  ax, III) x2 — ax +  b, so that, in Stifel's 
eyes, the solution of a quadratic equation was equivalent to the determination of 
a root, “radix” : x — V &  —  ax> etc- Then Stifel’s Unica regula Algebrae consists 
in the one formula

* =  ] / (f } ± b ±  j ,

w here a and b have the same sign  in the form ula as they have in the equation. 
A fter certain in itials in the Latin form ulation o f  the rule, it was called  
A M A S IA S  2 2 ) .  T h is, how ever, is in reality not a sin g le  form ula, since S tifel a l
ways had to explain  w hen  to add, w h en  to subtract. T h e first actual “unica  
regula” is due to Stevin.

20) L . C. K arpinski, The A lgebra 'o f A b u  K a m il Shojac ben A sla m ,  B ib i, m athem . (3) 12 
(1 9 1 1 -1 2 ), pp . 40 -55  ; id ., The A lgebra o f  A b u  K am il, A m . M ath. M on th ly  21 (1914), p p . 
37-48 .

21) M . Stifel, A rithm etica  integra (N u rem b erg , 1544), fo l. 241.
2!) I.e. 21), fo l. 48, 248 -250 .
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An example of Stifel’s notation is 1 J  aequatur 1 IQ. +  35156 for * 2  —

x +  35156, J  standing for “census”, and Xfi. for “radix”. This is a typical 

notation of the so-called Cossists.

Geronimo Cardano, (Cardan, 1501— 1576), in his Ars magna (1545) 23), 
had no rule of unification, but had a rule expressed in verse, quoted in Probl. 
68 of the Arithmétique. He was, however, freer than Stifel in his occasional use 
of negative roots ( aestimatio ficta 24, e.g. * 2  =  4x +  32, x -  8, —  4) and even 
of complex ones. Solving the set of equations x +  y — 10, xy =  40, he found:

x =  5 +  V — 15, y -  5 —  V — 15,

in his notation:

5p : m : 15, 5m : m : 15,

“quae quantitas vere est sophistica” , he added 2 5 ).

In his acceptance of complex numbers Cardan may have been influenced by 
Bombelli, whose Algebra, however, was not published until 1 5 7 2  2 5 ) . Here 
negative and complex numbers were, accepted quite freely, though the emphasis 
in their use, as in Cardan, was on cubic rather than on quadratic equations. Bom
belli s notation for x,x2, ........ is  ; this is the beginning of an ex
ponential notation and adopted by Stevin. By this time the algebraic work had 
become quite independent of any geometrical interpretation, but Bombelli still 
found it necessary to interpret his solutions of quadratic equations with the aid 
of the Euclidean square figures. Even Stevin maintained this tradition.

§ §
The numerical solution of the general cubic and biquadratic equations was an 

achievement of the sixteenth century and was felt at the time as a great and 
revolutionary discovery. For the first time mathematics had passed beyond the 
limits of the centuries-old Greek-Arabic cultural domain. The importance of this 
step was enhanced by an atmosphere of public disputations and nasty priority 
squabbles. Cardan’s book, which made the discovery known to the learned world 
at large, was proudly called Ars magna.

In our days, when this chapter of algebra has become a minor and slightly 
boring part of the theory of equations, some effort is required to understand 
what its development meant historically. It stimulated numerical work and im

23) H . Cardanus, A r t i s  magnae, sire de regalis algebraicis liber unus. N urem berg , 1545 ,fo l 3 
verso.

24) I.e. 23), fo l. 66 recto.
25) R . B om b elli, L ’A lgebra  (B o logn a , 1572; another ed. 1579); abstract in  L ’A lgebra  

Opera d i R afael Bombelli da Bologna L ib r i I V  e V  . . . puhi, a cura d i E .  B ortolotti (B o- 
logn a , 1929, 302 p p .), pp . 25 -46 .
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proved its notation, made mathematicians familiar with negative and complex 
numbers, helped to remove the Euclidean conventions still adhered to in algebraic 
work and the associated acceptance of the homogeneity of the equations. It 
encouraged further pioneering in equations of degrees higher than four, and the 
study of the theory of equations in general. Girard, Stevin’s editor, was the first 
to state that every equation of degree n has n roots 2 6 ),

Equations of degrees higher than two, or problems leading to such equations, 
appear occasionally in Greek and Arabic literature. The most famous of them 
are the problems concerning the trisection of the angle and the duplication of 
the cube. The only systematic treatment of cubic equations before the Renaissance 
“cossists” is that of ‘Umar Al-Khayyämi (Omar Khayyam, c. 1038/1048 - c. 
1123/24, Nishapür, Persia), who solved cubic equations by the intersections of 
conics 27). The method itself was not new and of Greek origin. Omar only knew 
positive roots and gave no numerical examples. However, there is no evidence 
that his work influenced the “cossists”. Paciolo, in his Summa (1494), declared 
that the solution of equations of degrees higher than two was still wanting: 
‘Tarte ancora a tai caso non a dato modo si commo ancora non a dato modo al 
quad rare del cerchio” 2 8 ).

The solution of the cubic equation, found in the early sixteenth century at 
the university of Bologna by Scipio Del Ferro and his associates, was rediscovered 
by Tartaglia and published by Cardan in his Ars Magna 29). The solution, called 
after Cardan, requires that there be no term in x2, but Cardan showed how this 
can always be achieved by a substitution. For instance, the equation x 3 zz ax% +

¿¡2 y 2u&
b can be transformed into y3 =  — — 4- -----  +  b by the substitution x =

3 27 ■

y +  a/3. Since Cardan knew only positive coefficients, he started with 13 dif
ferent types, but he managed to reduce them to the three types:

x3 =  ax +  b, x3 -f ax =  b, x3 +  b =  ax.

The second type was the starting point of Tartaglia, who solved it by writing

u —  V — b, uv — (—) , and found 
3

x =  1 u — 13  ̂V

26) A . G irard, Invention nouvelle en l ’algèbre (A m sterdam , 1629), fo l E  4 ; n ew  ed . A m 
sterdam  (1889).

27) The A lgebra  o f  Om ar Khayyam, by  D . S. K asir (N e w  Y o rk , 1931, IV  -  126 pp .)
28) Summa (1494), fo l. i5or .
2i) T h e  story o f  th e d isco v ery  o f  th e  so lu tio n  o f  th e th ird -degree equation  has o ften  

b een  to ld . See, for  instance, th e  h istor ies o f  m athem atics by M . C antor, F . Cajori, G . 
L oria, et al., or  O . O re, Cardano, The Gambling Scholar (P rinceton , 1953, 249 p p .). A lso :  
E . B o rto lo tti, U algebra  nella scuola matemática bolognese dal secolo X V I , P er iód ico  d i M a
tern. (4) 5 (1925), pp . 1 4 7 -1 8 4 ; id., M anoscritti matematiche, riguardanti la storia dell’A lgebra, 
esistenti nelle Biblioteche d i Bologna, P u bl. Circ. M at. di Catania, E sercit. M atem . 3 (1923), 
pp. 6 9 -9 1 .
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Cardan gave corresponding solutions of the other cases. He reduced the case 
x3 +  b — ax to that o f y3 =  ay +  b by showing that in this case y2 — xy =  
a —  x2, so that one value of y gives two values of x. Cardan recognized that 
there may be three roots {e.g. the equation x3 +  lOx =  6x2 +  4 has the roots
2, 2 +  \ / 2, 2 —  \ / 2) and remarked that their sum is equal to the coefficient of 
the quadratic term. He studied the general cubic equation, and also admitted 
complex roots 30). He tried to add a geometrical interpretation to the solution 
of the cubic equation, but did not get very far. The study of cubic equations 
was thus an important factor in the gradual elimination of the Euclidean ap
plication of areas from algebra.

Cardan’s Ars magna also contains Ferrari’s solution of a biquadratic equation 
by the reduction of the problem to that o f a cubic equation 31). Ferrari’s example is

*4 _)- 6x2 -f. 36 =  6 0x,

which he solved by adding to both sides first 6x2, than 2y (x2 +  6) +  y2. He 
obtained in this way: -

(x2 +  6 +  y ) 2 =  (6  +  2y)x2 +  60x +  (12 y +  y2), 

the second member of which is a perfect square in x, if

V (2 7  +  6) (1 2y +  y2) =  30, or y 3 +  1 5 ^ 2  +  3 6y =  450,
which gives what we call the cubic resolvent, to be solved by Cardan’s method 32). 
Cardan explained that biquadratic equations can have four roots. —  Bombelli’s 
merits mainly consist in the competence he shows in the numerical handling 
of cubic equations, including those with imaginary roots. He also faced the 
“casus irreducibilis”, where the equation x3 — ax +  b has a real root appearing 
as the sum of thé cubic roots of two conjugate complex expressions. If x3 =

■ ax +  b, then

3

this case presents itself when ( —)2 <  (-^-)3; Bombelli understood this 

to mean that the two cubic roots must be conjugate c o m p le x  3 3 ) .  Bombelli also

30) A n  ex ten sive  study o f  th e A r s  magna in  N . L . W . A . G ravelaer, Cardano’s transmu- 
tatiemetboden, N ie u w  A rch ief v . W isk . (2) 8 (1909), pp . 4 0 8 -4 4 3 . T he three transform ations
used  by Cardan to  transform  cu b ic  equations o f  o n e  k in d  in to  another w ere x  -) y ,
x  =  y  ±  k , x  = y / k .

31) A r s  magna, cap. 39, fo l. 22 v .
33) C om p. E . B o rto lo tti, Sulla scoperta della r ¡solucione algébrica delle equa^ioni del quarto 

grado, Per. d i M atem . (4) 6 (1926), pp . 21.7-230.
33) L ’A lgebra  (1572), pp . 29 3 -2 9 5 . Cardan, in  th e seco n d  ed ition  o f  th e A r s  magna 

(Basel, 1570), a lso  d iscussed  th e casus irreducibilis in  h is so-called  Regula A lig a ,  bu t re
m ained, as S tev in  rem arked, rather vagu e  (LI Arithm étique, 1585, p . 309), See a lso  
E . B o rto lo tti, L a  triseccione dell’angolo ed i l  case irreducibile dellaequa^ione cubica ne IPAlgebra di 
R . Bombelli, R end. A ccad . Sei. 1st. B o lo g n a  19 2 2 -2 3 , 16 pp.
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solved some equations, o f the fourth degree, e.g. x* +  8*3  +  11 — 6%x, for 
which hè found two roots: x =  —  1 ±  \ / 12 34).

§ 9
Stevin’s theory of equations testifies to great skill, but is not particularly 

o r i g i n a l  3 5 ) .  In his theory of quadratic, cubic, and biquadratic equations he fol
lows his “cossist” predecessors, óf which he mentions Paciolo, Cardan, Tartaglia, 
Stifel, Bombelli, and Nunes. He quotes “Mahomet”, which may mean that he 
had studied a manuscript of Al-Khwarizmi, but may also indicate that he took 
the name from Cardan or some other author. A new feature in his work 
is a curious theory for explaining the character óf an equation, which he thinks 
will help to overcome the difficulty of those people who think that an “equation” 
is something unusual. This seems to have been a common reaction in the sixteenth 
century, since we also find Stifel interested in explaining the difficulty away. 
Stifel, we have seen, explained a quadratic equation as the taking of a square root, 
e.g. x =  \ /  ax +  b. To Stevin another point of view appealed more. An equation, 
says Stevin, is nothing but a proportion, and solving an equation is simply equi
valent to applying the well-known rule of three. The three types of quadratic 
equations, for instance, can be written as follows (in modern notation) :

2 2 2 
x  __ x  x    X x

b — ax p  ' ax — b p  ’ ax  +  b

provided we add the condition that x  =• p. This does not seem a particularly 
helpful remark, but it must have had a clarifying effect on some of Stevin’s 
contemporaries, who were brought up on the rule of three 3 6 ) .  For instance, 
when Stevin wrote: “given three terms, of which the first is @ , the second 
the third an arbitrary algebraic number, to find the fourth proportional term”, 
or, in our notations:

34) L ’ A lgebra ibid.
35) A n  ex ten sive  study o f  I d  Arithm étique, and o f  S tev in ’s th eory  o t  equations in parti

cular, by  H . B osm ans is to  be fo u n d  in  th e fo llo w in g  papers :
N otes  sur l ' A rithm étique de Simon Stevin, A nnales S oc . scient. B ruxelles 35 (1 9 1 0 -1 1 ),  

2e partie, pp . 3 0 5 -3 1 3 ;
Remarques sur l ’A rithm étique de Simon Stevin, M athésis 36 (1922), pp . 16 7 -1 7 4 , 2 2 6 -2 3 1 , 

2 7 5 -2 8 1 ;
L a  résolution des équations du 3e degré d ’après Simon Stevin, ibid. 37 (1923), pp . 2 4 6 -2 5 4 , 3 0 4 -

311, 341-347;
L a  résolution des équations du 4e degré chez Simon Stevin, ibid. 39 (1925), pp . 4 9 -5 5 .

See a lso  th e lo n g  extracts in  G . M aupin , Opinions et curiosités touchant la mathématique 
(d eu xièm e série). Paris, 1902.

36) S tev in ’s interpretation o f  equations as p rop ortion s w as criticized  by  V iè te  in  A d  
problema quod omnibus mathematicis totius orbis construendum proposuit A drianus Romanus 
Francisci V ietae responsum (Paris, 1595), Cap. 2, fo l. 2. S tev in  is n o t m en tio n ed , on ly  
R om anu s, w h o  had adop ted  S tev in ’s interpretation.
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he meant what we express by the equation

2 __x 7 = a x + b .
ax  +  b p

In his theory of quadratic equations Stevin also tried to improve:on Stifel, 
who in his rule AM ASIAS  had given one single formula for the solution of all 
three types of quadratic equations. However, Stifel failed to explain when to 
use + ,  and when — . Stevin’s rule is such that the directions for solving these 
equations have the same words in all three cases. He arrived at this by writing 
the equations in Stifel’s form and considering a negative term, such as :—ax, as a 
term with coefficient — a. Where Stifel still had to make a difference between 
adding and subtracting, Stevin could always say “adding” 3.7). He proved the 
correctness of his formulation by an algebraic reasoning, since the classical geo
metrical constructions are typically different in the three cases. With Stevin we 
therefore have essentially our present single formula for the solution of all 
quadratic equations, and this in itself was another step in the. gradual elimination 
of all Euclidean proofs from algebra. Stevin even included the case of a. double 
root.

Stevin had no objections against negative roots, but felt that they called for 
an explanation. They, are, he stated, the positive roots of the equation obtained 
by changing x  into x. The idea of introducing negative numbers by changing 
the sense on a line is a thing, of later age. The concept of directed magnitudes 
was still undeveloped. '

W e have already seen that Stevin rejected complex roots. Even much later,' 
after mathematicians had —  almost grudgingly —  accepted them, they were felt 
as something awkward. This did not change substantially until Gauss related 
them also to the concept of sense, this time in two dimensions.

For Stevin’s ample discussion of quadratic, cubic and biquadratic equations we 
may refer to the text. He has an excellent exposition of the theory, covers all 
cáses, and shows a considerable computational ability in handling them. It was 
probably the best exposition of this theory so far presented.

W e have not reproduced the whole text, but have made those selections which 
can best give an idea of 16th century algebra and arithmetic and in especial 
show Stevin’s characteristic methods of exposition.

§ io
Another contribution to the theory of equations is to be found in the Appen

dice algebraique of 1594, which Girard later inserted in the text of the Arithmé
tique, as a Corollarium to Problem LXXVII. This Appendice originally ap
peared as a pamphlet of six pages, of which only one copy preserved in the 
University library of Louvain was known. The fire which destroyed this library 
in 1914, during the first World War, also destroyed this pamphlet 38). It con
tained, as “appendix” to the Arithmétique, a numerical approximation of a po
sitive root of an equation of any degree.

S7) Cardan had already m ade th e rem ark that to  add —  m eans to  subtract +  : “ qu am vis  
m in u s cu m  additur . . . p lu s cu m  detrahitur” , A r s  magna, Cap. X V III .

8B) O n  th e h istory  o f  th is b o o k  in L ou vain , see  Ph. G ilbert, Bull. A cad . roy. B elg iq u e  
(2e  sér.) 8 (1859), pp . 1 9 2 -1 9 7 ; H . B osm ans, A nnales Soc. sc. B ruxelles 30 (2 part.) 
(1906), p. 275 ; H . B osm ans, N o u v e lle  b iograph ie  nationale X X II I  (B ruxelles, 1924) art. 
Stevin.
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Cardan had already published such a method, substantially an extension of  

the rule of the doubly false supposition. Let f (x )  =  a0x ” +  a ^ ”'1 +  . . .  +  
ax — k be an equation with positive coefficients. Then, if for a positive 
integer x — a the inequalities i( a )  >  k, f  (a +  1) <  k hold, there exists a 
root x between a and a +  1. If we write

f(x )  -  f (a) 
f ( * + l ) - f ( 0  ’

then 0 <C. 1 and we can take x =  a +  0 as a second approximation. In this way 
we can proceed further 3 9 ) .  Stevin’s method is different and holds fo.r equations of 
the form f(x )  =  g (x ) , each member having only positive coefficients, such as
*3 — 300 x  +  33915024. He first finds a value x =  10* ( i  a positive integer)

such that f(10*) <  g (10*), f(1 0 * + 1) >  g (10*+ l ). Then he tries out 2.10*,
3.10 * , . . . ,  9.10 * till he finds a number a. 10* such that f(i«.10* ) <  g(d ,10*)>
{(a  +  1.10* ) >  g (a  +  1 .10*), etc. After having found the integer part of x

(in his example 323), say x — A, he tries ^, k — 1,2, . . . , 9, etc.

Stevin did not apply his decimal notation, though the article was published in 
1594. He mentioned that his' friend Van Ceulen also had a general method 
of solution. This may be true, but we do not know this method, since Van Ceulen 
never published it.

§ U

Stevin’s version of the first four books of Diophantus does not claim to be 
a translation. Stevin simply used Diophantus’ text as a source for problems which 
he could solve with the aid of his theory of equations. When he found it con
venient, he also changed the numerical values in the problems. He was en
couraged in this free treatment of a classic by the fact that Xylander’s translation 
was based on a bad Greek text anyway. The result is that Stevin’s Diophant is 
simply a continuation of the theory of equations in the Arithmétique. W e have 
not republished this part. The genuine Diophantus is now readily a v a i l a b l e  4 0 ) .

Nor have we republished the first section of the Pratique, which deals with 
problems of commercial arithmetic, or the last part of the section, which contains a 
treatise on incommensurables with an explanation of the tenth book of Euclid. 
Stevin first gives, in Euclid’s spirit, a geometrical interpretation of radicals of the 
form y/a —  \Jb, and then reinterprets Euclid’s classification of these forms in 
terms of radicals. It is a creditable performance, but offers little which interested 
readers cannot find much more easily in modern commentarises 4i ) .

39) T h is w as th e “ regu la aurea” , A r s  Magna, Cap. X X X , fo l. 53. Cardan app lied  it  to  
severa l cases, e.g. x* +  3 x 3 =  100.

40) See D iophanti A lexandrin i Opera Omnia cumgraecis commentariis ed . P. T annery. 2 v o l. 
L ipsiae, 1893, 1895 or th e F rench translation: Diophante d ’A lexandrie . . . oeuvres traduites
. . . p a r  P . V er  Eecke (B ru ges, 1926, X C I +  299 pp .).

“ ) T . L . H eath , The thirteen Books o f  E uclid’s Elem ents V o l. III (C am bridge 1908) 1-25 5.
E . J. D ijk sterh u is, D e  Elementen van Enclides II  (G ron in gen  1930). 167-199 .
R uth  Struik in  G li E lem enti d ’Euclide e la critica antica e moderna, editi da Federigo E n 

riques. L ibro X  (B o lo g n a  1932).
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contenant entre autres,Les Tables d 'Int ereil, La Dijhie-, 
E t vn traifté des lncommenfurables grandeurs :
Auec l'Explication du Dixtefme Liure d’Euclide.

A  L E Y D E,

De l'Imprimerie de Chriftophle Plantin. 
c I d. I d. l x x x v .
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A V T R E S D O C T E  
E T  V E R T V E V X
S E 1 G N E V R M”'* I E H A N

C O R N E T S  D E  - C R O O T.

o  M B I EN qu'entre tes diuer- 
fes inclinations que la Nature a 
diitribué aux Hommes, ilm 'eil 
efcheu pour ma p a rt,  le defir 

d  entendre ebejes rares ¿fans ,  belos! fournir 
attaindre le but propofé : Si eil ce toutefois 
qu'elle y  a tellement pourueu, ¿pue l'ennui de 
l'attente e il aucunement foulage, par le confort 
procédant de l'efpoir de quelque fois y  paruenir. 
¿Mais comment* fertespar la continuelle fami
liarité, mon Treshonnoré Seigneur¡laquelle 
ma rendu certain, nonfeulement de voilre in- 
fatiable &  flagrante cupidité ,  de comprendre 
chofes hautes &  vertueufes • mais q ii outre 
cela vous eilies heureufement paruenu à U 
cognoijfance de plufleurs my iteres . Q  qui, d 
caufe de Voilre benigne communicatiue af- 
fcSlion, n i e il deuem comme ferme refuge de

* 2 mes

s



mes difficulté^. Car, quelle partie de la 'Thila- 
fophie fe pourroit il rencontrer, que Vous ny  
foiezjversé¿ non pasfelon le Vulgaire¿ mais par 
folide intelligence des caufes ? Certes les discipli
nes ¿Mathématiques m’en font en partie tefl 
moinagej veu qu’entre autres les fubtdrJTro- 
blemes f tj Theoremes Catoptriques d’Alhazj- 
ne, Viteüe, (flg d’Euclide,  ne vous pouuoient 
contenter, fans veoirpar I'experience leurs ra
res ejfeSis,préparant,(çffaijant preparer en 
toute diligence, les appareils y  neceffaires. ín  la 
Mufque ,par dejjus l’exercice de la voix, des 
Inßrumens,Voire de la Compofition,en laquelle 
(fiI on peut croire l’effie SI) vous n’eBespasdes 
moindres: Vous <~vous efies encore diligemment 
exercé en la Therorie d’icelle, nous en propofant 
&  refoluant argumens non vulgaires. Q m nt 
à voBre érudition en la Jurisprudence, 'rPhyfi- 
que,tffi Toefie, elle eB notoire à vn chafcun s 
mais à moi en particulier, vofire diligence 
trauail, en l’auancement des chofes tendantes à 
l’Vt 'ditède la ̂ publique: lefquelles [momnant 
que laueugle ennemie de ‘Raifon, ou la termi

nante
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nante doto ne tempefcbent) feront plus gran
des que l'on n a attendu des Hommes de noflre 
temps: de forte que te me fens faire aucunement 
mondebuoir, quandieïludie ¡¿r m efforce ,  de 
faire chofe agreable à voßre ireßäuHre Efprit : 
(e que ie ne puis mieux faire pour ceñe fois, 
qu'en "Vous dédiant l'Arithmétique, enfemble 
¡a Pratique di ce Ile 3 meflees d’aucunes ( telles 
quedes font) miennes inuentions ,  propres à 
mon auifjpour l’vtilité commune : L ’audnce-  
ment projferité de laquelle eftant Voßre 
delegation & ßnguliere eßude, ie ne doubte 
point quelles ne vous donneront quelque con
tentement. ‘Receues doncques bemgnement,  ce 
tefmoinagedezfile, &  d'immortelle ajfeSñon, 
de celuy qui fouhaitel’heureufe ijfue de tous Vô  
hauts &  vertueux conceptŝ  ceU de

L entièrement voftre.
Simon Steuin.

* 3 Á D

Note: The dedication is to Johan Cornets de Groot (1554— 1640), burgo
master of Delft from 1591/95, father of Hugo de Groot (Grotius, the author 
of De Jure Belli ae Pacis (1625), see Vol. I, p. 6, note 15). The poems are by 
Dominique Baulde (le Bauidier, 1561— 1613), in 1603- professor extraordinarius, 
in 1613 professor ordinarius, at Leiden, Franciscus Bertie Angius, apparently 
an Englishman, and the same Johan de Groot, first under an anagram of Janus 
Grotius, then under one of Ian de Groot. Another poem by de Groot: Vol. I, 
p. 51.
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A D

S I M O N E M  S T E V I N V M  

B R V G E N S E M .

¿Multas Uruga, aliis exaquat laudibus yrbes, 
At cuntías anteit laudibus ingenij.

Teííes totpajjtm poptdos 'Vulgata peromnes 
Nomina "vel potius numma quapeperit.

lilts non Sophiapars Vila intatla remanfit 
Quampotis humanapercipere arte labos.

Sola ¿M ithematice miro tendebat amore 
(jdtorem e celebri dekgere yrbefibi.

TendebatfruBrà,fine te S t e v i n e  fuijfet: 
Qui Diuam ojfkioprofequerere tuo.

Fœkx tu ‘Tatria, f œkx te ‘Tatria alumno: 
Sed mage in hoc fcelixcTatria parte tarnen,

Quopreciofior efl mortalis muñere vita, 
Nafcendique breuijorteperennis hones.

D om inicas Baudius Iníúknfís.

I  N



I N  O P V S  S I M O N I S
S T E V I N I  B R V G E N S I S.

Gracia Dulicbium mirata eflfRçma Catonem: 
E t cDemoflhenicos Attica turba fonos. 

EßquodiaSlet opes noto te, Telgia STEviN, 
laSlabitprimum te, tuaTruggafrnrn. 

Fœhces quibus iita  licent: funt iii a iaborts 
(  Credo mihi)meritipramia digna tui.

Tam bené fuccedunt non omnibus omnia . 
S T E V I N 

JQuàm bene fuccedunt bac tuafcriptatibi. 
Sß aliquidfcriçto dotîis placmjfe: perttos 

At que etiam ignaros qui docet, Ule docet. 
Hoc opus, hic labor eß, Ulo tibigratuloripfb 

Ars tua tam facih quoddocet ire via.
Non quodAritbmeticamfacile eß docuiJfe,Ma~ 

gißro
Te fine (vera loquar)  non bene do Sla fu it. 

Sic numéros numerareprias,poß Addita prm is 
Quam bene conueniant̂ rs tua doSla docet. 

Nec fatis hoc,numero cum fint Diuifà priori. 
N i docens qua quis Subtrabat arte v  'tam.

* 4 FraSttquz
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Frafiláque per partes, numeroreddenda priori, 
E t non fiafila pr im , qua ratione potes. 

zAFjjice quam doka qmarRadixfcribitur arte, 
Afince quam bette ß t legula[cripta Trtum. 

Teq. autor(Diophanté)iterumfic traxit ab Orco 
Vt noua,que nofmtjhec tuaƒcripta putent. 

Seu numerare voles, feu menfurare hbebit3 
Hue ades: tile tibípreBat vtrumque Uber. 

Sic patria prodejfe fludes, fie nafeimur otanes, 
Quam tum inpatriam eB ojficiofus amor ! 

Vade liber,neque tepudeat recitare MagtBrum 
Sed caput attouas do filaper ora virtm .

Franciícus Bertic Angius.

D E



D E  O P E R E  O P E R I B V S Q V E  
A V T O R I S  S E R M O ,

D I e r is  intermijfa diu, intermiffus Apollo, 
JntermiJJa Charts, intermijjique labores 

fngenui antiquo fatagunt mcludere ludo 
¿Militia Socrae, defertorem. Quid amias,
Quid "Tatria, quid debuerim Maioribus, ftp 

quid
Tofiremu mihi,nulla Vnquam me obliuio cepit: 
Quid vero, tibi STEviNr, ignorantiacrajfa. 
^Proximus ergo dolo lat am committer e culpam, 
Improbas &  potui crape ignorare quodomnes 
Seu normt,ßue ignorent3noJfent tarnen omnes, 
Optandum fimul3atque operapretiûforet} atqui 
(redo equidens normt communiter, aut melior 

pars.
Non ego iam dico m o n  a d i  fuus v t locus inter 
<iAjJèrtus Numeros¡QuidTrincipium Nume

rorum
Q y  o  d  Numerus non fit,  Velutï neque li

nea p V n  c  T V M.
Magnus eriimfuit hic error, par s maxima veri 
Deceptifiecie. Dic,  Le5lor,fons, ftp origo

* 5 Herbis



Herbis arboribusque ,  qua f it dentqul 
plmtis ?

Num T^dix dices ? 'Erras.mm femina* ve
rum

Dias, at in Numéris fimili ratione, modoque 
S fi quodfeminis obtint at vim5fons ftp origo 
Hac Numéris,  Numerum quem fi quis dixerit, 

errat.
Longe eB ckuerfum Tadtx quod diàturt illam 

rH “N6- Dicere f a  Numeri partem ,  Numemmquc 
|r«. r»8. Tmocare.

Qualibet v t comis pars eB caro, quabbet offis 
Os, fie (êfi Numen üiumerus pars quolibet, 

hinc e B
V t non immerita Chumeros genus hoc Radices 

a  uals nó- Appellet. lam Caecus,Inextricabilis, atque 
P B :r Surdus ftp Abfurdus Numerus, Butionis &
irsegulàr» e x t i e r s
ln e x p i id -  Vt'W/C’f *1 y
fouiiîs. Qua Monfira hac rear ejfe ! Humana forte 

creatos
Auritos, Octdatos, *Participes "T̂ ationis 
Forte velis Numeros ? ipfe expers es Butionis. 
Abfurdi nihil in Numéris abfurde¡fedm te

(Ne



(Ne vitij infimdatoprobos)  in te improbe to
tum e B.

T lunbus hoc equide vitium mor tali bus, artes 
Obfcuri accufant, mente ipfi ae lumine capti. 
Scnptoris vitium leBorem decipit, huius 
fngenium tardum feriptorem ¡ Ars criminis 

exfors.
Tanto iuBius hic qui nii molitur iniquum, 

Artibusvt fit bonos fuus hoc agit, ftp malè f i  
quid

Antiquùfcriptum,aut nec feriptum, corrigit, 
auget.

Ingenium noBrum tenebris, ftp career e cato,
Non res claufa lacet. Suclidù afymmeter Ule 
lile liber Decimus quam non mortalia torfit 
TeSîora ! Clara tarnen res eB, tantum arrige 

mentem.
Te penes arbitrium, tua fit cenfura,paratam 
Ad maior a viam inuenies. s t e v i n i v s  Ule eB 
Non fumum ex fulgore,fed ex fumo dare lucem 
(ogitat, vtfieciofa dehinc mir acula promat. Bcran. ̂
Sumevnum è multù. quid non Decarithmia L a  ¿ i f i n a  

praflat m'n~'
Diurnum
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Diurnumfcriptorù of us ? eut non ego f i  vei 
Aurea mîvoxß t¡centum lingua,oraq. centum, 
Omni otate queam laudesperfoluere dignas. 

Sed quid ego hoc memorem ? multo maior a 
canebat

Qut mihi te notum s t e v i n i  &  me tihifecit. 
Nempe canebat v ti magnumper inane remota* 
Longinqms ffatiü m am  ( 7 7  reddere njoces 
Noueris¡ ignotas aütfque notare figuras.
Nec mihi credibdts vifa effet fabula, ni me 
(federefectjfet commenticTythagoroi 
Farna vetus, magts eccefidem fuperare videtur 
*Ter Vada perfcopulos intoblaspojfi carinas 
Siflere. "Tarte alta, quid, quod dtcare recepto 
Terra Neptuna mir acula promerererum ! 

Qmquididefi,fupera inuidiam, quodque 
vtilecenfis

Cenfeat hoc ipfum, é r  Tes "Tublica fentiat,  
v tte

«!Maturo viui virnm dignemur honore.

I a g i v s  t o r n v s
Í 1 A O M A 0 H 2 .

A V
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A V L E C T E V R ,
P O V R L’OE V V R E.

Am Le Sleur }puis que v o s T R E  amitié 
Nous Aimons tant qùvn corps aime fon ame ¡ 
Anime mus,par amours, de ce baume 
De ta faueur caufant v i v a c i t é ' .

Anime nous, ftfl feres amené 
Dans Vn 'vergier, dont l'amoureufe flamme 
Tous 'vertueux à contempler enflamme,
Vergier ie dy plain de felicité.

La cueillirés les fecrets de nature,
Dont mon s t e  v i n  grand nobre Vous procure, 
Nombre ß  grand qu'onc nombre nombrera.

Nombre fans nombre es nombres trouuera 
JQm de cefi' art à n o m b r  e r  aura cure. 
En auezjvous, ami Le fleur? Voila. Ú*

DarieTogon.
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A V  L E C T E V R .

E V que IArithmetique fe
lon le iugemênt de tous, eit 
feience vtile à vn chaiêun en 
particulier, & en general á 

toute Republique, voire vn des forts &c 
principaux fondamens de la conferuation 
de tout ceft vniuersi Certes pluiieurs Phi- 
loibphes anciens & modernes, ne fe font 
pas exercez fons raifon iî diligemment en 
icelle,ny fans bonnecaufe (confiderant la 
dignité de fi grand iubicét) n’auons nous 
emploie noitre temps & trauail, á en 
cueillir & defcripre, ce que la periuafion 
nous fiftefpererdepouuoir auancer a la 
Commune; Maisqueit cela? C'eft (a fin 
de le comprendre fommairement en trois 
poinôts) premierement l’ordre,tel qu’il eil 
mien. Au fecond quelques noz inuen- 
tions. Au tiers refutation de quelques ab- 
furditez enuieillies en ceile feience. Défi 
quels nous pourrions dire plus ample

ment



ment en particulier, mais poíánt le fui- 
uant effe¿t pour declaration, èc vous be
lling Le&eur pour iuge,  nous le paífe- 
rons outre. Vous fuppliant nous vouloir 
cxcuiêr des vulgaires fautes, qui pour- 
roient proceder dellmprimerie, ou par 
quelque ou bliance, quant aux autres,que 
vous eftimerez,peut eftre, fortir de nolue 
mefentendement, les vouloir dcbonnai- 
rement corriger par certaine affe&ion à 
l’augmentation de la feience ,  non pas 
aigri fur noftre ignorance, veu que nous 
fommes tous iubie&s à faillir.

Ce que faifant, n’obligerez pas feule
ment de plus fort noftre affection,du tout 
vouée à voftre feruice, mais donnerez 
auflî courage aux autres, de manifefterce 
qui fera vtile a la Chofe Publique.

A r g  V-



A  R  G V M  E N  T .

o  V s diuiions l’Arithmetique. en i 
deux parties comprennans chafcune 

en vn particulier liure,dcic]uels le premier 
fera des definitions, qui feront de l’Arith
metique, & des nombres Arithmétiques 
(pour premiere partie du premier liure) & 
des nombres Geometriques(pour la deu- 
xicfmc partie) Et des eflfeds des nombres 
procedans de leur comparaifon, comme 
Raiion & Proportion ( pour la troiiîefmc 
partie) & de leur computation qui eft 
rationelle & proportioneile : Rationelle 
(pour Ia quatriefme partie) comme les 
quatre computations generales, à fçauoir 
Aioufter,Soubib:aire, Multiplier, & Diui- 
fer (dide computation rationelle; par ce 
qu’il y a feulement mutuelle habitude de 
termes & point comparaifon d’egales rai- 
fons comme en la proportion) proportio
neile (pour la cincquiefme partie) comme 
Reigle de trois, Regle de proportionelle 
partition, Regle de faux.

Le fécond



Le fécond liùre eft de l’opération,qui fe
ra des nombres Arithmétiques entiers & 
rompuz(pour premiere partie du fecond 
liure) & des nombres Géométriques qui 
font racines ou radicaux fïmples, & mul- 
tinomies(pour deuxieiiné partie)ou quan- 
titez Algebraiques entières & rompues 
(pour troiiîeime partie) Et ladide opera
tion, deídides fes íbubdiuiíions fera Ra
tionelle, & Proportionelle ; Rationelle, 
comme les quatre computations genera- 
lesjProportionelle,comme Regle de trois, 
Regle de proportionelle partition,& Rei- 
gle des faux. Et en plus grande euiden- 
ce nous comprendrons l’Argument en 
telle table:

Arithme-



Dt
 

fv
Ar

tth
m

tti

493

I
■'S

. ? h
i £ HJ l í í

s r 
g-

s s
*
§ W - '

. ®
= 5 -

j 2
i
c
*0 i  I .

s * * : * s .^cs,-i B: <ô Q C f ' í

'ttiuv j xtupr fnblíMutiqAyfj



494

L E  P R E M I E R  L I V R E  

D ’A R I T H M E T I Q J  E
D E S  D E F I N I T I O N S .  

P R E M I E R E  P A R T I E  D E S  
D E F I N I T I O N S ;  D E  l ’a R I T H M E -  

tique &  des nombres Arithmétiques.

a r c e  quel’Arithmeuque(cequi eft 
au (lí comm un aux autres ars) Pcxpli- 
que par motz comm e figues d e l’af- 
reâion  de l’am e, leíqutís íe  déno
tent pareferiptures; Il nous faut pre
mièrement delcripre la lignification 

des propres vocables de celle fcience. Car auantque 
l’on comprennela matière de la dodtrine, in conuienc 
entendre les m otz par lelquels on l’explique. N ou s fe 
rons doneques noftre premier liure de leurs defini
tions, delcripuant toufiours du comm encement (en  
tant qu’il nous fera pollible) ce qui confide premier 
en la nature.

A V E R T I S S E M E N T
A L*A r  V R E N T I ï .

\  T  Ev qu’il viendra bien à p o in d  iôubs aucunes defi- 
V nirions, d'arguméter des proprietez des nombres 

(lelquellcs l'apprentif pour le premier n’eft pas tenu de 
içauoir) il m’a ièm blé bon l’aduertir com m ent nous 
auons appliqué tels argumens diftindlemenc auec

*« z  leurs

First Book, on Definitions 
First Fart

Defs. I and II define arithmetic as the science of numbers, and number as 
“that by which the quantity of each thing is explained”. Indeed “as unity is the 
number by which we say that the quantity of an explained thing is one: and two, 
by which it is called two: and half, by which it is called half”. N ow  it must be 
made clear THAT U NITY  IS NUMBER. Stevin does not like to use the excuse 
of many others, who, when dealing with some difficult matter, state that they



495

Lb j .  l i v r e  d ’a r i t h .  
leurs tiltres foubs leurs definitions, à fin que pour le 
premier íe contentant des definitions, &  de leurs ex 
plications, il puiile à fon plus grand prouffit les palier 
oultre.

D e f i n i t i o n  i .  

^fBflhmetique efl la fcience des nombres.

D e F I N I T I O N  I I .

Nombre efl cela, par lequel ƒ  explique la 
quantité de cháfeme chofe.

E x p l i c a t i o n .

C om m e Pvnité e ft nombre par lequel la quantité 
d’vne choie expliquée fed iét vn : Et deux par lequel 
on la nom m e deux : Et demi par lequel on l’appelle 
dem i; Et racine de trois par lequel on ia  nomm e raci
ne de trois, & c.

QJ /  E L’V N I T E E S T
N O M B R E .

PLufieurs per/onnes voulans trai&er de quelque 
matière difficile, ont pour couftume de declairer, 

cornent beaucoup d’empeichemens, leur ont deftour- 
bé en leur concept,comme autres occupations plus nc- 
ceilàires;de ne f’eflre longuem ent exercé en icelle eftu- 
d e,& c.à fin q u ’il leur tournerait à moindre preiudice 
ce enquoi il íe pourroient auoir abuie, où pluftoft, co 
m e efti ment les aucuns, à fin qu’on diroit. s 'il a fieu  
txecu ter cela eftani aittfi defiourbé, qu'eujl il f a i i ï  f i l  en 
eufi efié libre ? N ous içaurions faire le iemblable en ce

q u e

have not been able to study the subject exhaustively, in order that it may be said 
“if he has been able to do this under so many distractions, what would he have 
done if he had been free?” Stevin has had every opportunity of consulting ancient 
and modern writers and of discussing this subject with contemporaries.

Usually we hear that unity is not a number, but only its principle or beginning 
[see our Introduction}, just as a point is on a line. This is denied by a syllogism: 

“The part is of the same matter as its whole,
Unity is part of a multitude of unities,
Hence unity is of the same matter as the multitude of unities;
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DE S  D E F N I T I ONS.  t
que nous voulons ici dire de l’Vnité, mais non pas en 
vérité, carie n'ay point feulement leu à bon Ioifir, 8c 
fans empefehement d’autres affaires, tous les Philofo- 
phes anciens &  modernes, que ie trouuois traiéler de 
cefte matière, mais i’en ay aufli communiqué de bou
che auec quelques doétes, certes de ce temps pas des 
m oindres, &  en cefte matière d’autre opinion que 
nous : M ais pourquoi cela ? par ce que ie doubtois en 
ce que ie propoiois de l’vniré f non certes, car i’en 
eftois ainfi aflèuré, comm e fi la Nature mefme me 
l ’eu ft cliót de fa propre bou che, voire ie le voiois (com 
me feront aufli de brief ceux qui ne font pas du tout 
aueugles) par infiniz efFe£ts„qui n’ont point meftier 
depreuue: Pourquoi donc ? A fin que ie ièrois d’au
tant mieux pourveti,contre toutes obieâions que i’en 
attendois.

O rdoncques pourvenir à la matière ; Il eft n o 
toire que l’on d iél vulgairement; quel’vnité, ne foie 
point nombre, ains feulement fon principe, ou com 
m encem ent, & tel en nombre comme le poinâr en la 
ligne; ce que nous nions 8c en pouuons argumenter en 
cefte forte :

La partie eñ  de mefme matière qu'eft fort entier, 
Vnité eft partie de multitude d’vnitez.,
Ergs l’vnité eft de mefine matière qu’eft la multitude 

d’vnitez.-,
M ais la matière de multitude d’vnitez. eft nombre, 
Doncques la mattere d’vnité eft nombre.

Et qui lenie.faiél com m e celui,qui nie qu’vnepiecc 
de pain foit du pain. N ous pourrions aufli dire ainfi; 

Si du nombre donné l’on ne fiubftraiâ nul nombre, le 
nombre donné demeure,

* * j Soit

But the matter of a multitude of unities is number,
Hence the matter of unity is number.

W ho denies this behaves like one who denies that a piece of bread is bread. 
W e can also say:

If we subtract no number from a given number, then the given number remains, 
If three is the given number, and if from this we subtract one, which —  as

you claim —  is no number, 
Then the given number remains, that is, three remains, which is absurd.” 
When, in the olden days, men wanted to explain the quantity of things, they 

called a simple thing, one; and when a similar thing was added to it, they called 
it two; and when it had to be divided into equal parts, they called each part one
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L e i .  l i v r e  d ’a r i t h .
Soit trois le nombre donne', &  du mefme foubflrahoru 

vn,qui n e f  point nombre comme tu veux.
Doncques le nombt e donné demeure, c'efl a dire qu'il 

j  refera encore trois, ce qui eft ab/ùrd.
N ous poum ons aufli reciter pluiieurs fubtilcs &  fo- 

phifliques queftions,qui nous ont efté propofees de 
Douche par les fuidi&esperfonnes,enfemble noftre re
futation <i’icelles,& mille abíurdités en íuiuátes : mais 
les omettant (car il empliroit bien vn particulier &  
grand volume)& à fin de ne perdre huile & labeur,ve
nons aux caufcs mefmes, la cognoiflànce deiquelles 
dóne parfaifte intelligence. Il faut doncques fçauoir,

3ue les Hommes i’adis voians, qu’il leur eftoit meftier 
e parler & auoir intelligencedela quantité des choies 

ils nommoient chaique chofe fimple,vnj & quand à la 
mefme eftoit appliquée encore vne autre, les appel
a ie n t enicmble d eu x ,&  quand la propofée fimple 
choie eftoit diuifée en deux parties egales, ils nom 
moient chaicune partie demi, &c.

Puis confiderans que vn,deux,trois,demi,tiers,&c. 
Cftoient noms propres,&  conuenables, pour l’explica
tion de ladiéte quantité, ils ont veu qu’il eftoit necef- 
faire de comprendre toutes ces cfpecesioubs vn genre 
(car telle eft leur maniere de faire en tous autres ièm - 
blables com m e bled, orge, auoine, ils le nomment en  
genre Grain j a ig le, tourterelle, rofignol, en genre 
O ièau) lequel genre ils appelloient nombre ; Eftant 
doncques par les principes ou cauiès mefmes chaicun 
d’iceux nom bre,/ans doubte ilsfuiuent leur opinion  
errante,qui en après fans confideration des cauiès,ont 
exclu l’vnité. Mais quelcun me pourra maintenant 
dire felon la comm une fentence des Philoiophes,que

pour

half. And just as wheat, barley, oats, etc. were called grain, so one, two, three, 
one half, one third, etc. were all proper names, used to express that quantity, 
which they called number. But some people might say that in order to treat a 
given quantity properly we must begin with its principle, as in extension, where 
the manifest principle is the point. However, it was an “unfortunate hour in which 
this definition of the principle of number was first produced. Oh, cause of dif
ficulty and obscurity of what in Nature is easy and dear!’’ What do unity and 
point actually have in common? Two unities (one is wont to hear) form a number, 
“but two, yea a thousand points do not form a line”. Unity is divisible into parts 
(which cannot be gainsaid, see e.g. Diophant IV, 33; V  12, 13, 14, 15),  a point is 
indivisible; unity is a part of number, a point is not a part of a line. To point
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pour traiâerordonnéem ent de quelque quantité, la 
Nature tefm oignequ’il faut commencer de ion prin
c ip e , com m e il appert en la quantité grande, de la
quelle le manifefte principe eft le p o in ä , mais il y a 
ici queftion de la quantité qui Ce d id  nombre, il y faut 
donc dire du principe ou commencement du nom 
bre: Certes ie ne le concede pas Amplement, ainsl’af
ferme par la fuiuante }e definition,car veu que la corn - 
munauté & fimilitude de grandeur &  nom bre, eft fi 
vniuerfellc qu’il refèmble quafi identité, fans double 
le nombre aura quelque chofe en lo i, qui fe réfère au 
p o in d . Mais que fera ce I Ils difent l’vnité : O  heure 
infortunée en laquelle fut premierement produide 
cefte definition du principe du nombre! O  caufè de 
difficulté& d’ob(curité de ce qui enlaN ature eft fa
cile & clair ! O  dommageableaduis de ceux qui l’ont 
concédé,ce qui nous à fa id  tel auanccment en l’Arith
métique, comm e il euft efté à la Geometrie , f ils  eufi. 
ient concédé que le p o in d  iôit quelque partie de la 
ligne, car com m e de ceftui lan ’euftfuiui que abfurd, 
ainfi (parce que du faux ne procede que faux)de ceftui 
ci. Mais quelle communauté (ie vous fuppl>e)ya il 
entre I’vniré & le poind? certes nulle feruant au pro
pos; car deux vnitez (com m e ils difent) font nombre, 
mais d eu x , voire mille poinds ne font nulle ligne: 
L’vnité eft diuifible en parties (vrai eft qu’ils len ient 
mais mille leurs di ftindions ne font pas iuffifantes, de 
pouuoir ainfi opprimer la nature du nombre, qu’elle 
ne manifefte par force ibn eflènee, es Arithmétiques 
opérations de plufieurs Autheurs, com m e entre antres 
par l’abfolute partition de l’vnité de la 3 3 = queftion du 
4* liure &  la i i ti 13,14, i;, queftion du cincquiefme

liurc

corresponds 0, commonly called zero, which we call beginning in the following 
Definition III. This results not only from what 0 and point have in common, 
but also from their effects. What they have in common are the following facts: 

“Just as a point is an adjunct to a line and not in itself a line, so 0 is an adjunct 
to number, and not a number itself.
Just as a point cannot be divided into parts, so 0 cannot be divided into parts 
Just as many points, yea an infinity of them, do not make a line, so many 
0’s, even an infinity of them, do not form a number.
Just as the line AB cannot be increased by the addition of the point C, so the 
number D  =  6 cannot be increased by the addition of E =  0 ”
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liure du Prince des Arithméticiens Diophante) le 
poind eft indiuifible : L’vnité eft partie du nombre,le 
poind n’eft pas partie de la ligne, & ainfi des autres : 
L’vnité doncques n’eft point telle en nombre comme 
le poind en ligne. QiVeftce donc qui lui correipond ? 
Iediquecefto(qui íe did vulgairement Nul, & que 
nous nommons commencementen la fuiuanre 3'de
finition) ce que ne tefmoignent pas feulement leurs 
parfaidcs & generales communautez,mais aufli les 
irrefutables effeébs. Les communautez font telles :

Comme le poind eft aioind de la ligne, & lui mef
me pas ligne, ainfi eft o aioind du nombre, & lui 
mefme pas nombre.

Comme le poind ne íe diuiiè pas en parties, Ainfi 
le o ne íe diuiiè en parties.

Comme beaucoup de poinds, voire & qu’ils fuf- 
iènt de multitude infinie,ne-font pas ligne; ainfi beau
coup des o encore qu’ils fuflènt en multitude infinie 
ne font nul nombre.

Comme la ligne A B ne íe 
peut augmenter par addition 
du poind C, ainfi ne íe peut 
le nombre D6,augmenter par 
l’addition de E o.car aiouftant o à 6 ils ne font eniëro
ble que 6.

M ais fi l’on concede A B C DE
que A B ibit prolongée ■---------1---- -i G o
iuiques au poind C,
ainfi que A C ibit vne continue ligne, alors A B fiaug- 
mente par l’aide du poind C; Et iemblablement fi 
l’on concede que D 6, ioit prolongé iuiques en E o, 
ainfi que DE 60 ioit vn continue nombre faiiànt

foixante,

“But if we concede that AB can be produced to the point C, so that AC is a 
continuous line, then AB is increased by means of point C. Similarly, if we concede 
that D  =  6  can be produced to E =  0, so that DE =  60 is a continuous num
ber making sixty, then D  =  6 is increased by means of E =  0”.

From the following Def. XIV and Def. II of The Tenth it is clear that 0 is 
the true and natural beginning.

[Note: The Diophant quotations are labelled IV 31, V 9, 10, 11, 12 in T. L. 
Heath, Diophantus of Alexandria, Cambridge, 2e ed., 1910. They all deal with 
divisions of one into parts, e.g. IV, 31: to divide unity into two parts such that, 
if given numbers are added to them respectively, the product of the two sums

gives a square. Answer: e.g. — , — if the given numbers are 3 and 5.]

A
i—
C .

DG 

E o
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foixante, alors D 6 ("augmente par l’aide du nul o, & 
ainfi en plufieurs autres que nous paflôns outre pour 
brieueté.

Quant aux effedls.nous pourrions dire du com
mencement de quantité algebraique, défini à la fui- 
uante 14e definition,auifi du commencement definià 
la deuxiefine définition de la n i  s m  e , par les conftru- 
étions deiquelles, il appertiuffiiàmmcnt, que leo eft 
le vrai & naturel commencement, lequel comme fer
me fondament nous à conduidt à quelques inuenrions 
deferiptes (telles qu’elles (ont) au fuiuant : Mais à fin 
que l’on n’eftime que ie veux propolèr cuitrecuidee- 
ment, mes inuenrions à telle preuue, nous prendrons 
autre matière fuffifante, non pas d'autheurs de peu 
d’eftime, mais entre autres les tables de Ptolemée,Al- 
fonie,Nicolas Coperne, Iehan de Monrroial,&iem- 
blables,e(quelles la deicriptjon, ou lignification du 
poind! géométrique , fe rencontre ibuuent entre les 
nombres. Prennons pour exemple les tables des Sinus 
de Iehan de Montroial, la ou chafque degré eft vne 
ligne oblique, de laquelle la longueur eft la^^5 de la 
périphérie du circle, l’extremité de laquelle ligne, eft 
le poind! Mathématique dont nous auons did! ci defi- 
(ùs: Mais auec quoi eft fignifié chafcun d’iceux , qui 
fontiufquesà nonanteî certes (en mon exemplaire) 
par o au commencement de chafque premiere colom- 
ne, & (êmblables exemples font fort communs en 
plufieurs autres tables. Or fi encore le o ne fuft pas 
cela en nombre, ce que le poind! eft en ligne, Jefdicts 
grans mathématiciens, voire la nature auec eux, ont 
en ceci tous falli; Soit ainfi, doncques au poindt fe re
fere quelque autre chofe que o, pofons que ce fojc

A lèlon

[Note: The meaning of the next paragraph seems to be the following. Take 
the sine table of Regiomontanus, based on sine 90° =  IO1?, see our Introduction 
to the Trigonometry and The Tenth. It looks as follows:
minutae sinus minutae sinus
gradus 0 gradus 3

0 0 0 523360
1 2 9 0 9  1 526265

In other words: sin 3° =  523360, sin 3°1' — 526265, sin 1' =r 2909. Hence 
sin 1' may not be taken as “beginning”, since sin 3°1' is not the same as sin 3°, 
but sin 3°0' is the same as sin 3°. The line (half-chord of the double arc) re
presenting sin 3° is not increased by a point, but the line representing sin 3°1' 
is increased by (about) 2909.)
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félon voftre opinion i ,& en examinons la vérité, met
tant i pour le commencement ou extreme poind (par 
exemple)du 5e degré, auquel correfpond 523560 (ie 
parle de la table de lean de Montroial,la ouledemi- 
diametre faidt 10000000) maisceci eil faux, car à i 
commedemonftreladiéletable,correfpond 526265: 
Ou bien pour veoir double rencontre, il appert que o, 
commencement du nombre,correfpond à o,poinél & 
commencement du quadrant, alencontre duquel tu 
veux mettre i, mais à i correfpond 2909. Doncques 
i ne fignifie pas le poinél, mais c; Et qui ne le peut 
Veoirl’auteur de Nature aye pitié de fes införtunez 
yeulx,car la fauten’ell pasen l’obiect, ains à laveue 
que nous ne lui fçauons pas donner.

QV E N O M B R E  N*E S T P O I N C T
Q U A N T I T E  D I S C O N T I N V E .

N ovs pourrions ici defcripreplufieursinconue- 
niens, procédez du fuf'diét faux fondament, 

mais veu qu’il aurait bien mellier d’vn rraiéle parti
culier, ce ne fera pas ici ion lieu: Mais parce que nous 
auons didt ci delius,que 6,prolongé iuiques en o,fai£t 
Vn continue nombre de fbixantc, contre le vulgaire. 
Nombreeïl quantité difioutintu ou difwinftc. il nous faut 
encore réfuter cefte im propre definition ainfi:

T out ce qui n'eft quvne quantité', rieft poinä quan
tité diftoincle-,

Soixante félon qu’il eft nombre, eft vne quantité (k 
ftauoirvn nombre.)

Soixante doncques felon qu'il eft nombre, rieft point 
quantité diftoinite.

Quant

Stevin then argues THAT NUMBER IS NO T DISCONTINUOUS QUANTI
TY. He presents the syllogism:

“All that is only a quantity is not a discontinuous quantity. Sixty, since it is 
number, is a quantity (to wit, a number). Hence sixty, since it is number is not a 
discontinuous quantity”.

It cannot be argued that because this integer quantity can be divided into 
sixty unities, thirty dualities or twenty trinities, it is discontinuous, since the 
proposed magnitude [represented by sixty] can equally be divided into such parts, 
which would show that a magnitude is discontinuous. “To a continuous magnitude 
corresponds the continuous number to which it is attributed”. “Number is some
thing in magnitude as humidity is in water, it penetrates like this into every part 
of its magnitude; and just as to a continuous water corresponds a continuous 
humidity, so a continuous number corresponds to a continuous magnitude”, and
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Quant à ce que vous diuifez par voftre imagina* 

tion, cefte propofée vnique & entiere quantité en 
foixanre vnitez (ce que pourries faire par mefme rai - 
ion en trente dualitez,ou vingt trinitez,&c.) & que 
puis après vous definez le diuifé, ce n’eft pas définition 
du propofé dont il eft queftion : vous pourriez fèm- 
blablement diuifer la propofée grandeur par l’imagi- 
narion en foixante parties, & puis par mefme raiion la 
definir eftre quantité difcontinue, cequieftabfurd. 
Corn me doncques la generale communauté de gran
deur &nombreaux autres, ainfi en ceftui ci; à fçauoir 
à vne continue grandeur, correfpond le continue 
nombre qu’on lui attribue, & telle difcontinuité que 
puis après reçoit la grandeur par quelque diuifion, 
femblable difcontinuité reçoit aullî fon nombre. Et 
à fin d’en parler par exemple, le nombre eft quelque 
choie telle en grandeur, comme l’humidité en l’eau, 
car comme cefte ci feftend par tout & en chafque 
partie de l’eau ; Ainfi le nombre deftiné à quelque 
grandeur feftend par tout & en chafque partie de là 
grandcunltem comme à vne continue eau correfpond 
vne continue humidité, ainfi à vne continuegrandenr 
correfpond vn continue nombre: Irem comme la 
continue humidité de l’entiere eau, fouffre la mefme 
diuifion & difioinétion que ion eau, Ainfi le continue 
nombre fouffre la mefme diuifion & difioindion que 
fà grandeur; De forte que fes deux quantitez ne Ce 
peuuent diftinguer par continue & difeontinue, dont 
nous pourrions exhiber plufieurs argumens, mais 
nous le conclurons par cefte leur contradiction. Nom
bre (difent ils) eñ quantité dißoincle, & alieurs au con
traire N ombre eß quantité con'toincle ou comfofce de mul-

A 2 titudt

is subjected to the same division and disjunction. Stevin refers to his Mathema
tical Thesis 1 (p. 202).

[Stevin uses the terms nombre, quantité, grandeur, here translated by number, 
quantity, magnitude. The relation of number to quality is expressed by Def. I; 
magnitude is more concrete. Stevin says that number explains quantity, but exists 
in magnitude as humidity in water. See further p. 10. Stevin here wrestles with 
what we now understand as the arithmetic continuum, that is, with the notion of 
real number, see our Introduction]).
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tituie d’vnitez. : Certes (i les vnitez font conioin&es, 
elles ne font pas difíoinótes, ny par confèquent leur 
coniondion, ne produidt poind: quantité dilioindte. 
Nous accomplirons la reftc par la premiere thefc de 
noz thefcs Mathématiques.

D e f i n i t i o n  i i i .

Les charaSieres par lefquels fe dénotent les 
nombresfont dix : àfçauoir o fgmfant com
mencement de nombre, Et s njn, è t 2 deux, 
Et 3 trois3 €t 4 quatre3 Et s cinc, €t 6 fix, €t 
7 fcpt, Et 8 but SÍ, €t p neuf.

D e f i n i t i o n  i h i .

Cbafques trois charaSieres d’Vn nombre 
f  appellent membre, dejquels le premier, font 
les premiers treis charaSieres à la dextrei Et le 
fécond membre, les trois charaSieres fuiuans 
•vers la feneííre i Et ainfipar ordre du troU 
ßefme membre, &  autres fuiuans,tant quily 
en aura au nombrepropofé.

E x p l i c a t i o n .

Soitqtielque nombre tel j 5 7 8 7 6 2 9 7. Les 197. 
Rappellent premier membre^ 876 iècond,& 557 
troificfme.

D e f i -

In Defs. III— XIII the number symbols 0, 1 , . . .  . ,  9 are introduced, together 
with some elementary concepts, such as prime and composite number. In Def. VI 
Arithmetical Number is defined as abstract number, conceived as devoid of 
magnitude. In Def. VII Stevin stresses his position: “An integer number is unity 
or a composite multitude of unities” [a direct challenge of Euclid VII Def. 2, 
see our Introduction.}
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D e f i n i t i o n  v .

Le premier ckaraSiere du premier membre 
commençant à dex tre y  er s lafeneBre 3 fgntfie 
ßmplement fa valeur, le fécond autant de fois 
dtxqu'il contient vnitez3 le troißefme3autant 
des fois cent qu'il contient vnitez ■ Et le pre
mier charaSïere du fécond membre, autant de 
fois mille qii il contient Vnitez.-3 Qd ainß par 
' dixiefme progreffon des autres charaSieres con
tentez en tout nombrepropofe.

E x p l i c a t i o n .

Soit quelque nombre tel 756871 30789276.  
Doncques félon cefte definition le premier charaâere 
6, faiét fix, & le 7 fuiuant lcptante,& le 2 iuiuant deux 
cent, & le 9 neuf mille,& ainfi des autres. Pour donc
ques expliquer ce nombre, on mettera fur chafque
premier charaétere de chafque membre (excepté le 
premier) vn poind;Puis on dira, feptante cinc mille 
mille mille mille ( à fçauoir autant des fois mille 
qu’il y a des poin&s depuis le 7 iufques à la fin) fix 
cents huidanteièpt mille mille mille, cent trente 
mille mille, fèpt cens hui&anteneuf mille, deux cens 
feptante fix.

D B F I N I T I O N VI.

Nombre Arithmétique eB celui qu'on expli
quefons adieShfde grandeur.

A 3 Ex pi i-
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E x p l i c a t i o n .

Le nombre à deux efpeces, defquelles l’vne eft ex
pliquée par adie&if de grandeur, comme les nombres 
quarrez, cubiques, racines, quantitez, &c. lefquels 
nous appelions nombres Géométriques, & feront de- 
finiz à la féconde partie fuiuante ; l’autre efpecc eft 
(implement expliquée fans ledid adie&if, comme vn, 
deux, trois, trois cincquiefmes, &c. Nous appelions 
tels nombres par diftindion del’autre efpece, nom
bres Arithmétiques.

D e f i n i t i o n  v u .

Nombre entier efl Vnité3 oucompofée mul~ 
titude à'vnitez*

D e f i n i t i o n  v i i i .

Nombres entre eux premiersfont ceux qui 
nont point de multitude d'Vmtez pour com
mune mefure.

E x p l i c a t i o n .

Comme 5 & 7 ou io & 13 & fèmbîables : par ce 
qu’ils n’ont point de multitude d’vnitez, qui leur ibit 
commune mefure , Rappellent nombres entre eux 
premiers.

D e f i n i t i o n  i x .

Nombres entre eux compofezfont ceux qui 
ont multitude d’vnitezpour commune mefure.

E  X  p  1 1 -
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E x p l i c a t i o n .

Comme 9 & 11 par ce que nombre de multitude 
d’vnitez à fçauoir 5,eit leur commune mefure, ils Rap
pellent, nombres encre eux compoièz.

D e f i n i t i o n  x .

Nombre rom¡>u3efi partie ou parties de 
nombre entier.

E x p l i c a t i o n .

Comme eftant vn diuiféen trois parties egales,vne 
des mefines eft nombre rompu,qu’on defeript ainfi 
-j-& Rappelle vn tiers. Ou eftant i parti en quatre 
parties egales, trois des mefines eft nombre rompu: 
lequel íe defeript ainfi - &  Rappelle trois quarts, ou 
eftant i parti en trois parties egales, ièpt de telles par
ties eft nombre rompu qu’on deicript ainfi & Rap
pelle fept troifieiines

De f i n i t i o n  x i .

Numerateur de rompujß le nombre fupe- 
rieur expücant la multitude des partiesy con
tenues.

E X  P L  I  C A T  I O N .

Soient trois quarts deferipts ainfi doncques le 5
Rappelle numérateur, par ce qu’il explique ou nombre 
la multitude des parties contenues au mefme rompu: 
car -|-eft vn rompu compofé de quartes, & le 5 nous

A 4 monftre
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monftre(commc en nombrant)que des raefinesquar
tes il en y a trois, d'ou il eft appelle numérateur.

D e f i n i t i o n  x i  i .

Nominateur de rompit, eß le nombre infe
rieur explicant fa qualité.

E x p l i c a t i o n .

Soient trois quarts defcripts ninii : l’inférieur 
nombre donc 4 parce qu’il explique ¡a qualité ou qu’il 
nomme quel rompu c’eft, à fçauoir vn rompu de  
quartes, on l’appelle nominateur.

D e f i n i t i o n  x i  i  i .

‘Rompu premier}efi celui duquel le numéra
teur (%) nominateur font nombres entre eux 
premiers.

E x p l i c a t i o n .
Comme ou & fcmblables.

L A
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D E S  D E F I N I T I O N S  D E S  

N O M B R E S  C E O M E T R I Q ^ E S .

A p r e s  que les anciens auoient apperceu la ver
tu de la progrellion des nombres comme ceux 
ci 2.4. 8 .1 6 . 32. &C.OU 3. 9. 27. S i. 243,&rc. la011 le 

premier multiplié par foi, donne pour produiét le fé
cond de l’ordre, puis le fécond autrefois multiplié par 
le premier, donne le troiiîefme de l’ordre, & le troi- 
fiefme multiplié parle premier donne le quatriefme 
de l'ordre 8e ainfi des autres; car2paribi fai&4, le 
mefme par 2 faict 8, &ceilui ci par 2 faiét 1 6 , Sec. 
Semblablement 3 par foi fai# 9, le mefme par 3 fanii 
27,& celtui-ci par 3 faict 81,&c. Ils ont veu qu’il 
eiloit neceflàire, de donner des propres noms à- ces 
nombres,parle/quels on les pourroit diftinûement 
lignifier, appellans le premier en l’ordre Prime, que 
nous lignifierons par CC, & le deuxiefmc en l’ordre ils 
lenemmoient Seconde, que nous dénoterons par (2), 
& ainfi des autres, par exemple:

©2. ©4. ©8. ©16. ©32. ©64, &c.
Item

©3- @9- @27- ©81. ©245. ©729,Sec.
Puisvoians que ce premier nombre, eftoit comme 

collé de quarté, & le fécond fon quarré, & le troifief- 
me le cube du premier, Sec- Se que celle fimilitude des 
nombres & grandeurs, manifeftoit plufieurs lècrcts 
des nombres, ils leur ont auflî attribué les noms des

A ƒ grandeure

Second Part

If we take sequences like 2, 4, 8, 16, 32, etc., or 3, 9, 27, 81, 243, etc. [a, 
a%, a?, ¿4, . . . . ] ,  the first number is called prime and denoted by Q , the second 
is called second and denoted by © , etc. [These symbols thus stand here for ex
ponents of arbitrary numbers.] “In view of the fact that this first number is 
like the side of a square, and the second like its square, and the third like the 
cube of the first, etc., and that in this similitude of numbers and magnitudes
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grandeurs, appellans le premier C ofiê ,  le íécond 
Q uarré , le troiííeíme C uke ,dcc. & conièquem ment 
tous ces nombres en general Nombres Géométriques. 
M ais condderé l’vdlicé de ¡a parfaire intelligence de  
la communauté de ces nombres auec leurs grandeurs, 
nous deferiprons ces grandeurs par ordre com m e leur 
fondam ent, en cefte "forte:

D E S C R I P T I O N  D V F O N D E .
M E N T  D E S  N O M B R E S  

G E O M E T R I QJV ES.

So i t  tiree la ligne A, de laquelle laquanrité foit 
plus grande que vnité comme i (i doigts ou pieds, 
ou ce que l’on voudra) Puis foit eicript le quarré B, 

duquel le cofté foit egal à la ligne A,& femblablemcnt 
le cube C,duquel le collé foi t egal à A. Item le docide 
D (ceft à dire poutre ou folide reétanglc, qui a le cofté 
entre deux quarrez oppofites plus long que le cofté du 
quatre) en telle raifon au cube C,comme le nombre 
expliquant le quarré B, au nombre expliquant la A, & 
& que fa bafe quarrée (comme auiîî de tous les dori
des fuiuans) foicegal au quarré B. Puis le docide E, 
en telle raifon a D,comme D à C. Item le docide F,en 
telle raifon a E, comme D à C : & ainll on pourroit 
continuer plus auant. Puis foit tirée la ligne G,refpon- 
danteàl’vnité: à içauoir à telle vnité,comme A en 
fàicl 2. Item foit tirée la ligne H,moienne proportio
neile entre G & A.Item la ligne I antecedente ele deux 
moiennes proportionelles entre G & A. & les quanti- 
tez des grandeurs feront telles A 2.B 4.C 8.D 16.E 52. 
F 64. H. racine quarrée de racine quarrée de 4 ( à

içauoir

many secrets o f the numbers are revealed, the Ancients also gave these numbers 
the names of magnitudes, calling the first Side, the second Square, the third Cube, 
etc., and consequently all these numbers in general Geometrical Numbers". [On  
the different names given to the powers, see J. Tropfke II, pp. 132-162; Stevin’s 
contention that “the Ancients” called the first power “costé”, “side”, is only 
partly correct, since there were other expressions. A term in common, use was 
“cosa”, Latin “res”, usually for the first power of the unknown quantity, but in 
P. Ramus’ Arithmetices_ libri duo, Basle, 1569, we find the name “latus”, 
which means “side”.}
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fçauoir du quarré B) & I racine cubique, de racine cu
bique de 8 (à fçauoir du cube C)& L vaudra i. Et fera 
aclieué le premier reng procédant de la ligne A maicu- 
re que vnité.

Soitauifidefcriptdemefmefortele reng K. L. M. 
N. O. P. QJR.S.defquelles N,(oitlignerefpondantc 
àlaA,& fa quantité (oit de vnité, & O foit quarré, 
quantité refpondante à la B,& ainfi des autres, & tou
tes les quantitez comme P Q_R S,feront cubes & la 
quantité de chafcune grandeur (era i. Et fera acheué le 
fécond reng procédant de la ligne N , da laquelle la 
quantité eft vnité.

Et de mefme forte foit dcfcript le reng T.V.X.Y. 
Z. A A. B B.C C.D D.defquelles Y foit ligne refpon
dante à la A, & fa quantité foit moindre que vnité, 
cora me-j-, 6c Z foit quarré,quantité refpondante à la 
B, & ainli des autres, &: les quantitez B B. C C. D D. 
feront proportioned plinthides, c’eft à dire tuillesou 
folides reûangles, qui ont le cofté entre deuxquarrez 
oppofires plus court que le cofté du quarré, Sc leurs 
quarrez font égaux au quarré Z. Et les quantitez des 
grandeurs (eront telles Y Z A A -i-. B B 
C C D D ^ . X  racine quarrée de racine quarrée 
de à fçauoir du quarré Z ,& V racine cubique de 
racine cubique de-g -, à fçauoir du cube A A,&T vau
dra i. Et fera parfaift le troifiefme reng procédant de 
laligneY moindreque vnité.

G.I.

Stevin then shows how well these numbers correspond to their magnitudes. 
(See the figures: here the line segment A represents >  1, Stevin’s (7), here 
equal to 2; square B represents a2, cube C stands for a3. To represent d4 =  a3.a 
Stevin piles cubes C a times in top of each other and gets a “docid” D , i.e. a 
rectangular block for which the side between opposite square faces is longer than 
the side of the square, here D  : C =  B : A. For the representation of a3 =  a3 .a2 
cubes C are piled up in number a2, a2 now taken as an abstract (arithmetical)
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number; the result is a docid E, E : D  =  C : B, etc. This is repeated for the 
case a — 1, which gives the sequence N , O, P, Q, etc., and a <  1, which gives 
the sequence Y, Z, A A, BB, etc.; A A is called a “plinthid”, i.e. a rectangular 
block for which the side between opposite square faces is shorter than the side 
of the square, from ttXív&os brick. Some people represent F =  =  (¿2)3 as a
cube with side a2, but then we must say that the side of F is a2, of which the
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side is a, and Stevin does not like this. —  Stevin writes 'W'1' 4 for our Í Í a ,-

W  ® 8  for our 1^8 =  1̂ 2 . To represent (see figure) he takes a line

of unit length G, and then constructs a line H as the mean proportional between 
G and A; G : H =  H : A, G 22 1, A =  2. When G : I =: I : ]  =
J : A, he gets I 22 j j /^ T h e  same is done for a ;£ 1, where K and T are unit 
segments. Hence 0  is defined by 1 : 0  22 0  : 0 .
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Voilaacheuée la defcription du fondement des 

nombres Géométriques, par lequel nous eiperons fa
cilement demonilrer leurs vraies proprietez, & réfu
ter légitimement quelques abfurditez en vie.

Premierement faut confiderer, que au lieu deno- 
ftre ièxte quantité F qui eft docide,& de la fexte quan
tité D D qui eft plinthidc, il eft vulgaire d’en faire vn 
cube qu’ils appellent cube de quarré, ou quarré de cu
be. Et femblable difference y a il en toutes les figures 
fuiuantes la quarte quantité : mais que ces formes ci 
font les vraies Si naturelles de pas celles la, appert en
tre beaucoup d’autres par la racine, ou le cofté des 
mcfmes quantitez. Par exemple l’on requiert la raci
ne ouïe cofté de ladiéte fixiefme quantité F 64, nous 
difons tous qu’il eft z, Or voions quelle des figures eft 
propre, vraiement c’eft le docide, & point le cube : car 
il appert en noftre figure F,que chafque cofté des baies 
eftegalà A,qui faidtipar l’Hypothefe: mais quand 
au lieu de F docide, fera faiót vn cube; ion cofté iera 4: 
on dira doneques que le cofté de 4 eft z,qui eft abfurd. 
Et de mefme ibrte quand le cofté de tel cube fera 100, 
tu le diras eftre 1 o. Item quand pour la fixiefmequan- 
tité D D ^ ;  qui eft plinthide,on met vn cube,nous di
rons tous que fon cofté íera —, ce qui eft vrai au plin- 
thide, mais au cube il fera manifefte qu’en tout ion 
corps n’y a aucune ligne fi longue, car fon cofté fera 
feulement d e ergo abfurd. Et femblable impro
priété íe pourra demonilrer aux autres quantitez. Tel
les figures doneques ne nous expliquent pas les vrais 
fondemens.

Au fécond; veu que la proportion des quantitez eft 
continue,c’eft equitable Si vtile, que la mefme conti

nuité
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nuité appert auifi à l’œil aux figures, comme au prece
dent fondement. La refte dependant de celle matière 
fera declairée au fuiuant chafeun en fon lieu, la ou il 
viendra à poinih

D e f i n i t i o n  x i i i i .  

ß mmencement de quantité, eft tout nombre 
Arithmétique ou radical quelconque, fon cha- 
raSlere eil tel® .

E x p l i c a t i o n .

Comme (par exemple) e’eft autre chofe au zodia
que le commencement du Bellier,autre le premier de
gré du Bellier.- carl’vn eftpoinét, l’antre ligne : à fça
uoir la - -  de fon circle.Ainfi voulons nous ici par cô- 
mcncementde quantité figni'fier autre chofe que par 
premiere quantité de laquelle la definition fen ín i t. 
Doneques tout nombre Arithmétique ou radical 
quelconque, qu’on vfe en computation algebraique 
comme ¿ou 1/ 3 ou 2 -f- a/ 3, &c. nous l’appelions 
commencement des quantitez, le charaélerc le figni- 
fiant eft tel ©:mais fera feulement vie quand les nom
bres Arithmétiques ou radicaux.ne ferontpas abfolu- 
tement deferipts.

D e f i n i t i o n  x v .  

iPrime quantité,eil vne ligne droifâe nom
bre expliquée, fon charaSlere eil tel © .

E x p l i c a t i o n .

C o m m e  la ligne A, nombre expliquée a
içauoir

Defs. XUII— XVIII define the beginning @ , prime quantity (T), etc. to fourth 
quantity 0 .  The beginning of quantity is an arithmetical number or a radical, such
as 6, -\/3, 2 +  \ / 3. [Stevin here makes a remark similar to that on p. 4: the be
ginning of Aries is different from the first degree of Aries. W e notice that Stevin’s 
© , unlike our a0, is not identified with 1. Stevin has to discriminate between 
an arithmetical number and a radical, since a radical is a geometrical number, see 
Def. X X X I.]
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içauoir i  T’appelle prime quantité, & de mefme forte 
eft prime quantité la ligne N, de laquelle le nombre 
l’explicant eft i. Item la ligne Y de laquelle le nombre 
l’explicant eft ~ .

D e f i n i t  i o n  x v i .

Seconde quantité, eft vn quarré defiript 
d’vne ligne egale à la prime quantité, fon cha- 
raStere eft tel

E x f l i c  a t  i o n .

Comme le quarré B, f  appelle lèconde quantité, & 
de mefme forte font fécondés quantitez les quarrez
o&z.

D e f i n i t i o n  x v i i .

Tierce quantité,eft yn  cube duquel le cofté ' 
eft egal à la prime quantité, fon chara Here eß 
tel Q>.

E x p l i c a t i o n .

Comme le cube C, l’appelle tierce quantité, & de 
m efme lorte font tierces quantitez les cubes P &  A A.

D e f i n i t i o n  x v i i i .

Ghiarte quantité, eß ynfolide reHangle, du
quel deux bafes oppofitesfont quarrez^eçaux à 
laféconds quantité,ftft en telle raifon ata tierce
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quantité, comme le nombre de la[econde quan
tité  au nombre de la prime quantité: [on cha- 
rädere el~t tel © . Quinte quantité eH yn fohde 
redangfe duquel deux bafes oppoßtes[ont quar- 
rezegaux à la[econde quantité,  ft)  en telle rai- 
[on a la quarte quantitécomme la quarte à la 
tierce : Jon char adere e il tel® . E t la me[me 
rai[on a toute autre quantité con[equente à [on 
antecedente.

E x p l i c a t i o n .

Commelesfolidesreétanglcs D.^Q^BB. Rappel
lent quartes quantitez. Item les folides reétanglcs E & 
R& C C Rappellent quintes quantitez, & F. S. D D. 

t Textes quantitez & ainu des autres femblables.

N o t a .

Il eft à noter que les trois premieres quantitez des
quelles auons diét ci deilus (a içauoir prime, icconde, 
& tierce quantité)ne changent point de forme,corn me 
fai ¿I: la quatriefnie & autres eniuiuantes: c’eft à dire ® 
eft toufiours quelque ligne droiâre, & (2) touiîours 
quarré. Et la troifiefme quantité toufiours cube, 
mais la quarte quantité & autres fuiuautes ne font pas 
toufiours figures de mefme forme.-car quand le nom
bre de la ® eft maieur que vnité, feront tous docides, 
& eftant vnité feront tous cubes; mais eftant moindre 
que vnité feront tous plinthides.

*3 Que
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Q J E  L E S  D I G N I T E Z  O  V D E -  
N O M I N A T E V R S  D E S  CUVANT I -  
?ie font pas necejfairememt nombres entiers3 
mais potentiellement nombres rompue o*  
nombres radicaux quelconques.

Il eft aflcz notoire à ceux qui ̂ exercent en compu
ta rions algebraiques (car c’eft à eux que nous parlón? 
ici) que quand il y a à extraire racine quarrée de ©»ou 
de (p, ou bien racine cubique de 0  & de femblables, 
qu’il faut dire, que c’eft racine d’autant. Par exemple 
racine quarrée de 4 ©íe d i¿E -t/4©, la raifon eft, qu’il 
n’y a en vie aucunes algebraiques quantitez qui pour- 
roient autrement fignifier telles racines. Toutesfois le 
; en circle ièroit le chara&ere de racine de (©parce que 
le mefme (fuiuantla reigle de multiplication des au
tres quantitez) multiplié en ioy donne prod ui ¿i ©, & 
par conièqtient |en vn circle ferott le charaétere de ra
cine quarrée de (3), par ce que telle ) encircle multi
pliée en foi donne produiét Ç£, & ainfi des autres; de 
forte que par tel moien on pourrait de toutes fimplcs 
quantitez extraire cfpeces de racines quelconques, 
comme racine cubique, de @ (croit \ en circle, See.

Or .par la confideration de ces choies nous eft deue- 
nu manifefte ce qui au parauant nous eftoit plusob- 
four, à fçauoir que la prime quantité,laquelle les alge- 
braicicns vient pour l’inierieure ne l’eft pas, confideré 
ce qui confifte potentiellement en eux: mais comme il 
y a vn infini maieur progrès des quantitez depuis l'vni- 
té,ou de la prime quantitéen afeendant, comme ® © 
G ,$cc. ainfi y a il femblable infini moindre progrès de

la prime

It is not necessary to consider only integers inside the circles (0), since 0  can 
stand for the square root of Q , and ®  for the cube root of © . [The number 
inside the circle is called “dignity” or „denominator”, our “exponent”. Stevin 
does not think much of their use in the theory of equations; perhaps they might 
be convenient if equations more complicated than biquadratic ones could be solved 
with their aid, but he did not succeed in doing so. As a matter of fact, even now 
we solve equations with fractional exponents by reducing them to equations
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la prime quantité en defendant, qui íe pourtoit figni- 
fier par ¡.j en circles, & fi pourrait on par les meimes 
proceder comme par dénominateurs entiers.

Or fi i’viâge de telles quantitez pouuoit auanceren 
la reigle de trois algebraique(vulgairement diète equa
tion) à fçauoir que par icelles vn Iceuft venir au delius 
des quantitez ® Q) @ ® © de Lois de Ferrare (ce qu’- 
auons tenté,mais côbien qu'ainfi ie pouuoisextraire ra
cines de toutes quantitez;toutesfois n’y auons peu aue- 
nir,comme à fon lieu en dirons plus ampleinent)certes 
leur viàge forait par raifon à conceder. Mais n’eftant 
cela pour l’heure pas ainfi, vferons foulement les vul
gaires entières, d’autant plus que toutes computations 
algebraiques fo peuuent acheuer fans icelles. Car à la 
fin autantfàifons par racine de 4 ®, comme par 2 mis 
deuant) en circle. Tellement que par ce diieours auons 
foulement voulu manifefter ce qui confifte potentiel
lement en la matière, à fin que par ainfi rendiffions le 
fubieét plus notoire. Il pourrait auili auenir que celte 
fouuenancecauforoit .à vn autre quelque auancement.

D e f i n i t i o n  x i x .

Nombre dgebmque entier3 eH quantité ou 
comgofee multitude de quantitez^

E x p l  I  C  A T  I O N .

Il eft à confidercr qu’intégrité on fraction de nom
bre algebraique, ne fo refere point au nombre de mul
titude, ou valeur de la quantité; mais feulement â la 
denomination ou dignité d’icelfo, car \ ® ou 4/ 2 (i> 
&fomblables, font autant nombres algebraiques en
tiers com e 3 ®,pai c . que com e nous auons diét nous

B i  prennons

with integer exponents. Stevin seems to have played with the idea that just as 
there exists a specific theory for equations of degree 1, 2, 3, and 4, there might be 
a specific theory for equations of degree i / 2, ■ ■ ■ The Louis de Ferrare of
p. 19 is Ludovico Ferrari (1522— 1561), who reduced the solution of the bi
quadratic equation to that of an equation of the third degree, see our Intro
duction.]
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prenons feulement regard à la denomination de la 
quantité, qui eft ici entiere: mais fraction algebraiquc 
eft telle comme la definition en fuitt.

D e f i n i t i o n  x x .

Nombre algebraique rompt*, eft partie ou 
parties de nombre algebraique entier.

E x p l i c a t i o n .

Comme pS eft nombre algebraique rompu, qui 
l’explique ainfi j deux primes diuiféçs par trois ië- 
condes.

D e f i n i t i o n  x x i .

Quantitéz. entre elles premieres, font celles 
qui nontpoint de diuerfes e jaeces de quantité 
pour commune mefure.

D e f i n i t i o n  x x i i .

Quantitéz. entre elles compofees font celles, 
qui ont diuerfes cß>eces de quantitez.pour com
mune mefure.

D é f i n i  t  i o n  x x  i  i  i .

rRompu algebraique premier eft celui duquel 
le numérateur f t)  nominateur font nombres 
entre eux premiers.

D e f i n i t i o n  x x i i i i .

Quantitezgconûnues en l’ordre, font celles
entre

Defs. X IX— X X  give the definition of Algebraic Number. An integer algebraic 
number is a quantity or a composite multitude of quantities, a fractional algebraic

number is a part or consists of parts of integer algebraic numbers. Hence © ,

\ /  2 © , 3 ©  are integer algebraic numbers, —— is a fractional one. [Thus we
3©

have: a) arithmetical numbers, which are abstract numbers, b) geometrical num-
-L _L

bers, which are of the type a, a%, a$, . . . ,  a 2 , a 3 , • . • , and c) algebraic num
bers, which are multiples of these with arbitrary coefficients, or quotients of such 
multiples, hence numbers we should write with negative exponents.]
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entre lefquelles ne deßutt aucune quantité de 
leur naturelle progreßion.

E x p l i c a t i o n .

Comme (g) &®. Item (2) & (3). Item © © (T © 
&c. T’appellent quantitez continues. Et par le contrai
re eft manifefte qu’elles quantitez font difcontinues, à 
fçauoir comme ® & (3), ou © & ©, &c.

D e f i n i t i o n  x x v .

Superieure quantité eÜ celle, de laquelle le 
nominateur l’explicant efl moteur.

E x p l i c a t i o n  

Comme © appelions fupetieure ou plus haulte 
quantité que ©ou ©,&r par le contraire eft manifefte 
quelle eft quantité inferieure. Nous appelions telle 
quantité, quantité fuperieure;àfin d’ofter l’ambiguité 
qui íe rencontre en les appellans quantitez maieures: 
par exemple foient 6 © & 3 Or fi l’on parle ici de
maieure quantité fera chofe ambiguë quel des deux 
fera la maieure: à fçauoir fi le vocable maieure íe  deura 
refèrer au nôbre de la multitude des quantitez:en quel 
refped feront maieures les 6 @;0u en refped des no- 
minateurs des quantitez, felon lequel font maieures, 
les 3 @. Ou en refped de leurs valeurs, félon lequel 
chafcun pourra eftre lemaieur. Par exemple fi la va
leur de i © fuft 2, les trois © feront maieures, car 
vauldront 24;& les 6 ® feulement 12:mais fi la valeur 
de i ©fuft i, alors au contraire les 6 ©feront maieu- 
res:car elles vauldront 6, & les 3 © feulement 3 : mais 
quand nous difôns de la fuperieure quantité, ce fera 
iânsdoubtcparlédes3 ©.

B 3 D e f ; -

[In Defs. XXI— XXVI we find a number of elementary properties of 
algebraic numbers defined; Def. XXVI introduces us to algebraic multinomials, 
or, as we say, polynomials, such as 3^3 +  5cfi —  Aa +  6. Mark that Stevin 
here uses +  and -— signs, which he does not use in some other places.
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¿Mtdtinomie algebraique efl vn  nombre 
conßfient de plußeurs diuerfes quantitéz.*

E x p l i c a t i o n .

Comme 3 (!) +  5 0 —4 ® + 6  Rappelle multi- 
nomie algebraique. Et quand il aura deux quantitez 
comme z ® +  4 @ T’appellent binomie,& de trois 
quantitez fappellera trinomie,&c.

D e f i n i t i o n  x x v i i .

® applicquée a @ nous nomons quantiter^pri- 
mitiues.ët quantité quelconque Juperieure que 
Cl) apphcquee a © leurs deriuatiues  ̂ ffß toutes 
quantitéz. appliquées a © aufquels nexißent 
autres inferieurs dénominateurs de quantitéà  
leurs dénominateurs proportionels nous nom
mons primitiuesj &  icelles proportionales leurs 
deriuatiues.

E x p l i c a t i o n .

Comme ® & © nous nômons quantitez primitiues,
& leurs deriuatiues comme (2, ou (3) ou © ©,
& c. Mais quand il y a plus d’vne quantité appliquée a 
© comme @®@, ou (D ® ®, ou (I; ©©, ou Q)
©>®@, ou©©)®©, ou © (3)@®@, &c. aux
quels n’exiftent autres inferieurs dénominateurs à 
leurs dénominateurs proportionels & de mefme mul
titude, nous les nommons primitiues; & quand autres

appliquez

Def. XXVII makes a distinction between polynomials such as ax +  b, 
px2 +  qx +  r, Ix3 +  mx +  n, which are called primitive, and such as ax‘¿ +  b, 
cx3 +  d, px* +  qx2 +  r, Ix6 +  mx2 +  rt, which can be obtained from primi
tive polynomials by replacing x by a power of x. These are called derivative. 
Stevin observes that the theory of derivative equations is the same as that of the 
primitive ones. On his mode of calling the theory of equations “the rule of pro
portion of quantities”, see p. 264 and our Introduction.



522

D ï S  D E P I N  I T I  O N S. ¿5
pliquez nominateurs font à iceux appliquez dénomi
nateurs proportionels nommons iceux autres leurs de- 
liuatifSjCÔme © © © font deriuatifs defdi&s © © © 
parce que comme 2 a i (dénominateurs) ainfi 4 a 2, Sc 
pareillement dirons © ©©eftre deriuatifs defdidts 
©©©»par ce que come 2 a i ainfi 6 a 3.Et de mefme 
forte dirons © @ ©  eftre deriuatifs de (3)©@. Et 
fè m bl able ment d) © © (3)@, ou (>») (§) © (3) © eftre 
deriuatifs de © (£ © © & ainfi desautres.

Mais pour dire del’vtilité de cefte definition faut 
fçauoir qu’en la regle de proportion des quantitez,la ou 
par trois termes donnez, nous cherchons vn quatriefe 
me proportioned les deriuatifs ont la mefme maniere 
d’opération que leurs primitifs. Comme fi les deux 
premiers termes furent deriuatifs, tels © ©, ou Qj © 
ils auront vne operation femblable à celle de leurs 
primitifs © & ©. Item fi les deux premiers termes fu
rent © & (2; (o), ou © & (3; ©, &c. ils auront vne ope
ration femblableble à icelle de leurs primitifs (2) 8c 
© Et ainfi de tous autres: d’ou f’enfuiura qu’en vn 
ièul problème, à fçauoir le 78. comprehendrons tous 
les deriuatifs (qui font en infini)dcs antecedensprimi- 
tifs ; Pourtant celui qui voudra bien entendre lednft 7 8 
prob, il fera neceflaire de bien entendre cefte defi
nition.

D e f i n i t i o n  x x v i i i .

jQuantitez^poßpofees font celles qui en I’al
gebre fe pofent aucunefoù après lespoßtiues.

E x p l i c a t i o n  

Toutes les quantitez d’vne algebraique opération,
B 4 qui
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qui ne font pas notees du iîgne des poftpofocs quanti
tez font toufiours pofitiues ou premieres pofoes, ôc 
d’vne mefme progreifion, mais par ce que en aucunes 
operations eft neceflaire de pofer quantitez d’vne au
tre progreifion que n’eft la premiere, appelions les 
mefmespoftpofeesquantitez,& leurs Agnes font tels, 
i foc @ Agnine vne foconde ©, c’eft à dire i ® focon- 
dementpofée, car toutes quantitez qui n’ont point tel 
vocable comme i © ou 3 ©,&c. font pofitiues ou pre
mièrement pofoes. Item i ter ® fignifie vne tierce ®; 
c’eft à dire i © tiercement pofée. Item i  foc (¿¡ figni
fie 1 fécondes Q),à fçauoir 1Q) procedans de la i foc ©. 
Item 3 © M foc ©fignifie 3 ® multipliées pari fee ©, 
ou le produid de 3 ® multipliées par i fee ® . Item 3 
© M foc © M ter © fignifie 3 ® multipliées par i foc 
© Si le mefme multiplié par i ter ©;.

Item j © D foc © M ter © fignifie j @ diuifoes 
par i foc 0 J& le mefinc multiplie par 1 ter © , Sic.

D e f i n i t i o n  x x  i  x .

La prime quantité qui efl egale au coslè de 
chafque quantité3 fappelle aujji racine, la mar
que de cofté ou ratine eft telle V .

E x p l i c a t i o n #

La prime quantité de la 15 definition fappellc auflî 
métaphoriquement racine; &  cela à caufo quecom m e 
la racine eft fource de tout ce qui croift fur lui, ainfi re- 
femble la prime quantité la fourcc ou racine de toutes 
les quantitez de fon  reng, & eft toufiours egal à chaf
que cofté du m efm e,com m e A au fondem ent eft egale

au cofté

In Def. XXVIII lsec®  is introduced as a second © , an operation 
which we perform by writing b instead of a, or y instead of x. When we need 
a third symbol c, or z, Stevin writes Iter® . In this case ©  is called positive or 
first-posed, sec ® , ter Q , . . . .  postposed, more specifically, posed secondly, 
posed thirdly, etc. Stevin’s 3® M sec®  is our 3 ab, 3 xy, 3pq, etc., his

3® M sec®M ter@  our 3abc2, etc., his 5© D sec® M ter@  is our  ̂ U c2, etc.
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aucoftédeB,deC,deD (à içauoir au moindre cofté 
de D.) La marque lignifiant racine ou cofté eft telle/«/, 
laquelle mife deuant Q) comme 4/ (3) denote racine de 
cube,ou racine de tierce quantité:& femblablement4/
© fignifie racine de quarte quantité. Et de mefine 
forte pourrions dire 4/ (2) fignifier racine de quarré,ou 
de féconde quantité, mais pour /a fignifier il eft en vie 
(a caufe de brieueté) de delailferle figne ©,& mettre 
feulement 4/, par lequel on entend racine ou cofté de 
quarré.
Q J E  R A C I N E  ES T V O C A B L E  

C O N V E N A B L E  A L’A R T .

Il y a des aucuns qui reiedans le vocable racine,di- 
fent,cofté de quarré ou de cube,ne Ce pouuoir nommer 
racine finon ineptement, mais à mon auis ils n’exhibét 
pas conuenable diftindion. Car combien que raci
ne eft toufiours egale à cofté; toutesfois autre quantité, 
eft racinecomme A, que cofté de B ou de C: pourtant 
quand nous diions racine de B, c’eftàdireA: car Aeft 
là racine ou fource:mais quand nous difons cofté deB, 
qui eft a la A egal,adonc nous parlons du cofté eflènciel 
de B. Nous vferons donc à bon droid auec les anciens 
le vocable racine là ou il viendra à poind.

D e f i n i t i o n  x x x .

rRacine de quarré de racine de quarré3efl y  ne 
ligne moyenne proportioneile entre la prime 
quantité3 f t j W ligne redondante à l'Vnité de 
la mefme: fa marque e fi telle W. €t racine cu
bique de racine cubique 3efl I’antecedente ligne 

ï  j de deux

In Defs. X XIX — X X X  the symbols for square root, fourth root =  
square root o f square root, etc. are explained. V means square root, or V © - The 
meaning of Stevin’s symbols in our notation is as follows:

V  ® a  =  V a  =  a ‘¿ 4 4 /  ® a  =  \  V  a =  a 11 4 4 4 /  ®  a =  ^  ̂  V  a  =  0 8

_  1  3 — = 1  - ,  -.3 /3 ------- J_
^ / @a =  ^ a = a 3 M / @ a = Y ^ a = a 3 AM/. ® a =  \ V v ^ = a ”

1

V  ® a  =  ^ a  =  a 4 44/  ® a  =  V 1‘V~ü =  a16 etc.
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de deux lignes movennes proportionnelles entre 
la prime quantité (fif ione ligne redondante à 
tvn ité de la mefme fia marque efi telle 
ainfi des autres femblables.

E x p l i c a t i o n .
Comme la ligne H f’appelle racine quarrée de raci

ne quarrée, à içauoir du quarré B, car par la conftru- 
dion du fondement elle eft moienne proportioneile 
entre A & G,laquelle G refpond à l’vnite de la A,Sem- 
blablement dirons la M, & X eftre racines quarrées de 
racines quarrées. Et de mefme forte entendra on la 
racine quarrée de racine qnarrée de racine quarrée de 
B eftre la moienne ligne proportionelle entre G & H, 
de laquelle la marque eft telle m /. 3c fomblablement 
procederá on en infini pour les racines quarrées de ra
cines quarres quelconques.

Item la ligne I fappelle racine cubique de racine cu
bique (à içauoir du cube C) car par la’conftrudion du 
fondament elle eft antecedente ligne de deux ¡moien- 
nes lignes proportionelles entre la prime quantité,& 
vne ligne refpondanteà l’vnité de la mefme. qui eft en
tre G & A. Et fomblablement dirons les lignes L & V 
eftre racines de racines cubiques.

De mefme forte entendra on la racine cubique de 
racine cubique de racine cubique de C eftre l’antece- 
dentelignededeuxmoienncs proportionelles entre G 
& I, (a marque fora telle wr/(2). & ainfi procederá on 
en infini pour racines de racines cubiques de racines 
cubiques quelconques.

Etainfiprocederaon en toutes les autres quantitez,
car

Hence V ©  is the same as m /  numerically, but there is a difference in di
mension (p. 30). The prime quantity ©  of Def. X V  is considered the root, or 
source of all other quantities, and is also the side of square @ , and hence can 
be written V © - This ©  is also the side of cube ©  and can thus be written as 
V © , or V<*2 =  <*3 =  <*• Hence V stands for “root” or “side”.

The term “root” is appropriate despite the objection of some people, who claim 
that a side cannot be called a root, because in the figure A is always the “root”
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car la racine de racine de quarte quantité, eft l’antece- 
dente ligne de trois lignes moiennes proportionelles 
entre G & A, de laquelle la marque fera telle W  ©.

N o t a  i .
Nous auons diéfc à la 29. definition que racine de 

quarré à marque telle V. Item à la 30. definition, que 
racine de quarré,de racine de quarré a marque telle u /, 
mais faut bien noter cefte iyllabe de, car*/, ne fignifie

E>as fimplement racine, mais il y faut encore adioufter 
ediél de, veu qu’il y a grande difference entre racine, 

& racine de. Comme par exemple a/  4 fignifie racine 
de quarré 4, laquelle vaut 2, mais racine quarrée 4, 
vaut4,comme le quarré i6,àfàracine 4,&pointV4. 
Lediót auertiflèment du vocable de, appliquera on 
aufli à toutes autres racines comme a / Q ) ,  4 /  ©,&e.

N o t a  2.
Cefte marque fignifiant racine dequarré telle </, & 

déraciné de racine de quarré telle par plufieurs 
en vie,eft aufli fott commode pour telle lignification, 
& continuant telle progreifion f  en fuit que cu/ doibe 
fignifier racine de racine, de racine de quarré. Ils font 
donques improprement ceux qui par u î/ veullenc fig- 
nifier racine de cube, veu qu'autre choie eft racine de 
cube, que racine de racine, de racine de quarré. Car la 
ligne Aaufbndament eft (comme aufli de tontes les 
quantitez fiiiuantes) egale à la racine du cube C. Mais 
racine de racine, de racine de quarré,eft laligne moi- 
tienne proportionelle entre G & H. laquelle eft bien 
cl’autre quantité (excepté quand la racine eft i,comme 
au fécond reng des figures du fondement) Et pour en 
donner exemple en nombres, il eft notoire que \u/ 
îyf.eft a, mais a/Q) 256,eft plus que 6.

Con

or “source” of square B or cube C. [Stevin always regards the various fractional 
1 1  1

powers a i ,  a 3, a 4 with unit fractions as exponents, as line segments.
In Nota 1 we are warned that there is a difference between “root” and “root o f”, 
V means “root ó f”, V4 is the root o f 4, or 2, but when we speak of 4 as “root”, 
we think of 16. “Which warning about the vocable of will also apply to all 
other roots such as V ® , V ® , etc.” In Nota 2 stress is laid on the difference
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Concluons doneques que im/  ne peult diftin&e- 

ment fignifier racine cubique.
Quant aux figures comme V  T? &c. qu’au

cuns fuiuans les anciens vient au lieu de noz mar
ques (i) © Q) (qu'auflîavfé Raphael Bombelle, 
excepté @) peut eftre que lesmefmes ont vulgaire
ment (comme auprès de nous L cincquante.C cent,M 
mille,&c.)aupres les Arabes inuenteurs de l’algebre fi
gnifie les mefme que 1.2.3.& C.011 ®@ (3 . Mais quoi 
qu’il en ioit i’entens la fignification de telles chara&cres 
ncceflàires à l’Arithmeticien pour entendre les au- 
theurs qui }es vient: mais en noftre Arithmeticque ne 
les vferons pas, ny aufli ceux qui feront felon noftre 
confcil: car l’vtilité des marques © ® @ (3 ®, &c. 
eft relie, que l’opération qui par iceux chara&eres eft 
oblcure, laborieuiê, & ennuieufo, ( par ce que telles fi
gures ne nous fignifient pas vulgairement ce qu’ils de- 
notoient d’auenture aux Arabes) lêra par ces marques 
claire,legiere,& plaifante. Car comme les charadteres 
1.2.3.4. 5.6.7.8.9. o. (en refpeûdeplufieurs autres 
marques fignifians nombres) ne font feulemët brieues, 
mais neceflâires:voire il femble que fans leur conuena- 
ble& naturel ordre, il euftefté impofliblc à l’homme 
de paruenir aux focrets d’Arithmeticque qu’il a acquis; 
Et ae meime forte entendra on que ceci font les chara- 
¿teres qui au naturel ordre font requis; lefquels aux 
quatre numerations generales, &r principalement aux 
rompuz des mefmesqui fouuentesfois íe rencontrent, 
voire par toutes computations algebraiques, donnent 
telle facilité,que ce qu’a plufieurs leront autrement im- 
poflîble de comprendre,leur fera facile,mettant le tout 
auiugcmentde ceux qui entendent la choie.

Or

between V> m / ,  /H i /  t etc. and roots such as V ® ; 256 =  2, this being

JL
1̂ 2 8 , and V ®  256 is more than 6, this being 2 3 6.35 . . . . On p. 28
Stevin proclaims the advantage of his symbols © ,  ® , @ , etc. over the 
“cossist” notation used by many sixteenth-century mathematicians, in which sy
stem every power of the unknown is represented by its own sign. His symbols 
are those of Raphael Bombelli (see our Introduction), with the exception of © .  
Stevin errs when he states that the “cossist” symbols are of Arabic origin; see 
J. Tropfke II, pp. 148 et seq.]
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Or eftant ainfi définies les grandeurs du fonde

ment, faut maintenant venir à leurs nombres.
D E F I N I T I O  N XXX I .

tim b r e  expliquant la ^valeur de quantité 
géométrique3 f  appelle nombregéométrique3 f t)  
obtient le nom conforme à l’esj/ece de la quantité 
qu il explique.

E x p l i c a t i o n .
Comme le nombre 2. explicantla valeur de la pri

me quantité A, ou le nombre i. la valeur de la prime 
quantité N, ou le nombre ) la valeur de la prime quan
tité Y, fappellent(par ce que les mefmes primes quan- 
tes font racines) nombres radicaux.

Item le nombre 4, explicant la valeur de la féconde 
quantité B, & fomblablement i de 0 , 8c i de Z, fo 
nomment (par ce que les mefmes fécondes quantitez 
fontquarrez) nombres quarrez.

Item le nombre 8, explicant la valeur de la tierce 
quantité C, & fomblablement i deP, & ¿ dc A A, 
f’appellent (parce que les mefmes tierces quantitez 
font cubes) nombres cubiques.

Item le nombre i G explicant la valeur de la quarte 
quantité D, & fomblablement i. de Qj&T'jde BB, 
fappellent (par ce que les mefmes font quartes quanti- 
tez)nombres de quarte quantité} & ainfi des autres 
fomblables.

Item le nombre 2 explicant la valeur du cofté 
de B, & fomblablement i du cofté de O , & j du 
cofté de Z, fo nomment (parce que fo font co- 
ftez de quarrez) coftez de quarrez. Et 2 explicant la

valeur

[Though the geometrical number has already been introduced on p. 10, 
its definition is only given in Def. X XX I as the “number expressing the value 
of a geometrical quantity and receiving its name in conformity with the operation 
it expresses”.] Hence a, a2, a?, ... are called radical number, square number, cubic

number, . . . ,  \Ja, a , . . . side of square, side of cube,. .  . Then follows a pole
mic against those who deny THAT A N Y  NUMBERS CAN BE SQUARES, 
CUBES, ETC., or that any root is a number; who deny, for instance, that 6, 7,
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valeur du cofté de C, {’appelle cofté cubique, & de D, 
cofté de quarte quantité, &c.

Itera le nombre W  4 explicant la valeur de H, & 
fomblablement W  i de M, & vt/l de X, íe nomment 
racines quarrées de racines quarrees, parce que telles 
lignes par la 30 definition font racines quarrees de ra
cines quarrees.

Item le nombre W  (3) 8 explicant la valeur de I, & 
fomblablement W  (3) i de L, & W  (S) ¿ de V, Rappel
lent racines cubiques de racines cubiques; parce que 
telles lignes par la 30 definition font racines cubiques 
de racines cubiques. N o t a .

Il eft vrai que </ © vaut le mefme que W ,comme 
4/© 81 vaut 3, comme faiéfc aufli W  81. Mais entant 
que l’vne eft ligne comme H, & l’autre cofté de quan
tité comme D, elles font par raifon à diftinguer.

QVE NOMBRES Q V E L C O N Q V E S
J P E V V E N T  E S T R E  M O M B R  E S Q V  A R  R  E Z,

cubiques,etc. Au fiq u e  racine quelconque eft nombre.

Puis que les nombres explicans les valeurs des 
quantitez géométriques,reçoiuent vn nom conforme à 
la mefmequantité (comme 4 ou 9 & fomblables expli
cans les valeurs des quarrez, Rappellent pourtant nom
bres quarrés. Item 8 & 27, &c. explicans les valeurs 
de cubes,Rappellent pourtant nombres cubiques) Ren- 
ftiit que 6 ou 7 ou 8, 8c femblables explicans les valeurs 
des quarrez, fo nommeront pourtant aufli nombres 
quarrez. Et 9 ou i o,etc. explicans les valeurs des cubes 
Rappelleront pourtant aufli nombres cubiques. Ce que 
eftant apertement ainfi, Reniait que ceux la Rabufent

qui

8 can be called square numbers, or 9 and 10 cubic numbers. Stevin’s main argu
ment is that V8 is part of 8, and hence of the same matter, which is number. It is, 
he says, only possible to say that the roots of 4 and 9 are commensurable with 
them, while the roots of numbers like 8 are incommensurable with them.
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qui veulent le contraire. M ais quelle c i l . leur rai- 
lb n ?8  m e dira quelque aducrfaire 11e peut eftre nom 
bre quarré, par ce qu’il n’y a nul nombre qui mul
tiplie en lo i ,  produife 8. Il eft vrai (dira il) que ra
cine de 8 en foi les produiét, mais elle n’eft pas nom 
bre : O r ie luy pourrais nier qu’aucun nombre loir 
pourtant nombre quarré, par ce qu’ il fe trouue nombre 
qui multiplié en foi produiét le mefme nombre, confi- 
deré qu’il obtient foulement le nom de quarré, pourcc 
qu’il explique fa valeur, &  point pour quelque autre 
accident: de forte que 4  ou 9,ou ièmblables eoniîderez 
fimplement, &  abftraiéts de quarrez,ne font pas nom 
bres quarrez: M ais paflànt tout ceci,noiis refpondrons 
à fon propos,prou liants que h. 4 /  8, e ll nom breen cefte 
forte: La partie eft de la mefme matière qu’efj fon en
tier; Racine de 8 eft partie de fon quarré 8: D oneques 
a /  8 eft de la mefme matière qu’eft 8 : M ais la matière 
de 8 eft nombre;Doncques la matière de a /  8 eft nom 
bre: Et par coniequent /*/ 8, eft nombre. Aufli que fo- 
roitee dq dire,le quarré de * /  8 eft 8, mais 8 n’eft point 
quarré ? vraiement c’eft abfurd, &  ne fo peut par di- 
llinétibn tant faire, que tel fondem ent ne demeure 
confus. D oneques-«/ 8 eft nom bre,&  par confoquent 
8, voire & nombre quelconque, com m e /« / 6,ou -«/ (I) 
3 &  fomblables expliquant la quantité d’vn quarré, 
ou en effcét,ou foulement parl’hypothefo,eft nombre 
quarré. Il eft vrai que 4  &  9, & fomblables font quar
rez de quelque autre propriété que n’eft nom bre quar
ré 8 ,8c  requièrent diftinétionjmais pas faulfo,n’y cau- 
iànt confufion, mais pluftoft facilité;laquelle forajquc 
ceux la font nombres quarrez à leurs racines corn- 
menfurables, ceux ci incom meniùrables. -

Nous
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Nous pourrions faire plus long difcours iùr ceñe 

matière-, maistranfportant le different entre nozthe- 
fes mathématiques; Concluons ici pour les rations 
fufdiétes,que tous nombres quels qu’ils foient peuuent 
eftre nombres quarrez,cubiques, Sic. Audi que racine 
quelconque eft nombre.

Q V E  LA Q U I N T E  Q V A N T I T E '  
N E  SE D O I B T  P O I N T  N O M M E R

Les aucuns nomment la quinte quantité furiôli- 
dunt; les autres plus long d’vn cofté: par lùrtolidum 
dénotent ilz vne lourde quantité foIide;Sourdc(difent 
ilz) par ce qu’elle n’a ny racine quarrée, ny racine cu
bique diicrete;enquoi ils fabulent: car combien que 
tel accident auient à aucunes,il n’auiendra point à in
finies autres,car racine de quinte quantité io 24,eft 4, 
& la racine quarrée du meime nombre 1024, eft 32. 
Item la racine de quinte quantité 32768, eft 8, & raci
ne cubique du mefme nombre eft 3 2. Auflî la poten
ce de quinte quantité de 64, aura (par la 9 proportion 
du 9 liure d’Eucl.) racine de quinte quantité,& racine 
quarrée, & racine cubique; Et encore que cela ne fuft 
pas ainfi, ce lêroit maunailè conièquence de dire; la 
quinte quantité n’a point de racine quarrée, ou cubi
que dilcrete ; ergo elle eft abfiirde ; car comme le 
quarré tient là racine quarrée, & le cube la racine cu
bique,ainfi tient la quinte quantité, la racine de quin
te quantité. Doneques la quinte quantité n’eft point 
lourde, ny furfolidum.
. Quant à l’appellation de plus long d’vn cofté, elle

eft auill

Stevin states that THE FIFTH QUANTITY SHOULD NOT BE CALLED 
“SURSOLIDUM”, or “longer at one side”. Some people use the term sur solidum 
for (5) because it is a surd solid, having no square or cubic root. But this is not so, 
since 1024 has both a.fifth root 4 and a square root 32, and 32768 has a fifth 
root 8 and a cubic root 32. Just as a square has its square root, so @  has its fifth  
root. (This term sursolidum is found in Riese, Rudolfi,, and others for a», but
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eft aullí mal propre; veu que la quinte quantité R,eft 
vn cube; aula que plufieurs autres quandtez comme 
les quartes D, & B B, qui font auffi plus longues ci’vn 
cofté, toutesfois ne lont pas quintes quantitez. A fin 
doneques d’ofter d’vne part toutes ambiguitez, & irn- 
proprietez, & que d’aultre part aurions vocables 1èr- 
uans à la facilité de la doétrine, nous les appelions 
quarte,quinte, fexte quantité, &c.

Q V T L  N Y  A A V C V N S  N O M B R E S
A B S V R D E S ,  I R R A T I O N E L S ,  I R-

regttliersj inexplicables3 ou fourds.
C’elt choie trelvulgaireentre les Autheurs d’Arith. 

de traiéler de nombres comme 4 /  8, & ièrnblables, 
qu’ils appellent abfurds, irrationels, irreguliers, in
explicables,fourds, &c. Ce que nous nions,à quelque 
nombre aucnir : Mais par quelle rai ion l’aduerlaire le 
prouuera ilelprouuer ? Il me diét premieremét,que ra
cine dchuict eft à nombre Arithmeticque (come 3 ou 
4) incômenfurable, ergo 4 /  8, eftabfurde irrationelle, 
&c. Mais la ccndufion eft abfurde, veu que l’ir.com- 
menfurance ne cauiè pas abiùrdité des termes incon- 
menfurables, ce que l’efprouue par la ligne & fiiper- 
ficie qui font grandeurs incomtnenlùrables; c’eft à 
dire, qu’ils ne reçoiucnt point de commune mefure, 
toutesfois ny ligne, ny fuperfice n’eft quantité abfurde 
ny inexplicable cardifantque celle la eft ligne,& celle 
ci fuperficie,nous 1 <j$ expliquons. Et encore que cefte 
incommcnfurance procreaft(ce que toutesfois ne peut 
cftre;maispoibns les cas)abfurdité à l’vne desquatitez 
ooparées, nous trouueronsle nombre Arithmeticque

C  autan

Stevin’s derivation of this term from “surdus” and “solidum” is not generally 
accepted.] The term “longer at one side” is also wrong, since the fifth quantity 
R (p. 13) is a cube, and the fourth quantities D  and BB are also longer at one 
side. [This term may also have been taken from Rudolfi, who remarks that 
Boethius calls our “altera parte longior”. See J. Tropfke II, pp. 148-149, and 
our Introduction.]
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autant coulpable, que le radical,car comme la Sphere 
autant que le cube,& le cube autant comme la Sphere, 
eit eau fe de leur' diflimilitude ; ainfide ces nombres. 
Mais pour faire encore autre preuue par deux quâtitez 
d’vn meime genre de grandeur,prenons le cofté & dia
gonale d’vn quarré,qui lbnt lignes entre cux(par la der
rière propofition du io.liured’Euclide)incommeniu- 
rabks, touxesfois ny diagonale, ny corté (abftraiétde 
nombre) n’eft ligne abfurde ou irrationelied’incom mé- 
furanee doneques des quantitez,n eftpas l’abiurdité d’- 
icelics, mais c’crt pluftoftleur naturelle mutuelle habi
tude. L’aduerfaire me replique qu’ily a lignes rationel
les,& irrationelles (dcfquelles t rai ¿le Euclide en fo n di- 
xiefme liure)les definitions deiquelles (felon Campane 
défi, j Se 7. que Zambert met la 7 &  8 )iont telles: Toute 
ligne droiile propofée ƒ appelle rationelle. E t les lignes 
a icelle incommenfurabies ,  fie nomment irrationelles : 
Dontilconclud que les nombres explicans ces lignes 
irrationelles,font nombres irrationelz. le reipons qu’il 
eft notoire que ceft argument foit inartificiel confiftant 
en fculeauthorité,à laquelle il faut préférer l’irréfutable 
raifon,qui eft; Premièrement que aemonftrerons con- 
tradiétion en cefte forte : Soit ligne propofée la diago
nale (carla definition diétde toute ligne) d’vnquarré 
duquel le cofté eft 1: Or cefte ligne propofée(diét il)eft 
rationelle, & le nombre l’explicant fora de mefme qua- 
lité;parquoi le nombre explicant cefte ligne qui eft: a/ 
8 . fora rationel: & d’aultre part diét que ^/8,eftirra- 
tionelle¿cequieftcontradi¿lion. Aufocond nouspou- 
uons demonftrer (mefines folon le dire de l’adueriaire) 
que nulle ligne n’eft: par foi irrationelle:car fil diét que 
c’eft celle la (à foauoir diagonale ou cofté de quarré)

qu'on

Now Stevin draws his conclusion “THAT THERE ARE N O  ABSURD, IR
RATIONAL, IRREGULAR, inexplicable or surd numbers”. Such numbers as 
V8 are often treated in this way. It is true that V8 is incommensurable with an 
arithmetical number, but this does not mean that it is absurd, etc. Or take, for 
instance, a line and an area, which are incommensurable magnitudes, • since they 
have no common measure. Moreover, if V8 and an arithmetical number are in
commensurable, then it is as much (or as little) the fault of V8 as of the arith
metical number. The side and the diagonal of a square are incommensurable line's, 
but are not absurd. [Here Stevin quotes Euclid X  Prop. 118, see Appendice p. 
200.} If, following Euclid, in the Campanus and Zamberti edition, we introduce
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qu’on explique par nombre Arithmétique; & l’autre 
irrationclle, ienfuirque ielon l’attribution du nombre 
Arithmeticque, le cofcé pourra lVne fois eftre rationel, 
autrefois irrationel;doncques il ne l’eft pas par foi,mais 
en rcfpeét d’vnDombre dont il y a iciqueftion : Tel 
argument doneques n’eft pas pour lui; ains pluftoft 
vne declaration de la confufion confiftante en fon opi
nion. Qifeft ce qu’il a encore ?

Il me mande que ie lui explique quelle choie foit 4/ 
8 . le Iuy refoons qu'il m’explique quelle choie foienc 
I (qui felon fon dire font rationels) puis ie la lui ex-, 
pliqueraii II me dira d’aduenture que * (pour changer 
de voix) font*. Et ielui refpons que 4 /  8 eft 4 /  '-f. Il 
didt que * font à tout nombre Arithmeticque com- 
méfurble, & 4 /  8 à nul d’iccux; le lui reipons que 4 /  8, 
eft ainfiniz nombres comme 4 /  z. 4 /  3 1 .  commenffo 
rabie,3c J à nul d’iceux. Il me dict,que fi on partift vnc 
choie en 4 parties egales, que * eft cela qui denote la 
quantité de trois d’icelles parties; &c ie lui refpons que 
il la grandeur d’vnquarré fuft8,que 4/8 eft le nom
bre qui denote la quantité de fon cofté. Item fi on luv 
demande combien foit le quotient de ladiuifionde 3, 
par4,ilreipondraque c’eft le quotient dela diuifion 
de 3 par 4: Et tout par mefme elegance dii-ie qu’en 
extrahant racine quarrée de 8, ce qui en fort eft racine 
quarrée de 8. Ou fil penfo de fatisfaire par quelque 
changement de voix,qui en elfed eft le mefme, diiânt 
que tel quotient font trois quarts, ie lui ferai le fom- 
blablc fur la racine, difant que c’eft le cofté de quarre 
8. Il veult que nous appliquons les nombres comme * 
& 4 /  8, à quelque matière,comme à vne aulne, & diét 
qu’il me pourra monftrer légitimement les J d’vne

C  1  aulne

the definition “Every given straight line is called rational. And the lines in
commensurable with them are called irrational”, then we must not believe that 
the numbers which express these irrational lines are themselves irrational. If 
the given line is the diagonal of the square of side 2, then V8 is rational, and 
V8 cannot be rational and irrational at the same time. Indeed, just as 3/4 is 
commensurable with all arithmetical numbers, so is V8 commensurable with an 
infinity of numbers such as V2, V32, etc. And when you think that you can 
refute this by a change of expression, then I can answer the same way. If my 
opponent quotes Euclid VI Prop. 9 to show how to construct 3 4  of an ell in a 
legitimate way, then I quote Euclid VI Prop. 13 to show how to construct 
legitimately V8 of an ell. [The “Campanus and Zamberti” probably refers to

O
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aulne par la 9 propofition du 6 liure d’Euclide ; Et m oi 
ie lui monftrerai légitimement la racine quarrée de 8, 
d’vne aulne par la i3  propofition du 6 Iiure du mefme 
Euclide. Car la ligne moienne proportionelle entre 
toute l’aulne & vne hui&iefme partie d’icelle, eft 4 /  8, 
de la m efme aulne.

Les qualitez doneques de 4 /  8 & J (en tant que 
touche cefte queftion) fonc femblables. O r de cho
ies femblables i'e fa id  mefme iueempnt; par quoi fi 
a/  8 , eft nombre abfurd, irrationel, irregulier, inexpli
cable, Si fourd: les * le feront au (fi; Mais l’adueriaire 
ne concede cela aucunement; ains veut tout au con
traire, il faut donc de neceifité qu’il confeflè que i /  8 
eft excellente, rationelle, reguliere, explicable,& bien 
oyante. C e que nous auons demonftré de 4 / 8 ,  fera 
auifi entendu de 4 / Q), &  autres racines quelconques: 
car côbien que de touteligne ne pouuons legitimetnet 
couper racine cubique (à caufe que les deux lignes 
m oiennes proportionelles entre deux lignes données, 
ne font encore geometriquement inuentees) comme 
friions racine Quarrée, cela n’eft pas la coulpe des 
nombres; car ce qu’en lignes ne fçauons faire, nous 
l’achetions par nombres facilemenr.

M ais a fin que parlions aulfi de l’vtilité de cefte 
matière, & que l’on n’eftime que ce foit diipute de 
l ’ombre de l’aiire, faut foauoir que cefte abiurde opi
nion de nombres abfurds,que ce ne foroient pas nom 
bres, &c. a tellement obfcurci la dodrine des incom - 
menfurables grandeurs, que b  difficulté dudixiefm e 
1 iurc d’Euclide (qui traidc de cefte matière) eft à plu
sieurs deuenu en horreur, voire iulques a l’appeller la 
croix des mathématiciens,mattere trop dure à digerer,

&  en

Euclidis Megarensis mathematici clarissimi Elementorum geometricorum libri 
X V , Basileae, 1546, which has printed the expositions by Bartholomeo Zamberti 
as well as those by Johannes Campanus. The Campanus version, of thé middle of 
the thirteenth century, was used for the first printed Euclid (Ratdolt, Venice, 
1482), and, in a modified form, for the Euclid edition by L. Pacioli (Venice, 
1509). The original Zamberti edition of Euclid appeared in Venice, 1505, and 
was a Latin translation of the Greek text; the Campanus text was from the 
Arabic. Euclid VI Prop. 9 shows how “from a given straight line to cut o ff a 
prescribed part”, and proves it for the case that this part is one third; VI Prop. 
13 shows how “between two given straight lines to find a mean proportional”.] 
The same holds for cubic and other roots, even though we cannot construct the
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&  en laquelle n’apperçoiuent aucune vtilité : C ’eft 
auffi ce ferme fondam ent, qui nous à auancé en la de-  
fcriptiond’icelles qui fenfuiuera en vn traidé particu
lier, la ou lont rendu faciles &  claires (à m on auis) en 
3 problèmes feulement, lez  difficiles &  obfcures pro- 
pofitions d u d id  Dixiefm e,qui en contientfelon Z am - 
bert 118. Voire non pas feulement ce qui eft contenu  
au d id  dixiefme mais encore vn facile infini progrès 
des chofes y commencées,lequel(infîni progrès dif-ie) 
femble incomprehenfible par tel fondament. Et celui 
qui donnera plus de lieu à laraifon,qu’a vaine opi
n ion , plus de credit aux dcfenfeurs des parfaites &  
diuines M athém atiques, qu’a ceux qui l’accufent 
d ’im parfedion &  d’abfîirdité,netrouuerapas m oin
dre facilité ,  en plufieurs operations Mathématiques, 
qui femblent autrement fort difficiles.

N ous concluons doncques qu’il n’y a aucuns nôbres 
abfurds,irrationels,irreguliers,inexplicables,ou fourds 
mais qu’il y a en eux telle excellence, &  concordance, 
que nous auons matière de méditer n u id  &  iour en  
leur admirableparfedion: Et f i l  falloir dire d’abfur- 
dité, ie la concederois pluftoft en noftre entendem ent, 
lequel ne peut autant comprendre des fêcre ts qui con- 
fîftent en la nature, qu’il foit digne de comparaifon à 
ce qu’il ignore. Finalement ce que nous n’auons fàtif- 
fa  id  en cefte matière par les argumens precedeos,  
nous l’accomplirons contre tous aduerfâires, par la 4 e 
thefe de noz thefes Mathématiques.

N o t a .

Aucuns au lieu de la quarte quantité difent quarré
C 3 de

cubic root of a line (since it involves two mean proportionals). This is not the 
fault of the numbers, since we can achieve easily with numbers what we cannot 
do with lines.

“This absurd opinion of absurd numbers, that they are not numbers, etc., has 
obscured the theory of incommensurable magnitudes to such an extent that to 
many people the difficulty of the tenth book of Euclid (which deals with these 
matters) has become such a horror that they have called it the cross of mathe
maticians, a subject too hard to digest and without any use”. Stevin has devoted 
a special essay to its explanation. Appendice, pp. 187-201, see also the fourth of 
his Mathematical Theses, ib., p. 2 0 2 .
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de quarré; Et de la lèxte quantité, quarré de cube, ou 
cube de quarré; Et de la huiétiefme,quarré de quarré 
de quarré; Et de la neufiefme, cube de cube,&c.ce qui 
iont des noms de ce qui ne coniîfte point en grandeur, 
vrai eft qu’ils ont quelque fimilituae à leur fubieét en 
tant qu’il eft nombre, mais trop oblcure : Nous n’vfè- 
rons doncques pas de ces noms, d’vne part pour les 
incommoditez qui en procèdent, d’autre part pour la 
facilité des autres, comme apparoiftra aux computa
tions qui fen feront ci après.

D e f i n i t i o n  x x x i i .

%acine quarrée algebraique de quantité, 
eft celle qui multipliée en foi,produit la mefme 
quantité. rR ĉine cubique algebraique de quan
tité, eft celle qui multipliée cubiquement,pro
d u it la mefme quantité. Et ainfi de la quarte 
quantité &  autresfuiuantes.

E x p l i c a t i o n .

Comme 3 © l’appellent la racine quarrée algebrai
que de 9 (2), parce que multipliées en elles produifênt 

Et pour mefme railon 4@ fe dilènt la racine 
quarrée de 16 ©; Et 2 @ -+- 3 ©, la racine quarrée de 
4©-+- 12. (3)-t-?(*); Et 2® la racine cubique de 
8 <2 )> Et 3 © H -  i  © la racine cubique de 27 ® -+- 54

In the Nola Stevin warns his readers against the use of expressions such as 
square of square for the fourth quantity, square of cube for the sixth, etc., as too 
obscure. [This is directed against the use of such terms as zensu de zensu, zen- 
sicubus, etc., used by Rudolfi ánd Riese, see J. Tropfke II, p. 199; also pp. 
136, 137.]
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36 © 8 CD-' Et i / 3 ©, la racine de 3 &

ainfi d’autres femblables.
D e f i n i t i o n  x x x i i i .

Le nombre Arithmétique deuant la marque 
de quantité, fapplle nombre de multitude 
des quantité*.; &  dedans la marque, déno
minateur, ou dignité de quantité:mais der
rière la marque3 yaleur ae quantité.

E x p l i c a t i o n .
En toute quantité qu’on vie en operation algebrai

que, il y a à confidcrer trois nombres differens;comme 
de multitude, dénominateur ,& valeur de quantité. 
Par exemple 3 @ iî ,  c’eft à dire trois fécondes quanti- 
tez vallins douze, de forte que le 3 eft nombre de mul
titude des quantitez, & 1 dénominateur de quantité, 
mais i z valeur des quantitez.

Confideré bien cefte definition,à fin que au fuiuant 
la difpofition des charadteres ne vous abulè : car com  
m e 19 font les m efmes cyfres que 91, toutesfois l’vne  
eft maicure quantité que l’autre. Tout ainfi Q) 8, font 
les mefmes charadterés que 8 (3),mais c’eftui ci eft bien 
vn autrequeceftui la: car Q) 8 lignifie cube,duquel la 
valeur eft 8. Mais 8 Q ), denote huict cubes defquels la 
valeur eft ici encore incognuc.

D e f i n i t i o n  x x x i v .

Le nombre radical mis deuant la marque de 
quantité eft feparcparftgne tel X,fera nom
bre de multitude des quantitez:. mais fans

Defs. XXXII— XXXVIII introduce a number of concepts. In our notation: 
2 x2 -p 3 x is the square root of 4x4 -f 12x3 +  9 x2; in 3 x2 — 1 2  the 3 is 
called “the number of* multitudes”, the 2  the “denominator” or “dignity”, 1 2  the 
“value” of the quantity, [Stevin writes 3 © 1 2 , the sign =  for equality does not 
appear until the 17th century]; x3 =  8  is different from 8x3 [ ©  8  is different 
from 8 © ] ;  and x2\Zçï~ =  \ / 9 . x- is different from ,V 9x 2 =  3 x.' In Def.
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icelmfigne de feparation, alors * /denote la 
racine du nombre de multitude3 enfemble la 
racine de la quantité.

E x p l i c a t i o n .
Comme 4/9 ̂ ( 5), c’eftà dire racine de 9 foco»* 

des, mais confideré que la 4 /  íe refere feulement au 9, 
& point à (2), ce que denote la marque de feparadon 
X=de forte que 4 /  9 X @>vaut autant (veu <\üe*/ 9» 
foi ¿b 3) comme 3 (2); Mais quand le nombre radical 
fera a nombre Arithmeticque incommenfurable,com
me 4/ y X @> '1 faut qu’il demeure ainfi; Mais fens 
icelle iêparationde la marque X> comme 4 /  9(2), Ce 
fera auffi à dire racine de 9 fécondés, mais confideré 
(par ce qu’il n’y a point de marquede feparation) que 
la 4 /  í e  refere & a 9, & a (2;, de forte que 4 /  9 (2) vaut 
autant comme 3 ©. Item 4 /  (?) 8 (D autant com
me 1 (T).

D e f i n i t i o n  x x x v .

Toute quantité fappelle la potence de fa  
racine.

E x p l i c a t i o n .
Comme quarré 9 i’appelle la potence quarrée de iá 

racine 3; Et 8, potence quarrée de 4/ 8; & 17, potence 
cubique de fa racine 3 ; & 81, potence de quarte quan
tité de fa racine 3. & ainfi des autres en inhni.

D e f i n i t i o n  x x x v i .

h- Signifie plus ftfi — ßgnifie moins.
E x p l i c a t i o n .

Il auient à caufe de l’incommcniurancc des nom-

X X X IV  the first case is expressed by y /  9  X  (2), the second by \ /  9  © ;  every 
numb,er is the “power” of its root; +  means plus, —  minus [here Stevin follows 
Riese and Rudolfi rather than Bombelli]. Defs. XXXVII and XXXVIII in
troduce commensurable and incommensurable numbers [though Stevin has used

• the terms before, see p. 35]. In the Nota  to Def. XXXVIII Stevin makes a 
distinction between three types of binomials, following distinctions made in
Euclid's tenth book: 1) like 5 +  6 , - \ / 3 + V / 12, where the two terms are com-
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bres qu’il les faut coniondre ou difioindre, par les 
motz de plus & moins. Mais parce que les mefmes 
fë rencontrent iouuent aux operations arithmétiques, 
tant des nombres algebraiques ou quantitez, que des 
nombres radicaux, l’on vie pour briefueté des lignes 
fort commodes, à içauoir -f- lignifiant plus, &—dé
notant moins.

D e f i n i t i o n  x x x v i i .

Nombres commenfurables font ceux ou f 
quels exiße quelque nombre qui leur fo it 
commune mefure.

E x p l i c a t i o n .
Tous nombres Arithmétiques comme 7 & 9 (auf- 

quels l’vnité eft la commune mefurejfappellent nom
bres commenfurables. Semblablement beaucoup des 
nombres géométriques commet 17,& 4/ 3, lelquels 
ont pour commune mefure V  3, comme apparoiftera 
parle i o  problème.

D e f i n i t i o n  x x x v  i  i  i .

V im bres incornmenfurabies font ceux ouf 
quels riexifte quelque nombre qui leur foit 
commune mefure.

E x p l i c a t i o n .
Comme 4 &*/ 6, & autres femblables, par ce 

qu’il n’y a aucun nombre qui leur foit commune me- 
itire, fappellcnt nombres incommenlûrables.

N ota.
Les commenfurances & incommenlurancesdes 

nombres qui le rencontrent aux binomics (car ceft des

mensurable, 2 ) like 4. +  \ / 7 , where the squares 16, 7 are commensurable, 3) like
4 +  7  , where the squares 16, \ / 7  are incommensurable. To call {with Euclid]
4 and V l  “commensurable in the square” seems to Stevin confusing; he prefers 
to say “4 and y/7 are incommensurable, but their squares are commensurable” —  
that is language which even the dullest people can understand.
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binomies que traiterons d’orefenauant)fe diftinguent 
communementen trois efpeces, defquelles la premie
re félon noftre manière eft telle:

Quelques deux nombres font de telle condition, 
qu’ils font commenfurables, comme 5 & 6, ou à/  } & 
<*/ 11 & femblables.

D e V X I E S M E  E S P E C E .
Autres deux nombres ya il de telle qualité, qu’ils 

font incommenfurables,mais leurs quarrez font com- 
menfùrables. Comme 4 & 4/ 7,fontincommenfura- 
bles: Mais leurs quarrez comme 16 & 7, font com
menfurables.

T r o i s  I E S M B  e s p e c e .
Il y a autres deux nombres de telle condition,qu’ils 

font incómenfurables,& leurs quarrez fontauili incô- 
menfurablcsjcomme4 Seu/ 7 fontincómenfurables 
Si leurs quarrez 16 & 4 / 7 font aufïï incómenfurables.

Or pour diftin&ion de ces trois differences, les au
tres nomment la premiere vulgairement (par fi m iii tu- 
de des lignes defquelles'traite Euclide es definitions 
de fon dixiefme Üure) commenfurables en longitude; 
La féconde incommenfurables en longitude; mais 
commenfurables en potence. Et la troifiefme incom- 
mcnforables en potence & longitude.

Mais félon mon opinion nous nommons ces diffe
rences plus clairement,difans abfolutement que tous 
deux nombres propofez font commenfurables, ou in
commenfurables. Quanta lacommenfurance ou in- 
commenfurance qu’il y a entre leurs potences ou 
quarrez, celle la ne faut il pas attribuer aux propofez, 
mais abiblutenient à leurs potences. Et pour en par
ler par exemple, qu’eft ce fiquelcun di£t que la péri-
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phcried’vn circle eft droide en fon diametre î Vraic- 
ment veu que routes peripheries font obliques, il n’y a 
point de fens, mais fi l’on did que les peripheries font 
obliques, & que leur diamètres font droi¿ts,on expli
que la vraie qualité de l’vn & l’autre: Ainfi de dire que 
4& t/7 font commenfurables en leurs quarrez ou po
tences (veu qu’ils font incommenfurables) il n’y a 
point de fons. Mais fi l’on did, que 4  & 4/ 7 , font in
commenfurables & que leurs potences font commen - 
furables les plus rudes le pourront entendre.

D e f i n i t i o n  x x x i x .

¿Multinomie radical, efl vn nombre confi- 
ßant de plusieurs nombres incommenfurables.

E x p l i c a t i o n .

Comme a/  3 -+-</ 5, parce qu’il confifte deplu- 
fteurs nombres incommenfiirables, l'appelle multino- 
mie radical: Radical,pourdiftindion du multinomic 
algebraique de la 16 definition.

D e f i n i t i o n  x l .

Hinomie radical ,eß  multinomie confißant 
de deux nombres incommenfurables: Trinomie 
radkal3de trois ainfi des autres le multino
mie f  appellefelon la multitude des nombres in
commenfurables dèfquels il exiße.

E x p l i c a t i o n .

Comme 1 +  t/jeftbinomic, par ce que i& ?
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font deux nombres incommenfiirables, & pour mef- 
mc raifon Pappelle 2—4 /  3 aufli binomie. Et 4 / 2  -+-

+  i (parcequ’ilatrois nombres inoommenfu- 
tables) trinomie.

C o r o l l a i r e .

D’où Pen fuit que 4 /1 - h  4 /8  Sc ièmblables ne font 
pas binomies, par ce qu’ils font commenfurables, & 
qu’on les peut expliquer par vn nombre, comme fera 
demonftré au 14 problème. Toutesfois il auiendra 
d’auenture que nous mènerons quelque fois en vn 
multinomie quelques nombres commenfurablesjtnais 
ce fera pour exemple &briefueté, & on les viera par 
hypothefc, comme Pils fuflènt incommenfurables, 
comme le ièmblable le rencontre fouuentesfois en la 
Geometrie, la ou quelque figure lêra d’auenture tra
peze, qui doibr eftre quarré. Mais pour en parler pro
prement , deux noms commenforables ne font pas 
deux noms en vne multinomie, veu (comme nous 
auons di£t) quel’ôn en peut faire vn.

D é f i n i t i o n  x t i .

Chafcun nombre à-vn multinomie f  appelle 
nom3aefquels le maieurfe d fâ  maieur nom3f tj  
le moindre3 moindre.

E x p l i c a t i o n .
Comme de binomie «/ 3 -h 4 / 2, la 4 /  3, Pappelle 

maieur nom, & la 4/2 moindre nom.
D e f i n i t i o n  x i i  i . 

¿Multinomie conioinfâ3 eßcelui duquel les 
noms font conioinfils par plus.
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E x p l i c a t i o n .

Comme 3 +  4/̂  2 ,  eft binomie conioind, &
ain ii^  j - + - 4 /  7 —(— 4 /^  3 trinomieconioind.

D e f i n i t i o n  x i . i t  i .
Multinomie dißointf, e& celui duquel les 

noms font diJîoinSîspar moins.
E x p l i c a t i o n .

Comme V  3— 4/ 2 eft binomie diiîoind,qu’au
tres appellent au iii apotome.reiîdu, ou refte. Item 8 —
4 / 2 — V  3 eft trinomie difioind.

N o t a .
La binomie difioind, eft par Eaclide appelle apo- 

lome ou refte, & iemble qu’il ne l’a voulu nommer bi-* 
nomie, par ce que l’apotome eft vne ligne, qui ne con
tient point en foy l’vn des noms qu’on explique. Mais 
veu que l’appellation de multinomie n’eft pointen re- 
Ipcd de quantité, ièlon laquelle tout multinomie eft 
aufli bien vne feule ligne comme celle d’vn nom; Mais 
en relped de qualité: Senfuit que l’apotome fera aufli 
bien binomie ; à içauoir difionind (veu qu’en l’ex- 
plicantjil faut vier ae deux noms) comme le conioind.
Doncques par binomie difioind (qui par plufleurs au - 
tres, eft aufli en vlàge, & à mon auis il eft plus propre) 
entendra on le mefme ; ce que Euclide fignifie par 
apotome.

D e f i n i t i o n  x l i i i i .

Multinomie en partie comoinSl fp) en partie 
difioiniïy eßceluy qui a noms coniointlspar 
plm 3 fpß autres difioinSïspar moins.

Defs. X XXIV— XLIIII introduce “multinomials” —  binomials, trinomials, etc. 
—  as numbers consisting of two or more incommensurable numbers, “conjoint” 
with + ,  “disjoint” with — . Our “term” is rendered by “name” (D ef. XLI).
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E x p l i c a t i o n .

Comme 4 / 7 H - 4 / 2  — */ j,eft multinomie 
en partie conioindt & en partie difioinft. Cefte de
finition ne compete point au binomie qui eft feule
ment ou ccmioinéloudifioinéfc.

N o t a .
Entre les mulrinomies les binomies font de la plus 

grande conficeradon, acaule que toutes leurs cfpeces 
font plus notoires, les mefmes à Euclide diligemment 
défini&diftiftinguées lignes enfon ioliurejlefquel- 
les appliquerons aux nombres comme Penfuit :

Il y a douze efpeces de binomies, deiquelles les 6 
font conioinâes, & 6 difioin£tes,& chafeune fixai ne 
a deux fortes; deiquelles les trois font telles,que la dif
ference des potences quarrées de leurs noms, tient ra
cine quarrée à fon maieur nom commenfurable. Les 
autres trois binomies fonr telles, que la difference des 
potences quarrées de leurs noms tient racine à fon 
maieur nom incommenfurable ; Etdechafeunde ces 
trois binomies,les deux ont chafeun vn nom à nombre 
Arithmeticque commenfurable; mais le troifiefme â 
fes deux noms, à nombre Arithmeticque incommen- 
forables. Et pour plus grand efclariflèment difttn- 
guons leurs differences par telle table.

[Here, in the Nota  following Def. XLIV, followed by Defs. XLV to 
LVI, Stevin presents the classification of binomials into 12 classes according to 
the tenth book of Euclid, using numbers where Euclid uses line segments, e.g.

Def. XLV: “first binomial”, exemplified by 3 +  V 5, where 32 —  ( a /5 ) 2 =
4, y 4  is commensurable with 3; general expression: Ap +  Ap V I— ju2, A, p. 
positive rational fractions, Ap in Stevin’s examples is an integer. The full list 
of these twelve binomials, in modern algebraic notation, can be found in T. L. 
Heath, The thirteen Books of Euclid’s Elements 111 (Cambridge, 1908), pp. 
104— 109].

Note: Def. LVII defines as “respondent conjoint and disjoint binomials” 
those with equal terms. W e use the expression: conjugate binomials.
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T R O I S  I E S M E  P A R T I E  
D E S  D E F I N I T I O N S  DE  L A 
R A I S O N  E T  P R O P O R T I O N
A ri th m é t iq u ed e  leurs dependances.

Table demonftrant l’ordre de la raifon Arith
m étique des definitions iuiuantes.

r * * ' { s s g z ¡ ?

rDetna
iturt in

I egal it t.

res*u
¿ a ré -

sr

(tmmï- 
furabli. <

r Laquelle ¡'explique 
par nombre entier fiu-

<CompoJio)
liment tomme Multi
ple.

tnçale ^

IncQtn- 
menfura-

JU-

fnMuItipU 
i iHperpartim 

^ 7“ I cutiere» 
s explique | 
par nom- I 
ire en- S  
ttir C  i 

De moindre biegale. rompu Multiple
té,&reçoit U t mefmti y^omme J fispcrpir- 

fobtbduufions, comme vííb/í.
celle de maiture iné
galité, leur propopmt 
Uufieurt te vocable 
fitb, ïOPtmcfupcrpar- 
juu lxrtftc .

E 2.. 4 . 9 .O  V Z. 3. 4 .  6. E T
S E M B L A B L E S ,  NE F O N T  PAS P R O P O R -
tion géométrique. Außi que nombres comme 1. 2. 3. ou 
¡2. to. 6 .4 . dr pareils, ne fo n t pai proportion Arithme~ 
tique. Item que i f  3->44' 136. &  femblables,  ne fo n t  
pas proportion harmonique.

Third part

[W hile in Part II Stevin has explained subject matter pertaining to Euclid 
X , in this Third Part we find Stevin’s adaptation of Euclid V and VII, the 
theory of proportions.]

The table gives a survey of the different orders of ratio to be discussed. 
Stevin then explains that “proportion, to discuss it somewhat in general before 
we come to the particular, is the similitude of two equal ratios. Ratio is the 
comparison of two terms of a similar kind of quantity. And if all the terms 
of a proportion were magnitudes, it would be a geometrical proportion. But if 
they were all numbers, the proportion would be an arithmetical one, and if they 
were all harmonic sounds, it would be a harmonic proportion. Similarly, if the 
terms are parts o f predication or proposition, the proportion is a dialectical one. 
Thus every proportion receives its name in conformity with the nature of its terms”.
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La proportion pour en parler vn peu en general, 

auant que parucnir au particulier, cftlaiimilitudc de 
deux raifons égalés. Raifon eft comparaifon de deux 
termes d’vne mefine efpece de quantité. Et fi tous les 
termes d’yne proportion fuflènt grandeurs,ce fera pro
portion geometrique.Mais fils eftoienttous nombres, 
(era proportiou Arithmétique. Eft eftant tous fons har
monieux, c’eft proportion harmonique. Semblable- 
ment quand les termes font parties de predication ou 
de propofition,c’eft proportion dialedhque. De forte 
que toute proportion obtient le nom conforme à la 
matière de fes termes. Ce qui eftant ainfi, fenfiiit que 
ceux la fabulent, difans que nombres comme i. 4.8. 
ou i. 3.4.6. font proportion géométrique, l’vne conti- 
nuèl’autre diftontinue, veu qu’il n’y a ici nulles gran
deurs, qui toutesfois pour la raifon que delius & par la 
3 & 4 définition du 5 liufé d’Eucl.font en toute pro
portion géométrique requilès, veu aulfi que c’eft 
vne manifefte proportion Arithmétique. Item,que 
nombres comme 133. 144. 136. feraient poportion 
harmonique, puis que les fons entre eux en telle raifon, 
ne font qu’ vne abfurde refonance. Item que 1.1.3.6c 
11. io-6.4. foit proportion Arithmétique, l’vne con
tinue l’autre difconrinue, confideré que c’eft contre la 
a i definition du 7 liure d’Euclide, approuuée de tous 
fonnant ainfi: Nombres (ont proportioned, quand le 
premier eß teüe multiplicité partie ou parties du fé
cond , comme le troiftefme du quatriefme. Nous pour
rions argumenter de cefte matière plus amplement, 
efprouuant en beaucoup des manieres, noftre propos, 
& que le concédé du contraire eft vne confufionenla 
dilcipline mathématique,laquelle n’enfeigne pasque

Numbers such as 2, 4, 8 and 2, 3, 4, 6 form not a geometrical, but an 
arithmetical proportion [2 : 4 := 4 : 8, called by Boethius and others “proportio 
continua” 2 : 3 =  4 : 6, “proportio discontinua”.]  And 1, 2, 3, or 12, 10, 6, 4 
do not form a proportion at all, because of Euclid VII Def. 21: “Numbers are 
proportional when the first is the same multiple or the same part, or the same 
parts of the second that the third is of the fourth”. [This definition is at 
present labelled 20; 3 —  2 =  2 —  1 is called a continuous arithmetical pro
portion in the Pythagorean school, and since 12 —  10 =  6 —  4, these numbers 
form a discontinuous arithmetical proportion. Stevin here opposes a number of 
definitions which via the Pythagoreans and Boethius had entered into sixteenth- 
century literature, and adheres more closely to Euclid. See J. Tropfke III, pp.
f — !? • ]
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c’eft proportion: mais pluftoft empefche à plufieurs de 
pouuoir fuffiiamment comprendre fi grand rnj ftere. 
Ce qui eft aufli l’occafion pourquoi la theorie de mufi- 
queeft (aureipe&de ce qui confifte potentiellement 
en la nature) fiobfcure&defipeu deperfonnes exer
cée,dont entre les compofiteurs d’icelle(pour le default 
de vrai & ferme fondement) naiflènt plufieurs deten
tions, comme en fon lieu en traiterons quelque fois 
plusamp/ement. Mais veu que ce different fera tranf. 
porté entre noztheiès mathématiques, nous en forons 
ici vne finj Concluans,que proportion géométrique eft 
celle, de laquelle les termes font grandeurs pronortio- 
nellesjles definitions dcfquelles nous auons defeript 
autrepart:Item que proportion harmonique eft celle,ae 
laquelle les termes font fons harmonieux, deiquels dé
fini prons les definitions ailleurs: Aufli que la propor
tion Arithmétique eft celte, de laquelle les termes font 
nombres proportioned, deiquels declairerons les défi
nirions en cefte forte.

[In Defs. LVIII— LIX arithmetical term and arithmetical ratio are defined, 
and in Defs. LX— LXXIV different kinds of ratios, e.g. Def. LXVIII: multiple 
superparticular, ( ka +  1) : a, k integer >  1. See our Introduction. In Defs. 
LXXV— LXXIX, LXXXI— LXXXIV different kinds of proportions are defined, 
again in accordance with Euclid V and later authors, such as Boethius, e.g. con
tinuous and discontinuous proportions, see above (Defs. LXXVIII, LXXIX), 
or invertendo, from a : b — c : d  to b : a =  d  : c Def. L X X X II).] Def. 
LXXX introduces homologous terms of a proportion, such as a, c or b, d  in a : 
b — c : d. Def. LXXXV introduces the concept of double and triple ratio in 
proportional terms: if a \ b — b \ c =  c : d, then a : c is said to be the double ratio 
of a : b, and a : d  the triple ratio of a : b. Since aje =  (a¡b) 2, and a\d =  (a jb )?>, 
we here have to do with the ancient nomenclature for fractions found in such 
writers as Boethius, see our Introduction.
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DES C H A R A C T E R ^  QV’ON
V S E R A  E N  C E S T E  A R I T H.

V EV que la cogitoi(lance des charadtercs eft de 
grande con foquen ce, par ce qu’on les vie en l’A- 
rithmetique au lieu de motz, nous les aiouftcrons ici, 

(combien qu’au precedent chafoün à efté amplement 
dcclairé en (à definition) par ordre tous cnfemble com
me Penfuit.

Les charaéfceres fignifians quantitez,deiquels 
l’explication fotrouuees 14. 16.17.18.defin.
font tels.

© Corn mencement de quantité qui eft nombre Arith.
ou ra dical quelconque.

©prime quantité.
(2) ieconde quantité.
(3) tierce quantité.
© quarte quantité, &c.

Les chara éteres fignifians poftpolèes quantitez, 
defquels l’explication Ce trouue d la 18 définition, 
font tels:

[The Fourth Part, with Defs. LXXXVI— C, deals with “rational com
putations, such as addition, subtraction, multiplication, division, and what depends 
on it; the illustrations use simple integers, e.g. 3 times 2 is 6. The Fifth Part, 
Defs. Cl— CHI, introduces the rule of three, the mle of proportional partition, 
and the regula falsi. In the first we compute x from a : b — c : x, in the second 
we solve the equations x  +  y =  p, x : y — a : b, here p, a, b, c, are given 
numbers, see Euclid VI Prop. 12, 10, where these problems are solved geome
trically. The regula falsi, not explained by Stevin, is considered so important that 
“Algebra (also called Almucabala, Ars magna, Regula de cosa) can be called 
the regula falsi of the quantities”. On the meaning of the regula falsi and the 
three ancient terms, see our Introduction],
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i f e e ®  Vne prime quantité fecondement pofce.
4 ter © Quatre focondes quantitez dercement pofées, 

ou procedans tie la prime quantité tierce- 
m.cnt pofée.

i © fee ® Produidfc d’vne prime quantité par vne 
prime quantité fecondement pofée.

J © ter © Produidfc de cincq quartes quantitez par vne 
féconde quantité tierceinent polee.

Les charadteres fignifians racines defquels l’ex- 
plication fe trouue à la 29 & jo definition foist tels: 

4/  Racine de quarré.
W  Racine de racine de quarré. 
tu /  Racine de racine de racine de quarré. 
a u /  Racine de racine de racine de racine de quarré. 
a/Q) Racine de cube.
♦«/ (|) Racine de racine de cube. 
a/  ©Racine de quarte quantité.
Ai/ © Racine de racinef'de quarte quantité,&c.

Le c h aradle re lignifiant la lèparation entre le li
gne de la racine, & la quantité, duquel l’explica
tion le trouue à la 34 dehnition, eft tel. 

y\, Commet/ 3X@ n’cft pas le mefme que i /  5©, 
comme diéfc eft à ladidte 14. définition.

Les charadfcercs fignifians plus & moins,comme 
à la 36 definition, font tels:

- h  Plus.
— Moins.

Et pour expliquer la racine d’vn inuItinomic(qu'- 
aucuns appellent racine vniuerfelle) nous vferons le 
vocable dumulnnomiecomme: 

a/  bino 1 +  4/3, ceft à dire racine quarrée de bino- 
mie, ou de la (brame de 1 & V  3.
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« /  trm o 4 /3 -4 -  .4/  2 —  V 'i ,  c’eft à dire racine quarrée 

de trinomie, ou  de la iom m e de * /  3 &  v  2 &  
—  4 /  5 .

d /  (3) bino 4/ l  —f- 4/  3> c’eft à  dire racine cubique de 
b in o m ie* /1 -4 -4 /  3.

( /  bino 2 @.-4- 1  (£), c'eft à dire racine quarrée de bi
nomie 2 @ -4-1 

« /(D  bino i @ + i © ,  c’eft à  dire racine cubique de 
binomie 2 @ , H - i  © , &c.

F i n  d v  i . l i v r b .

Then follows an explanation of the seven terms problem, given, required, con
struction, preparation of the demonstration, demonstration and conclusion; further 
theorem and hypothesis.

[For the explanation of the symbols, see above. It will be seen that 
Stevin has no fixed convention for the sign of equality. The last three expres
sions mean ^  \/2  +  V3, \/ '2 a 2 +  a, 2a2 -|- a, where a may be replaced 
by any other symbol, e.g. x].
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D E  l ’o  P E R A T I O N.

Tremiere partie de l'opération des nombres 
cArithmétiques. 

Premiere diftinótion des quatre nu
merations des nombres Arith

métiques entiers.

De £ addition des nombres <_A rithm é
tiques entiers.

P R O B L E M E  I.

C  s T A N  T donnez.l nombres Arithmétiques 
entiers a aiouiter:Trouuer leur fomme.

Explication du donné. Soientles nombres donnezà 
aiouftertelz 379, & 7692, & 4545. Explication dure- 
quis. Il faut trouuerleurfom m e. Conßruäion. O n dit-
pofêra les nombres donnez com m e ci deiloubz; de 
forte que leurs premieres characteres versladextre, 
correfpondent l’vnfbubs l’autre, & que pareillement 
correfpondent leurs deuxiefmes characteres, & autres 
cniliiuans, tirant au defToubs vne ligne; Puis en aiou- 
ftera tous les characâeres du premier reng vers la dex- 
tre, difant 9 & 2 font n ,&  5 font 16,deiquels on met-

W e omit most of the First and Second Parts o f this Second Book. The First 
Part, Probs. I— XVII, deals with operations on arithmetical numbers. Prob. I 
shows how to add, Prob. II how to subtract, Prob. III how to multiply, Prob. IV 
how to divide integers. Prob. V  shows how to find the greatest common divisor 
of two integers. The next problems deal with analogous operations on fractions. 
W e reproduce Probs. III and IV to show how Stevin multiplied and divided, and 
Prob. IX  to show how he reduced fractions to a common denominator, using 
a x sign.



it  L e  i l .  l i v r e  d ’a  r i  t h .
tera le 6 ioubs le premier reng, & le i defdiâs x6 aiou- 
lieraon au fécond reng, difant, i & 7 font 8, & 9 font 
I7,&4 font 11,deiquels on mettera le i foubsle fé
cond reng, & le 2 adiouftera on au troifiefme reng, di- 
fant 2 & 3 font j, 8c 6 font 11, & 5 font 16, deiquels 
on mettera le 6 ioubs le troifiefme reng, & le i faiou- 
ftera au quatrieftne, difant i Sey fönt 8,&4font 12, 
leiquels on mettera entièrement foubs leur reng en 
cefte forte.

Iedi que 126.1 6eftlafomme 
Nombres 379 requife. Demonßration. Sides 
donnez 7 6 9 2 tro¡s nombres donnez on fbub- 

45 4 5 ftraiét les deux premiers don- 
Somme 12616 nez, refiera le dernier nombre

donné 4 j 4 \ ,& fi dela iom m e 
trouuée t 26 16 on foubftraiél aufli les deux premiers 
nombres donnez, refte aufli 4545. Mais parle ctimun 
axiome;G de çho&s egales on íoubftraiól choies egales 
les reftes feront egales,& au reuers fi les reftes font ega
les aux reftes, & choies foubftrai&es aux choies fbub- 
ftraides, leurs tous font égaux; Doncques i 26 i 6 eft 
egal aux trois nombres donnez, c’eft doncques parla 
86 definition leur fomme; ce qu’il falloit demonftrer. 
Conclusion. Eftant doncques donnez nombres Arith
métiques entiers à aioufter, nous auons trouué leur 
iômme^ce qu’il falloit faire.



De la multiplication des nombres <̂ A rit h- 
metiques entiers.

P RO BL E M E  III.
P  s T A N T  donné nombre Arithmétique 

entier à multiplier3 nombre Arithméti
que entier multiplicateur : Trouuer leur pro- 
duibl.

Explication du donné: Soit doné nombre à multiplier 
546, & multiplicateur 37. Explication du requis. Il faut 
trouuer leur produiit. N o t a .  Pourfacilementibluer 
cefte propofition, il conuient de içauoir par memoi
re, la multiplication des neuf fimples characteres 
1.1.3.4. J.6.7.8.9.entre eux:comme,que 5 fois7 font 
3 5, & que 9 fois 6 font 54, & ainfi des autres: Or pour 
facilité du mefme on prepare communément vne ta- 

~" ble comme ci defloiibs,t Mí Ul î 16 17 18 1 9 I
2 (4 ) 6  | 8  | t o | i 2 ¡i4 ¡ i6 | i 8 j

5 [¿ ( g  j l2 | . í | l 8 |2 l Ñ 27|

4 ¡8 | i 2 | i 6 f i o | i4 | i 8 | j 2 |3 6 |

S io i i? | io |2 í |3o¡35 |4o |45 |
6 ii í | i 8 [ i4 Í 3 o | í6 |4 t |4 8 | í4 |
7 i4 lu M l3 t |4 2 Í4 9 | í6 |6 ? l
8 , 6¡24(32|4o|4 8|í6|64|72|

9 ll 8 M ? 6 M 5 4 M 7 i | 8 i |

viàge eft tel: voulant

en la premiere colomne
a la  ieneftre, & l’autre
en la fuperieure ligne, 
&le nombre en l’angle

commun demonftre le produ it. Par exemple voulant
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fçauoir combien foit 8 ibis3,on cherche 8 en la pre
miere colomne à feneftre, & 3 cnlafuperieureligne, 
&enl’angle commun y a 24, qui denote 8 fois 3 ratre 
24, & ainfi des autres. Conflruft'm. On mettera les 
nombres Tvn ioubs l’autre, tirât vn tret comme ci défi 
Ioubs; Puis on dira 7 fois G font 42, mettant 2 foubs le 
7, & retenant (à caufè des quatre dixaines) 4 à la me
moire; puis 7 fois 4 font 28, & 4 qu’on tient à la me
moire,font 32, deiquels on mettera-le-ifoubs le 3, re
tenant 3; puis 7 fois 5 font 3 5, & 3 qu’on a retenu font 
j8;leiquéls on mettera pareillement deiïoubs le tret: 
De mefme forte multipliera on les 34G par le 3 du mul
tiplicateur, difant 3 fois 6 font 18, mettant le 8 foubs le 
3,& ainfi des autrcs:puis on tirera vn tret aiouftant par 
le i problème toùt ce qui eft entre les deux lignes en 
cefte forte.
Nombre à multiplier 54G le di que 20202 éft

Doncques par la'93 definition c’eft multiplication le
gitime, & 2 o 2 o 2 eft leur produidfc; ce qu’il falloit de- 
monftrer. Conclufion. Eftant doncques donné nombre 
Arithmétique entier à multiplier,& nombre Arithmé
tique entier multiplicateur, nous auons trouué leur 
produidfc; ce qu’il falloit faire.

Multiplicateur

Produidfc

le produidfc requis. 
Demmßration. Le 
20202 contient le 37 
autant de fois, qu’il 
y a vnitez en 54 6;

De la diuifion âe «ombres Arithmé
tiques entiers.
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P RO BL E ME  IHI,
X7 s T A N T  donné nombre Arithmétique 

entier èldiuifer, f t)  nombre Arithmétique 
entier diuifeur : Trouuer leur quotient.

Explication du dom é. Soit donné nombre àdiuifor 
9 9 y, &  diuifour 18. Explication du requit. Il faut trou
uer leur quotient. Conßruilion. On mettera le nombre 
à diuifer & diuifeur en ordre, tirant vne ligne oblique 
comme ci delfoubs:difant combien de fois 2 en gîfaict 
3 fois (il eft vrai qu’il en y a 4 fois reliant i, mais nous 
dirons ci de (Ioubs la raifon pourquoi il faut dire feule
ment 3 fois) qui denote 3 pour premier charaâere du 
quotient, lequel 3 on mettera derrière la ligne oblique, 
& le 3 reliant fur le 9, trenchant le 1 & 9. Puis on mul
tipliera le 8 du diuifeur, par le 3 du quotient, fai£t 24 
lequels foubftraid de 39 (ici appert l’occalîon pour
quoi nous auons diet ci delius, que le 2 eft en 9 foulle- 
menr 3fois,carfinouseuinons diét 4 fois reliant i for 
le 9, &que nous eulfions alots multiplié le S par tel 4, 
ce ferait 3 2,lefquel forait à foubftraire de 19 reliant par 
delfos le diuilèur, ce qui feroit impoflible, pourtant il 
faut toufiours mettre tel nombre à la ligne oblique, 
qu’onpuilfo fubftrairetel produiél d’icelle refte) refte 
15, lequels on mettera delius le 39, trenchant & le 39, 
& le 8, & fora alors la difpofïtion des charadlercs telle.

Or pour trouuer le fécond charadlere 
i du quotient, il faut mettre autrefois le
y y diuifour foubs le nombre a diuifor,
ÿçf y (3 mettant le 8 du diuifour foubs le y, 8c 
z  % le 2 foubs le 8 du premierdiuifour,difant

combien de fois 2 en 15 î (faiél 5 fois
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P R O B L E M E  V I I I .
T J  s t a n t  donné fiaSíion Arithmétique 

maieure que vnité : Trouuer combien des 
Vnitez¿ &  plus quelle ßc0ion moindre que 
Vnité3 lafratlion donnée contienne.

Explication du dom é. Soie fraâion donnée maieure 
que vmté^i. Explication du requit. Il fault trouuer com
bien des vnitez,& plus quelle fraâion moindre que 
vnitc, ladiâc fraâion y  contienne. Conßruäion. On 
diuifora le numérateur 14, par le nominateur 3, donne 
quotient 4-y le di que 4-—eft le nobre requis.Dmaa- 
ßration. Premièrement que 4-— iontquatre vnitez, âc 
plus fraâion y- moindre que vnité,eft par foi manife- 
fte: Au fécond, que les 4 -y font égaux a y ,  appert par 
le 7 problème; ce qu’il falloir demonftrer. Conclufion. 
Eftant doneques donnée fraâion Arithmétique, &c. 
ce qu’il falloir faire.

P ROBLEME IX.
' p  s T A N T donnezl nombres Arithmétiques 

rompuz. d'inégaux nominateurs:Les rédui
re en rompue de commun nominateur.

Explication du donné. Soient les rompuz donnez y &  
Explication du requis. Il les faut réduire en nombres 

rompuz de corn mun nominateur,c’eft à dire qu’il faut 
trouuer deux autres rompuz égaux aux donnez, & 
aians égaux nom inateurs. Conïïruiïion. On multiplie
ra le 4 par 3 faiâ 11, lequel fo mettera for le 4, fembla- 
bleméton multipliera apar 5,faiâ io,les ineimcs met
tera on for le 1, puis 3 par 5 faiâ 15, lequel on mettera
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deíloubs en celle forte. Iediquey|& {y ibntles nom.

bres requis,àiçauoir aians vncommun 
10 11 nominateur 15.Demonümion. Queces
JL nombres trouuez ont 15 pour commun
i S nominateur eft manifèfte,& que lése

ront égalés a apert en cela, que -y- font le pre
mier rompu ae par le 6 problème ; Sembla- 
blement font les jy  egâ es à les -|-5 ce qu’‘l fol- 
loit demonftrer. Autre exemple. Si les nombres don
nez fuftènt plus que deus, comme par exemple ces 
trois -y- —■ -f-.On multipliera 3 par 5 faiét i j,leiquels 
autrefois multipliez par 7 font pour commun nomina
teur requis ioj; puis pour trouuer le numérateur re- 
foondantaüx-|- donnez,on multipliera les 105 parles 
X des— faiâ: 11 odes mefmes diuiiêz par le 3 des meC- 
mes-|-, donné quotient 70,pour numérateur reipon- 
dant d les -|-donnez.Et par me/me moien on trouueria 
que aux-y- refpondent 84 & aux -y. 90; Doncques 
22^ 2±. font les trois nombres aiantvncômun 
nominateur 105, come il eftoit requis,dont la demon- 
ftration depend de la precedente. Etia difpofition des 
charaéteres de l’opération eft telle. Ĉ nclnjîon. Eftant 
7 0  8 4  9 0  doncquesdonneznombresrompitz
-2- -4- -y- d’inégaux nominateurs, nous les

105 auons reduiâ en rompuz de com
mun nominateur; ce qu’il falloit faire.
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The Second Part, Probs. XVII— LII, deals with operations on geometrical 
numbers; that is, operations on radicals. Prob. XVIII demonstrates the extrac
tion of the square, cube, fourth and fifth roots of an integer, beginning with

V 186624 ( =  423) and ending with 1^3570467226624 ( =  324). For this 
purpose Stevin, following Stifel, constructs a “Pascal triangle” (p. 106). Prob.
XIX shows how two roots of different kinds, such as y /  5 and 6, are reduced

to roots of the same kind, here 1^ 125, l6 /36, Prob. X X  how to find out 
whether two roots are commensurable or incommensurable. Here we find a first 
illustration of Stevin’s method of dealing geometrically with an arithmetical theorem,

that is, by referring to Euclid. To show that \ / 50 is commensurable with y  2, two 
squares are taken, A of area 50, B of area 2, and two other squares, C of area 
50/2 =  25, D  of area i .  Since A : B =  C : D, Euclid VI Prop. 2 teaches that
side A : side B =  side C : side D, or \ / 5 0  : V  2 =  5 : 1, so that y /  50 is 5

times y /  2. (Euclid VI Prop. 2: If four straight lines be proportional, then the 
rectilinear figures similar and similarly described upon them will also be pro
portional; and if the rectilinear figures similar and similarly described upon them 
be proportional, then the straight lines will themselves be also proportional, see 
T. L. Heath II, pp. 240-247). In an analogous way Euclid XI Prop. 37 is invoked
in order to prove that ^ 24 and 3 are commensurable. The next problems, 
XXI-XXV, deal with multiplication, division, addition, and subtraction of roots. 
As to Prob. XXV, see Prob. LII.
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i6 6 L e h .  t i V R E  d ’a r i t h

Troifieime diftin&ion des quatre numerations 
de multinomies radicaux entiers.

TH E O R E ME .
Y ) lus multiplié par plus ¿donner produit!plus¿ 

O* moins multiplié par moins¿ donner pro
d u i t !p lu sp lu s  multipliépar moins ¿ou moins 
multiplié par plus¿ donner produit! moins.

Explication du donné.Soit 8—j multiplié parç—7,en 
cefte forte;—y fois—j, font-4- 35 (—1—35, par ce que 
comme did le theoreme,— par —,feid+ )  Puis — 7 
fbis8,faid—56 (— j6,par ce que comme did eitau 
theoreme, — par faid—) Et femblablement, ibit
8 — 5, multiplié par le 9, & donneront produits y i  
—45; Puis aiouftez -+-2 2-1- 3 5 font 107. Puis aiouitez 
les— 56 —45, font—loi; Et ioubftraidle ioi deio7 
refte 6,pour produid de telle multiplicado. De laquel
le la diipoiîdon des charaderes de l'opération eft telle: 

Explication durequis. Il faut de-
8 — 5 monftrer par ledid donné, que
9 — 7 multiplié par -f-, faid -H, & que—

H J t+ J ï  Par—» H-, & que par —, ou
^  — par-1-, faid—. Demonßration. Le

—_— ----— nombre à multiplier 8—5, vaut 3, &
le multiplicateur 9—7 vaut 2; Mais 
multipliant 2 par 3, le produid eft 6; 

Doncques le produid cideílusauífií>,eftle vrai pro
duit: Mais le mèfine eft trouué par multiplication, la 
ounousauons did que -+- multiplié par-i-, donne 
produid H-,&—par—donne produid H- & H- par

This Theorem teaches that -f  times +  gives +  , —- times —  gives -(-, -f- 
times —  and —  times -f- gives — . The arithmetical and the geometrical demon
stration are both based on the identity (a— b) (c— d)  =  ae —  ad —  be +  bd. 
This proof, based on the distributive law combined with the associative law 
for addition (the commutative law is taken for granted), is essentially identical with 
the modern way of proving the theorem (in the theory of rings) . It will be seen 
how freely Stevin uses the notation of negative numbers: -7 times :5 gives 
+  35, etc.
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— ou— par -h  do nne produid— doncques le theo
reme eft véritable.

utre dcmonflraiion géométrique.
SoitABS—5 

(àfçauoir A D 8 
—DB5)  Puis
AC 9— 7(àiça-
uoirAE9—EC7) 
leur produid fera 
C B : ou bien íe- 
Ionia multiplica
tion precedente 
E D 7 4  —  E F  j(S

— D G 4 5 "i“ G

B

IO
55

6 í e

A 2 C
F i f , Lefquelles nous demonftrerons eftre egales a 
C B en ccfte forte. • De tout le E D -f- G F, ioubllraid 
E F,& D G,refte C B. Conclufion. Plus doncques mul
tiplié par plus, donne produid plus. & moins multi
plié par moins, donne produid plus, &c plus multiplié 
par moins, ou moins multiplié par plus, donne pro
duid moins j ce qu’il falloit demon ftrcr.



562

Then follows in Prob. XXVI an application to the multiplication of radical
multinomials, illustrated by the multiplication of 5 /  7  +  y / 5 — y/ 6  by

5 / 4  — y/ 8  +  y /  3, and another Theorem with the sign rule for division, Prob. 
XXVII serving as example. This is followed by addition, subtraction, multiplication 
and division of radical multinomials, integer as well as fractonal ones. This brings 
us to Prob. XXXIV, which shows how to find out which of two multinomials

is the largest; the example is 3 +  y /  8 and 8 —  y /  5 (3 +  y / 8  <  8 — y /5  ? 

then y / 8  <  5 -  y / 5 , 8  ^  30 -  y / 500 , 0 ^  22 -  y / 500 , a /5 0 0  ^  22, 
y/5 0 0  ^  5/ 4 8 4 ,  hence > ) .  Probs. XXX V — XXXVII are substantially arith- 
methical expressions of the two lemmas of Euclid X  Prop. 28 : To find two 
square numbers such that their sum is either also a square, or not a square, see 
T. L. Heath, III pp. 63— 66; for the history of these numbers before Stevin see 
L. E. Dickson, History of the Theory of Numbers II. Washington, 1 9 2 0 , pp. 
1 6 5 — 167. Then in Prob. XXXVIII Stevin returns to the topic already taken 
up on pp. 46— 54, and shows how to find examples of the twelve binomials 
of Euclid X.

This is followed in Prob. X X X IX  by 16 examples showing how to extract 
the square root of the twelve Euclidean binomials and of some multinomials,

the 16th example being y 17 +  5 /1 4 0  +  5 /8 4  +  V 60 — y/ 5 6  — + 4 0  — 5 /2 4
(— y/ 7  +  y/ 5  +  5 / 3  — 5 / 2 ). Stevin points out, pp. 209— 211, that not
all cases have been sufficiently investigated, for example the case in which the 
square root of a quadrinomial is also a quadrinomial: such cases exist, since

V 1 5  +  5 / 2 1 6  +  5/ 2 OO + 5 / 1 9 2  is 5 / 6  +  5 /4  +  v '3  +  5 / 2  (the square
o f y / í í + y / ¿  +  y / f + y / ¡ f  is a quadrinomial if a : b — c : d). In Probs. XL— 
XLIII we find a discussion of the multiplication, division, addition, and sub
traction of the roots of radical multinomials, e.g. the division of

( /y / 35 +  5 / 3 0  +  5 / 1 4  +  5 / 1 2  (written 5 /  quadrinomie 5 / 3 5  +  5 / 3 0  +  *

5 / 1 4  +  5 / 1 2 )  by |/y /5  +  5 / 2  (written 5 /  bino 5 / 5  +  V 2), ans. :

] / i i  +  5 / 6 . Prob. XLIII shows how to subtract ( /y  3 +  y /  2  from

|/y 2 4 3  +  5 / 1 6 2 .



D e la foubslrattion des racines de tnttlti- 
nomies radicaux.

P R O B L E M E  X U I I .
" C  Bant donnée racine de mtdtinomie radical 

de laquelleonfoubßraiByfgJ racine de mtd
tinomie radical d foubBraire : Trouuer leur 
reBe.

Explication du donné. Soit donné racine de mulri- 
nom ie  de laquelle on  fo u b ftra id  telle : i /  bino- < /  *4 î
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D  B 1*0 PE R A T  I ON.  2 17
• + - 4 /  16 2 ,  &  4 /  bino, à fbubftraire telle : 4 /  bino. 
,9 /3 -4 -4 /2 . Explication dur equa. Il faut trouuer leur 
refte. Conüruâion. O n d iu ilc ra  la h / bino, i /  243 -4- 
9 /1 6 2 ,par 4 / b in o .* /3 -1 -4 /2 , d o n n e (p a r l e 4 i  p ro 
blèm e) quo tien t 3 (l’ils fufient incom m enfurables, on  
les folueroit p a r— ) d u  m efm e, pour regle generale, 
fb u b ftra id  i ,  refte 2, qu i vaut W  i6 ,&  par la m efm e 
diuifé le diuifeur 4 /  bino. 4 /  3 - t -  4 / 1 , faiôt 4 / ¿ino. 1 /  
48 -4-  4 /3  2 laquelle ie d ieftre  la racine requi'è. Demon- 
ihatien- T o u t quo tien t m oins vn m ultip lié par fbn 
diuifeur, donne p rodu ié tegal au refte de la foubftra- 
é tio n d u  diuifeur d e  nom bre âd iu ife r, par le theore- 
m e d e u a n tle  25 problèm e.

N oftre  q uo tien t m oins vn (qui eft 4 4 /  16) eft m ul
tiplié par d iu ifeu r< / b in o .* /3 -4 -4 /2 . d o n n an t pro* 
duiéfc 1 /4 8  -+- * /  3 2. Ergo * /  bino. 4 /  48 -f- 4 /  5 2 eft 
egale au refte d u  fbubftradlion de le diuifeur i /  bino. 
4 / 3 -f -  4 /1 ,  d u  nom bre à d iu iièr 4 /  bino.4 / 245-4- 4 /  
162, c’eft à dire que  4 /  bino. 4 /4 8  -4 -  4 /  3 2, eft la refte 
requis; ce q u ’il falloir dem onftrer. Conclufien. E lian t 
doncques donnée  racine de m ultinom ie radical, de la
quelle on fbubftraiét, &  racine de m ultinom ie radical
à  foubftraire; N ous auons trouué leur refte; ce qu’il 
falloir faire.

TH E O R E ME  I.

T B multinomie ne f i  peut diuifir en autres 
noms de mefme multitude.

N o t a . Il fau t en tendre que nous parlons ici de 
propre m ultinom ie, c’eft duquel tous les nom s fon t 
en tre  eux incom m enfurables, car 4 /2  -f- 4 /8 , n’eft pas

In Theorem I we are taught that a binomial of the form a -f- y or V p  "V q,
where the terms are incommensurable, cannot be reduced, that is, if

a +  \/~b =  a-, +  \/~bu  V P + V v ^ V P t  +  v 'V i. then a =  au  b =  bv  
P — P i’ <1 — f?i- An analogous property holds for multinomials. Theorem II 
states that k ^  y ' é )  is not only commensurable with y/a ±  y/Y, if k is
integer, but is also of the same type in the Euclidean classification of bino
mials (comp. pp. 46-54).
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binomie, comme nous auons diél au corollaire de la 
40 definición. Explication du donné. Soi t donné bino- 
niie tel: 4 -f- 4 /  31. Explication du requit. Il nous faut 
demonftrec que le binomie donné 4 -+-«/ 32, ne íe 
peut diuiferen autres deux notus: C’eft à dire, qu’on 
ne peut trouuer deux autres noms, lçlquels enfemble 
foient égaux, aufdi¿ls4 -f- 4 /  3 2 ; Et pour encore expli
quer plus clairement le lens de ce tneoreme, pofons 
6 -f- 4, comme l’il fuft binomie,le mefme íe peut diui- 
feren autres deux parties, comme 7 -f- ;, qui valient 
auffi io: Orilnousfautdemonftrer,quele femblable 
clt impoflîble en vrai binomie. Demonflration.

Soubftrahons premierement du nom 4/  3 2 quelque 
partie comme 2, commeniurable au 4, & reliera 4/32 
— 2,puis aiouftpns le 2 premièrement foubflraid, à 4 
font 6 ,3i nous aurons alors 6 -+- 4/32 — 2,qui eil egal 
84-1-4/ 3 a, mais ce n’eft pas binomie. .

Soubftrahons au lècond,de 4 / 3 2 .  quelque partie 
telle, que le refte foit limpie nom comme4/2,& relie
ra 4/ 1 S; Puis aioullant la 4 / 2 ,  à 4 fera 4 -4- 4 / 2 ,  & le 
tout en lèmble fera 4-+- 4/1 -t- 4/18, lequel combien 
qu’il eft egal à 4 4- 4/32, toutesfois ce n’eftpas bi
nomie.

Soubftrahonsautroifiefme, de 4 /  3 2, quelque par
tie mcommcnfurable, à chaicun nom du binomie 
donné, comme 4 /7, i’aiouftant à 4,& demeurera alors 
4-1-4/ 7-+-4/32— 4/7,qui eftauflîegaH4-4-4/32, 
toutesfois ce n’eftpas binomie. Lemefinelê demon- 
ftrera en tous autres femblables. Conclußon. Le multi- 
nomic doncques, ne Ce peut diuifêr en autres noms 
de mefme multitude; ce qu’il falloit demonltrer.
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Db l’o p é r a t i o n . ai?
TH EO REME IL

Q f o n  multiplie ou diuife multinomie radical\
par nombre Arithmétique: Leproduiéï ou 

quotient ¡era multinomie3 de mejme multitude 
de noms, de mefme ordre, comme ¡e multi
nomie multiplié,  ou diuifé. ¡Ifera aujf commen- 
¡urable auaiSl multinomie multiplie ou diuifé.

E xflic otion du donné. Soit donné binomie à multi
plier ou diuifer tel 4/12 — 4/14; Et nombre Arithmé
tique multiplicateur ou diuifeur i.Exptication du requit. 
Ufaûtdemonftrer que le produit, ou quotient, (era 
binomie de mefme multitude de noms, & de mefme 
ordre, comme 4/11 — 4/24: Item que tel produid 
ou quotient fera commenfurable audid binomie 4 / 1 z 
— 4/24. Preparation de lo demonstration. Multiplions 
4/11 — 4/24, par z, & donne produid par le z6 pro
blème 4/4S — 4 /  96; Puis diuiions le meime binomie 
4 /i l —4/24,par 2,& donne quotient parle 27pro
blème 4 /3— t/6 . Demonßration. Que le produid 
4/48—4/96; Item le quotient 1/ 3 — 4/6 font bino
mie comme lé donné,eflr manifefte. Il appert aufli par 
la 56 definition qu’ils font de mefme ordre: à içauoir 
toutes trois le douziefmeen l’ordre: Item que ledid 
produid & quotient, font commenfurable au bino
mie donné, eft aufli manifefte ; car par la preparation 
de la de.monftration,le produid eft le duple du donné 
& le quotient fon fubduple. Conclufion.Si doncques on 
multiplie ou diuife multinomie nombre, par nombre
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Arithmétique; Le produid ou quotient, &c. ce qu’il 
falloir dcmonftrer.

C o r o l l a i r e  i .

S’enfuit par le reuers de ce i  theoreme, que íí deux 
multinomies íbnt commenlurables, qu’ils feront de 
meíme multitude de noms, & de mefme ordre.

Co R O L L  A I R E  I I .

Il eft auffi notoire par le precedent theoreme, que fi 
on multiplie, ou diuile quelque fimple racine, par nô- 
bre Arithmetique,que le produid ou quotient, fera ra
cine de melme qualité comme la racine multipliée, ou 
diuifee.Par exemple W  3 (qui eft à nombre Arithméti
que incSmenfiirable) multipliée par 1 donne produid 
A»/ 4 qui eft auffi racine de racine, & à nombre Arith
métique incommenfürable.

N  o t  a . Les precedens deux theoremes, nous ièrui- 
ront entre autres, pour quelques demonftrations en 
noftre traidé des incommenfurables grandeurs.

Prob. XLIV shows how to find a fourth proportional to three given radical

numbers, in our notation v"7 : V 5  — V 6 : at, ans.: x — j /y ;  Prob. XLV 
how to find mean proportionals to two numbers, examples: 1 ) 2  : x =  x : 1 0 ,

ans. x — s / 20 then 2) 2 : x zz x : y z=. y : 10, ans. x ~  4 0 , y — 1^ 200 ,
then similarly three, four, and five mean proportionals. In Prob. XLVI we learn
how to divide a geometrical number in a given proportion; the example is 1/ 7 ,
to be divided in ratio of \ / 2 to a/ 5 (Stevin’s answer is incorrect). Probs. 
XLVII and XLVIII deal with the rule of the false and of the double false 
position for radicals.
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2 i 8 . ■*, ' '• I
TROÎ SI ESME PARTI E

S' ‘ '
• D E  L’O P E R A T I O N ,  D E S '

N O M B R E S  A  E G E B R  A I Q^V E S.  ,

’• I '
; Premiere diftin&ion,des quatre numerations 

des nombres algebraiques entiers.

j THEO REME.

QVantité cdgebraique multipliée par quanti-  
mté algebrdique ¡donner produ it quantité3 

de laquelle le nominateur eß egal3 à lafomme des 
nominateur s delà quantité à multiplier3 Çr du 

'multiplicateur. , ¡ ■'\\ ■-
j ’ Exemple ' i. V .

Explication du donné. Soient au fondement des nom - 
bresgéotnérriquesdeuant la 14 definition, la fécondé 
quantité B 4, & la tiercé quantité C 8; Explication du 
requis: Il faut demonftrerque B,'multiplié par C,don- 
nçntproduid quinte quantité, à fçauoirla fomme de 
leurs nominateurs qui font 2& 3, faifans enièmble y,‘ 
nominateur de la quinte quantité. Demon Ara t ion, Mul
tiplions -̂ de B, par 8 de C, font} 2, qui eft la quinte 
quantité E. ;

Exemple 11. , ;
Nous auons demonftré ci deilus que fimple quan

tité, multipliée parj fimple quantité, ‘donne, pro
duid certaine fimplé quantité j II nous faut demon- 
ftrerlemefine, en quantités compofees. A laquelle

' Third part
First section

The theorem states that an algebraic quantity multiplied by an algebraic 
quantity gives a product quantity of which the exponent [Stevin’s term is nor 
minator] is equal to the sum of the exponents of the quantity to be multiplied and 
of the multiplier [for the definition of algebraic quantity see Def. X IX -X X ], The

theorem states that m a^ . naq =  mna^ ? and is demonstrated by an arith
metical and a geometrical proof for the case that p  and q are positive integers. 
Prob. XLIX then shows how to multiply “integer algebraic numbers”, that is,
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D e  L ' O P E R A T I O N .  22?
fin,foit defcript la ligne A B, qui foit 10  valiant 3,8c 
B C egale à la A B, foit aultre i ©, de forte que toute 
la A C fera 2 ®; Puis foit defeript le quarré D E, du
quel le collé foit egal à la AC,le mefme fera de 4 @,ou 
4quarrez, deferiptsde A B; Puis foit defcript le cube 
F G , duquel le collé foit egal à A C, „  
le mefme fera de 8 (D, ou 8 cubes de- 
forints de i ® A B; Puis foit defoript 
le folide redangle H I, de t6 ©, & 
ainfi pourrait on proceder es aultres 
quantitez en infini. Doncques i ©
A B valiant 3, les 2 ® A C vauldront 
<5,&Ies 4 @ DE 36, & les 8 © F G 
216, & les i 6©HI  1296. Explication 
Au donné. Soient donnez aux figures 
ci delfus 2 ® A C 6, &80FG21Ó.

A 
3 
B
3 
C
1  © 6

D

—
4

SP I

j

G I
4 © 3 6  8C D2 16  i 6 ® I 2 9 6

Explication du requis. Il faut demonlirer que A C, mul
tiplié par F G,donnent produid quartes quantitez HI, 
a Içauoir la fomraede leurs nominateurs, qui font 1 
& 3,failâns enfemble 4,nominateur de la quarte quan - 
tire. Demonttration. Multiplions 6 de A C, par 216 de 
F G, font 1296, qui ell la quarte quantité H I. Conclu- 
fion, Quantité doncques algebraique multipliée par 
quantité algebraique donne produid quantité, de la-

algebraic multinomials such as 2 ^ 3  —  4 d2 -|- 3 a and 2a  ̂ +  3^3, ans.:
4a7 —  2 dß —  6îj5 -|- 9 a ,̂ a procedure which also holds for radicals such as

3/ 3̂ 2 -f 2a and -\/5a2 + 4a, ans.: 4 /15<*4 + 22^3 + 8̂ 2.
The “Démonstration” on p. 231 has misprints, corrected by Stevin at the end of 

his book. The first sentence should be “La démonstration de ce problème est mani
feste par les démonstrations des problèmes des multiplications précédentes. Ou 
autrement ”
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queEelc nominateur eft egal álafomme des nomina
teurs de la quantité à multiplier, & du multiplicateur} 
ce qu’il falloir demonftrer.

N o t a .
On entendra par ce theoreme, que @ multiplié 

par © , donne produit comme} multiplies 
par 7©, font 21 ®; Eta®, par 4®, faiót 8 ©; Et 5 
(D, par a,(qui eft par 2 ®) faire io (3), &c.

D ela multiplication des nombres alge- 
braiques entiers.

PROBLEME XLIX.

"C fiant donné nombre algebraique entier à 
multiplier, &  nombre algebraique entier 

multiplicateur : Trouuer leur produit?.
Explication du donné. Soit donné nombre algebrai

que entier à multiplier tel : 2 Q) — 4 ©■+■ 5 ® î Et 
multiplicateur 2 ©-+-3(1). Explication du requis. Il 
fault trouuer leur produid. Conihuüion. Ondilpofèra 
les donnez en ordre vulgaire comme defloubz, diiànt 
-h  3 ® fois -h 3 (D,font -+- 9 ©(car tel produit eftre 
-+• appert parle theoreme deuant le 26 problème.Aufli 
que c'eft ©, appert par ce precedent theoreme, la ou il 
eftdemonftré, que ® multiplié par (D, donne pro
du it ©) & ainfi des autres; Puis aioufte ce qu’il y a en
tre les deux lignes; il y aura produid 4 Q> — 2 © — 6 
© H -9®; Ladiipofition des charatteres de l’opéra
tion eft telle.
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Nombre à multiplier 2 ® —4®-+- 5 ©
Multiplicateur H -2© +  3®

*+* © —12 6)-H 9 ©
4 © — 8 ® h-  6 © _____

Produid • 4 ® — 2 ©— 6®-l -9©

Tedi que ledid produid, eft le produid requis. Et 
de mefme forte multipliant 4 /  3 ®, par 4 /  2 faid
4/  6 ®.

Item multipliant/«/ }X ©> Par </ ¿ X ®*
✓«X&

Item pour multiplier V  3 X ® Par ̂ 1 ©•on c011- 
uertira la prime quantité,auffi en racine, qui eft 4 /  3®, 
& leur produid lea a /6 ©.

Item multipliant/«/ ¿¿»0.3 @-h 2 ®,par « /¿ino.5 
©*+■4® font/«/ trino, i j©-f-22®-+-8@.

Item multipliant 4 /  bino. 4/3 @ -+-/«/ 2 ®, par 4 /  

bino. «/ i @ "f- 4 /  4 ®, fönt 4 /  quadrina. 4 / 1 5 © - + *  

• / I2©-J-IO®-f-8@.
DemonBration.

La demonftration des ces exemples,des multiplica
tions precedentes eft manifefte par les demonftrations 
des problèmes; Ou autrement par la diuifion du fùi- 
uant problème. Conclufm. Eftant doncques donné 
nombre algebraique entier à multiplier, & nombre al-
Î'ebraique entier multiplicateur ; nous auons trouué 
eur pröduid; ce qu’il falloit faire.
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T H E O R E M E .

QVantité algebraique diuiße par quantité 
algebraique ¡donner quotient quantité, 

die laquelle le nominateur eil egal à ü, reile de 
nominateur du dmßurJoubßraiHdu nomina
teur de la quantité a diuijer.

Exemple i.
Explication da donné. Soient au fondement des nom

bres géométriques deuant la 14 definition la ièxte 
quantité F 64, & la féconde quantité B 4. Expli
cation du requis. Il faut demonftrerqueF,diuiféepar 
B,donne quotient quarte quantité D, qui eft quantité 
de laquelle le nominateur eft egal à la refté de 1, foub- 
ftraiét de 6, nominateurs des donnez. Demonfiration. 
Diuiions<>4 de F, par 4 de B, donne quotient 16, qui 
eft la quarte quantité D.

Exemple 1 1.
Explication du dorme. Et pour demonftrer le mefme 

en quantitez compoièes; Soient aux figures deuant le 
49 problème 16 © H 1 1196,6c 8 ©F G 216. Expli- 
cation du requis. Il faut demonftrer que HI, diuifé par 
F G, dounent quotient primes quantitez A C; qui font 
quantitez de laquelle le nominateur eft egal à la refte 
de 3 foubftraiéfc de4, nominateurs des donnez. Demon- 
firation. Diuiions 1196 de H I, par 116 de F G, donne 
quotient 6,qui font les 2 @ A C. Conclufion. Quantité 
doncques algebraique, diuifée par quantité algebrai
que, donne quotient quantité de laquelle, &c. ce qu’il 
falloir demonftter.

Then follows another Theorem, stating that ma? \ n é  =  m¡n. for
p >  q, demonstrated for p, q  positive integers. In a Note Stevin remarks that
8  @  divided by 2 is the same as 8  ©  divided by 2  (0), hence 4 (3). Prob. L
gives examples o f this theorem, the first being 9 a4 —  I4a¿ -f- 6a —  5 divided

by 3a2, answer 3a2 —  4 ~ a  +  ~ 2 —  (Stevin has no negative exponents),

which is also written ^ aZ +  -5  . ^  third example is 32a2 4 - 4
3a2

divided by 4a +  2 , answer 8 a2 —  4a -f- 2 .
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N o t a  O n  entendra parce theorem e que © d iu i*  

fée , par donner quotient (3), co m m e 6 ® ,  diuifees
par j (2),don nent quotient 2 Q );  Et 8 (D ,diuifees par 2 ,  
(qui eft 2 ® ) donner quotient 4 (J),& c.

De la diuifton des nombres algebras- 
ques entiers.

P R O B L E M E  L.
C  Stant donné nombre algebraique entier d 

d iu ifer^  nombre algebraique entier dm -  
feur: Trouuer leur quotient.

Exemple i.
Explication du donné. So it don né nom bre algebraique 

entier à diuifer tel : 9 ©  —  14 (D - f -  6 ©  <—  5; Et d iu i-  
fêur 3 @ . Explication du requis. Il faut trouuer leur qu<> 
tient. Conftruûion. O n  difpófera les nom bres donnez  
com m e ci defloubs, difânt com bien  de fois 3 ® ,  en  
9 0  ? fa id  H - 3 @  (—f-par  le theorem e deuant le  27 
p r o b lè m e& @  parle theorem e deuant ce 50 problè
m e) lefquels 3 @ ,o n  mettera au vulgaire lieu du  quo
tient, &  alors leur difpofitioh fera telle.

t f ® — i 4 <3 ) - l - <> @ — 5 ( î ©

Puis on  m ettera autrefois le  diuifeur 3 ® ,  fôubz —  
I 4 (D ,&  o n  dira;com bien de fo is -+- 3©,en — 14 (D? 
f a i d — 4  -f -  Puis m ettât autrefois le diuifeur fôubs
- h  6 ® ,  on  dira com bien  de fo is -+ - 3 @  en - t -  6 ( i)  ; 
fa id  H -L ®  (ce que deuint toufiours telle frad ion  al

gebraique,quand le nom inateur du diuifeur eft maieur 
que le  nom bre à diuifer) Puis on  mettera autrefois le
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diuifeur foubz — j,diiànt; combien de fois 3 ©jen — 
5 ? faid — Et la difpofition des charaderes de l’o- 
peration acheuée fera telle.*

i® —*4(D-Hî© — ¿(î® — — 315 
*©  *®  f®  y©

le di que 3 ® —4 © -f- |0  —-||j  eft le quotient
requis.

Lonpourroitauifi pour iolution mettre le nombre 
a diuiler fur vne ligne, & le diuifeur defloubs, & le 
quotient requis feroit fradion telle.

9 ©  — 14® - + - < > ® — 5

î®
Exemple 11.

Explication du donné. Soit donné nombre algebrai- 
aue entier à diuifer 4© — i © —<>©-»-9©. Et 
diuifeur 1 © -+- 3 d). Explication du requis. Il faut 
trouuer leur quotient. Conihuâm. La conftrudion 
'fera par la conftrudion du precedent premier exemple 
aflèz notoire , parquoi nous metterons feulement
la  d i/pofldon  des charaderes de  l’operadon acheuée  
telle:

K® i ©
4 ® —"*® —Í ©-*-jf©(z®—4©-t- 3®
* © + 3r® -f-3r@-+ar(D *© -t-a:©

le di que ¿ ® — 4 ® -f- 3 ©, eft le quotient requis.
Exemple 111.

Explication du donné. Soit donné nombre alge*

f
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braique entier à diuifer 31 (D -f- 4,& diuifeur 4 04-2. 
Explication du requit. Il feut trouuer leur quotient. Con- 
ßruäion. On diipofera les donnez en cèfte'forte:

Puis on dira, combien de fois 4 0  
3 2. CD —f- 4 en 31 (D 5 faid 8 @ fois, les mettant 
4 0 - f - i  au lieu du quodent, puis on multiplie

ra le 2 par 8défont i6 @,quiioub- 
itraides de ce qu’il y a deilus, reitera — 16 0  -t- 4 & 
leur difpofition fera àlors telle:

Puis on mettera autrefois le 
_x<5(2) diuifeur,diiânt,combiendefois

3*(D+4(8® 4.® en— i6©?¡faid — 4®  
4 ® -h * fois, les mettant au lieu du quo

tient; puis on multipliera le 2 
par—4 © faid •—8 ®, qui foubftraid de ce qu’il y a 
deilus,reitera 8 @ -t- 4, Ôc leur difpofition fera alors 
telle : Puis on mettera autrefois lé diuifeur, di-

fenr, com bien de fo is  
8 ®  4  ®  en 8 ©  î fa id  2

— fois,le mettant au lieu
3'*CDH-4(8®—4® du quodent, puis on

 ̂@ _p. a; multipliera le 2 du
40-4-î: diuifeur, par 2 du

quotient font 4, qui 
foubftraid de ce tju’il y a deilus, ne reitera rien;& leur 
difpofidon acheuee fera alors telle:

% ® le di que 8 @
— i ß ®  — 4®-+-2,eit 

j  * @ 4 (8 (§>■— 4 ® H- 1 le quotiét requis.
4 ® -4- z, Et de mefme for-
^®-f-z , te,citant à diuifer
4®-+-« 6 (D *4- 12,par 1
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© +  i  on trouuera (fuiuant le precedent exemple) 
pour quotient, 3 ® — 3 ® -f- $ - f -

Item diuifant 4/  6Q), par 4/  3 ©, donne quotient 
V :i@ .

Item diuifant 4/ 6 X (D> par ¿ 'j  X ®>donne quo
tient 4/1 x@ .

Item pour diuifer 4/6 ©, par 4 /  ?X®>on conuer- 
tira la prime quantité auffi en raciné,qui eft 4/  3 @, & 
leurquotientfera4 /2  ©.

Item diuiiânt 4/  trino. 15 © -f- 2 2 (D 8 © , par 
4/ ¿ino. 3 ©  - f -  2 ® }donne quotient 4/ ¿ino.5© - { - 4 ® .

Iteradiuifant4/ÿ«4</rino.4 /1  r © - f - < /  i  2 @  - f -  
4/  i o ©  —f- 4/  8 @ , par 4/  ¿ino. 4/  3 © - t - 4 / 2 ® ,d o n -  
n e  quotient 4/  tino. 4 / 5  ©  - f -  4 / 4  ® .

La demonftration des lîiidiéts exemples, eft mani
fefte par les demqnftrations des problèmes des diui- 
fîons precedentes. Ou autrement par la multiplication 
du precedent problème. Conclußon. citant doncques 
donné nombre algebraique entier à diuifer ,& nombre 
algebraique entier diuifeur, nous auons trouué leur 
quotient; ce qu'il falloit faire.

Probs. Lí and LII show addition and subtraction of algebraic numbers. One 

example, using a method already previously explained, is

- \ /  27d2 +  18 a —  \ / 3¿2 +  2a 

27 ¿2  +  18 a
(l/: 3*2 +  2 a l ' j V i *2 +  2 a =  ( 3 — 1)  V  5 a2  +  2 a = v ' l 2a 2 +  8a .
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Seconde diftin&ion des quatre numerations 
des nombres algebraiques rompuz, 8£ 

d’autres computations à icelles 
apartenantes.

PROBLEME Lil i.

"C Stant donnezl deux mukinormes dgebrd- 
ques : Trouuer leur plus grande commune 

mefure.
N o t  a . Petrus Nonius au commencement de la 

troifieime partie de fon Algebre, eftimoic qu’alors ce 
problemen’eftoit par generale reigle iriüenté, parquöi 
il en delcripuoit quelque maniere a taftons. Nous de- 
fcriprons falegitime conftrudion,qui fera fèmblable 
à l’opération de l’inuenrion, de la plus grande com
mune mefure des nombres Arithmétiques entiers du 
5 probleme:à içauoir on diuiièra premierement le ma
jeur par le moindre, & puis lediuiièur autrefois par la 
refte, iufques , à ce qu’il n’y refte rien,&c. comme le 
tout fera plus clair par exemple.

Explication du donné. Soient donnez deux multi- 
nomies algebraiques tels : l’vn i (3) -f-1 © , I’aultre

Prob. LUI demonstrates Stevin’s method of finding the greatest common divisor 
of two algebraic numbers. See our Introduction p. 462. The method is illus
trated by finding the G.C.D. of a3 +  a and a2 +  la  +  6 , ans. 6 a +  6 . W e 
do not find the remark that any multiple of a +  1 will serve the same purpose.

The method is applied in Prob. LIV, where — — - — — 7  is reduced to 
rr a3 +  7a +  6
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i @-f~7 Explication da requis. Il faut trouuer
leur plus grande commune mefure. Conílruñion. On 
diuifera le multinomie auquel eft la foperieure quanti
té, comme eft ici le premier donné 1 (D-+-1 par 
l’autre (du quorient qui eft 1 ® comme audift 5 pro
blème,ne prenons ici cure) en ceñe forte:

Et reftera — 6 © —• 6 ®, 
•—6@ — 6® parlesmefmes ondiuife-

•r (D -f-r @. 0 ( i®  ra autre fois le precedent
a@-f-7®-f-/ÿ diuifeur en cefte forte:

Et reftera 6 ®-+- 6, par 
6® lesmefmes fe diuiièra au-

tre fois le precedentdiùi- 
0®  — ß®  (euren cefte forte:

Et n’y refte rien, parquoi 
— 0®  — 0® (— i®  ie di que 6 ®-f-6, eft la

0® -+0  plus grande commune
mefure requifè. 

DemonRration. Si l’on mefure combien de fois il y a 
0 © -f- 6,en 1 (J) -f- i (2), (c’eft à dire (i on diuifé i Q) 

i'©par 6® -h 6) fètrouue (parle jo problème) 
-j- © fois : Semblablement combien de fois les mef- 
mes 6 ® H- 6, font en r@ -f-7®-f-6, fé trouue-g-- 
®-f- i fois: Mais que c’eft aufli la plus grande com
mune mefure, eft manifefte par ce que -£-©& -§- 
®-j- i, font quantitez (par la 2 i definition)entie elles 
premieres; ce qu’il falloir demonftrer. Conclufion. 
Eftantdoncques donnez deux multinomies algebrai
ques, nous auons troüné leur plus grande commune 
mefure; ce qu’il falloir faire.
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PROBLEM E. LUII.

St Ant donné nombre algebraique rompu: 
Trouuer fon premier rompu.

Explication du donné. Soir donné rompu algebrai
que tel- Explication du requis. Il faut trouuer
ion premier rompu. Conftruttion. On troûueralaplus 
grande commune mefure, de i (3)-+- i & i @ -+- 
7  ® -t- 6, qui par le 5 5 problème fera C © -t- 6:parles 
mefmes íe diuiièra i (3) -+- i @,donnequotient(parle 
50 problème) - i - l eque l  on mettera fur vne ligne; 
l-.uis on diuifer > les i © H -  7 ®  -H  6, par lefdi&s 6 ®  
-I-6,donne quotient-jp ®-t- i, leiquelson mettera 
foubz ladiéte ligne en celle forte:

j _/5j Ie di que le mefme eft le premier
  rompu requis. Demonhation. Eftant

— ©  H - 1 numérateur & nominateur de* nom-
* JL g  bres entre eux premiers par la 21 de-

finition ils feront le premier rompu,
*6" © “H1 du rompu par la 23 defin.
ce qu il ralloit demonftrer. Conclu pon. Eftantdonc
ques donné nombre algebraique rompu, Nous auons
trouué ion premier rompu; ce qu’il falloir faire.
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Probs. LV— LX go on to deal with fractional algebraic numbers, e.g.
9 a3 4a 18a5 — 12 a3 6 a3 . _  . TV. _ . . . .
— — -------— =  (Prob. LX ). Stevin does not reduce the
3 a4 2 a2 6 a6 6 a®

litter  fraction, which he leaves in the form ~ ®  In Prob. LXI we find 5 rules
6

for the extraction of square roots from multinomials, and 4 rules for the 
extraction of cube roots, with examples, e.g. 3a is the square root o f 9 a2, 2 a2 +  
3a is the square root o f 4a4 q- 12<«3 q. 9 ^ 2  ; 2a +  3 is the cube root of 
8 íz3 -f 3 6 ^ 2  q- 5 4a +  27. Stevin recognizes that the square root may have two 
values: the square root o f 4d4 —  \ 2a3 q- 9 ¿ 2  js 2 a2 —  3a as well as —  2 a2 +  3a,
but he only points it out in cases where the multinomial has both -f- and —
terms, not in a case like 4d4 +  1 2 * 3  q. 9 2̂ ; where 2a2 +  3 a is the only root.

Probs. LXII— LXV deal with the elementary operations performed on what 
we call algebraical forms in more than one variable, in the notation of Def. 
XXVIII, pp. 24-25.'Example: (4b2 +  5a) (3b2 +  2a), written: 4 sec @  +
5 ®  per 3  sec (2) +  2  ® .  Ans.: 1 2  sec ©  +  23 ©  M sec ©  +  1 0  © ,  or
1 2 ¿ 4 q- 23ab2 +  1 0 a2 (Prob. LXII).
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Cincquiefme diftin&ion, de la reigle de 
trois des quantitez.

V e  V que les nombres Arithmétiques,& radicaux, 
n la precedéte tc. & i c. partie de ce fécond liure, 
ont eu après leurs computations rationelles, aufli leurs 

copulations proportionelles; Seniuit (félon qu’il a efté 
promis en l’argument) qu’en cefte.troifieime partie, 
après les precedentes computations rationelles des 
quantitez, il nous faut aufli deicripre leurs computa
tions proportionelles, & premierement leur reiglè de 
trois. Mais auant que d’y venir nous annoterons quel
ques articles neceflaires,defquels le premier eft tel:

L A  R A I S . O N  P O V R Q J O I
N O V S  A P P E L L O N S  R E I G L E  DE  

troisyOU inuention de quatriefmepro- 
portiffhel des quantitez-, ce que 

•vulgairement fe di£t equa
tion des quantité

V e V que les noms conuenables,font en les icien- 
ces de grande importance, & principalement es 
difficiles, ce n'eft point a tort, que nous les choififlbns,

If we follow the same order of treatment as in Parts I and II of this Second 
Book, with respect to arithmetical numbers and radicals, then we must now come 
to proportional computations with quantities, and in the first place to the 
rule of three. But we must first explain THE REASON W HY WE CALL 
RULE OF THREE, or invention of the fourth proportional of quantities, that 
which is commonly called equation of the quantities.

Since convenient names are of great importance in the sciences, it is not without 
reason that we select them, and so we call invention of the fourth proportional 
what is commonly called equation. There are indeed always three terms to 
which a fourth proportional has to be found. If we ask how much 3 ells the 
value of 2  lb. is equated. But the word equation has made students think that
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au lieu desinconuenables: ce qui fera ici, del’inuen- 
tion de quatriefme proportionel des quantitèz, qui iè 
diót vulgairement equation; Nous le nommons ainfi, 
parce qu'il eft plus commode à la do&rine ; Car pius 
qu’il y a toufiours donnez trois termes, aùfquels on 
cherche vn quatriefme proportionel (comme appa- 
roiftra en ion lieu) pourquoi ne Rappellerait ceci pas 
auifi bien inuention de quatrieiine proportionel, com
me en tous autres ? Quant à ce que l’on me dira, que 
c’eft auifi equation, certes ie le concede, & non pas 
feulement en quantitèz algebraiques, mais en tous au
tres. Par exemple 6 aulnes couftent 4Îfe, combien j 
aulnes ? l’on trouue fon quatriefme proportionel 2 îb, 
ce qui eil auilî equation, car on egale à la valeur des 3 
aulnes,la valeur de 2 îtmoutesFois il n’eft point en vie, 
de le nommer equation; mais on l’appelle (& à bon 
droiâr,puis qu’il eft plus propre) inuention de quatriek 
me proportionel : Et pour la mefmc raiion le nom
mons nous ici ainfi, à fin que le grand mifterc de pro
portion en quantitèz, enièmble les cauiés deschofes, 
fôientplus faciles & notoires,queoncqûes au parauanr.
Car ce mot d’equation à faid penièr aux apprentifs, 
que c’eftoit quelque matière iînguliere,laquelle roiirei- 
rois eft commune en la vulgaire arithmétique,car nous 
cherchons à trois termes donnez, vn quatriefme pro
portionel. Mais comme cela qu’ils nomment equa
tion,ne confifte point en cgaleté des quantitèz abio- 
lues,ains en egaleté de leurs valeurs;Ainfi confifte cede 
proportion en la valeur des quantitèz, comme le fêm- 
tlable eft vulgaire, aux communes choies corporel
les. Par exemple vn beufvaut 2 moutôs auec 8 tb,ergo 
i mouton vaut 4tfe,leiquels font quatre termes pro-

it is something singular, though it is really something common in ordinary 
arithmetic, since we seek a fourth proportional to three given terms. When we 
speak of equation we do not mean equality of absolute quantities, but of their 
values, so that we can write, if  one ox costs 16 lb., equal to two sheep plus 8  lb.:

1 ox 2  sheep +  8  lb. 1 sheep 4  lb.
16 lb. 16 lb. 4 lb. 4 lb.,
and 16 is to 16 as 4 is to 4. Equally, when 1 0  is equal to 2 Q  +  8 , then
1 Q  is worth 4 [ i f  =  2x +  8 , then x =  4 ], and one can write

1 ©  2 ®  +  8  I Q  4
16 16 4 4.
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porriojuux, non pas félon la quantité, en refped de la
quelle, le produid des extremes, n’eft point egal au 
produit des moiens, mais félon la valeur: car comme 
16 lb valeur du beuf,a 16lb valeur de z moutons aucc 
8Íb,ain/¡4Íb valeur de i mouton,a4Îbvaleurdu qua
triefme terme,.lefquels termes proportxonels , nous 
mènerons en ordre, pour plus grande euidence, en 
cefte forte:

i beui, z moutons-f-8 lb. 1 mouton. 4ft
16 ib, i6lb. 4 th. 4th

Le me/me l’entend auflî des quantitèz: car quand 
«otis difons, i @ eft egale,ou vaut z ® -4- 8, ergo'i ® 
vaut 4, ce font quatre termes proporrionaux; mais au 
refped de leurs valeurs, defquelles le produid des ex
tremes, eft feulement egal au produid des moiens. 
Leur difpofîtion conforme i  la precedente eft nile:

i ® .  z ® H - 8. i ® .  4.
t 6. 16. 4 . 4.

D E S  T R O I S  T E R M E S
D O N N E Z ,  A V S Q ^ E L S  P O V R  LE 

temps prefiní, on feait légitimement 
trouuer v n  quatriefme 

proportionel.

Comme tous problèmes en la geometrie, ne font 
encore inuentez; Car Ton y delire la quadrature 
du circle, auifi l’inuenrion de deux lignes moiennes

{>roportionelles entre deux lignes données,&c. lefquel- 
es toutesfois nous fëntons par la raifon, fo pouuoit

[Hence x2 : ( 2 x +  8 ) =  x : fourth term, and as x2 =  2x +  8 , x is equal to 
the fourth term. The symbols ® , (J), ... here stand for unknown, so that we can 
render them by x, x2 , ... The distinction between known quantities a, b, c, ... and 
unknown quantities x, y, 2 , ... dates from Descartes’ La Géométrie of 1 6 3 7 , in 
which x, x2, ... are also for the first time consistently considered as quantities of 
the same dimension. For Stevin there is always a distinction between a “quantity” 
such as 2 and its value, which is a number}.

OF THE THREE GIVEN TERMS TO WHICH AT THE present time a 
fourth proportional can legitimately he found.
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trouuer ; Ainfi nous auicnt le fomblable en l’Arithmé
tique d l’inuenrion du quatriefme terme proportionel 
des quantitèz; Car quand le premier & focônd, font 
compofez de ces cincq quantitèz © (2) (?) ® ou de
partie d’icejles, ou de leurs deriuatifs,ou qu’il nous foit
Î)ofiîble de conuertir les donnez à telles efpeces, par 
a redu&ion (laquelle réduction fo declairera ci aef- 

foubs) alors l’on en peut trouuer (foit le troifiefme ter
me de quantitèz quelconque)le quatriefme proporrio- 
nel: excepté quelque difficulté qui fo rencontre aucu- 
nefois en (D egale a ® -+- ©, comme nous en dirons 
plus amplement, à la fin dela premiere difference du 
69 problème. De tous les autres n’eft pour l’heure 
(combien qu’il eft poffible) trouuée legitime generale 

j-eigle. Les differences qui fo rencontrent defdi&cs cinc 
quantitèz (defquelles nous deferiprons onze problè
mes) font telles:

11 eft vrai qu’il y auroitdes 
(TA f(o) differences beaucoup d’auan-
(?) ® (3) taige, prenant (?) egale à ©,
(?) ®<§) p°lir vuc & © cgâ e a (B ©>
(3) (2) (o) pour autre,&c. Mais veu que
(?) m @®@ ceci font deriuatifs des autres
© fîL  1 ®@ parla 17 definidon, defouels
©  S @ ®@  l’opération fera fomblable à
© Q)(Ô) celle de leurs primitifs nous les
©  (3) ® © comprendrons tous foubs vn
,© CD@® problème, qui fora le 78. Et
© J I® © @ © après le mefme, fuiuerorit en

core deux problèmes, de l’in- 
uention de quatriefme terme proportionel des poft- 
pofées quantitèz.

N ot all problems in geometry have been solved, since we should like to find the 
quadrature of the circle or the construction of two mean proportionals between two 
given lines [see Problemata Geometrica, Introduction.] It is the same in arithmetic, 
where we can only find the fourth proportional if the first and second terms 
are composed either of x4, x3, x2, x 1, x°, or some of them, or derived forms 
[D ef. X X V II], or if we can reduce our problems to these. [From now on we 
render © , © , etc. by x4, *3, but we must not forget that Stevin’s symbols may 
mean any multiple of x4, x3, ...: if Stevin wants to express our x4, he writes 
1 © ] .  An exception must be made for *3 =  ax +  b, where there is some 
difficulty, as we shall see in Prob. 6 9 . For all other cases there is a legitimate
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D E S  I N V E N T E V R S  D E  C E S
R . . E I G L E S  D i  r k o i S  O E S

o y  A  N T I  T E Z.

L e  s in u en teu rs  de  ces reigles d e  tro is  des q u a n ti ,  
tez  o n t  e fté .

/'©egale à (3). 
Mahomet filz de Mofe Arabien de-s Leurs dëriuatifs.

C ©egale à©©. 
Et quelque autheurincognu Leurs dëriuatifs.

Quelqueautreautheurincognu|||a¿ aá| ! ;  

Louys de Ferrare © ega. à (D © ®
Quant à Diophante, il femble qu’en fon temps les 

inuentions de Mahomet aient feulement efté cog- 
nues,com me fe pcult colliger de fes fix premiers liures; 
Il eft vrai qu’il folue de merueilleufes queftions,com
me nous déclarerons en fon Heu,mais il conduiét com
munément fes operations par vne admirable fubtilité, 
ainfi, que le premier & fécond terme, deuiemient © 
egale à © , ou leurs dëriuatifs, & aucunefbis, mais ra
rement,a © egale a

Les dëriuatifs de ©egale a©@,inuentezpar le 
fufdiét premier autheur incognu, font deferipts par 
Lucas Pacciolo.

Quant aux inuentions du fecond autheur incognu, 
Cardane fe di<ft les auoir trouué par efcript-, mais 
qu’elles n’eftoient point diuulgees; Auifi que Scipio 
Ferreus de Boloigne, aie trouué la premiere forte, qui 
eft de © egale a©©j  Auquel fuiuoit Nicolas Tar-

general rule. They are [Stevin always takes the term with the highest exponent 
on the left hand side and gives it the coefficient 1 , see Rule II, p. 272]: x =  a, 
x2 =  ax +  b, x3 =  ax2 +  b, x3 — ax2. +  bx +  c, x i =  ax +  b, x i  =  
ax2 +  bx +  c, X* — ax3 +  b, x i  =  ax3 +  bx +  c, x4 =  ax3 +  bx2 
+  c, x i =  ax3 +  bx2 +  ex +  d. [a, b, c, d  may be positive or negative]. 
Equations such as x2 =  a, x i  =  ax2 +  b can be reduced to previous types, see 
Def. 27 and Prob. 78.
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¿alia Brefllan, mais par occafion de quelque difputc 
qu’il euft de cefte matiere,auec António Maria Florido 
Veoetien, diiciple dudid Scipio, en laquelle il dip- 
couura quelque choie, par laquelle Nicolas le conje
ctura, & trouua; Lequel après beaucoup de prieres de 
Cardane: le lui à declairé, ce que luy Cardane elloit 
fondement, par lequel il eft venu au bouc de plufieurs 
demonftrations géométriques, de CD egale à @©(°), 
& leurs dependances, dont il à deicript vn liure intitu
lé Ars magna.

Maisl’inuentiondeLouys de Ferrare eft n’agueres 
diuulguép en langue Italienne par Raphael Bom belle 
grand Arithméticien de noftre temps.

D E  L A  R E D V C T I O N .

A v a n t  que venir à ces problèmes de la reigle de 
trois des quantitèz, il nous faut confiderér, que 

iouuentesfois lefdids premier & iècond, ou égaux ter
mes donnez, ne ièmblent au premier regard point de 
ceux dont nous auons did ci deilus, à fçauoir defquels 
on içait trouuer le quatriefme proportionel; toutesfbis 
cftant reduids, on trouuera qu’ils le feront. Il nous 
faut doneques deelairer apertement cefte redudion. 
& pour l’expliquer premièrement par quelque exem
ple vulgaire ; Pofons lecas qu’il y a propoféz trois ter
mes deiquels on requiert le quatriefme proportionel, 
tels: 8 aulnes de drap, plus z lïures de poiure, moins 3 liares 
de canelle, valient 2  liures depoiure, plus 2 4 . efcuzmoins 3  
liures de caneüe, combien vaudront 2 aulnes de drap ? Or 
par ce que le premier & iècond terme, ont des aioinds 
de plus & moins, il y a propofé quelque queftion , qui

[This historical survey ascribes to Al-Khwarizmi ( “Mahomet son of Moses the 
Arabian”) the solution of the equations x =  a, x% =  ax +  b and the “deriva
tives” of x — a (D ef; 27), to an unknown author the derivatives of x2 =  ax -f b, 
to another unknown author the solution of x3 =  ax +  b and x3 =  ax2 -f b, 
and to Ferrari that of x4 =  ax3 +  bx? +  c. At present, with better information 
available, we may allow ourselves a smile when we read that Diophantos (c. 250 
A .D.) may have known of the inventions of Al-Khwarizmi (c. 800 A .D .). The 
book by Pacioli which Stevin mentions is his Summa of 1494. As to the solution 
of the cubic equation, Stevin knows of Scipio Del Ferro, Tartaglia and his 
dispute of 1535 with Florido, of Cardan, Ferrari, and Bombelli; so that he is 
well-informed on the history of the subject in his own century].
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forcible confuiè, car de multiplier le troifiefme parle 
iècond, & dmifer le pröduicl par le premier, comme 
ilz fo'ncpropo/èz (pour cn trouuer le quatrieime pro
portionel) ce feroit chofe tresfacheufo, & obfcure, par- 
quoi i! faut remédier à ce pius Sc moins (lequel reme
de (’appelle ici reduétion) en cefte forte: Puis que le 
premier & iècond terme donnez, font par l’hy pothcfo 
d’égale valeur, fenfu.it que fi d’vn Sc d’aultre cofté, 
nous aiouftons, & foubftrahons, chofes egales; que 
fommes & reftcs iètont egales, leiquelles nous (èruent 
au lieu des premiersdonnez (coriimelefemblab'e eft 
choiè vulgaire en autres computations communes. 
Parexemple fi l’on did, 4 aulnes valien t 6 ib, cóbien y 
aulnes? ou autreinét 2 aulnes valient 3 ib,cóbien 5 aul
nes? l’vn Sc l’autre done vn meime quatriefme) Soub- 
ftrabons doneques dcchafoun terme,à içauoir du pre
mier & fécond 2 liures de poiure, Sc demeurerôt 8 aul. 
de.drap,moins 3 liures de cane!lc;equiuallàs à 24 efcuz, 
moins 3 liures de canelle: Puis aiouftons (par ce qu’il y 
a moins) à cliafoun deidicfts termes 3 liures de canelle, 
& la fomme de l’vn ièra 8 aulnes de drap, & de l’autre 
24 efouz,lcfquels feront autrefois d’cgalc valeur Sc ceci 
font les termes reduicts, par Iciquels on pourra facile
ment venir au requis; Car diiànt 8 aulnes de drap val- 
lent 24 efcuz,combien 2 aulnes ? le requis (era par vul
gaire folution 6 efouz. Tout de mefme forte faut il en
tendre, qu’en la rcigle de trois des quantitèz ( pour le 
plus & moins & autres ièmblablcs occurrences qui fe 
rencontrent en icellc) eft aucunefois neceflàirc telle re- 
du£tion,aucunefois n’eft il pas befoing, comme appa- 
roiftra en fon lieu par les exemples. Et f’appelle ceci rc- 
duótion, parce qu’on reduiófc les termes donnez, cu

O N  REDUCTION

There are problems which at first sight do not seem to belong to the rule 
of three of the quantities, but still can be reduced to them. For instance, what 
is the price of 2  ells o f linen if 8  ells of linen plus 2 lb. of pepper minus 3  lb. 
of cinnamon are worth the same as 2  lb. of pepper plus 24 goldpieces minus 
3 lb. o f cinnamon? [ 8 x -f 2 y —  3 z =  2y +  24 —  3z). This problem cannot 
be solved by applying the rule of the fourth proportional because of the terms
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autres termes, qui ion c de maieure ou moindre valeur, 
que les premiers, combien qu’ilz demeurent entre eux 
en là mefme egale raiibn.

Or aiant declaim quelle choie eft rcduftion, nous 
viendrons à la pratique de réduire,& la comprendrons 
en 10 reiglesjdefquelles la premiere eft telle:

with plus and minus, [solving, the unknown u from ( 8 x + 2y —  3z) : 
( 2y  +  24 —  3 z) =  2  : u would be wrong], but can be reduced to it by addition or 
subtraction of the terms with plus and minus on both sides [subtract 2 y, add 
3z, hence 8 x =  24], N ow  we can apply the rule of three: if  8  ells cost 24 
goldpieces, how much do 2  ells cost? [ 8  : 24 =  2  : x, x — 6 ] .  We shall 
give 1 0  rules for such reductions to the rule of three.
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The ten rules for reducing equations to the standard forms of p. 267 can be 
illustrated as follows:
Rule I: Given 2 x4 =  6x3, reduce to 2 x =  6 .
Rule II: Given 3x3 =  9 * 2  _|_ 1 2 , reduce to x3 =  3 x2 4 - 4  (coefficient of

x3 is made 1 ).
Rule III: Given 4x3 —  7 x =  2 x 2 +  3 x, reduce to 4x3 -  2 x2 4 . iOx .

Given 3 /  27x2 +  18x =  3 -t- V" 3 x2 4 - 2x, reduce to 
3 /  12x2 4 - 8x =  3, or (Rule V I): 12x2 4 - 8x =  9-

Rule IV: Given 9x3 +  5x2 =  4x9 4 . 7 x, reduce to x3 =  x 2 +  —x  — •
4 4 4

Rule V: Given — — —  =z — reduce to IOx2 4 - 1 2  =  1 2 x.
5x2 +  6_  3

Rule VI: Given 3 x  =  3 /  2, reduce to 9 x2 =  2 .
Given 2 x =  3 /  3x3 4 . 4x, reduce to 4x2 =  3 x3 4 - 4x.
Stevin remarks that if 2x3 -j- \/3x2 =  5x2, then the common method 
is to write 4 / 3x2 =  —  2x3 4 . 5^2 , from which follows

x4 =  5x3 —  23 * 2  4 - — . There is, however, a shorter method, ex- 
4  4

plained in Rule VII.
Rule VII: Write in the previous example 2 x2' =  5x — \ / 3 ,  which is easiet 

to solve by means of the fourth proportional than the

x4 =  5 x3 —  - -  x2 +  obtained by Rule VI. Other example:
4 4

2x3 4 - 3 / 9 x2 =  7 x2, which according to Rule VII becomes
2x3 4 - 3 x =  7 x2 , of which (Prob. 6 8 ) the root is 3; however, according

to Rule VI it becomes, by squaring, x4 =  7x3 —  1 2 ~- x2 4 - , which

also gives x =  3 (Prob. 76).
Stevin does not pay attention to the possible introduction or sup
pression of roots. This rule of taking square roots does not lead to

z
results in a case like 0r x 3 (which Stevin writes en

circle”.
Rule VIII: Given l 6 x4 4 - 24x3 4 - 9x2 =  25, reduce to 4x2 4 - 3x =  5 by 

taking the square root on both sides. The possibility 4x2 4 - 3 x =  —  5 
is omitted.

Rule IX: Given 2 0 0 x2 =  300x +  400, reduce to 2 x2 =  3 x +  4 by dividing 
by the G.C.D. of the coefficients.

Rule X: Given 8 x 5 4 - 6 x3 =  12x4 4 . 2 0 x3 4 - 9 x2 4 - 15x, reduce to 
2 x2 =  3 x -j- 5 by dividing by the G.C.D. 4x3 4 - 3 x of both 
sides. Stevin discards the possibility 4x3 4 - 3* — 0 , which has no 
roots recognized by him.

In a Nota  he points out that there are also other forms of reduction, such as the 
transformation of x3 =  ax +  b into x3 =  c, or x4 =  ax3 4 - bx2 4 - ex +  d
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' PROBLEME L X VI.
' C Stant donnez t̂roür termes,defquehlepre- 

■ mier i  ® ,le fécond®, le troifiefme nom
bre algebraique quelconque: Trouuer leur qua
triefme terme proportionel.

Explication du donné. Soient donnez trois termes fé
lon le problème tels : le premier i ®, le fécond 4̂  le 
troifiefme j ®. Explication du requit. Il faut trouuer 
leur quatriefme terme proportionel. Conttruftion. On
multipliera le troifiefme terme donné 5 ©, par le fé
cond 4, fai d  20 ® ; Puis on diuifèra les mefmes par le 
premier terme donné, qui eft i ®, & donne quotient 
(par le j o problème) 20 : le di que 20 eft le quatriefme 
terme proportionel requis. Demonßration. Puis que 
nous difons par ce problème,que j ® valient 20 la i. ® 
vaudra 4. Mettons doneques ioubs chafoun terme fâ 
valeur en celle forte :

i ®.  4- i-®- l0 -
4. 4. 20. 20.

Et appert que 20 eft leur quatriefme terme propor
tionel, car comme 424, ainfi 20 i  20; ce qu’il falloir 
demonftrer.

N o t  a .  Et de mefme forte f  entendra,que i ® vaî- 
lant4,les 5 ®-j- 5, vauldronta 3,car les j ® valient 
par ce problème 20, & plus 3 font 2 3.

Item i ® valiant 4, les j ® — 3, vauldront 17, car 
j ® valient 20̂  par ce problème,deiquels foubftraiél j 
refte 17.

¡rito x2 =  px +  q, which will be specially discussed in later problems. These 
are the cases treated by standard rules. From now on begins the discussion of 
these standard rules.

Prob. LXVL [Given x — a, what is the value of any multinomial in x, or 
quotient of two multinomials? In the Nota  this is extended to such cases as: 
given xS — 3x +  2 , what is 3 x2 4 - 4x? For this, first solve xS =  '3 * +  2 , 
answer x =r 2  (Prob. 69). Then 3 x2 -)- 4x =  20].
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Item i ©valiant 3,alors 1 ® (veu que 1 (5) eft la 

potence quarréc de 1 ®) vauldra 9.
Item i ® valiant 3, les 4 @ vauldront 4 fois 9, qui 

eft  36.
Item i ©valiant 3,1a 1 @ (veu que 1 (5) eft la po

tence cubique de i ®) vaudra 27.
Item i ©valiant 3, les4(D vaudront 4 fois 27 qui 

eft 108.
Item i © valiant 5, les 2 ® ■+■ 6 © vaudront 8o;Cat 

2 @ valient jo, & <5 © valient 30, font enfemble 80.
Item i © valiant 2, les 3 0 -1 -4 © — 5® +  .7 

vaudront 3 7, car les 3 Q) valient 24,& 4 @ valient lí, 
& 7 vaut 7, deiquels la ibmme (à içauoir de 24.1 £>.7) 
eft 47,des mefmes foubftraiét iopourles— 5 ®,refte 
pour iolution comme deilus 37.

Item i © valiant 3, Ies ■ vaudront ff,
car les 2 @ 4 - 3 ® — 7 valient 20, & les 3 Q)—4 © 
•4-6 valient 51.

Item i © valiant/«/2, alors 3 ® vaudront trois ibis 
« /2, qui eft par le 2 2 problème a/  18.

Item i © valiant a/ i , alors 1 @ (veu que 1 © eft 
potence quarrée de i @) vaudra 2, & 3 0  vaudront 6.

Item i ©valiant«/ 2-I-4/ 3,Ies 3® vaudront trois 
fois autant,qui eft «/18 -t- V  27.

Item i © valiant 4/ 2 -f- 4/ 3, la i 0  vaudra le 
quarréde«/ i - H « /  3 qui,eft j-+- i / 1 4 .  Etainiî d’au
tres ièmblables. Conclufion. Eftant doneques donnes 
trois termes deiquels le premier i ©, le iècond ©, le 
troifieime nombre algebraique quelconque, nous 
auons trouué leur quatrieime terme proportionel j cc 
qu’il falloit faire.

N o ta .  Ce 66 problème diffère du fuiuant feule-
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ment en cela,que ion premier terme donné eft d’vne 
prime quantite;mais le iuiuant de multitude de primes 
quantitèz quelconque, auifi que les exemples au pro
blème precedent ont 1 e troifiefme terme donné de plu- 
fieurs quantitèz mais le fuiuant toufiours de i ®.

Et pour dire de ion vtilité & propriété, faut içauoir, 
qu’aux problèmes fuiuans de trois termes donnez, le 
troifiefme fera toufiours nombre algebraique quel
conque. touresfois nous ne donnerons en les exemples 
des mefmes pour troifiefme terme, autre que i © 
Comment doncques (pourroitquelcun dire) fera on 
quant le troifiefme terme ièra quelque multinomie 
algebraique, iêlon la propofition î Ierefpons que par 
double operation; Premierement on trouuera la valeur 
de i ©, par ion problème, qui eftant cognu, onrrou- 
uera alors par ce 66 problème la valeur du multino
mie propofé pour troifiefme terme donné, difanr i © 
donne autant,combien tel multinomie ? Par exemple, 
fi les trois termes donnez fuilènttels: le premier i (3), 
le iècond 3 ® -f-1, le troifiefme J @ -f-4 ®: On di- 
roit premièrement, i (D vaut 3 ®-+-2, combien 1 ®? 
fai& par le 69 problème 2. Puis pour ièconde opera
tion,on dirait autrefois i ©vaut 2, combien 3 @-f- 
4 © , faid par ce 66 problème pour le quatriefine 
terme proportionel requis, 20. Et ainfi d’aultres ièm
blables. Ce problème ièmira auflï, pour les demon- 
ftrations Arithmétiques, des problèmes fiiiuans,com
me le tout apparoiftra par les exemples , chaicun 
en ion lieu.
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PROBLEME. LXVIï.
"C  Stunt donnez,. trois termes, defquels le pre

mier CD, le fécond ®3 le troifiejme nombre 
algebraique quelconque : Trouuer leur quatnef 
me terme proportionel.

Explication du donné. Soient donnez trois termes 
félon le problème tels: le premier z ®, le iècond 6, le 
troifiefme i ®. Explication du requis. Il faut trouuer 
leur quatriefme terme proportionel. Conñruñion. On 
diuiiera le 6 du iècond terme, par zdu premier terme 
(car puis que le nombre du troifiefme terme eft i, il ne 
ièra befoing de faire la vulgaire multiplication du troi
fiefme & iècond terme, qui ferait 6 ®) donne quo
tient j. le dique 3 eft le quatriefme terme proportio
nel requis. Demonftration- Puis que nous diibns par ce 
problème, i ©valoir 3,doncquesparle 6 6 problème, 
z ® vaudront 6,mettons doncques ibubs chaicun ter
me ià valeur en cefte forte:

¿®. <?• i® . 5.
6 . 6. j ,  3 .

Et appert que 3 eft leur quatriefme terme propor
tionel, car comme 6 a 6 , ainfi 3 a 3 ; ce qu’il falloit de- 
monftrer. Quant à la demonftration géométrique, la 
choiè eft fi notoire, que il ne ièmble point dé meftier.

N o t  a .  Si les trois termes donnez fuilènt tels : le 
premier 5 ®, le iècond «/ 3. le troifiefme i ®,ondiui- 
ièra (commedeilus) 4/ 3,par 3, donne folution 4/ 
Autrement on pourrait ioluer cefte queftion reduiiant

Prob. LXVII. [This is the modification of the previous problem for the 
case ax — b, a =  1 ].
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les termes égaux par la 6 reigle de la réduction, à fça- 
uoir prenant la potence quarrée,dechafquetermeJ& 
feront j egales à 3, & (croit alors queftion, requi- 
rant l’opération du 78 problème.

Item fi les trois termes donnez fuiïènttels: iepre* 
mier 3 ®, le iècond */ 3 t/i,  le troifiefme i ®,On
diuiiera(comme deilus) 4/3 -+-i/2 parles 3(des 3 ©) 
donne (olution */ — +■ Et ainfi d’autres iem-
blables. Conclufion. Eftantdoncqucs donnez trois ter
mes deiqnels le premier ®, le iècond ©» le troifiefme 
nombre algebraique quelconque; Nous auons trouué 
leur quatriefme terme proportionel; ce qu’il falloit 
faire.

Prob. LXVIII. This is the theory of the quadratic equation. There are three 
cases ( “differences”)': 1 ) x2 — ax +  b, 2 ) x‘- =  —■ ax +  b, 3 ) *2 — ax —  b, 
where a and b are positive. The case x% =  —  ax —  b is omitted, because 
it only leads to negative solutions, see Art. VIII after Prob. 70. Stevin claims 
that, contrary to Stifel and Cardan *, he will solve all cases by one method “so 
that, without change of one syllable the operation will be the same in all

"Cardan’s ru le: Querna, da bis, refers to  the case x 2 =  ax -|~ b ; querna is  abbrevia- 

tio n  of quadratus aequatur rebus et numero; da bis m eans : add twice, nam ely  —  to  b in

th e radical, and ~  to  th e  radical. Nuquer, requan refers sim ilarly to  b =  ax +  x 2, x 2 +  b 

— ax (Ars magna, Ch. V). O n  S tife l’s Amasias see the In trod u ction .
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S tant donneẑ  troù termes3 defquels le pre
mier ©, lefécond © © , le troifiefme nom

bre algebraique quelconque: Trouuer leur qua
triefme terme proportionel.

N ota. Le binomie du iècond terme donné de 
ce problème fe peut rencontrer en trois differences à 
içauoir:

Q j Q Defquellesles autres en donnent trois
 ffx , /£)" diuerfes opérations, aufquels Michel

ÏX  X ’ Stiffleà accommodé ce mot Anufias.
& Cardane liure i o chap. 5 ce carme, 

Querna, dabis. Nuquer, admi. Requan, Mïmedami. 
Mais nous demonflrerons yne feule maniere; par la
quelle fans varier d’vne iÿllabc, l’opération fera en tou
tes trois la mefme: Parquoi faut içauoir que nous neles

these cases”. This rule, in our notation, is that if  x2 -j- px  -f q =  0  (p, q pos. 

or neg.), x =  j  + 1/ ^ -  —  q, on the understanding that only positive

values of x are selected (negative roots form a subject of later discussion, see Prob. 
70). The method is first verified by direct substitution of the answer in the 
equation ( “arithmetical demonstration”) , then verified geometrically in the 
manner familiarized by the Greek and Arab writers (see our Introduction), 
and finally proved algebraically in a section called On the origin of the con
struction of the preceding problem. Here follows a paraphrase of the “arith
metical” and of the “geometrical” demonstration in the case o f x2 =  ax +  b, 
Stevin’s “first difference”, example x2 =  4x  +  1 2 , solution: x =  6 .
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appelions pas Differences, en tefpcéfc des opérations  ̂
car. comme nous difons, l’opération ellen toutes la 
mefme, mais en rcfpèél des diuerfttez, de la difpofi- 
tion des quantitèz, du fécond terme donné.

P R E M I E R E  D I F F E R E N C E  D E
S E C O N D  I E R M H  ®  +  ® .

Explication du donné. Soient donnez trois termes 
félon le problème tels: le premier i ©, le fécond 4 © 
-+-12, le troifiefme i ©. Explication du requis. Il faut 
trouuer leur qüatriefme terme proportionel.

Cönïlrufttón.
La moitié de 4 (des 4©) eft 2
Son quarré 4
Au mefme aioufté le © donné qui eft 12
Donne fbmme 16
Sa racine quarrée 4
A la mefme aioufté 2 premier en l’ordre faieft 6
I¿ di que 6 eft le quatriefme terme proportionel requis. 
Demonßration Arithmétique. Puis que nous difons i©  
valoir 6 , doneques par le 66 problème, i © vaudra 
36,6c 4 © -+-12 vaudront aufli 36; Parquoi mettons 
fôubs chaicun terme là valeur en cefte forte:

1 ©• 4 ®-f - i2 . i® .  6.
36. 36. 6. 6.
Et appert que 6 eft leur quatriefme terme pro- 

portiônel.

Given *2 =  ax +  b (x2 — 4x +  12). To find x.

Construction. Take ( — 2 ), square it: ( =  4, add b to it:

2 i 2 dí
-— f- b (=: 16), take the square root: "J/ ~   ̂ ( =  ^)> *° add

- y  +  j / l*  +  b ( =  6). This is x.
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k_A utre demonstration géométrique.

Soit deícript Le quarré A B C D, dénotant i donc- 
ques ion cofté B C (lequel prouuerons valoir 6, à la 
fin dé la demonftration) Ièra i ®, car multipliant i ®

en foi, fai¿t i (2). Puis 
A G E B foit menée la ligne E F,

parallele auec A D, & 
foit A E 4 ; Ergo le re
ctangle A F (veu que 
A D eft t ®) fera 4 (1). 
Or puis que tout le 

K quarré A B C D, qui 
eft i ©, eft egal à 4 ® 
-+-12, A: que le redlan- 
gle À F faict 4 ®, le re- 

D F C ¿tangle E C fera 12.
Doncques les trois ter

mes donnez en nombres, nous les auons ici en gran
deurs, à içauoir A B C D i egale àAF4®-f-EC 
12; Et B C eft la i ©. Or faifons maintenant la con- 
ftrudion par ces grandeurs, iemblable à la precedente 
des nombres eft cefte forte:
La moitié de A E 4, qui eft G E eft 2
Son quarré G E H I 4
Au mefme aioufté le © donné c’cft à dire E C 12
Done fomme,pour le gnomon HIGBCF, ou pour 

lequarré G B K L (qui eft egal audiót gnomon) 16 
Sa racine B K 4
A la mefme aioufté G E 2'premier en l’ordre,ou 

en fon lieu K C (car K C eft egal à G E)fai¿t 
pour B C 6

Ce qu’il falloit demonftrer.

Other demonstration, a geometrical one. Let square ABCD be x2, hence. side 
BC =  x  (which will be shown to be equal to 6 ). Draw EF parallel to AD, let AE 
be a ( =  4 ). Hence rectangle AF =  ax, and rectangle EC =  x2 —  ax 
=  ax +  b —  ax — b {b =  12). Hence x2, ax, and b are each represented by

areas, and x by a line. Now  construct GE =   ̂ AE =  \ a  7); area square

GEHI =■■ — ¿ 2  ( — 4 ). Add to this EC — b (zr 1 2 ). Then gnomon HIGBCF =  
4

square GBKL =  i * 2 +  ¿ ( =  1 6 ). Then BK =  j / i  * 2 +  b ( =  4 ). Add to

this GE =  - a -  KC. Then BC =  -  a +  -  * 2 +  b -  x.
2 2 4

1

L

H
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N o t a . Le quatriefme terme proportionel vient 

aucuncfbis à nombre Arithmétique incommenfura- 
ble, duquel nous metterons deux exemples.

Soient premierement les trois termes, dcfquels on 
requiert le quatriefme proportionel, tels: le premier 
i (g, le fécond 6 ©  -t- 3, le trofîefme i ©.

Construction.
La moitié de 6 (des 6 © j eft 3
Son quarré 9
Au mefmeaiouftcle©donnéquieft 3
Donne fom me 1 2
Sa racine quarréc 4 / 1 2

A la mefme aioufté 3 premieren l’ordre, faiéfc
pour folution 4/11+ 3

Soient au fécond les trois termes defquels on re
quiert le quatriefme proportionel tels : le premier i 
le fécond 4/8 X © le troifiefme .4/ 3.

Construction.
La moitié de 4 / 8 (de/✓SX®) eft 4 /1
Son quarré 2
Au mefme aioufté le ©  donné, qui eft 4/3.
Donne fômme 2 -f- 4/3
Sa racine quarrée 4 /  bino. 2 +  4/3
A la mefme aioufté 4 /  z premieren l’ordre,

fàiû pour folution 2 + 4 /  bine. 1 + 4 /  3

Seconde maniere de conflruttion.
Autre maniere d’opération y a il, laquelle demön- 

ftrerons en toutes les trois différences, auffî la mefme; 
par laquelle il ne fera meftier de conuertir parla zrei- 
gie de redu&ion le nombre de multitude de @ ,en

This is the construction given by Al-Khwarizmi, see the Introduction. A “gnomon” 
is the L shaped figure which remains when from a square, e.g. ABCD, a smaller 
square, e.g. GBKL is cut out (squares may be replaced by rectangles or parallel
ograms). The term appears in Euclid’s Elements II, Def. 1 1 . See T. L. Heath, 
Manual, I.e. footn. 1 2 ) of our Introduction, pp. 44-45.



599

D e l’o p é r a t i o n . 289
vnité. Et celui qui voudra fuiure cefte reigle euitera 
aucunefois les ro m p u z , qui procèdent de telle ré
duction.

Soientpar exem ple les trois term es, desquels on  re
quiert lequatrieim e proportionel, tels: le premier 3 
le iècon d  8 @ - t -  16, le troifiefm e i ® .

Conftruttion.
La m oitié de 8 (des 8 ® )  eft 4
S on  quatre 16
A u m efm e aioufté le produiéfc de 3 (des 3 © )p a r  .

l e ®  don né, qu i eft 48
D o n n e  fom m e 6 4
Sa racine quarrée 8
A la m efm e aioufté 4  premier en l’ordre,fai6t 12
Q ui,d iu ifé par 3 (des 3 @ ) donne quotient & fo

lu tion  4

D E V X I E S M E  D I F F E R E N C E ,

D E  S E G O N D  T E R M E  — © - + - © .

Explication du donné. Soient donnez trois termes fé
lon  le problèm e tels: le premier i © ,  le féco n d — 6 ®
- +- 16 ,  le troiiiefm e i  ® .  Explication du requis. I lfa u t  
trouuer leur quatriefm e terme proportionel.

Conïiruftion.
La m oitié de —  6 (des —  6 ® )  eft —  3
S o n  quarré (car— 3 par— 3 faiét -+- 9} eft 9
Au mefmè aioufté le ©donné, qui eft i S
Donne femme 2 j

1 Sa racine quarrée j
A la mefme aioufté— 3 premier en l’ordre, faiéfc 2

Stevin’s examples are: for case 1): x2 =  4x +  12; x — 6 ; x2 =  6x  +  3;

x =  y/ 12 +  3; * 2  =  .v y 'g - t -  -v/3; x =  -3 / 2  +  2 -J- a /  3 (there is a mis
print 2 for - \ /2 ); 3x2 =  8 x 4 -  16; x =  4. In this last example a “second 
way of construction” is shown, in which the two members of the equation are not
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le di que i  eft le quatrielme terme proportionel requis.

Demonftration Arithmétique. Puis que nous difons 
i © valoir 2, ergo par le 66 problème i @ vaudra4, & 
— 6 © *+- 16 vaudront'auffi 4, Mettons doncques 
foubs chaicun terme fa valeur en cefte forte :

i@. —6© + 1 6 . i® . 2.
4. 4 . 2. 2.

Et appert que 2 eft leur quatriefme terme propor
tionel requis.

i^Autre demonftration Géométrique.

H G I Soitdeftript lequarré Á B
Ç D, dénotant i Q) , ergo 
foncofté A B ( lequel prou- 
ueruns valoir 2 à la fin de la 

F demonftration) fera i ®.
Puis foit produide la ligne 
A B, en E, qui foit B E,& de

A B E B E, & B C, foit defcript le
redangle B E F C., & fcm- 

blablement foit produid B C.enG, & foit CG 
de C G, & C D, foit deftript le reiftangle D C G H , 
Ergo le reda ngle BEFC,(veu que EBeftj, & BC 
i ®) fora} ®. Et fcinblablement fora le redangle 
C D G H } ®. Or pius que le quarré A B C D i 
eft egal a — 6 ® -b i6,& que les deux re&angles G E, 
C H font 6 ®. fonfùit que le gnomon C F E A H G, 
fora 16. Doncques les trois termes donnez en nom
bres nous les auôs ici en grandeurs; à içauoir A BCD 
*®,egalea—•C E C H 6 ® - j-CFEA HG  16; Et

first divided by 3. This second way amounts to the use of the formula

* =  r j f  ± ]//f  +  aq
x2 =  —  6 x +  16; x =  2 ; 4x2 =  —  4x +  24; x  =  2 . The last example admits 
of some variations of the previous formula:

, if ax2 =  px  +  q. Case 2 ) is illustrated by

D



601

De l' o p é r a t i o n . 291
A B eft la i ®. Or faifons maintenant la conftrudion

Ear ces grandeurs,ièmblable à la precedente des nom- 
res en cefte forte:

La moitié des deux lignes F C, & C G, qui foit
F G eft — j

Son quarré C F IG 9
Au mefme aioufté le ® donné, c’cft à direlegno- 

monCFEAHG 16
Donne fomme pour le quarré A E l H 25
Sa racine A E 5
A la mefme aioufté — F C 5 premier en l’ordre, 

ou en fon lieu—B E 3, faid pour AB 1
Ce qu’il faloit demonftrer.

Seconde mattiere de consiruÛioni qui efl fans 
conuertir le nombre de multitude de 

@ en vn itk .
Soient les trois termes, defquels on requiert le qua-* 

triefme proportionel, tels : lé premier 4®, le iècond 
—4 ®-i- 24, le troifiefme i ®.

Conjtruuiion.
La moitié de — 4 (des — 4®) eft — z
Son quarré 4
Au mefme aioufté le produid de 4 (des 4 ®) par 

le® donné, qui eft 9S
Donne iommc 100
Sa racine quarré . i o
A la mefme aioufté —■ 2 premier en l’ordre,faid 8 
Quidiuifé par 4 (des 4 @) donne quotient & fo

lution 2
Et encore pourroit on par l’origine des conftradions 

de ce probleme(laquelle origine nous deicriprons der-

_ 4 4 - A =  . Ih 2 u . '  l_  . 1 / /  p  \ 2
i  a ( i !  a \ j  4a *  i a  I l i a  y ( 2 / 0  )  ^

(Stevin forgets in the “Autrement” to square his p /2 \ /a  ( =  !)• Case 3 ) is 
illustrated by x‘¿ =  6x  —  5, x =  .1 , x =  5; both roots are accepted since they 
are positive. Special attention is paid to the equation x i  =  \2 x  —  36, x — 6, 
which we consider an equation with a double root, but for Stevin it is just one 
root instead of two, to be found in the same way as all others by the general rule.
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tiere ce problème) former beaucoup d’autres reigles, 
des mefmes conftru£tions,& viendroienr routes à vne 
mefme iolution. Nous en donnerons deux fur la que- 
ftion precedente (qui Te poutroit auffi appliquer tant à 
la dilïerence precedente,qu’a la fuiuante)en cefte forte: 
Là moitié de — 4 (des — 4®) eft — 2
Son quarré 4, qui diuiié par4 (des 4 @) donne

quotient i
Au mefme aioufté le © donné, qui eft 24/donne 

fomme a J
Sa racine quarrée 5
De la mefme ibubftraid la racine de i, iècond en 

l’ordre,qui eft i, refte 4
Qui diuilé parla racine de 4 (des 4 ©) qui eft par 

2,don ne quotient & folution comme deilus 2
Autrement.

Racine de 4 (des 4 ©)eft 2; fon double 4,par le
mefme diuifé 4 (des 4 ©) donne quotient r ,

Au mefme aioufté le © donné,qui eft 24,donne 
fomme 25

Sa racine quarrée }
De la mefme foubftraiâ la racine de i,iècond en 

l’ordre,qui eft i, refte 4
Qui diuifé par la racine de 4 (des 4 ®) qui eft par 

2, donne quotient & folution comme deilus 2
Mais la premiere de ces trois conftruétions eft la plus 

commode pour euiter computations radicales, qui fo 
rencontrent fbuuentesfbis en la deuxiefme & troifief
me maniere, lelquelles nous mettons, plus pour rendre 
notoire les caufos ( qui par l’origine appareilleront) 
qu’autrement.

As he explains in Nota  I: though some call this an exceptional case, it is only an
other application of the general rule. In Nota II Stevin explains how reasonable 
the case of two roots can be: if it is asked to divide 6  into two parts of product 8 , 
then both roots, 4 and 2 are solutions.
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D E  S E C O N D  T E R M E  © —

Explication du donné. Soient donnez trois termes 
félon le problème tels : le premier i ©, le iècond 6 © 
— j, le troifiefme i ©. Explication du requit. Il feut 
trouuer leur quatriefme terme proportionel.

ConflruBion.
La moitié de 6 (des 6 ®) eft j
Son quarré 9
Au mefme aioufté le ©donné,qui eft — j
Donne ibmme 4
Sa racine quarrée x
A la mefme aioufté } premier en l’ordre,faidt

pour maieure folution j
Ou autrement fbubftrai&lediét 2 ..de j premieren 

l'ordre(cequieft le propre de cefte troifiefme 
difference, dont la raifon fera manifefte,par l’os 
rigine de ces conftruôtions fuiuantes) refte pour 
moindre folution i

le di que & j & i eft le quatriefine terme proportio
nel requis. Demonßration Arithmétique. Puis que nous 
difons i ©valoir j-, ergo par le 6 6 problème, i ©vau
dra ij,&les 6 © — 5 vaudrontauflî xj;Mett5sdonc
ques foubs chafcùn terme fa valeur en cefte forte:

i ® .  6 ® — j .  i ® .  . 5.
x$. 25. 5. $.

Et appert que 5 eft leur quatriefme terme propor
tionel requis.



2 9 4  L e  i  i .  i , i  v r e  d ’a r i t h .

M ais que la folution i  eft auifi veritable, íe  d cm o n -  
ftre par m eím e m aniere. M ettons foubs chaicun ter
m e  iá  valeur en cefte forte :

i ® .  6 © —  J .  i ® .  i .
i .  i .  i .  i.

Et appert que i eft leur quatriefine terme propor
tionel requis.

K^iutre demonftration Géométrique.

F Soit defoript le 
g quarré A B C D, dé

notant i (§),ergo4bn 
cofté A D (lequel 
prouuerons valoir ƒ 
à la fin de la demon
ftration ) fora i ®. 
Puis foit produidt la 
ligne D A, en E, & 

P  foit toute la D E 6£c 
u  I deAE, & AB, foit

deforiprle re ¿tangle 
A E F B, ergo le reétangle D E F C (veu que D E eft 6, 
ScDC i ®)fora 6 ®: Or puis que le quarré A B C D, 
qui eft i  © ,  eft egal à 6 ©  —  J , &  que le redangle 
D E F C faiâ 6 ©j ergo le redangle A F fora 5. Donc' 
ques les trois ternies donnez en nombres nous les 
auons ici en grandeurs, à içauoir A B C D i ©, egale 
à D F i ® — A F/; Et A D eft la i® . Or fkiîbns 
maintenant la conftfuétion par ces grandeurs,fombla- 
ble à la precedente des nombres en cefte forte:

t
A

N

M H

K
L

t
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La moitié de E D 6, qui ibit G D, ièra 
Son quarré G HID
Au meime aioufté le — j donné, c*eft à dire 

moins le gnomon K LID G M, qui foie egal 
au redangle A F 

Donne fomme pour le quarré M H L K 
Sa racine M K ou G N eft z
A la meime aioufté G D 3 premier en l’ordre,ou en 

fon lieu G E 3, faid pour N E 5. Mais A D eft 
egale à N E (lequel fe prouue, ioubftrahant A D 
5 de E D 6, refte A E i, qui multiplié par A B 
5, donne ion vrai produid 5) faid doncques 
pour AD 5

Ce qu’il fàlloit dcmonftrer. Mais que la iblurion
_ _ 1 eft aufli veritable íe

demôftre géométrique
ment ainfi: Soit deicnpt 
le quarré A B C D, dé
notant i @,ergo ion co- 
fté A D , (lequel nous 
prouuerons valoir i à la 
fin de la demonftration) 
fera i ©. Puis ioit pro
duid D A en E, & foit 
toute la D E 6 , 8c de 
A E,& A B, foit defeript 
le redangle A E F B; Er- 

jr go le redangle D E F C 
(veu que D E eft 6 & 
D C i ©) (era 6 ©. Or 
puis que le quarré A BC 

I D,qui eft i @, eft egal à

M H

B

D
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6® — 5, & que le redangle D. E F C faid 6 ®,ergo le 
redangle A F fera j .Doncques les trois termes donnez 
en nombres,nous les auons ici en grandeurs, a Içauoir 
A B C D i ©, egale à D E F C 6 © —A F i; Et AD 
eft la i ©. Or faifons maintenant la conftrudion par 
ces grandeurs, femblable à la precedente des nombres 
en cefte forte :
La moitié de E D 6, qui foit G D fora }
SonquarreG HID  ̂ 9
Au mefme aioufté le — j donné,deft à dire moins 

le gnomon B Kl D G M,qui foitegalau redan- 
gle A F ■ ~ r  S

Somme pour le quarré M H K B 4
Saracine M  Bou G Aeft 1
La mefme foubftraid.de G D 3,premier en l’ordre 

refte pour A D 1
Ce qu’il falloit demonftrer

No t a  i .  Quant à l’exception qu’aucuns font en 
cefte troifiefme difference ce ne doibt(à mon auis) 
point eftre d’exception; veu que nous venons au vrai 
requis par generale reigle,& par vne mefme maniere. 
P r e n o n s  pour exemple, que les trois termes, defquels 
on requiert le quatriéfme proportionel foient tels: le 
prémier i ©, le fécond 11 © — 36, le troifiefme 1 ®, 
<k fiifons en operation, fomblable á la precedente en 
cefte forte :
La moitié de 12 (des 11 ®) eft \ 6
Son quarré '
A u m efmc aioufté le © donné, qui eft — 3^
Donnefomme 0
Sa-racine quarrée °

(
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A la mefmc aioufté 6 premier en l’ordre,faidt pour 

premiere folution . ®
Ou autrement o cincquiefme en l’ordre foub- 

ftraiftdeó premier en l’ordre, reftera pour fe- 
conde folution 6

Et appert quecelui qui fuiuera la generale reigle, ne fe
ra enriendeceu.

N o t a i . Quelqu’vn pourrait doubter,que veult 
lignifier la double folution de celle troifiefmedifferen- 
ce(qui fe peuuent rencontrer,comme en aucuns exem
ples fuiuans en fix diuerfes fortes) & comment l’vne & 
l’autre pourra eftre bonne. Or combien que ceci appa- 
roiftta aflèz en diuerfes exemples d'algebre fuiuans ; 
Toutesfois pour ceux qui ce pendant pouroient eftre 
en doübte,nous en dirons;ici quelque cnote. Pofons le 
cas, qu’il y a propofé de partir 6 en deux parties telles, 
que leur produid foit 8, On trouuera parla premiere 
maniere que l’vne nombre requis tera 4, & par 1 autre 
maniere, te trouuera 2. Mais que l’vn& l’autre folu- 
tion foit bonne, & manifefte. Car fi on didt que l’vn 
nombre eft 4, doncques foubftraidt 4 de 6,refte 2 pour 
l’autre nombre, lefquels 4 & 2 donnent produidt telon 
le requis 8, On fi on djél par la fécondé maniere que 
l’vn nombre eft 2, ergo foubftraidt 2 de 6 reite 4 pour 
l’autre nombre, lefquels 2 & 4 donnent le mefme pro
duit requis 8. Ën cefte queftion doncques & tembla- 
bles voit on l’viàge de cefte double folution.

N ota 3'. N o u s  pourrions donner exemples en la 
fécondé & troifiefme ditference, la ou te rencontrent 
nombres radicaux,comme nous auonsfaiél à la prece
dente premiere difference; Maisveuque l’operadon 
eft en toutes trois la mefme, comme il appert, &
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comme nous auons promis d’exhiber au commence
ment ile ce problème, il ne fera point de meftier.

DE L’O R I G I N E  D E L A  C O N -
S T R V C T I O N  D V  P R E C E D E N T  L X V 1 1 1 .

P R O B L E M E .

Nous auons amplement fziGt aux conftruétions 
precedentes leurs demonftrations tant Géométriques, 
qu’Arithmétiques; Mais encore n’cft pas notoire, par 
icelles l’occafion qui a faiét inuenter a Mahomet telle 
reigle. A fin doncques que la choie foit entendue par
faitement nous la déclarerons par fes cautes comme 
fenfuit.

Quand @ eft egale à ® ©, nous la pouuons rédui
re,en ®, egale à ©, & alors eft la valeur de i ® no
toire par le precedent 67 problème, & de.telleredu- 
âion,eftcolligéela maniere de ladite conftrution 
commeapparoiftra. Soit parcxemple: 

i  @egalea —6®-f- 16.
Q u i font le prem ier &  fécond term e, de la prem iere 

conftrution,de la fécondé difference; Et aiouftons -à
chafque partie 6 ®, & feront

i © —f- 6 ® egales à 16.
Refte maintenant de trouuer quelque®, qui aiou

fté i  1 @ H- 6 ®,que tel trinomie aie racine, qui foit i 
©-{-quelque®. Or pour trouuer tel nombre, il ne 
faut que multiplier la moitié de 6 (des 6 ®) qui eft 3, 
en foi fait 9, & on l’aura (la raifon pourquoi le quar- 
rédc la moitié du nombre de ®, eft toufiours le (3), 
qu’il faut aioulter à tel binomie, eft par cela manifefte, 
que le produit du nombre de ©,qui eft ici vnité,mul-

Stevin show s h ow  A l-K hw arïrm ï found  the m ethod to so lve the quadratic 
equation, nam ely by com pleting the square. T hou gh  negative solutions are not 
adm itted, negative numbers are used as elsew here in U Arithm étique: the  
equation x2 =  6x  —  5 is w ritten x 2 —  6x — ■—  5, then x -  —  6x +  9  =  4, 
hence x  —  3 =  2 and —  x + 3  =  2, o r x = 5  and .v =  1. T h e  case 
that the coeffic ien t o f  x 2 is not unity is also discussed.
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tiplié parle ©, eft toufiours egal au quarré dela moitié 
du nombre de ®; Et qui encore veutfçauoir pourquoi 
tel produit eft toufiours egal au quarré,de la moitié 
du nombrede ®; Qifil multiplie i © -4- quelque©, 
en loi, & facilement verra la caufe, es nombrespro- 
cedans de l’opération de telle multiplication) Aiouftôs 
doncques 9, à chaicune des egales parties,& feront 

i  © - + •  6  ©  H - 9 ,  egales à 2 5.
Puis extràhons de chafque partie racine quarrée, &  

feront:
i ® ■+* 3,egales à 5.

Puis foubftrahons de chaicune partie 3, & fera 
i ® egale, ou vaudra pour iblution 2.

Et par cefte maniere, nous pourrions foluer tous 
femblables exémplesfMais afin que telle inuention de 
valeur de r ®, foit plus commode on l’a rédigé en 
ordre, & on en afaid vnereigle;confiderantd’ou nous 
procede tel 2, valeur de i ©, & nous voionsaperte- 
ment, qu’on aioufte toufiours le quarré du nombre de 
®, au (Ô), & que nous extràhons de la femme racine 
quarrée, & que de telle racine,on foubftraid encore la 
moitié du nombre de ©, & pourtant eftce,qu’on à ap
pliqué ces chofes ainfi en reigle de ladiéte con- 
ftrudion.

Quant à l’origine de la fécondé conftru&ion, qu’il 
y a en chafeune ditference, elle eft femblable a la pre
cedente. Soient par exemple 4 egales à — 4 ® -+- 
24, qui font le premier. & fecond terme de la fécondé 
c o n  ftrudion, de la fécondé difference; Et aiouftons à 
chafeune partie 4 ©,& feron t

4@ +  4®,cgalesà24.
Rcfte maintenant de trouuer quelque ©,qui aioufte
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à 4@-f-4@jle trmomie aie racine, qui íbh © -H 
quelque©.

Or pour le trouuer,il ne faut que multiplier la moi- • 
rie de 4 (des 4 ®) qui eft 2, en Toi, faiét 4, & diuifer le 
mefme par 4 (des 4 @) donne quotient i, pour tel 
nombre requisda raiion pourquoi l’on trouue tel nom
bre toufiours ainfi,efl notoire par ce que nous en auons 
did ci deilus. Aiouftons doncques à chaicune partie i 
& feront

4 © + 4 ® -i-  i,egalesa25.
Puis extràhons de chafque partie racine quarrée, 

& feront
2©-+-1,egales à 5.

Puis ibubftrahons de chafque partie i,&feront 
i ®, egales à 4.*

Diuifant doncques 4 par 2 (des 2 ®) on aura la va
leur de i ®,qui fera 2;Ëtappert que de cefte operation, 
eft colligée la reigle de l’un des exemples de ladiéte 
deuxiefme difference.

Item fi l’on confiriere, que nombre de multitude de 
® diuifé par le double de la racine du nombre de mul
titude de donne toufiours quotient ©, duquel le 
quarré aioufte au binomicj lui faiét trinomie, aiant ra
cine compofée de © & ©, on en colligera encore vne 
autre maniere.

Etparleschofes deilus diètes eft ailes notoire l’ori
gine des autres deux différences, routesfois parce que 
nous auons diét, qu’en l’origine appert pourquoi la 
troifiefme différence a deux iblurions, nous ladeclai- 
j erons. Soit i egale à 6 ® — f.qui iont le premier 
& fécond terme de l’exemple de la troifièfme différen
ce, & foubftrahons de chaicune partie 6 ®,& fera
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i  © — 6®, egale à— j 
Refte maintenant de trouuer quelque ©,qui aioufte 

à i 6 ©, le rrinomie aie racine qui foit i © & 
quelque®, le mefme pour les raifons que defliis fera 9 
(à fçauoir le quarré de — 3 moitié de — 6 der — 6 ©) 
Aiouftons doncques à chafeune partie 9,& feront 

i 6 © —f- 9, egales à 4.
, Puis extràhons de chafeune partie racine quarrée, 

& fera •
i © —■ 3j egale à 2. 

ou,autrement 
— i ® -I-3,egale à 2.

Car autant 1 © — 3, comme — 1 ®-f- 3, eft raci
ne de i @ — 6 © -f- 9; quand doncques nous poibns 
pour racine i © — 3 egale à 2, il faut aioufter a c haf
eune partie^ & i ® fera egale,ou Vaudra j. Mais fi 
noiispofons pour racine— i ®-t- 3,egaleà 2,il fau
dra foubftraire de chafque partie 2, & reftera — i ® 
-+-1,egale à o;Et aiouftaht a chafeune partie i ©,alors 
fera i ©egale ou valiant i. Et eft lacaufede la double 
folution,-à ladiâçtroifiefmedifference parces chofes 
fi manifefte, qu’il n’eftroêftierd’én fonner plus mot; 
Laquelle origine il fajoit declairer. Conclufion. Eftant 
doncques donnez trois termes defquels le premier @ 
le fecond ® ® le troifiefroe nombre algebraique quel
conque! nous auons trouué leur quatrieime terme pro- 
portionel; ce qu’il falloit faire.

N ota. Voila acheuéé l’inuention duquatriefme 
terme proportionel iadis pra&ifee par Mahomet.S’en- 
fuiuent celles de fes fucccflèurs ; Mais auant quey ve
nir nous deferiprons quelque theoreme necéflaire à 
leurs operations & dcmonftrations, que nous auons
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colligc du thcoreme de Tartalia, deicript par Cardane 
chap. 6 liure A i G E  b . & formé félon noftre g u i f è ,  à  

noz demonitracioûs plus commode, commef’eliiic.
THEOREME.

Q l o n  coupe vm  ligne droiiïeenlieu quelcon
que 3 le cube de toute la, lig?te3firaegal aux 

deux cubes 3 des parties3 f tj troüfots le folide 
re£laMgle¡ contenu foubz. les deux parties 3 &  
toute la ligne.

Explication du donné. Soit la ligne droiCte A B cou
pée ou que ce foit en C. Explication du requis. 11 faut

demon- 
F E ftrer que 

le cube, 
dela AB, 
eil egal, 
aux deux 
cubes de
AC,  & 

1 C B, & 
troifoisle 

K folide re
ctangle , 
contenu 
foubs A 
C,&CB 
& AB.

B

L

G

A C B
Preparation de la dentonBration. 

Deictiuonsdela ligne A B, le cube A D E B, qui

Here begins the theory of the cubic equation. It starts with the Theorem, 
taken from Cardan, Ars magna, Ch. VI, and called after Tartaglia. It is the 
identity (d +  ¿>)3 +  ¿3 q. ^ab (a -f b ), geometrically demonstrated 
according to Cardan, by dividing up a cube AEDB by a plane CF parallel to square 
BE, then by a plane GHI parallel to the base AK such that HB =  CB, and
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foit coupé par le plain C F, parallele au quarré B E, & 
puis par le plain G H I, parallele à la bafe A K, & ainfï 
que H B foit egale à C B, puis par le plain L N, paral
lele au quarré AO,& ainfiquc H M foit egale á la 
H B Demonftration.

Toutes les parties font egales à leur tout,
Deux cubes de AC, & Ç B, & les trois re&angles 

contenuz foubs AC,& C B,& A B,ou foubs leurs 
egales font tout le cube de A B,

Ergo lefdides parties font egales au cube de A B.
L’aflomption fe prouue ainu- le cube de A C eft ce

lui duquel le quarré eft L F, & le cube de C B eft 
C H N,& Ies-trois folides redangles font L H, & N F, 
& G C, (nous dénotons par G C, le folide reftangle 
confiftant foubs la foperface G C) leiquelles font les 
parties integrantes du cube A E. Mais que lefdi&s 
trois folides re&angles, font contenuz foubz trois lig
nes egales à A C, C B, & A B, fo demonftre ainfi : du 
folide L H la H O eft egale à la A C. & H M,à la B C, 
& G H, à la A B, & femblable fera la demonftration 
des deux autres folides N F, & G C.

Lón pourrait encore prendre les trois folides redan- 
gles d’aultre forte que deftûsjà feauoir L C, & H F,& 
N I.Nous dénotons par N I, le lolide redangle coniï* 
ftant foubs la fuperfice N I.

application des nombres aux gran
deurs ci de ¡[us.

Soit toute la A B quelque nombre comme i o, &
A C foit 8, Si B C i, ergo le cube de A C j i t

EtlecubedeCB 8
Et le folide redangle L H 160, fon triple pour les

finally by a plane L N  parallel to the  square A O  such that H M  =  HB. T hen  
the cube AE is equal to the  cube on LF (L  is such th at D L  =  D F ) plus the 
cube on C N  +  the three “solid rectangles” L H , N F  and that on  G C  (hence i f  
AB is divided into A C =  a, CB =  b, then  cube AE =  (d - f  ¿ )3  — ¿3 -p ¿ 3  

+  3ab (a +  b ) ) .
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tipis iolides rectangles 4 8 0

Leurfbmme 1000
Egale au cube de A B ioquieftauffi 1000

Concltifion. Si doncques on coupe vne ligne droiûe 
en lieu quelconque,&c. ce qu’il íalloit demonftrer.

COROLUIRE I,
Happen, que le quarté A B;eft egal au quarré de 

A C, auec le gnomon POBA.

C o r o l l a i r e  i i .

II.eft notoire que le gnomon P O B A, eft egal au 
quarré de C B, & le double du produiéfc de A C, 
& C B.

C o r o l l a i r e  m .

Il eft manifefte, que le nombre des trois folides re- 
¿fongles L H, N F, G C, eft egal au nombre de 6 quar
rez de A C,& 12 lignes de A C. Par exemple les 6 
quarrez dé A C(veu que nous poibns A C 8)font 384, 
& 12 fois A C faict 96,qui auec 384 faiét 480: Et auili 
font 480 leidiéts trois folides reûangles.

C o r o l l a i r e  u  i i .
Il eft eùidént,que le nombre du cube de la ligne A B, 

eft egalau nombre du cube de AC, & de 6 quarrez de 
AC,&de i2lignes AC,&ducubedeCB.

Car, le nombre du cube de A Bfpofant pour 
' B 1 o, & pour C B 2, comme delius) eft 1000
Qui fera egal au nombre du cube de À C J T l
Et de 6 quarrez, de A C 384
Et de 12 lignes AC <>£
Er du cube, de C B 8
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Defquels la iomme eft auffi iooo

C o r o l l a i r e  v .

Il appert, que le quarré de A B, excede au quarré de 
A C, ou P ó, au gnomon P O B A, d’ou i’enfuit que 
iîx quarrez de AB, excédent à ûx quarez de A C , en 
fix gnomons P O B A, &c.

PROBLEME LXIX.  
jP Stant donnezjroù termes, defquels lepre- 

^ le fécond © ®, le troijtejme nom- 
ue quelconque: Trouuer leur qua- 

triefme terme proportionel.

® •+• ©  N o t a . Le binomie du fécond ter-
— ®-f-@ me donné de ce problème, fé peut ren-

© —© contrer en trois differences, à fçâuoir:
Le (quelles trois differencesnous de- 

claircrons fépàreement.

P R E M I E R E  D I F F E R E N C E  D E
S E COND T E R M E  © H - ® .

Explication du donné. Soientdonnez trois termes fé
lon le problème tels: le premier i (D , le fécond 6 © h- 
4o,letroifiefme i © ..  Explication du requis.Il faut trou- 
ucr leur quatriefroe terme proportioned

ConBrutfion.
Le quarré de la moitié de 40 donné,eft 400
Du mefme fbubftraiék le cube de i ( tiers de 6 de 

6 ©) qui eft 8 refte 39z,fa racine 4/ 392, qui

Prob. L X IX . T his is the  solution o f the  cubic equation o f  the  fo rm  x3 =  
p x  +  q,  w ith  the  three cases ( “differences” ) :  1 ) x3 =  ax +  b,
2) x 3 . =  —  ax +  b, 3 ) x3 =  ax —  b ( a, b positive, sim ilar to  the  three cases 
in  the theory o f the  quadratic equation). T here  is no announcem ent that 
only one com prehensive solution fo r all cases w ill be given —  this had to wait 
un til the eighteenth and the  nineteenth century. In  case 1) the solution is in  the 
form

. . . . . .  ^  ,

bre algebraiq
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aiouftée à io, moitié des 40 donnez 
fai<5t 20+4/392

Sa racine cubique eft: 4 /  (3) i /» o .  2 0 - 1 - 4 / 392
A laquelle aioufte fon reipondantbinomie

diiîoind comme 1 /Q)bïno. 20—4/392
Donné fomme 4 /  Q) bino. 20 +  4/392-1-4/

Q) bino, i o — 4/392 
Laquelle ie di eftre lequarriefme terme proportion«! 
requis. Demonftration Arithmétique. Si la conuerfion du 
mulririomie de cefte folution en nombre Arih. fuft le- 
gitimemét inuentée (quand ilfora poffible come icijce 
ièroitilngulicre inuention, feruant autant aux problè
mesfuiuans, comme à ceftui ci;&letrouuerions va
loir 4, par lequel nous pouuons faire demonftration , 
mettant foubs chafoun terme fa valeur en cefte forte:

i d). $ © + 4 0 . i® .. 4.
64. 64. 4. 4.
Et appert que 4 eft leur quatrieime terme pn> 

portioned
Quant à l’addition, que nous auons dich generale, 

parle moien du theoreme du 24 problème; à içauoir 
quemultipliantlequotient des deux racines cubiques 
plus vn, par lediuifour; Elle ne nous faille en rien,mais 
parce que les parties font incommenforablcs, à la fin 
nous reuiennent les mcfines deux racines cubiques 
des binomies donnez.

F reparation d  autre démonstration 
Géométrique.

Soient a la figure du theoreme deuant ce 69 problè
me félon la precedente operation, deux cubes L F 20

I f  x =  u +  V, then  Stevin knows that u -\- v — 4, but has no way of 
reducing u and v so as to obtain 4 (though, as he observes a little  later on 
in  the  book, he  can approxim ate to 4  as closely as he likes by evaluating the  square 
and cube roo ts). H e  proves the answer, as in the case o f the  quadratic equations, 
first by direct substitution o f x  =  4 in the equation ( “arithm etical dem on
stration” ) ,  then  by using T artag lia ’s theorem  on the  division o f a cube into 
sections ( “geom etrical dem onstration” ) . T his am ounts to the follow ing:

since »3 +  v3 =  20 +  V 392 +  20 — V  392 =  40, and uv =  13 /40  —  392 =  2, 
a-3 =  u3 +  V3 +  3uv ( «  +  * ' ) =  40 +  6x. A seco n d  e x a m p le  is

*3 -  I2 x  +  46, x -  8 +  V O  +  ]X " 8 +  0 = 4
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-+-4^  }9Z,&CHN 10—4/” }<> i, leur (brame eft 40, 
& kur produiâ: 8; Doncques le cofté D F,ou AC,faiéfc 
4 /  © bino, zo -h  4 /  391, & le cofté CB/aiû 4/ (D W- 
no. io — S  39z, lefquels deux coftez AC,&CB, 
aiouftez/önt pout le cofté ABjdu cube A E,</© bino. 
zo -h S  39z-3-*^ ©M bo. zó— S  39z. ïlfautde- 
monftrer, que tout le cube A E vaudra 6 ® •+• 40, qui 
eftant fai6b nous aurons le requis; cár fi on demon ftre 
que le ciibe qui eft A E , de i © A B 4/ (3) bino, zo 
-h<i/is/z-t-4 /(J)bino, io —4/39i,vaut6®-+- 40¡ 
Doncques on conclura pat la renuerfè raifon que du 
cubé A E 6 © -4-  40, la i ® A B vaudra 4/ © bino. 10 
■+■4/  39z + 4 / (i) bino. 10 — i /  39z, & par conlè- 
quent i © valiant 6 © H- 40, qu’alors I © vaud ra S  
Q)bino.zo-i-S 391-+-4/Q)binó- zo—4/ 39z. 
Demonflration. Lèpróduiót de A C 4 / Q )b in o . zo-f- 
4/39ZjparC B S © bino.zö—4/39Z.eft(par le 40 
problème) z,poiirlafùpcrficèGC,parquoi la íuper» 
fice M O lera auflî z qui multipliée par i © G H (car 
G H eftegale à i ® A B) donne produid pour le foli- 
de,re<ftángle LHz ®, & femblablement feront les 
d c ü x  folides reâàngles N F,& G G,aüffi chaícun z ®, 
& tous trois enfemble feront 6 ®. Item les deux cubes 
L F, & C H N (veu que leurs coftez f ont comme def- 
iùs)font enièmbÎe 403 donequés tout le cube A E, faiefc 
6 © -j- 40; Ergo, Sia ce qu’il falloir demonftrer. 

N o t a .  Il auient aucunefoisque les racines cubi

quéis l’operárion peuteftrelá mefme comme deilus. 
Par exemple t(J) vaut iz ©-J-téj & on requiert la 
valeutdei®.

There is an “imperfection” for certain cases, which Bombelli has solved with 

his plus de moins and moins de moins, in our notation +  a /  —  1 =  .+  i and 
—  \ / — 1 =  —  i. (This is the so-called casus irreducibilis, where

<( ^ —j ). Stevin’s example is *3 =  30* -f 36, x =  $ / l 8  +  2 6i

-J- i S  18 —  26i; Stevin writes for 26/: “ +  de —  26”¿ and for —  2 6 /: “—  de —  2 6 ”. 
He then writes:

“Now, if by means of the numbers of this solution we would know how 
to approximate infinitely closely to 6  (because that is precisely their value), 
as is done with the numbers of the solution of the previous example, then 
certainly this solution would be in the desired perfection. Cardan also
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ConBruft'ton.
Le quarré de la moitié de 16 donné, eft 64; d a  

mefinefoubftrauftle cube d e4  (tiersde iz  
des i z ®)qui eft 04,refteo,fa sacine V o ,qui 
aiouftée à 8, moitié de 16 donné, faidfc 8 -4- 
</o fa racine cubique eft V © bino. 8 -+■ Vo

A laquelle aioufte fon refpondant binomie
dihoinét comme V  Q) bino. 8—4/0

Donne fbmme pour folution V  Q) binó. 8 -f-
4/0 4 - V  (D éiwo. 8 4 - < / o.

Qui vaut 4. Et ainfi d’autres fomblablcs. Nous appel
ions ceci racine cubique de binomie, non pas que vé
ritablement il le foit;Mais à fin de demonftrer la géné
ralité de l’ordre de la conftruétion. Cefte note foit aufli 
pour auertiflëmem: aux problèmes fuiuans là ou lè 
femblable poutroit auenir; Carde deforipre diuerfes 
reigles (comme fontaucuns) de ce qui fepeuc faire par 
vne reigle generale, il femble inutile.

DE L ' I MP E RF E CT I ON  QV’IL Y A
EN C E S T E  P R E M I E R E  D I F F E R E N C E .

Il auienten aucuns exemples de cefte difference,que 
le quarré de la moitié du © donné, fera moindre que 
le cube du tiers du nombre de multitude dè © donnée; 
D’ou f’enfiiit que le mefme cube, ne fo pourra foub» 
ftraire d’icelüy quarré, comme veut la reigle de la pre
cedente conftruétion; de forte que cefte premiere dif
ference (enfemble aucuns exemples des problèmes 
fuiuans, qui fo conuertiffent en icelle) eft encore im
parfaite. Rafael Bombelle la folùe par diétion de 
pins de moins & moins de moins en cefte forte: Soient les

puts some examples in his Aliza *) pertaining to this matter, but not 
general ones, so to say feeling his way, by which after much work one can 
often get nowhere. As to myself, I consider it useless to present here 
similar examples. The reason is that what cannot be found by means of 
a certain rule seems unworthy to take a place between legitimate pro
positions. On the other hand, if same problem can be solved in this way, 
then Good Luck deserves as much credit for it as he who carries it through. 
Thirdly, there are enough legitimate things, to wit an infinite amount, to

‘) D e  A li^ a  regula, i i i  p p ., in  Cardan’s Opus novum, B asiliae, 1570; the term  Alisea  
appears already in th e A r s  magna, f.31 v ., also in con n ectio n  w ith  th e casus irre/htcibilis.
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trois termes doxinez, defquels on requiert , le quatrief- 
meproportionel, tels: le premier i (|), le fécond 30 ® 
-+- 36, le troifiefrae i ©,

ConTtruftton femblablc à, la precedente.
Le quarré dela moitié de 36 donné eft 3 24
Du mefme foubftraid le cube de io (tiers de 

30 des 30® données) qui eft 1000, refte 
— 6 7 6,fa racine -f-de— 26,qui aioufté 
à 18, moitié des 36 faid 18-+-de— 16

Sa racine cubique */Q) bino. 18 + de—-26
A laquelle aioufté ion reipondant binomie

difioind, comme 4 /  (D bina. ,18 — de —  2 6 
Donne fomme&folution 4 /® bino. i 8-|-de— 16 

-+- t/Q) bina. 18 — de— 26.
Or fi parles nombres de cefte folution,l’on feeuft ap

procher infinement à 6 (car ils vallentpreciièmentau- 
tant) comme on faid par les nombres de la folution, 
du precedent premier exemple, certes cefte difference 
ièroit en fa denrée parfedion.

Cardane met aulîi en fon Ál'tz.4 quelques exemples, 
ièrüans á cefte matière, mais pas généraux, ains à ta- 
ftons, par lefquels après grand trauail, on ne peut fou- 
uentesfbis rien effeduer. Quant à moi, i’eftime inuti
le d’en efcripre ici de fèmblables; La raifon eft,que ce 
qui ne Ce peuc trouuer par certaine reigle,fomblo indi
gne d’auoir lieu entre les propofitions legitimes.D’au- 
trè part, que de ce qui le folue en telle maniere, la For
tune en merite autant d’honneur, comme l’efficient. 
Au tiers, qu’il y a allez de matière legitime, voire en 
infini, pour fien exercer, lâns l’occuper, & perdre le 
temps, en les incertaines: pourtant nous les pallèrons

work on without any need to get busy, and to lose time, on uncertainties; 
therefore we shall let it alone. Those who like such examples can do with 
them what they please.” „

It may be noted that by the theorems of De Moivre and Euler, discovered 
in the 18th century, Stevin’s criticism, that Bombelli’s expression of the roots in 
terms of imaginarles could not provide us with an approximation to the real roots,

has been met. In our particular case 18 +  26/ y /lO  ( c o s - j - +  i sin ■— ),

tan a =  - -  (a  < 9 0 ° ) ,  hence the root x =  2 y /lO  eos — .9 5
In “On the origin o f this difference” Stevin shows in a geometrical way how
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outre. Ceux aufquels plairont tels exemples, ils en 
pourront faire àleurplaifir.

D E  L ' O R I G I N E  D E  C E S T Ë
P R E M I E R E  D I F F E R E N C E .

L’origine de la precedente conftrudion apparoift à 
la figure du theoreme deuant ce 69 problème en cefte 
force: Veu qu’il y a propoie,que 1 (|) qui foit A E, eft 
egale à 6 ©-J- 40, & que l’on defire i'çauoir la valeur 
de i ® A B, nous diftribuons ces deux parties, comme 
6 ©, & 40, à les parties integrantes du cube A E,& 
pofons que les deux cubes comme L F, & C H N,font 
40, & que les trois folides redangles comme L H.N F. 
G C font les 6 ®; Doncques chafque folide redangle 
fera 2 ®; à içauoir la tierce part des 6 ©; Mais la lon- 
geur de chafque folide redangle eft i ®, à fçauoir le 
cofté du cube A E : Diuifé doncques le folide z ®,par 
fon cofté i (§), donne quotient 2, pour vne foperècc 
comme A P. Eftant doncques la fuperfice A P 2,il faut 
que A C, multiplié par P G, face zj Mais A C, & P C, 
font les deux coftez des cubes L F,& C  H  N , qui font 
enfomble 40 par l’hypothefe : Ergo les nombres de 
A C,& P C,font tels que leur prodüideft 2,& lafom- 
me de leurs cubes eft 40,Mais C B,eft egale à P C,eigo 
les nombres de A C & C B, font tels leur produid eft 
2, & la fomme de leurs cubés eft 40.

Quand doncques nous aurons trouuez tels deux 
nombres, la fomme des mefmes[veu que A B, eft la 
fomme de A C & C B) (era la requife valeur de i ® 
A B.. Et pourtant difons nous en cefte premiere diffe
rence par reigle generale, que quand deux nombres 
multipliez, donnent pour produid le tiers du nombre

the solution of *3 =  ax +  b has been obtained. In algebraical terms, it amounts 
to this: take x  =  u +  v, then »3 4 - v 3 4 - 3 uv («  +  v )  ~  ax +  b — 
a (»  +  v)  4- b. Take a =  3uv, b — » 3  4- which gives two equations 
for u and v , which can be solved according to the 7th question of Prob. 81,

that is, substitute v  =  -—- in  ¿ =  « 3 4 . v3t which gives a quadratic equation for «3; 

» 6  =  bus —  ( y )  3 =  0 . Hence u =  ~  ̂  | /  2 3

Take the root with the 4 - sign. Then v — —  | /  A  _  ( — ) 2 „  ( “  ) 5

The equation x% — 6x +  40 thus also solves the problem: to find two numbers 
u, v such that their product.be 2  and the sum of their cubes be 40.
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de multitude de la © donnée, & que la íbmme dé 
leurs cubes eft egale au (o) donne, que la (órame 
d’iceùx deux notobres fera la valeur de i®.Quieftant 
ainlî nous metterons vne qucftion telle: Yrouutns deux 
nombres tels que leurproduiä foit ¿(qui eft le tiers de 6 des 
6 ® donnez) & la fomme de leurs cubes 40 (qui eft le 40 
donné) Eteftcefteia7quettion du 81 problème, par 
l’opération de laquelle il appert eftrecolligée la reiglo 
de la conllruótion pirecedente.Laquelle origine il nous 
falloir declarer.
S E C O N  D E D IF  F E R E N C E D E  

S E C O N D  t e r m e  — ®  +
Explication du donné. S oient donnez trois termes fé

lon le problème, tels: le premier i (Dde fécond — 6 ®  
-+- 20, le troifiefme i ®. Explication du requis. U faut 
trouuer leur quatriefme terme proportionel.

Conïiruélion.
Le quarré de la moitié de 20 donné eft xoo
Au mefme aioufté le cube de 2 (tiers de 6 des 

6 ®) quieft 8,fai& io8,ià racine quarrée 
eft 4/108, qui aioufté à io, moitié des2o 
donnez, faiéfc a/ 108 -+-1 o

Sa racine cubique eft 4/(D bino.*/1 o8 -+- io
De laquelle foubftraifl: (on rcfpondant

binomie difioinfl: comme 4 /  (D bino. */io8 — io 
Larefte (era 4/ Q)bino.a/108 io t—s/Q)

bino, a /108—'lo.
Laquelle iedi eftrele qua trie fin e terme proportio- 

nel requis, Demonßraiion Arithmétique. La iolutionci 
deilus pour valeur de i ® vaut 2, mettons doncques 
par le moien du 66 problème, foubz chafcun terme fa 
valeur en céfte forte:

The second case ( “difference”): *3 — —  ax +  h is solved by means of 
thé formula

-  = f  l / { ~ ) 2 +  + ) ’ +  T  -  f l / ( 4 ) 2 +  ( f  ) ’ -
*3 =  —  6x +  20,  x — V 1 O8  + 1 0  —  V 1 0 8  — 10,  which 
must be equal to x  =  2. This is again verified by substitution and geo-
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i®. —6©-Ho. i®- *•
8 . 8. i .  *•
Et appert que i  eft leur quatriefme terme pro

portions.

Géométrique.
Soient à la figure du theoreme deuant ce 69 probl. 

íelon la precedente operation, deux cubes A E 4/ 108 
4 - i o , & C H N a / i o 8  — io, leur difference (qui eft 
le cube L F, auec les trois folides redangles L H, N F, 
G C)eft 20,& leur produit 8; Doncques le cofté A B, 
faid 4 / ©  bino. î f  108 H- io,& le cofté C B 4 / ®  
l in o . 4 /  rd8 — i o; Puis foubftraid le cofté C B ,du eo- 
fté A B, refte pour A C, cofté du cube L F, 4/ © bino. 
V 108-i- io —V  (D bino. 4/108—10* Il nous faut 
demonftrer que le cube L F, vaudra— 6 ® -f- io, 
qui eftant f&d,nous aurons le requis,car fi on demon- 
ftreque le cube (qui eft L F) de i©  D F. ou A C 4 /  (3) 
l in o . 4 / 108 -f- io—4/ ®  bino. 4 /  108— io, vaut— 

Doncques on conclura par la renuerfe rai- 
ibn,que du cube L F — 6 ® -+- 20,la i Ci) D F 011 AC, 
vaudra 4 / ©Ww. 4 /  108-f-io — 4 /Q )b in o .4 /  108 
— io. Et par conièquent i © valiant — 6 ® -f-10, 
qu’alors i ©vaudra 4 /  © bino. 4 / 108 -+-10—4/ © 
bino. 4 /  108— 10. D em onñration . Le produid de A B 
4/©  bino. 4 / 108-h  io, par C B 'V ( j b b in o .n /108 — 
io eft 2 (parle40 problème) pour la fuperfice^G B, 
parquoilafiiperfice L O fera auifi 2,qui multipliée par 
i © H O (car- H O eft egale a i © A C) donne pro
duid pour le folide redangle L H 1 ©>& iêmblable-

metrical demonstration, and “the Origin of this Difference” is geometrically 
explained by a method which amounts to this: let x — u —  v, then a 3 —  -j-
3 uv (a  —  v)  =  —  ax •+- b\ take a =  3 uv, b =  » 3  —  this pair o f
equations can be solved according to the 8 th question of Prob. 81, that is, by

means of.the quadratic equation a6 — ¿a3 +  (-j-) 3
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ment feront les deux folides redangles NF & G C 
chafeun i  ®, & tous trois enfcmble feront 6 ®,aux 
mefmes aioufté le cube L F,font par la preparation zo* 
des mefmes autrefois foubfltaid les trois folides íe- 
Wangles Vallans 6 ® reitera le cube L F valiant—6 ®  
-4-10. Ergo, &c. ce qu’il falloit demonftrer.

D E  L ' O R I G I N E  DE CES  TE
S E C O N D E  D I F F E R E N C E .

L’origine de la precedente conftrudion, procede 
(comme celle de la premiere difference) de la figure, 
du theoreme deuant ce 69 problème, en cefte forte: 
Veu qu’il y a propofé,que i (D, qui foit le cube L F, eft 
egale à—6 © -+-10, & que l’on defire fçauoir la va
leur de i ® D F, ou A C, nous diftribuerons ces deux
EarticSjÇomme— 6 ®-f- io,ainfi : Pofons que le cu- 

e L F,auec les trois folides redangles L H. N F. G C, 
foit 10,& que les trois folides redangles foient 6 ©,8c 
demeurera, félon l’hypothefê, i (D L F valiant — 6 ® 
-4-io.Or puis que les trois folides redangles font 6 ®, 
doncques chafque folide redangle fera 1 ®; Mais la 
largeur de chafque folide redangle eft i ®, à fçauoir le 
cofté du cube L F, ou bien la ligne H O , Diuife donc
ques le folide L H 1 ®, par fon codé H O i ®, donne 
quotient 1, pour vne iuperficecomme L O, ou A H; 
Ôr eftant la foperfice A H i, il faut que A B, multiplié 
par B H, face auffi i; Mais A B, & B H, font les deux 
coftez dès cübes A E, & C H N,defquels la difference 
eft 10, car leur difference eft le cube L F, auec les trois 
folides redangles,qui rous enfemble forit 20 par l’hy- 
potheiè : Ergo les nombres de A B, & B H, font tels,
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que leur produid eft 2, & la difference de leurs cubes, 
eft 20; Mais C B eft egale à B H; crgo les nombres de 
A B. & C B, font tels,que leur produid eft z,& la dif
ference de leurs cubes eft 20; Quand doncques nous 
aurons trouué' tels deux nombres, la difference des 
mefmes (veu que A C eft la difference entre A B & 
C B) fera la requifé valeur de i ® A C : Et pourtant 
nous diibns en cefte féconde différence par reigle ge
nerale, que quand deux nombres multipliez, donnent 
pour produid le tiers du nombre de multitude de la 
© donnée,& que la différence de leurs cubes,eft égale 
au @ donné, qu’alors la difference d’iceux deux nom
bres, féra la valeur de i ©. Qui eftant ainfi nous met- 
terons queftion telle : Trouuons deux nombres tels, que 
leurpodutâfi'tt2. (qui eft le tiers de 6 des 6 ©donnez) 
cW<* difference de leurs cubes 2o( qui eft le 20 donné) Et 
eft cefte la 8 queftion du 81 problème. Et appert que 
par l’opération dela mefme, eft colligée la reigle de la 
con ftrudion precedente. Laquelle origine il nous fal
loir declarer.

D I F F E R E N C E  T R O  I S I E S  M E
D E  S E C O N D  T E R M E  © -----(3 ).

Explication du donne'. Soient donez trois termes fé
lon le problème, tels : Le premier r @, le fécond 7 ®  
— 6,letroifiefme i ©. Explication du requis. Il faut 
trouuer leur quatriefme terme proportionel.

Conñrucíion.
On mettera (pat reigle) -f- au lieu du— donné,de 

forte que i ®,fe pofera egale à 7 ® -f- 6,defquels 
la valeur de i ®,par la precedente premiere dif- 
erence, eft 3,auqucl appliqué ® féra 3 ®
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Ht le quarré dudid 3, eft 9, qui foubftraid du7 

(des 7©  donnez) refte — 2
Puis i @ (par reigle)donne % ® (premierenl’or

dre)— 2 (feconden l’ordre) combien i ©? 
fâid par le 68 problème l o u i
le di que autant 2 comme i eft lequatrieime terme

proportionel requis. Demonftration Arithmétique. Met
tons par le moien du 66 problème, ibubs chafcun ter
me fa valeur, en cefte forte:

Premiere folution.

i  (D - 7  © — 6 . i ® .  2 .
8 .  8 .  2 . 2 .

Seconde folution.

i® . 7 ® — >©• *•
i .  i .  i« i*

Et appert que zou i eft leur quatriefme terme pro- 
portionel requis.

D E L’O R I G IN.E D E  i C E S T E
T R O I S I E S M E  D I Ï P E R E N C E .

A fin de declairer premièrement en general cefte 
origine, faut fçauoir, que nous tachons d’aioufter à 
chafque partie des egales parties données, vn mefme 
nombre, tel, qu’alors diuifëe chafque partie par quel
que com mun diuifèur, que les quotiens foient (2) egale 
à®  (2), defquels la valeur de i ®,fera notoire parle 
68 problème, dont nous dirons maintenant plus parti
culiere ment en cefte forte :

The third case x 3 — ax —  ¿ i s  reduced to the first. Let x — p be a root 
of x3 — ax +  b, hence p3 =  ap +  b. Then * 3  p3 — a (x  +  p~)\
dividing by x +  p we get x‘¿ —  xp +  p2 =  a, hence a quadratic equation 
for x. (This is also to be found in Cardan). Example: *3 =  Ix  —  6 ; since 
p =  3  is a root of x3 =  7x +  6 , we find x2 —  3x +  9 =  7, or
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Quand nous diuifons i Q) -h  quelque © , par t 

®  -+- quelque © , eftant ce diuifèur commenfura» 
ble au nombre à diuiièr, il eft notoire, qu’il en ior- 
tira neceflàirement i © — quelque © -h  quel
que ©. Il appert auflî par la mefme diuiiîon, que 
le © du nombre à diuiièr, feratoufiours le cube du 
©  du diuifèur, pourtant il faut que le nombre que 
nous aioufterons d chaicune partie, foit le cube du 
©, qu’il nous, faut trouuer, pour appliquer à la i ®. 
Au fécond il eft manifèfte, que pour diuiièr les 7 ® 
— 6 donnez & -+- quelque ©, par i ® -p quelque ©, 
ainiique le quotient foit®, il feraneceiTaire (comme 
vnchafeun pourra facilement veoir par l’experience, 
en toutes telles diuifîons) que le quotient multiplié par 
le © du diuifèur; le produid foit egal au © du nombre, 
à diuiièr, dont ii appert, qu’il nous faut auoir quelque 
nombre deceftequalité: Trouuons vn nombre cubique qui 
M ec— 6 (pour le— 6 donné) face  autant,comme le co- 
fie  dudift cube, multiplié par 7 (7 des 7 © d onnés) Qui 
eft la 9e. queftion du 81 problème, Sc appert par la 
mefine,que le nombre requis, qu’il nous faudra aiou- 
fter à chafque partie donnée, fera 17, duquel la racine 
cubique 3, eft le nombre, qui faudra eftre aioufté à la- 
dide i ®, pour auoir ledid commun diuiiéur,qui fera 
i ®-+- Aiouftons doncques ¿7 à chafque partie 
des egales parties données (qui eft à i (3),&à 7® — 
6) Sc

i (D '-+■ 17, feront egales à 7 ® -f- 21.
Puis diuifons chafque partie par ledid commun diui
fèur i ® -+- 3, & par le 50 problème,

i © — 3 ® -f- 9, feront egales à 7.
Lefquels reduides, i © fera egale à 3 ® — 2, defquels

x =  2, x  —  1 . The root x +  p =  0 , in this case x — —  3 is not considered, 
though Stevin is aware of it later (in his remarks on negative roots after Prob. 
70, Art. V II). Reference is made to the 9 th question of Prob. 81, in which 
the equation x'¿ —  6  =  lx  is solved: x — p — 3. There is also a special 
demonstration, in algebraical terms, that (x?> +  2 7 ) : (x  +  3 ) =  * 2 —  5x +  9.
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(par le 68 problème): ©vaudra 2,pour folution com
me deilus.

Mais pour demonftrer que ces choies font l’origine 
de ladi&e conftru£tion,auifo que le— 6 donné deuiét 
auiùiHi&9 exemple du 81 problème, après la rédu
ction fai&e, à eltre -+- 6- pourcànc nous auons didt en 
la precedente conftrudtion, qu’on mettera par reigle 
-4-, au lieu du — donné,& que folon tels termes(parce 
que audiCt 9 exemple, l’on tromioit la valeur de i ©, 
eftant x (|)egalea7©-f-6) l’on prendra la valeur de 
i © ,qui eft 3.

Mais pour clairement demonftrer la refte, nous 
metterons ici les charadteres de la diuilîon, qui fo fai- 
foitde i © -f- 27, par i ©H- 3,parce que le fuiuant 
en depend: en cefte forte : Or nous voions que le fui-

diét 3,valeur de 1 
ÿ®  ©fo trouue deuâc

— la ® , de ce quo-
¿•©-i-zÿ (i @— 3 ® + 9  tient. & le dernier
* © ^ nombre du mef-
•r ® -t- 3" me quotient (cô-
* ® -f- % me ici 9) eft touC-

iours le quarré de 
ladiCte valeur de i ® (comme icide 3) Puis il ap
pert aulli en la reduction ci delius,de 
egales à 7; en i @ egale à 3 © — 2, que l’exces — 2 
dudiCt 7 (qui eft le 7 de 7 ® donnés ) pardella s le 9, 
eft toufiours le ©des derniers termes égaux. Et parce 
que ceci eft ainfi perpetúe! en-tous exemples, nous dé
taillons ces laborieufes computations,& le compre
nons en vne reigle plus briefue, comme ladicte con- 
ftruCtion demonftrc. Laquelle origine il nous fai loi t
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declairer. Conclufion. Eftant doncques donnez trois 
termes, defquels le premier Q), le focond ® ®, le troi- 
iiefme nombre algebraique quelconque, nous auons 
trouué leur quatriefme terme proportionel ; ce qu’il 
falloir faire.

PROBLEME LXX.

"C S tant donnez, trois termes3 defquels le pre
mier CD, l e fécondle t roi f i efmenom

bre algebraique quelconque : Trouuer leur qua* 
triefme terme proportionel.

N ota Le binomie du fécond terme donné de ce 
problème, íe peult rencontrer en trois differences à 
içauoir;

Lefquelles trois differences nous auons 
(2)-h (°) reduiél à vne mefme maniere d’opera- 

— don,lefquelles nous deferiprons fêpa- 
©  — © rement pour plus grande euidence, en 

cefte forte:

P R E M I E R E  D I F F E R E N C E  DE
S E C O N D  T E R M E  ©  - f -  ® .

Explication du donné. Soient donnez trois termes 
félon le problème tels: le premier i (D, le fécond 6 © 
-f- 400, le troifiefme i ®. Explication du requis. Il 
nous faut trouuer leur quatriefme terme proportionel. 

N o t a .  Cefte conftru&ion fe peut faire en deux 
fortes ; L’vne procédant d’origine à laquelle fo fafob 
conucrfion des termes donnez, en (D egale à ®-+; @;

Prob. LXX. This is the solution of the cubic equation of the form x3 =  px2 +  9 , 
again with three cases: 1 ) *3 =  ax2 +  b, 2 ) * 3  =  —  ax2 +  b, 3 ) x 3 =  
ax2 —  b. The first case, *3 =  ax2 +  b, is solved in two ways: a) by means 
of the formula (explained in a more complicated way than is strictly necessary)



629

De I ’O P I R A T  I O N .  319
L’autre en ©) egale à — ® -h (ô). Or quand ©) eft ega
le à ®-+-©, alors la valeur de 1 ® fe trouue parla 
premiere difference du 69 problème : Mais quand telle 
felurion ne fe pourra faire par icelle, pour les raifons 
que nous en auons didfc à la mefme differéce,alors ne íe 
pourra auifi faire, par telle maniere,en cefte premiere 
difference ; Pourtant on la pourra foluer par Iadide 
deuxiefme maniere, à fçauoir, procédant de réduction 
en (?) égale à— ® H- ©; Laquelle eft generale. Par- 
quoi nous deferiprons les manieres toutes deux; Et 
premierement la conftrudtion procedente de conuer- 
lion en ©) egale à® -)-©  corn me l’cniùit.

ConßruStion.
Le tiers de 6 (des 6 @) eft *
Qui multiplié par fon double 4 faid): 8, au mef

me aioufté le quarré de 2 premier en l’ordre, 
fai<9:12 auquel appliqué (?) fera 12®

Puis de 400 donnez fbubftraidl le cube de 2 pre
mier en l’ordre, qui eft 8, refte 392

Au mefme aioufté le produid): de 2 premier en 
l’ordre, par 12 dufecond en l’ordre, qui eft 
24,faidt 416

Puis on dira i (?) (parreigle) vaut 12® (fecond 
en l’ordre)-f- 416 (quatriefme en l'ordre) 
combien i ® ? fai£t(parla i difference du 69 
problème) a/  Q)bino. 208 -+-/</ 4 3 200 -i- 4/©)
bino. 208—«/43200 

Au mefme aioufté 2 premier en l’ordre, faid):
a/ '  Qybino. 208 43200 ■+■ i /  Q)binot ioS-~
«/ 42200-1-2.

le di que le melme eft le quatrieime terme proportio
nel requis.

y i  — —y  2 ^  +  b, where x =  +  y. The equation in y belongs to case 1)

o f Prob. 69- The example is *3 =  6x2 +  400, reduced to y3 =  12y +  416;

X =  2 4 - ]X  208 +  \ / 4 3 2 OO +  ] X " 208 —  V  43200 ( =  10). The other

way is b) by means of the formula y3 =  —  ab y +  b-, where x =  — , the

equation in y belongs to case 2) of Prob. 69- (On these Cardanic trans
formation methods see N.L.W .A. Gravelaar, I.e. footn. 30) of our Introduction).

In our example y3 — •— 2400 y -f- 160000, x =  =  10 (Stevin has 1600 in-r J 40
stead of 160000, in his “Seconde manière de construction”).
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Demonikation Arithmétique. La iblurion ci delius, 

pour valeur de i ® eft egale à io; métrons doncques 
parle moien du 66 problème, foubs chafcun terme ià 
valeur en cefte forte:

i Q). 6Q)-+- 400. i® . io.
1000. 1000. io. io.
Et appert que io eft leur quarriefine terme pro- 

portioneL
Preparation et autre demonßratton 

Géométrique.
Soit à la figure du theoreme deuant le 69 problème, 

i (?) A B, egale ou valiant 6 @ A B -f- 400; Et foit C B 
i, à içauoii le tiers de 6 des 6 @ donnez.

Il laut demonftrer que fon cofté ou i ® A B vaudra 
O/'Q) bino, 208-+-4/43200 -f- i/Q)bino. i c8—4/4 
3100H- 2. Demonftration.i Q) A B eft parl‘hypotheiè, 
egale à 6 @ À B -f- 400

Mais i (2) A B, eft egale à i @ A C -t- le gnomon 
P O B A, parle i Corollaire deuant le 69 problème; 
parquoi 6 ® A B,font egales à 6 Q) A C -4- 6 gnomons 
POBA;

Ergo i (D A. B, eft egale à 6 © A C -+- 5 gnomons 
POBA-J-400.

Mais le gnomon POBA, eft egal à i © C B -h le 
double du produid de i ® A C par C B 2 parle 2C0- 
rollaire deuant le 69 problème parquoi 6 gnomons 
P O B A, font égaux á 6 (3) C B-*- 24 ® A C.

Ergoi ©AB, eft egale à6®AC-+-6@CB-t -  
24® A C-f-400.

Mais 6 @ C B, font egales à 24 ("car C B eft 2) par-

The second case, *3  =  —  ax~ +  b, is similarly reduced by .v =  — ~  -f- y

ai a3
t o r 3 =  — y -i- b —  2  — , which in Stevin’s example *3 =  —  6x 2 ■+- 3 2 .

■ 3  27 .
y3 — 1 2 y +  16, the root x =  2 belongs to case 1 ) of Prob. 6 9 .

The third case, x3 =  ax2 —  b is similarly reduced by x  =  ~  +  y to 

a ̂y3 — — y  —- b +  2 — , which in Stevin’s example x?> — 6x2 —  32,

y3 =  I 2 y —  16, r  z  4, belongs to case 3) of Prob. 69 (this x =  4 is what 
we call a double root).
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quoi 6 © C B (vcu que chalquc cube de C B vaut 8) 
lont egales à 3 © B C;

Ergo x © A B, ell egale à 6@A C -f- j ©CB 
-f- 14 ® A C -+- 400.

Mais i ©AB, eft egale á i © A C -4 - i © C B-+* 
3 folides redangles L H.N F. G C. par le mefme theo
reme deuant le 69 problème.

Ergoi© A C -b i@ C B -H 3 folides rectangles 
L H. N F. G C, font egales à6© A C  +  3© C B -h 
*4 ® A C -h 400.

Mais les trois folides redangles L H.N F. GC,font 
égaux à 6 @ A C -f- i 2 © A C, par le 3 corollaire de
uant le 69 problème;

Ergo i© A C -h i@ C B -J-é© A C  -f- i i  © 
AC,font egalesà6@ AC-3-3©CB-+-24®AC 
■+- 400.

Puis foubftrahons de chalque partie i © C B -1- 6 
@AC -4- 12 ® A C;

Ergo reliera i © A C, egale à 2 © C B -4-12 ® 
A C-H 400.

Mais 2 © C B (parce que C B faid 2) valient 16;
Etgo i©AC,fora egaleài2® AC +  416.

Mais eftant i © A C egale ou valiant 12 ® A C -t- 
416, alors par le 69 problème i ® A C vaudra 4 /©  
bino. 208 - i -  a/  43200-f-* / ( f ) b in o .  208—4/43200. 
A la mefme A C, aioufté C B 2, faidt pour i (i A B 4/ 
©  bino. 208 - + - 4 /  43 200 - f -  4 /  © btno. 208 —  
43200+ 2; ce qu’il falloir demonftrer.

The solutions are again accompanied by an “arithmetical” and a “geo
metrical” demonstration, as well as a proof in the sections “On the Origin of the 
construction”. The “geometrical” demonstration in the case of the first “differ
ence”, *3 =  ax- +  b, example *3 =  6x2 4 . 4 0 0 , consists in taking the figure

belonging to Tartaglia’s theorem, with AB =  x, AC =  y, CB — ~  ( — 2),

\
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S E C O N D E  M A N I E R E  D E
C O N S T R V C T I O N ,  I EST G E N E R A L E ,

procédante de conuerfion des termes 
donnez, en GD egale à— ®-f-<°>.

Explication du donné. Soient donnez les meimes ter
mes de la precedente premiere maniere,telsrle premier 
I GD, le fécond 6 (2j -4— 400, le rroifiefmc i ®. Expli
cation du requis. Il faut trouuer leur quatriefme pro- 
porcionel.

ConUruBion.
íe  produit des 400 donnez parle 6 des 6 (2) 

donnez, fai& 2400, auquel appliqué —■
& ® Eiiét — 2400 ®

Le quarré de 400 donné eil 1600
Puis i (D(parreiglè)donne— 2400 ® -4-1600 

(premier & fécond en l’ordre) combien i ®î 
faid par la 2 diiference du 69 problème 40

Par le mefme diuifé le 400 donne donne quotient io
le di que i o cil le quatriefme terme proportionel re

quis, dontl’Arithmétique & géométrique demonilra- 
tions font faides ci deuant, mais l’origine fenfuiuera d 
la fin de ce problème.

S E C O N D E  D I F F E R E N C E  D E
S E C O N D  T E R M E  —

Explication du damé. Soient donnez trois ’termes 
(élon le problème tels: le premier r(D, le fécond — 6 
(§)-+• }2,lc troifieime i ®. Explication du requis. Il faut 
ffouucr leur quatriefme terme proportionel.

X =  y  +  - i . T hen  square ABL =  square on A C +  gnom on PO B A , gnom on

d  ̂ dPOBA =  square on CB +  twice rectangle AP, or x2 =  y2 q. ( _ )  - { - 2 -^ -7 , 

or ax2 =  ny2 +  a { ( " j )  d— \  rf)')• But: * 3 =  ax2 +  s 0  that 

x3 =  ay2  +  -î- -(- -j- a2y +  b ( =  6y2 +  6  ( - -  ) 2 +  2 4y +  400). W e aiso 

know that according toTartaglia’s theorem x3 =  y3 4 - ( d.) _)_ 3 y ( j  +

Hence ay2 +  ~  a2y +  b =  y3 +  ( j )  +  ay2 +
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Conftruttion femblable illa premiere con- 
ftruffion, de la premiere difference.

Le tiers de— 6 (des 6 ©) eft — 1
Qui multiplié par ibn double—4, faidfc 8, atí 

mefme aioufté le quarré de — 2 premier en 
l’ordre, faiífc 12,auquel appliqué ©fera 12 ©

Puis des 5 2 donnez, foubftraict le cube de—2 
premieren l’ordre,qui eft—8 refte 40

Au mefme aioufté le produiét de — 2 premier 
en l’ordre,par 12 fécond en l’ordre,qui eft — 
24,fai& 16

Puis on dira i Q> (par reigle) vaut i 2 © (fécond en 
l’ordre) -+-16 (quatriefme en l’ordre) combien 
i ©  ? faiét par le 69 problème 4

Au mefme aioufté — 2 premier en l’ordre faiét 2
le dique 2 eft le quatriefme terme proportionel re

quis. Demónfiration Arithmétique. Mettons par le moien. 
du 66 problème foubz chaicun terme ion valeur en. 
celte forte:

i d). — 6@-\-*32. i® . 2.
8. 8, 2. 2.

Et appert que 2 eft leur quatriefme terme pro- 
pordonel.

Preparation et autre démonstration 
Géométrique.

Soit à la figure du theoreme deuant le 69 problème, 
i d) A C, egale ou valiant— 6 @ H- 3 2; Et foit C B 2, 
à fçauoir le ders de 6,des 6 @ donnez. Il faut demon- 
ftrér que foa cofté,ou i © A C vaudra 2.

(6̂ 2 + 3(-y)3 + 24y + b = y* (-Í-) 3 + 6>2 + lly) o r |3  z: ±  a2y +

1 - a3 +  b (y3 —  1 2 y 4 - 416).' It will be observed that where we distinguish

between the two variables x and y, Stevin distinguishes between © AB and 
©  AC. He does not here use his “quantités postposées” ©  and sec ©  re
introduced in Prob. 78 and thereafter.
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DcThonflration. i®  AC, eft par ’i’hypocheic egale 

à — 6 @ A C +  32.
Aiouftons doncques à chafcunc partie 6 ©A Q  
Ergo i (D AC +  6 ©  A C/eronc egales ¿32. 
Puis aiouftons à chafcune partie 1 (D C B +  3 foli- 

des reftangles L H. N F. G Cj
Ergo i ® A C  +  6@ AG -I-i (!)CB +  5 foli- 

des rectangles L H. N F. G C. feront egales à i Ó) C B 
_f- 5iolidesreôtarlglesLH.NF.GC +  J1.

Mais i(3)AC-f-i(|)CB-+-3 iolides reftangles 
L H. Ñ F. G C, font egales à i ©ABpar le melme 
theoreme deuant le 69 problème.

Ergoi(DAB-4- 6 @AC,fontegalesà i(DCB 
-1-3 fondes reCtangles L H. N F. G C +  32.

Mais les ; folides rcCtangles L H. N F. G C. font 
egales à6@ AC-HJ2®A C,par le troifiefme corol. 
deuant le 69 problème.

Ergp i (D A B -H 6 ©A C,font egales à i (7) C B 
•+- 6© A C -i-12® AC -+- 3 *•

Puisfoubftrahons dechafquepartie6 © A C ;
Ergo i d) A B, demeurera egale â i © CB-f- 

i2© AC-h32.
Mais r i ©  AC,font moindres que 12® A B,en 12 

©  C  BjParquoi aiouftons á chaicune partie 12 ®  C  Bj 
Ergo i(3 )A B -t- i2 ® C B , feront egales á i (D 

C B - f -12®  A B -t-32.
Mais 12 © Ç B, font egales à 3 (f)C Bjcareftant 

chafque C B 2, f’enfuit que 12 © C B font 2/. Item 
que 3 © C B ferontaulîî 24;

Ergo i (î) A B H- 3 CD C B,fontegalesà i d) C B 
-i- 12 ® A B ,-f- 32.

Puis fouftrahons de chafque partie i (D C B;

In order to prove the method in case 1) (the “geometrical demonstration” is 
supposed not to be a proof, but a verification), Stevin, in his “Origine de la 
Construction”, changes x3 =  ax- -(- b into x3 —  ax2 =  b, which he transforms

_  ( i ) *  =  b +  Í ,  -  or ( *  _  I ) -  =

„ , 1 /* \3 __ a‘ a2 a , i  a \ 3 a2 a  .c
T. x + h -  ( t)  -  T * -  y  • T  + h -  \J) + ?• T> or lf ^

Cl Cl“
x —  f  : yz =  ^  y +  b +  —  (x3 =  6x2 +  400, x3 —  6x2 =  4 0 0 ,
x3 —  6x2 +  12x —  8 =  400 +  12x —  8, (x  —  2)3 =  12x +  392 =
12 (x —  2) +  416).
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Ergo i  © A B +  z  © C B demeurera egale i  i  z  

©AB-+- 3a.
Mais z © C B (veu que chalque C B faid z) font 

egales à 16;
Ergo i © A B 16, font egales à i z ® A B -+r j z. 

Puis ibubftrahons de chafoune partie 16;
Ergo i © A B, demeurera egale à i z ® A B 4- jz. 
Maiseftant i © A B, egale on valiant 11 ® A B -+- 

16, alors par le 69 problème i ® A Bvaudra4. Puis 
de ladide A B foubitraid C B z,reliera i, © A Ç zj ce 
qu’il fàlloit demonftrer.

T R O I S I E S M E  D I F F E R E N C E
D E  S E C O N D  T E R M E  @  —  © .

Explication du donné, Soient donnez trois termes 
felon le problème tels: le premier i ©, le fécond 6 ©  
— 3 z, le troiiiefme i ®. Explication du requit. Il faut 
trouuer leu quatriefme terme proportionel.

Conßruüion.
Le tiers de 6 (des 6 @ ) eft z
Qui multiplié par fon double 4 faid 8 au mef

me aioufté le quarré de z premier en l’ordre, 
faid i z,auquel appliqué ® fera x z ®

Puis des— 3 z donnez,foubftraid le cube de z pre
mier en l’ordre qui eft 8, refte 40

Au meime aioufté le produid dé z premier en l’or
dre,par i i  fécond en l’ordre qui eft 14, faidfc — 16

Puis on dira i © (parreigle) vaut 1 z ® (fécond 
en l’ordre) — 16(quatriefme en l’ordre) com
bien i © î faid par le 69 problème z

In order to prove the second method in case 1) Stevin replaces the problem 
by another one: to find two numbers x and y such that xy =  400, x3 —  6x2 =  
400; then applying the solution of Question 10 of Prob. 81, he finds for y 
the equation y3 =  —  2400y +  160 000, equivalent to our y3 — aby +  ¿2.
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A u m efm e aioufté i , premier en l’ordre fa id  4

le  d ique 4  eftle  quatriefme terme proportionel re
quis. Dmonhraüon Arithmétique. Mettons par le m oien  
du 66 problème foubs chafcun terme la  valeur en  
cefte forte:

1 0 .  j t .  1 0 .  4 .
6 4 . 64 . 4  • 4*

E t appert que 4  eft leur quatriefme terme propor
tionel requis.

Preparation ¿autre demo nitration  
Géométrique.

Soit á la figure du theoreme deuant le 69 problème 
i  (D A  B,egale ou valiant 6 0  A B —  3 z;Et foit C  B 2 
à fçaüoir le tiers de 6 des 6 0  donnez; Il faut dem on
ftrer que ion cofté ou 1 0  A B vaudra ̂ .Demonihatiett. 
s Q ) A  B , eft par l’hyporhefè egale à 6 0  A B —  32.

M ais i  @  A B, eft egale à 1 0  A C  -+- le gnom on  
P O B A ,  par le i Corollaire deuant le 69 problème, 
parquoi 6 0  A  B,font égales à 6 0  A  C  H- 6 gnom ons 
P O B A ;

Ergo i (D A  B,eft egale à 6 0  A C  -+• 6  gnom ons 
P O B A — ;z.

Mais le  gnom on P O B A ,  eft egal à 1 0  C  B 4 -  le  
double du produid de 1 0  A C  par C  B 2 , parle z co
rollaire deuant le 69 problème, parquoi 6 gnom ons 
P O B  A, font égaux à 6 (2) C B - f - * 4 ® A C ;

Ergo i d )  A  B ,eft egale à 6 0  A  C -4 - 6  0  C  B  
- h  M ®  A C  —  32.

M ais 6 0  C  B , font égales à 24 (car C  B eft 2) par-
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quoii @ C B (veu que chalque cube de C B vaut 8) 
font egales à 3 d) C B;

Ergoi® AB.eftçgale à6@ AC-+-3 0 CB 
-+-»4® A C— 32.

Mais t ® A B, eft egale d 1 0  A C -4-1 ® C B -f- 
3 iolides redangles L H. N F. G C par le mefme theo- 
reme deuant le 69 problème;

Ergo 10  A C -f-1 0  C B H- 3 iôlides redan- 
gles L H. N F. G C,fbnt egales à 6 @ A C-f-3® CB 
-i-24® AC— 31.

Mais les trois Jfôlides redangles LH.NF.G C.iônt 
égaux à 6 ® A C 12 ® AC par le 3 corollaire de
uant le 69 problème.

Ergo i ® A C — i ®  C B —f- 6 @ Á C -4* x 2 
A C font égales a 6 @ A C -+- 3 0  C B 24 © 
A C — 32.

Puis foubftrahons de chafque partie i ® C B -+- 6 
@ AC-f-I2®AC;

Ergo reftera i 0 ACegaleâ2®CB-+-i2® 
AC — 32;

Mais 2 0  C B (parce que C B faid 2) valient 16;
Ergo 1 0  A C fera egale à iz ® A C — 16;

Mais eftant i 0  A C egale ou valiant 12 ® A C — 
16, alors par le 69 problème i ® A C vaudra 2, à la 
mefme A C  aioufté C  B 2,faid pour i ® A B 4;ce qu’il 
falIoitdemonftrer.Cflw/«/&>». Eftant donçques donnez 
trois termes, deiquels le premier ® , lefecond @®, le 
troifiefme nombre algebraique quelconque : Nous 
auons trouué leur quatrieime terme proportionel; ce 
qu’il falioit faire.
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D E  L’O R I G I N E  D E L A  C O N .

S T R V C T I O K D V  P R E C E D E N T  

P R O B L E M E .

Quand © eft egale à © & @, nous les pouuons ré
duire,en®, egale i® , ou en ©cgaleà®,&
alors deuient la valeur de i © notoire par le precedent 
69 problème, &de telle redu&ion eftcolligéela ma
niere de ladice conftru&ton comme il apparoiftra. 
Soit par exemple:

i (I) egale a 6 @ -4-400.
Qui font le premier & fécond terme de la premiere 

difference; Et foubftrahons de chafque partie 6 © ;
Ergo 1 © — 6 ©, demeurera egale à 400.

Puis aiouftons à chafque partie quelque ®, &©, 
telles que la premiere partie aie racine cubique de i © 
-+-quelque®. Or pour trouuer telles quantitez, ne 
faut que multiplier en foi cubiquemenc t © —le tiers 
de6,des6©,qui eft i ® — 1 (la raifon pourquoi il 
faut prendre le tiers de 6 des 6 @, eft, que .la potence 
cubique de i © —®, a toufiours le nombre de Ces 0 ,  
triple au © de la racine, dont la raifon appert, es 
nombres ■ procedans de l’opération de telle cubique 
multiplication) Et donne produit i(D—- 6®-f- i z 
© — S; du mefme foubftraiâ lá premiere des egales 
parues i © — 6 ®,refte u  © — 8 qui aiou ftez à chaf
que partie, fera que la premiere partie aura racine cu
bique de ® & ©; aiouftons les doneques à chaique 
partie;

Ergo i (D— 6 © -f-11®—8, feront egales à 
i i ® H - 3£ i .

Puis extrahons de chalque partie racine cubique.
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Ergo i © — i ,  feront egales à i / Q )  bino. 11 ©  

•+- Í 9 ¿-
Or parce que la fécondé partie n'a point de racine 

foruant â noftre popos, il nous faudra acheuerla relie

£ar l’aide.de la figure du theoreme deuant le 69 pro- 
leme en celle forte: Soit chafcune® de noz égalés 

parties la ligne A B;
Ergo 1 ©  A B — 2, fera egale à 4 /  (D bino. i2

©  ABr-t-ÎÇl.
Puis pofons que C B foit 2;

Ergo i ®  A C,feraegale,à 4 / (3) tiw .12® AB

Puis prenons la potence cubique de chafque partiej 
Ergo 1 (D AC fora egale à 12® AB-f- $92.

Mais 12 ©  A B,valent 12 ©  A C -f- 24 (car 12 fois 
C B 2,faid 24) ollons doneques les 12 © A B, & en 
fo n lieu pofons 12 ®  A C -f- 24;

Ergo i (3) A C, lèraegalea 12 ®  A C-I-416.
Et ainfi au lieu des donnez i (D A B,egale à 6 ©AB 

-+- 400,nous auons 1 (T) A C,egale à 12 © AC -+- 416. 
Delquelles eftant trouué la valeur de i © A C, qui par 
le 69 problème eft' 4 /  Q) bino. 208 H- 4 /  4 ? 200 -+- 4/  
(D bino. 208 — 4 /  4 3  200J (’enfuit que pour auoir la va
leur de toute la A B<requifo,qu’il y faut encore aioufter 
la C B,qui par l'hypotnefe eft 2, & fora pour folution 
comme deilus 4 / Q) bino. 208-H4/45200 + 4 /(?) 
bino. 208 - — 4 /  4  i 200-4- 2. '

O r que ceci eft l’origine de ladi&e conftruiiion.eft 
manifefte; toutesfois pour plus grande euidence nous 
répéterons en brief le fufdid en cede forte:

Premièrement il appert (par les nombres faifans la 
cubique multiplication de r ©  — 2 ) qué le tiers de 6
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des 6 ©  qui eft 2, multiplié par fon double íáift 8, Sc 
au mefme aioufté le quatre dudid 2 faid (touftours 
pour nombre des ®  reduxdes) r 2 & les applicant ®  
font 1 2 ®

Il appert auffi que des 400 donnez, on à foubftraid 
le cube du fufdid z, qui eft 8, & rcftoit 39 2, aux met- 
mes fiaioufta le produid dudid i.parledid 12, qui eft 
24, faid (touiiours pour le ©  reduid) 416

Puis il appert, qu eftant i (D egale à 12 ©  AC -+■ 
4 1 6, qu’on en cherche la valeur de i  ® par le 69 pro
blème qui eft 4 /  Q) bino. 208 -+• 4 /  43200 -4- .4 /  (T) 
bino. 208 — 4/43 200

Puis qu’au mefme on aioufté encore Iedid tiers de 
6 des 6 @,qui eft 2, faid pour folution 4 /  (T) bino. 
208-4-4/43 200- + - 4 /  Q)btno.i 08— 4/43200-4-2.

De forte qu’il appert de pointen pointy que ceci eft 
la vraie origine de laconftrudion dela premiere diffe- 
rcncejEt celui qui entendra bien ccfte ci,entcndra auffi 
celles des deux autres differences. Laquelle origine il 
nous fàlloit declarer.

D E  L’O R I G I N E  D E  D E  L A
S E C O N D E  C O N S T R V C T T O N  D E  L A

frece dent e fremiere difference.

Quand© eft egale à © -h ® , nous la pouuons ré
duire en (D egale a— ®  -f- & alors deuiét la valeur
de i ®  notoire par la féconde difference du 69 problè
me, & de telle redudion eft colligée la maniere dela 
féconde conftrudion dela precedente premiere diffe
rence, comme il apparoiftra. Soit par exemple 1 
égale a 6 ©  4 - 400, qui fontle premier & fccond ter-
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mede ladidte difference. Mais pour clairement ex
pliquer le propofé, nous metrerons deffoubs noz qua
tre termes leurs valeurs,en celte forte:

i d). 6 0 4 - 400 . i© . io.
1000. 1000. io. io.
Or il eft notoire par les mefmes,que le cube de la va

leur de i ®, eft egal à fix quarrez du mefme valeur -+- 
400: Pourtant fi nous auions nombre tel, que de fon 
cube foubftrai&les fix quarrez du mefme nombre, & 
quelareft.efuft40o,il eft manifefte,que tel nombre 
ièroit la valeur de i ® requiiê. Pourtant mettons ceci 
en queftion telle: Tramons vu nombre tel, que de fin tube 
feubihaicl les fix quarrez, dudid nombre, la reile fin 400. 
Or fi nous commençâmes à belbigner félon la v ulgai- 
re maniere, qui fera enféignée au 81 problème, nous 
trouuerions à la fin, egaleté de termes, qui fêroient les 
mefmes que les termes donnezjde forte que ne prouifi- 
terions ainfi rien ; Parquoi il nous faut mettre autre 
queftion que la precedente, laquelle eft inuentée en 
ccfte forte : le voiaux fufdi&s quatre termes, que fi ie 
diuifois le 400 donnez,par le i o valeur de i ©, le quo
tient ièroit40: Doncques40 & io font deux nombres 
tels, que leur produiét eft 400, & du cube de l’vn-(à 
fçauoir du io) foubftraidfc les 6 quarrez du mefme 
nombre, refte 400, parquoi íe propofé ceci en queftion 
telle: Trouuons deux nombres tels, que leur produid fiit 
400. & du cube de l'vn.fioubHraiâ les fix quarrez. du mefme 
nombre, lar eñe fiit 400. Et eft notoire qu’eftant trouuez 
tels deux nombres, Tvn fera celui que nous cherchons: 
Or cefte queftion eft la io du 81 problème, par l’opé
ration de laquelle, il eft notoire eftre colligée ladiâe
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conftruétíon ; Car après la redti&ion, i Q) fo tcouua 
égale a — 1400 ® H- 160000,mais ce 2400,eil le pro
du it de 6 & 400 donnez, auquel precede —,& leur 
quantité eft ®: Et le 160000 eft le quarré du 400 don
né, ce qui auienrainfi en tous exemples fêmblables;&
E outrant eft ce, que l’on à mis tout ceci en reigleplus 

riefite. Qnant au 400 qui fe diuilê finalement par le 
40 trouué; La raifon en eft notoire auduft io exemple 
du 8 i problème. Laquelle origine il nous falloir 
déclarer.

DES S O L V T I O N S  QVE L’O N  PEVT
Ï A I R E  P A R  —  S V R  L E S  P R E C E D E N S  

P R O B L E M E S .

Aucuns des precedens problèmes, de la proportion 
des nombres algebraiques, reçoiuent par delfos les fo- 
ludons ci deuant données, encore d’autre lolution par 
—j Et combien les mefmes ne icmblent que lôlutions 
fongees, toutesfois elles font vtiles, pour venir parles 
meimes aux vraies lôlutions des problèmes fuiuàs par 
H -j La caufe eft,qu’au valeur de i ® trouué par quel
que des problèmes precedens, il faudra aucunefois 
encore aioufter quelque certain nombre,comme appa* 
roiftraj d'ou fenliiit, que quand le nombre à aioufter, 
ièramaieur que ladiâe folucionpar—,que leur dif
ference fera vraie lolution par -h. Or lefdi&es folu- 
tions par—(lciquelles nous expliquerons par articles 
felon l’ordre des problèmes, & leurs differentes prece
dentes fonttclles:

A r t i c l e  i. Eftant i ® egale à (3), la valeur de 
i ®, ne peut eftre —, la raifon eft, que la valeur du

N ow  follows Stevin’s introduction of negative roots:

OF THE SOLUTIONS THAT CAN BE MADE BY —  O N  THE 
PRECEDING PROBLEMS.

“Some of the preceding problems have in addition to the given solutions also 
other ones by — . And though they only seem to be imagined solutions, they are 
at any rate useful in order to come to true solutions of the following problems 
by + .  The reason is that we sometimes have to add a certain number to the x 
which is found in preceding problems, so that if that added number is larger 
than that solution by — their difference shall be a tme solution by +  [what 
is probably meant is that an equation such as *3 =  6x —  5, if  solved by
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premier terme feroic roufiours—,& du fécond terrae 
toujours H-, lefquels ne peuucnt cftre égaux.

A r t i c l e  i i . Eftant © egale a ® -+- © ,1a fo- 
lution ce peut faire par—; Par exemple i @ vaut 4©  
-+-21, combien i ®? On changera le fécond terme 
donné ainlî : i © vaut—4 ® -t-11, combien i © ! 
faid par le 68 Probleme 3, lequel appliqué à noftre 
queftion,nous dirons que la folutioneft— 3.l’Arith
métique demonftration en eft telle:

I ® -  4 0 H - 2 I .  i ® .  — 3.
9 .  — 1 2 H -  2 1 .  — 3.  — 3.

A r t i c i e  i i i . Eftant® egale a—® - * - © ,I a  
folution (è peut faire par —. Par exemple i © vaut— 
4 ® H- 21, combien i ® ; On changera le fécond ter
me donné ainfi : i © vaut 4 ® H-11 combien, i ® î 
faid par le 68 problème 7, lequel àppliqué à noftre 
queftion, nous dirons que la folution eft—75 l’Arith- 
raetique demonftration en eft telle:

i® . —4 0 -t-ii» * ®* — 7 '
49. 28-H 21. —7. — 7.

A r t i c l  e i h i .  Eftant© egale à  ® — © , 1a 
valeur de 1 ® ne peut eftre—: la raifon eft, que la va
leur du fécond terme: féroit roufiours -f-,& du fécond 
terme toufiours —, lefquels ne peuucnt eftre égaux.

A r t i c l e  v . Eftant (D égale à ©  -f- ori 
verra fi le produid des y  du nombre d e ® , par la ra
cine quarrée de -j- du mefme nôbre, eft Egal, Maieur, 
ou M oindre, que ©  donné. Car quand tel produid  
eft eg a l, ou  maieur, ils auront chafcune vne folution

x =  y + 2, gives y3 =  12y 4- 1 with a root y =  —  1, which gives x  =  1;
rejection of y r =  —  1 would result in rejection of x  =  +  1], Such solutions 
by —  are as follows:
Article I. If x =  a (a positive), then there is no solution by — .
Article II. If x2 =  ax + b (a, b positive), then there is a solution by — , e.g. 
if x2 =  —  4x -|- 21, x  =  3 (Prob. 68, No. 3 ), then x2 = 4x  +  21 has a root 
x  =  — 3.

Article III. If x 2 =  — ax -f  b, then there is a solution by — ; e.g. if 
x 2 =  4 x  +  2 1 , x  =  7 (Prob. 6 8 , N o. 7 ) ,  then x 2 =  —  4 x  +  21  has a root 
x  =  —  7. [In other words, x 2 =  4 x  +  21 has two roots x  — 7, x — -— 3; 
x 2 =  —  4 x  +  21 has two roots x  =  3 , x  =  —  7 ] .
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par —, mais eftant moi ndre il ne l’aura pas. Et pre; 
mierement nous donnerons exemple, auquel íe ren
contre egaleté, ainfi: i (D vaut n  © -4- i 6, combien 
J © J Car le produid de 8(pour les -|-de 11 des 11 ©) 
par i  (pour la racine de defdids i z ) faid 16,qui eft 
egal au (S) donné,ils aurontdoncques vne ibludon par 
—, laquelle on trouué en cefte forte: Onchangerale 
lecond terme donné ainfi: i (3) vaut 11 © — ^ c o m 
bieri i ® î faid par le 69 problème 2, lequel appliqué 
à noftre queftion nous dirons,que la lolution fera—1. 
l’Arithmetique demonftration en eft telle :

1(2).. I l  ©  +  !<>. I ® .  — 1.
— 14-4-16. — 2. — l í

Et eftant ledid produid Maieur, les donnez auront 
auffi (comme nous auons did) lolution par —. Par 
exemple, i Q) vaut 12 ©-+-9, combien i ®? On 
changera le fécond terme donné ainfi: i Q) vaut 12®
■—9, combien i © 3  faid par le 69 problème, pour 
maieure folution 3, lequel appliqué à noftre queftion, 
nous dirons que la folution eft — 3. L'arithmetique 
demonftration en eft telle:

i  d ' .  1 2  ®  - f -  9 . i  ® .  ■—  3 .
— 17. — 36-1-9. — 3. — 3.

Mais eftant ledid produid moindre, ils nepeuuenc 
(com me nous auons aid deílus)auóir folution par —, 
la raifon eft que la valeur du deuxiêlme terme donné 
ferait toufiours neceflaifement maieur, que celui du 
premier.

A r t i c l e  v i. Eftant d) egale á — ®-4-© ,  la

Article IV. If x2 — ax —  b, there is no solution by —:, since the second member 
would always be — , and the first always +  •

Article V. If x3 — ax +  b, we must find out whether JL a j / — a  =  ¿

If ¿2 , there is a solution b y— ; if <C, there is none. For instance, if x3 =  12x +  16,
where H \/4 = 1 6 , we write x3 ' =  1 2 x —  1 6 , x  =  2  (Prob. 69, No. 2 ); hence 
x3 =  1 2 x -)- 16 has the root x =  —  2 .
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valeur de i  ®  ne peut eftre — , la raifon eft, que la va
leur du premier terme ferait toufiours — ,&  du fécond 
terme toufiours -t-, lefquels ne peuuent eftre égaux.

A r t i c l e  v u .  Eftant ®  cgalc à ® — © , 1a fo- 
folution fe peut faire par — . Par exemple i ©  vaut z  
©  —  a i)  combien i ®? O n  changera le fécond terme 
ainfi : i ®  vaut 2 ©  -+■ 11, combien i ®  ? fai& par le 
¿9 problème 3. lequel appliqué à noftre queftion,nous 
dirons que la folurion >eft —  3. L’arithmétique de
monftration en eft telle :

t © .  2 ® — 21. i ® .  — 3.
—  27. — 6 —  21. — 3. — 3.

A R  t  i c  i  e  V 111.  E t G l’on pofoit t ©  egale a —  
3 ® — 4,1a folution fé pourrait auffi foire par—  chan
geant le fécond terme come deflus, encefte forte: i ©  
vaut — 3 ® - |- 4 ,  combien i ® î  foift par le 69 pro
blème i;  Lequel appliqué à noftre queftion, nous di
rons que la folution e ft— i .  L’arithmetique demon
ftration en eft telle:

1 ® . — 3 ® — 4* *®* ~ r*
—  i ■ —f- 3 — 4. — i .  — i.

A r t i c l e  i l .  E ftan t®  egale à @ -4- © ,  la va
leur de i ®  ne peut eftre — , la raifon eft, que la valeur 
du  premier terme, féroit toufiours — ,&  du fécond ter
m e toufiours-i-, lefquels ne peuuent eftre égaux.

A r t i c l e  x. E f t an t® egale à — © - h ©; On 
verra fi le produitft de du  nombre de @ ,par le quar- ré des - |- ,d u  mefme nom bre, eft Egal, ou M aieur,ou 
Moindre, que ©donné. Car quand tel p ro d u it  eft

[This example is one taken from Cardan, Ars magna, f.4 r, where x =  4 is 
an aestimatio vera of x3 =  1 2 x +  1 6 , and x =  —  4, written m : 4, an
aestimatio ficta of *3 4 - 1 6  =  1 2  x ], And if x3 — 1 2 x +  9, where 8 \ / 4  
>  9, we write x3 =  1 2 x —  9 , x =  3  (Prob. 69), hence x3 =  12x +  9 has the

root x =  —  3. But if — a "j/ —a <  then b +  ax will always be )>  x3, hence

there is no solution by — . [This reason is rather cryptic, but it can readily be 
seen from the Cardanic formula that in this case x is positive, since both u and v 
in x =  u +  V are positive.
Article VI. If x3 =  —  ax +  b, there is no solution by — .



646

J L í  I I .  L I VRB d’A R  IT H
egal, ils au ron t vne  folution p a r— . E t eftan t m aieur, 
ils au ron t deux (blutions par — : m aiseftan t m oindres, 
ils n’auron t poin t de lolution p a r— . E t prem ierem ent 
nous donnerons exem ple, auquel (ê lencontre  egaleté, 
ainfi i (3 ) vaut - $ ( § ) - + -  4 ,com bien t ®  ? C a rie  pro
d u i t  i (pou r - y  de 5 des 3 @  J p a r4  ("pour leq u arré  
des-y -defd iits  3) fa id  4 , qu i eft egal au © d o n n é . Ils 
au ron t dôcques vne folution p a r— ,laquelle o n tro u u e  
en  cefte forte : O n  changera le (êcond term e donné  
ainfi i © vaut 3 @ — 4  com bien i ® J f a id  par le 70. 
problèm e 2 »lequel applique á noftre queftion ,nous d i- 
ro n sq u e la  (ôlution eft —  2. l'A rithm étique d cm o n - 
ftrarion en (era telle:

•*(D- — 3 ©-+-4 - i®* — *•
— 8. — 12 -+ -4 . —  2. —  2.

E t eftan t le d id  p ro d u id  m aieur, nous aurons alors 
deux (blutionspar — . P ar exemple i (D vaut —  11 @  
- f - 7 2 ,com bien i ®  ? O n  changera com m e deilus, le 
fécond term eainfi: i (D vaut 11 ©  —  72, com bien i 
©  î faidt par lé 7 0  problèm e, pour m aieure (olucion 3, 
&  p o u r  m oindre (blution 4 / 4 0  —  4 ,  lefquels a p p l i 
quez à noftre queftion, nous dirons que  la ioludon eft 
&  — 3, &  —  4 0 — 4. l’A rithm étique dem onftra
tion en eft telle:

i  ® .  —  i l  @ -+ -72 . i  ® . —  3.
— *7 - — 99  -+-7 1 - —' 3* — 3*

Item.
1 ® . — « t @ - f - 7 l* I ®« — 4 / 4 0 - 7 4 .

* > V |0>7  6 0 —j 4 4 *—V ) 0 9 7 6 0 —6 I 6  + 7 1 . —V 4 0 —4 . —V 4 0 —4

Mais eftant ledid produid moindre. alors ne (ê

Article VII. If *3 =  ax —  b, then a solution by —  is possible, e.g. x3 =  
2 x —  2 1 ; since x3 z= 2x +  2 1  has the root x =  3 (Prob. 69, No. 3 ) , x3 =  2 x —  2 1  

has the root x  =  —  3.
Article VIII. If x3 =  —  ax —  b , a solution by —  is also possible, e.g.
x-3 =  —  3 x —  4 has the root x =  —  1 because x3 =  ■—  3 x +  4 has the root +  1.
Article IX. If x3 =  ax2 +  b, there is no solution by — .

Article X . If x3 =r —  ax'* +  b, for — a (—a )2 -  there is one solution

by — ; if > ,  there are two such solutions, and if <C, there are no such
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pourra (commeJious auons diéfc deilus) auoir (ôlution 
par —: la rai (on eft que la valeur du deuxiefme terme, 
deuient toufiours neceflàirement maieure,que celui du 
premier.

A r t i c l e  x  i .  Eftant (3) egale à @  —  ©, laiô- 
lution (e peut faire par —. Par exemple i (3) vaut'6@ 
—400,combien i ® î On changera le (ècönd terme 
ainfi, i Q) vaut 6 (2)-b- 400, combien i  ® ? faift par le 
70 problème 10. lequel appliqué à noftre queftion 
nous dirons que la (ôlution eft — io. L’arithmetique 
demonftration en eft telle :

1 ©• 6 ® — 400. i® . — 10.
— ioooi. —600—400. — 10. — io.

solutions. [Indeed, from — [b  —  =  (—j 3 , see Prob. 70, case 2 )
¿ ft 3 ^

follows =  b \  For example, x3 =  —  3 * 2  -|_ 4  has the root x z: —  2 because
*3 =  3 x2 —  4  has the root x — 2 ; x3 =  —  1 1 x 2 4 . 7 2  has the roots x — —- 3 ,

x =  — \ / 40 —  4, because x3 =  l l x 2 —  72 has the roots x =  3, x — 4 +  \ / 4 0 .
[Stevin writes \ /  40 —  4],
Article XI. If x3 =  ax2 —  b, a solution by —  is possible. [Among Stevin’s 
examples that of x3 =  6 x2 —  400, is wrong, the solution by —  is not —  1 0 , 
but —  a, 5.8 <  a <  5.9]
[The cases x2 =  —  ax —  b, x3 =  —  ax —  b, x3 ~  —  ax2 —  b are not
discussed].
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Prob. LXXI contains the theory of the general cubic equation, in 7 cases, all 
discussed separately:
1 ) x3 =  ax2 +  bx +  c, 2 ) * 3  =  —  ax2 —  bx —  c, 3) x3 — ax2 -j- bx —  c, 
4) x3 =  —  ax2 -f ¿x —  c, 5) x3 =  ax2 —  ¿x +  r, 6 ) x3 zz —  ¿x2 —  ¿x 

c, 7 ) x3 =  ¡jx2 —  bx —  c, but not x3 =  —  ax2 —  bx —  c, which has no 
positive roots. If we cast all types into the form x3 zz px2 +  qx  +  r (p, q, r

pos. or neg.), they are solved by the substitution x zz y +  y ,  which leads to the

„ /  i i 2p* . pq 4- r, to be solved by the methods ofequation y3 =  y (q  +  ^_) _|_ J L  -j- £1 ~r > . 7

Prob. 69. The number of (positive) roots presented by Stevin is for the different 
cases:
1) 1; 2) 1; 3) 1; 4) 1; 5) 1 or 2; 6 ) 1 or 2; 7) 1 or 2 .
The equation in y  is obtained by writing

x3 —  px2 +  — x — ( — ) 3 =  <7* +  r +  —x —  (— ) 3> or r 3 V 3 /  r 3 3

( x — A ) 3  = (q + l . ) x — (q +  £ . )  - L + (q + £L) A  + r —  ( j - ) \

y3 =  (?  +  y  ) y +  ^  +  r.
The sections in U  Arithmétique dealing with cubic equations have been 

analyzed by H. Bosmans, Mathésis 37 (1923). See footnote 35) of the In
troduction. In this article several examples of Stevin’s text have been given in the 
original and in the modern notation.
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Stant donnez, trois termes3 defquels le pre
mier ©j lefécond ®@3le troißefme„nom

bre algebràique quelconque : Trouuer leur qua- 
triefme termeproportionel.

N o t a  Le binom ie du fécond terme donné, de ce 
problème, fé peült rencontrer en trois differences à 
içauoir;

Probs. LXXII— LXXVII bring the theory of the biquadratic equation, Prob. 
LXXII that of x4 =  px  +  q, LXXIII that of x4 =  px2 +  'q'x +  q, Prob. 
LXXIV that of x4 — px3 +  q, Prob. LXXV that of x4 =  ' px3 +  qx +  r, 
Prob. LXXVI that of x4 =  px3 +  qx2 +  r, Prob. LXXVII that of x4 =  px3 
'Jr ‘ qx2 -f rx +  s (p, q, r, s pos. or neg.). Only in Probs. 72-74 all possibilities 
as to the signs of the coefficients are taken into account; in the discussion of the last 
three problems only some examples are given, with the statement: “The con-
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f-. , A De/quelles trois differences les autres

 en donnent trois diueríés manieres
S; y  d'opérations, mais nous en donnerons
^  vne fimple& generale en celle forte:

P R E M I E R E  D I F F E R E N C E
D E  S E C O N D  T E R M E

Explication du donné. Soient donnez trois termes 
felon le problème tels: lepremier i ©, le fécond 12 ® 
-h  J, le troifieime i ® . Explication du requit. Il faut 
trouuer leur quatriefme terme proportionel,

C o n flr ttftio n .
-i- (D (par reigle) -4 - j ® (pour le 5 donné,luy 

applicant ®) valient 36 (quarré de 6, moitié de i 2 
des n  ® donnez) combien i ® ? faid par le 69 
problème 4
Le quarré de iâ moitié 1 eft 4
Au mefme aioufté 5 donné,faid 9
Sa racine quarrée 5

De la mefme foubftraid z moitié de 4 premier 
en l’ordre, refte i

La racine quarrée de 4 premier en l’ordre, eft i, 
laquelle quand au-I-ou— fera par reigle com
me les 12 ® donnez, qui font -+-, fera doncques 
+  2, à laquelle appliqué ® par reigle feront 2 ®

Puis on dira i ® (par reigle) vaut 2 ® (fixief- 
me en l’ordre)-f- i (cincquiefmeen l’ordre) com
bien i ® î faid par le 68 problème 4 /  2 -f-1

le di que 4 / 2 -f-1 eft le quatriefme terme propor
tionel requis. Demonftration Arithmétique. Mettons par

struction will be similar to that of the preceding problem.” The method used 
is that o f Ferrari, familiar through Cardan’s Ars magna. In the case of Prob. 
7 2  Stevin explains it as follows (in “Of the origin of the construction of the 
preceding problem”):

Given x i — px +  q. Add to the left and the right side terms of the form 
Ix2 +  m, such that we obtain in x i +  lx% +  m as well as in Ix2 +  m +  px  +  q



651

3J O  L e  I I .  I I V R I  D A R I T H .

le moien du 66 problème, (bubs cháfame terme Ùl va
leur en cefte forte:

I © .  I l  © - i *  f .  I ® .  li/l-i-T.
i7 - t-V i8 8 . I 7 - F í / i8 8 .  4/t-bi. 4/ 1 -hi.

Et appert que V i-+ -1, eft leurquatrielme terme 
proportionel.

D E V X I E S M E  D I F F E R E N C E
D E  S E C O N D  T E R M E  -----© H - © .

JExplication du donne'. Soient donnez trois termes fe- 
lon le problème tels: le premier i ©, le féconde — 31 
©-+-60, le troiiîefme i ®. Explication du requit. Il 
faut trouuer leur quatriefme terme proportionel.

Conflruciion.
-i- © (par reigle) -t- 60 © (pour le -f- 60 donné, 

lui applicant®) valient ij6  (quarré de — 16, moitié 
de— 3 i  des— 12® données) combien i ® ? faidt 
par le 69 problème. 4
Le quarré de fa moitié i  eft 4
Au mefme aioufté 60 donné, fâiél 64
Sa racine quarrée g
De la mefme foubftraidt z, moitié de 4 premier 

en l’ordre,refte 6
La racine quarrée de 4 premieren l’ordre eft 2,la

quelle quant au -I- ou —, fera par reigle com
me les — 32® donnez, qui font —, fera donc 
— 2,à laquelle appliqué ® (par reigle) fera — i  © 

Puis 011 dira —■ i @ (par reigle)vaut — 2 ® (fixief- * 
me en l’ordre) 6 (cincquiefme en l.ordre)

a perfect square. Hence, if  m =  ( ~ - ) 2> I =  y, the condition that

lx% +  px +  m +  q  =  yx2 -f px  -f ( ~ -  ) 2 +  ^ is a perfect square is

y  I ( ~ )  +  q  ̂ =  (^ - )2, or y3 — —  ?7 +  Thus we must find

two numbers y  and z  such that ( ~  ~) =  z, y (z +  q ) +  ( ~  )?, a problem solved

in Prob. 81, N o. 11, and this amounts to the solution of the cubic equation in y. The
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combien i ®, fài& par le 68 problème 4/7 — i
le clique 4/7 — i eft le quatriefme terme propor

tionel requis. Demoniiration Arithmétique. Mettons par 
le moien du 66 problème foubz chafcun terme là va
leur en cefte Ibrte :

i® . — } * ® - h  60. i® , a / 7 — i
92—4 /  7168. 92— 1/7168. 4/7 — 1.4/7 — 1

Et appert que ^ 7 — i eft leur quàtrielme terme 
proportionel.

T R O I S I E S M E  D I F F E R E N C E
D E  S E C O N D  T E R M E  ® -----<o).

Explication du donné. Soient donnez trois termes 
lèlon le problème tels : le premier i ©, le lècond 4 ®
—  j ,  le troifieim e i  ® l Explication du requis. I l  fau t 
ttouuer leur quatriefm e term e proportionel.

ConïtruBion.
-i-(D (par reigle)— 3 © (pour le— 3 donné, lui 

applicant ® ) valient 4 (quarré de 2 moitié de 4 des 
4 ®) combien i ® ; faià par le 66 problème 4 
Le qiurré de là moitié 2 eft 4
Au mefme aioufté — 3 donné faicl i
Sa racine quarrée i
De la mefme foubftraiâ a,moitiéde 4 premieren 

l’ordre, refte — z
la  racine quarrée de 4 premier en l’ordre,eft 2,1a- 

quelle quand au-t-ou —, fera par reigle com
me les 4 © donnez,qui font -4-,fera donc •+- 2 
à  laquelle appliqué © (par reigle) fera 2 ®

root y then gives (x 2 +  ~  ) 2 -  ( y /y  x  +  ] /  ( 7 ) +  q, or x 2  -f- ~  — V x  y  4 -

] /  ( t Ÿ  ^  x 2  ~  ^ ? x ~ " "2" 'V  ( 7 - ) 2  +  ei : Stevin’s example is
ici' =  123c +  5, —  y3 =  —  5 y -j- 36; y =  4, z  =  4, x2  +  2 =  2 x +  3, 

4

x — \ / 2  4- 1 , which is indeed the only positive root. Nowhere, in his theory
of 'the biquadratic equation, does, Stevin ask for negative roots.
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Puisôndira i © (par reigle)vaut z®(Yîxiefme 

en l’ordre— i cincquiefme en l’ordre) com
bien i ® 1 faiâ par le 68 problème i
le di que i eftlc quatriefme terme proportionel re

quis. Démonstration Arithmétique. Mettons par le 
moien du 66 problème, ioubs chaicun terme là valeur 
en cefte forte :

Et appert que i eft leur qúatrieíme termeproportio- 
nel requis. Coticlufion. Eftant doncques donnez trois 
termes, delquels le premier®, le fécond ® ®, le troi- 
fiefmcnombrealgebraiquequelconque; Nous auons 
trouué leur quatrieiine proportionel ; ce qu’il fal
loir faire.

D E  L’O R I G I N E  D E L A  C O N -
S T R V C T I O N D V  P R E C E D E N T  

P R O B L E M E .

Quand © eft egale à ® (g),nous les pouvions rédui
re,en egale â ® ©,&alors deuicnt la valeUr de i ®
notoire par le 68 problème, comme apparoiftra. Soit 
i ©,egale à 11 ® -+- 5; Qju font le premier & lècond 
terme dela première differécc. Il faut dócques trouuer 
quelque © & © telles,que aionftées ala i© la fomme 
ioit trinomie, duquel la racine foit i @-+- quelque ©. 
Puis leiditftes © © aiouftez aux i z ® -f- 5, que la 
fomme foit trinomie,duquel la racine foit ® & Or 
pour les trouuer, il fora premièrement neceflàire, que 
le quarré de la moitié du nombre de multitude des ©,

The general solution is outlined in Prob. LXVII. Here the equation is written 
—  px3 =  qx2 +  rx +  s. Make the left hand side the square of a form 

x2 +  Ix +  m:
(x 2  +  Ix +  m )2 =  x* -|- 2 /x« +  (J2 +  2m) x2 +  2 Imx =  m2,

i© . 4 ® —J» i ®»
*• 1. i.

i.
i.

hence I =  —  —. Write m — r.•> J2
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foit egal au©, car autres @&© aiouftez a i ®, ne 
peuuent faireque la fomme aie racine feruant à noftre 
propos. Au fécond,que le produid du nombre des ©, 
par la fomme de tel © trouüé & le 5 dôné foit egal à ? 6, 
a fçauoir au quarré de 6,moitiedeiades 12®,car autres 
© & © aiouftez à 12 ® -f- 5 ne peuuent faire, que la 
fomme aie racine feruante à noftre propos. 1/ nous faut 
doncques trouuer deux nombres tels, que le quarré de la 
moitié du premier fiit egal au fécond, & que le produid du 
premierpar lefécond -f-y fiit 36,&eft cefte queftion la 
11 du 81 problème, par laquelle il appert, que le pre
mier eft 4, & le fécond auffi 4, le premier doncques Ce r 
ra le nombre des ©,& le fécond le ©. De forte que les 
deux quantitèz requifes, feront 4 © +  4. Aiouftons 
les mefmes à chafeune de noz egales parties données;

Ergo i © -H 4© -i-4, feront egales à 4 @ -H 12 
©-H-?.

Puis extrahons de chafeune partie racine quarrée;
Ergo i @ —f- 2, feront égales à 2 ® -f- 3.

Puis fouftrahons de chafque partie 2 ;
Ergo i @, demeurera egale à 2 ©-+- i.

Et ainfi au lieu de i ©, egale à 12 © + 5 ,  nous 
auons i @, égalé à 2 ©-b- i. Et la valeur de i ©, par 
le 68 problème eft 4 / 2 + 1 .  Et eft manifefte que ceci 
eft l’origine de noftre conftru&ion du precedent pro
blème*. Laquelle il nous falloit declarer.

PROBLEME.  LXXIII .

p  Staat donneẑ  trois termes defqmls le pre
mier © j  le fécond ® ® @ y íe troißefme

W e have to find y such that

(£-• + q + 2y) (>2 + j) = -L (r — py)2t 
4  4

which is Prob. 81, Nos. 2 1 , 2 2 , and leads to an equation solved by the methods 
of Prob. 71. If y is solved from this cubic equation, then

*2 — -f- + y -  x j / ¿  + q + 2y + \/>2 + s,
from which quadratic equation x can be found.
Stevin’s example is x* =  —  4x3 +  4x2 +  40x +  3 3 :
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: Trouuer leur

N ot a . Le trinomie du fécond terme de ce pro
blème ié peut rencontrer en fept differences àfçauoir:

© -f- © -f.@ Lefquelles fépt differences re-
— @ -t- © H- © çoiuent plufieurs diuerfes manie-

© -f- © — @ res d’opérations félon les autres
— ©-+-© — © autres autheurs, mais nous en

@ — ®-f- @ auons faid vne feule & generale,
—  @ — ©  H -  @  corn me f  enfùit.

@— © — ©

P R E M I E R E  D I F F E R E N C E
D E  S E C O N D  T E R M E  © H - ® - f - ( ° ) .

Explication du donné. Soient donnez trois termes 
félon le problème tels: le premier i ©, le fécond 3 © 
d- 30 ® — 16 ,1e troifîefme i © Explication du requis. 
Ilfaut tronucr leur quatriefme terme proportionel.

ConïïruElion.
-L Q) (parreigle)-t- ©(pour le par reigle des 

3 @ donnez) - t-16 (pour le 16 donné lui ap
plicant ®) valient 177 (exces de 12 j quarré de la 
moitié de 30 des 30,© donnez, fur 48 produid 
de 16 donné par 3 (des 3 © donnez) combien 
i  ®  J faid par le 70 problème 6

Auquel aioufté 3, des 3 © donnez, faid 9
Le quarré de 3,moitié de 6 premier en l’ordre eft 9 
Au mefmeaioufté 16 donné,faid 25

(2y  +  8 ) © 2  +  3 3 ) -  ±  (40 +  4y) 2

y3 — —  2 7 2  +  7 7  4 - 6 8 ; y =  4.
Hence x2 4 - 2x +  4 =  4x +  7; x zz 3,
indeed the only positive root (there is a negative root x  =  —  1, not mentioned 
by Stevin). Stevin also solves an equation in which the coefficient o f x4 ¡s different 
from, unity:

9x4 =  _  1 2 x 3 4 - 30x2 4 . 204 4 - 171; x =  3.

nombre algebraique quelconque 
quatriefme terme proportionel.
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Sa racine quarr 5
De la mefme ibuvftraid 3, moitié «Je 6 premier ea 

l’ordre, refte a
La racine quarrée de 9 fécond en l’ordre eft 3, á la

quelle appliqué ©par reigle feront }®
Puis on «Jira i © par reigle, vaut 3 © (féptiefme 

en l’ordre) -t- 2 (fixiefme en l’ordre) combien 
i © ? faid par le 68 problème 4/4 -4-1
le di que les mcfmes font le quatriefme terme pro

portionel requis.
Demonftration Arithmétique. Mettons par le moien 

du 66 problème foubs chafcun terme fâ valeur en 
cefte forte :

«©• î0 -f-3o®-4-i<5. i ©• 4/
8 0 - i + » / 6 4 6 4 - ^ - . 8 o  - j - + v 6 4 6 4 - i - . * ' 4 ' ^ - « - i ^ - . v 4 ï

Et appert que V 4 -f- t -y- eft leur quatriefme
terme proportionel; ce qu’il falloit demon ftrer.

Veu que la reigle de cefte conftrudion eft generale, 
nous n’appliquerons pas ( comme nous auons auflï 
faid au 71 problème) les efcriptures aux nombres des 
ordres, pourla multitude des differences.

i © egale a N ota . Quant le fécond
15©-+- 36 ©-1-27 terme donné tient racine qui 

— 6 foit binomie , l’on extraira
j) pour plus grade facilité ( cotn-
9 bien que la reigle ci delius eft

36 generale)de chafque partie ra-
6 cine. Soit par exemple i ©,
9 egale à4©  H-12,©-i-9. Or
j ®  parce que le fécond terme,

4/11-^- -H i -5- tient telle racine, on l’extraira

The sections in U  Arithmétique dealing with biquadratic equations have been 
analyzed by H. Bosmans, Mathesis 39 (1925), sëe the Introduction 35). In this 
article several examples of Stevin’s text have been given in the original and in the 
modern notation.
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de chaique terme & 1 © fera  egale à 1 ®-f- j,& par 
le 68 problème 1 ®  vaudra 3.
D E V X I E S M E  Q V A T R I E S M E
D I F F E R E N C E  DE D I F F E R E N C E  V  B
S E G O N D  T E R M E  S E C O N D  T E R M E

— +  —  ®- * - ® — ©.

i ©  egale a 1 ©  egale a
—  —  z @ - f - 8 ® — 5

z  6
I 4
* 9
4 4
a a
i  — i
I ®  a ®

T R O I S I E S M E
D I F F E R E N C E  DE 
S E C O N D  T E R M E  „^  Q ôc fons celles qui ont tou
' • '  » a «  a n a x  a i l  i a a / M ^ x l  *- ——----------

Voila les quatre premie
res differences acneüées,

tes eues au iccond terme, 
i © egale a la moienne quantité H-, à

8 ® -t- 16 ® — iz f âuoir -+- ® ; ffenluiucnt
8. maintenant les trois au-

16. tres, qui on t ladice moir
16. enne quantité —; Et re-
4. ceuronten la côftruâion
1. quelque petite mutation;

— z. Lá raiibn eft , que leurs
4®  origines mefmes, lesre-

Soluri-J-z -b i /  z çoiuent;qui procede (co
on ou ^z  — (t/ z
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meapparoiflra plus amplement en ion lieu) de cela, 
que©— ® -4-©,oni autant —®-F-©, pour ra
cine, comme ® —©, defquelles ne fçauons en l’o
rigine mefiîie qu’elle fera la vraie, par ce que la valeur 
des quantirez que nous cherchons, nous eft incognue. 
D’ou fenfuit que deídiótes differentes fuiuantes on 
pourra faire deux conftru£tions,qui feront aucunefois, 
toutes deux bonnesjaucunefois feulement l’vne, def- 
quelles nous pourrons choifir la vraie.

Or la premiere de ces deux conftru¿lions, différé 
de la precedente feulement en cela, qu’il faut, que le 
feptifme nombre en l’ordre (lequel ci deilus fa touf- 
ioursefté di& -+-) foit par reigle—.

Et la deuxiefme de ces deux conftruâions, différé de 
la precedente feulementencela,qu’il faut que le cinc- 
quiefme nombre en l’ordre (lequel ci deilus fa tout 
iours diift -h) foit par reigle —.

Lefquelles choies eftant fort euidentes,nous en don
nerons feulement les exemples parles charadteres des 
nombres de l’ordre.
C I N C Q V I E S M E  DIFFERENCE DE 

S E C O N D  T E R M E  © — ® - l - ® .  
i © egale a i © egale a i © egale a 

H ® — i6 ® H - 3 .  i i © — i 8 ® - |- 8 .  i o © — 4 0 © - 3 - i6
1 L  2 — 1 6  6
1.6 16 9 c) 16 16
i* i l  i 5> 9
4  4  9 9 25 2S
2 ~ 2 3 — i S 5
i — 3 4 — i l  — 8
— 4 ® 4 ®*—-J® 3®. —4 ® 4 ®*

5 1 « J *  Ä ?
I  I  f l  VrlJC ‘0
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N ota. Quand le fécond terrae donné, aura raci

ne qui foit binomie, on èn pourra faire comme nous 
auons di& ioubs la premiere forte.

S I X I E S M E  D  IF-  S E P T I E S M E
T E R E N C E  D E  S E -  D I F F E R E N C E  D E

C O N D  T E R M E  S E C O N D  T E R M E

_  +  g) — ® — ®.

i ® egale a 1 © egale a
— 3@—6 ® + j  19® — a o®— 5

4  6
i  2 5
4  9
9 4
3 “ Vi — s

—  i ®  ' 3 ®
a/  i -i- — — i" 2 ~r--H i/ 1 'V'* •  4 ou i 4 —

La demonftration de chafcune difference fera 1cm- 
blablcà celle de la premiere difference. Conclußon. 
Eftantdoncques donnez trois termes defquels le pre
mier 4, le lècond ® ® ® , le troifieime nombre alge-
braique quelconque; nous auous trouue leur quatrieí-
me terme proportionel ce qu’il iàlloit faire.
D E L ' O R I G I N E  D E  L A C O N -

S T R V C T I O N  D V  P R E C E D E N T  

P R O B L E M E .

Q uand ©  eft egale a ©  ®  ©> nous les pouuons re-
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duire en ©, egale a ©  ©, & alors deuient la valeur de 
i ® notoire par le 68 problème, comme il apparoiftra. 
Soit r© ,egale à 3 @-1- 30 ®-H 16, qui font le pre
mier & fécond terme de la premiere différence. Il faut 
doneques trouuer quelques @ & ©, tels que aiouftez 
a la t ©,1a fomme foit trinomie, duquel fa racine foit 
i @-H quelque @j Puis lefdi&es i  © , aiouftez aux 
3 © -f- 30 ® -t- i6, lafomme foit trinomie, duquel la 
racine foit i ® & ©; Or pour les trouuer, il fera pre
mièrement neceftàire, que le quarré de la moitié du 
nombre de multitude des © foit egal au ©, car autres 
@&© aiouftez à i ©, ne peuuent faire que la fomme 
aie racine fèruante à noftre propos, parla note dux 
exemple du 61 problème. Au fécond, que le produidt 
de la fomme de 3 (des 3 ©donnez) & le nombre des 
@ trouué,par la fomme de 16 donné, & du © trouué, 
foit egal à 12 5, à fçauoir au quarré de i j , moitié de 30 
des 30 ® donnez, car autres © & ©, aiouftez à 3 ©  
H- 3° ® -t- 16 ne peuuent faire que la fomme aie ra
cine fèruante à noftre propos, par ladióte note du 61 
problème. Il nous faut doneques trouuer deux nombres tels, 
que le quarré de la moitié du premier ßit egal auficoud, & 
que kproduiït dupremier -f- ¿par le fécond-t- 16foit 22 j. 
Et eftceftequeftionla t z du 81 problenie;par laquelle 
appert, que le premier eft 6, & le fécond 9; le premier 
doneques fora le nombre des ©,& le fécond fora le ©. 
De forte que les deux quantitez requifes foront6 © 
-+- çj\ Aiouftons les mefmes á chafcune de noz egales 
parties données;

Ergo i © ■+■ 6 @ -f -  9, foront egales à 9 @ 30
© -l-iy .

Puis extrahons de chafoune partie racine quarree;
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Ergo i @-h 3, feront egales á 3 ©H- J.

Puis fouilrahons de chaiquc partie 3;
Ergo i demeurera egale à 3 ® H- a.

Et ainfi au lieu de i © égale à 3 ©  -f~ 30 ® -H i <5, 
nous auons i ©egaleà 3 ®-f- 2; Dont la valeur de 
i ® par le 68 problème eft </ 4— H- i -r»

Et eft manifefte, que ceci eft Porigine de noftre con- 
ftru&ion du problème precedent; Laquelle il nous fal
loir dedairer.

PROBLEM E L X X 1 1 1 1.
T< Stant donnez.troù termes} defquels lepre- 

mier © ¡le fécond Q)©,le troijiefme nom- 
: Trouuer leur qua-

N ota Le binomie du fecond ter- 
© •+• © me donné de ce problème fe peut ten- 

—  (D  -+-© contrer en trois telles differences:
Q) — © De/quelles nous donnerons trois con-

ftrudbonSj toutes d’vnc mefme manie
re d’opération.

P R E M I E R E  D I F F E R E N C E
D E  S E C O N D  T E R M E  © - » - ( o ) .

Explication du donné. Soient donnez trois termes 
felon le problème tels: le premier i ©, le fecond z © 
-i- 27, le troifieime i ©. Explication du requit. Il  faut 
trouuer leur quatriefme terme proportionel.

bre dgebraïque quelconque 
triefme terme proportionel.
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Conftrutfion.
I  ©  (par reigle) -f- z ©  ( pour 2 des 2® ) donne*  

les applicant® ) vaut 3 (racine cubique d es 27  
donnez) combien i ® J  faiéfc parle 72 problè
m e i ,par le m efme diuifé lediéfc 3 racine de 27  
donne quotient 3
le  di que 3 eft le quatriefme terme proportionel re

quis. Démonstration. Mettons parle moien du 66 pro
b lèm e, foubs chafcun terme iá valeur en cefte ione:

i © . 2 (D  H - 27. i  ® .  3.
81 . 81. 3. 3.

Et appert que 3 eft leur quatriefme terme proportio
ned ce quüfalloitdem onftrer.

S E C O N D E  D I F F E R E N C E  D E
S E C O N D  T E R M E  — ( D - f ® .

Explication du donné. Soient donnez trois termes fé
lon le problème, tels: le premier i © ,1e fécond —  2 (D  
- t -  32,letroifiefme i ® . Explication du requis. Il faut 
trouuer leur quatriefme terme proportionel.

Conftruiïion. 
i  © (par reigle)—  2 © (pour —  2 des.— 2 (D  don

nés, les applicant® ) vaut a /  (D 32(àfçauoirra- 
cine cubique des 32 donnez) combien i ® ?  
faiéfc par le 72 problème 4 /  (3) 4 ,par la m efme 
diuife ladi&e / i /  d ) 3 2 donne quotient 2
le  di que 2 eft le quatriefme terme proportionel re

quis. Demonßration. M ettons par le m oien du 66 
problème foubz chafcun terme fà valeur en cefte forte:
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I © .  — i © - h 3 2.  I ® .  2 .
1 6 . 16.. 2 .  i .

E t appert que 2 eft leur quatriefine terme propor
tionel requis; ce qu’il fàlloit demonftrer.

T R O I S I E S M E  D I F F E R E N C E
D E  S E C O N D  T E R M B  Q) ( 3).

Explication du donné. Soient donnez trois termes 
felon le problème tels: le premier i ©, le iecond 3 Q) 
—-8,letroifiefmei ®. Explication du requis. Il faut 
trouuer leur quatriefine terme proportionel.

Conïiruftion.
i © (par regle) -+- 3 ® (pour 3 des 3 (D donnez, les 

applicant a ® ) vaut—2 (á içauoir racine cubique des
— 8 donnez) combien i ® ? faid par le 72 prooleme
— i. par le mefine diuifé ledid,— 2 racine de — 8 
donne quotient *

le di que 2 eft le quatriefme terme proportionel re
quis. Vemonfiratton. Mettons par le moien du 66 pro? 
bleme,foubs chafcun terme ík valeur en cefte forte.*

i® . 3 CD— 8. i® . 2.
i<>. 16. 2. 2.

Et appert que 2 eft leur quatriefme termeproportio- 
nel requis; ce qu’il falloit demonftrcr.
D E  L ' O R I G I N E  D E L A  C O N -

S T R V C T I O N  D E  C B L X X I 1I I .  
P R O B L E M E .

Pofons que i © foit egale à— 2 ®-f- 3 ; Ou bien
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(ce qni vaut le mefme) i © -+-2 ® ,egales à deiquels 
nous cherchons la valeur de i ®, que nous fçauons 
eftre i j Diuifons par le mefme le 3 donné, donne quo
tient 5; doneques i & 3, font deux nombres, defquels 
le produid faiét le 3 donné,& le produiâ: dudiéfc nom
bre ipar—2(des — 2® donnees)quieft— 2,aionfté 
à la potence de quarte quantité dudift nombre i ,refte 
lediâ nombre donné 3 .Quand doneques nous aurons 
trouué tels deux nombres comme font leídióts i & 3, 
il eft notoire que l’vnfera la valeur de i ©  requiie. 
Pourtant mettons le fiifdidt en forme de queftion 
ainfi; Trouuons deux nombres tels que leur produiâ foit 5, 
& que le produiâ de i vn nàmbrepar 2 aiouRe a la potence 
de quarte quantité dudiit vn nombre, la fomme foit außi 3. 
Qui eft la 13 queftion du 81 problème; Et appert aux 
termes reduféis, que i © fe trouua egale à 2 (3) -t- 27 
(lequel 27 eft le cube du 3 donné,defquels la valeur de 
i ® eft 3; Parle mefme (pour trouuer l’autre nombre 
requis) íe diuifale 3 (qui eft le 3 du (ècond terme poie 
ci deilus,Quand doneques i ©,eft egale à — 2® -+-3, 
alors pour trouuer la valeur de i ®, nous pouuons 
(comme parreiglegenerale) mettre en leur lieu, i ©  
egale à 2 (3) (à fçauoir 2 au lieu du — 2 donné & ® 
au lieu de ® donnée) -+• 27 (pour le cube de 3 donné) 
diuiiàntla racine cubique de 27, par ladiâe valeur de 
i ®, lequel quotient fera le requis. Et par le reuers de 
ces choies, Quand i ©eft egale à 2(3)-{-27, alors
(jour trouuer la valeur de i ® nous pouuons mettre en 
eurlieu i ©,egale à — 2 ® -+- 3,diuiiant par la valeur 

de i ® la racine cubique du 27 donné, qui eft l’opéra
tion dela fuidiéte premiere difference femblableaux 
deux autres. Laquelle origine il nous falloir declarer.
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}<>4 L b m . h  v r e  d’a r  i t h .
N o t a  i .  L’on pourrait encore defcripre autre 

maniere de conftruâion que n’efl la precedente ; à fç a 

uoir par l’opération du 14 exemple du 81 problème; 
Mais nous le paflons outre à caufo de briefueté.

N o t  a  11. Confiderant d’vne part que l’origine 
des conftruétions des trois problèmes fuiuans, eft en 
tous aiTez la mefme; Et d’autre part ,1a multitude des 
diuerfités des differences que reçoiuent aucuns d’iceux 
problèmes, nous deicriprons leurs origines mefmes.au 
lieu de conftrutftion, commençant à ce 74 problème, 
duquel nous donnerons(outre les conftruâions prece- 
dentes)autre maniere de conftrudion,comme fénfuit.

Explication du donné. Soienr donnez trois termes 
iêlon le problème telsde premier i ©,le fecond 6(3)-+. 
i T> le troifiefme i ®. Explication du requis. Il faut 
trouuer leur quatriefine terme proportionel.

N ota Afin de declarer le fens, autant de cefte 
con ftra£Hon,comfne des trois problèmes fuiuans,faut 
fçauoir, que nous tachons d’aioufterà chaique partie, 
quelques quantitez egales, telles, quechafque fomme 
aie racine de moindre multitude de quantitez que les 
quantitez données; & deuiennerit ainfi finalement 
conuertiz en @ egale â © <Ô), defquelles la valeur de 
i ® eft alors notoire, par le 68 problème.

Conßruftion.

On appliquera les CD données, ou par egale addi
tion, ou par egale foubftradtion, toufiours à la 1 ©,il 
faur doneques ici foubftraite de chaique partie 6 (J)¡

Ergo i © —6 (D, demeureront egales á j -j-. *
Puis il faut aioufter à chafcuae partie quelques 

© ® ©, ainfi que l’vne aie pour racine quarrée,trino-



D e  i ’o p e r a t i o n .  36;
mie>& l’autre binomie. Or puis que les deux premiers 
charaéteres de la premiere partie',font i © —¿ (3),il eft 
notoire que les deux premiers chara&eres de la racine 
(après l’addition deididles (2) ®@) feront i © — î®  
(comme il appert parla multiplication de quantitez en 
eux) à fçauoir— 3 (des— 3 ©) pour moide de — 6 
(des — 6 (D donnés) Il refte maintenant d’appliquer 
à iceux i © — 3 ©, quelque © tel, que le quarre de 
tel trinomie aie les quantitez comme @ ® @, telles, 
que les mcfmes aiouftez à la féconde parue,qui eft ;-j- 
la fomme aie racine qui foit ® ©,qui fera (par la note 
au 1 exemple du 61 problème) quand le quarré de la 
moine du nombre de muldtude des ®, foit egal au 
produiâ du ©, par le nombre de multitude des @ ; 
Mais veu qu’en l’inuention de ce ©, qui doibt eftre ap
pliqué à i @ — 3 ®.nous n’auons que faire des lignes 
des quantitez, nous les dclaifTèrons, à fin qu’elles ne 
nous caufent confufion, & que ne foions côtrair.âs de 
befoigner par poftpofèes quantitez difànt ainfî : T rou
tions vn — © (car ceft notoire que -f-© ne le pourra 
çftre)qui appliqué a t — 3. Et puis telt trois nombres multi
pliez, par eux mefmes diilmüemët,filon la maniéré de multi
plication des quatitez. algebraiques,Et au dernier nombre du 
produiâ aioufié j-y,qu’alors le quarré de la moitié du cinc- 
quiejmefiit egal au produiâ du quatriefme par lefixiefine. 
Et eft cefte queftion la 13 du 81 problème,par laquelle 
il appert que le nombre requis eft— 2, qui appliqué 
auldiéts i (2) — 3 ®, fera i © —. 3 ® — 2,fbn quar
ré 1 © '—6 (D-H5 12 ©-3-4.du mefmefbub-
ftraiâ la premiere de noz egales parties, refte 5© -f- 

'• 12 © -h 4, aiouftons les mefmes à chafçune de noz
egales parues;
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Stevin does not follow the example of Cardan, who in the 18th chapter of  
the Ars Magna studies some cubic equations such as x% +  lOx =  6x2 +  4, finds
three roots (all positive), 2 , 2  +  V 2 , 2  —  V 2, and concludes that their sum 
is equal to the coefficient of x2. Stevin’s main concern is the finding of positive 
roots, and, at one place, of negative ones, but even here with an eye to the possible
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positive roots that he may discover by not neglecting negative ones. Although he 
usually detects all positive roots, he occasionally omits some just because of his 
lack of interest in negative roots or in the root x  =  0 . For instance, among his 
examples in Prob. 71 are the following:
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5¿8 L e i l .  l i v r e  d’a r i t h .
Dom les demonftrations feront femblables aux prece
dentes. Conclußon. E liant doneques donnez trois ter
mes defqueis le premier ©, le fécond d )  le troifief-
me nombre algebraique quelconque; nous auons trou- 
né  leur quatriefine terme proportionel; ce qu’il fal
loir faire.

PROBLEME LXXV.

" jp  Stant donnez. trois termes,  defqueis le pre
mier © j  le fecond (D -® © , le troifefme,  

nombre algebraique quelconque : Trouuer leur 
quatriefme terme proportionel.

Explication du donné. Soient donnez trois termes 
félon le problème tels :1e premier i ©,1e fécond 4 Q) 
H- 8 ® — ; 2, le troifiefme i ®.

Explication du requit. Il faut trouuer leur quatrief- 
me terme proportionel.

ConShuüion. La con ftruftion fera lèmblable à celle 
du precedent problème. Et le 6 (dernierequantité de 
i © — 2 ®-h-6) eft trouué par la 17eou i8equeftion 
du B i problemejla difpofition des charaéteres de l’opé
ration, iémblable aux precedentes eft telle :

x 3  — 6x2 -f- 4x —  24 ; x = 6
*3 -  6x2 +  3 x  ---- 18 ; x = 6
*3 — 6 x 2  +  3 *  —  4 4 ; x = 4.

The corresponding equations in y =  x  -— 2 are:
yS = I6y ; y  = 4
y3 — 15y 4 . 4  ; y — 4
y3 = 15y —  2 2  ; y  — 2 .
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In  the  first, exam ple Stevin om its the  positive root x  =  2 , because he 

discards y  =  0  as a root; in  the  second exam ple he  om its x  =  \ / ' 3 > because he 

discards y  =  —  2  +  \ / 3 , a negative root; and in  the  th ird  exam ple h e  om its 

x  =  3  .+  2  v^r3 , 7  =  1 +  2 V  3 , because the equation ƒ3 =  \5 y  -+- 2 2 , w hich, 
according to  his m ethod o f Prob. 69, he needs in  o rder to  solve y3  =  15^ —  2 2 ,
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has a root y — — 2 , which he discards.

In Prob. 75 he only has the positive root x  =  \ / 5  —  1 of the equation
*4 ..=  —  8x3 -f- 40x :—; 32 and omits x  — y /  17 - • 3, because in extracting 
the square root from (x 2 +  4x —- 6 ) 2 =  ( 2 x —  2 ) 2  he only takes x2 +  Ax —  6 
— 2x —  2  and omits x2 +  4x —  6  =  —  2 x +  2 . It seems that Stevin added



the section on negative roots after he had completed the major part of his theory 
of equations (perhaps after reflection on what he had read in the Ars Magna 
on the relation between the roots of +  16 =  I2x  and those of x'J —  1 6  =  2x, 
see Stevin’s Article V of his section on solutions by — ), and did not check 
up again on all his examples with this new theory in mind.
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De l ' o p é r a t i o n . 373
Et appert que autant 3 -f- 4/3, comme ? —- 4/},eft 

leur quatriefme proportionel; ce qu'il falloir demon- 
ftrer. Contlufm. E liant doneques donnés trois ter
mes defqueisle premier©, le fecond CD©©,1e troi- 
fiefme nombre algebraiquequelconque. Nous auons 
trouué leur quatriefme terme proportionel ; ce qu’il 
falloir faire.

P R O B LEM E LXXVII.

p  Stant donneẑ  trois termes3 defqueis le pre
mier ©j íe fécond ($>®®@3 le troißefme 

nombre dgebroique quelconque : Trouuer leur 
quatriefme terme proportionel.

Explication du donné. Soient donnez trois termes fé
lon le problème tels: le premier i ©, le fécond — 4 
(2) -+* 4©  -t- 40 © -f- 33, le troiilefme i ©.

Explication du requis. U faut trouuer leur quatrief
me terme proportionel.

Conftruftton.
La conftrudlion féra fémblabîe à celle du precedent 

problème. Et le4 (derniere quantité de 1 ©-f- z © 
-+-4) eft trouué par la 21* ou 21e queftion du 81 pro
blème. La difpofîtion des charaétercs de l’opération 
fémblabîe auxprecedentes eft telle :

At the end of Prob. 77 Albert Girard, in his edition of Stevin’s works (1634), 
places a Reigle, which is no other than the Appendice ¿tlgébraique of 1594, see 
our Introduction. W e republish it separately at the end of I!Arithmétique.
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Prob. LXXVIII deals with equations with “derivative” quantities (D ef. 27), 
which can be reduced to previous types. Examples: x 9 =  2x3 q. 4 9 6 ; 
x =  2 ; x is  =  2 x 12  -)_ 3 * 9  q. 2 x6 q- 2 2 9 1 2 ; x  =  2 . When reducing this last 
equation to y5 — 2 yi q- 3y3 q. 2 y2 q. 2 2 9 1 2  by means of y — x3, Stevin 
introduces for the first time in his theory of equations (see our remark to Prob. 
70, third case) his “quantités postposées” of Def. 28 and Probs. 6 2 -6 5 , that is, 
he writes 1 sec ©  for 1 © , or y5 =  *15. In order to explain how to operate with 
these new quantities he adds Probs. LXXIX and LXXX and six theorems, 
theorems.

Prob. LXXIX. If py is an expression in x  (p  being a number), what is y? This 
is extended to such problems as: if 4y =  8 x 3 —  4x, what is 2 y2 q. 3 y? Ans.: 
8 x 6  _  8 x 4 q- 2x 2 .

Prob. LXXX. If xy is an expression in x, what is y? This is extended to
such problems as: if  2x 2y 3 =  6x 4, what is y ?  Ans.: f ! /  3x 2 . it is also noted 
that 3 x 2 .4 y  — I2 x 2 y . Division is taken into account.

Then follow six theorems, taken from Cardan’s Ars Magna, Ch. X, and here 
formulated in our own way:
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If xy +  ay =  bx, then x : y =  (x  +  «) : b.
If xy =  ay +  bx, then : (x  —  a) =  (y  —  b) : b.
If ay =  xy +  bx, then {a —  x) : x =  b : y.
If x2 =  axy +  by, then I)  x : y =  b : (x  —  ay),
2) x  : y =  (ax +  b) : x.
If xy =  ax2 +  by, then 1) y : x — (y ■— xa) : b,

2) Y  =  (x  —  b) : x.
Theorem VI. If ay =z xy +  bx2, then 1) a : (y  +  bx) =  x : y,

A ll these Theorem s have been provided w ith an “arithm etical” and a “geo
m etrical” dem onstration. T h e  first is a num erical verification. T h e  geóm ètrical 
dem onstration consists in  a reasoning which invokes a theorem  o f Euclid’s 
Elements.

W e reproduce T heorem  V I:

Theorem I. 
Theorem II. 
Theorem III. 
Theorem IV .

Theorem V .
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3 9 <í L e I I .  I I V R B  D’ARITH.
THEOREME VI.

QVond quelques fcc.®, font égalés à i ® 
-  M  lee . © •+- quelques® ; Mars comme 

le nombre de multitude des fcc.®, à la fomme 
delavalenrdei fcc.® ,& leprodm iï du nom
bre de multitude des®, garla valeur de i® , 
ampla valeur de /  ® , à ut valeur de i fcc.®. 
Item la valeur de i® eB moien proportionel 
entre la valeur de i fcc. ®,&> le quotient pro
cédant de la dmpon de texces au nombre de 
multitude des ïèc. ®,fur la valeur de i ®,par 
le nombre <ks®.

Explication du donné. Soient 4 fie.®  égales à i®  
Wl ftc.®-\-6@. Et la valeur de 1 ® foit i , Si de i 
fee. ® fera nèceflàirement 12. Explication du requis. Il 
faut demonftrer le requis du theoreme. Demonstration 
Arithmétique. Comme 4 (nombre defee.®)i Z4(ibm- 
me de 11V aleur de i fee. ®, & 12 produid de 6 nom
bre de multitude des ®  par 2 valeur de i ®) ainfi 2 
(valeur de i ®) à 12 (valeur de i fee. ®.)

Item 2 (valeur de i ®) eft moien proportionel en
tre 12(valeur de i fee. ®) & -y (quotient procédant de 
ladiuiftonde 2 exces de 4 nombre de multitude des 
fee. ®, fur 2 valeur de i ®, par 6 nombre des ®.)

Autre demonßration Géométrique. Soit A B i  fie. ® 12t 
& B C 4;Doncques C A feront 4 fie.® egales par l’hy- 
potheiè, à i ® M fie. ® 6 ®, les mcfmes foient

Theorem. VI. Let Ay =  xy +  6x2 , then if x =  2 , y =  1 2 .
Arithmetical demonstration: 1 ) 4 : 24 =  2  : 1 2 ,

2)  2 : 12 =  — : 2 .
3

Geometrical demonstration: Let AB be y ( =  1 2 ) , CB be a ( — 4 ), then area
CA =  ay is equal to xy +  bx2 . Let AD be x  ( =  2 ) , then DB =  xy, if
BE zz bx ( =  6x), then area DE — xy b2. According to Euclid VI Prop. 1 6
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D E à fçauoirD A i ® z, parquoi D B i ® M fie. ®, 
& B E, lèra fèxtuple à F B i ©, c’eft à dire que B E 
fera <5 ®, ergo F E 6

Nous auons doneques en cefte 
i  D a A figure les égales quantitez données.

Or que la raifon de C B 4 (nombre 
de multitude des fie. ® )  à A E 1 4  
(fomme de A B i z valeur de i fie. 
®,& B E i z produiâ: de 6 nombre 
de multitude des © par z valeur de 
i ®) eft comme D A a (valeur de 
I ® ;  i  AB I I  (valeur de i fie.®) 
eft par leurs nombres manifefte. 
Mais pour demonftrer le mefme 
géométriquement faut fçauoir que 
C A eftejpl á D E par I’hypothefê : 
Ergo parla 16 propofîtion du 6 liure 
d’Euclide comme C B, à A E, ainfj 
DA,à A B.Conclufion. Quand done
ques quelques fie. ®  font egales à 
&c. ce qu’il falloir demonftrer. 

Eftant doneques ainfi acbeuée la 
1 E reigle de proportion des quantitez, 

nousvicndrôs á leur reigle de faux. 
II eft bien vrai que fuiuant l’ordre des nombres Arith
métiques 8c Radicaux precedens, qu’il nous fauldroit 
premièrement deferipre la reigle de proportionelle 
partition des quantitez, qui fètoit chofc aflez facile, 
mais ne voiantpour le prefènt leur vtilité nous la paie
rons oultre.

(when four lines are proportional, the rectangle contained by the extremes is 
equal to that contained by the means, and conversely) CB : AE =: AD : AB, or 
a : (y +  bx) =  x  : y. Also BF : AB =  CF : BE or x : y =  (a —  x) : bx. 
For the purpose of this proof a has the dimension of a line, b of a number. 
Now follow 2 2  Questions, which end the book. They are solved “by Algebra”.
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Sixiefme diftin£fcion,dela reigle des faux des 
nombres algebraiques, dide reigle de

A L G E B R E.
P R O B L E M E  LXXX I.

C  Stantpropof qrnHion qui fe folue par AL 
gebre: Lafiner par Algebre.
Or nousfomtnesvenuzaudemier problème de ce 

liare, qui eft de la treffinguliere, & admirable Reigle 
d’Algebre, Hnexhaufte fontaine d’infiniz Theoremes 
Arithmétiques, Reuelatrice des myfteres cachez en 
nombres: De laquelle nous auons declairé la methode

Ear fimilicude, en nombres Arithmétiques, au 16 pro- 
leme, nous la demonftrerons maintenant par efFedfc 

enlachofèmef’me. Mais auant que nous y venons,il 
faut encore dire vn mot, à fçauoir : Comrneil eftme- 
ftier à l’apprendf, auant qu’il vienne à la reigle de faux 
des nombres Arithmétiques (que nous auons defcripc 
audift 16 problème) qu’il cognoiflè les lettres des cyf- 
fresj qu'il /cáche les quatre generales numerations, & 
la reigle de trois des nombres Arithmétiques, qui au 
parauantauoientcfté defcriptes, fans lequel il comtné- 
ceroit defordomieement ,& à peu de prouffit, à icelle 
Reigle des faux, parce quelles font matière & inftru- 
mens, par lefquelles il far.t opérer : Tout ainfi eft il ne- 
ceflàire, auant que venir à cefte Reigle de Faux, ou Al
gebre, que l’on cognoiflè des propres; chara£teres,fès 
quatre numerations generales, Redu&ion,& Reigle da 
proportion de fes nombres Algebraiques. Lefquelles

Sixth distinction, o f the rule of false position
of the algebraical numbers, called rule of ALGEBRA

Prob. LXXXI. Let a question be proposed that can be solved by Algebra: 
solve it by Algebra. :

“N ow  we have come to the last problem o f  this book, which is on the highly 
singular and admirable Rule of Algebra, the Inexhaustible fountain of infinite 
Arithmetical Theorems, Revealer of the mysteries hidden in numbers. Of which 
we have declared the method by similitude, in Arithmetical numbers, in Prob. 
16; we shall now demonstrate it in effect in terms of x”. ("“chose” =  “cosa”
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{ont copicufement defcriptes aux precedens, & (ans la 
cognoiiïàncesd’icclles,on commencera defordonnee- 
menr, & à peu d’vrilitéjparcc qu’elles font auflî madè
re & inftrumens, neceflaires à l’opération d’icelle.

Item comme il n’eftoit pas la le lieu, d’enfengner ou 
repeter la manierede Aioufter,Soubftraire,Multiplier, 
Diuifer, &c. des nombres Arithmétiques, Mais cela fo 
faifoitau parauantenfon propre lieu : Ainfi ne fera ce 
pas ici le lieu de repeteren cede operarion la maniere 
d’Aioufter,9oubftraire, Multiplier, Diuifer, Réduire, 
trouuer quatriefine proportionel, des nombres Algc- 
braiques; Car cela confondrait & noftre diftinit or
dre,& mefme l'appredf; mais il faut que tout ceci l'ap
prenne aux precedens; Ce que nous confeillons de fai
re à ceux qui en requirent facilement paruenir à chef.

q v e s t i o n  i .

Tl Rouuons v n  nombre, qui attec fa  moitié, 
face i S.

C o N S T R V C T I O N .
Soit le nombre requis i ®
C  I  s ¡ \ba moine ~
Lcurfomme i “T ®
Egale à 18

Puis on metiera vne ligne, ioignant les nombres al- 
gebraiques, & alors leur difpoudon fera comme ci 
delius.

Puis on dira 1 ® eft egale, ou vaut 18, combien
i ©• faiól par le 67 probl-1 a* Doncques i © premier 
en l’ordre vaut i a, & la -j- © fecond en l’ordre vaudra 
(par ledi& 67 problème) 6, & la i -j-® tioifiefmeen

“res”, the l 6 th century expression for the unknown x]. The pupil is advised to 
study the operations with arithmetical numbers before hé begins to study the 
present rule of false position. Problems such as: how to find a number which to
gether with its half gives 18, Question I of Prob. 81, were solved “arithmetically” by 
saying: let the number be 1 , then together with its half it will give 1 | .  But it 
must be 18, which is 1 2  times 1 | ,  hence the required number is 1 2  times 1 , or 
1 2 .. This rule of similitude was the so-called “rule of false position”, or “regula 
falsi”, explained by Stevin in Prob. 16. This rule was extended to all problems 
leading, in algebra, to linear equations and even to equations of higher order: 
“double false position”. Stevin now shows how to do these problems, and many 
more, by Algebra, that is, by the use of x in tire theory of equations.
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l'ordre vaudra 18;Lefquelles valeurs fe metreront chat 
cune ioignát là quantité, & fera alors ladifpoiîtion des 
charaéteres de la conftrudion(lefquelles nous defcrip- 
rons autre fois en celle premiere queliion pour plus 
grande euidence) comme ci delibus.-
Soit le nombre requis i ® 11
Sa moitié -i- ® 6
Leurfomme i -j-® 18
Egale à . i8 i8

le di que neft le nombre requis, Dentonßration. i z 
auec là moitié 6, faidfc félon le requis 18j ce qu’il fal
loir demonflrer.

N ota. Semblable fera la methode, en toutes les 
queftions fuiuantes; à fçauoir après que (par operation 
conforme à la petition) on aura trouué deux quantitez 
egales, on trouueia par iccllcs Iá valeur de i ®, par 
quelque problème des problèmes 67.68.69.70.71.71. 
7$.74.75.76. 77. 78. 79. 80. i  lui refpondantj qui 
eftantcognu, on trouuera par la mefme valeur de i ®, 
la valeur de toutes les quantitez en l’ordre, par le 66 
probl.& l’on aura les nombres requis à • la propolîtion.

L’on peut aullî ibuuentesfois trouuer les autres 
nombres requis par le premier nombre trouué, iàns 
trouuer par les 66 problème la valeur des quàntitez de 
l'ordre. Par exemple, fcachant ci deilus que le nombre 
requis eil 11, nous pourrions prendre là moitié, qui eit 
6,&Faioufter à 11, faidt felonie requis 18: de forte 
que parl’vne& l’autre maniere l’on vient à la defirée 
folution ; Mais par ce qu’il auient fouuentesfbis,que 
la raiibn du nombre premier trouué eil aux autres 
nombres requis trop obfcure, voire aucunefois pas de-

Questions.

I. In our notation: x  +  ix  =  18; x =  1 2 . Stevin presents his scheme for 
easily verifying the answers to his questions:

Required number x 1 2
Half o f it |x  6
Their sum ljx  18
Equal to 18 18

l | x  =  18, x  =  1 2  (Prob. 67).
Questions II— VI lead to quadratic equations.

II. x  +  y =  5, xy =  6 , solved, as all questions before No. XXIII, with 
the notation of only one unknown: y =  x  —  5, x (5 —  x) =  6 ; 
x =  3, y =  2.
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terminée,comme ilapparoiftraen plufieursqueftions 
du iècond liure de Diophante, & autres iùiuans j l’on 
trouuera alors la valeur des quantitez en l’ordre, com
me deilus, par le moien du 66 problème.

Item la ou (au commencement de la conilruétion) 
nous auonspofé pour le nombre requis x ®; On peut 
poièr nombre algebraique quelconque, &tel qui en 
l’opération nous iemblera le plus commode , ièlon la 
qualité de la queftion. Par exemple, fi à cauièd’eui- 
ter fraâion, nous euifions voulu poièr pour le nombre 
requis, 2 ®, ià moitié ièra i ®, font enièmble 3 ®. 
egales à 18, & par le 67 problème i ® vaudrait 6:Ergo 
les propofees 2 ® (par le 66 problème) vaudraient 12, 
qui eft le mefme, ce que deilus valoit la pofée i ©, 8c 
nous vient la mefme îblution.

Prennöns autrefois pour nombre requis 4 ©,fa moi
tié ièra 2 ©font enièmble 6©  egales à 18 & par le 78 
problème i ® vaudra 4/ 3; Ergo les 4 © par le 66 pro
blème vaudront comme deilus 12. Et ainfi d’autres 
quantitez quelconques.

Q V E S T Í O N  II.

P Art on s f  en deux parties telles, que leur 
produift foit 6.

N o t a ,

N ous d irons ici encore vne fois pour tou t, que les 
nom bres derrière la ligne, font les nom bres de la folu- 
tion; à  içauoir les valeurs des nom bres algebraiques, 
au iquelsilzcorrefpondent, 8c iè m etten t après que la  
valeur de x ®  eft trouuée.

III. x2 +  y2 =  7; x2 —  y2 — 1 ; x =  2 , y =  y /  3 .
IV. 2xy iz. y / 48, x2 +  y2 =  7; x — 2 , y =  y /  3 .

V. 2 x7  =  —  y /  60, 2xz =  y / 40, 2 yz — y / — 24; x  =  y /  5, y =

—  V 3 >  =  V2.
VI. 2 xy =  y /  140, 2 Xz =  y /  84, 2yz =  y /  6 0 , 2 xu =  —  y /  56,

2 yu — —  y / 40, 2 zu =  —  y / 24; x — V"7, y =  V  5, z =  \ l 3 ,
u — —  y / 2 ; the numbers have been selected in such a way. that an 
answer,-is .possible, but Stevin does not comment on this. ■

Questions VII— XII lead to cubic equations.
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VII.

VIII.
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C o n s t r v c t i o n .

Soit l’vne parae i©  }
EtPautreiera neceflàircment — 1®-4-j x
Leurproduid — i @ - h j ®  6
Egales á 6

Leiquels termes reduióïs, par la 4 reigle deuantle 
66 problème, à fçauoir mettant lafuperieure quantité 
iêule.&c. i @ fera egale à 5 © —6, & par le 68 pro
blème, i © vaudra 3 ou 2 foit 3.

le di que 3 & z font les nombres requis. Demon- 
üration, Que 3&zfontIes parties de j eft notoire, & 
leurproduidt eft 6 ièlon le requisj ce qu'il falloir de- 
monftrer.
Q V E S T I O N  III .  Q V I  E N S E M B L E  
I e s  1 1 11 e.  y*. v i e. q u e s t i o n s ,  s v i v a n -  

tes, feruent à l’origine des extradions des 
racines quarrees, des multinomies 

radicaux du 32 problème.

TRoutions deux nombres tels,  que leurs quar- 
re\jacent 7, ó" quetvn quarrefoubïiraiH 

de t  Autre t relie i .

C o n s t r v c t i o n .

Soit le premier nombre requis z ©
Son quarré pour premier quarré . 1©
Ergo le iècond quarré (puis qu’auecle 

premier quarré il doit faire 7 ) ièra ne- 
ccflàirement — i © -h 7

x

4

8

xy =  2 , x3 - f  yZ

y

to in 

xy

40; x =  20 -f  V >92, ■

\ / / 2o  — y 592 . This question hàs been referred
20  +  i  392 

in Prob. 69, solution of x3 =  ax +  b.

=  2, x3 —  y3 — 20; x =  ]/i0 8 -f io,

f

 ¿------
■,__  This question has been referred to in Prob. 69.
ÿ  108 +  io .  1 ’

solution of x3 =  —  ax +  b.
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Sa racine quarrée, pour le iècond nombre

requis. 0/ bina. — i @ -+■ 7 î
Difference des quarrez 2(2) — 7 i
Egale à J
Leiquels termes reduiéis, 2 @ ièrpnt égalés à 8; Et par 
le 78 problème i ® vaudra 2.

Iedi que 2 & h/  3, font les deux nombres requis.
Demonflration. Les deux quarrez de 2 & de 4/3,qui 

font 4 & 3, font enièmble 7. Item foubilraiét 3 de 4 
relie i, félon le requis; ce qu’il falloir demonftrer.

N ota . Lon pourrait encore faire celle conilru- 
âkmainiî:
Soit le premier nombre requis i®  / }
Son quarré pour le premier quarré i @
Ergo le fécond quarré (puis que du premier 

il doibt différer en i) ièra-f-1 ou — i, 
foit » ®  + 1

Sa racine quarrée pour le iècond nombre
requis 0/ bino, i ® -f- i

Somme des quarrez 1® -h i
Egale à • 7

Lefquels termes rcdùids 2 © ièront egales à 6; Et 
par le 78 problème i ® vaudra 4/ 3. & les deux nom
bres requis feront comme deilus 2 & 4/ 3.

q v e s t i o n  u i i .

TRouttons deux nombres tels, que le double 
de leur produift foit *^48, & lu fomme de 

leurs quarrê /.

5

IX. ,v3 —  6  =  7x; x  =  3.
X. xy =  400, x3 —  6 x2 =  400; x =: 40, 1 0 .

XL ( - ^ - ) 2 =  >.^ (>’ +  5) =  36 ;x  =  4 , j  =  4.

XII. ( ^ - ) 2 =  y, (x  4 - 3) ( 7  +  6 ) =  225; x  =  6 , y =  9.
Questions XIII and XIV deal with biquadratic equations, Questions XV— XXII 
with those cubic equations (resolvents), to which biquadratic equations of dif
ferent types are reduced. In Probs. 72-77 there are references to these problems. 

XIII. xy =  3, 2y +  y* — 3 ; x  z= 3 , 7  =  1 .
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687

✓î
4
î
7

404 Le I I .  L I V R E  D ’A  R I  T H .

C O N S T R  VCTION.
Soit le premier nombre requis i©
Ergo le iècond nombrc(puis qu’il faut que 

le double du produit du premier & íe» 
cond foit 4/48) fera 

Le quarré du premier nombre eft 1 0
Le quarré du fécond nombre eft 
La fomtne des quarrez
Egale à 7(

Lefquels termes redui&s i 0  fera egale à 7 0  — 11 
Et parle 78 problème i ©faudra z.

le di que z & 4/ 3,font les deux nombres requis. 
Vemonfiratton. Le produtelde z & 4/3, eft 4/1 z, ipn 
double 4/48; Item la fomme des quarrez de z & 4/ 3, 
eft 7, felon le requis; ce qu’il falloir demonftrer.

No t a .  Lon pourrait encore faire celle conftru- 
dionainfi:
Soit le premier nombre requis i ©
Son quarré pour le premier quarré i 0
Ergo le fécond quarré (puis qu’auec le pre

mier quarré il doibt faire 7) fera necef- 
fairement — i @H~7

Sa racine quarrée pour le fécond nombre
requis 4/bino. — i 0  H- 7 4/3

Produid du premier & fécond nombre, 
eft 4 /  bato. — 1 ®-H 7 (2), fon dou
ble 4 /  bino,— 4 © - h z 8 0

Egales à 4/48
Lefquels termes reduiéls 10  féra egale a 7 0 —11} 

Et par le 78 problème, i © vaudra z,& les deux nora-* 
bres requis feront comme deilus 1 S u /} .

4/48

xy =  27, y4 —  2 ^ 3  =  27; x =  9, y =  3.

9 7 2  =  ( _  2y +  9 ) ( 7 2  +  3 j -  ) , x =  —  y; x =  —  2.

— ( 8  —  4 x ) 2  =  2x -f 4 ) (x 2 _  3 2 ); x =  6 .
4

4x2 =  ( 2 x +  8 ) (x 2 _  1 2 ); x  =  4.

( 2x +  2 0 ) 2  =  ( 2 x -i- 8 ) (x 2 +  33); x  =  4.
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Q V E S T I O N  V.

TR ou u on s t  rois nombres tels,que le double d» 
produiil du premier é r  fécond,fo it— 0 / 6 o\ 

E t le double du produiil du premier par le trot- 
fiefme, fo it «/ 4o-%E tle double du produiil du fé
condpar le prem ier,foit—s / 2 4.

CoNSTRVCTION.
Soit le premier nombre requis , i © 4/’ j
Ergo le fécond (puis qu’il faut quele dou

ble du produit du premier & iècond 
foit— i/G o) fera 

Et le troiiîefmefpuis qu’il faut que le dou
ble du produid du prcmicr& troiiiefme 
foit 4/40) fera v 'z

Le prodnid du iècond ~kr- & troiüef-
-viooi y

Egala — 4/ i 4|
Lefquels termes reduids — 4/14 f  (2) feront ega

les à — 4/600; Et par le 78 problème, i ® vaudra 4/  5’.
I e d i  q u e  4 / " j  &  —  4 / j  &  4 / 2  fo n t le s  t r o i s  n o m 

b r e s  r e q u i s .  Demonüration. Le p r o d u i d  d e  4 / j  &  —  

4 /  3, e f t — i / i  p , fo n  d o u b l e —  t/Go; I t e m  le  p r o d  u i d  

d e « / ¡ ¡ S a / z ,  e f t « /  i o ,  f o n  d o u b l e  4 / 4 0 ;  Item  l e  
p r o d  u i  d  d e  — 4 /  3 &  4 /  2 ,  e f t  —  4 /  6 ,  f o n  d o u b le  
—  4 /  Z 4 , i è lo n  l e  r e q u is ;  c e  q u ’i l  f a l lo i r  d e m o n f t r e r .

Q V E S T I O N  VI.

TRouuons quatre nombres tels, que le double 
du produiil du premier & fécond, foit 

Y  140,Et du premier & troifiefmea/ g 4* Et

Each equation in the last eight questions, appears in two of them. In each 
of the pair the formulation is different. For instance, Prob. XXI has the form: 
let 0  +  b +  x)2 =  a.2 +  2 ab +  ( 2 * +  b) +  Ax +  x2 =  I +  II +  I l f  +

IV +  V. Then solve i  (IV  +  q ) 2 . =  (III +  p )  (V  +  r), o r i ( 4 *  +  q ) 2 =

(2x +  b2 +  p ) (x2 -f- r), where a =  1 b =  2, p. =  4, q =  40, r =  ; 33. 
This equation has the form of the cubic equation of Prob. 77, and the curious 
way in which the question is stated is due to Stevin’s attempt to relate it as closely 
as possible to Prob. 77. Prob. XXII states the problem as follows: to find an x

such that (x2 -f  3 3 ) times (2x  +  2 2  +  4) is equal to i-  ( 4x +  4o) 2-
The last five questions are formulated with the aid of the “quantités post- 

posées”, sec ® , ter Q , quar Q .
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du fécond &  troißefme 4 /6 o-, Et du premier 
¿r quatriefme—  0/ $ <f-t Et du fécond & qua
triefme— 4/ 40-, Ét du troißefme &  quatrief 
me— ^  24.

C O N S I R V C T I O N .

Soit le premier nombre 
requis i ©

Ergo le fécond 
Ergoletroifiefine 
Ergo le quatriefme ~ ~
Double du produit du fe-

conde & troißefme 
Double du produit du Iècond 

& quatriefme i~*/I-9<°
Double du produit du 

troißefme ôc qua- 
triefine —

Somme dé ces trois pro
duits (quand aux au
tres produits requis 
les mefmes fe trouuét 
ièlon la queftion) eft

v i  q 4.0—V <96 o—V 1 17  6

i©

' 1 1 7  6
w

✓7
4/S
✓ j
✓2

4 / 6 0

- 4 / 4 0

—y  14

 4 / 6 0 — 4 / 4 0 — 4/ 1 4
Egale à 4/60 —4 /4 0 —4/24

Leiquels termes réduits 4 /6 0  —4 /4 0  X ®
—MX® liront égales à*/ 2940— 4/1960 —4/1176; 
Et parle78 problème i ©vaudra4/y.

le di que 1/7,& 4/$,&c</ ¡,,Sc — 4/2, font les qua
tre nombres requis. Demonßration. Le double du pro- 
duitde 4/7 & 4/3, eft y ' 14O} Et de 4/7 & 4 /  3, eft 
l^ jE td e V 'j& f / j ,  eft 4/603 Et d é i f i e —4/2

XXIII. x — 7  =  3, X7  =  10; x =  5, 7  =  2 .
XXIV. x +  7 +  z = 1 0 ,  7  +  r +  « =  l4,  z +  « +  x = 1 3 ,

«  +  x  +  y  =  1 1 ; x  =  2 , 7  =  3, z =  5, u =  6 .
3 x7  +  4x2 =  2x2, x2 +  7 2  =  2 9 ; x =  5, 7  =  2 .’

■2- — 3 x2 4 . 4x, x 2 +  2 7  =  84; x =  2 , 7  =  40. 
x
2 x7  +  6 7  zz 7 2 , x -f- 7  +  2 x +  6  =  2 6 ; x =  2 , 7  =  6 .
7 :x  =  x : z ,  x +  7  +  z =  26, 2 x j +  6 7 2  =  7 2 .

From the last equation follows, according to Theorem IV which follows Prob. 
80, that 7  : x =  x : ( 2 x +  6 ) , hence z zz 2 x +  6 . From the second equation
follows y — —  3x +  20, hence (—  3x +  20) (2x +  6 ) =  x2; x zz 6 ,
7  =  2 , z = 1 8 .

XXV.

XXVI.
XXVII.
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eft — i / fßiEtdei /sßc— .✓acft— *^40; *., ; de 4/3 
& —a /i»eft—4/24, félon le requis; ce qu’il falloit 
demonílrer.

Q V E S T I O N  VI I ,  L A Q U E L L E
E N S E M B L E  L E S  Q U E S T I O N S  S V I V A N -

tes iufques à la 18 ieruenc aux origines 
des conftru&ions des problèmes 

69.71.71.71.75.76.77.

T1 Rouuer deux nombres tels,queleur froduiff 
foit la fonme de leurs cubes 40 .

C o N S T R V C T I O N .

Soit le premier nombre 
requis i ©

Ergo le fécond nombre,à 
En que le produit du 
premier & fécond foit 
2  (qui fo trouué diui- 
fânt 2 par i ®)(éra ^

Le cube du premier nom
bre i (S)

Le cube du fécond nom-
.  bre , 4Somme des cubes i Q) -f- ̂
Egale à 40

Leiquels reduifts i © fora egale à 40® — 8jEt par 
le 78 problème i ® vaudra 4/ 5 bino. 20 -+■ 4/392.

le dique 4 / ® £¿»0.20+4/ 392 & 4 /  © —+£3 ?T 
font les deux nombres requis. Demonßration. Leur

4/® bino. 20 -4 - 4/392

<4/ i  *"  7 20-4-1/39»

20-+-4/392 
8

40
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produit par le 40 problème eft i,&lafomme de leurs 
cubes par le 18 problème eft 40,felon le requis; ce qu’il 
falloit demonílrer.

N o ta .  Cefte queftion (eommenous auons did 
d l’origine du 69 problème) fert pour déclaration de Ja 
conftru&ion du mefme 69 problème; Mais il faut iça- 
uoir qu’icelle conftruâion eft colligée des nombres 
procedansdel’inuentionduvaleurde i 0 ,quand i @
vaut4o(|) —8.

Quant à ce que l’on prent la pour le deuxiefme nom* 
bre</ d) bino. 1 o—a/ 39 i , & que nous trouuons ici 
4 / (D — ■ il faut fcauoir,que c’eft tout le mefme 
par le 17 problème,cardiuifant le numérateur 8 parle 
nominatcur zo-f-À/39z,&c. Doncquespour euiter 
fra&ion, on prent la toufiours le binomie difioinft, 
refpondant au premier conioinft.Et le femblable f  en
tendra fur la 8e queftion fuiuante.

Q V E ST IO N  VIII.
T  Rouuons deux nombres tels, (fue leur pro

d u it fort 2 ,  &  U difference de leurs cu
bes 20.

C O N S T R V C T I O N .

Soit le premier nombre re
quis i ©  i/Q )  bino.a/ 108-+- io

E l e  fecond nombre à 
1 que le produitft du 

premier & fecond foit i  
fera

fecond foit
i  §_7® V  ^ n o s + . o

i ©  ♦''108-t-io

8

Le cube du premier nom
bre i
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Le cube du fécond nombre ^  ïTof+T*
Difference des cubes eft i (D — 7^ 
ou bien— i d) H-7̂ 5 foit i @— ao 
Egale i  20

Lefquels reduids i {§; fera egale à zo Q) -f- 8;Et par 
le 78 problème i © vaudra 4/ (?) bino. 4/108 -f-1 o.

le dique a/Q>bino.«/ io8 H -io& 4/  © rr^f+ r; 
font les deux nombres requis. Demonßration. Leur 
produid (par le 40 problème) eft z, & la difference de 
leurs cubes (par le a 9 problème) eft ao, felon le requis; 
ce qu’il falloit demonftrcr.

Q V E ST IO N  IX.
' T *Routions vn nombre cubique, qui auec— 6, 

A  face autant comme le coftédudift cu be,imul
tiplié far y.

C O N S T R V C T I O N .

Soit le nombre cubique i (D
Auquelaioufté— 6 raid i © — 6
Egal à i © ( c o l l é  cubique du premier en l’ordre)

multiplié par 7 qui eft a 7 ®.
Leiquels reduids, i (D fera égale a 7 ® -1- 6; Et par le 
69 problème i ® vaudra 3.

le di que 17 eft le nombre requis. Demonftrationhy 
eft le nombre cubique qui auec — 6 faid z i. Auffi 
faid z i, le cofté 3 dudid cube multiplie par 73 ce qu’il 
falloit demonílrer.

Q V E S T IO N  X.

T .Routions deux nombres tels, que leur pro
d u it  foit 4 0 0, &  du cube de L'vn, foub-

27
ZI

ZI
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ftraiSis les ftx quarre%du mefme nombre jia nfie 

foit 400.
C o N S T R V C T I O N .

Soit le premier nombre requis 1®
Le iècond doncques ièra neceilàirement 
Son cube
Duquei foubftraiift les fix quarrez du fecond 

enl’ordre,quifont -9g°|j-°
Refte —96ooooG)+g4ooól>oo

40
IO

1000

600
400

Egal à 400
Leiquels reduifls, 1 (D ièra egale a-— 2400® -+■ 

160000 & par la 2 differ, du 69 prob.la 1 ® vaudra 40.
le di que 40 & io. font les deux nombres requis. 

Bemonflration. Le produiâ de 40 & i o, eft 400, & du 
cube du io, qui eft iooo,foubftraid 600, pour les fix 
quarrez de 1 o, refte 400; ce qu’il falloit demonftrer.

Q V E ST IO N  XI.

T Rouuons deux nombres tels, que le quarré 
de la moitié du premier fo tt  egal au fecondy 

&  que le produift du premier par le fécond H- j , 
f o i t  36.

C O N S T R V C T  IO N .

Soit le premier nombre requis i © 4
Samóme eft-j- ©,fon quarré —■ ©jergo le fé

cond nombre 4
Produidfc du premier i ®,par le iècond -4 - (D  -+-5 

eft - r d n - i ®  36
Egale à 36

Lefquels reduifts i (2) ièra egale à — 20®-+-144;
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Et par le 69 problème 1 ® vaudra 4.

le di que 4 & 4 font les deux nombres requis. Dé
monstration. Le quarré de la moitié du premier nonv- 
bre eft 4, & eft egal au fécond nombre 4; Item le pro
duit de 4 par 4 -4- J (qui eft le premier nombre par le 
fecond H- j) eft 36,felon le requis; ce quil falloit de- 
monftrer.

T  Rouuons deux nombres te ls , que le quarré 
de la moitié du premier fe it egal au fécond, 

&  que leprodui61 du p r e m ie r -3 parle fecond 
- ) r i6 ,fo itz z f .

Sa moitié eft ®, fon quarré ~  Ergo le
fecond nombre 9

Produiétdu premier i ® +  3,parlefcond
— r^-f- i6,eft « J

Leiquels redui&s i © fera egale a— 3 © — 64 ®
-f-708; Et par le 71 problème i ©vaudra 6.

le di que 6 3c 9, font les deux nombres requis. De
mon {¡ration. Le quarré de la moitié du premier nombre 
6 eil 9,3c eft egal au fecond nombre 9;Item le produi £t 
du ‘premier 6 -i- 3 parle fecond 9 -h 16, eft 215, fe
lon le requis; ce qu’il falloit demonftrer.

Q V E ST IO N  X III.

T Kouuons deux nombres tels, que leur pro
d u i t  fo it 3 i &  que le produttf de ï v n  nom-

Q V E ST IO N  XII.

C O N S T R V C T I O N .

Soit le premier nombre requis x® 6
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bre par 2 , aiouffé à la patence de quarte quantité 
dudtÛ v n  nombre y la fomme fo it außi j .

C o N S T R V C T I O N .
Soit le premier nombre requis i ®
Ergole iècond nombre fera 
Qm multiplie par z faidi ^
Le mefme aioufte à la potence de quarte quan

tité du fécond nombre fécond en l’ordre,qui 81
Faidfc
Egales i  j

Lefquels reduiéb, i © fera egale i  2 (f) -1- 27; Et 
par le 74 problème, i ® vaudra 3.

le dique 3 & i font les deux nombres requis. Dc- 
mnßration. Le produidt de 3 & i ,cft 3; Et le produiâ: 
de 1 par i  eft 2, qui aioufté à la potence ae quarte
âuantitédudi' ' “
emonftrer.

quantité dudift i ,1a fomme eftauffi 3; ce qu’il falloit 
demonftrer.

Q V E S T I O N  X I I I I .
T  Rouuons deux nombres tels, que leur pro

d u i t f o i t  2 j  dela potence de quarte qua-
tité  de i'vn  ,foubffraiff ¡es deux cubes Ja  reffe 
fo i t  außi 27.

CoNSTRVCTION.
Soit le premier nombre requis i ©I 9
Ergole fécond nombre fera 3
Sa potence de quarte quantité .5l Jg)4i  81
De laquelle foubftraidts les deux cubes du fe-

34
17

cond nóbre fécond en l’ordre, qui font * Var
Refte - ? 9  3g<s(5M3i4^.
Egales i  * 27
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Leiquels reduiäs, 1 © ièra egale a — 1458 © -+- 

19683; Et par le7i problème 1 ©vaudra 9.
Iediquc9&3 lont les deux nombres requis. De- 

tnonßration. Le produit de 9 & 3 eft i7;Puis de la po
tence de quarte quantité de 3 qui eft 81, (ôubftraid les 
deux cubes dudiâ 3, qui font 54, la refte eft aulfi 27, 
félon le requis; ce qu’il falloit demonftrer.

Q V E S T I O N  XV.
'T 'Rouuons vn —  ® , qui applique à i —  3 d* 

puu tels trots nombres multipliez par eux 
me (mes diílincíemet, fel-onla maniere ae multi- 
plteationde quantité̂ algebraiques, ér au der
nier nombre du produilï ai ou Hé 3 -y : qu'alors le 
quarré de la moitié du quatriefme, foit egal au 
produifî du troißefme par le cincquiefme,

C o N S T R V C T I O N .

Soit le nombre requis — i ©
Qui appliqué a i — 3 fàid i — 3 — i © 

multiplions les par eux mefmes diftin- 
élemét, felon la maniere de multiplica
tion des quantitez algebraiques en celle 
forte:

i — 5 -—i®
i — 3 — i®

—  i ® .  -+ -3  © .  - f - 1 ©
—  3. - i-  9 .  H - 3 ® .

I» — 3» —  I © .  ______

t, — i ®  - f - ÿ . - t - i  ® ¿  < 4 - i @
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Doncques le troifiefme nombre du produidb

eft — 2 ® - h 9  J
Et le quatriefme 6®  IE
Et le dernier eft r ©,auquel felon la queftion 

aioufté 3 y  le dernier ièra i @ -+- j y
Refte maintenant que lé quarré de 3 ®

(moitié du quatriefme) qui eft 9® 36
Soit egal au produiót du troifiefme, par le 

dernier qui eft— 6y-®-f-28-|- 36
Lefquels reduiâs 1 (D ièra egale a— 3 y  ®-f- 14 
;Et 1 ® par le 69 problème vaudra 2, & par coniè- 

quent la poiée — 1 ® vaudra— 2.
íe di que— 2 eft le nombre requis. Demonihrdtiott. 

Multipliant 1 —  3 —  2 ,  par eux mefmes dinftinéte- 
mertt, ièlon la manierede multiplication algebraique, 
le produit ièra i  —  6 - + - J - H 1 2 - I - 4 ;  Doncques le 
troifiefme nombre du produiét, eft 5,& le quatriefme 
1 2, &lé dernier 4 :  auquel dernier aioufté 3 ÿ,fera 
7 y  qui multiplié parle troifiefme j, fai ¿I 3 6 egal au 
quarré de 6, moitié du quatriefme, ièlon le requisj ce 
qu’il falloit demonftrer.

Q V E S T IO N  XVI. ' 4
f f  Routions vn  — ® tel}que fon quarré

m u l t i p l i é  par la fomme du double dicelui 
— ©, &  le quarré d e—3,leproduifî fo it egal 
au quarre du produifî de — 3 ,  par icelui— ® 
requis.

C o N S T R V C T I O N .
Soit le nombre requis — i ®
Sonquarréeft i ©, auquel aioufté 3 y  

faiét 3 y  7-*-
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Qui multiplié parla fomme du double du 

nombre requis, & le quarré de — 3 qui 
eft par— 2 ©-»-9 faid

— ¿CD +  9 0  — 6-|-® -h28-f- )S 
Egal au quarré du produit de — 3 par— i ® 

premier en l’ordre, qui eft a 9(2, 36
Leiquels reduiéts i (D ièra egale a — 3 

28 Et parle 65» problème i ® vaudra 2.
le dique— xeft le nombre requis. Dmonßration. 

Le quarré de— 2 eft 4, auquel aioufté 3 - j- ,fat¿b 7 -5-, 
qui multiplié par c (5 pour la ibmme du double de 
— 2&le quarré de-— 3) faiét 36, qui iônt egales au 
quarré du produiét de — 3 par icelui— 2; ièlon le re
quis; ce qu’il falloir demonftrer.

Q V E S T I O N  XVII .  
n n  Rouuons v n  © , qui appliqué à i —z ,  &  

puis tels trois nombres multiplie\jpar eux 
mefme s diftinflem ent, felon la maniere démul
tiplication des quantitez, algebraiques, &  au 
dernier nombre auproàuift aiouîlê—¡ z , ér  au 
quatriefme nombre duproduici aiouüé 8 : Qu'a
lors le quarré de la moitié du quatriefme, fo it  
egal au produici du troißefme par Íe dernier.

C o N S T R V C T I O N .

Soit le nombre requis i ®
Qui appliqué a i — 2, fkiék i — 2 -1-  i ®, 

qui multipliez par eux meimes diftin- 
(ftement, felonía manierede multiplica-
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tion des quantitez algebraiques comme nous 
les auons multiplié à la 15 queftion, donnent 
produit i .—4 . i ® + 4 . —4 ©.i@. 
aoncques le troifiefme nombre eft z ® 4- 4 

Et le quatriefme—4©, auquel aioufté 8 
fera — 4 ©-4-8

Et le dernier eft 1 @, à laquelle aioufté
— 3z fera i@ — 31 

Refte maintenant que le quarré de
— z -4 - 4 ( moitié du quatriefme) 
qui eft 4 © — 16 ©4-16

Soit egal au produit du troifiefme nombre,, 
parle dernier,qui eft z©4-4@—-64®—u8
Lefquelsreduióts, i ©fera egale àz4®4~7Z; Et 

par le 69 problème i ® vaudra 6.
le di que 6 eft le nombre requis. Demonftratm:Mu\- 

tipliant t — z -I-6 par eux mefmes diftindtemenr, fé
lon la maniere de multiplication algebraique, le pro
duit fera i :— 4 4 - 1 6  — Z 4 + 3 6 .  Doncques le troi- 
fiefine nombre du produiét eft 16,1e quatriefme — Z4, 
le dernier 36, puis au dernier aioufté — 3 z, & au qua- 
triefme 8, alors fera le troifiefme 16, le quatriefme 
— 16,& le dernier 4; Et le quarré de — 8, moitié du 
quatriefme,eft 64,6e eft egal au produift du troifiefme 
16, par le dernier 4, félon le requis; ce qu’il falloit de- 
moftrer.

Q V E S T I O N  XVII I .  
rJ T R ouuons v n  © tel,que fon quarré— 32 mul

tifile  par la fomme du doubled icelui le 
quarré d e—2 , leproduit} fo it  egal au quarré de
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la moitié de la fomme de S &  du double du pro
d u i t  d* icelui © p a r— 2.

C o n s t r v c t i o n .

Soit le nombre requis i®
Son quarré 1 auquel aioufté — 3 i

faid i© — 32
Qm multiplié par laiomme du double du 

nombre requis, & le quarré de — 2, qui 
eft par 2 ® -+- 4,faid 2(3M-4@—64®—128 

Egal au quarré de la moitié de la fommede 
8,& du double du produid de i © pre
mier en l’ordre, par — 2. c’eft à dire,egal 
auquarréde—i® -|-4quieft

4@ — 16 ®-f- 1 a
Leiquels reduids i (3) ièra egale à 24 © +  72; Et 

par le 69 problème 1 ® vaudra 6.
le di, que 6 eft le nombre requis. Demonflratton. Le 

quarré de 6 eft 36, qui auec — 3 2 font 4, qui multiplié 
par 16 (16 pour la fomme du double d’icelui 6 auec le 
quarré de— 2) faid 64, qui font egales au quarré de
la moitié de la ibmme de 8, & du double du produid 
dudid 6 par — 2, ièlon le requis ; ce qu’il falloit de
monftrer.

Q V E S T IO N  XIX.
'T r Rouuonsvn ©¡qui appliqué a i — puà

tels trois nombres multiplie%j>ar eux mef
me s diftintfem ent, felon la maniere de multipli
cation des quantittffalgebraiqucs, &  au dernier 
nombre duproduiÏÏ aiouße—i z, &  au tro ifief
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me nombre da produift aioufté 4: Q u  alors le 
quarré dela mottie du quatriefme, fo it egal att 
pro du i f t  du troifiefme par le dernier.

C o n s t r v c t i o n .

S o it le  nom bre recjuis 1 ®
Laquelle appliquée a i —  z faiéfc i  —; 2 

- h  t ® ,q u i m ultipliez par eu x  m efm es 
diftinétem er, felon la maniere de m ul
tiplication des quantitez algebraiques, 
com m e nous les auons m ultiplié a la  
11 queftion, d on n en t p rodu iâ:

i .  — 4 . 2 © - + - 4 .  — 4 .® . i ® .
D oncques le  dernier nom bre eft i © ,  à

laquelle aioufté —  12  fa iét i  @  — 12 4
E t le quatriefm e eft — 4 ®  — 1(s
E t le troifiefme eft 2 ®  -4- 4 ,  auquel aiou-

fté4 ,fa iéb  z ® - f - 8  i<;
R efte  m aintenant que le  quarré de —  2 ®

(moitié du quatrie fme) qui eft 4 © <54
Soit égal au produiét du troifiefme 2 ®

-4- 8 , par le  dernier i ®  —  12, qu i 
eft a 2 < 3 ) - } -8 (2 )— 2 4 ® — 9 6  6 4

Leiquels redui&s i  ©  fera egale à —  2 (§) - f - 12 ®  
H - 4 8 ; Et i  ©  par le 71 problèm e vaudra 4 .

le  d i que 4  eft le  nom bre requis. Bemonftrat'm. 
M ultip liant i  —  2 H - 4  par eux  m efm es d iftin â em en t  
felón  la m aniere de  m ultiplication algcbraiquc, le pro
d u i t  fera 1 —  4 - 4 - 1 2  — 1 6 —t—16: D on cq u es le  der
nier n om bre du produit eft 16 ,&  le quatriefme— 16,
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& le troifieime 12: puis au dernier aioufté — 12, & an 
troifiefme 4, alors (era le dernier 4,le quatriefme—16, 
& le troifiefme 16,8c le quarré de—8,moitié du qua
triefme eft 64, & eft egal au produiét du troifieime 16, 
par le dernier 4,ièlon le requis'; ce qui! falloit de
monftrer.

Q V E ST IO N  XX.
'T T Routions vn ©tel,que fon quarre — 12 mul- 

tipliépar la fomme du double it icelui ©, &  
le quarré de— 2 & 4 ,  le produit foit égala» 
quarré du produift de — 2 par icelui © requis.

C o n s t r v c t i o n .

Soit le nombre requis i ®
Son quarré i ©, auquel aioufté— 12

faiét i©  — 12
Qui multiplié par la ibmme du double du nô - 

bre requis,& le quarré de — 2 &: 4, qui eft 
para ®-H8,fai& 2(f)-+-8(3)— M ® —96 

Egal au quarré du produiét de— 2, par i © 
premier en l’ordre, qui eft a 4®

4

4

64

Leiquels reduiéts, i d) fera egale a — 2 © -f-12 ® 
-+- 48; Et i ® par le 71 problème, vaudra 4.

le dique4 eft le nombre requis. Demonßrafm. Le 
quarré de 4 eft 15 ,qui auec — 12 faiét 4, qui multiplié 
par 16(16 pour la ibmme du double d’iceluy 4, & le 
quarré de — 2 & encore 4) faiét 64, qui font egales au 
quarré du produict de — 2 ,par le 4 trouué, ièlon le re
quis; ce qu’il falloit demonftrer.
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Q V E S T IO N  XXI.

T R o u u o n s  v n  ©  q u i  a p p l i q u e  a  i  ■ + -2 J ô ‘ p u à  
t e l s  t r o i s  n o m b r e s  m u l t i p l i e z  p a r  e u x  m e f 

m e s  d t j l i n i ï e m e n t y  f e l o n  l a  m a n i e r e  d e  m u l t i 
p l i c a t i o n  d e s  q u a n t i t e f a l g e b r a i q u e s y  &  a u  d e r 

n i e r  n o m b r e  d u  p r o d u i c i  a i o u f i é  33, Ó '  a u  q u a - 
t r i e f m e  4 0 , a u  t r o i f i e f m e  4. ̂ u  a l o r s  l e  q u a r 

r é  d e  l a  m o i t i é  d u  q u a t r i e f m e  y ( o i t  e g a l  a u  p r o 
d u i t  d u  t r o i f i e f m e  y p a r  l e  d e r n i e r .

C o N S T R V C T  I  O N .

Soit le nombre requis i©
Qui appliqué à i +  2, faiét i +  i +  i© , 

qui multipliez par eux mefmes diftinde- 
menc, felon la maniere de multiplication 
des quantitez algebraiques, comme nous 
les auons multiplié à la 11 queition don
nent produiét
i. 4. i ® -i-4. 4 ®- i©-

Doncques le dernier nombre eil i (3), au« 
quel aioufté 3 3, faid i @+33

Et le quatriefme nombre 4 ®, auquel aiou
fté 40, faid. 4 ® -+- 40

Et le troifiefme nombre 2 ® -f- 4, auquel 
aioufté 4, faid 2 ® -f- 8

Refte maintenant que le quarré de 2 ©
-4-  20 (moine du quatriefme) qui eft

4 © -Í-80 ©-4-400

49

56

16

784
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Soit egal au produi# du troifiefme 2®-4-8, 

par le dernier i ® 3 3, qui eft
■*— 1 (?) H- 8 @ -+ -6 6 ®  H- 164 784

Leiquels redui#s i (J) fera egale à —  2 ©  -+- 7 ©  
H-68; Et i ® par le 71 problème, vaudra 4.

le di que 4 eft le nombre requis. Demonftraùon. 
Multipliant i -+- 2 -h  4 par eux mefmes diftin#e- 
ment félon la maniere de multiplication algebraique, 
le produi# fera i. 4. 12. 16. 16. Doncques le der
nier nombre du produi# eft 16, auquel aioufté 33, 
fai# 49; Et le quatriefme nombre du produi# eft auffi 
16, auquel aioufté 40, fai# 56; Et le troifiefme nom
bre eft 12, auquel aioufté 4, fai# 16.

Or le'quarré dela moitié du quatriefme 56. eft 784 
egal au produi# du troifiefme 16, par le dernier 49,fé
lon le requis; ce qu’il falloit demonftrer.

Q V E S T IO N  X XII.
HT Muttons v n  ©  tel, que fon quarré -*-33  

multiplié par la fomme du double d'icelui ©, 
&  le quarré de 2 t&  encore 4 , le produitt fo it  
égal au quarré de la moitié de la fomme de 4 ot &  
du double du produitt de 2 par icelui © .

C o N S T R V C T  I  O N .

Soit le nombre requis i®  4
Son quarré i (2), auquel aioufté 3 2 fai# i ©-h 3 3 49 
Qui multiplié par la fomme du double du nom

bre requis & le quarré de 2 & encore 4, qui eft 
par z©-f-8,fai# 2 Q) H- 8@ -+- 66 ® -f- 164 784
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Egal au quarré de 2 © -+-io(pour la moitié 

de la iomme de 40,& du double du pro
d u it de 2 par i @ premier en l’ordre) 
quieft 4@-+-80®-4-400 784
Leiquels reduiâs,! d) ièra egale à 1(3) + 7 0 -4-68; 

Et i ® par le 71 problème, vaudra 4.
le dique 4 eitle nombre requis. Demonßration. Le 

quarré de4eft 16,qui auec j ;  faiét 43, qui multiplié 
par i6(i6pourlafommedu double de 4,& le quarré 
de 1, & encore 4) fàiél 7 84 qui font egales au quarré de 
28 (qui eft la moitié de la fomme de 40, & du double 
du produiét de 2 par 4) ièlon le requis; ce qu’il falloir 
demonftrer.

N ota . Les exemples foiuans ièront ceux la, aut 
quels iêrccontrent poftpofeesquantitez: Maisilfàuc 
fçauoir que toute operation qui íe faiét par icelles, fe 
peultauiu faire par poiîtiues; mais parce que laraifon 
des nombres requis eft aucunefois fort obfcure, de 
ibrteque pourl’abfoluer par poiîtiues quantitez, l’on 
auroit meftier de quelques theoremes, ou autres indu- 
¿tions, lefquelles louuentesfois né nous viennent à la 
memoire, pourtant on les defpefehe pour le plus com
mode, par les poftpofees. Nous donnerons doncques 
deux exemples de poftpofees quantitez point multi
pliées ou diuiièes; Puisvndepoitpofée quantité mul
tipliée; Et puis vn autre de diuifée; Et au dernier vn au
tre par lequel fera demonftré l’vfage des 6 theoremes 
iîxiuans au precedent 80 problème.

Q V E ST IO N  X X III.
» y  r  ornons deux nombres def  quels la difference 

foit 3 & leur produit 10.
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D e  l ’ o p é r a t i o n .  42$
N o t a .  Pour dedairer ce qui eft gcneralement re

quis es operations des poftpofees quantitez,il faut iça- 
uoir, qu’aprcs qu’il y a pofees, quelques poftpofees 
quâtitcz il faut opérer par les mefmes, felô la queftion, 
comme l’on a fai# ci deuant par les poiî tiues : mais 
cftant venu à l’egaleté, on necrouuera pasparicelle la 
valeur de i ®, comme l’on à fai# deilus, mais on 
troituera la valeur des poftpofees en poiîtiues,par les 
79 ôc 80 problèmes, puis on commencera autre ope
ration femblable à la premiere, mais entièrement de 
poiîtiues quantitez, comme les exemples le declaire- 
ront plus amplement.

C o n s t r v c t i o n .

Soit le premier nombre requis i ©
Et feit le fecond nombre rfic. ®
Leur difference i©  — i fie. ®
Egale à 3

Leiquels reduifts (mettant la i fie. ©feule) i fie.® 
fera egale ou vaudra i © — 3.

Or aiant trouué que la i fie. ® ci deilus pofée fe
cond en l’ordre vaut (en quantitez de la mefme pro- 
greffionqu’eft lapofitiue i ®) 3 © — i, on recom
mencera l’opération femblable à la precedente en 
cefte forte :
Soit le premier nombre requis i®
Et feit le fecond nombre (car autant eft trouué 

valoir la i fie.® premièrement en la pre
miere operation pofée) i ® — 3

Leur difference felon le requis eft 3, refte 
que leur produi# foit io;maisileft i© —3®

Le mefme doncques eit egal à io_
Leiquels reduids} i ® fera égale à 3 © -t- io;

io
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E t p a rle  68 problèm e i  ®  vaudra ƒ.

le  d i que j ,  &  2 fon t les nom bres requis. Demon- 
ilratioti. La difference de j  &  2 eft 3. Item  le p r o d u i t  
d e  ƒ &  2 eft io ,  félon le requis; ce qu ’il falloir d e -  
m onftrcr.

Q V E ST IO N  X X IIII.
'~V Kouuons quatre nombres tels, que la fomme 

áu premierfécond &  troiftefme [o it i o ,  &  
du fécond troiftefine &  quat rie fine 14 i &  àu 
troifiefmequatriefine &  premier 1 3 ,&  du qua- 
t  rie fine premier &  fécond 11.

C o N S T R V C T I O N .
Soit le quatriefm e nom bre requis, &  i ®  le pre

m ier i fee. ® , &  le fécond i ter. ® ,& le  troi
fiefme i quart.®-,D oncqucs la fbm m e d u q u a -  
trie fm enom breauecles trois autres efl 1 ® -+ - io  

E t d u  prem ier nom bre auec les 3 autres,eft i fie .® -+ -i4  
E t d u  fécond nom bre auec les 3 autres,eft i te r .® -!-1 3 
E t d u  troifieim e nom bre  auec les trois autres,eft 1 quar.

® -t-11
Lefquels quatre fbm m es font entre eux egales; ergo 

i  f e e .® -4 - 14 ,eft egale à  i ® - f -  io ,  foubftra- 
hons doncqueSjde chafque partie i  4 ,&  demeu
rera i f i e . ®  egale ou  valiant i ® — 4

E t pour fém blable raifon, la i ter. ®  vaudra i ® —  3 
E t la i quart.® vaudra 1 ® — i

O r  aian t des poftpoféesquantirez trouué leur va
leu r en pofitiues, nous com m encerons par les m ef- 
m es autres operations femblábles à  la precedente, en  
cefte fo rte :



De l ’o p é r a t i o n .  423
Soit le quatriefme nombre autrefois i®
Etlc premier, (au lieu de 1 fie.®  que nous 

poiàmes premièrement) fera i ® —4
Etleiêcond(aulieude i ter. ©quenouspo- 

fames au commencement) fera i ® — 3
Erie troifícíme (aulieude i quart.®  que 

nous poiàmes au commencement) 
fera i ® — i

Leur ibmme 4® — 8
Egale au quatriefme,& les trois autres 1 ® io

Lefquels réduits 3 © ièrent egales a 18 j Et par le 
67 problème, i © vaudra 6.

le dique 2. 3. 5.6. font les quatre nombres requis. 
Demonßration. Lafommede2.3. j.eft io.&de 3.5.6. 
eft 14, & de;. 6. 2. eft 13, &de6. 2. 3. eft 11, fèlon 
le requis; ce qu’il falloit demonftrer.

5
16
16
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The “first part” of the Pratique consists of eleven problems, of which the 
first four deal with the addition, subtraction, multiplication, and division of 
money, the others with the theory of ratio. This theory, in geometrical form, 
was presented in the Problemata Geometrica, First Book. In the Pratique we 
find an arithmetical theory. It is based on conventions going back to Books V  and 
VI of Euclid’s Elements, where the concept of “compounding” of ratios is in

troduced; if — =  ~  , the ratio y  is said to be “compounded” of the

ratios -“ and y  ; if  y  =  y  the ratio y  is called the duplicate of y  ; if

y  =  y  . y  . y  , and -y — - j  — y  the ratio y  is called the triplicate ratio, etc.

(See T. L. Heath, The Thirteen Books of Euclid’s Elements, 2 nd ed., 1 9 2 6 , pp.
132-133). This “compounding”, which we see as a multiplication, was conceived as 
an addition. In following this method Stevin explained himself by writing that, 
though there exists a controversy between the mathematical authors (and prin
cipally between the commentators on the 5 th Definition of Euclid V ) concerning 
the computation of ratios, —  because some call addition and subtraction what
others call multiplication and division — , some practice will clear matters up,
notably by means of the theory of music and the rule of company. The subject 
has not been discussed in V Arithmétique because that book deals with numbers, 
and Ratio is not number. The problems are:

V. Addition of ratios: y  +  y- —: y  (the fifth plus the fourth pro

duces the octave; in modern notation (W e shallb d bd '
write 4 -, — , X and :, though Stevin does not use any symbols).

VI. Subtraction of ratios: —  — — — (-^ : C- j — ~  )
2 3 8 K b d — be

VII. VIII. Ratio multiplied by number: -  x 4  =  -  — x — — —
r  1 2 16 ’ 9 2 —  27

a p  a P  ( a \  1^ a ^
( ( y )  =  -j~p ’ '■'¿T 9 ' y ~j~p ), fhe multiplier is a number.

Ratios cánnot be multiplied, no more than we can multiply 3 lb. by 
4 lb., but only 3 lb. by 4.
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Ratio divided by ratio: — (ratio) : (ratio) =  3 (if

(~ f )^ ’ P *s the quotient of ~  and --j )• Although ratios cannot

be multiplied, we can divide ratios by ratios as well as by num
bers, just as a line can be divided by a line and gives a ratio,

and by a number and gives a line. Similarly: — (ratio) : ~  (ratio)

47raison —
— 2 +  a fraction. Stevin writes 2  —  , which means that

raison —
2

ro _  3 _  2o 20 3 _  4 °  40 3 _  80
3 2 9 ’ 9 2 27 27 2 81

8 l  J
Ratio divided by numb e r : ( r a t i o )  : 4 (number) —~ y

T  <ra t io> : f  <n u m b e r ) =  ^  < T  : 7 -  < T >  ^ >■
On this method of computation with ratios, see Introduction Problemata 

Geometrica, footnote 3); F. Gajori; A History of Mathematical Notations 
(Chicago, 1 9 2 8 ) I, pp. 248-250];

[The “second part” of the Pratique Contains some rules of commercial arith
metic: the rule of three, the rule of five, the rule of company (or fellowship), 
and the rule o f  alligation (or mixture), all standard topics in commercial arith
metic for many centuries. These rules are simple applications of the theory of 
proportions, e.g. when A, B, C trade together with 2 , 3, 4 lb. respectively as 
their capital, and on these 9 lb., make a profit of 5 lb., how is it to be divided? 
This is an example (given by Stevin) of the rule of company. He then gives the 
French translation of his Tables of Interest, followed by a few examples of the 
rule of false and of double false position (see Introduction) and some geometrical 
problems, partly solved by 1 ) , partly by arithmetic. One of the latter is based 
on a theorem found in Ch. 1 2  of Ptolemy’s Almagest (Ch. 1 3  in modern ed.): 
If a line BD is drawn through a point B on side AC, and a point D  on side CF 

AC CF DEof a triangle AFC, then ■ — ==- . , where E is the intersection of BDb AB FD E B ’
with the continuation of AF. Stevin writes: the ratio of AC to AB is composed 
of the two ratios CF to FD and DE to EB. This part of the Pratique ends with 
the French translation o f The Tenth. Then follows the Treatise on Incommensu
rable Magnitudes, which we reproduce.

IX .

X , X I.
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T R A I C T E  DES
I N C O  M M E N  S V R  A B L E S  

G R A N D E V R S *

Auecvne Appendice de l’explica
tion du Dixieíme liure d’Euclide.

Defiript par S i m o n  S t e v i n
de‘Bruges.

Treatise on Incommensurable Magnitudes 
Stevin decided to write this treatise after the repeated study of the Tenth 

Book of Euclid’s Elements and of several commentators. Some of these had de
clared it to be the most profound and incomprehensible subject in Mathematics, 
and others the cross of the Mathematician, but after due study Stevin had become 
convinced that there are not so many difficulties as is commonly believed.
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A V L E C T E V R .
p r e s  que nous auions veu <&* 
reueulelDixiefme liure ctEucli-  
de3traiSîant des Incommenfura- 
bles Grandeurs^aufßleu &  releu 

plujieurs commentateurs fur le mefme3defquels 
aucuns le iugeoient pour la plus profonde &  
incomprehenfible matière de la Mathématique,  
les autres que ce font propoßtions trop obfcures,
Çep la croix des ¿Mathématiciensi Et qu'outre 
cela ie meperfuadoü (quelle follie nefaiSl l’opi
nion commettre aux hommes ?)d’entendre cefie 
matière parfes caußs, &  quelle n’a en foi tel- 
les difficulté̂ . comme l'on eßtme Vulgairement, 
ie me fuis addonnéd’en deßripre ce traiEié.

fixais àfn  que nous difons premièrement, 
etou les hommes font ajenuẑ , à la cognciffance 
%) exercice de ces Incommenfmabies Gran
deurs 3 faut fçauoir, que comme beaucoup des 
theoremes des nombresfedefcripuent fouuent 
par la cognoiffance des grandeurs, lefquels theo
remes nous feroient difficiles,  Voire aucunefcù

In order to learn how the knowledge of these incommensurable magnitudes 
was acquired, so Stevin Writes, we must understand that many theorems about 
numbers are often described by means of magnitudes, theorems often difficult 
or impossible to find by simple numbers (as e.g. the theorem on the cube 
before Prob. 69 of L Arithmétique). And conversely there are often pro
positions about magnitudes by means of numbers, which could not be discovered 
by magnitudes alone, e.g. that 1 is incommensurable with V 2 , hence the side 
of the square is incommensurable with the diagonal, something we could not 
know without the numbers. Hence, since there are numbers incommensurable
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impojßbles de trouuer par les ßmples nombres 
(icommefe peut colliger entre autres par le cube 
auec(es Qrollaires deuant le óçproblème de no- 
ß re Arithmétique)ainßfe trouuent au contrai
re fouuentpropoßtions des grandeurs , par le 
moien des nombres, lefquelles propoßtions ne fe  
pourvoient imenter par les feules grandeurs. 
‘Tor exemple nousfçauons que i efl inccmmen- 
furable a a/ 2, ¿Mais comme 1 a «/ 2, ainß le 
coil e du quarr ê afa diagonale, par quoi lecoße 
du quarrè eß incommensurable à fa diagonale, 
ce qui nous fer oit impojßble de fçauoir fans les 
nombres. 'Doncques comme il y  a des nom
bres entre eux ïncommenfurabies, ainß y  a il 
des lignes entre elles incommenfùrabies¿ ¿Mais 
il y  a en li nature douze certaines effeces de 
nombres mcommenfurabies, qui f  appellent bi- 
nomies, defquelles Ion ex tra it douté Racines 
de diuerfis qualitéz.. i l  y  a doncques aufß en la 
nature doute telles eifeces de lignesi auècfem- 

. blables racines, de la confiruÜion fg) propriété 
defquelles, ëuclide à defcript fon dixiefme liure« 
Laquelle raifon d'où les hommes font venuz.

with respect to each other, there are also lines incommensurable with each 
other. This holds for the 1 2  types of incommensurable numbers called binomials 
and their roots; hence there are 1 2  such types of lines with their roots, 
described in Euclid X .. To all who know the nature of radical numbers this is 
easy to understand, though it is the cause of the obscurity of this book X. Hence 
we know that the inventors of the propositions of this book had binomial



715

164
d,la cognoijfanee % )exercice des incommenju- 
rabies grandeurs, nous amons propofé de de- 
clairer. ¿Mais veu que tout cefi affaire eßfa 
cile, ft) fans difficulté,aux experts en la nature 
des nombres radicaux ( la cognoijfanee defquels 
eß necejfaire, veu que fans la mefme l’on fe 
tourmente en <-vain en ceße matière)  il refle en
core de eùre qu’elle eß la caufe de l’obfcurité du
th ii dtxiefne bure : j l  faut doncques fçauoir,  
que les inuenteurs des propoßtions du mefme, 
fepropofoient nombres binomiaux, &  par les 
qualitét. qudzjtrouuoient en leurs noms (lef- 
quelles qualité^ font deßnies depuis la 4s defi
nition, mfques d ia si de nofire Arithmétique)  
ils ont defiript des lignes de femblable qualité:
Outre ce, par les operations des extradions des 
racines des nombres binomiaux (qui font de- 
fcriptesau39 problème de I Arithmétique) ils 
ont colligé femblables extradions de racines 
d’icelies momies lignes, fffipar les qualitez,: des 
racines de ceux la, aujfi defeript femblables qua- 
litez. de ceux ci. Dar exemple ds fe propofoient 
a/ 6 4-1 ,qui eß binôme cincquiejme,  par la 4 9

numbers in mind and using their qualities described lines of similar qualities, 
as described in Defs. 45-47 of U Arithmétique. The same holds for the extraction 
of the roots of these binomials. For example, they took \/6  +  2  (type 5 of

Euclid’s binomials) and took a line of this length, then took \ /  \ / 6  4 - 2 =

(  ('I  1 /2  +  j / 1 /2  +  j / y i  1 /2  — y 1/ 2 , from which they inferred that a
line of this length is also the root of the binomial line of length V6  +  2 , and

also has its qualities, such as that the product of the parts j / y l  1 /2  +  (/1  / 2

and 1 / 2  — y  1 / 2  is an arithmetical number, to wit 1 , and that the



definition de l'Arithmétique, d  ou ils voioient 
que la ligne longue de a/  6 -+-¿ pieds,efioit binô
m e ligne cincquiefme defimblable qualité :Puù 
extrahant racine duda i l  binomie nombre, félon 
la doBrme du s exemple du 39 problème la 
trouuoient de <*/ bino, ✓ 14—\-a/  ̂  -h a/  
bino, i  - j — 4/4-, dou ils cogneurent que la 
ligne de telle longueur efioit aujfi racine de la- 
mBe binomie ligne, Çef pour les qualités qùds 
voioient en iceüe racine de binomie nombre 
( quifin t que leproduiSl defis parties, comme 
* /  bino. a A  i  par a /  bino, i  4 -  —

a/~ - , efi nombre ¡¡Arithmétique, à fçauoir i. 
ftem  que lafimme des deux quarrez. defdiffies 
deux parties ,  eß racine de fimple nom d f in  
quarr è mcommenfurable, afiauoir a/G ,comme 
nous amns diB  dia n o t a  dttdiSl s exemple 
du 39 problème)  ils concluaient femblables qua- 
ütez^encefiefa respóndante racine de binomie 
ligne : Or ceci leur efiant ainfi notoire en toutes 
les douze eipeces de binomie s lignes, f t)  de 
leurs racines, ils en ont defiript diuerfespropo
sitions ¡ Mais ils en ont détenu les nombres, qui

sum oftheir;  squares is ■ Y6, a simple root incommensurable with its square. The 
numbers-were thenb taken . away and we were left with the imperfect lines —  
imperfect since the numerical multinomials cannot be separated from line multi
nomials, because no line is in itself multinomial, but only with respect to some



kur auoient eteguide affurée3pour compren- 
dre parfaitement la propriété dicelles lignes, 
fans lefquels nombres, ils nepouuoient rien ef
f e t  uer, (djr nom ont ainß uûjfé ces lignes im
parfaites : le di imparfaites 3 parce que les 
mtdtinomies nombres font infeparables de mul- 
tinomies lignes3 veu que mile ligne n’e tp a r foi 
multinomie, mats en reffretde quelque mtdti- 
nomienobre explicantfa quantité,car vne mef
me lignefe peut dire en quelque ville de spieds3 
laquelle fera en Vne autre peut eßre3de 4. -\-V 2 
pieds: De forte qu’il leur e to it beaucoup plus 
faciled’inuenter &  defripre ces lignes3 qua 
autres entendre leurspropoßtions i De laquelle 
im paifetion fet enfuiui3 que l’on ña fceu opé
rer en ces lignes,felon ce qui e to it  le but de leur 
defcription3 comme couper lignes proportioned 
lement felon la raifon donnée3 non femment de 
laquelle les termes font nombres Arithméti
ques comme veullent les exemples dela 9 pro- 
poßtion du 6 liure d’Euclide3 ne pointfatisfai- 
fans à lapropoßtion3mais de nombres radicaux 
f t)  mtdtinomies quelconques3ft)  puis claire &

number multinomial. In fact, a line can be called 4 feet in one town and 4 +  V2 
feet in another. The result o f this imperfection has been that we do not know 
how to operate with these lines, e.g. how to cut them proportional to a given 
ratio, not only in ratio o f arithmetical numbers (as done in Euclid VI, Prob. 9) ,

I
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parfaide extraction de toutes racines des mul- 
tinomies lignesy comme des nombres. ‘Varquoi 
ces Mathématiciens femblent aucunement auoir 
leurs ratfons3 cofejjans ne leur pouuoir animadm 
uertir aucune vtdité audid dixiefme liure3 veu 
que l'on ny traide point abfoluement, mais le 
tout par maniere dobfcurs enigmes 3 &  cela a 
caufe ( comme nous auons d id ) que les infepa
rables nombres ne leurfont pas oioinds. ¿Mais 
pourquoi les ont ils ainß detenwLp plus que 
d  autres propoßtions Géométriques3 aims me- 
fiver de nombres Arithmétiques ? Certes ie ne 
Voi autre raifon3 finon qùils mies tenoient pas 
pour nombres3 oinspour quantités irrationel- 
les3 irrégulières, inexplicables3 fourdes3 abfur- 
d e s 3 ( f jf  pas dignes a'eïire titees en propoßtions 
¿Mathématiques : ¿Mais parce que nous auons 
refuté en fon lieu ceCle irrationelle3 irreguliere3 
inexplicable3 fourde3 çe? abfurde opmion3 &  
que nous e {fierons en temps oportun d'affermer 
plus amplement par la 4* thefe de noz. thefes 
Mathématiques3 que ces nombres font en par-  
f  e Stion (èfr excellence3 vn des grans My {teres

but also in ratio of radical numbers, their multinomials, or their radicals. But 
why have radical numbers been withheld (and not the arithmetical ones), so 
that Mathematicians have found no utility in Book X? The reason probably is 
that these Mathematicians did not consider these radicals as numbers, but as
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de la Nature, à la par/aide comprehension du
quei elle na voulu faire capable tous entende- 
mens -, Telle faußeperfuafion ri a empefché no- 
fire concept, oins au contraire 3 le vrai fenti-  
ment nous à (felon la nature du vrai, duquel 
rie procede que Vrai)conduiSÎ à la cognoijfanee, 
de ce que nous cherchions, à fçauoir de la gene
rier aie defiription defdides incommenfurables 
grandeurs,  non pasfeulement des douze bino- 
mies lignes &  leurs racines,  comme audiSÎ 
dixiefme Hure, mais de millenomies lignes &  
de leurs racines de racines iufques en infini, 
comme apparoi&ra au traidé fuiuant. Quant 
à ce que quelcun nous pourroit accufir, d'auoir 
outrecuiaéement meifirifé le Dixiefme hure 
ctEuchde,certes il pourroit iuger felon fes hu
meurs, maispas felon la deuotion,  ft) humble 
affedion que nous portons toufiours à la vene
rable antiquité, la diligence (ëfi trarnil de la
quelle à defcouuert à fes fuccejfeurs la fontaine 
ae plufieursfinguheretez„3 Car,à fin de confejfir 
le vrai, quelle chofe nous euB efmeu, de trai
der des incommenfurables grandeur s,fi leur

irrational, irregular, etc., quantities, not worth being quoted in mathematical 
propositions. Since we have refuted this opinion (see Thesis IV) and shown that 
these numbers are perfect and excellent, we can arrive at the comprehen
sion of one of the great Mysteries of Nature, which she has not allowed to all 
people. Thus we can come to the true understanding, not only of the twelve
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deuancementne now euBpas enhortê, de cer- 
cher ceBe matière a la fource d'ou ils l'auoient? 
peuteBre que rien. Au fécond, quand l'opi
nion de quelque perfonne, difiere de celle d v n  
autre, comment pourroit il mieux manifeBer 
leur difference, que par équitables raifons des 
diuerfitez. confidentes en eux ? Nous les laif- 
ferons doncques dire, paracheuans ce pendant 
felon noBre pouuoir, ce qui fera ville à la com
mune. ¿Mais (me dira quelcun)  qu'elle peut 
eBre bvtilité de ceBe mattere,  veu que les cho- 
fes qui font à mefurer ou partir aux négoces 
des hommes, ri ont point de meBier de ceBe 
extreme parfe Bion,felon la raifon des nombres 
radicaux propofez., par ce que nous trouuons 
en leur lieu, nombres Arithmétiques f i  peu 
differens diceux radicaux ,  quil ne pourra 
monter partie mifible, Voire es maieures ma
tières corporelles données : nous lui répon
dons, que l'on pourroit dire pareillement, pour
quoi les operations de la Geometrie, comme les 
elemens d’Euclide, font faiBes par l’extreme 
perfedion ■ Mais comme cela ne fernble pas

binomial lines and their roots, but of millenomial lines and their roots of roots 
in infinite succession. As to those who might accuse us of presumptiously having 
shown contempt for this Book X, we testify to our devotion and humble affec
tion for this source of many singular things. - Moreover, if a man’s opinion
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170digne de renonce, àcaufe des abfurcktez  ̂fui- 
uantes de Jon contraire ( car telles parfaibles 
opérations ¡donnent pasfailles intelligences,qui 
Jont atufes des par f  ditis (gß admirables ef
f e t s  queprodmCl la Mathématique)  ainß de 
ceBui ci.

A R G V M E N T .

E trai&é' aura deux parties,l’vne de yde- 
finitions. L’autre de l’opération, conte

nant 3 problèmes. 
Apres le fufdiä fuiuera vne Appendice de

clarant ibmmairement le contenu du Dixiei  ̂
me liure d’Euclide.

differs from that of another, how could he show their difference better than by 
stating it by fair reasons? But if a man asks what can be the use of dealing 
with matters of such extreme perfection, we answer him that this can be asked 
of all operations of geometry such as found in Euclid’s Elements. Such perfect 
operations lead to perfect understanding, which in turn leads to the perfect and 
admirable results of Mathematics.

\
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PREMI ERE P A R T I E
D E S  I N C O M M E N S V R A B L E S

G R A  N D E V R S, Q V  I E S T  
D E S  D E F I N I T I O N S .

V E v  que les plus propres definitions, font celles 
qui expliquent le mieux l’eflènce du défini, de  
que Pinçommenfiirance des grandeurs,eft trouuée, &  

feulement notoire par les nombres, nous vfêrons des 
nombres en ces definitions, comme le plus com m ode  
infinim ent à tel efièdl. Il eft vrai qu’Euclide en fà a* 
propofition du io :  liurc,di& ainfi: Si d sdeu xgran ien rs  
inegales données,  l ’on coupe ioufwurs la  moindre de la  m a-  
teure, &  que la  refle ne m efm e tamaii f it grandeur prece
den te : Teües grandem s fon t incommenfitrabies. M ais 
com bien ce theoreme eft veritable, toutesfois nous ne 
pouuons cognoiftre par telle experience, l’irfcommen - 
finance de deux gandeurs propofèes; Premierement 
parce qu’a caufè ae l'erreur de noz yeux &  mains ("qui 
ne peuuent parfaitem ent veoir & partit) nous iuge- 
rions à la fin, que tous grandeurs tant incom m enfu- 
rables que com m eniùrables, fuflènt commenfura- 
Wes. Au fécond , encore qu’il nous fuft poflib le , 
de foubftraire par a d io n , plufieurs cent mille fo is  
la moindre grandeur de la maieure, & le continuer 
pluficurs milliers d’annees ,  toutesfbis (eftant les 
deux nombres propofêz incommenfurables) l’on  
trauailleroit éternellem ent,  demeurant toufiours ig
norant, de ce qui à la fin en pourroit encore aue- 
n iijC efte maniere donc de cognition n’eft pas legi-

First Part. Definitions.
We shall use numbers in the definitions as the most convenient tools for 

our purpose. True, Euclid in Book X, Prob. 2  states “If, when the lesser of two 
unequal magnitudes is continually subtracted in turn from the greater, that 
which is left never measures the one before it, the magnitudes will be incom
mensurable” —  but this statement gives no means of verification. The reason 
lies firstly in the errors of our eyes and hands, and secondly in the impossibility 
of continuing the experiment infinitely often, while at each step we are uncertain 
of what might occur at the end. Incommensurability is only recognizable for
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tim c.ainspofîtion de l’impolfible, à fin d’ainfi aucu
nem ent declairer, ce  qui confifte véritablement en la  
Nature; celleincom m cnfurance doncques eft feule
m ent notoire par les nombres incommenfurables ; ce 
que Euclide içachant fort bien, aulfi que telle inuen- 
tion d’incommenfurabilité n’eftoit fuffifanre pour fes 
propofitions luiuantes ( car là dixiefme propolïtion 
enteigne trouuer grandeurs incommenfurables par 
le moien des nombres) il l’a expliqué à la 8epro- 
pofition légitimement lêlon les nom bres ,&  ainfi le fe
rons nous en celle premiere partie des definitions 
com m e f’enfuit.

D E F I N I T I O N  I .

Ç^% mdeurs incommenfurables font celles, 
defquelles les nombres les expheans font 

incommenfurables.
D e f i n i t i o n  i  i .

¿Multinomie grandeur eñ  celle,qùon ex
plique par multinomie nombre.

D e f i n i t i o n  i i i .

Binomie grandeur eft celle, quon explique 
par binomie nombre ■ f t)  Trinomie grandeur, 
quon explique par trinomie nombre, ft) ainß 
par ordre des autres.

D e f i n i t i o n  u i i .

'Binomie ligne premiere eft celle¡ quon ex-

numbers, a fact well known to Euclid, who in his Prop. 8  teaches a criterion for in
commensurable magnitudes by means of numbers (and in Prop. 10 how to find 
such magnitudes by means of numbers). We shall do it by means of the following 
definitions:

I. Incommensurable magnitudes are those of which the numbers expressing 
them are incommensurable.

II. Multinomial magnitude is that which is explained by multinomial number.
III. Binomial magnitude is that which is explained by binomial number, and 

trinomial magnitude is that which is explained by trinomial number, and
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plique par binomie nombre premier¡ St binomie 
ligneféconde quon explique par binomie nom
bre fécond ¿ E t ainß par ordre des autres iuf- 
ques à la douzjefme.

D e f i n i t i o n  v .

Bocine quarr ée de ligne, e f i  la ligne moien- 
ne proportioneile entre la ligne donnée nombre 
expliquée, &  la ligne redondante afondé de 
la donnée*

Finde la premiere partie.

so the others in due order.
IV. First binomial line is that which is explained by first binomial number, 

and second binomial line is that which is explained by second binomial 
number, and so the others in due order up to the twelfth.

V. Square root of a line is the mean proportional line between the given line, 
explained by number, and the line corresponding to the ..unity of the given 
line.
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174
S E C O N D E  P A R T I E
D E S  I N C O  M M E  N S  V R  A B  L E S  

G R A N D  E' V R S .  D E  

L O P E R A T I O N .

PROBLEME L 
"p S tant donnée ligne droiföe,^  deux nom

bre s :Trouuer vne ligne droiSie en telle fai- 
fon à la donnée3 comme U nombre au nombre*

E x e m p l e  i .

Explication du donné. Soie donné la ligne A B,&r les 
nombres donnez « /  5 &  3. Explication du requit. Il 
feut trouuer vne ligne en telle raifbn à la A B, com m e 

• 4 /5  à 3. Conjlruítion. O  n prendra les potences quar- 
rees des nombres d o n 
nez, qui font 9 &  j ,  puis D
cm produira A B en C , 
ainfi que A B aie telle rai- 
ion  à B C , comm e 9 à y, 
puis í e  trouuera la ligne 
m oiehne proportioneile C  14 -B 3 A
entre A B,&  B C , par la i }  
propofition du 6‘ liure d’Euclidc, qui ibit B D .

le  d ique B D  eft la ligne requiiè, aiant telle raiiôn 
d la A B, com m e 4 /5  à 3. D em nñration. Poibnsque  
A B fo it  3; M ais com m e 9 a j ,  ainfi (par la conftru- 
¿tionj A B 3 à B C , doncques B C  fai& i mais le

: . . • Second Part. Operation. 1
In Prop. I a line is constructed such that it has to a given line a ratio expressed 

by two numbers. This is shown by the ratios 3/5 : 3/ 3 , 3K 2 : 1̂ 3 ,

( / Ï Ö  +  1K Ï 5 ±  2) : 1/7,.(1/3 +  1/5) : ( / ó  +  I l  +  / 2 ) ,  ^  +
________ . y 5 +  y 7 y 3 +  y 6

l ^ y 6  -f y 5 +  y"2  i (y 3 +  y 2 ). The corollaries show how to constmct multi
nomial lines corresponding to a given multinomial number with an arbitrarily pre-
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re&angle Je A B 3,en B C i ~  faiét j,pour le quarré 
J e  B D  (car B D  eft moienne proportionelle entre A B 
&  B C  par la conlh uû ion) parquôi B D  fa iû  < /  j .  Il 
y a  doncques telle raifon de B D , à A B , com m e de  
V  j à 3, ce qu’il falloir demonftrcr.

N o T a  i. Si l’on voulut pofèr pour A B quelque 
autre nombre que 3, On viendra toufiours ala mefme 
demonftration. Pofons par exemple pour A B 3>,& 
B C  fera ƒ, &  B D  4 /  45 , leiquels 9 & À /  4 5 , font en  
la mefme raifon que? à a / 5,cnrdiuifântl*vn& l'autre 
par le com m un diuifour 3, viendra } 8 c < t /  y.

N o t a  i t. Si les nombres donnez fuflent 4/ j  &  
4 / 1 0 ,  l’opération feroit fomblable à la precedente,caz 
l ’on produirait A B en C, ainfi que A B euft telle rat
ion  à B C , com m e io  à 5, quarrez des nombres don* 
nez &  puis comm e deiliis.

E x e m p l e  î t .

Explication du donné. Soit donné la ligne A B ,&  
nombres donnez W  z  & W  3. Explication du requis. 
11 faut rrouuer vne ligne en telle râiibn à la A B, com
m e w / i  à u /  3. Conflruftion. O n prendra les poten® 
ces quarrees des nombres 
don n ez, qui font 4 /3  8c  D
4/ 1,puis on produira A B j r *
en C , ainfi que A B aie X  \
telle raifon à B C  .com m e /  \
a /  3 i  4 /1  (qui fo fera par I __________________ \
le  m oien du precedent A  W 3 B u / 1— G  
premier exemple) puis on 3
prendra la ligne moienne proportionelle entre A B&t 
B C , par la 13 propofition du 6eliure d’Euclide qui 
lo it B D .

scribed measure, as V 6  +  \/5  -f V7 by taking an arbitrary line AB as \ / 6 , to con
struct a multinomial line corresponding to V5 V7 -f V 2, when its term

V5 is given as a line AB, to construct a line corresponding to | 10  -f- p /1 5  +  2 , 
if AB is given as \/7 , and to construct multinomial areas and solids.
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le di que B D eft la ligne reqiiiiè, aiant telle raifon 

à  la A B, comme W i  á 44/3. Demonfiratïon. Pofons 
que A B foit 44/ 3, mais comme 4/ 3 à* / 2,ainfi(parla 
conftruâion) A B 44/3, à B C, doncques B C faiék 
W  i -ÿ; Mais le reétangle de A B 44/3, en B C W i ~  
feiâ: 4/ 2,egal au quarré de BD,parquoi BD faid 44/2; 
Il y a doncques telle raifon de B D, á A B, comme de 
44/1, à 44/ 3; ce qu’il falloir demonftrer.

N o ta .  Si les nombres donnez fuilènt t i /  1,8c 4, 
l'opération feraitfomblable ala precedente, car l’on 
produirait A B en C (par le moien du premier exéple) 
ainfi que A B,euft telle raifon à B C,comme 4/2 a 16, 
qui font lesquarrez des nombres donnez, & puis 
comme delius.

Mais fi les nombres donnez fuifent 44/3, & 4 / y, 
l’on produirait A B en C, ainfi que A B euft telle rai- 
fon a B C, comme 4/385, qui font les quarrez des 
nombres donnez, & puis comme deilus.

Et fi les -nombres donnez fuftënt 444/3, &444/6, 
l’on produirait A B en C, par le moien de ce fécond 
exemple, ainfi que A B euft telle raifon à B C, comme 
44/ 5, à W 6,qui font les quarrez des nombres donnez 
& puis corn me deilus. Et ainfi en racines de racines 
quelconques.

E x e m p l e  i i i .

Explication du donné. Soit donné la ligne A B, & 
nombres donnez 4/ 10-3- 
44/15 -f- 2 ,  & 4 /7 . Expli' A B
cation dur equis. Il faut trou- i 1
uer vne ligne en telle raifon C D E F
à la A B, comme 4/ 10-+- | — -i— ...4
44/15-4-2,44/7.
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Cönßruäion. O n trouucrä par le premier exemple 

la ligne C  D , enteile raifon à la A B ,com m e < /  1 0 a  
4/7, fomblablement D  E en telle raifon à la A B ,com 
m e 44/15, i  s/jipais E F en telle raifon à A B , com 
m e i  à 4/7.

le dique CF,eft la ligne reqüifo, dont ladcmon- 
ftration eft manifefte par la conftrudion.

N o t a .  Mais fil y euft eu aux donnez quelque 
nom auec—,par exemple 4/ io +  44/ i j— 2 , & v  7 
on rrouueroit les noms comme deilus, mais le dernier 
nom E F, ne fo aioufteroit pas à la C E comme deilus, 
mais fo couperait de la mefine, com
me en cefte figure; de forte que C F C FD E 
forait la ligne requife. - h—■— 11-----»

E x e m p l e  u i i .

Explication du donné. Soit donné la ligne AB, & 
les nombres donnez 4/3  +  4/$,& */6 + 4 /7 + 4 /2 , 
Explication du requis. Il faut trouuer vne ligne enteile
raifon à la Ä B, comme 4/3 +  4/5, à 4 /6 + .4 /7  +  
4 / 2 .Conftruftion. Pofonsque A B face4/ 6 - 4-4/7-+- 
4 / 2 ,  & coupons de la mefme quelque fon nom (par 
le fuiuant 2 problème) qui foit A C , faifânt 4 / 6. Puis 
fo trouuera la ligne D E, (par le i exemple) en telle 
raifon à la A C, Comme v  3 a 
4 /6 , puis la ligne E F, en telle A 4/6C B
raifon à la A C , com m e 4/5 «------- '--------- * -+
á 4/ 6. D  E F

le di que D F eft la ligne re - i— 1— H
quife, dont la demonftration 
e f t  manifefte par les procedens.
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I E x e m p l e  v .

Explication du donné. Soit donné la ligne A & nom
bres donnez & v3+£i* Explication du requis.
II faut trouuer vne ligne en telle raifon à la A,com- 
mc ¿fív7 * xij+Tô" Conflruâton. On conuertira les 
nombres rompuz donnez, en mulri-
nomies nombres entiers dela  rhef- A
m e raifon des dônez, les multipliant »-—i— h—+-
par croix c’e il à dire a /  3 +  4 /6  par B
4 /1  4/  3,fài£fcii/6'-t- s/  i i - f -  3 i— i— i
-f -  s / 18 j Puis a /  5 -f- 4 /  7 par s / 1
+  4 / 5 ,  f a i é k  4 / 1 0  +  5 + 4 / 1 4  +  4 / 3 5 .

Puis fo trouuera par le precedent 4e exemple la li<me 
B en telle raifon à la A, comme 4/ 6 -f- 4/ i n _  
4/18 ,34/10+  5 -f-4/14-f-4/3j. le dique Beft 
la ligne requife, dont la demonftration eft manifefte.

E x e m p l e  v i .

Explication du donné. Soit donné la ligne A , 8 c  
nombres donnez 4/  trino. 4 /6  +  4 /5  +  4' i  ,8 c  4 /5  

+ 4/ 1 . Explication durequis. Il faut trouuer vne ligne 
en telle raifon à la A, com m e 
4 / trino. 4 /6  +  4/  5 +  4/ 2 ,  A  •—— —4
à 4/ 3 + 4 / 1 . Conßruäion. B 1---------- -— j
O n trouuera la ligne B, parle C  1----- 1
4« exemple, en telle raifon à la 
A, comme4 /6 +  4/5-4-4/1, 3 4 /3 + 4 /2 , Puis 
on prendra la racine quarrée de ladiâe B, par le iui- 
uant }*problème laquelle foitC. le di que C,eft la 
ligne requifo, dont la demonftration eft manifefte.

Cwïfto/mEftant doncques donnée ligne droi<fte,&
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deux nom bres, nous auons trouuévne ligne droiélc 
en telle raifon á la d on n ée, comme le  nombre au  
nombre.ce qu’il falloir faire.

C o r o l l a i r e  i .

Il eft manifefte par les precedens, comm ent l’on  
pourra faire vne multinomie ligne, conforme au m ul
tinomie nombre donné, fans preicripte mefure. Par 
exemple, l’on veut faire quelque multinomie ligne de 
* /6 - t -  t / 5 - H « /7; le  meéis quelque ligne à plaifïr 
AB,pofant quelle valle 4 /6 ,puis ie tcouue à la mefme, 
la ligne B G , parle i exemple, en telle raiibn à la A B, 
comm e 1/5 i  a/ 6 ,  puis C  D , en telle raiibn à A B, 
com m e 4 /7  à 4 /6 ; &  la
ligne A B C D , fera la A  B C  D
multinom ie ligne con- 1---------- 1--------h--------- 1
form e au nombre donné.

C o r o l l a i r e  i i .

Il eft auffi notoire, comm ent l’on pourra faire vne  
multinomie ligne félon quelque fbn nom donné. Par 
exemple l’on veut faire vne multinomie ligne de 4 /5  
H - V  7 -+- a/  2 ,  de laquelle le nom 4/  5 eft A B. L’on  
trouuera B C , en telle raiibn à 
A  B, com m e a / 7 ,  à 4 /5 ,  puis A B  C D
C D ,  en telle raifon á A B , 1------ 1— ■— 1— j
com m e 4/2, à a/ j .

C o r o l l a i r e  u i .

Il appert qu’on pourra faire vne binomie lig
ne felon quelque meiùre donnée. le  prens que l’on  
euft requis au 3 exemple vne multinomie ligne de
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4 / io  -4-44-^i j  -4-  2,de telle longueur comm e A B faiét
4 /7 ,&  nous dirions que C  F eft la ligne requife.

C o r o l l a i r e  i h i .

lie ft  manifefte, comm ent on pourrafairc vne mul- 
tinomie fuperfice,ou multinomie corps,conforme aux 
multinom ies lignes des precedeos trois Corollaires. 
Prennons en quelque exemple fomblable à celui du 
tioifiefme Corollaire , & foil la mefuredonnée le pa
rallélogramme A B C  D , duquel la fuperfice foit 4 /  3 
&  le multinomie nombre donné 4 / 8  - h  44/1 7 -f -  4—■ 
4 / 7. O n produira quelque coftccom m eA  B,iuiques 
en E, ainfi que B E, aie telle raifon a la A B, com m e  
4 /  8 - t - n /  17 4 -  
4  — 4 / 7 , ¿ 4 /  î , 8c 
puis l*on parfera le
parallelográmeBE 
F C. E teft mani
fefte par la i pro. 
pofition du 6 liure 
d’Euclide, que le 
mefine parallélogramme B É F C  fora le parallélo
gramme requis.

Mais fi la mefiire donnée fuft le parallélépipède A B 
C  D  E F G H , duquel la quantité fuft 4/ 5, & le multi
nom ie nombre E F L
donné h /  8 4 -  
*4/17  4-4  —
4 /  7 , L’on pro- 
duiroit quel
que cofté co 
m e D  C , iuf- _  
ques a I, ainfi que C I aurait telle raifon a D C ,  com .

/ I X

* /
H

(B

/ 1 / Q / M
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me 4 /8  -+-1 4 /1 7 -+- 4 — /t/7, a 4/  3, & puis l’on par- 
fêroitleparallelepipedeBKICFLMG, & eft ma- 
nifefteparla i propofition du 6e liure, & la 25 propo
rtion de 11 liure d’Euclide, que ledid parallelepipede 
iêroit le requis.

P R O B L E M E  II.

T " \£  la ligne droiSîe donnée, Couper par
tie reqmfe.

N o t a .  Ce problème eft la 9 propofition du6 
liure d’Euclide, la ou la requiiè partie aux exemples de 
la mefme, eft toufiours expliquée par nombres Arith
métiques; Mais l’on peut aufli bien requirer partie à la 
ligne donnée incommcniurable,que commenfurable, 
nous deicriprons doneques ici pour parfeélion d’icelle 
propofition, la man iere de couper parties incommen
surables. Explication du âenné & requis. Soit la ligne 
donnée A B, de laquelle il faut couper Con-
ßruäion. On mènera du point A, 
quelque ligne A C, faifànc quelque 
angle BAC,  pofant que la mefme , V  y,
A C face a/5 , nominateur donné; ^ s ' I  I 
puis l’on trouuera A D (par le prece- | /
dent i problème ) en telle raifon à A E B
A C,comme 4/1 numérateur donné, 
à 4/ 3 nominateur donné, puis íe mènera la ligne C B, 
& iá parallele D E. le di que A E eft la requiië a /— de 
la donnée A B; Demonßration. La ligne A D; à telle 
raiibn à la ligne A C, comme 4/ 1, à 4/  3, parla con- 
ftru&ion ; mais comme A D a A. C, ainfi A E a A B, 
parla 12 propoiidon du 6 liure d’Euclide; Doneques

Prob. II is the generalization of Euclid VI Prop. 9 to the general case of 
incommensurable lines: From a given straight line to cut o ff  a prescribed part.

Where Euclid’s example is the third part (we write p =  -L ) , Stevin shows the

construction for p =  l /d " , p =  ---------—   , p =  ^  — ; p must
' 3 ]/7 +  i 6 +  l/|/6 +  ]/5 +  J/2

always be <  1. In this way every term of a multinomial line (area, body) can 
be found.
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AE à telle taifona AB, comme«/1 a 4/3, parquoi 
A E eft 4/ — de A B; ce qu’il falloit demonftrer. Con
clusion. Nous auons doneques coupé partie requiiè de 
la ligne donnée; ce qu’il falloi t faire.

N o t a  i .  Si l’on euft voulu couper dela ligne 
A B ci deilus, fa l°n diroit A C faire 4/ 7
- t - 4/6 -+- 4/5, & de la mefme fo couperoit la ligne 
AD, faiiànt 4/ z-t-4/3, puis menant les parallèles 
C  B & D E comme deftiis, l’on auroit le requis.

Mais fi Ion euft voulu couper de ladice ligne A B,ík 
î S ^ ^ ’lon diroit A C faire ̂ rino.i/6-h ✓ 
5-3- 4/ z & de la mefme íe couperoit la ligne A D(la- 
quelle íe trouueroit parle 6 exemple du premier pro
blème) faifant 4/bino. 5-3-4/ J,puis menant les paral
leles C B & D E comme deilus, l’on auroit le requis.

N o t a  i  i  . 11 f a u t  q u e  l e  n o m i n a t e u r  d u  n o m b r e  
d o n n é , f o i t t o u f i o u r s  m a ie u r  q u e  l e  n u m é r a t e u r ,  par 
e x e m p le  fi q u e l c u n  r e q u i r o i t  d ’a u o i r  c o u p é  d ’v n e  l i g 
n e  f a  o u  4 /  7 -  c e  fo r a i t  p e t i t i o n  d e  l’im p o i f ib l e ,  
v e u  q u e  to u t e  p a r t i e  e f t  m o i n d r e  q u e  f o n  e n t i e r .

C o r o l l a i r e  i .

Il eft manifefte par ce problème, comment l’on 
trouuera les noms de toute multinomie ligne donnée, 
par exemple de A B 
faiiànt 4/8 -3- 5-+- 44/
15 -4 - 4 / io — 4/5.
Car l’on ferait quel
que multinomie ligne 
(par le premier Corol
laire du premier pro- ^  
bleme) conforme au 
multinomie nombre donné, laquelle foit A C, les



734

D'ARITHMETIQUE.  ïSç
noms de laquelle foient A D 4/ 8, D E 3,E F u /  15, 
F G 4/1 o,G C 4 / 5, puis ou mènera la ligne C B,& iès 
parallèles F K, E I, D H, de forte que A H 4/8, H I 3, 
l K . u / l y . K B  4 /  io —  4 / 5  feroiencles noms requis.

C o r o l l a i r e  i i .

Il eft auifi notoire, comment l’on pourra couper 
toute fuperfice & corps, conforme à la maniere de fe- 
étion de la ligne A B, du precedent premier Corollai
re, comme nous auons fai£t le iêmblable aux Corol
laires du precedent premier problème.

P R O B L E M E  I I I .  

Jh Starrt donnée ligne nombre expliquée : 
Trouuer fa racine quatre.

Explication du donné. Soit donnée la ligne AB, de 
laquelle la quantité foit 4/8 44/15 -1- vu/ 135-4-4
— 44/80 Explication du requis. Il faut trouuer fa racine 
quarrée. Conflruâion. On coupera par le precedent 
a problème, quelque nom de la ligne donnée A B,foit 
A  C,refponaant à 4 /  8.
Puis on trouuera par le 1 £
problème quelque ligne ' /
droicfce en telle raifon a la /
A C , com m e i à 4 / 8 ,  qui /  
foit la ligne A D; Puis Ce D iA  C B
trouuera par le  13 proble- F
m e du 6e liure d’Euclide, 1—1
la ligne moienne proportionellè entre D  A &  A B, qui 
foit A E. le di que A E eft la racine quarrée requifo de 
A B. Demonfiration. Veuque A E eft la moienne ligne

Prop. III states how to find the square root of a line explained by a given multi
nomial number, the square root of a square root, etc. Cube roots can only be 
constructed if  two mean proportionals between two given lines can be found, 
and this is possible if one is satisfied with one of the many existing methods 
[these methods, named after Plato, Hero, etc. can all be found in Eutocius’ com-
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proportioneile entre la ligne donnée A B, & la DA, 
refpondanteà l’vnité de ladiâe A B, i’enfuit par la 
precedente 5* definition, que A E eft la racine quarré 
de A B;ce qu’il falloir demonftrer. Conclufion. Eftant 
doneques donné ligne nombre expliquée, nous auons 
irouue ík racine quarrée; ce qu’il falloir faire.

N o t a  i  . 11 eft manifefte par ce problème comí 
ment on trouuera de la ligne donnée toute racine 
quarrée de racine quarrée, iufquesen infinijPar exem
ple, pour àuoir la racine de racine de la ligne A B ci 
deilus, on trouuera la ligne moienne proportionelle 
entre D A, & A E, qui ibit F, doneques F eft la racine 
quarreé de racine quarrée de A B.Et de mefme forte iê 
pourroit trouuer la ligne moienne proportionelle entre 
D A ,3c F, qui fêroit racine de racine ae racine,de A B, 
& ainfi on pourroit procederen infini,

N ota i  i .  Quant aux extradions des racines 
cubiques, & autres operations des mefnies qui fe ren
contrent en nombres,nous les figurions légitimement 
imiter en grandeurs,fi l’on fçcut trouuer géométrique
ment deux lignes moiennes proportionelles entre 
deux lignes données, car racine cubique de ligne,c’eft 
la coniequente de deux lignes moiennes proportio
nelles, entre la ligne donnée, nombre expliquée, & la 
ligne refpondante à l’vnité de la donnée. Vrai eft que 
fi l’on fe vouluft contenter (comme à fa ici Archimede 
enfâdefcription dela fpherc & cylindre,& autres) 
des inuentions de deux lignes moiennes proportionel
les, par quelque maniere des inuentions de Platon, 
Heron, Pbylon Byfantin, Appollone,Diocle, Pappe, 
Spore, Menechme, Archite, Eratoftene,ou Nicomè- 
de, l’on pourroit proceder de mefme ordre en racines

mentaries to Archimedes’ Sphere and Cylinder, see T. L. Heath, Manual, In
troduction, footnote 1 2 ) , pp. 154-170, and footnote 24) of the Introduction to 
the Problemata Geometrica']. If a line representing V7 +• V5 +  1 ^ 4  and 
AC =  V7 are given, then it is possible to construct |^ 4 .  The final construction 
deals with a binomial line of the fifth type; it is shown, given line A =  V3
how to construct )/j/ 1 2  +  2  =  |/j/ 3  +  V 2  +  | 7 ;/ 3 —  j/ 2  (V Arithmétique,
Prop. 39), and how to separate the two parts.
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cubiques,comme nous auons iai£b ci deilus en racines 
quarrecs: Et le ièmblable l’entendra d'autres racines 
quelconques, comme de quinte, fèxte quantité, &c. 
leiqucllcs ic trouuent generalement par l’mftrument 
d’Erailotene, mais nous n’en donnons point des 
exemples, parce qu’eftant cognues telles racines, la 
refte eft notoire par ce qui en eft diâ ci deilus.

Il eft auili à confiderer, qu’eftant compofé quelque 
multinomie ligne de racines cubiques ou autres auec 
racinesquarreesjounombre Arih.que l’on peut iôu- 
uent parfaitement operer par icelles. Par exemple 
eftantquelque multinomie ligne A B, de 4/7 +  4' j 
+  4 /d) 4» de laquelle foit cogneu le nom A C de 
4/7, Ton peut aula trouuer ^ C D B
les deux autres noms, car |_______  ]_____
coupant de la C  B,la ligne 
C  D ,en telle raiibn à le A C,comme 4/j à 4/7,la refte 
D B iêra le nom de 4/® 4- Item fi quelque multino
mie ligne fuft de 4/1 -I- 4/ (3) y -t-V'® 7, & que le 
nom «/ z fuft cogneu, il eft notoire qu'on pourra ex
traire légitimement racine quarrée ae telle ligne, & 
aioii de plufieurs autres ièmblables.

Nota i i i . Nous auions promis au commcnce- 
ment de ce traité, d’exhiber la maniere des conftru- 
tions des douze binomies lignes auec leurs racines 
deicriptes au 10eliure d’Euclide, ce.que nous auons 
abondamment fait aux trois precedens problèmes, 
non feulement de binomies, mais de noms en multi
tude infiniejToutesfois nous donnerons en plus gran
de euidence, encore vn exemple propre de binomic 
ligne cincquicfme,par la conftrution de laquelle tou-

Appendix
This is a summary of Book X  of Euclid’s Elements in Stevin’s arithmetical 

language. It ends with a “Conclusion", in which Stevin announces the Weegh- 
const, in which the theory has been supplemented by experiments performed 
together with Johan Cornets De Groot (see Principal Works of S. Stevin I, 
p. 6 , footnote 15). Stevin also announces the works of his friend Ludolf Van 
Collen, with whom he has constantly been in touch on problems of algebra, in-
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tes les autres feront encore plus manifoftes en cefte 
forte: Il y a quelque ligne A , fa i f in t  a /  3,ton  requiert 
Vtie binomie ligne cmcquiefme,  diuifee en fes noms,de t / 12 
~t- i  f i  feauoir teüe 4 /  \ z +  t ,  comme A  fa i i l  4 /  3 ; Puis 
f on veut que de telle binomie lignefextraiü racine quarrée,
&  que la mefme racine foit diuifée, en les parties de laquelle 
eUeeß compofée. L’on trouuera par le precedent pre
mier problème la ligne BC,en telle raifon à la ligne A, 
comme 4/12 à t /  3„puis la ligne C D , en telle raifon à 
la  A , comme l a  V j , &  A
B C D,fora la binomielig- 
nerequife. Puis fo tirera fà 
racine par le 3« problème, 
qui foit E F. O r à fin de 
diuifer cefte racine E F en 
les parties de laquelle elle 
eft compoiëe, i’extrais pre
mièrement racine quarrée 
du nombre 4/12-1-2, qui eft par le 39 problème de 
noftre Arihmetique)4/  bino-4 /  3-1- a/x -f- 4 / ¿<»9.4/3 
— 4/2.II faut doneques que l’vne partie de cefte ligne 
fo it de 4/bino.a / 2,& l’autre 4/61710.4/ 3— 4 /  2, 
parquoi diuifée la ligne E F,par le focond problème en 
G,ainfi que E G, aie telle raifon à G F,comme 0 /  bino 
4 /  3 +  4/2, à 4 / bino. 4/3 — 4/2, l’on ama le requis.
Nous pourrions donner fomblables exemples de tou
tes les autres onze binomies lignes, qui font deftriptes 
audidt io'liurc d’Euclide. Mais veu que le progrès eft 
en toutes le mefme, voire non pas foulement en ces 12 
binomies lignes, mais en infinies autres, ce feroit inu
tile perdition de temps. Voila doneques ce que nous 
auions promis.

Fin de la  f  conde p a n ie ,

commensurable magnitudes, centres of gravity, and other subjects. (Van Collen’s, 
or Van Ceulen’s best known work is Van Den Cirkel, Delft 1596, 2 nd ed. 1615, 
Latin ed.: De Circulo, Leiden ,1619, See: H. Bosmans, Annales Soc. Scient. 
Bruxelles 34 (1910), pp. 88-139, and Nieuw Mederi. Biogr. Woordenboek).
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M A T H E M A T I Q U E S .
T H E S E  I. 

l'im ité e it nombre.

T h e s e  i i .

Que nombres quelconques peuuent eftre 
nombres quarre^ cubiques3 de quarte quan
tité) c.

T h e s e  i i i .

Que racine quelconque e& nombre.
T h e s e  i h i .

Q utl ny à aucuns nombres abfurds, ir* 
rationels) irreguliers,  inexplicables) ou jpurds.

T h e s e  v.

Que nombres comme i. 2..3. ou 12. io. 
6 .4 . &  femblabks ¡ ne fon t pas proportion 
cArithmétique.

T h e s e  v i .

Que nombres comme 2 .4 .8 . ou 2. 3.4 .6 .

M athematical Theses
I. That unity is number.

II. That any numbers can be square, cubic, biquadratic, etc. numbers.

III. That any root is a number.
IV. That there exist no absurd, irrational, irregular, inexplicable or surd

numbers.
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&  femblables nefont pas proportion Geomt~ 
trique3 mats Arithmétique.

. T h e s e  v i i .

jQue nombres comme IS3.144. 136. fè) 
femblables ne font pasproportion Harmonique.

Nous auons trai&c des fuidi£tes Thefes à 
la precedente Arithmétique, au commence
ment puis page 30* 33*jje. 

L’heure & lieu de leur expedition fe dé
clarera à temps oportun.

T a ble

V. That numbers like 1 , 2 , 3 or 1 2 , 1 0 , 6 , 4 and similar ones do not form an 
arithmetical proportion.

VI. That numbers like 2 , 4, 8  or 2 , 3, 4, 6  and similar ones do not form a 
Geometrical, but an Arithmetical proportion.

VII. That numbers like 153, 144, 136 and similar ones do not form a Harmonic 
proportion.

[On Thesis IV see L’Arithmétique, Def. 31 and what follows, on Theses V, 

VI, VII see the beginning of Book I, Third Part],
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APPENDICE ALGEBRAIQUE

The Appendice Algébraique of 1594, of which the only copy so far discovered 
was destroyed in 1914 when the University Library at Louvain was burned, was 
first described by P. I. Gilbert (see footn. 40), Introduction). The text itself was 
reproduced in French in Book V (Des Meslanges), pp. 7-10 of the Mémoires 
Mathématiques de Simon Stevin ( 1 6 0 8 ) , also in the reprint of U Arithmétique 
by A. Girard of 1625, whence Girard introduced it into the Oeuvres of 
1634, in both editions at the natural place, after problem 77. Stevin gave a 
Dutch version in Book V of the Wisconstighe Ghedachtenissen ( Ghemengde 
Stoffen), pp. 7-10 (1608); a Latin version appeared in the Hypomnemata Ma
thematica, Book V, pp. 7-9 (1608). The edition of 1594 contains, apart from 
a slight change in the opening words, a terminal paragraph not reprinted in later 
editions, in which Stevin states that his “special and familiar friend, Master 
Ludolf van Collen” has told him that he has also found a general method to solve 
equations, which method he has promised to publish (French text in Gilbert and 
Bosnians’ articles). This method van Ceulen does not seem to have been published.

In his Appendice Algébraique Stevin states that after the publication of L’Arith
métique h e  h as fo u n d  a g e n e ra l ru le  to  s o lv e  a ll e q u a tio n s  e ith er  p e r fec tly  or  w ith  
any degree of approximation. This example is x3 =  300* +  33915024. To find
a fir s t a p p ro x im a tio n  fo r  x, try x  =  1, th en  x =  1 0 , 1 0 0 , 1 0 0 0 ,  T h e  resu lt
is that for x — I, x — 1 0 , x =  1 0 0 , the value of xa is less than that of 300x -f  
33915024, but for x — 1000 it is larger. Hence the first result is 100<C x <C 1000. 
To find a second approximation for x  he now substitutes x =  1 0 0 , 2 0 0 , 300, 400 
and finds 300 <  x <  400. Now he tries x =  310, 320, 330 and finds 3 2 0  <C 
x <C 330, then x =  321, 3 2 2 , 323, 324. It appears that for x =  324 both sides
of the equation are equal so that x =  324 is the root.

The method can also be applied if  the root is not an integral number. If x3 =r

300x 33900000 we find 323 <C x  <  324. Then write x =  and proceed

as above, first with i  , then —  , etc. This can go on indefinitely. If, for in- 
io  ’ io o  °  1

stance, the root were x =  4 -, the method gives first—, then — , then - l i i  6 io  io o  io o o  ’

then — , and so we can approach the root as closely as we like. The same
IOOOO ’ r r  1

holds if x were a radical, incommensurable with common numbers. Note that
Stevin does not use the decimal notation of his Tenth.
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R . E  I G  L E .

E Stanl donnez, trou termes de nombret Algebraiques quelcon
ques : Trouver leur quatriefme proportioned ou parfaiti, ou 

avec infini approvement.

lay defcrit(depuis le 66 problème juiques au 80) 
l’invention du quatriefme terme proportioned de trois 
Algebraiques donnez, & cela fi avant comme j’eftime 
qu icelle matière eft cognue: Mais j’ay puis après trouvé 
une reigle generale, pour de tous trois termes Algebrai
ques donnez trouver le quatriefme, ou valeur de 1 0  
parfaite, ou avec infini approchcment, ce qu’en la pra
tique nous donne quafi autant comme une operation 
qui confifte en fa parfaite demonftration Mathémati
que; car comme les finus font en leurs tables impar
faits, & toutesfois en la pratique font autant comme 
fi c’eftoyent multinomies radicaux accomplis, ainfi fe  

fait le ièmblable en cefte matière Algebraique.
Le donné. Soyent donnez trois termes felon le problè

me tels : Le premier i ®, le fécond 300 ® -t- 339150Z4, 
le troifieime i ®.

Le requis. Il nous faut trouver leur quatrieime terme 
proportionel.

Confirutlion. Pour premierement declarer en gene
ral la methode fiiivante je di qu’on trouvera de com
bien de charateres doit eftre la valeur de i ® : Laquel
le multitude de charateres eftant cognue, on trouvera 
puis après le premier charatere, qui lcraun de ces neuf, 
i, 1,3,4, j,6,7>8 , 9 :  Puis íe trouvera femblablement le 
deuxiefme, & tous les autres tant qu’il y en a.

O r pour venir à la ch o ie , &  premierement trouver d e  
com bien  de charateres d o it eftre la valeur 1®  donnée; 
jem crsp ou rice lle  i, enquiers par le  m elm e ce qu’il en
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fortira, d ifant, v e u que i ©  fait i , les j o o ® f o n t 300, 
par le  6 7  problèm e: aux m efm és adjoufté 33 91 jo  14,fait 
pourla valeur du déuxiefm e terme 3391J3Í4: Êt le pre
m ier term e, à fçavoir i © ,  fera tant feulem ent i : C e qui 
eftant trop p eu , parce que la  valeur du premier terme 
d o it eftre egal avec la valeur du féco n d , &  pourtant je  
m ets au fécond io  pour la valeur dé i ® ,  &  enquiers par 
le  mefme com m e deilus, &C trouve la valeur du fécond  
term e de 53918014, &  le  premier term e d e i o o o  : C e 
qui eftant autrefois trop p e u , je m ets au troifieim e 100  
pour valeur de i ®  ; le m efm e eftant aulfi trop p e u , je  
m ets au quatriefme 1 0 0 0 ,  par lequel je  trouve le  pre
m ier terme trop grand : Pourtant la valeur de i  ©  eft 
m oindre que 10 0 0 , &  majeur que 10 0 , c llc e ftd o n c n e -  
cefïàirem éntde trois charaderes.

Or eftant cognu que la defirée valeur eft de trois cha
raderes, il faut que le premier foit un de ces neuf, i, 2,5; 
4,3,6,7» 3,9. Mais il eft cy deilus ehquis avec le pre
mier charadere i, à fçavoir avec i oo,&trouvois trop 
peu, pourtant je l’eiïàye maintenant avec le premier 
charadere 2, mettant 200 pour valeur de i ®, & trouve 
trop peu: le lenquiers puis après avec 3 o o ,& vient auffi 
trop peu : Puis avec 40 o, & trouve trop, ce qui me de- 
note que le premier charadere doit eftre 3.

Or pour trouver le fécond charadere, il doit necef- 
Virement eftre ou o, i, 2,3,4, j, 6,7,8, ou 9 : Mais il eft 
devant'efprouvé avec le fécond charadere ó , à fçavoir 
avec 300, & vint trop peu, pourtant je mets mainte
nant le fécond caradere i, á fçavoir 310, & trouve trop 
peu: puis après 320 , vient auffi trop peu : puis 330, & 
vient trop; ce qui me fignifie que le fécond charadere 
faut eftre 1.

Pour trouver maintenant le troifieime charadere, il
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doit eftre necefïàiremencou 0,1,2,3,4,5,6,7,8,011 9. 
Mais il eft deilus enquis avec le troifieime charadere 0,à 
fçavoir par 320,& vint trop peu; pourtant je mets main
tenant le troifieime charadtere i, à fçavoir 321, & trouve 
trop peu; puis après 322, devient aum trop peu; puis 323, 
vient trop peu; puis après 324, & trouve par iceluy la va
leur du premier terme, egal ala valeur du fécond,d fça
voir l’un Si. l’autre de 34012224-̂ 6 quime dcmonftre que 
324 eft la valeur de i ®, & quatriefme terme proportio- 
nei requis; car comme 34012224 valeur du premier d 
34012224 valeur du fécond terme ; ainfi 324 valeur du 
troifieime eu quatriefme 324-.

C o r o l l a i r e *
Il appert par le fufdit, que quand la valeur de i © eft 

nombre entier, que la-mefine valeur fe peut toufiours 
trouverparfaidement.

Maisfi le fufdit compte n euft pas venu ainfi ptecifé- 
ment, comme par exemple,que le © ou nombre Arith
métique donné au lieu ae 33915024, euft tantféulement 
efté 3 3 9 0 0 0 0 0 ,alors 323 euft efté peu, ÔC324 trop,ce qui 
me certifie qué la valeur de i ©fait 323 avec un rompu 
moindre que unité. Or pour trouver le mefme rompu, 
ou d’y approcher infiniment; je mets 3 2 3 avec encore un 
o, deilus une ligne comme numérateur, & io deflbubs 
comme nominateur,en cefte forte Ce rompu feit
3 23,qui eftant trop peu, il feut que o du numérateur fece 
o avec quelque refte,ou i,2 ,3,4,5,6,7 ,8 , ou 9 : Le mefme 
charadere eftant trouvé comme deilus,& qu’il y a eticó
te  quelque fuperflu,6n adjouftera au numérateur & no
minateur autrefois o , enquirant comme deilus, ce que 
doit venir au lieu d’iceluy o du numérateur : Et procé
dant ainfi infiniment, l’on approche infiniment plus 
pres au requis.
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Mais fi la defircc valeur de i ©  fut rompu moindre 
que unite, l’on  enqueltera premierement avec r ¿ , qui 
eftant trop grand avec — * ; puis après -, & c.O r pofé
le  cas que j ~  fut trop grand,mais— trop petit, cecy 
m e certifie que delfus le nom inateur io o o o ,d o i t  venir 
un nom bre com m e numérateur majeur que i ,  &  m oin
dre que io ,  lem cûn'eferaneceflàircm cnt un charadere, 
com m e i avec quelque fuperflu, ou 2,3,  4 ,j ,6 ,7 ,8 ,o u 9 :  
Iceluy charadere eftant trouvé au plus pres &  m oindre, 
& q u ily a en co re ,q u e lq u cre fid u ,ro n  agrandira num é
rateur &  nom inateur chafcun d’un o , enquirant puis 
après com m e deilus,ce que doit eftre icelux dernier o du 
numerareur, 8c  ainfi des autres.

A vifez encore qu’eftant la valeur de i © n o m b re  rom
pu, ¿1 peut avenir qu’on pourra approcher infinim ent au 
requis, iâns toutesfois par cefte maniere pouvoir parve
nir i  la parfaide fo lu tion: C om m e par exem ple,pofons 
que l ’incognu'ë valeur de i ®  fuft-g, &  que l’o n  m et le 
nom inateur ic lon  la iliid id e  reigle,on trouve que deilus 
le  mefinc i o  faut venir 8 , en cefte forte —  : M ais parce 
qu’ileft trop peu,je m ets pres de chafcun nom bre o,ainfi 

cerchantpuis après quel châtaderc doit venir 
a u i i eu d e  o du num érateur, je  trouve au plus pres &  
m oindre 3 , a i n f i : Et faiiànt le iêm blable au troifief- 
m e. je trouve j ê i l . ; Et au quatriefme-j^3-3îo. E t procé
dant ainfi avec les autres, Ton voit q u ’on  peut infinim et 
approcher, fans toutesfois parvenir aux-¿ accom plies, à 
caufc qu’il n’y a nul nom bre entier en telle  raifon à io ,  
1 0 c , ou  100 0 ,  (8c fem blables deiquels íe premier cha
radere eft i ,  avec les fiii vans o )  com m e J à 6 .

N ou s pourrions encore donner exem ples la ou la va
leur de i ©  eft dè nom bres radicaux a nom bre Arith
m étique iticom m cnfurables : mais yeu que l ’infini ap-
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prochem ent eft aflèz notoire par les procedens, il n e  
lem ble point meftier d ’en faire propres declarations.

O r eftant tous les iu fiié is  exem ples notoires par leur  
opération, nous n ’enfâiibns point des particulières d e-  
monftrations. Cotulufion. Eftant doneques donnez treis 
termes de nom bres Algebraiques quelconques, nous a- 
vons trouve leur quatrieime proportionel,ou parfiuâe- 
m ent,ou par infini approchem ent, ce qu’il falloit faire.
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INTRODUCTION AND SUMMARY

§ L
Stevin’s trigonometry is the first part of his cosmography and bears the title 

Driehouckbandel, in French Traité des triangles, in Latin De triangulorum 
doctrina. The first to use the term trigonometry seems to have been Pitiscus, 
whose book Trigonometría made its first appearance in 1595, but in 1608, when 
Stevin’s book appeared, the term had not yet been generally accepted ( i ) .  The 
book consists of four parts, the first dealing with the construction of goniometrical 
tables, the second with plane triangles, and the remaining two parts with spherical 
trigonometry. When Stevin wrote his book, in the course of his discussions with 
Prince Maurice, the subject had already been treated in several excellent text
books, to which Stevin added hardly anything but his personal clarity of exposition. 
De Driehouckbandel, like De Meetdaet and L’ Arithmétique, is a substantial 
textbook, but it is the least original of the three. It is mainly of interest to those 
who wish to see what trigonometry was like in the sixteenth century, long before 
Euler, in 1748, introduced the present notation (2 ). It also has some distinction 
as the first complete text on trigonometry written in Dutch; and one of the 
first —  if not the first —  written in any vernacular (3 ). We shall only reproduce 
a short section.

Trigonom etry, as p art o f astronomy, dates back to  A ntiquity, where it was 
taugh t by Ptolem y in his Almagest. I t  was cultivated during the  M iddle  Ages, 
am ong others by m athem aticians w riting  in  Arabic, in whose hands it gradually  
developed into an independent science (4 ) . T h e  first book in Latin is by the

(*) B . P itiscu s, Trigonometría, sive de solutione triangulorum tractatus brevis et perspicuus, 
57 p p , p u b lished  as an app en dix  to  A . S cu ltetus, Sphaerícorum librí tres (H eid elb erg , 1595). 
T here w ere  rev ised  ed ition s, p u b lish ed  as separate b o o k s, in  1599 and in  1608. See
N . L . W . A . G ravelaar, Pitiscus’ Trigonometría, N ie u w  A rch ie f v . W isk . (a) 3 (1898),
pp . 25 3 -  278 ; R . C. A rch ibald , Bartholomäus P itiscus, M athem atical Tables and Other A id s  
to Computation  3 (1949), pp . 39 0 -3 9 7 . T here is a lso  in form ation  o n  P itiscu s in  A . v o n  
B raunm ühl, Vorlesungen über Geschichte der Trigonometrie I (L eip zig , T eu bner, 1900), V H  
+  260 pp. T h e  term  Trigonometría appears in  H o llan d  in  th e 1629 ed . o f  G irard’s tables, 
(see (18).

(2) L . E u ler, Introductio in analysin infinitorum (L ausanne, 1748), 2 v o ls .,  reprinted  in  
Opera omnia, Ser. I, V o ls  8 -9  (L eip z ig , B erlin  192 2 ,1 9 4 5 ).

(3) It w as n o t th e first tr igon om etry  w ritten  by a n ative o f  th e  L o w  C ountries, s in ce it
w as preceded by P h . V a n  L ansbergen’s Triangulorum geometriae libri quattuor, o f  w h ich  th e  
first ed ition  appeared in  15 91. T here is a lso  a g o o d  deal o f  tr igon om etry  in  L. V an  
C eulen’s V an  den C irckel, o f  w h ich  th e first ed ition  appeared in  1596. V an  C eulen in tro
du ces tr igon om etry  for  h is pu rp ose o f  co m p u tin g  7t. T h ere  is also so m e tr igon om etry  
in  th e  F lem ish  v ers ion  o f  A p ian u s’ Cosmographia: Cosmographie, oft Beschrijvinghe der ghe- 
heelder W erelt van Petrus A pian u s. . . ghecorrigeert van Gemma Friso  (3d ed ., A n tw erp , 1561; 
th e  preface is dated  1545).

(4) F or  details o n  th ese  p o in ts , as w e ll as o n  all o th er  q u estion s con cern in g  th e general 
h istory  o f  tr igon om etry , see  V o n  B rau nm ü hl, I.e.1), as w e ll as J. T rop fk e , Geschichte der 
Elem entar-M athem atik  V  (B erlin -L eipzig , 2e A u fl., 1923), 185 pp. See a lso  S. G ün ther, 
Geschichte der M athem atik  I  (L eip z ig , 1908, 427 p p .) , pp . 39 3 -4 0 4 , and M . C antor, V o r
lesungen II.
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Nuremberg astronomer-craftsman-publisher Regiomontanus, who wrote it around 
1464. This book, entitled D e triangulis omnimodis, also treats trigonometry 
as an independent science; it is already of considerable maturity, and both 
in manuscript and after its publication in 1533 remained for a long time the 
standard text to which all later authors referred (5). Sines, in Regiomontanus’ 
work as well as in all other works up to the middle of the 18th century, are 
conceived as line segments, and their numerical value therefore depends on the 
length of the radius R  o f the circle to which they are referred. Regiomontanus 
also published tables o f sines, first with a sexagesimal base ( R =  6.IO4, then 
R =  6.IO7), later with a decimal báse (1? =  IO7) (6). These tables only a p 
peared after his death. The decimal table, with values for the sines of all angles 
from 0° to 90°, ascending from minute to minute, served as an example to several 
later mathematicians, including Stevin. Regiomontanus also composed a fable 
of tangents for R  =  105 for angles ascending from degree to degree ( 7).

The principal improvement on Regiomontanus during the sixteenth century 
consisted in table computation. This culminated in the monumental works of 
Rhaeticus (also known as the friend and admirer of Copernicus), which 
consist of the Canon doçtrinae triangulorum of 1551 ( 8) and the posthumous 
O f  us Palatinum of 1596 ( 9) . The Canon contains tables of all six goniometrie 
functions in seven decimals (that is, for R — IO7) for angles ascending from 
10" fo 10". The Opus Palatinum extends this work to 10 decimals, and for sines 
(and cosines) even to 15 decimals. Rhaeticus also published Copernicus’ in
vestigations on trigonometry (1542), which were later included in the latter’s 
book on the revolutions of the heavenly bodies (1543) ( 10).

The theory itself, both plane and spherical trigonometry, was explained , and 
gradually improved in a series of textbooks; o f which we only mention those 
by Bressieu (1581), Fink (1583), Clavius (1586), Van Lansbergen (1591), and

(5) D octissim i v ir i . . .  Io. de Regio M onte de triangulis omnimodis libri quinqué (N u rem b erg , 
P etreius 1533).

(6) T h e tab le w ith  R =  6. i o 4 appears in  Ioanni de Monteregio. . . tabulae directionumpro- 
. iectionumque (A u g sb u rg , 1490; a lso  T u b in gen , 1539) as an app en dix  en titled  (at any rate
in  th e 1359 ed .) : Sequitur nunc eiusdem Ioannis Regiomontani tabula sinuum, p e r  singula minuta 
extensa.

T h e tables w ith  R — 6. io 7 and R =  to 7 appear, accord in g  to  V o n  B raunm ühl /.c.1), 
p . 120, in  a b o o k  w ritten  by R eg io m o n ta n u s’ teacher Peurbach : Q uadratum  geometricum  
praeclarissim i mathematici G eorgii Burbachii (N u rem b erg , 1316; d ed ication  o f  1315). T h e  
co p y  o f  th is b o o k  in  th e H arvard Library d o e s  n o t con ta in  th ese tab les. A cco rd in g  to  
T rop fke, I.e.1), p. 178 w e  can find b o th  tab les in the Tractatus Georgii Purbachii super pro- 
positiones Ptolem aei de sinibus e t c hor dis  (N u rem b erg , 1541).

(7) T h is so -ca lled  “ tabula foecunda” appears in  th e  Tabulae directionum o f  1490.
(f) Canon doctrinae triangulorum, nunc prim um  a Georgio Joachimo Rhaetico in lucem editus 

(L eip z ig , 1351). V o n  B rau nm ü hl states that it b e lon gs “zu  d en  kaum  m ehr auffindbaren  
S elten h eiten ”, I.e.1), p . 145.

( s) Opus palatinum  de triangulis a  Georgio Ioachimo Rhaetico coeptum: L .  Valentinus Otho 
Principis P a la tin i Friderici I V  electoris mathematicus consummavit (N eu stad t, 1596).

(4 °) Chapters 13 and i 4 o f B o o k I o f  C opern icus’ classic D e Revolutionibus orbium coelestium, 
(N u rem b erg , 1343) w ere  pu b lish ed  in  1542 by R haeticus as D e  lateribus et angulis triati- 
gulorum, turn planorum rectilineorum, turn sphaericorum, libellus. . . ,  scriptus a . . . D  . Nicolao  
Copernico Toronensi. See v. B raunm ühl, I.e. (*), pp . 140 -143 .
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Pitiscus (1 5 9 5 ) C11) .  Bressieu and V an Lansbergen are o f  interest because Stevin 
quotes them  explicitly in his own trigonom etry, and F ink has the  distinction o f 
having introduced the  names tangent and . secant in -th e ir  present m eaning (the  
term . sine, already appears in  R egiom ontanus), th o u g h . F ink considered them  dine 
segments, :a custom follow ed un til the  m iddle o f the  eighteenth century, asrin  
th e  case o f the  sines. Olavius, w ho was the  m ost influential m athem atical tex t
book w riter o f  his period, im m ediately adopted F ink’s terms, and it is not u n 
likely th a t th rough  the  study o f Olavius’ book Stevin became fam iliar w ith 1 these 
expressions. T h e  m ost original w riter on  trigonom etry in the sixteenth century 
was Viète, w ho in  a series o f  books, w ritten  betw een 1579 and his death in 1603, 
enriched goniom etry w ith a w ealth  o f  new m ethods, especially in the dom àin 
o f the  equipartition  o f angles ( 12) .  W e may state th a t it was V iète w ho established 
goniometry. as a science by itself, a distinction all the  m ore brillian t w h e n 'w e  
see-that even Stevin, in 1608, treated goniom etry sim ply as a set o f rules for. the 
com putation of tables. ; :

By Stevin’s time goniometry, with its application to plane and spherical tri
gonometry, was in substance not so very much different from the present ele
mentary goniometry of our secondary school instruction. However, though the con
tent has not changed much, the form has changed enormously. Since our formal appa
ratus did not exist, all rules had to be expressed in words as so many additions to 
Euclid’s Elements. Moreover, the goniometrie expressions were not conceived as 
ratios o f lines, that is, as numbers, but as line segments, constructed in relation 
to a circle of given radius; in Stevin’s case, R =  107 units. Since lines, areas, and 
volumes could not be compared with each other, a ll . rules had to satisfy the 
condition o f homogeneity. For instance, the law of cosines for spherical 
triangles, which we write in the form eos c =  eos a eos b +  sin a sin b eos C, was 
expressed by Stevin in terms equivalent to the formula

sin a sin b\ (sin 90°)2  =  [sin vers c - sin vers (a - ¿)] : sin vers C.
Here sin 90° (the sinus touts') is equal to R, the radius. As to the sinus versus, 

which in the modern approach can be written as sin vers a =  1 —- eos a, Stevin 
defined it as the arrow {“sagitta”) belonging to the chord of which sin a is one 
half. Stevin did not introduce special names for the. cosine, cotangent or cosecant; 
when he needed these quantities, he expressed them as sines, tangents or secants 
of the complementary angle. Like his contemporaries, he only considered the gonio
metrie expressions for angles between 0° and 90°; when obtuse angles appeared, 
he turned immediately to the corresponding acute angles.

(11) M . B ressieu  (M . B ressiu s), M etrices Astronomicae  (1581); T h . F in k  (F inch iu s), Geo
m etría rotundi (B asel, 15 8 3) ; C. C lavius, Theodosii Tripolitanae Sphaericorum libri tres  (R om e, 
1586). T h is  b o o k  has an appendix  “Sequitur tabula sim um  Tectorum p e r  singula quadrantis 
minuta extensa, et a loan. Regiomontana quondam supportata, nunc autem p er  me examinata et 
plerisque in ¡ocis castigata, atque c o r r e c t a Ph. V a n  L ansberge (L ansbergius), s e e ( 3) .;  B . 
P itiscu s, see  I1).

(12) See Francisci V ietae Opera mathematica, in unum volumen congesta. . . opera atque studio 
Francisci a Schooten (L eiden , 1646, V I  X 554 p p .). V o n  B raunm uhl, I.e.1), Ch. V III  g iv e s  a 
detailed  accou n t o f  V iè te ’s ach ievem ents. :
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§ 2

The first part o f the Trigonometry contains tables for the sine, tangent, and 
secant for angles ascending from 1' to 1' and computed for R =  10?. It strikes 
us that Stevin, as late as 1608, did not use his own decimal-fraction notation, 
taking R =  1. The reason may have been that Stevin’s printer preferred to take 
the tables straight from some other book. It may have been that Stevin himself 
decided to go easy on his own invention. However, it should not be forgotten 
that in a strict sense Stevin’s Thiende was never conceived as a system for counting 
with decimal fractions, but as a system for avoiding fractions altogether. If we 
take R  =  107 as one of Stevin’s “Thiendetalen”, perhaps as his “Beghin” (ô), 
then his tables may be fitted into the scheme of D e T hiende.

The tables contain nothing new and go back to Regiomontanus 6). They can 
be found, for instance, as an addition to Clavius’ edition of the Sphaerica of 
Theodosius (1586) ( 13). This is not the only place where Stevin’s text either 
resembles or directly follows that of Clavius’ book —  though Stevin never 
follows it slavishly and maintains his own independent position throughout. The 
tables are accompanied by a long introduction, in which their construction 
is explained; it follows closely the procedure already adopted by Regiomon
tanus. The first to be computed are the sines of all angles which are multiples of

45'; this can be achieved by repeated application of such formulas as sin — =

I  / 1 —e o s  a  , . 5 4 ° - 3 0 °
1/ -----— — to sin 90°, sin 36°, sin 30°, and sin 12° =  sin  -̂------ . After

this table has been completed, the sines of all other angles can be found by an 
interpolation. Stevin shows how it is done in the case of sin I o, which is found
by interpolating between sin 45' and sin 1°30' +  J- sin 45'. The con
struction of the tangent and secant tables is not explained, but it is demonstrated 
how they can be used.

The interpolation formula is based on the inequality sin 3a +  —sin 3a ]>

sin 4a _>'sin 3a 4- -|-(sin 6 a -s in  3 a ), valid for 0° <  a  <  90°, and applied 
to the case a =  15'. W e can derive it immediately from the fact that f  (x ) =

sin x  sin A  ^  ^  ^  po°) is monotone decreasing for 0° <  x <  90°, and

then take A  =  3a, and x successively 0, 4a, 6a. Sixteenth-century mathematicians 
derived the formula geometrically from a theorem by Theon of Alexandria, which 
states that when a increases uniformly from 0° to 90°, the increase of sin a de
creases (as follows from our formula d sina =  cosa dx) ( 14). W e shall return to 
it in our text.

In the second part of Stevin’s book, which contains the trigonometry of plane 
triangles, the central theorem is the law of sines. The law of cosines is missing,

(13) See Clavius I.e. (u ).
( ’*) See V o n  B raunm ühl, I.e. (*), pp . 28, 121.
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though Viète ( 15) had formulated it in 1593 in the homogeneous form (sides
a, b, c; angles A, B, C) :

2 ab : (a2 +  ¿2 _  c2 ) — (sin 90°): sin (9 0 °-C °).
Like the older writers, including Regiomontanus, Stevin prefers to apply the

law of sines also to the case where a, b, C are given: this can be done by drawing 
an altitude. The law of tangents is also wanting, though it appears not only in 
Viète, but also in Clavius. Using the law of sines alone, Stevin shows how the 
angles or sides can be computed when three of them are given; he covers all 
cases, including the case where a, b, A  are given, when two solutions are possible. 
Like Clavius, he concludes with an enumeration of all cases at the end. He adds 
a discussion of polygons, especially quadrangles, where he distinguishes between 
the cases a) that all the angles are < 0 8 0 ° ,  b) that one angle is> 1 8 0 ° , and c) that 
two sides intersect. Here he shows how all 8 angles and sides can be found, if 5 
independent ones are given.

The third part o f the book contains the trigonometry of spherical triangles. 
This is preceded by an exposition of spherics, or the geometry of the sphere, its 
great circles and triangles, such as was known from Theodosius or Menelaus. 
Then follows the set of rules for the computation of rectangular spherical triangles, 
which is complete in the sense of our elementary spherical trigonometry: all six 
fundamental theorems are present. In the case of oblique triangles (Stevin, like 
all mathematicians before Möbius, concentrates on angles between 0° and 180°), 
Stevin solves his problems with the aid of the law of sines and the two laws of 
cosines (each proved separately). Here again we find a convenient table of all 
(thirteen) cases at the end, with special discrimination between acute, right, and 
obtuse angles, followed by a discussion of spherical quadrangles.

The fourth part deals with the application of spherical trigonometry to problems 
in astronomy. In an appendix Stevin presents some additional observations on his 
own terminology and the work of others; among them we find a remark that 
modifications in the theory of spherical triangles must be made when the angles 
or sides are > 1 8 0 ° .

§ 3

There exists a German translation of a part of Stevin’s trigonometry (by an 
anonymous writer), published in 1628 by Daniel Schwenter, a professor at the 
University of Altorf near Nuremberg ( 16). Schwenter must have had a mutilated 
copy of Stevin’s book, since he claimed that Stevin had not written anything about 
sphericál triangles. He therefore published only the first two books together with 
the tables, adding four “axiomata” on spherical trigonometry from Pitiscus’ 
Trigonometría.

Around the same time Ezechiel D e Decker, the Gouda surveyor and admirer 
of Stevin, used Stevin’s Dutch nomenclature for trigonometric lines when he

(15)F .  V ieta , Variorum  de rebus mathematicis responsorum liber octavus (1593), Opera N o  X II , 
see  (12).

(“ ) Simonis Stevini K urt^er doch gründlicher Bericht, von Calculation der Tabularum Sinuum, 
Tangentium und Secantium. S am pt derselben gebrauch.. .  S am pt einer Vorrede M . D anielis 
Schmenters (N u rem b erg , 1628).
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published his complete tables of Briggsian logarithms ( 17). Also around- this 
time, Girard published at the Hague tables of sines, tangents, and secants .for 
R =  IO7, as Stevin had done, and with a text in French ( i s ) .  He.was not the 
only one; in the same year (1627) appeared a plane trigonometry written: by 
Professor.Van Schopten with similar tables, but a Dutch text ( 19). Girard's tables 
were reprinted in ..1629, Van Schooten’s in 1632, corrected and enriched ,with 
a spherical trigonometry written by Stampioen De Jonge ( 20) . In 1628 Van 
Lansbergen’s Cyclomenia nova was'reprinted ( 21), in 1631 his Triangulorum geo
metría. When therefore, in 1634, Girard published Stevin’s Oeuvres, there was 
no, dearth of information on goniometry and trigonometry in the Seven Provinces. 
This may have been the reason why Girard omitted the tables from his edition 
of the Trigonometry.

In 1900 Von Braunmühl, in his history of trigonometry, paid considerable at
tention to Stevin’s work in this field. He claimed that Stevin’s treatment' of 
spherical triangles was superior to that of his predecessors ( 22). We reproduce 
in our edition only a short section of Stevin’s trigonometry, for the sole purpose 
of showing how a typical sixteenth-century trigonometry presented this subject.

/

(17) (E . d e  D eck er) Nieuwe Telkonst, inboudende de logarithmi voor de ghetallen beginnende van 
i  to t lo .o o o ,.  . . M itsgaders D e  Tafels van Hoeckmaten ende Raecklynen door bet ghebruick van 
Logarithm i, de W ortel zyn de  van io .o o o .o o o  deelen .. .  G ou d a , R am m aseyn, i6 z 6 .

(18) Tables des sinus, tangentes et sécantes selon le raion de i o . o o o .o o o p a rtie s . . . p a r  A lb e r t  
G irard . La H aye , E lzev ier , 1626, 1627. T h e  ed ition  o f  1629 con tin u es o n  th e  title  page:  
A vec  la Trigonométrie tant plane que sphérique d ’une méthode p lu s  succincte, e t d ’une manière plus 

facile  que ja m a is  auparavant. T h e  first ed ition  has instead o f  th is : A vec  un tra ic té  succini tant 
des triangles p lans que sphériques. T h e  w o rd  “ tràicté” has been  ch an ged  to  “tr ig o n o m étr ie” .

(19) Tabulae sinuum, tangentium, secantium ad  Radium 10 .000 .000 . M e t  V ghebruyck der selve 
in Rechtlinischen Triangula. D oor F r. van Schooten, Professor Matheseos to t Leyden. A m sterd am , 
W . J. B laeuw , 1627.

(2°) T h js seco n d  ed ition  has th e fo llo w in g  w ord s added to  th e title  : E nde u it cört by 
gevoecht, d ’ontbwdinge der sphaerischer Triangulen. . . door I . I .  Stampioen d ’longe. R otterdam , 
W ed. M . B astiaensz 1632. See H .B osm an s, R ev u e  Q uest. Scient (4) II (1927), pp . 113—141.

(21) P h ilipp i Lansbergii Cyclometriae novae lib r i «/«».M iddelburg, Z . R om anu s, 1628 (first 
ed . 1616). T h is b o o k  is d ed icated  to  P rin ce M aurice. T h e  b o o k  o n  triangles {I.e. (s)) w as  
reprinted  by  W . B laeu , A m sterd am , 1631. . ,

(22) V o n  B raunm ühl, I.e. (*) pp . 2 2 6 -2 2 8 , claim s that it is S tev in ’s m erit to  h a v e  stated  
for  th e first tim e that th e  six  form u las w h ich  w e  u se  at present for  th e  com p u ta tion  o f  
rectangular spherical triangles are sufficient for  all cases : „ S tev in  kan nte n ich t nu r V ie ta ’s 
tr igon om etrisch e  A rb eiten , son d ern  erkannte auch ihren  b edeuten den  W ert; so  n im m t 
er dessen  F orm eln  zur B erech n u n g des rech tw in k ligen  sphaerischen D reieck s d irekt 
herüber, reduziert sie aber a u f jene 6, deren w ir  uns n o ch  h eu te bed ienen . Sein Verdienst is t 
es, gum erstenmale ausgesprochen gu haben, daß diese 6  Formeln gur Lösung aller möglichen D reiécks- 

fä lle  vollständig ausreichen.” (Italics by  v . B raunm ühl, w h o  q u o tes  H ypomnemata p .p . 61, 
2 0 8 -217).
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V O O R S T E L L E N .
I V E R T O O C H .  I V O O R S T E L .  

G h e l y c k  des platten driehoucx rechteriijde totte 
flinckerfijde, alfoo flinckerhoucx* houckmaet »totrech- s í m . 

terhoucx houckmaet.
W a n t  d’een der verleken houckmaten, is o f  van een Iciherphouck, recht, 

houck, o f  plomphouck, foo  füllen wyder drie verfcheyden voorbedden af 
Bellen.

I Voorbeelt alvvaer bey de de verleken houckmaten
van fiherphoucken fijn.

T g h e g h e v e n .  LaetA B C  een platte driehouckwefcn,diens verleken Crllirwll 
houckenB , C , bcydefcherpfijn,endeoptpuntB ais *  middelpunt, fy befchre- s .m J im t -  
ven met B A  ais *  halfmiddellijn, den b o o c b A D , diens houckmaet fy A E , tn m .  

rechthouckich op C  B: S’ghclijcx opt punt C  ais middelpunt,fy bcfchteven m et 
C F even an A  B ais halfmiddellijn, den booch F G,diens houckmaet F H oock 
rechthouckich op C  B is.

T b e g h e e r . d e .  Wy moeten bcwij fen dat geli jek de rechteriijde A B, totte
flincker íijde A C,alibo de flinc-
kerhoucx houckmaet F H,totte A
rechtcrhoucx houckmaet A  E.

T  b  e  w  y  s  W ant inden drie- y ^
houck A C E  twee *  cvewijde- 
ghe f ijn ,ais F H m et A E ,fo o  
heeft A C fulcke reden tót A E,
ghelijck F C tot F H . Maer A B  C  ®
is even an F C  door t’ghegheveri, Daerom

Ghelijck A  C tot A E , alíbo A  B tot F H:
Ende detn *  overanderde reden, Alunum

Ghelijck A  B tot A  C,alfoo F H  tot A  E. mutum.

1 Voorbeelt alvvaer eleen der verleken houchfio- 
ten van een rechtbouck is.

T g h e g h e v e n .  LaetA BC cenplattedriehouckfijn,dienshouckBrecht 
is,ende opt punt B ais middelpunt,fy befchréven met A B ais halfmiddellijn,den 
booch A  D ,diens houckmaet fijnm oet A B :S ’ghelijcx opt puntC  ais middel
punt,fy belehre ven met C É even an A B  ais halfmiddellijn,den boóch E F,diens 
houckmaet E G.

Tardid*.
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ON PLANE TRIANGLES 

1st THEOREM. 1st PROPOSITION.

As the right side of a plane triangle is to the left side, so is the sine of the 
left angle to the sine of the right angle.

Because one of the compared sines relates to either an acute or a right or an 
obtuse angle, we shall give three different examples thereof.

1st Example, where both the compared sines relate to acute angles.

SUPPOSITION. Let ABC  be a plane triangle, whose compared angles B and C 
are both acute, and about the point B as centre let there be described, with BA  
as semi-diameter, the arc AD, whose sine shall be AE, at right angles to CB. In 
the same way, about the point C as centre let there be described, with CF equal 
to AB  as semi-diameter, the arc FG, whose sine FH is also at right angles to CB.

W HAT IS REQUIRED. W e have to prove that as the right side AB  is to the 
left side AC, so is the sine FH of the left angle to the sine AE of the right angle.

PROOF. Because in the triangle ACE  there are two parallel lines, viz. FH and 
AE, AC  is to AE  as FC to FH. But AB  is equal to FC by the supposition. There
fore,

As AC  is to AE, so is AB  to FH.
And by the alternate ratio:

As AB  is to AC, so is FH to AE.

2nd Example, where one of the compared sines relates to a right angle.

SUPPOSITION. Let ABC  be a plane triangle, whose angle B is right, and 
about the point B as centre let there be described, with AB  as semi-diameter, the 
arc A D , whose sine must be AB. In the same way, about the point C as centre 
let there be described, with CE equal to AB  as semi-diameter, the arc EF, whose 
sine is EG.

i
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T b e g h e e r d e .  Wy moeten be- 
wijfen dát ghelijck de rechterfijde A B, 
totte ilinckerfijde A C, alloo de flinc- 
kerhoucx houckmaet EG tot derech- 
tcthoucx houckmaét A B, alwaer te be- 
dencken flaet, dat een felve A B, hict 
toot fijdè ende houckmaet verftreckt.

T ë i w y s . Want inden driehouck 
ABC twee * evewi jdeghe fijn, ais E G met À B,foo feg ick ‘ 

GhelijckACtótAB,aliboÊCtotEG. '
Macr A B is even an E C door t’ghegheven,daerom 

Ghelijck A C tot A B,alfoo A B tot E G.
Ende door verkeerde * reden:

Ghelijck A B tot A C,alfoo E G tot AB.

3 Voorbeelt otwoer d  een der verteken houckmaten ‘von 
een piomphouckis.

T g h e c h e v è n . Láet ABC een platte driehouckwefen, diens houckeii 
der verleken houckmaten fijn C,ende ABC, wacrafden houck ABC plomp 

, is,endeopt punt B ais* middelpunt Jy befchrevenmet A B als * halfmiddellijn, CmtnmSt* 
den booch A D,diens houckmaet fi A E, rechthouckich opde voortghetrocken “^ one*
C B : S’ghcli jcx opt punt C ais middelpunt, fy befchreven met C F even an 
AB ais halfmiddellijn, den booch FG, diens houckmaet F H oock rechthouc
kich op C B eomt. T 6 e g h e e r .d e . Wy moeten bewijfen dat ghelijck de 
lechleri! jde A B,totte ilinckerfijde AC,alfoo de üinckeihoucx houtkmàet F H, 
totte rechterhoucx houckmaet A E. T b e re y t  s e l . Laet gheteyckentwor- 
den Alopde voorghetrockenCB, aliöo dat den houckAl B, even (yan dot 
houck A B I.

T b e w y s . An- -r— ^
ghefien den hoück 
AIB.evenisanden 
houck A B I , foo 
moet de lijn A I, 
even fijn an AB:
MaerABisevenan _
C Fdoor t’gheghe. c  
ven, daerom Alis
even an C F, ende A E is oock houckmaet des houcx I: Daerom fegh ick deur 
hct t voorbeelt defes voorftels,dat

Ghelijck de rechteriijde A I,des driehoucx ACI,
Totte ilinckerfijde AC,

Alfoo de flinckerhoucx houckmaet FH,
Totterechterhoucx houckmaet A E.

Maer AB is even an A I, ende A E is ooçk houckmaet des houcx A B C van* 
de dnchouck A B C deur t’gheghevcn, Daerom 

Ghelijck de rechterfijde A B,
Totte ilinckerfijde AC,

Alfoo de ilinckerhoucx houckmaet F H,
Totte rechterhoucx houckmaet A E.

T b e s l v y t . Ghelijck dan des platten driehoucx rechterfijde totte ilinc
kerfijde, alfoo ilinckerhoucx houckmaet tot rechterhoucx houckmaet, t’welck 
wy bcwijfen moefien.
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W HAT IS REQUIRED. W e have to prové that as the right side AB  is to the 
left side AC, so is the sine EG of the left angle to the sine AB  of the right angle, 
it having to be borne in mind that the same AB  here serves as side and as sine.

PROOF. Because in the triangle ABC  there are two parallel lines, viz. EG 
and AB, I say:

As AC  is to AB, so is EC to EG.
But AB  is equal to EC by the supposition; therefore:

As AC  is to AB, so is AB  to EG.
And by the inverse ratio:

As AB  is to AC, so is EG to AB.

3 rd Example, where one of the compared sines relates to an obtuse angle.

SUPPOSITION. Let ABC  be a plane triangle, whose angles of the compared 
sines are C and ABC, o f which the angle ABC  is obtuse, and about the point B  
as centre let there be described, with AB  as semi-diameter, the arc A D , whose 
sine shall be AE, at right angles to CB produced. In the same way, about the 
point C as centre let there be described, with CF equal to AB as semi-diameter, 
the arc FG, whose sine FH also comes at right angles to CB. W HAT IS RE
QUIRED. We have to prove that as the right side AB  is to the left side AC, so 
is the sine FH of the left angle to the sine AE  of the right angle. PREPA
RATION. Draw A I on CB produced, in such a way that the angle AI B be equal 
to the angle ABI.

PROOF. Since the angle AIB is equal to the angle ABI, the line AI has to be 
equal to AB. But AB  is equal to CF by the supposition. Therefore A I is equal 
to CF, and AE is also the sine of the angle I. Therefore I say, by the 1st example 
of this proposition, that:

As the right side A I of the triangle AC I is to the left side AC,
So is the sine FH of the left angle to the sine AE of the right angle.
But AB  is equal to AI, and AE  is also the sine of the angle ABC  of the 

triangle ABC  by the supposition. Therefore:
As the right side AB  is to the left side AC,
So is the sine FH of the left angle to the sine AE  of the right angle.

CONCLUSION. Hence, as the right side of a plane triangle is to the left 
side, so is the sine of the left angle to the sine of the right angle; which we 
had to prove.





DE MEETDAET

THE PRACTICE OF MEASURING



INTRODUCTION
The Meetdaet is primarily a textbook for the instruction of those who, like 

Prince Maurice, wanted to learn some of the more practical aspects of geometry. 
The course was not one for beginners, knowledge of Euclid’s Elements being a 
prerequisite, while the reader was also supposed to know something about the 
measurement of angles and Stevin’s own calculus of decimal fractions. There is 
little or no original material in the book, though the selection of the subject 
matter has an unmistakable Stevin touch. Parts of the contents were taken from 
the Problemata Geometrica, the book which Stevin published in 1583, but to 
which he, curiously enough, never refers. Other parts show the influence of Ar
chimedes and of contemporary writers such as Del Monte and Van Ceulen. Al
though in accordance with the title strong emphasis is laid on the • practical ap
plications of geometry, many theoretical problems are discussed. For Stevin 
theory and application always went hand in hand.

The Meetdaet appeared in 1605, but it was drafted more than twenty years 
before. Already in the Problemata Geometrica Stevin refers to a text on geometry, 
“which we hope shortly to publish” ( i )  and in which the subject was to be treated 
by a method parallel to that used in arithmetic. At that time Stevin’s V Arithmétique 
was already either finished or well advanced. We get the impression that in this 
period, 1583— ’85, Stevin decided to publish his full text on arithmetic, but 
of his text on geometry only those parts which he considered novel. The general 
outline of the two texts was laid out at the same time, and in close parallel. When 
at last the Meetdaet appeared, it had undergone many changes, resulting partly 
or wholly from lengthy discussions with the Prince of Orange. The underlying 
idea, however, remained the same.

In the introduction to the Meetdaet Stevin explains what he means by this 
parallelism of arithmetic and geometry. In arithmetic we begin by introducing 
the numerical symbols, and follow this up by naming them and interpreting their 
value. Then come the four species, the theory of proportions, the theory of pro
portional division, and finally the reduction of fractions to a common denomi
nator. Similarly, in geometry, we begin by showing the student how to draw figures, 
then we name them and explain how to measure them. Then follow the four 
species, the theory of proportions, of proportional intersections, and the re
duction of figures into others of given form and equal length, area or volume. Since 
these topics are taken in six groups, and each group with lines, plane figures, and 
solids, the Meetdaet consists of six books, each consisting of three parts.

The opinion of Stevin that geometry and arithmetic have to run parallel is not 
so artificial as it appears at first sight. Stevin expresses an opinion common to 
the mathematicians of his age, who insisted on enlarging the field of numbers 
with irrationals to something like an arithmetic continuum, who applied these

(*) Problem ata, lib . II, In trod u ction .
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numbers without discrimination to the measurement of figures, and for whom 
numbers were not so much the object of abstract speculation as the tools for 
surveying, navigation, and astronomy. The subject matter of geometry is con
tinuous quantity, wrote such men as Tartaglia and Clavius. It seemed natural 
that there should exist relations and analogies between the professed geometrical 
and the intuitively felt arithmetical continuum (2 ). Stevin only gave an early 
sixteenth-century version of a point of view which was to lead, within the next 
generations, to analytic geometry. Consciousness of the analogy between arith
metical-algebraic and geometrical considerations continued to work as a leaven 
throughout the further development of mathematics. Later we find it in Leibniz’ 
proposal for an algebra of directed quantities. In another form it appeared again 
more recently when Hilbert probed the consistency of geometrical axioms by 
means of a corresponding algebraic counterpart.

Book I of the Meetdaet, in accordance with the author’s program, teaches 
methods for drawing lines and certain plane figures, and for constructing certain 
solids. With his keen sense of the interdependence of theory and practice Stevin 
gives not only rules for the drawing board, but also for the surveyor and in- 
strument-maker. W e thus meet here with a description of the surveyor’s cross or 
diopter, already described by Heron (3) and used for setting out perpendiculars 
by lines of sight. With a graduated circle instead of a cross it becomes a so- 
called circumferentor or theodolite. The plane figures discussed are the circle, 
the conic sections, and the Archimedean spiral. N o fewer than four methods are 
given for constructing points of an ellipse when the principal axes are given 
in position and magnitude. One of these constructions is the ancient “gardener’s 
construction”, based on the property that the sum of the distances from a point on 
the circumference to the foci is constant (the foci are not yet referred to by a 
special name). Stevin believed that he had found this construction somewhere in 
a book of Del Monte, who himself had discovered it in some old manuscripts ( 4) . 
Stevin also took another construction from Del Monte (5), this time based on 
the property that any point P on a line segment whose endpoints A  and B are

(2) S e e E . W . Stron g , Procedures and Metaphysics. A  Study in the Philosophy o f M athem atical- 
Physical Science in the Sixteenth and Seventeenth Centuries (B erkeley , Cal., 1956, V I  +  301 pp .), 
Ch. III, IV . O n  S tev in  see  pp . 105, 106. C om pare a lso  ou r  In trod u ction  to  L  A rith m é
tique.

(3) Heronis A lexandrin i opera, ed . W . Schm idt, III (1903 ). Commentatio dioptrica. —  O n  
early su rvey in g  instrum en ts, in c lu d in g  th e  d iop ter  and triquetrum  (w ith  illustrations) see  
e.g. R . T . G un ter, E a rly  Science in O xford  1 (1 9 2 1 , V  +  407 p p .), II (1923, X V  +  408 p p .) ; 
F. Schm idt, Geschichte der geodetischen Instrumente und Verfahren im  A lte rtu m  und M itte la lter  
(N eu sta d t a.d . H aardt, 1935) and our fo o tn o te  (8) o n  th e „rechtcruys” to  th e  E n g lish  
translation  o f  D e  Thiende. A lso  : E d m o n d  R . K ie ly , Surveying Instruments, Their H istory  and  
Classroom Use (N e w  Y o rk , 1947, chapter IV ).

(4) T h e  p ro p o sitio n  o n  w h ich  th e “ gardener’s con stru ction ” is based can be fo u n d  in  
A p o llo n iu s ’ Conics, B o o k  III, Prop. 52. W e first m eet w ith  th e  con stru ction  in  a fragm ent 
o n  Burning M irrors  by  A n th em iu s o f  Tralles (d ied  c. 534), see  T. L. H eath , Bibliotheca  
mathematica  7 (1907) pp . 225—233. See further J. T rop fke, Geschichte d. E lem .-M athem . V I  
(2n d  ed ., 1924), p. 154.

(6) S tev in  w rites that h e  had fo rg o tten  w h ere in  D e l M o n te ’s w ork s th ese  con stru ction s  
appear. A s  Chasles has ob served , it  is  in  th e  Planisphaeriorum universalium theorica (P esaro, 
15.79). See M . C hasles, Aperçu historique sur l ’origine e t le développement des méthodes en géomé
trie  (Paris, 2nd e d. 1875), p. 89.
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forced to move on two perpendicular axes describes an ellipse (6 ). Since this 
property also holds for a point P on the continuation of A  B, we are led to the 
third construction, in which the length of A  B is taken as a— b and the point P  is 
at a distance b from either A or B  (we call a, b the lengths of half the major and 
minor axes). Stevin also uses this theorem to find one of the principal axes of an 
ellipse when the other principal axis is given in length and position, together with 
an arc of the curve. The fourth ellipse construction is equivalent to the one we 
often use at present, and by which we find points of the ellipse by considering 
it the oblique parallel or orthographic projection of a circle with one of the axes 
as diameter. This construction may in this form be original with Stevin, though 
it is closely related to another one, also presented by Stevin, in which he shows 
how the conic sections can be constructed as plane intersections of a right circular 
eone.. His method amounts to what we now call orthographic projection. Stevin 
may have been led to these constructions by Dürer ( 7).

Other interesting parts of Book I are the passages where Stevin uses his decimal 
notation in the form 168(7) for 16(0)8(7); here we also find 3691©  printed as 
36.91© . This may be taken as an early example of something like a decimal point, 
but we also meet with the notation 84.26 for an angle, meaning 84gr 26(7), or 
84°26' in our notation. Here the dot is not a decimal, but a sexagesimal point.

Book I also contains Stevin’s description of the five regular and of eight Ar
chimedean solids, taken from his Problemata Geometrica (perhaps we should say: 
which in 1583 he had lifted from his manuscript to be published in the Proble
mata Geometrica). For some reason or other he omits ( 2 0 3 , 1 2 10 }  and { 1 2 5, 2 0 6 } ,  
though he had found them himself. The three other Archimedean solids are also 
missing, despite the fact that Pappus’ work, which describes these solids, had by 
this time become accessible in print ( 8).

In Book II we find observations on the lengths of line segments and curves, 
the areas of two-dimensional figures, and the volumes of solids. Some surveyor’s 
instruments appear, among them the ancient “traprondt” or graduated circle for 
measuring horizontal angles ( 9), and the equally ancient triquetrum, consisting 
of two arms of equal lengths, hinged to a third; they are graduated and have 
sighting devices. The triquetrum, also called Ptolemy’s rods or parallactic 
instrument ( 10), is used by Stevin to determine a triangle similar to a triangle in the 
fields, though in his days it had also received attention as a favourite measuring 
instrument of Copernicus and Tycho Brahe. As an application of the triquetrum 
Stevin shows us how to measure the distance from a given point to a point beyond

(6) T h is con stru ction  can b e  fo u n d  in  P roclus, Euclidis elementorum librum commentarii, 
ed . G . F ried lein  (L eip z ig , 1873), D e f. IV  to  first b o o k  o f  E u c lid , p. 106. S tev in  m ig h t  
ha v e  fo u n d  it  in  th e  L atin  translation  o f  P roclus by F. B arozzi (Padua, 1560). See a lso  th e  
G erm an translation by P. L eander S ch ön b erger (H alle, 1945) or  th e French  translation  
by P. V er  E eck e  (B ruges, 1948), p. 96.

(7) A . D ü rer, Underweysung der Messung m it dem sfrckel und richtscheyt (N u ren b erg , 1 5 25) ; 
see  a lso  J. L . C o o lid g e , The M athematics o f  G reat A m ateurs  (O xford , 1949, V III  + 2 1 1  p p .), 
p . 64. S tev in ’s fou rth  e llip se  con stru ction  can im m ed iately  be d erived  fro m  D ü rer’s 
m eth od .

(8) See In trod u ction  to  Problemata Geometrica.
( 9) O n  th is see  fo o tn o te  (3).
(10) See e.g. R . T . G un ter, I.e. 3) I p. 344, II p. 15. T h e  triqu etru m  is d escribed  by P to 

lem y  in  th e Almagest-. V , 12 (ed. H e ib erg , L eip z ig  1898, p. 403 ; translation  by  M an itiu s, 
L eip z ig  1912, p. 295).
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reach. A number of other exercises in surveying follow, and also such problems 
as the computation of the altitudes of a triangle with given sides. In the section 
on the measuring of circumferences and areas we find a discussion of the value 
of n  with due references to Archimedes, Romanus, and Van Geulen; n  is given 
in 20 decimals, the value which Van Ceulen had published in 1596 ( l l ).

Stevin continues the discussion of areas with that of the ellipse and of the 
parabolic segments, both derived by Archimedes. He has the correct value nab for 
the area of the ellipse, but a wrong one for that of the parabolic segment. This 
is not a mere misprint; the error recurs in Book VI, though it is not clear what 
may have led Stevin to it. There is also a discussion of the area bounded by an 
Archimedean spiral.

Book III contains the application of the four species to geometry, with reference 
to the parallel treatment in L’ Arithmétique. Multiplication and division of seg
ments, areas, and volumes is only performed-by means of numerical factors; there 
is no reference to the multiplication of segments so as to form areas. O f some 
interest is the addition and subtraction of solids, but the only case discussed is 
that of similar figures. Here Stevin entered a field to which he had paid particular 
attention in Books IV and V of the Probletttata Geometrica.

In Book IV we find a theory of proportions. It is shown how areas and volumes 
proportional to given line segments can be found. The most interesting part is 
that in which the two mean proportionals between two line segments are dis
cussed. ' As in the Problemata Geometrica, reference is made to Hero’s con
struction according to Eutocius. The Eratosthenes construction is mentioned, but 
not further discussed.

Book V contains the division of plane polygons into parts of given ratio by a 
line satisfying certain conditions, another of the topics of the Problemata Geo
metrica. Here Stevin goes a little beyond the text of 1583. He had been reading
up on the literature and had not only become acquainted with the earlier work 
of Tartaglia —  who had reported on that of Cardan and Ferrari —  but had also 
read the book which Benedetti had published in 1585 ( 12)- As a result he not 
only modified some of the proofs of the theorems already discussed in the Pro
blemata, but added the cases where the line of division has to pass through a 
point outside or inside the polygon. These cases had already been a subject of in
vestigation by Euclid, in his book on Division of Figures, and Stevin may have
gained an inkling of it through Clavius’ remark in his Euclid edition ( 12). In
stead of this, Stevin contented himself with a reference to his favourite theory 
that all these solutions have come down to us from the “Wysentyt”, the supposed 
Age of the Sages. Stevin also deals with some problems on the cutting of solid 
figures in a given ratio.

Finally, Book VI deals with some transformations of figures into others of 
given form and given length, area or volume, such as the (approximate) 
construction of a straight line equal to the circumference of a given circle, of a

(n ) L . van  C eulen, V an den C irk e l. . .  to t D e lf, bij J. A n d riesz, 1596, i4 r . T here exists  
a p osth u m ou s ed ition  o f  1615. V an  C eu len’s value o f  tt w ith  33 decim als w as p u blished  
by his w id o w  in  A rithm etische en geometrische fondamenten (L eyden , 1615), his value w ith  35 
decim als w as p u blished  by W . Snellius in  Cyclometricus (L u gd . B at., 1621), p. 54. T h is  
w as th e  value engraved  o n  h is to m b  in  th e P ieterskerk at L eyd en , see  W . H o p e  J o n e s -  
C. de J o n g , M athem . G azette , 22 (1938), pp . 28 1 -2 8 2 .

(12) See fo o tn o te  ( io )  to  th e In tro d u ctio n  o f  th e Problemata Geometrica.



triangle equal in area to a given circle, of a sphere equal in volume to a given 
eone, of a cylinder equal in volume to a given sphere, and of a segment of a sphere, 
similar to one of two given segments and equal in area to the other. Here we 
meet again with some problems from the Problemata with a few modifications 
and additions ( 14).

W e thus see that the Meetdaet is far from being a systematic textbook. The 
author, within the framework of an apparently rigorous scheme based on a paral
lel with arithmetic, wanders freely through the fields and culls the flowers which 
appeal to him and to his prince and master. What is lost in originality is gained 
in freshness of approach and selection of topics. Written in Stevin’s vigorous 
Dutch, it is one of his most readable books. Scanning its pages, we still can see 
before us the studious Flemish engineer and the martial stadtholder of Holland, 
perhaps sitting together in front of a fire in some old Gelderland farmhouse 
during a campaign, or in the prince’s palace at the Hague, absorbed in the study 
o f the ancient and contemporary geometers they both admired.

Again we reproduce some specimen-pages.

(14) T h ere  is an accou n t o f  th e M eetdaet in  M . Cantor, Vorlesungen über Geschichte der 
M athem atik  II (L eip z ig , 1892), pp . 5 2 9 -5 3 1 . In  his exh au stive  analysis o f  th e Problemata 
Geometrica, G ravelaar a lso  deals w ith  th e  M eetdaet, esp ecia lly  w ith  th o se  section s w here  
th e  tw o  b o o k s  overlap . (N ie u w  A r ch ie f v . W isk . 5 (1901), pp . 106 -191).
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H oochgheboren  V orft ende H eere M a v r i t s  Prince van 
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E E R S T E  D E E L  D E S ?
E E R S T E N  B O V C X  V A N

H E T  T E Y C K E N E N
D E R  L I N I E N .

‘ V O O R S T E L .
Rechtelinien te tevckenen.•»

D E rechte linien worden inde daet door vericheyden middelen gheteÿc- 
kcnt.elcke na den eyfch der omftandighen.waer af de drie vooinaemftc 
dic my nu te voorcommen,ghedaen worden ten cerften met een rech

te rije: Ten anderen met een flachtlijn:Ten derden met fichtftralcn.

/ Voorbeelt vant teyekenen der recht e lini met een rije.
T g h e g h e v e n . Laet A  B twee punten fijn. T b e g h e e r d e . W y moe

ten vant een tottet ander een rechte lini teyekenen met een rije, welcke manier 
meeft dient op papier ende ander cleene effen gronden.

T  W  E R C K.
Ickneem een rechterijcals C.legghende d’een cant op de punten A, B, trec

kende daet langs henen een fienlicke lin i AB, met een p en n e , paflèr, priem, 
inckt o f crijt,na den eyfch vanden gtondt,ende heb het begheerde.

A  B
t • ■ f 1 — -  . i ■ ■   - —

2 Voorbeelt vant teyekenen der rechte Uni met eenfiachUjri.
T g h e g h e v e n .  Laet A B  twee punten fijn. T b e g h e e r d e .  W ymoe- 

ten vant een tottet ander een rechte lini trecken met een flachlijn,dat is een duo 
coordeken metcrijt beftreken, t’welckghelpannen ftaende , ende ghctrockcn 
fijnde ibodattetteghendengront flaet-,teyckentdaer met luttel mocytc een feer 
rechte lini. Welcke manier lècrghcbruyckt wort onder anderen by timmcrluÿ- 
dcn.int teyekenen van hacr wereken, oock by faghers,  om lbo wel door crom- 
me ais rechte boomen,rechte Ineen te faghen.

T W  E R  C K.
Ickncetndevoorlz.beerijtcflachlijnCD,dic mijn tweeder ghefpannen 

ftcllende over de punten A B , trecklcdaer na ais depeez van een booch, ende 
crijch de begheerde rechte lini A B.

A  4 3 Vtor.
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MEETDAET 
BOOK I.

FIRST PART OF THE FIRST BOOK.
OF THE DRAW ING OF LINES.

/

1st PROPOSITION.

To draw straight lines.

In practice straight lines are drawn by various means, each in accordance with 
the requirements of the case, of which the three principal ones which now occur 
to me are performed: firstly with a straightedge; secondly with a chalked line; 
thirdly with lines of sight.

1st Example, of the drawing of the straight line with a straightedge.

SUPPOSITION. Let A  and B be two points. W HAT IS REQUIRED. W e have 
to draw a straight line from one point to the other with a straightedge, which 
method usually serves for drawings on paper and other small, smooth grounds.

PROCEDURE.
I :take a straightedge, such as C, placing one edge on the points A  and B, 

drawing along it a visible line AB  with a pen, compasses, an awi, ink or chalk, as 
the ground demands, and then I have what was required.

2nd Example, of th e,drawing of the straight line with a chalked line.

SUPPOSITION. Let A  and B be two points. W HAT IS REQUIRED. We 
have to draw a straight line from one point to the other with a chalked line, i.e. 
a thin cord covered with chalk, which, when taut and drawn so that it strikes 
against the ground, draws thereon a very straight line with little effort. Which 
manner is widely employed among others by carpenters in the drawing of their 
constructions, and also by sawyers, for the sawing of straight sections through 
crooked as well as straight trees.

PROCEDURE.
I take the aforesaid chalked line CD, holding it with the aid of someone else 

taut over the points A  and B; I then draw it like the string of a bow, and get 
the required straight line AB.



V A N T  T E Y Ç K Ç N E n  D E R  G R O O T H E D E N .  %7 
8 V O O R S T E L .

Wefende ghege ven een deel vanden om treck des rond ts, 
den heelen omtreck te vol teyekenen.

T g h e g h e v e n . Laer den booch A B C  deel vanden omtreck eens ronda 
fijn. T b e g h e e r d e . W y moeten den heelen omtreck volteÿckènch;

T W E R C K .
Ick fiel inden ghegheven booch eenighe drie punten, welc

ke ick neem D,B, E, te wefcn.ende treek de rechtejini DB.daer b  
naophaer middelF.de lini F G rechthouckich op D  BjSgclijcx 
tieck ick B E , ende op haer middel H de. lini H I , rechthouc- ( ■
kich op B E ende ghenakende FG  in I : Twelck foo fijn -A .. \ s
d e , I ismiddelpüntdcsbegheerden o  ntrccx, daerosnopt le l- 0
ve belchrcven den booch C K A ,m cn heeft den heelen begeer
den omtreck A  E C K , waei: af t’bewijs openbaer is deur hetaj voorftcl des 
3 boucx van E u clides. T b e s l v y t . Wefende dan ghegheven een deel van
den omtreck des rondts, wy hebben den heden omtreck volteyckent na den 
eyfch.

V E R V O L G H .

Hier uyt is kcnnclick hoemen dcjoralle drie ghegheven punten die in gheen 
rechte lini en flaen,een rondts omtreck fai fchrijven.

9  V O O R S T E L

Opdeghegheven grootfteende cleinfte middellijn dés 
* lanekrondts fijn omtreck te teyekenen. EB'̂ U

Het teyekenen van defen omtreck heeft onder onder anderen fijn gebruyek 
in Platclootfehe tuyghcn , ais voornaemlick des ghemeenen Platcloots daer 
C u ido  M a ld u t af handelt, oock int teyekenen der overwelffels van gheftichten.

T g h e g h e v e n . Lgpt A  B de grootfte middellijn wefen , ende C D  de 
deenfte,malcanderdoorfnyendcinE. T b e g h e e r d e . W y moeten daer 
op des lanekrondts omtreck teyekenen.

t W e r c R .

Ghelijckmen metten pafler den omtreck des rondts befchrijfr,alfoo den om - 
treckdes lanekrondts metten bygheftelden tuych, van defer ghedaente fijnde;
FG is een beweghende rye.met een fplect int middel, wàer in twee flijlkens H, 
Ighefchrouft worden: Antcynde by F is een ptint, daermen den omtreck me 
teyckent.K L  een kruck, oock met een fpleet M N .

Het teyekenen des beghcerden omtrccx met dcfen tuych gáet aldus toe: De 
punt vant (lijlkenH, wort foo wijt vanden punt F ghehecht, ais van E totC, 
ende het flijlkenl foo verre vandefelvc punt F , ais van E totA : Daer nafielt- 
men depinnc F op den punt C , ende het iiijlken H , opt punt N , alfoo dat 
de ryc F G opt middel der kruck comt, palfende de lini K L op A B j Daer na 
ftrijckm enhctflijlkenHteghendefijdeKL, latende het fiijlken I fijn loop

B j nemen
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MEETDAET
BOOK I.

O N  THE DRAW ING OF A N  ELLIPSE 

9th PROPOSITION.

On the given larger and smaller diameter of the ellipse to draw its circum
ference.

The drawing of this circumference finds application, among other things, in 
astrolabes, chiefly the ordinary astrolabe with which Guido Ubaldus deals: also 
in the drawing of vaults of buildings.

SUPPOSITION. Let AB  be the larger diameter and CD the smaller, inter
secting each other in E. W HAT IS REQUIRED. W e have to draw thereon the 
circumference of the ellipse.

PROCEDURE.
Just as the circumference of a circle is described with the compasses, the 

circumference of an ellipse is drawn with the instrument shown overleaf, which 
has the following form. FG is a movable ruler with a slit in the middle, in which 
are screwed two small pegs H  and I. At the end, at F, there is a point, with 
which the circumference is drawn. KL  is a handle, also with a slit AIN.

The drawing of the required circumference with this instrument takes place 
as follows. The point o f the peg H  is fastened as far from the point F us E is 
from C, and the peg I as far from the same point F as £  is from A. Then the 
pin F is put in the point C, and the peg H  in the point N , so that the ruler 
FG comes in the middle of the handle, the line K L  fitting on AB. Upon this 
the peg H  is passed along the edge K L , while the peg /  is allowed to take its



i  B o v c k  d e r  m e e t d a e t

c

E

F

K

M

nemen inde ipleet M N:Twdck foo iijnde de pinnc F befchrijft den halvcnTwdck F befchrijft denpinne F befchrijft den halvcn 
begheerden omtreck: Ende doendederghelijcke over d’ander fijde, men heeft 
den heelen omtreck.

nemen

T B E W Y S.
Hier af is ghedaen na mij n onthoudt deür G uido V baldu s  in eenich bouexken 

dat ick verloren heb.

Ander manier van vvereking.
T g h e g h e v e n . LaetABdc grootfte, G D de clecnftc middelli jn weien, 

m'alcander doorfnyende in E. T b e g h e e r d e .  Wy moeten daer op des 
lanekrondts omtreck teyekenen.

T werx k .
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course in the slit M N. This being so, the pin F describes half the required circum
ference. And when the same is done on the other side, the whole circumference 
is obtained.

PROOF.
I seem to remember that this was dealt with by Guido Ubaldus in a small 

book, which I have lost.

Other Method of Operation.
SUPPOSITION. Let AB  be the larger diameter and CD  the smaller, inter

secting each other in E. W HAT IS REQUIRED. W e have to draw thereon the 
circumference of the ellipse.



V A N T  T E  Y C K E  l í  E K t > Ê R  Ö R O Ö T H E D E N .  Ij>

T W E R Ç K .
Ick treck C D  voortwaert tot F , alfoo dat C F even fy an E /L, neem daer ná 

mcttenpaflèrdèlangdeEF.endêfteld’een voctin EFdaertvalt , ickneem ant 
puntG ,d’andeiinE A  welcke daetcomt neem ick an t punt H , treckdacr ná 
G H  voortwaert tot I, fulex 
dat H I even fíjn an E C ¡
Tw elckfoo wefende, I is 
een punt inden omtreck 
des lanekrondts, vallende, 
daerom derghclijcke pun
ten alfoo ghenouch gevon
den,fulot datmen van d’een 
tot dander rechte linikens 
treckende,de lèlvcvanden 
waren omtreck geenmere- 
kelick vcrithil en hebben, 
men heeft t’begheerde, ais 
den omtreck A I C  B D .

T B E W Y S,
Anghefien dat inde voorgaende ecrfte manier der wercking, de langde F H  

des tùychs aldaer befchreven,even was an C ,E , eridc F I even an À  E , ende dat 
àlfdoen t’punt F in des begheerden lanekrondts omtreck was, foo moet in dele 
tweede manier der wercking t’punt I,oock inden omtreck des begeerden lanck- 
rondts w efen, ghemcrçkt de lèlve reden der wercking hier ghèvolght is, want 
ghelijck ginder FH even was an haer C E, alfoo hier 1H an haer C  E, ende ghe
lijck ginderH íevenw asánt’verfchil tuilchen degrootfte en cleenfte half mid
dellijn,alfoo is hier oock HG,e ven an t'verfchil milchen de groofte en cleenfte 
halfmiddellijn.

Derde maniervan Wercking.
T g h e g h e v e n .  L æ t A  B de grootfté middellijn welen,C  D,de cleenfte, 

malcander doorfnyende in É. T b e g h e e r d e .  W y moeten daer op des 
lanekrondts omtreck teyekenen.

TWERCK.
IckvervoughdcIangdeAÉ vanDtotF, oock van D  tôt G , inde lini A  B, 

teyckenende beyde de uyterftè punten F G, qeem daer na een dtaet loo  lanck ais 
A  B,die echtende met haer uytctftcn inde 
punten F G ; Ick (tel daet na een penne o f  
priem 'daer toebcrcyt ,tcghein den dract 
rechthouckich opt plat daer de form in 
gheteyekent wort, welcke priem ick hier ^  
neem te welèrttcrplaelsvanH, alfoo dat 
dctweedcelen des draetsGH , H Fghc- 
ipannen ftaen^de priemdaerna voortghe- _d
trocken lijnde van A  over C  totB (wel-
verftaende dat den draet G H F altijt foo even ftijf ghefpannen blijft fonder ree- 
ken ais doenlick is)foo wort daer mede beichrevenden halven omtreck A  C B.

Ende
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PROCEDURE.
I produce CD to F so that CF be equal to EA, thereafter take between the 

compasses the distance EF and put one leg on EF in any place, I assume in the point 
G, the other on E A, which I assume to come there in the point H  ; then I produce 
GH  to I so that HI be equal to EC. This being so, /  is a point falling on the circum
ference of the ellipse. Therefore, when enough such points have been found, 
so that if from one to the other straight lines are drawn, the latter do not differ 
appreciably from the true circumference, we have what was required, viz. the 
circumference AICBD.

PROOF.
Since in the preceding first method of operation the length FH of the in

strument there described was equal to CE and FI equal to AE, and the point F 
was then on the circumference of the required ellipse, in this second method of 
operation the point I also has to be on the circumference of the required ellipse, 
considering that the same train of thought for the operation has here been 
followed, for as yonder FH was equal to its CE, so IH  is here equal to its CE, 
and as yonder H I was equal to the difference between the larger and the smaller 
semi-diameter, so HG  is here also equal to the difference between the larger and 
the smaller semi-diameter.

Third Method of Operation.
SUPPOSITION. Let AB  be the larger diameter and CD the smaller, inter

secting each other in E. W HAT IS REQUIRED. W e have to draw thereon the 
circumference of the ellipse.

PROCEDURE.
I mark the distance AE from D  to F, also from D  to G on the line AB, 

drawing the two extremities F and G; then I take a string the length of AB, 
fastening it with its extremities in the points F and G . Thereafter I put a pin or 
awi, adapted for this purpose, against the string at right angles to the plane 
in which the figure is drawn, which awi I here assume to be in H, so that the 
two parts of the string GH  and HF be taut. When the awi is thereafter drawn 
from A  via C to B (it being understood that the string GHF should always 
remain as uniformly taut, without stretching, as is possible), half the circum
ference ACB  is described therewith. And when the same half circumference has
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2 0  i  B o v c k  d e r  m e e t d a e t

Ende dcrgelijckcn halven omtreck over d’ander fijde oock befchreven lijn
de ais B D A , men heeft het begheerde : Defe manier van wercking mettcc be
wijs meyn ick befchreven ghefien te hebben by G uido V ba ldu s  int voorfeyde ver
loten boucxken daer hy noch by verdaerde dat hy (ulex ghevonden had in cc- 
nigheoude handtích tifien.

Vierde manier vari yvercking.
T g h e g h e v e n . Laet ABdegrootftem iddellijnCD declcynfteweien, 

malcander deurfnyendein E. T b e g h e e r d e .  W y moeten daer op des 
lanekrondts omtreck teyekenen.

T  W  E R  C K.

Ick treck B F rechthouckich op A  B, ende even an E C ,treck oock A  B voqr- 
waert tot G,daer op befchri j vende het vierendeelrondts B E G: Deel daer na B G  
in eenighe even deelen, ick neem in vie
ren , ter plactícn van H, I, K , treckende 
H L, I M, K N  cvewijdcghc met B F,ende 
aiibo dat de uyterften L, M, N , commen 
inden booch F G, deeldaer na E B in foo  
veel even deelen ais B G gedeelt wiert, te 
weten in vieren,ter plaetfen van 
treck voort O Reven anH L,cn PSeven
an IM,oock Q_T even an K N.ende alle drie evcwijdeghc met E C-.Tvvelck loo  
fijndc de drie punten R,S,T, commen inden begheerden omtreck,daerom löo- 
men B G en E B in veel meer even deelen ghedeelt had dan v ier, fulex dat de 
rechte lini tufichen twee punten gheen merckelick verichil van haer booch ca  
had, mçn fonde dan deur dríe en drie punten boghen meughen trecken, (na de 
leering des vcrvolghs vant 8 voorftel)endc t’vierendeel hebben des begheerdea 
omrrecx: Volcyhdende d'ahder drie vierendeclen op de fclve wijfc.

T b e r e y t s e l . Laet A  B C D  een * lèul wefen diens grondts middellijn 
fyDC-.Defefeulfydeurfneen met een plat EF Icheefhotickich op dcuytcrfle 
lini A  D , welck plat E F als verclaert wort int eerftc bouck van S eren us ceq  
lanckront is, diens grootfte middellijn E F, en cleen ile 
een lini even an C D. Laet andermael de feul gefneen 
worden meteen plat G H eveWijdich vandc grondt,en 
lal die fne een. rondt welen , t’wclck overcant ghefien 
de J in iG H fy, fnyendy E F in I , fulcxdatIFdoeeen 
vierendeel van E F , en fai die G H oock fijn des fclfden 
rondts middellijn: Opdcfc middellijn G Hfy befchre
ven het rondt G K .H L rechthouckich op de grondt 
D  C ,en oock opt lanckrondt E F. D ier  nafy M H  een 
plat overcant ghefien ftreckende deur t’piint I recht
houckich opt rondt G K H  L.

T  B E W  Y S.

Want G F evewijdeghe is met E H ,lö o  moet den 
driehóuck G lFghelijck fijn anden driehouck H IE, 
en daerom ghelijck F I tot I E, alfoo G I tot 1 H:Maer F I 
is ecndcrdendeel van I E, o f  een vierendeel vanF E deur therey tfel,dacrom G I 
is oock een derdendeel van I H ,o f ee n vierendeel van G H  : Voortfooisdc lini

IL even

/
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also been described on the other side, viz. BDA, we have what was required.-' I 
believe I have seen this method of operation with the proof described by Guido 
Ubaldus in the aforesaid lost book, to which he had added the statement that 
he had found this in some old manuscripts.

Fourth Method of Operation.
SUPPOSITION. Let AB  be the larger diameter and CD the smaller, inter

secting each other in E. W HAT IS REQUIRED. W e have to draw thereon the 
circumference of the ellipse. -

PROCEDURE.
I draw BF at right angles tó AB  and equal to EC, and also produce AB  to G, 

describing thereon the quarter of a circle BFG. I then divide BG  into a number 
of equal parts, I assume into four parts, in the points H, I, K, drawing HL, IM, 
K N  parallel to BF and so that the extremities L, M, N , come on the arc FG. 
I then divide EB into as many equal parts as BG  has been done, to wit into four 
parts, in the points O, P, Q. Further I draw OR equal to HL, and PS equal to IM, 
as also Q T  equal to K N  and all three parallel to EC. This being so, the three 
points R, S, T come on the required circumference. Therefore, if BG  and EB 
had been divided into many more equal parts than four, so that the straight line 
between two points did not differ appreciably from their arc, arcs might then 
be drawn through three and three points (as taught by the sequel to the 8 th 
proposition), and thus the quarter of the required circumference would be 
obtained. Upon which the other three quarters could be completed in the 
same way.

PREPARATION. Let ABCD  be a cylinder, the diameter of whose base shall 
be DC. Intersect this cylinder by a plane EF at oblique angles to the outer line A D , 
which plane, as is explained in the first book of Serenus, is an ellipse, whose 
larger diameter is EF, while the smaller is a line equal to CD. Let the cylinder 
once more be intersected by a plane GH  parallel to the base, then this section 
will be a circle, which, when viewed transversely, shall be the line GH, inter
secting EF in I. so that IF be one fourth of EF, and let this GH  be the diameter 
of the said circle. On this diameter GH  shall be described the circle GKHL, 
at right angles to the base DC  and also to the ellipse EF. Thereafter M N  shall 
be a plane which, when viewed transversely, passes through the point I  at right 
angles to the circle GKHL.

PROOF.
Because GF is parallel to EH, the triangle GIF must be similar to the triangle 

HIE, and therefore as FI is to IE, so is GI to IH. But FI is one third of IE, or 
one fourth of FE, by the preparation; therefore GI is also one third of IH, or one



V A N T  T E Y C K H N E N  D E R  G R O O T H E D E N .  2 1

I L  even ande lini int plat des lanekrondts van I tot in des lanekrondts omtreck 
(want de middelli jn G H  vaft blij vende,en het rondt daer op ghedraey t tot dat- 
tet evewijdich is mettë grondt des lèuls, lbo is dan IL  mette voorfchreven lini 
al een felvc) daerom alfmen ghelijck int werekghedaen is, op de lini even ande 
cleenfte middellijn eens lanekrondts een rondt befchrijft,en datmen opt vieren
deel der felve een lini rechthouckich treckt tot inden omtreck , en datmen daer 
na even fuleken Jini treckt rechthouckich op de langile middellijn des voor
fchreven lanekrondts , loo moet hetuyterfte punt der felve in des lanekrondts 
omtreck commen. En ghelijck dit hier bewefen is op der middellijn vierendec- 
len , alfoo ift openbaerde reghel placiste houden over alle ander haer deelcn, 
waer deur alle punten allboghevondcn in des lanekrondts omtreck vallen.

T b e s l v y t .  W y hebben dan op de ghegheven groot fte en cleenfte mid
dellij n des lanekrondts lijn omtreckgheteyekent naden eyfch.

M E R  C  K T .

Daer can noch een j manier van wercking ghedaen worden, deurdetcycke- 
ning der keghellhC daer wy int x 2 voorftc) af fcgghen füllen.

10 V O O R S T E L .  
Inde ghegheven omtreck eens lanekrondts,de grootfte 

en cleenfte middellijn te teyekenen.
T g h e g h e v e n .  Laet A B C D den omtreck eens lanekrondts fijn.
T b e g h e e r d e . Wymoeten daer in de grootfle en dey nile middel

lijn teyekenen.
T W E R G X

lek treek inde gegeven omtreck eenige tweeeyewijdege.die ick neern C  E,B E 
te wefcn,ende door haer middelt de rechte lini A  D,welcke ccn middellijn lijn
de lbo moet haer middel Gdes lanekrondts middelpunt wefen.-Maer niet noot- 
làkelicken iflè de grootfle o f  cleenfte middellijn :O m  nu die te vinden, ick 
fchrijfopt middelpunt G , mette halfmid- 
dellijn foot valt een rondt H IK  L,fnyende 
het íanckrondt inde vier punten H l  KL:
Treek daer na deur M middel desboochs 
K L  , ende deur N  middel des boochs 
H 1, de lini O P , voor begheerde grootfte 
middellijn ; Ende Q R  rechthouckich op 
O P is de cleenfte , waer af t’bewijs deur 

. t’wcïck openbaer is.
T b  e  S L V Y T .  Wy hebben danindegheghevenomtreckeenslanckrondts,

de giootfte en cleynfte middellijn gheteyekent na den eyfch.
V E R V O L G H.

Tis hier door kcnnelick hoef middelpunt vanden omtreck des lanekrondts 
ghevonden wort.

11 V O O R S T E L .  
Wefende ghegeven een deel vanden om  treck des lanck- 

rondts,endede grootfte o f  cleynfte middellijn ; D e ghe- 
b rekende m iddellijn te teyekenen.

T G  H E -
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fourth of GH. Further the line IL is equal to the line in the plane of the ellipse 
from I to the circumference of the ellipse (for when the diameter GH  remains 
in its place and the circle on it is revolved until it is parallel to the base of the 
cylinder, 1L and the aforesaid line are one and the same); therefore if, as has 
been done in the procedure, a circle is described on the line equal to the smaller 
diameter of an ellipse, and a line is drawn at right angles at one fourth of the 
latter up to the circumference, and thereafter exactly such a line is drawn at right 
angles to the longer diameter of the aforesaid ellipse, the extremity thereof must 
come on the circumference of the ellipse. And just as this has here been proved 
for the fourth parts of the diameter, it is evident that the rule applies to any 
other parts of it, in consequence of which all points thus found fall on the 
circumference of the ellipse.

CONCLUSION. Hence, on the given larger and smaller diameter we have 
drawn the circumference of the ellipse, as required.

N O T E .
A 5 th method of operation may also be used, by means of the drawing of the 

conic section, about which we shall speak in the 1 2 th proposition.





DE DEURSICHTIGHE

PERSPECTIVE





INTRODUCTION

The Deursichtighe (Perspective) was, as Stevin tells us in his preface, the out
come of discussions between himself and Prince Maurice. Maurice, who knew 
how to read horizontal and vertical projections in the art of fortification, also 
wished to know perspective drawing, to explain his views better in discussions 
concerning landscapes, cities, etc. Disappointed with the existing explanations, 
given by painters, which were too empirical and too inexact to satisfy him, he took 
the matter up with Stevin. Stevin, who had looked into the subject when he 
wrote his Huysbou (Architecture), now went deeper into it and arrived at a 
mathematical theory.

He was obliged to perform a considerable amount of original work, since most 
of the books at his disposal, as we shall see, had been written by and for painters 
and architects, and were rich in directives and deficient in mathematical demon
strations. The only textbook comparable to that of Stevin in mathematical clarity 
and antedating it was the Perspectiva of his contemporary and colleague Guido 
Ubaldo Del Monte (1545— 1607), which was published in 1600, only five years 
before the Deursichtighe 1).

Stevin’s work contains two books. The title of the first book, Verscbaeuwing, 
is Stevin’s translation of the Latin word scenographia. The term Deursichtighe, 
as we saw, is his translation of the word perspectiva. Since the second book of the 
Deursichtighe contains the principles of Spiegelschaeuwen (theory of reflection 
in mirrors, translation of catoptrica), perspective in Stevin’s terminology comprises 
both scenography and catoptrics. It also includes the principles of refraction, 
called Wanschaeuwing, but this subject is wanting in the book.

The French translation of the title Deursichtighe is Optique, so that here per
spective and optics are identified. As a matter of fact, the term perspective, in 
Stevin’s days, was not yet exclusively applied to that form of central projection 
in which figures, often in or on a ground plane, are mapped from an eye on a 
picture plane, preferably placed between the eye and the figures. In its oldest 
meaning it was a part of geometrical optics —  we may even say that it was 
geometrical optics —  and dealt with the way objects appeared when seen by the 
eye. The classical text on this form of perspective, or the theory of „appearances”, 
was the Optics of Euclid, existing in two versions, one ascribed to Euclid him
self (but not printed until 1882), the other to his later commentator Theon of

') Guido Ubaldi e Marchionibus perspectivae libri sex. Citra dolum fallimur. Pisauri, 1600.
The author, a nobleman born in Pesaro in 1545, was a pupil o f  Commandino, studied at 

Padua, and took part in the war against the Turks. After his return to Pesaro, he devoted  
his life to  study. H is best-known work is Mechanicorum liber (Pesaro, 1577). In 1588 he 
became inspector general o f  the fortifications o f  Tuscany, which compelled him  to live in 
Florence, where he encouraged young Galileo. H e died in Pesaro in 1607.
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Alexandria. There also existed the pseudo-Euclideân Catoptrics A typical pro
position of the Optics is Prop. XXIII, which states that a sphere seen from a 
single eye appears smaller than the hemisphere, and the part that is seen appears 
as a circle. The Catoptrics deals with reflections in plane, convex, and concave 
mirrors, and has a statement on refraction. The Theon versions of the Optics 
and of the Catoptrics' were published during the sixteenth century in different 
editions with Latin translations, the editio princeps being that of Jean Pena 
(1557) 3). There were translations into other languages in which the term “per
spective” was used for this kind of optics, for which the Italians used the term 
“prospettiva” ; an Italian translation by E. Danti was entitled La prospettiva di 
Euclide (1573) 4) and a French translation by Fréart de Chantelou of 1663 still 
bore the title of La perspective d ’Euclide 5).

Another classical author whose text on perspective was known to the Renais
sance —  though in most cases indirectly —  was Ptolemy. His Optics not only 
deals with reflections, but also contains a theory of refraction 6). Both Euclid’s 
and Ptolemy’s texts inspired later investigators, notably Ibn Al-Haitham (c. 965 - 
after 1039), whose book on optics was published in a Latin translation under 
the title of Opticae thesaurus Alhazeni (1572) 7), and Witelo (second half 13th 
century), whose Optics, written under Ibn Al-Haitham’s influence, was first 
printed in 1535 8). This theory of optics formed part of the Medieval and 
Renaissance university curriculum 9) .

Perspective, in our sense, was hardly known in Antiquity, in so far as we can 
judge by the texts and by the paintings that have been preserved io ) . Yet, some 
form of projection must have been used by the architects of the buildings that 
graced the towns of the Ancient World. An idea of their methods can be gained

2) Best edition o f  the three works: Euclidis Optica, Opticorum Recensio Theonis, Catoptrica, 
cum Scholiis antiquis edidit J. L. H eiberg, Euclidis Opera omnia V II, Lipsiae 1895. See: Eucli
de, L ’Optique et la Catoptrique, oeuvres traduites pour la première fois du grec en français 
avec une introduction et des notes par Paul Ver Eecke, X L V II +  126 pp. (Paris, Bruges, 
1938).

3) Optica et Catoptrica, numquam antehac Graece aedita. Eodem Latine reddita per Joanneum 
Penam (Paris, 1557).

4) L a  prospettiva di Euclide, nella quale si tratta di quelle cose, che per raggi diritti si veggono : 
di quelle, che con raggi reflessi neili specchi appariscono. Tradotta dal R . P . M . Egnatio Danti. 
(Fiorenza, 1573).

5) L a  Perspective d ’Euclide, traduite en français sur le texte grec de l ’Autheur, et démonstrée par  
Rol. Fréart de Chantelou. (Le Mans, 1663).

6) Ptolem y’s Optics is only known through a twelfth-century Latin translation from the 
Arabic; part o f  it has been preserved. The first published text dates from 1885 : G ilberto  
G ovi. L'ottica di Tolomeo da Eugenio, ammiraglio di Sicilia, scrittore del seco/o X I I ,  ridotta in 
latino sovra la tradugione araba di un testo greco imperfetto. (Torino, 1885). See also Bibi; 
mathem. 1888, pp. 91-92, 97-102, Bull, di mat. Boncom pagni 19 (1886), pp. 113-120.

7) Opticae thesaurus Alhasçeni A rabis libri septem . . . Item Vitellonis.. . . libri decern. Omnes 
instaurati. . . .  a Frederico Risnero (Basiliae, 1572).

8) See footnote 7). The first printed edition o f  W itelo’s book was Vitellionis 
siegi onrix i’jc, . . . quam vulgo perspectivum vocant ¡ibri X  (Nuremberg, 1535, repr. 155x).

9) A 'num ber o f  other books on this aspect o f  perspective appeared from W itelo’s 
time to the seventeenth century, see Poudra, Histoire de la perspective ancienne et moderne 
(Paris; 1864, 586 pp.), pp. 42-84.

10) A n attempt to prove a considerable know ledge o f  perspective in Antiquity was 
made by L. F. J. H ügel, Geschichtliche und systematische. Entwicklung und Ausbildung der 
Perspektive in der elastischen Malerei. W ürzburg, 1881, 97 pp.
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from Vitruvius’ famous De Architectura (first century B.C.), of which the editio 
princeps appeared c. i486  n ) :  Vitruvius distinguished between what he called 
ichnography, orthography, and scenography, a distinction which goes back to 
the Greeks. The first two sciences teach us how to find the horizontal projec
tion of a building and the projection of its altitudes, and thus contain the principle 
of what we now call orthographic or Monge projection. Scenography is supposed 
to give some idea of the way objects appear to the eye, especially buildings and 
stage scenery. There is a hint here of what we call perspective, but Vitruvius, 
though indicating that certain rules do exist, remained quite vague. The term 
scenography remained, in use during Renaissance days to indicate, the art of 
studying how objects appear to the eye, and thus became identified with our per
spective!2). This is the way in which Stevin uses the expression, in accordance 
with other writers of his period; the choice of the word may also have been in
fluenced by the desire of these Renaissance authors to show the use of their 
science in the magnificent pageantry of their days.

Perspective in our present sense was developed by the painters, sculptors, and 
architects of the early Renaissance as a result of their desire to create a direct 
and faithful representation of an object. Out of- a study of the nature of vision 
and the art of representation there emerged certain empirical rules of draftsman
ship, which originally may have been kept as professional secrets in the work
shops of the master craftsmen. Whatever secrets may have existed, they gradually 
came to light in the paintings of the fourteenth and fifteenth centuries. Italy 
had the lead, especially Florence, but the new methods also found their way across 
the Alps. By 1340 the vanishing point of lines in the ground plane orthogonal 
to the ground line appears in some pictures, in the early decades of the fifteenth 
century painters are acquainted. with the vanishing points of' other sets o f hori
zontal lines. Vasari, in his Life of the Painters, tells us that Florentine artists of 
that period, such as Brunelleschi, Masaccio, Ucello, and Alberti, studied the art 
of perspective drawing, the correct convergence of lines and the rules of fore
shortening !3 ). Alberti even wrote about these subjects in-a section of his book 
Trattato della pittura (1435) 14). Alberti’s exposition centred around the per
spective image of a square in the ground plane with two sides parallel to the 
ground line. At the time he wrote, or shortly after it, rules for the correct per
spective image of more complicated figures became known, as wé can study in 
the drawings and paintings of th e  period, which show how delighted their 
creators were with their knowledge of correct rules. Ucello’s „Mazzocchio”, an 
elaborate perspective drawing of a turban-like figure, of which the cross-sections 
are regular hexagons with corresponding vertices forming regular polygons of

u ) Vitruvius, D e architectura libri decem. A n edition with French translation by A. 
Choisy (Paris, 1909, 4  vols.); English translation by M. H. Morgan (Cambridge, Mass., 
1914). See also G . Sarton, Introduction to the History of Science I (Baltimore, 1927), pp. 223- 
225.

12) Webster’s dictionary o f  the English language still lists the w ord “ scenography” , 
in the meaning o f  “perspective” .

18) G. Vasari, V ité  de’ pii) eccellenti pittori, scultori ed architetti italiani. First ed. Florence 
1350, enlarged 1368. Many later editions.

1J) The first edition is in Latin (Nürenberg, 1511). M odern edition by G. Papini, 
G . B. A lberti, Trattato della pittura  (Lanciano, 1913).
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32 sides, with some four-sided pyramids added, is an interesting example 15). 
This mastery of the rules is particularly clearly revealed in the text prepared, 
probably between 1470 and 1490, by the Urbino painter Piero dei Franceschi. 
The title of his manuscript, D e prospettiva ptngendi, shows how the practical 
painter approached scholastic optics: the ancient Euclidean pyramid of vision is 
cut by the painter’s plane between object and eye; the „perspective” of Euclid is 
made useful to the painter. This text remained in manuscript until 1899 16), but 
we know that it was studied by later artists and authors. Piero taught how to 
construct the perspective image of rather complicated figures, such as a cube, in 
a general position, which involves the study of the rotation of planes into the 
ground plane. His pride in mathematically correct perspective was shared by the 
artists of the early Cinquecento, and especially by Da Vinci, Rafael, and Michel
angelo. Da Vinci greatly praised knowledge of perspective in his notes, and 
Rafael’s great picture „The School of Athens” displays the numerous figures with 
the right amount of foreshortening. Their respect for mathematical accuracy was 
shared by Dürer, whose book Underweysung der Messung mit dem Zirckel und 
Richtscheidt (1525) taught not only rules for perspective drawing, but also for 
orthographic projection, two hundred and fifty years before Monge n ) .  In this 
book Dürer not only evinces the influence of his Italian “Wanderjahre”, his interest 
in orthographic projection shows the medieval architect’s approach, the influence 
of a tradition kept alive in the ancient mason guilds, the “Bauhütten”.

The intense mathematical interest of painters, typical of the Renaissance, begins 
to wane in the later decades of the sixteenth century with the advent o f the 
Baroque period. By 1607 we even find a definite aversion to mathematics, for 
instance in the philosophy of art professed by Frederigo Zuccari. Zuccari, presi
dent of the Accademia di S. Luca in Rome, and himself a leading painter, at
tacked Da Vinci, Dürer and Michelangelo by name, asserting that “the art of
painting does not derive its basic principles from the mathematical. sciences........
This art is assuredly not the daughter of mathematics, but of nature itself” 18). It 
is well known how little interest in accurate perspective is shown by Guido Reni, 
Caravaggio, and many great Flemish and Dutch painters of the seventeenth century.

Although the painter lost interest, the military engineer and the architect con
tinued to appreciate the art of perspective. The time when painters also combined

15) G . J. Kern, D er “Ma^occhio” des Paolo Uccello. Jahresber. preuss. K unstsam mlung  
36 (1915), pp. 13-38.

16) Petrus Pictor Burgensis Prospectiva Pingendi, herausgegeben von  Dr. C. W interberg 
(Strassburg, 1899); also: G . N icco Fasola. Piero Della Francesca. D e prospettiva pingendi. 
Edizion: critica (Firenze, 1942), 218 pp. The name o f  the painter is found in different 
formes Pietro D ei Franceschi, Piero D ella Francesca, etc.

17) A . Dürer. Underweysung der Messung m it dem Zirckel und Richtscheydt, in Linien, Ebnen 
und gant^en Corporen (Nürnberg, 1525, many later editions).

Latin translation : A lberti Dureri Nurembergensis . .  . adeo exacte quatuor bis suarum Insti- 
tutionum geometricorum libri (Paris, 1533).

On the developm ent o f  perspective in the Renaissance see E. Panofski, Albrecht D ürer I. 
(Princeton 1945, X I +  311 pp.); G. Wolff, Mathematik und Malerei (Leipzig-Berlin, 
2e Auflage, 1925, 85 pp.). On Alberti’s, Piero dei Franceschi’s, and Dürer’s contri
butions to perspective in particular see J. L. Coolidge, The Mathematics o f Great Amateurs 
(Oxford, 1947, X X  + 5 5 5  pp.), p p ..270 ff.

18) F. Zuccaro, Idea dei scu/tori, p ittori e architetti (1607); see E. G. H olt, Literary Sources 
of A r t  History (Princeton, 1947, X X  +  555 pp.), pp. 270 ff.



.789

'the other professions in their own person was past, a certain amount of speciali
zation had set in. During the sixteenth century Italy was still leading, as is shown 
by the number of publications, but France’s contribution was also important; as a 
matter of fact, the first printed text on perspective came from Lorraine. It was 
a booklet entitled De artificial! perspectiva, written by Viator, pseudonym of Jean 
Pèlerin, canon of Toul (1505) 19), and it contained a number of drawings with 
directions which show a knowledge of the vanishing point of parallel horizontal 
lines in any direction, and may be called a codification of the old draftsmen’s 
methods. Some of its technical terms, such as punctus principalis for the eye, linea 
terrea for the ground line, and tercia puncta for the distance points, reappear in 
the later literature. ,

Alberti’s book, written in 1435, was first published in 1511, and was often 
reprinted, also in translation. During the sixteenth century, more books on per
spective appeared, all of them semi-empirical, semi-mathematical, some of them 
with beautiful and interesting figures, all written by men of considerable learning 
and craftsmanship. This is apparent from such writings as the books by Dürer 
( 1 5 2 5 ) 17) , Serlio ( 1 5 4 5 ) 2 0 ), Commandino ( 1 5 5 0 ) 2 1 ), Barbara ( 1 5 5 9 ) 2 2 ), Cousin 
( 1 5 6 0 ) 2 3 ) , -Du Cerceau ( 1 5 7 6 ) 2 4 ), Barozzi da Vignola-Danti ( 1 5 8 3 ) 2 5 ), Benedetti 
( 1 5 8 5 ) 2 6 ) and Sirigati ( 1 5 9 6 ) 2 7 ) ; of these authors, Dürer and Cousin were famous 
painters; Serlio, Du Cerceau and Vignola equally famous architects; while Com
mandino, Benedetti and Danti made a name in the exact sciences. The book of 
Barbara has been praised for its new constructions. These authors derived their 
knowledge not only from their immediate predecessors, but also from Euclid, 
Ptolemy, Alhazen and Witelo; accordingly, they often present perspective in the 
modern sense, mixed with the theory of appearances.

With Guido Ubaldo Del Monte’s Perspective of 1600 we arrive at a text in 
which stress is laid on the mathematical structure of the theory. This work, which 
Gino Loria has called “one of the most precious gems of the Italian mathematical 
literature of the sixteenth century” 2 8 ) , consists of six books. The first book is of 
importance because it is here that we find at last the explicit formulation and proof

i») D e artificial! perspectiva. D e perspectiva positiva: compendium. First ed. Toul (1505), 
2nd ed. 1509. Photostatic reproduction by A . de M ontaiglon (Paris, i860), and by W . M. 
Ivins, On the Rationalisation of Sight (N ew  York, 1938). See Poudra, I.e., 9) pp. 132-136, 
and T. Viola, Sulle origini delia prospettiva, II Filomate 1, Luglio-A gosto  1948, 11 pp.

20) S. Serlio. Tutte T opere d ’architettura (Venezia, 1560); Book II , the Prospettiva, was 
first published in 1545.

21) Ptolemai Planisphericum, Jordani Planisphericum, Federici Commandini Urbinatis in 
planispbaerium commentarius in quo universa scenographices ratio quam brevissime traditur ae 
demonstrationibus confirmatur. (V enetiis, 1338).

22) Da pratica della Perspettiva di Monsignor Daniel Barbaro, eletto patriarca d ’Aquileia, 
opera molto profittevole a pittori, scultori et architetti (Venetia, 1569).

23) Livre de Perspective de Jehan Cousin Senonois, maistre Painctre à Paris (Paris, 1560).
24) Leçons de perspective positive, par Jacques du Cerceau (Paris, 1576).
25) Le due rególe delia prospettiva pratica di M . Jacopo B a r o l i  da Vignola, con i commentari di 

Egnatio D anti (Roma 1583, 2nd ed. 1644; V ignola’s text dates from before 1573). The 
book was translated into several languages.

2e) Diversarum speculationum mathematicarum et physicorum liber (Taurini, 1585).
27) L a  pratica di Prospettiva del cavaliere Lorenzo Sirigati (Venetia, 1596).
28) G . L oria , Perspektive und darstellende Geometrie, in G . C antor, Vorlesungen über Ge

schichte der Mathematik, IV  (Leipzig, 1908), pp . 377-637. see P- 5 8 5 -
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of what we may call the fundamental theorem of perspective, the theorem that 
any system of parallel lines in central projection passes into a system of lines 
through 'a point, the punctum concursus or vanishing point. Del Monte also 
proves that the puncta concursus of systems of parallel lines parallel to the same 
plane are on the same line. The second book contains the perspective projection 
of points in the ground plane in no fewer than 23 different ways. Here the author 
discusses what happens when the plane of projection rotates into the ground 
plane about its line of intersection; the details are such that we may say, in modern 
terms, that Del Monte gives us a good account of a homology. In the third book 
we find the perspective of a point in space, determined by its projection on the 
ground plane and its altitude. This principle is applied in the fourth book to 
figures such as the regular polyhedra, the circle, and the sphere. Shadow construc
tion follows in the next book; scenography, also in the sense of theatrical stage- 
setting, in the sixth. The second book has some remarks on the inverse problem 
of perspective, i.e. how to find the position of the eye when a figure in the 
ground plane and its perspective are given 2 9 ) .

§ 2

There is much in Stevin’s book which reminds us of Del Monte’s, notably the 
extensive use of rotations and the introduction of the inverse problem of per
spective, and the double solution of certain problems, called here the “mathemati
cal” and the “mechanical” way. The two men had much in common; both were 
experts on fortifications, both were mathematicians deeply interested in problems 
of mechanics, both combined a love of theoretical study with engineering prac
tice. It is understandable that their approach to perspective was similar, and it 
is not unlikely that Stevin thoroughly enjoyed Del Monte’s work. Despite this 
influence (which has to be inferred rather than proved by quotations) Stevin’s 
work is an achievement of remarkable originality. He probably had a good deal 
of the contents of his work ready before he studied Del Monte’s Perspective ( if  
ever he did), and maintained his particular way of exposition and selection 
throughout the book.

Stevin himself mentions in his work some authors he consulted; Dürer, Serlio 
and Vitruvius in the Scenographia, and Euclid, Alhazen and Witelo in Book II 
of the Deursichtighe, dealing with catoptrics. There is, as we have seen, some 
implicit evidence that he knew Del Monte. We have shown above what books 
he may also have studied; we may be sure that he read all those available to him.

The Verschaeuwing itself opens with certain postulates, showing how seriously 
the author tried to base his work on a correct mathematical foundation. One of 
these postulates is that a point and its perspective image lie in a straight line with 
the eye. Stevin’s explanation of the necessity of this postulate is that the physical 
eye is not a mathematical point; by pressing the eye we can obtain a difference 
of as much as 3 3 ° in the image of a given point.

Among the first constructions are the classical ones of finding the perspective

*•) For this description o f  D el M onte’s book see also Loria, I.e. 28), pp. 585-587, re
peated in G . Loria, quoted in 3I>).
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images of a point and a line. Here we meet the demonstration of Del Monte’s 
theorem that all sets of parallel lines have images in lines passing through one 
point. This point, “saempunt”, is Del Monte’s “punctum concursus”. Then comes 
Stevin’s new approach: he takes the picture plane (the “glass”) no longer perpen
dicular to the ground plane (the “floor”), but at an arbitrary angle. This leads him 
to two new theorems (Props. 7 and 8 ) , by means of which the construction for this 
case is reduced to the case of the vertical picture plane. W e summarize these theorems 
in the following way: If the glass, the eye O, and the point P (to be projected 
from O ) are rotated in the same sense through the same angle about the ground 
line (the “glass ground”) and the lines drawn parallel to it through the horizontal 
projections 0 1 of 0  and P1 of P respectively, then the image of P in the glass 
does not change. This theorem led G. Loria to call a more comprehensive theorem 
after Stevin, which can be stated as follows, in modern terms:

If a plane r (not passing through the eye or parallel to the picture plane it) 
is rotated into the picture plane t t ,  then there exists between the projection F’ 
and the rotated points F of the figures of t  a homology which a) has as its axis 
the intersection of tt with the plane r, b) has as limiting line of F’ the vanishing 
line of r, c) has as centre of homology the point in it where the eye arrives upon 
the rotation of the plane parallel to tt through the eye so).

Stevin now undertakes the construction of the perspective images of several 
figures, including that of a “tower”, a quadrangular pyramid on top of a cube 
with a face of the cube as its base; the cube is standing on the ground plane. He 
also constructs the ellipse as the image of a circle. Some methods of checking 
the correctness of constructions follow.

These propositions can be considered as forming the first part of the Ver- 
schaeuwing. The second part (from Prop. 1 2  onwards) deals with the inverse 
problem of perspective, a subject already touched by Del Monte. Given a polygon as 
image, and another polygon in the ground plane turned into the picture plane: to 
find, if possible, the eye; the angle between picture plane and ground plane-is given 
and is not necessarily 90°. Stevin solves the problem in certain special cases; the 
solution of the general problem had to wait until the nineteenth century.

The text ends with an “Appendix”, which contains certain observations on termi
nology, a correction of certain constructions by Serlio, and a description of a 
model described by Dürer, which caught the fancy of Prince Maurice to such 
an extent that he had it constructed. It was an instrument for drawing the per
spective of a figure on a glass plate; it had helped Stevin himself to gain a better 
understanding of the theory.

Book II of the Deursichtighe, the Catoptrics, is short and does not contain much 
that is of interest. W e shall not reproduce it; those who like to study this ancient 
science can find the essentials in Euclid’s Catoptrics, available in Ver Eecke’s 
beautiful French translation 31). Stevin must have added the sixteen pages as a 
tribute to an ancient tradition, but he did not develop the subject with his usual 
thoroughness. That part of the Catoptrics which deals with refraction and which 
was announced in the Summary, Van de Wanschdeuwing, was not even published.

,0) G. Loria, Vorlesungen über darstellende Geometrie I (Leipzig, 1 907), p. 131 .
31) Ver Eecke, I.e. 2).
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§ 3
Stevin was not the only author in the Northern Netherlands of his days to write 

on perspective. At about the same time that his Verschaeuiving was published ap
peared the Perspective of Hans Vredeman De Vries (1527— after 1604). Vredeman 
De Vries was an architect and decorator, famous in his days, who after travelling 
widely had finally settled at Leeuwarden, his native city. His works on archi
tecture and perspective were first published around the time of his death by Samuel 
Marolois, a surveyor and military engineer, and they passed through several 
editions in different languages 32). The perspective of Vredeman De Vries 33) 
lacks the mathematical character of Stevin’s book, but this flaw is more than 
compensated by the magnificent illustrations, many of buildings, due to the 
engraver Hendrik Hondius (1573— 1648). Marolois, or Marlo, was an ac
quaintance of Stevin, with whom in 1611 he was on the examining committee for 
intending surveyors 3 4 ). Marolois’ own work, published as his Optica sive Per
spective, contains a Scenographia, hence a perspective. It is mathematical in charac
ter and, at any rate in the edition of 1633, was also illustrated by Hendrik 
Hondius. The perspective first appeared in 1614, and passed through several
editions 35).

By this time Stevin’s book had also been republished. It was translated into 
French —• though not completely —  for the Mémoires Mathématiques of 1608, 
and into Latin for the Hypomnemata mathematica of the same year. Later Girard 
included the Optique in his collection of Stevin’s papers brought out in 1634 36).

In this competition against the Marolois-Vredeman De Vries books —■ if we may 
put it this way —  the book of Stevin seems to have lost out. At any rate, we do 
not know of any later 17th- or 18th-century author who quotes Stevin, against 
several who prove to be acquainted with Marolois and Vredeman De Vries. The 
reason probably is that perspective continued to appeal primarily to engineers 
and architects, and for- them the practical and artistic approach of Marolois- 
Vredeman D e Vries had a stronger appeal than Stevin’s strictly mathematical 
exposition. This, of course, does not mean that Stevin’s perspective was not read; 
it is mentioned in the correspondence of Christiaan Huygens and it is not unlikely

33) On Vredeman D e Vries and Marolois see A lg. Ned. Biographisch Woordenhoek.
33) Perspective Pars A l te r a  Auctore Johanne Vredemanno Frisio. Henric. H ondius

Sculps, et excud. cum Privil. Lugduni Batavorum (publ. 1605, there exists a first part o f  
1604; dedication to Prince Maurice, signed Lugd. Bat. 1) Marti 1605. There also exists 
an edition: Perspective je  partie de loan Vredem. Vriese. Augmentée et Corrigée en divers 
endroits par Samuel Marolois, 1615, Hagae Comit. Hollandiae apud Henr. H ondium . Cum 
privil. Arnhemi apud Johannem Janssonium Bibliopolam.

3.‘) Th. Morren. Dossier Simon Stevin. Municipal archives, The Hague. See E . J. Dijk- 
sterhuis, Simon Stevin (’s Gravenhage, 1943, IX  +  379 pp.), p. 17: On Feb. 17, 1611 Stevin 
examines, together w ith Marlo, a candidate for the function o f  surveyor.

36) Perspective contenant la Théorie et Practicque d ’icelle, par Sam. Marolois, à la Haye, chez 
Henr. H ondius, 1614.

There also exists a French edition in:
Opera mathematica ou Oeuvres Mathématicques traictans de Géométrie, Perspective, A rchi

tecture et Fortification, par Samuel Marolois . . . Hagae-Comit., Ex officina Henrici H ondii 
1614.

The ed. o f  1633 is: Samuelis Marolois . . . Opticae sive Perspectivas-, pars prima. (A m stelo
dami, I. Ianssonii).

36) Work XIII.
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that young ’s Gravesande had studied it before he wrote his Essai de perspective 
(1711) 3 7 ) . And so Stevin’s book remained in relative obscurity until it was 
rediscovered by Michel Chasles in his Aperçu historique (1837). Chasles admired
the book: “ mais nous nous étonnons que l ’on passe sous silence Stévin qui........
avait aussi innové dans cette m atière, q u ’il avait traitée en  géom ètre profond, et 
peut-être p lus com plètem ent qu’aucun autre, sous le  rapport théorique” 38) .

A fter C hasles’ rediscovery o f  the book, its contents have received the attention  
o f  Poudra, Loria and D ijksterhuis 39) .

In the translation we have tried to maintain the flavour of some of Stevin’s 
terms, using “glass” for picture plane, etc. The text itself gives the explanation.

3?) W . J. ’s Gravesande. Essai de perspective (La Haye, 1711); C. H uygens, Oeuvres 
complhtes V I, p. 216.

3S) M. Chasles. Aperçu historique sur ¡'origine et le développement des méthodes en Géométrie . . . 
(Bruxelles, 1837, 2nd ed., 1875), 2nd ed., p. 347.

39) Poudra, l.c. 9), Dijksterhuis; l .c .39), Loria l.c. 28), aiso G . Loria, Storia delia geometría 
descrittiva dalle origini sino ai giorni nostri, M ilano, 1921, pp. X X IV  +  584 pp.) and C. 
Wiener, Lehrbuch der darstellenden Geometrie I (Leipzig 1884), pp. 5-61. Corrections to  
Poudra by L. Cremona, Rivista ital. di scienze, lettere ed arti ƒ (1865), pp. 226-231,241- 
245; P. Riccardi, Bibi. math. 1889, pp. 39-42. Many historical notes also in K . R ohn- 
E . Papperitz, Lehrbuch der darstellenden Geometrie (Leipzig, 3 vols) I, II (4e Aufl. 1913, 
1916), III (3e Aufl., 1906), and G. Scheffers, Lehrbuch der darstellenden Geometriell (Berlin, 
2e Aufl. 1927), pp. 37-40.





D E R D E
STVCK DER

WI S  C O N S T I G H E
G H E D A C H T N I S S E N  

VANDE

D E V R S I C H T I G H E .  S**
Inhoudende t ’ghene daer hem ingheoejferit heeft

D E N  D O O R L V C H T I C H S T E N
Hoochgheboren Vorft ende. Heere M a v r i t s  Prince van 
Oraengien,Grave van Naflàu, Catzenellenbogen,Vianden,Moeb &c. 

Marckgracf vander V ere, ende Vliflinghen&c. Heere der Stad: Grave, 
endé S’landts van Cuyc, S‘.Vÿr, Daelburch & c Gouverneur van 

GelderlantjHollant, Zcclant, Weftvrieüant, Zutphen,
Virecht, O  very flcl &c. Opperfte Vcltheer vandc 

verecnichde Nederlanden, Admirael 
Generael vander Zee & C .

'B e fé r é v e n d e m  S i m o n  S t e v i n 'vao'B rugghe.

TOT LEYDEN,
By Ian Bouwenfz. woonende op de hoogelantíché Kerckgraft. 

Anno cia In cv.



Pérftx8¡~ 
v u .  . 
Element* 
catoptrkif. 
RefiaBione.

C O R T B E G R Y P
der Deurfichtigke.

V A N D E  deuriichtighe füllen driebouckenbefchre- 
ven worden: T’eerfte vande* Verfchaeuvving: Her 
tweede vande * Beginfelen der Spieghelfchaeuwén : Het 

derde vande *  Wanèfchaeuvving.



797

SUM M ARY OF OPTICS

O f Optics three books are to be described: the first of Perspective; the second of 
the Elements of Catoptrics; the third of Refraction.



E E  R S T  E
B O V C K D E R

D E V R S I C H-
T I G H E

V A N D E

V E R S C H A E V - pia.

W I N G.



FIRST BOOK OF OPTICS

OF SCENOGRAPHY, 
COMMONLY 

CALLED PERSPECTIVE '>

*) The literal translation o f  the title is F irst Book o f Perspective. O f  Scenography. By  
perspective Stevin understood som ething else than w e do (see Introduction), so  that in 
the Second B ook o f  his Perspective he discussed reflection and refraction. The term “sce
nography” , which Stevin translates into D utch as “ verschaeuwing” is the term for what 
w e at present call “perspective” , and w e therefore translate “ verschaeuwing” by “per
spective” , occasionally by “perspective proper” .



A N D E N  L E S E R .
L S O O fíjn V O R S T E L I C K E  GhE- 
n a d e  hem d'tckwils oefende in te trechen 

t íchmgra- t grontteyckeninghcn, en *ftantteyckemn-
pu»¡. gen vanfierckten,ée hj veroirdende inde
fhia!. Landenfijnder regiering, heeft oirboir be-
* ifurtii vonden hem oock te offenen inde derde * af-
'Scmogra- ^er tokening te weten het *  ver-
'thü, fa &&&***”• ^*!**a>*̂ - fchaeuvpen offihilderen, en dat voorna- 
Scngrat « mei^  y an Lantfihappen, metfleden,ßroomen, weghen, en bof 

fihen daer ingheleghen, om daer deur anderen fijn meaning, alß de 
jheckvereyfihtjtchtelickerteverclaren: Ghebiruyckte hier toe tot 
onderwjfirs ,de bequaemfle mee ñ  er s in fchilderiedieder tebe- 
commen waren: Doch w ant de ver cor ting der linten, en veran
dering der hoúcken uyter oogh,ofbydergifie toeginck, en heeft hem,  
hoe weihetfijn oirboir ghebruyck can hebben, daer me m etv er- 
nought,maer willen èenvoorghefleldeverfihaeuticke feck vol- 
comeltck afteyckenen,met kennis dér oir faken enfjn-kwifionfi ich 

Aratum, bewijs. Ñ u a/fio ick over eenighe jaren ,voor my fe if beßhreven 
Antina*, had een H v  y  s b a v  , tot vvelex oefening derí'Boumeeiler, m  
¡ 2 ,¡eíh, fgh emeenghevoelen van velen,en t befinefergevoelen van Vi rr u- 

v i u s  tnt 2 hooftßick fijns i bouex, kennis der verfchaeuvvmg 
voor der lick is,fio heb ick breeder dan daer te voor en, deur fien en 
onder fie ht verfcheyden Schrijvers van défifi of handelende, en na 
mjnßijlvandies een befehrjvingghemaeckt :Weicke nadienfi 
fijn V o r s t e  l í  C K E  G h e n a d e  overfienhadde, cnhelptn 

Invmiom- verbeteren de onvolcomenthedendieghemeenhck in eerile * von
denfijn,oockgrondelick verñaen defhemeene reghel om alle voor- 
gheñelde verfihaeuhekefaeck te verfchaeuwen, en dat hy tot fijn 
vernoughen dadelick verfihaeudeSoo heb ick defi befichrijvi ng on' 
der fijn W is  c o n  s t i g  h e  G h e d a c h t n  i s s e l i  ver- 
vought,om de redenen van dies int beghin breeder verclaert.

CO RT-

bm.
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TO THE READER
As his Princely Grace frequently exercised himself in drawing ground and 

vertical plans for fortification, which he erected in the lands under his govern
ment, he found it useful to exercise himself as well in the third species of 
drawing, to wit perspective or painting, such mainly of landscapes, with cities, 
rivers, roads, and woods situated therein, thus to explain more easily to others 
his views, as required by the matter. To this end he used as teachers the ablest 
masters of painting that could be obtained. But because the foreshortening of 
the lines and the change of the angles was obtained by sight or by guessing —  
which have their use —  he was not satisfied with this, but wished to design 
exactly the perspective of any given figure, with knowledge of the causes and 
its mathematical proof. Now since I had some years ago myself described an 
Architecture 2) , to the practice of which, in the common opinion of many and 
the special opinion of Vitruvius in the 2 nd chapter of his 1 st book 3), knowledge 
of perspective is conducive, I perused and examined, more fully than before, 
several writers who deal with this subject and made a description thereof in my 
own words. And after his Princely Grace had looked it through and helped to 
correct the imperfections that are commonly found in first attempts, had also 
fundamentally understood the common rule of finding the perspective of any 
given figure, and to his satisfaction practised it, I included this description 
among his Mathematical Memoirs, for the reasons set forth more fully at the 
beginning.

2) This book was never published and the manuscript seems to be lost. Stevin also 
refers to  it in his Eertclootschrift, 2nd B ook, Preface. N otes made by I. Beeckman and H. 
Stevin have been preserved, sec Journal tenu par Isaac Beeckman, publié par C. D e  Waard, 
I I , La Haye, 1942, pp I II-IX .

3) V itruv ius w rites: “ Its form s o f  expression [o f A rrangem ent, Siáeoi;] are th en : 
g roundp lan , elevation and  perspective. A gro undp lan  is m ade by the  p ro p er successive 
use o f  com passes and  rule, th ro u g h  w hich  w e get outlines fo r the  plane surfaces o f  
build ings. A n  elevation  is a p ic tu re  o f  th e  fro n t o f  a bu ild ing , set u p rig h t and  properly  
d raw n in  th e  p ro p o rtio n s  o f  the  contem plated  w ork . Perspective is the  m ethod  o f  
sketch ing  a fro n t w ith  the  side w ithd raw ing  in to  the  background , the  lines all m eeting  
in  the  cen tre  o f  a circle.”  (V itruv ius, The Ten Books on Architecture, transi. M . H . M organ , 
C am bridge, M ass., 1914, p p . 13-14). V itru v iu s’ expression fo r g roundp lan  is “ichnogra- 
phia” , fo r elevation  “ orthographia” , fo r perspective “ sténographia” .



C O R T B E G R Y P . A rg tm tn- 
tu m .

Be  n  e  f  f  e n  s fes * vertoogen,dienertde tot gront en bewijfing 
der faeckjfoo füllender beichreven worden 8 * werckfticken, Pnkemam, 
weicker eerfte is het 5 * voorftel, van t’vinden der ichaeu eens ge- Protfti». 

gheven verfchaeulick punts inde vloer, mettetglas rechthouckich 
op de fèlve vloer. Het 6 voorftel van t’vinden der ichaeu eens ghe- 
gheven verfchaeulick punts boven de vloer, mettetglas rechthouc
kich op de felve. Het 9 voorftel, van t’vinden der fchaeii eens ghe- 
gheven verfchaeulick punts , mettetglas fcheefhouckich op de 
vloer. Het io voorftel, van t’vinden der ichaeu eens ghegeven ver
fchaeulick punts , wefende t’glas evewijdich mette vloer. Int 
H voorftel vintmen deur al defe voörgaende de fchaeu van alle ge- 
gheven verfchaeulicke form. Daer na volght int ii, 13,14 Voorftel, 
het vinden des ooghs van feker ghegheven fchaeu wen,om de felve 
in haervolcomenheyt te fien.Maer om de voörgaende oirdendeur 
*  tweeipalting opentlicker te verclaren,iullen daer af noch deiè tä- 
fèlbefchrijven. ^

'derver- ’rechthoüc-
fehaeú- kich,al'9oaer-
lickepun- 
te  fchaeu, 
'9cefende , 
t'glas op

men v in t  de.
fchaeu eens
verfihaeu-
lick punts

de vloer
Inden handel niet recht-
defer ver- , houckich, ff(
fchaeuvving, yceten
wort gelocht

' in d e  v lo e r  ¡ n i  
j v o o r l ie t .

h o v e a  de v l o e r  t a t  
ó v o o r H e l.

'fcheefhouckich in t 
9 voor fiel.

m ette vloer evewij
dich in t ï  o  voor- 
Hel.

Endeural deft 
voorgaende, 
vintmen de 

.fchaeu van 
een ghegheven  
verfchaeulicke 
form int h  voor* 
fiel.

de f le e ts  des ooghs, om in volcomtnheyt tefien  de ghegheven fihaeü  
v a n  een verfchaeulicke fo t  m  in t 12,13//» \s,voorStel.

De reft der voorfteilen vertooghen (ijnde,dienen tot gtondt ert 
bewijfing der boveichreven werckfticken.

A 3 Ver-
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SUMMARY
Besides six theorems serving as base and proof of the matter, there are to be 

described 8  problems, the first of which is the 5 th proposition, of the finding of 
the image of a given point 4) in the floor, with the glass 5) at right angles to the 
said floor; the 6 th proposition, o f the finding of the image of a given point above 
the floor, with the glass at right angles to the same; the 9 th proposition, of the 
finding of the image of a given point, with the glass at oblique angles to the 
floor; the 1 0 th proposition, of the finding of the image of a given point, the 
glass being parallel to the floor. In the 11th proposition, with the aid of all 
the preceding propositions the image of any given figure is found. Then follows 
in the 1 2 th, 13th, and 14th propositions the finding of the eye of some given 
images, in order to see them in their perfection. But in order to set forth the 
preceding division more clearly by dichotomy, we will also give this table thereof.

' In this 
treatise on 
perspective 
is sought

the image 
of the object 
point, the 
glass being 
on the floor

at right 
angles, where 
the image is 
found of a 
point

not at right 
angles, to wit

in the floor 
in the 5th 
proposition

above the 
floor in the 
6 th propo
sition

at oblique 
angles in the 
9 th propo
sition

parallel to 
the floor in 
the 1 0  th pro
position

and from all 
the preceding 
propositions 
the image of 
a given figure 
is found in 
the 1 1 th propo
sition

the place of the eye, in order to see in perfection the given 
image of a figure, in the 1 2 th, 13th, and 14th propositions.

The rest o f the propositions, being theorems, serve as base and proof of the 
problems described above.

4) S tevin’s “ verschaeuw lyck p u n t”  m eans literally “ p o in t to  be b ro u g h t in to  p er
spective” . T h e  sense usually  rem ains clear w hen  w e sim ply translate it  by  “ p o in t” , 
som etim es by “ object p o in t” .

5) W e keep S tevin’s te rm  “ glass”  fo r the p ic tu re  plane.

\
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V E R M A E N  V O O R  D E N
G H E N E N  D I E  H E M  T O T T E T

dadelick verfchauvven vvil begheven.

Mr.HFsiFN inden natolghenden handel der ter- 
fchaeumving,meertoorilellen enbefchrijtingken com- 

dantotte eyghen dadelickf terfchaeuruving nóo- 
dichßjn,dienende tot terclaring der oirfaken, entotbe- 
'vvijsdatdefëbe dadelicke terfchaeumving, moori- 
brengt de mvare fchaeu man het merfchaeulicke : Soa 

tolghthieruyt dattethemliendiedadelic£ terfchaéumven mvillen,moeyhc£  
mocht 'pallen daer uyt te verliefen t'ghene eyghentlickjn alleen totte dadeheke 
terfchaeumving dient. Tot dejen eyndejegghen mvy hier , dat een die allés 
mvilde gheloervenfonder bemvijs {tmvelckmocr eennateurlickj* mvifionß-  
naer niet mvel doenlickehfchijnt, ten mvaer met nieyning "pande b cm tij fen  
daer na te merstaen) oft anders:foo y  mant die de bemvijfen eens teer almcr-

ßaen heeft, en hem op defaèctyeircvt, daer na netter daetverfchaet/zven
mvildefbude ten eersten metighen tallen ant j  toorlÏe/s 2  tccrbeelt *tuycb-
mverckelickafgheveerdicht,almvaerghcmvefenmvort deteifchai.mringeens 
terfchaeutickpunts inde tloer: Ende int 6 toorítels i  tuychmverckclic!^ 
moorbeelt, de terfchaeumving eens terfchaeuliekfunts beten de tlcer, cia^ 
met een glas rechthoucktch op de tloer,m tant deur kennis der terfekaeumving 
tanfulcke tmvee punten,crijchtmen de fchaeu man alle gheghetcn terfchaeu- 
licke lini in t’mrclcl^de ganifibe terfchaeumving leilaet. Vcchfalmen kier toe 
noch bedeneken, decortheden diemen int mverckyrïjcht merclaert achter het 
l í  moorHelinfes* leden. tAngaende merfekaeumving mettetglas teßellen 

fcheefhouckich op den tloer,ófdaer me * etemvijdich foodanighe merfchacu- 
mvingfchijntfeldenbegheertte mvorden ,fulcx dat decejfeningin dies moor 
t'eerileniet jèernoodichenù: Hoe mvel nochtans tot molcommen kennis der 
keele merfchaeumving, daer a f toórbeelden ihaerder plaets füllen befebre- 
menfijn.

B  E P A -
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ADMONITION TO THOSE WHO WISH TO 
PRACTISE PERSPECTIVE.

Since in the following treatise on perspective are contained more propositions 
and descriptions than are necessary for the practice of perspective proper, which 
serve to explain the causes and to prove that the said practice of perspective 
produces the true image of the thing, it follows that it may be difficult for 
those who wish to practise perspective to select therefrom that which properly 
and only serves for the practice of perspective. For this purpose we here say that 
if anyone should be willing to believe everything without proof (which does 
not seem very well possible for a born mathematician, unless he meant to under
stand the proofs afterwards), or else if anyone who has once for all understood 
the proofs and relies thereon wished subsequently to practise perspective, he 
might begin with the 2nd example of the 5th proposition, set forth mechanically, 
where is shown the perspective o f a point in the floor; and with the 2nd mechanical 
example of the 6th proposition, the perspective of a point above the floor, each 
with a glass at right angles to the floor, for through knowledge of the perspective 
of two such points one obtains the image of any given line, in which the whole 
of perspective consists. But in this connection the abridgements that are obtained 
in the construction, expounded after the 11th proposition in six sections, should 
also be borne in mind. As to perspective with the glass at oblique angles to the 
floor or parallel thereto, such perspective seldom seems to be required, so that 
practice in this is not, to begin with, very necessary, although, for the perfect 
knowledge of the whole of perspective, examples thereof are to be described 
in their proper places.



BEPALI NGHEN. Dtfinitmct.

i B E P A L I N G .
Scetjôgrà-Verfchâéuvving is der verheven dingen píat namáeck- pu». 

fel verheven fchijnenJe.
TerfpeBi-va

I E*deurfichtigc ais gheflacht hebben vericheydcn ™ 
y  afcomßen , ghelijck fijn * Spicghelfchacuwcn , \c^'ptrki. 
** Brceckichaeuwen, * Platclöoten,' SonWijfers,Ver--Vmbrtt re-" 
í.lcha'euwing, cn meerander die met malcander inde 
|deurfiéning eenighc ghemcenfchap hebben, doch 
falfoo heur *  daden tot verfcheyden eynden ftrcc-1siiourian 
fken, en vervolghens verfcheyden manier van were- * *#?&•». 
]king behou ven, fo o wort elcke * afcomft ais befon- ,sf“ ,íí• 
¿der conft met ondericheyt ghcnoemt,en oitdentliek 
rbefchreven. Onder de felve flellcn wyons hier de .  .
*  Vetfchaeuwing voor: Om welex eyghenfehappen 

deur bequaem voorbeelt opcntlick te verclaren, ghenomen dat ymant faghc cc- 
nichghcfticht, deur een fuvereven plat claer glas, daermen alle dinghen deur 
fietghclijckfe fijn , fonder verandering ,endatm enop die verfchijnende form 
dicdcr eyghentlick int glas niet en is,teyckende foodanighen form dieder blcve:
D e fel ve afgheteyekende platte form verheven fchij nende, foude de ware ver- 
íchacúwing fi j n van dat ghefticht, ghefien van op die plaets. Maer want fulcké 
afieyckcninghennictalopglasofdeutluchtighc floffen begheert en worden̂  
oockdatmenfefchcrperén fuyverderwil hebben dan foodoenlick i s , boven 
dien dat de ghcftichten o f  faken dicmcn afteyekenen w il, fomwijlen niet wc- 
fcntlick voor t’gheficht en flaen, inaer allcenclick int ghcdacht, foo fijnder fe. 
ker rqghclcn gevonden, deur welckmcn defohacuwen der verfchaeulicke (aken 
met haer vercortinghen, verlanginghen, en vcrandetinghcn,ophaercyghcn 
verfchaeudc maetghewiflickteyckenencan-.Tbefchiijvcn der felve, t’welck 
hier t’ voornemen is,wört Verfchaeuwing ghehcetcn.

2 B E P A L I N G .

Wefendeeenlichaemghefneenmet eeii * fichtcinder- 
plat alfoo datdaerinverfchijnendeghemeene fneendes 
felvenender verhevenvlackendiedaerinfijnofverdocht 
worden : Die verfchijnende forra heet * Grondtteyc 'phiäfFiaai 
kening.

Laet by voorbeelt de liniCn der byghcvöughde fo rm , beteyekenen deghe- 
m cene fncen des fichteinderplats, en der vetheven platten van hetbuyteñ en 
binne fchocyfel der wallen van een fterektc, met vier bolvvcrcken ligghende op 
een plat even lant;

A 4 Die

i
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DEFINITIONS

1st DEFINITION

Perspective is the plane imitation of elevated objects, which gives the impression 
of elevation.

Optics as genus has several species, such as Catoptrics, Dioptrics, Planispheres, 
Sun-dials, Perspective proper, and several others, which have something in common 
in pertaining to optics, but since their effects serve different ends and con
sequently they have to be performed in different ways, each species is discussed 
separately as a special art and described in due order 6). Among these we here
intend to discuss Perspective proper. And in order to expound its properties
openly by means of a suitable example: assuming that a man were to see some 
building through a pure, uniformly flat, clear glass, through which all things 
are seen as they are,, without any change, and that on the figure appearing on 
the glass, though not actually there, he were to draw a figure which remained 
there, the said delineated plane figure, which would seem to be elevated, would 
be the true perspective of that building, viewed from that place. But because 
such delineations are not all required on glass or transparent materials, and
also because they are desired sharper and purer than is feasible in this way,
and while moreover the buildings or objects that we wish to draw are sometimes 
not really before the observer’s face, but only in imagination, certain rules have 
been found, by means of which the images of the objects, with their fore
shortenings, lengthenings, and changes, can be drawn with certainty on their 
own scale of perspective; the description of these things, which is the object 
of this treatise, is called Perspective.

2nd DEFINITION

If a body be intersected by a horizontal plane in such a way that there appear 
therein the intersections of this plane and the elevated planes which are, or are 
imagined, therein, then the resulting figure is called Ground-plan.

For example, let the lines of the figure overleaf denote the intersections of 
the horizontal plane and the elevated planes of the outward a.nd inward slopes 
of the walls-of a fortification, with four bulwarks, lying in flat, level country.

*) This program w as n ot carried out, at any rate not in print. W e only have Stevin’s 
Perspective and his Catoptrics.



8 i  B o v c k  d e r . d e v r s i c h t i g h r

S&aks.

Die form hect grontteyckening, (bo veel te feggen als teyckeningdes gronts 
daermen wat op bcghecrt te bouw en , ghelijck hier de wallen.

M aerwantmendaer in noch nieten fietdc hooghde, m aet,cn  form der 
fclve verheven o f ftaendc w allen, foo ifler een derde *  afcomfi van teyc- 
kening deler ghedaentc:

Orthogra
phia,

% B E P A L I N G .

Wefende een lichaem gefneen met een plat rechthoud- 
HartZçmtem. kichopden*fichteihder,alfooclatcIaer in verfchijnen de 

ghemeene fneen des felfden, en der vlacken diedatdade- 
lick, of deur t’ghedacht fnyen : Die verfchijnende forra 
heet*Stantteyckening.

Laetbyvoorbeeltdenwaldiedeï Verdocht Wört te ftâen opdegrontteyeke- 
ningder 2 bepaling,deurfneen lijn meteen plat rechthouckichop den Achteln
der , en de fneendie d’andcr platten daer in doen, fijn dufdanich, A  B úre des 
fichteinderplats, B C  de fne vant plat des % buytcichoeyfels, C  D  
fne vant plat det cruyn, D  E fne van t’plat des borftwecrs,E E fne 
vant plat des ganex, F A fne vant plat des binnefchoeyfels : Ende 
t’plat in die linien begrepen ais A B C  D  E F,heet ftanttcyckening 
van weghen dattet teyckening is, overeynde ílaendc. Ende ghe
lijck wy hier t'voorbcelt gheftclt hebben van eenfterckte, alíoo 
lálmenderghelijckeverftaenop ander gheftlchten, en dinghen diemen íchil- 
dertofvafchaeutj

Maer

A
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This figure is called ground-plan, which is to say a plan o f the ground on 
which it is desired to build something, as in this case the walls.

But because in this the height, size, and form of the said elevated or standing 
walls are not yet seen, there is a third species of drawing, of the following kind:

3rd D EFIN ITIO N

If a body be intersected by a plane at right angles to the horizon, in such a 
way that there appear therein the common intersections of this plane and of 
the planes intersecting it actually or in imagination, then the resulting figure 
is called the Vertical Plan.

For example, let the wall which we imagine as standing on the ground-plan 
of the 2nd definition be intersected by a plane at right angles to the horizon, then 
the intersections which the other planes produce therein are as follows: AB  inter
section with the horizontal plane, BC intersection with the plane surface of the 
outward slope, CD  intersection with the plane of the top, DE intersection with 
the plane surface of the parapet, EF intersection with the plane surface of the 
walk, FA intersection with the plane surface of the inward slope; then the plane 
contained by those lines, namely, ABCDEF, is called the vertical plan, because 
it is a drawing standing vertically. And in the same way as we have here given 
the example of a fortification it should be understood of other buildings and 
objects which are painted or drawn in perspective.



V A N D Ë  V E R S C H A E V W I N Ö .  9
M aerom nuteiègghen vant onderlcheyt ende eyghenichappeh der bóve- 

fchre ven drie *  afcomfien van teyekening, foo is te weien datgronttcyckening 
en fiantteyekening jbequaem ßjno tndaerdeut te maken een gheftichtopfijn 
bchoirlicke m act, en van begheerdc form: Ais by voorbeelt, foo ymant feght 
dat hy een fierckteghemaeckt wil hebben, van form engrootheyt ghelijckde 
twee voorgaendc teyekeninghen anwijfen, men can deur de felvc (de cleyné 
mact daer by ghevought fijhde na t’behooren) fijn begheerte nacommcn:
W a e r n i e t a l f o o m e t t e v e rfc h a e u d e f o r m ,  o m  datfe  d e  l in ie n  e n h o u c k e n  n ie t  
* e v c r e d e l ic k e n  h e e f t  m e t te  b e g h c e rd e :  D o c h  h e e f tfe  d ie  e y g h e n fe h a p  ,  d a tie  Pr»f»rt¡*. 
v e n h o o n t  h o e d e g h c m a c c k te f te r c k te  in t  g h e fic h t v e r f c h i jn t ,  o f  v e rfc h ijn e n  nal“ ' 
f a i .  T i s o o c k  te  w e te n  d a t  g ro n d tte y e k e n in g  e n  f ia n t te y e k e n in g  t o n e  v o lc o m -  
m e n  v e tfe h a e u w in g  n o o d ic h  f i jn iA ls b y  v o o rb e e lt ,a lfo  f ijn  V o r  s  t e  l í  c k e  
G h  e  n  a  d  E v a n  w il le  w a s  te  v e r lc h a e u w e n  een  feker b o lw e rc k  h e e l  m e t  e e r
d e  g h c v u lt ,  o p  e e n  re c h te  g o r d in e ,  f ie ld e  f ic h  v o o r  d e  g ro n d t te y e k e n in g  h ie r  
a c h te r  A, w ie n s  v e rh e v e n  w e r e k e n ,  a is  w a lle n  e n  b o r f tw e e re n  d a e r  o p  c b m -  
m e n d e ,  a n g h e w e fe n  f ijn  m e tte  f ia n tte y e k e n in g  B ,  v o o r t  b e d ie t C d e  v o e t ,  
w a e r  o p  e e n  lin i  v e rd o c h t a is  f ie n d e rm a e t e v e n  a n  C  D , e n  r e c h th o u c k ic h  o p  
d e  v l o e r ,  d a ts  h ie r  o p t  p la t  des b l a t s , t ’c y n d e  d ie r l in i  w a s d e p la e t s  d e s o o g h s  
i n d e  lo c h t ,  v a n  d a e r  h y  d a t b o lw e rc k  w ild e  g h e fie n  h e b b e n , e n  v o lg h e n d e  d a t  
g h e f lc ld e ,d e d e d a e r a f  d e  v o lg h e n d e  v e r fc h a e u w in g , w e lck e  u y t  f i j n  tcy ck e- 
n i n g i n  h o u tg h c f n e e n  W ie r t ,e n g h c d m c k ta l f m e n  h ie r a c h te r  f ic t.  M ac r o m
voor de fchacu hetoogh op fíjn behoirlicke placrs te Hellen, diens vinding
int volghende gheleert fai worden, men foude opt punt F , bedenckeneen 
rechte lini even an C E , en rechthouckich opt plat des blats , want ant 
cynde der felvc hetoogh vexvought, men fiet de fchaeu in haer volcom* 
mcnhcyt.

4  B E -
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But to  speak now  o f the d ifference and the  properties o f 't h e  three species 
o f draw ings described above, it should be know n that a ground-plan  and a vertical 
p lan  together can be used to m ake a bu ild ing  o f the appropriate  dim ensions and 
desired form . As, fo r exam ple, if  anyone says that he  wishes to have a fortification 
m ade o f the  form  and  size as indicated by the  two preceding drawings, then  it 
is possible to  m eet his requirem ent (a  sm all m easure being added thereto, as it 
should  b e ). B ut not so w ith  the  perspective image, because it does not have 
the  lines and angles proportional to those required. O n  the o ther hand  it has 
the  property  th a t it shows how  the  constructed fortification appears o r will 
appear to the eye. I t  should  also be know n that the ground-plan  and the  vertical 
p lan  are necessary fo r m aking a perfect perspective drawing. For exam ple, w hen 
his Princely Grace w ished to make a perspective image o f a certain bulw ark  com
pletely filled  w ith  earth  on  a straight curtain, he proposed the  g round-plan  A  
overleaf, the  elevated parts o f  which, as walls and parapets bu ilt thereon, are 
indicated by the  vertical p lan  B; fu rth er C signifies the foot, on  w hich a line, 
im agined as the  observer’s m easure 7 ), equal to C D  and at righ t angles to the 
floor, th a t is here to the  plane o f the paper; the end o f this line  was the  place o f 
the eye in  the air from  w hich he w ished to have the. bulw ark viewed. A nd, 
follow ing up the  supposition, he m ade therefrom  the  follow ing perspective image, 
w hich was cut in  w ood from  his draw ing and prin ted  as seen overleaf. But to  place 
the  eye in  the  p ro p er position fo r regarding the  image, the  fin d in g  o f w hich position 
is to be taught in  the  sequel, one should im agine at the  po in t F a straight line equal 
to CE and at righ t angles to the  p lane o f the  paper, fo r w hen the  eye is placed at 
the  end thereof, then  we can get a perfect view  of the  image.

’) or “observer’s height”
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4  B E P A L I N G .

T ’verfchaeuhck noem en  vvy daer de verfchaeuvving  
na ghedacn w o r t  : E n 'die ghedaen verfchaeuvving haer 
fchaeu.

Alsccn punt,Iini,vlack,oflichaem,dacr de verfchaeuwing na ghefchiet,heet 
int ghcmeen t’verfchaeulick;en int befonder vetfchaeulick punt,vcrfchaeulickc 
lini.vcrfchaeulick vlack,verfchaeulicklichaem:Maer de verfchaeuwing na.clck 
ghedaen hect yders fchaeu.

5 B E P A L I N G .

V ib ei is her plat daereen vcrfchaeulicke form  boven 
ita e to fo p  light.

6 B E P A L I N G .

O ogh  i s 'een p u n t datm en neem t des o o g h s fienlick  
W erck ted oen .

7 B E P A L I N G .

Sienderlijniseen rechte v a n to o g h  to tte  v lo er , en  haer 
uyterfte inde vloer heet voet.

W ant de*hanghendelini vant öogh totte vloer daer een vcrfchaculickghc* 
flicht o f  vcrichaeulicke form op ftact, ghelijckheyt heeft mette langde des fien- 
ders,fy wort Sienderlijn gheheeten. Ende haer uyterfte inde vloer heet omfulc* 
ke ghelijckheyt oock voet.

8 B E P A L I N G .

Siendermaet is een lin i even ande fienderlij n.
W ant de ware fienderlijn verheven ftaet op de vloer> deur de 7 bepaling, en 

datmen om  fulex eyghentlick na te volghen.op de blaren der boucken ais vloer 
ghenomen,linien foude moeten teyekenen, die verheven ftonden opt plat der 
felve blaren, t’welck onbequamelick te werek foudegaen, en totte leering niet 
ièer voorderlick welen , foo wordet dickwils noodich, de langde van fulcke lini 
opt plat des blats te teyekenen, welcke niet de eyghcntlickc lienderlijn felf we* 
fende,maer allecnelick de maet daer af, en vervclghcns ais maet des lienders,wy 
noemenfe Siendermaet.

9 Bepa-
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4th D EFIN IT IO N

W e call the object th a t from  w hich the  perspective is made, and the perspective 
m ade, its image.

T hus a point, line, plane or solid from  w hich the  perspective is m ade is called 
in  general the  object, and in  particular: object po in t, object line, object p lane, 
object solid. But the perspective m ade from  each is called its image.

5 th D E F IN IT IO N

Floor 8) is the  p lane  on  w hich an  object stands o r lies.

6 th  D E F IN IT IO N

Eye is a po in t w hich is assumed to  perform  the  visual function o f the  eye.

7 th  D E F IN IT IO N

O bserver’s L ine is a stra igh t line from  the  eye to  the  floor, and its extrem ity 
in  the  floor is called f o o t s ) .

Because the vertical from  the  eye to  the  floor on  w hich a  bu ild ing  o r an object 
stands is equal to  the  leng th  o f the  observer, it is called O bserver’s Line. A nd  its 
extrem ity in  the  floor is called foot because o f this eq uality ..

8 th  D E F IN IT IO N

Observer’s Measure is a line equal to the observer’s line.

Since the true observer’s line is erected on  the  floor, by the  7 th  definition, 
and, in  order to  im itate this in  actual fact, it w ould  be necessary to  draw , on  the  
pages o f the  books taken as floor, lines w hich w ould  be erected on  the  plane 
of said pages, w hich w ould be inconvenient to  accomplish and w ould not be 
greatly conducive to  the  instruction, it o ften  becomes necessary to  draw  the  length  
o f  such a line  in  the p lan e  o f  the  paper, which, as no t being the  actual observer’s 
line itself, bu t only its m easure, and consequently the  measure o f  the  observer, 
w e call O bserver’s M easure.

8) W e keep Stevin’s term “ floor” for the ground plane.
8) The usual term for Stevin’s “ observer’s line” is prime vertical, for his “ foot” is centre 

o f  vision.



V A N D E  V E R S C H A E V W I N G .  Iß

9 B E P A L I N G ,
Glas is* een o n ey n d e lick  plat tuiTchen h e to o g h e n  de» i  i?  nttuttt»

•verfchaeulieke fo r m , vvaer in gh en om en  vvort de ver- 
ichaeulicke haer fchacu te verthoonen.

Alibodccin plaets vant glas daer onder d’ccrfte bepaling áf ghclcyt is , een 
plat bcdocht wortjWaerin men neemt de fchaeu vant verichaculick te flacn,fbo 
wort dat plat totondcrfcheyt van ander platten het glas ghenoemt.

«ó B E P A L I N G .
G laígrontis fijn en des vloers ghem eenefne¿

11 B E P A L I N G .
Strael is de rechte lini die uy t het oogh  com t.

11 B E P A L I N G .
Saem puntisdaerdcvoortghetrocken  fcháeuvven van  

V e r f c h e y d e n v e r f c h a e u l ic k e r e c h te  *  e v e v v ijd e g h e  l in i e n  P“« ^ -  
in  verfam en.

Evcw'ijdeghe verfchaeulieke rechtelinicn voortghctrocken lijnde, en con
fien niet verlámcndeur£«í7/<//.f 3 j bepaling, maerwel hacr voortghetrocken 
fchacuwen,alflc van haer verfchaeulieke onevcwijdich fijn,ghclijck int 3 voor
del verclacrt fai worden. Nu t'punt der verfaming van foodanighc heet Saem- 
punt.

l3 B E P A L I N G .  

E n fu lck eÍ in ie n d iea lío o in tfa em p u n tv erg a ren , hee- 
tenfaem lijnen .

*4 B E P A L I N G .

Een rechte lini ghetrocken inde vloer,vahde voet to tte  
glas gron t,heet vloerli jn  : En haer raeckfel in t g la s , vloer- 
lijnraeckièl.

Laet A B de glafgrondt beteyekenen , C  de voet, 
vanwclcke ghetrocken is de rechte lini C D , tot inde 
glafgrondt, de felve C D  heet vloerli jn , en haer raeckfel 
D  intglas A B,heet vlocrlijnraeckfcl.

i j  BEPA
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9th D EFIN ITIO N

Glass is an infinite plane between the eye and the object,figure, in which this 
figure is assumed to show its image.

W hen instead of the glass, to which we referred under the first definition, 
a plane is imagined in which the image of the figure is taken to stand, this plane, 
to distinguish it from other planes, is called the glass.

10th DEFINITION

Glass base lo )  ¡s the intersection of the glass and the floor.

11th DEFINITION
Ray is the straight line coming from the eye.

12th D EFIN ITIO N

Meeting point n )  is the point in which the produced images of different 
straight parallel lines meet.

Straight parallel lines, being produced, cannot meet, by Euclid’s 35th  defi* 
nition 12), but their produced images can, if  they are non-parallel to their object 
lines, as will be explained in the 3rd proposition. N ow  the point where such 
lines meet is called Meeting Point.

13th DEFINITION
And such lines thus meeting in the meeting point are called meeting lines is ) .

14th  D EFIN IT IO N

A straight line drawn in the floor from the foot to the glass base is called floor 
line, and its point o f intersection with the glass, floor-line glass point.

Let A B  denote the glass base, C the foot, from which is drawn the straight 
line CD  to the glass base. This CD  is called floor line, and its point o f contact D  
in the glass A B  is called floor-line glass point.

“ ) M odern : ground line. ■ 
u ) M odem : vanishing point.
**) N o w  listed as D ef. X X III : “ Parallel straight lines are straight lines w hich being in 

the same plane and being produced indefinitely in both directions, do  n ot m eet one  
another in either direction” . (T. L. Heath I p. 154), This definition is listed as D ef. 35 
in the edition o f  the Elements by Zamberti (1537) and by Commandino (1572), as D ef. 
34 in the Clavius edition o f  1574.

13) Stevin’s terms “saempunt” and “ saemlijn” are here translated by “ m eeting poin t” 
and “ m eeting line’ .
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*5 B E P A L I N G .

Wcícndc van ccn ghegheven verfchae ulick punt inde 
vloer ghetrocken een oneyndelicke evevvijdeghe mette 
vloerlijn : De fne der felve inde glaigrondt noemen vvy 
glasgrondts eerfte fne.

Laet inde form der 14.bepaling, E fijn een ghegheven verichaeulick punt 
inde vloer, vant welck ghetrocken is een oneyndelicke É F cvewi jdcghe met 
D C, íhyende de glaígront A B in F,de felvc fne F noemen wy glafgrondts eer- 
fte fne.

B E P A L I N G .

Wefende van een ghegheven verfchaeulick punt in
de vloer , ghetrocken een rechte lini totte voet : De fnç 
der felve inde glaigrondr,noemen vvy glaigrondts twee
de ine.

Laet inde form der 14 bepaling, vant ghegheven verfehaeulicfepunt E, ghe
trocken lijn de rechte lini £ C, van E totte voet C, fnyende de glafgront AB 
in G, de felve fne G,noemen wy glalgronts tweede fne.

B E G H E E R T E N .
i  B E G  H E E  R T E .

Dattetnatuerlick verfchaeulick punt,fijn fchaeu in een - 
natuerlick plar glas,en het natuerlick oogh, in een rechte 
lini fijn

Een natuerlick verichaeulick punt, lij n fchaeu ín een natuerlick plat glas, en 
het natuerlick oogh,en fij n niet nootlàkelick in een rechte lini,cm dat wy geen 
wefentlicke faeckfclf en fien, macrallecnclick de fchaeu van dicn,mifichienop 
een ánder plaets, t’wélck aldus bethoontvvort: Ymant duwende ter fijden an 
fijn oogh, doet het ghcnehyfict, verre wijeken vande plae s daer hyt löndec 
duwen fach: En hoewel fommighet'ghçficht foo hebben, datfe dele verande
ring naulick ofniet mereken en connen, doch ander fienlc feer wel : lek hebfc 
dadclick tot over de* 3 3 trap. bevonden, want foo groot was den houck tufi 
fchen de twee Ichacuwen, d’ecnc ghefien vant ghedude,d ander vant ongedude 
oogh : Maer de ware faeck blijft in haer plaets, daerom t’ghene alioo van fijn 
plaetsvcrfchiet, en is de wefentlicke facckfclf niet, maer allecnelickde fchaeu 
van dien : Welckc fchaeu met haer fchaeu int glas, en het oogh in een rechte 
lini fijndc,feker de ware iàcck tot een ander plaets wefende ais ghefey t is, en can 
met d’andertwecinghecn rechte lini fijn. Hier uytvolght dat alfmen mettet 
woort verfçhaeulickpunt, verfiondedegefien fchaeu des wefentlickpunts, dae

alfdaa
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15th D EFIN ITIO N

If from a given point in the floor there be drawn an infinite line parallel to 
the floor line, then we call its intersection with the glass base the first inter
section of the glass base.

In the figure of the 14th definition let £  be a given point in the floor, from 
which there be drawn an infinite line EF parallel to DC, intersecting the glass 
base AB  in F: we call this point of intersection F the first intersection of the 
glass base.

16th DEFINITION

If from a given point in the floor there be drawn a straight line to the floor, 
then we call its intersection with the glass base the second intersection of the 
glass base.

In the figure of the 14th definition let there be drawn from the given point E 
the straight line EC from E to the foot C, intersecting the glass base A B  in G; 
we call this intersection G the second intersection of the glass base.

POSTULATES
1st POSTULATE

That the natural point, its image in a natural plane glass, and the natural eye 
are in a straight line.

A natural point, its image in a natural plane glass, and the natural eye are not 
necessarily in a straight line, for we do not see a real object, but only its image, 
perhaps in a different place, which is shown as follows: When a man presses 
from the side against his eye, he causes that which he sees to deviate from the 
place where he saw it without pressing. And though the eyesight of some people 
is such that they can hardly perceive this deviation, if at all, others see it quite 
well. I have found it in practice to exceed 33 degrees, for thus large was the 
angle between the two images, the one seen by the pressed eye and the other by 
the non-pressed eye. But the real object remains in its place; therefore that which 
shifts its place is not the real object itself, but only its image, and if this image 
is in a straight line with its image in the glass and the eye, certainly the real 
object, which is in a different place from the one stated, cannot be in a straight



V A N D E  V E R S C H A E V W I N Ö .  I f
aU3an t’verfchaeulick punt, fíjn (chaeu in een natuerlick plat gias, en het na« 
tucrlick oogh, in cen rechte lini foiiden wefen, fonder datmen daeraf eenighc 
toelating behoufde te begheeien: Maer want nu te tijt t’ghemeen ghcvoelen 
anders is, loo bebbcn wy dit willen begheeren, om onbegrepen te fijn vande 
ghcnedie hier naniaelsde (âcck füllen meughcn beter verflacn.

Angaende ymant teghen fbovefchreven mocht fegghen, dat wanneer het 
oogh vry ftaet fonder duwen, dat alfdan deghcfien fchaeu effen de wefentlicke 
iàeck bedeckt,en t’iàmen ais een felve lij n,waer uy t volght dat in fùlcken an fien 
mettet woort verfehaeulickpunt, verftaen fijnde het natuerlick verfchacülick- 
punt, dattet felve met fijn fchaeu int glas, en het oogh in een rechte lini fijn, 
fonder datmen daer af toelating behouft te begheeren: Hier opwort gheant- 
woorr, dat veel onghedudc vryeooghen, de Ichaeu tot een ander plaets fien 
dan daer de wefentlicke faeck is,ais deooghen van ichele lien die twee vóór een 
fien,of dic maer een fcheelfichtich oogh en hebben.Ende hoe wel ander oogeö 
min fcheefftaendc,min vcrfchilscrijghen tuilchcn de fehaeu en haer wefentlic
ke làeck.en de ooghcn heel recht flaende, ghcen yerfchil, nochtans ghcmerckt 
van die heele volcommen rechtheyt.gheen volcommen bewijs en can ghedaen 
worden (want tweeghelijckftacnde ooghcn, connen elck t ghebreck van wan- 
fichticheyt hebben, fonder datfe nochtans twee fchaeuwen voor cea ficnj foö 
fchijnt de begheerté in ghenouchfaem reden ghegront.

Merckt noch dat uyt verfcheyden ander oirfaken dan deur t’oogh, de fehaeu- 
wcn van haer wefentlicke faeck wijcken, alsdiemen int watet meynt te fienj 
want noyt menfch en fach,niet alleen eenigc wefentlicke faeck int water, maer 
oock niet de felve fchaeu die hy inde locht daer af fien can,dan een ander fchaed 
tot cen ander plaets: Twelck dae fan bli;ckr,dat ligghcndecen penninck of an
der lacck op den gront eens ledich vats, alfoo datmen dien pen ninck, of om 
cyghentlick te fpreken,de fchaeu van dien penninck niet fien en can , om 
den cant des vats wil, en datmen daer na t’felve vat met water vult men fiet 
den penninck foot fchijnt wel befcheedelick : Doch ten is den wefentlicken 
penninck fclfniet, noch oock de fchaeu diemen inde locht fien can, maer eeñ 
ander Ichaeu deur t’water veroiriaeckt. Ende foo gadet oock mette hemelfihe 
lichten, diens fchaeuwen boven den * fichtcinder ghefien worden ,ecr de we- Horksmm. 
fentlickelichtenfelfdaerbovenfijn, t’wclck een ander fchaeu isveroirfaeckt 
deur de vochticheden des lochts. Meer ander verfcheyden verandcringhen defer 
verfcheyden veranderinghen defer fchaeuwen bevintmen noch deur t’vier,deur 
cicmmeglafen.en in blinckéndelpieghelachtighe fioffen : Doch want de han
deling van fulckc eyghentlickcr by de * fpieghelfchaeuwcn dient, foo hebben Cattptnca. 
wy die daer vervought,en hier achterghelatcn.

2 B E G H E E R T E .
Een verfchaeulick punt, lini o f plat int glas ghegeven, 

oock voor hun fchaeu te verfirecken.

Ba NV
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line with the other two. From this it follows that if by the words “object point” 
were to be understood the observed image of the real point, then the object point, 
its image in a natural plane glass, and the natural eye would be in a straight line, 
without any necessity of a special postulate. But because common opinion is differ
ent at present, we have desired to postulate this in order that we may [not] * 
be misunderstood by those who may hereafter have a better understanding of 
the matter.

Now someone might object to what we have said and remark that if  the eye 
is free and not pressed, the image observed just covers the real object, so that 
they are together like one and the same thing —  and thus draw the conclusion 
that if we understand by the words “object point” the natural object point, then 
this point is in a straight line with its image in the glass and the eye, so that 
there is no necessity for any special postulate. To this we reply that many non
pressed free eyes see the image in a different place from that in which the real 
object is, such as the eyes of squinting people, who see two as one, or those who 
have only one squint eye. And though other eyes, which squint less, get less 
deviation between the image and the real object, and eyes which are quite normal 
do not get any deviation, nevertheless, —  since no perfect proof can be given 
of that perfect straightness (for two eyes equally situated may each have defective 
sight and still do not see two images as one) —  the postulate seems to be founded 
on sufficient reasons.

Note also that, apart from the eye, there are several other causes for the image 
to deviate from the real object, for example objects we imagine to see in water; 
for no man has ever seen either any real object in water, or the same image he 
can see of it in the air, seeing instead a different image in a different place. 
Which is apparent from the fact that if a penny or another object lies on the 
bottom of an empty vessel in such a way that we cannot see that penny, or, 
properly speaking, the image of that penny, because of the side of the vessel, 
and if this vessel is thereafter filled with water, we apparently do see the penny 
quite definitely, but it is not the real penny itself, nor the image we can see in the 
air, but a different image caused by the water. And the same thing happens with 
the heavenly bodies, the images of which are seen above the horizon before the 
real lights themselves are above it, which is a different image caused by the 
moisture of the air. Various other changes of these images are also found through 
fire, through curved glasses, and in shining, mirror-like substances, but since the 
discussion of these pertains rather to catoptrics, we have included them there, and 
omitted to speak of them here.

2nd POSTULATE

That a point, line or plane, given in the glass, also serve as their own images.

• This word has been omitted in the Dutch text.
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De  rechte lini tuflehen tw ee fchaeuwen van ver- 
fchaeulickepunten, isfçhaeu der verfchaeulieke rechte 
lini tuiïchen de felve tw ee verfchaeulieke punten.

T g h e g h e v E n .  Laet A het oogh betcyckcncn, de rechte liui B C het glas 
ovcrcant ghefien,D cn E twee ver- 
Fchaeulicke punten, en de rechte li
ni tuffchen beyden,datsD F., ly de 
Verfchaeulieke lini : Daer na ghe
trocken de rechte linien A D, A E, 
fy deurbooren t’glas in F en G, 
welckc twee punten F en G deur 
deerfle begeerte fchaeuwen moe
ten fljn der verfchaeulieke pun- 
tenDenE. T b e g h e e r d e .  Wy moeten bewijfen,dat de lini F G fchaeu 
is der verfchaeulieke D E.

T B E W Y S.
Ghelijck t’verfchaeulick punt D,voor fchaeu heeft F,cn t'vetfchaeulick punt 

E, voor fchaeuG,alfoomoet openbacrlickalle verichaeulick punt tuflehen 
Den Ejfijn fchaeu hebben tuflehen F cn G,en vervolghensdc lini F G, moet 
lchaeu fíjn vandc verfchaeulieke D E.

Maer foo teen veiichaeulickpuntalsE,gheftelt waer int glas ais hietne. 
vens,het lal deur de tweede begeer
te voor fijn.fclfs fchaeu verflree- 
kcn,en F E fai openbacrlick fchaeu 
fijn van D E. Tbeslvyt. De 
rechte lini dan tuflehen twee 
fchaeuwê van verfchaeulieke pun
ten , is lchaeu der verfchaeulieke 
rechte lini tuflehen der ièlve twee 
vcrichaeulicke punten, t’welck wy 
bewijfen moeflen.

1 V E R T O O C H  i  V O O R S T E L  
Evcvvijdcghe verfchaeulieke linien gheiien f  jndedeur 

t  glas dat evewijdich is mette evevvijdeghe: Haer fchaeu. 
w en  fijn int glas oock evevvijdeghe.

Ais t’glas met evewijdeghe.verfchaeulicke linien oncvcwijdich is,(boen ver« 
üchijnen hun lchar uwen daer in niet cvewijdich,ghehjck int volghende 3 voor

lid



823

NOW  THE PROPOSITIONS

1st T H E O R E M  1st PR O P O S IT IO N

T he straight line between two images o f points is the  image o f the straight 
line, jo in ing  the said two points.

SU PPO SIT IO N . Let A  signify the  eye, the  stra igh t line BC  the  glass viewed 
transversely, D  and E two object points, and let the straight line jo in ing  the  two, 
i.e. DE, be the object line. I f  thereafter the  straight lines A D , A E  are drawn, 
they pierce the  glass in  F  and G, w hich two points F and G  by the  first postulate 
m ust be images o f the  points D  and E. W H A T  IS R EQ U IR ED . W e  have to prove 
that the line FG  is the image o f the  line DE.

PR O O F

Just as the  po in t D  has F  fo r its image, and the  p o in t E has G  fo r its image, 
so m ust any po in t lying betw een D  and E clearly have its image betw een F  and G, 
and consequently the  line FG  m ust be the  im age o f  the  line DE.

B ut i f  the  one point, such as E, lies in  the glass, as shown opposite, then  it 
w ill by the  second postulate serve as its ow n image, and FE w ill clearly be the 
image o f  DE. C O N C L U SIO N . H ence the  straight line betw een two images o f 
points is the  image o f the  straight line jo in ing  the said two points; w hich we 
had to  prove.

2nd  T H E O R E M  2nd P R O P O S IT IO N

If parallel lines are viewed through a glass parallel to the parallel lines, then 
th e ir  im a g e s  are a lso  p a ra lle l in  th e  g la ss .

I f  the  glass is non-parallel to  parallel object lines, then  their images do not 
appear parallel therein, as is to  be proved in  the  subsequent 3rd proposition. But 
we w ill here prove th a t the  converse happens if  the glass is parallel to  the  
parallel lines.
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fiellal bewefen worden: Maert'verkcerdeteghebeuren alst'glas mette evewij- 
dcghe verfchaeulieke linien evewijdich is, dat füllen wy hier berhoonen.

T g h e g h e v e n . L a c tA B e n C D  twee cvewijdege verfchaeulieke linien 
wefen, E hetoogh ,endcurF G  ftrecke het glas evewijdich mette twee evewij- 
deghe A ß e n  C D .  T b e g h e e r d e . W y 
moeien bcwij fen dat de fehaeuwen van A  B en 
C D int glas oock cvcwijdeghc fíjn.

T b e r e  Y T S E . L .  Lact ghetrocken worden 
de twee linien A C ,R D , en de vierftralen E A,
E "B ,F , C , E D , vervanghendc de .* naclde —c T  VWmUm.
E À B D C , en deurboorende t’glas in H,F,I,G.

T B E W Y S.
F H fchaeu te fijn der verfchaeulieke A B,en 1G van C  D ¡ isdeur het i  voor- 

ßel openbaer. Maer de felve twee fehaeuwen F H , 1 G , oock cvcwijdeghc te 
wefen, w ott aldus bethoont : Anghefien de naelde E A B D G , dooifncen is 
met ecn plat H F I G.evewijdich vanden groht A B C  D,foo moet de fnc gelijck 
fijn anden fc lvengrontA E C D : D acrom FH G  1 is ghelijckan A  B C D , in 
w elckeFH * lijckftandighe lijnde met A B ,en IG  met C D , voort wefende Homeb&ù 
A  B met C D oockevcwijdeghe, foo moct H F met G I oock cvew'ijdeghc fijn.

T b e s l v y t .  Evewijdeghe verfchaciilickc linien dan ghçfien fijnde deur 
t ’glas dat evewijdich is mette evewijdeghe : Haei fchaeuwen fijn ; int glas, oock 
evevvijdeghe, t’welck wy bewijfen moeilen.

V E R V O t C  H.
Tblijckt uyt bet voorgacnde.dat een verfchaeulick plat evewijdich vant glas 

Wefende,altijt een cleenderfchaeu gheefi lijckformich an t verfchaeulick plat.

J V E R T O O C H  j V O O R S T E L
Evevvijdeghe verfchaeulieke linien ghefien fijnde deur 

t’glas dat onevevvijdich is mette evevvijdeghe, en haer 
ichaeuvven daer in voor tghetrocken vvefende} fy verga
ren iri een felve punt des ftraels, dat evewijdich is mette 
verfchaeulieke evevvijdeghe, en de felye verichaeulickc 
oock evewijdich weiènde mette vloer ; haer faempunt 
com t foo hooch bo vc n de vl oe r ais he t oogh.

T g  h  e  o h  e v e n . Laet AB,cn C  D twee evewijdege verfchacülickélinien 
wefen,E bet oogh,F de voet,iuflchcn welckeghetTocken is de fiendcrflijn E F, 
en uyi het oogh E de oneyndelicke E G , evewijdeghe met AB betcÿckcnendc 
cendrad. Voortdc liniF  H evewijdeghe met AB:, fnyende A C in I ,c n g h e -  
rakende B D in H. Daer na 1K met H L, beyde evewijdeghe en even met F Èi 
En deur A C K fy ghetrocken een glas dat onevewijdich rs mette evewijdeghe 
A  B en G  D , daer afde glafgront fy A C. En de fchaetiwcn der verfchaeulieke 
linien A B,G D, verfchijnende int oneyndclick glas, fíjn A M , C N , deur Het 
I vooiftcl. T b i g h e e r .d e . W y inöetenbevYijfendatdefelve A M ,C N ,

B i  YOOtt-
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SUPPOSITION. Let AB  and CD  be two parallel object lines, E the eye, and 
let the glass through FG be parallel to the two parallel lines AB  and CD. W HAT  
IS REQUIRED. W e have to prove that the images of AB  and CD  are also parallel 
in the glass.

PRELIMINARY. Let there be drawn the two lines AC, BD, and the four rays 
EA, EB, EC, ED, containing the pyramid EABDC  and piercing the glass in H,
F, I , G .

PROOF

It is clear from the 1st proposition that FH is the image of the line AB,  and 
IG  of CD. But that the said images FH, IG  are also parallel is proved as follows. 
As the pyramid EABDC  is intersected by a plane HFIG, parallel to the base 
ABCD, the section must be similar to the said base ABCD. Therefore FHGl is 
similar to ABCD, in which, because FH is homologous to AB, and IG to CD, 
while further AB  is also parallel to CD, HF must also be parallel to Gl. 
CONCLUSION. If therefore parallel lines are viewed through a glass parallel 
to the parallel lines, then their images are also parallel, in the glass; which we 
had to prove.

SEQUEL

It appears from the foregoing that a plane figure parallel to the glass always 
gives a smaller and similar image.

3rd THEOREM 3rd PROPOSITION

If parallel lines are viewed through a glass that is non-parallel to the parallel 
lines, and their images therein are produced, they meet in the same point of the 
ray that is parallel to the parallel lines, and if the said lines are also parallel 
to the floor, their meeting point comes as high above the floor as the eye.

SUPPOSITION. Let AB  and CD  be two parallel lines, E the eye, F the foot, 
between which is drawn the observer’s line EF, and from the eye E the infinite 
line EG, parallel to AB,  signifying a ray. Further the line FH parallel to AB, 
intersecting AC  in I and meeting BD  in H. Thereafter IK  and HL, both parallel 
and equal to FE. And through A C K  let there be drawn a glass that is non-parallel 
to the parallel lines AB  and CD, of which let the glass base be AC.  Then the 
images of the lines AB, CD appearing in the infinite glass are AM, CN,  by the 
1st proposition. W HAT IS REQUIRED. W e have to prove that the said AM, CN,



l í  i  B o v c k  d e r  d e v r  s i c h t i g  h e

V o o rtg h c tro c k e n  w e fe n 
d e ,  v e rg a re n  fü lle n  in  e e n  
fe lfde  p u n t  d es  ftrae ls  E G, 
te  w e te n  i n  K (t’w e lc k  
d e u r  de i l  b e p a lin g  h e t  
ià c m p u n t  is )  f o ö  h o o c h  
b o v e n  d e  V loer ,  a is  h e t  
o o g h  daer b o v e n  c o r ti i .

T b é r e Vt s e l . Eact 
deur de drie punten E, A ,
B,ghetrocken worden een 

PlMiatt iii- *  oneyndelick plat, fghc- 
f™um- lijcx een oneyndelick plat 

deur de drie punten 
E C D .

t b e w y s .

Anghcfien de tweeoh- 
eyndclicke platten deur 
E  A  B en E C D , ttialcân- 
def cortimén tefnyeh int 
punt E, foo moet haer ge- ' r  
meene fne evewijdeghe 
fijn met A BjDâerom E G
is noötfakelick der felve platten ghemeene fne: Twclck foo fijnde,de vier pun<> 
ten E, A,BfL,ftaen alternad in een felve plat,alfoooOck doen in een felve plat 
de vier punten E ,C,D ,L , Voort anghefien A M is de fchaeu der verfchaeulieke 
liniA B ,dieghefienw ortvantooghEdeurt’ghegheven,foorüoetA M int fel- 
ve plat fij n daer A B in is : Maer A B is int Oneyndelick plat deur E A  B L  ; daer» 
om  A  M ism e int ici ve plat: Sy is Oöck int oneyndelick glas deur t’ghegheven, 
daeromde voortghetrocken A M  comt de lini E L  (Welverftacnde ghemeene 
fne der twee plattenjte gheraken in K ; Maer de voortghetrocken C N  oock te  
moeten commen tottet felve punt K , dat wort aldus bethoont: C JSI is (om al- 
fulcke redenen ais van A M verclaCrt fijn ) int oneyndelick plat deur E C  D L, 
oock int oneyndelick glas A C  K: Daerom de voortghetrocken C  N , moet de 
ghemeene fne E G dêrtwec oneyndelicke platten erghens ontmoeten : Latet 
fijn waertmeughelick in  eenich punttuifchen K cn G , o f  tuflehen K cn E, 
Maetalle ioodanighe punten fijn buy ten het glas, daerom de rechte lini C 1SS 
wefende int glas, en recht voortghetrocken fijnde, foude connen buyten het 
glas loopen, t’welck onmeughelick isiMaer qtiaemfc hoogher o f  leegher dan de 
lini E G,fy foude móeten buyten het oneyndelick plat E C D  L  loopen, t' wcick 
oock niet ghefchien en cam A  M dan en Ç  N  voortghetrocken fijnde,vergaren 
in  een felve punt des ftraels E G . Ángaende dat het iàempuntK foo hooch bo^ 
ven de vlœ r corn t ais het oogh Ë,blijckt daer an,dat K 1 cn E F evewi jdege fijn^ 
tuflehen de evewijdeghe E K,E L

W y hebben tot hier toe bethoont dat de fchaeuwen A M , C N ,  voortghe
trocken fijnde,in een felve punt vergaren,en dat van twee verfchaeulieke linien 
A  B, C D , die beyde int plat A B C D  ligghen : Macr om  te verdaten de ghe- 
mecnheytdes voorftelsoveralleevewi;deghcn, oock in een ander plat weten

de,foo
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when produced, will meet in the same point of the ray EG, to wit in K  (which by 
the 12th definition is the meeting point) as high above the floor as the eye comes 
above it.
PRELIMINARY. Let there be drawn through the three points E, A, B an infinite 
plane, and likewise an infinite plane through the three points E, C, D.

P R O O F
Since the two infinite planes through E, A, B and E, C, D  intersect in the point 

E, their intersection must be parallel to AB. Therefore EG is necessarily the 
intersection of the said planes. This being so, the four points E, A, B, L  are all 
in the same plane, and so are in the same plane the four points E, C, D, L. 
Further, since A M  is the image of the line AB, which is viewed by the eye E 
by the supposition, A M  must be in the same plane in which AB  is situated. But 
AB  is in the infinite plane through E, A, B, L; therefore A M  is also in the same 
plane. It is also in the infinite glass, by the supposition, therefore A M  produced 
will meet the line EL ( i.e.: the intersection of the two planes) in K.  But that CN  
produced must also meet the said point K  is proved as follows. CN  is (for the 
same reasons as have been advanced for A M )  in the infinite plane through 
E, C, D, L, also in the infinite glass ACK. Therefore CN  produced must meet 
the intersection EG of the two infinite planes somewhere. Let this be, if possible, 
in some point between K  and G, or between K  and E. But all such points are 
outside the glass, therefore the straight line CN, if it were in the glass and were 
produced straight, might extend outside the glass, which is impossible. But if it 
came higher or lower than the line EG, it would have to extend outside the in
finite plane ECDL, which cannot happen either. A M  and C N  produced will 
therefore meet in the same point of the ray EG. As to the fact that the meeting 
point K  comes as high above the floor as the eye E, this is apparent from the 
fact that KI and EF are parallel lines, between the parallel lines EK, FI.

We have so far proved that the images AM, CN, if produced, meet in the same 
point, such for two lines AB, CD, both of which lie in the plane ABCD. But 
in order to set forth the general applicability of the proposition to all parallel
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de,foolactghetrocken wordenccn verfchaeulieke lini O P , evewijdeghe m et 
A  B,im er wefende boven de felve À B, in cen ander plat dan A B C D ,  endé 
wefende t’punt O, neeni ick, in A M, en P in L B: Daer ná (y ghetrocken E P, 
fnycnde A K inQ fD itfoofijndè,t'iskennelickdatgheli jtjc A M fchaeuisvari 
A B.alfoomoct O  QJchacu fíjn ván.O.P. Màer dát de felve Ö  Qjjoortghétroc- 
ken, oock int iàémpunt Kvergaert, büjckt openbacrlick. T b e  s l v y t . Eve
wijdeghe verfchaeulieke linien dan ,gheficn lijnde deur t’glás dat bnevewijdich 
is mette evewijdeghe,en haer fchaeuwen daer in voortghetrocken wefende, fy 
vergaren in een felve punt des flracls dat evewijdich is mette verfchaeulieke 
evewijdeghe; en de felve verfchaeulieke oöck evewijdich wefende mette vloer, 
haer làempunt comt (bo hooch boven de vloer àls het oogh; t’welck wÿ bfewijJ 
fcn nioeften.

M E R C K T.
Soo ymant metter dact wilde fien, ghelijck fijn V o R S T ê l i c k e  G h E -  

>j a D E felfghedaen heefr, het inhoudt des voorgaenden vertöochs, dic mach 
aldus doen: Hy fai trecken twee evevvijdeghe iinien met crijt ; of ghelpannen 
coorden.ofdierghelijCke, op een effen * lichteindcrfchcn folder of vloer, dat is HorizpntaU, 
die, ghciijckmen ghemeeniick ftght,op waterpas light : Wèlckc tvyce evewij- 
deghc linién betcyckcnt fijn niet A B, C. D; voort bcdiet E E de langde der fien- 
derlijn, waer af E het oogh des Eenders betéyekent : Voort lbo ftaender twee 
rechte houte reghels op de evewijdeghe, ais dé reghcl À G, én C H, cruyccndc 
malcander int punt I , alfoo dattet felve punt 1 is in fulckén hóoghde boven dé
vloer,ais het oogh F, foo dat IK  éven is met F E. D it foo wefende, hyfal fien 
dát de * wijflijn A I recht óvercomt en flaet voor A B,en C  1 even voor C  Dt TiJmUü 
Tw clckm en alfoo bévint hóe recht óf fehccf. datmen dic twee reghels oock 
Heinia al en valt de hangheridë lini van I tot K, niet tuflehen de twee cvewijde- 
ge,macr verre daer buytcn,als indé tweede forin. Men fai bock fien dat alwaert 
mcughelick de twee verfchaeulieke evewijdeghe A B; G D ; mener daet oneyn
delick voort te t rec
ken,datfe evewel met- ^
te  voorfehrcven wijf
lijn overcommë lou
den,en daer onder be
deckt blijven. Maer 
foomen t’punt der 
cruyeing 1 hoogerbf 
leegher brengt dan j {  G 
des fienders oogh F, 
oft anderfins datmen 
het oogh fijdeling 
Heít van I ,  alfoo dat 
de rechte lini van F 
tot I ,  niet evewijdich 
en waer met A B , t'is 
onmeugelickdiewijf-
l i jn e n  b e y d e  f l a m e n  c  t »
op h a e r  v o o rfc h re v e n  e v ew ijd eg h e  te fien  pa ffen . Dit lo o  v e rfta e n  w e fe n d e , Ca 

'  * "  ‘ ' I,CI,Hon-
£ 4 dea

»
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lines, even if they are in a different plane, let there be drawn a line OP, parallel 
to AB,  but being above the said AB,  in a plane other than ABCD, the point O 
being, as I assume, in AM,  and P in LB. Thereafter let there be drawn EP, inter
secting A K  in Q. This being so, it can be seen that just as A M  is the image 
o f AB, so must OQ  be the image of OP. But that the said OQ  produced also 
meets in the meeting point K  is clear. CONCLUSION. Hence, if parallel lines 
are viewed through a glass that is non-parallel to the parallel lines, and their 
images therein are produced, they meet in the same point of the ray that is parallel 
to the parallel lines; and if the said lines are also parallel to the floor, their 
meeting point comes as high above the floor as the eye; which we had to prove.

NOTE

If someone should wish to see in practice, as his Princely Grace has done him
self, the contents of the foregoing theorem, he may do as follows: He must draw 
two parallel lines with chalk, or stretched chords or the like on a level horizontal 
ceiling or floor, i.e. situated, as is commonly said, at water-level; which two parallel 
lines are designated by AB, CD; further EP denotes the length of the observer’s 
line, on which F signifies the eye of the observer. Further there stand two straight 
wooden rulers on the parallel lines, as the rulers A G  and CH, crossing each other 
in the point 1, so that the said point I is situated at the same height above the floor 
as the eye F, so that IK  is equal to FE. This being so, he will see that the reference 
line AI  covers AB,  and Cl likewise covers CD. This is so found, however straight 
or inclined those two rulers are placed; nay, even though the vertical from I to K  
should fall not between the two parallel lines, but far beyond them, as in the 
second figure. It will also be seen that, even if it were possible in practice to 
produce to infinity the two parallel lines AB, CD, they would correspond with 
the above reference line and remain covered thereby. But if the point of the 
crossing I is brought higher or lower than the observer’s eye F, or else the eye 
is placed aside of I, in such a way that the straight line from F to /  be not parallel 
to AB, then it is impossible to see those two reference lines covering together 
their aforesaid parallel lines. If it is understood thus and imagined that the two



tfO i  B o v c k  d e r . D E V R S I C H T I G H B
den en verfchenen in een glas,ais voortghetrocken fehaeuwen van A B, C D,
m en Get hoe haer vergaring ghebeurt op een felvc punt,da:s int faem punt, foo
hooch boven de vloer ais het oogh. Tfclve bevintmen oock ahbo (lellende de
leghels op ander verfchaeulieke linien evewijdich met A B, in platten hooghei
of leegher dan fplat A B D C. Van alle wclcke dinghendeoirfakcnint bovc-

Maihm*- fchrcven 2 voorflcl *  wiiconflclick bewefen fíjn. 
tid.

4  V E R T O O C H .  4  V O O R S T E L
geiende verfcheyden partien yanverfchaeulickeeve- 

vvijdeghe linien die metre vloer oock evewijdich fíjn, 
maermettetglasonevewijdich,en d’een partie dèreve- 
vvijdeghen onevevvijdich van d’ander: Haer verfcheyden 
fàempunteniîjnalevenhooch boven deglafgront.

T g  h  E g H e V E N. LaetA  B C D  EF G H I K,fijri de *grontteyckenIng deâ 
Ĉ trHuîr. deels van een oirdcntlickefterckte,hebbende int ghehecl acht bolwercken * in t 

rondt befchrij vellek, van weleke dit deel de twéé begrijpt, L  iv * ftantteyckc- 
■fting, M N glaigront, diens glas rechthoutkich op de vloer, ftrcckt déur de twee 
uytér fte punten der bolwercken, dató oock evewijdich mette grootegordinc 
tuflehenbeyden. O  is de voet, O  Pfiendermaet, even ande fienderlijn dié bo
yen O  bedochi wort rechthouckich op de vloer : Dê Wallen hebben fes linien: 

t n r * f i * r f a .  D’eerftè beteyekent het buytenfteder *  büytenfchoe : Van daer totfe tweédé 
lini is de breede des bclchoeyfels: Totte derde isde brècde des boftweers : T otte 
vierde is dé breede dés banac.Tottc vijfde isde brecdé des wechs op de wal-.Tottc 
fefte ís de breede derbinnefchoe, wâet áf inde ftantteyekening L optmtlickcr

M

?  - 0

«relating te fien is. In dcíc grondtteyckenihgGjn (even verfcheyden partlen 
ta c  evewijdeghe rechte linien maci d’een páriié ôheVewijdieh vand’anden

Dea-
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reference lines AI, Cl stood and appeared in a glass, as produced images of AB, 
CD, it is seen how their meeting occurs in the same point, i.e. in the meeting 
point, as high above the floor as the eye. The same is also found if the rulers 
are placed on other lines parallel to AB,  in planes higher or lower than the plane 
ABDC;  the causes of all these things have been proved mathematically in the 
aforesaid 2nd proposition.

4th THEOREM 4th PROPOSITION

If there are. various groups of parallel lines, which are also parallel to the floor, 
but non-parallel to the glass, while one group of parallel lines is non-parallel 
to the other, their various meeting points are all equally high above the glass base.

SUPPOSITION. Let ÄBCDEFGHIK  be the ground-plan of the part o f a regular 
fortification, having in all eight bulwarks that can be inscribed in a circle, of 
which this part comprises two; let L  be the vertical plan, M N  the glass base, 
whose glass, at right angles to the floor, extends through the two extremities of 
the bulwarks, i.e. also parallel to the large curtain between the two; O is the 
foot, OP  the observer’s measure, equal to the observer’s line which is imagined 
above 0  at right angles to the floor. The walls have six lines: the first signifies 
the outside of the outward slope; from there to the second line is the width 
of the slope; to the third is the width of the parapet; to the fourth is the width 
of the foot bank; to the fifth is the width of the walk on the wall; to the sixth 
is the width of the inward slope, which is shown more clearly in the vertical 
plan L. In this ground-plan there are seven various groups of parallel straight



V A N D E  V E R S C H A E V W i N Ö i  i t
D ’eerite partie van uvelf linien, t e weten íes der groore gordine A,mette íes des 
flrijekweers I, die mette linieri van A evcwijdich vallen, om dattet deel is van 
een oirdentlick achthouck: De tweede partie van twelflinien , te weten fes des 
flrijekweers B,enfèsdergrootegordineK:Dcderde partie fes evewijdeghe van 
C :D e vierde fes evewijdeghe van D: De vijfde twelfevewijdeghe van E met F:
De feile,fes evewijdeghe van G : De feveride, fes evewijdeghe van H. AngaCnde 
de fes evewijdeghe der groote gordine,dic evewijdich lijn mèttet glas M N,haer 
voortghetrocken fchaeuwen en hebben gheen faempunt deur het 2 voorilel.
Boven aide voorlchreven linien worden de verfchaeulicke bedocht even en 
evewijdeghe mette fel ve, macr elck foo hooch boven de vloer, ais de flantteyc- 
kcningJLanwijft. Sulcxdatter fijn fevcn foodanighe partien van linien, heb
bende int glas datter rechthouckich bedocht wort op de vloer deur M N, fevcn 
verfehcyden faempuntcn, weleke hier op de vloer beteyekent fijn met Q^R.S, 
T,V,X,Y, loo verre vande glaigront M N, alffe intglasdaerafcömmen, te we
ten Qals faempunt der voortghetrocken fchaeuwen vande verfchaeulicke bo
ven A en 1: En R faempunt der voortghetrocken fchaeuwen vande vcrichaeu- 
licke boven B en K,en foo oirdentlick voort met d’andér.

T b e g h e e r d e .  W ymocien bewijlèn dat die feven vcrfcheyden facm- 
puntcn al even hooch boven de glaigront fijn. T b e r e ï t s e l .  Laet ghc- 
trocken worden vandefaempunten Q en R , twee linien rechthouckich op dé 
glalgrondt,wclckc fijn Q M ,R N . Macr want die fijn inde felve vloerdaer de 
ghegeven grontteyekening in is, en nochtans eygentlickbehooren te weien int 
glas rechthouckich op de vloer boven den glaigront M N,foo laet onsdeur t ge
dacht nemen datter op M N lukken glas (laet, en dat de linien Q_M, R  N, o p
waert ghekeert worden draeyende op de punten M, N tot datlè ti j n rechthouc
kich opde vloer int glas.

T B E W Y S.
Anghcfien QJàetr.punt is der cvewi jdegheri boven A en I,ftaendé metté lili!

Q M  rechthouckich op de vloer dcurt'bercytfcl, en dat deur het ¡ voorilel het 
laempunr Q joo  hooch is boven de vloer ais het oogh boven de voet O, t’welck 
foo veel isalsO P, foo moet Q M  even fijn an O P. En met dergheUjcke re
denen falmcnbcthoonen R N oockeven te iijnanO P.w aerdcur oockQ M  
en R  N even fijn,en vervolghens de twee faempunten Q en R fijn even hooch 
boven de vloer : S’gheli jcx fai oock bethoont worden van al d’ander faempun
ten. T b e s l v y t .  Wefcnde dan vcrfcheyden partien van verfchaeulicke 
evewijdeghe linien die mette vloer oock evewijdich fijn, maermettet glas on- 
evewijdich,en d’ecn partie der evewijdeghen onevewijdich van d’ander: Haer 
vcrfcheyden faempuntcn fijn al even hooch boven de glaigront,t’welck wy be- 
wij fen moeiten.

* W E R  C K  S T I C K .  5 V O O R S T E L .  W f a »  

Wefende ghegeven een verfchaeulick pUntinde vloer, 
fg la s  rechthouckich op de v loer, de v o e t , en de fiender- 
lijn.Sijn fchaeu tevinden.

1 Voorbeelt met vpifcontthhe 'werchim. Maima-
J  0  0 , liei opera.

T g h e g h e v e n .  Laet A een verfchaeulick punt fijn inde vloer, B C de time. 
glafgront,diens glas op de vloer rechthouckich bedocht wort, D de voet, wáer

opwy
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lines, but one group non-parallel to the other: the first group of twelve lines, 
to wit six of the large curtain A, with the six of the flank I, which are parallel 
to the lines of A, because it is a part of a regular octagon. The second group of 
twelve lines, to wit six of the flank B and six of the large curtain K. The third 
group of six lines parallel to C. The fourth of six lines parallel to D. The fifth 
of twelve lines parallel to E and F. The sixth of six lines parallel to G. The 
seventh of six lines parallel to H. As to the six parallel lines of the large curtain, 
which are parallel to the glass M N,  their produced images do not have any 
meeting point, by the 2nd proposition. Above all the aforesaid lines the object 
lines are imagined equal and parallel to them, but each as high above the floor 
as the vertical plan L  indicates, so that there are seven such groups of lines, which 
in the glass that is imagined at right angles to the floor through M N  have seven 
various meeting points, which are here denoted on the floor by Q, R, S, T, V, X, 
Y, as far from the glass base M N  as they are therefrom in the, glass, to wit Q  as 
meeting point of the produced images of the object lines that are above A  and /; 
and R the meeting point of the produced images of the object lines that are 
above B and K, and thus regularly on with the others.

W HAT IS REQUIRED. W e have to prove that those seven various meeting 
points are all equally high above the glass base. PRELIMINARY. Let there be drawn 
from the meeting points 0  and R  two lines at right angles to the glass base, which 
are OM, RN. But because these are in the same floor in which the given ground- 
plan is situated, and yet should really be in the glass at right angles fo the floor above 
the glass base M N,  let us imagine that such a glass stands on M N,  and that the 
lines OM, R N  are turned up, revolving about the points Aí, N  until they are at 
right angles to the floor in the glass.

PROOF

Since Q is the meeting point of the parallel lines above A  and /, with the line 
QM  at right angles to the floor by the preliminary, and since by the 3rd pro
position the meeting point Q is as high above the floor as the eye above the foot 
O, which is as much as OP, Q M  must be equal to OP. And with similar reasons 
it can be proved that R N  is also equal to OP, in consequence of which OM  and 
R N  are also equal, and consequently the two meeting points Q  and R are equally 
high above the floor. The same can also be proved for all the other meeting 
points. CONCLUSION. Hence, if there are various groups of parallel lines, which 
are also parallel to the floor, but non-parallel to the glass, while one group of 
the parallel lines is non-parallel to the other, their various meeting points are all 
equally high above the glass base; which we had to prove.

1st PROBLEM 5th PROPOSITION

Given a point in the floor, the glass at right angles to the floor, the foot, and 
the observer’s line: to find its image.

1st Example, with Mathematical Operation

SUPPOSITION. Let A  be a point in the floor, BC the glass base, whose glass is 
imagined to be at right angles to the floor, D  the foot, on which we imagine an



2 2  I B o V C K  D E R  D E V R  S I C H T I G  H E

óp wy deur tghedacht nemen een fienderlijn te dacn , even ande fiendermaet 
D  'E, rechthouckich op de vloer. T b e g h e e s .d e . W y moeten de fchaeu 
des verfchaeulickpunts A  vinden.

• T W E R C K i

Ten eerden treek ick vande voet D tot inde glafgront B C , de vlocrlijnD  F 
foot valt, uytghenomendatbyaldiendefelvevloerlijn voortghetrocken wier* 
de,niet en drecke deur t’ghegheven verlchaculick punt A,waer afde reden hier 
na verclaèrt lal worden.

T en tweeden vant vloerli jnraeckfcl F,de fiendermaet E G rechthouckich op 
dcglalgtondt B C ,en even ande fiendermaet D E.

Ten derden, vant ghegheven verfchaeulick punt A,de lini A H,evewijdeghe 
mette vlœrlijn D  F, íhycndc de glafgront B C in  H, ais haer eerde fne.

Ten vierden, de lini G H , welcke ick hier en int volghcnde iàemli jn noem, 
om  datlèint werck dèr verfçhaeuwing daermenevewijdeghen verfehaeut ais 
iàemlijn is,diens faempunt G,en in haer hebbende de fchaeu van A H .

Ten vijfden,de lini vant verfchaeulickpunt A totte voet D , fnycnde de g la t 
gront B C  in la is tweede fne.

Ten feden, vande tweede fne I,een lini rechthouckich op de glaigront B C, 
tô t datlè de làemlijn G H ontm oet,t’welck fy in K.

■X

D ît foo fijnde,içk fegh t‘punt K de begheerde fchaeu te welën des verfchaeu- 
lickpunts A , t’wclckmen aldus verdaen fai: Genomen dattet platdacr défehaeû 
K  in is alsint glas,deur t’ghedacht fcheydclick lÿ vande vloer,endracyendeop de 
glaigront B C, ais as,rechthouckich ghedelt worde op de vloer, dat oock Igelijcx 
o  vcrcynde ghedelt worde rechthouckich op de felve vloer de lini E D, blij ven
de t’punt D vad.en corn mende E inde locht ais óogh: Twelck loo wefende,ick 
fegh dat alfdar. het oogh E, t’punt K,en t’verfchaeuliekpunt A , alle drie in een 
rechte lini fijn,en daerom K fchaeu van A..

T b e r e v t s e l  v a n  t b e w y  s .  W antde bovefchreven fcheydingdes. 
glas vande vloer deur t’ghedacht,duyder mocht vallen ,w y füllen die dadelick 
fcheyden ais volght: Laet de twee vooigacnde formen hier andermael verteyc- 
kent worden,dochalfoodatmen dcurt’behulp van dobbel papier, de teyeke- 
ning die heui verdaet int glas te moeten commen, fcheyden mach vande teyc-

kening
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observer’s line equal to the observer’s measure DE, at right angles to the floor. 
W HAT IS REQUIRED. W e have to find the image of the point A.

PROCEDURE

In the first place I draw from the foot D  to the glass base BC the floor line 
DF, in any way, except that if the said floor line were produced, it should not 
pass through the given point A, the reason of which will be explained hereinafter.

Secondly I draw from the floor-line glass point F the observer’s measure FG, at 
right angles to the glass base BC and equal to the observer’s measure DE.

Thirdly, from the given point A  the line AH, parallel to the floor line DF, 
intersecting the glass base BC in H, as its first intersection.

Fourthly, the line GH, which I call, here and in the sequel, meeting line, 
because it serves as meeting line in the operation of perspective where parallel 
lines are projected, their meeting point G, and having in it the image of ÀH.

Fifthly, the line from the point A  to the foot D, intersecting the glass base BC 
in I, as second intersection.

Sixthly, from the second intersection I a line at right angles to the glass base BC 
until it meets the meeting line GH, which shall be in K.

This being so, I say that the point K  is the required image of the point A, 
which is to be understood as follows. Let us assume that the plane in which 
the image K  is situated, as the glass, be in thought separable from the floor and, 
revolving about the glass base BC as axis, be placed at right angles to the floor; 
that there be likewise placed erect, at right angles to the said floor, the line ED, 
the point D  remaining fixed, and E coming in the air as eye. This being so, I say 
that then the eye E, the point K, and the point A  are all three in a straight line, 
and therefore K  is the image of A.

PRELIMINARY TO THE PROOF. Because the above-mentioned separation in 
thought of the glass from the floor might seem obscure, we shall separate them 
in actual fact, as follows: Let the two preceding figures be drawn here once 
again, but in such a way that by means of double paper it is possible to separate



V A N D E  V E R S C H A E V W I N G .  á i

keningindc vloer, datmen oock de gheghe ven fiendermaet D  E inde vloer al3 
ílenderlijn o vcreynde mach (tellen draeyende t'glas op den gladrondt B C als 
as,en de Genderlijn op de voet D¡ om  alloo t'glas en de fienderlijn beydc recht
houckich op de vloer te connen (teilen,wekke ick hier neemdadelickalfoo ge
fielt te ú jn .

T B E W Y S .

Anghefien t’glas daet K in is, en de ficnderlijn D  E, detir t’bereytfcl nú  bey
dc rechthouckich op de vloer ítaen , foo fcgh ickdat de rechte lini vant oogh E 
deur t’glas tottet verfchaeulickpunt A, t'felve glas deurboort in K,als Ichaeb vati 
A , t’w elck aldus bethoont wort : T ’verdocht ítrael van E tot G is evewijdich 
m et D  F,en D F evewijdich met H A deür t'wercx derde lidt.wáer detír E G eve
wijdeghe is met H A , en daerom is G làempunt der voortghetrocken ichaeu 
vande verfchaeulicke H  À deur het 3 voorftel,waer deur de fchaeu van H A  inde 
iàctnlijn G H  moet fijn,en daerom isoock de fchaeu van A  in H G s Sy is oock 
in toneyndelickplatllrcckendcdcurA E D : Maer t'felve plat fnijt H  G in K , 
daerom K is de fchaeu van A.

M  E R  C  K T .

Intwercx eérfte lidt isghefëyt dat de voortghetrocken vloerlijn D  F, niet 
(trecken en moet deur t’ghegheven punt A: De reden is datmen anders doen
de,(00 (oude int derde lidt het vloerlijnracckfclF, end’eeriteglafgrontfneH, al- 
tijt in een ièlve punt vallen, mettet welckc men openbaerlick tot gheen befluyt 
en ghcraeckt : W acr uyt noch dit volght: W anncermcn de vloerlijn D F foo  
trcckt, dattct vloerlijnraeekfel feer na valt by d'eerfte glafgronrfhe H , het dadc- 
lick werek en heeft de mecite fekerheyt niet,hoe wel dattet in  *  wifconftieh an- 
fien al een fel veis. tki mtfoh.

rattont,

Cortheyt optwercL
Sooder Inde vloer waren tw eeofm eer ghegheven verfchaeulicke punten 

gheljck Á ,vallende altfamen in een rechte lin i, men mach conhcytshalven de 
ïinials A H eerft deur dietwccofmecr punten trecken, ende vloerlijn ais D F , 
dacr me evewijdich, op dat de twee linien ais A  H , G H , in elck verfchaeulick 
punts vinding der fchaeu de ièlve blijven«

2 Voor •
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the drawing that is to come in the glass from the drawing in the floor, and that it 
is also possible to place the given observer’s measure DE erect in the floor as 
observer’s line, the glass revolving about the glass base BC as axis and the ob
server’s line about the foot D, in order that the glass and the observer’s line may 
thus both be placed at right angles to the floor, which I here take to be so placed 
in actual fact.

PROOF

Since the glass in which K  lies and the observer’s line DE by the preliminary 
are now both at right angles to the floor, I say that the straight line from the 
eye E through the glass to the point A  pierces the said glass in K, as the image 
of A, which is proved as follows: The imagined ray from E to G  is parallel to 
DF, and DF  is parallel to H A  by the third section of the procedure, in conse
quence of which EG is parallel to HA,  and therefore G  is the meeting point of 
the produced image of the line HA  by the 3rd proposition, in consequence of 
which the image of H A  must be in the meeting line GH, and therefore the image 
of A  is also in HG. It is also in the infinite plane passing through AED. But the 
said plane intersects H G  in K, therefore K  is the image of A.

NOTE

In the first section of the procedure it has been said that the floor line DF 
produced should not pass through the given point A. The reason is that, if we 
did otherwise, in the third section the floor-line glass point F and the first inter
section H  with the glass base would always fall in the same point, by which 
means we clearly do not reach any conclusion. From which also follows this: 
when the floor line DF is so drawn that the floor-line glass point falls very close 
to the first intersection H  with the glass base, the practical procedure does not 
have the maximum of certainty, although mathematically considered it is all one.

Abridgement of the Procedure

If there are in the floor two or more given points like A, all falling in a straight 
line, one can for brevity’s sake draw the line as A H  first through those two or 
more points, and the floor line as DF parallel thereto, in order that the two lines 
as AH, GH  may remain the same in the finding of the image of any point.
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Mechäuiti . 2 Voorbeelt* tmchwerckelick.
Qperattonté • /

W anneerm en de fchaeu van een verfchaeulick punt, niet cn teyckent in een 
befonder plat ais glas.maer inde vloer felf,ghelijckhier voorenom  f  bewijs wil- 

Matbem- *c *  wifconftelick gedaen is, en datter veel punten te verfchaeuwcn waren, haer 
tici. fchaeuwen fouden mette verfchaeulicke punten , en ander linien der wercking 

(eer verduyflert worden : O m  t’welck te voorcom cn, wy füllen nu verclaren 
hoemen inde dadelickc verfchaeu wing die fchaeu teyckcnt op een bcfonder plat 
ais glas. T g h é g h e v e n . Laet tot deièn eynde A andcrmael een ver
fchaeulick pünt fijn inde vloer,B C de glafgrondt, diens glas op de vloer rccht- 
houckich bedocht w ort, D de voet,waer op wy deur t'gedacht nemen ccnfien- 
derlijnteftaen,evenandefienderm aetD E, wclcke ficnderlijn ghelijck t’glas 
oock rechthouckich op de vloer is. T b e g h e e r d e . W y moeten de fchaeu 
despunts A vinden.

T b e r e y t s e l  v a n t  t v y c h w e r c k e L i c k  WERCK.  Icktreek 
vande voet D ,to t inde glaigront B C, de vloerlijn D F foot valt,uytghenom en 
dat by aldien de felve vloerlijn voortgetrocken wierde, niet en ftrecke deur t’ge- 
gheven verfchaeulick punt A , en verlang de lelve vloerlijn op beyden fijdexi 
verreghcnouch,om  daer opdevolghendewcrckingteconnen doen. Daer na 

Jimobÿim. treek ick op een ander plat int welck ais glas ick de fchaeu beghecr,de verborgen 
lini G H ais glaigront,daer in teyekenende t’punt I,als *bjck(landich met F,daer 
nadeverborghen lini 1K rechthouckich op de glafgront G I , en alfoodatdê 
felve IK  ais fiendermaet int g la s , evenfy ande ghegheven fiendermaet D  Es 
D aer na fy de lelve fiendermaet I K verre ghenouch voortghetrocken.

A

0

Q M J M

D it bereytlêl aldus eensgheflelt fijnde,Wy füllen nu  verclaren deur ditghe- 
gheven verfchaeulick punt A  inde vloer,hoe de fchaeuwen van alle ghegheven 

. . . verfchaeulicke punten inde vloer, ghetevckent worden int glas, endatdeur fesArticmu. * k ( k n o

Het tuych'vperckelick ‘vperek.
Ten eerftenftel ick d’ccn voet des pafiers int ghegheven verfchaeulick punt 

A , d’ander inde verlangde vloerlijn D  F , alfoodatdê verdochte rechte lini van
d’ccn
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2 nd Example, by Mechanical Operation

When the image of a point is not drawn in a special plane as glass, but in the 
floor itself, as has been done mathematically above for the sake of the proof, and 
when there are many points that have to be drawn in perspective, their images 
would be greatly obscured by the points and other lines of the operation. In 
order to prevent this, we shall now explain how in practical perspective that 
image is drawn on a special plane as glass. SUPPOSITION. To this end let A  
again be a point in the floor, BC the glass base, whose glass is imagined at right 
angles to the floor, D  the foot, on which we imagine an observer’s line, equal 
to the observer’s measure DE, which observer’s line, like the glass, is also at right 
angles to the floor. W HAT IS REQUIRED. W e have to find the image of the 
point A.

PRELIMINARY TO THE MECHANICAL PROCEDURE. I draw from 
the foot D  to the glass base BC the floor line DF, in any way, except that, if the 
said floor line is produced, it should not pass through the given point A,  and I 
produce the. said floor line at either end far enough to enable the following oper
ation to be applied to it. Thereupon I draw in another plane, in which as glass 
I require the image to be, the hidden line GH  as glass base, marking therein the 
point I as homologous to F, thereafter the hidden line IK  at right angles to the 
glass base GI, and in such a way that the said IK, as observer’s measure in the 
glass, be equal to the given observer’s measure DE. Thereupon let the said ob
server’s measure IK  be produced far enough.

This preliminary having thus been given, we shall now set forth by means 
of this given point A  in tbe floor how the images of all given points in the floor 
are drawn in the g la ss , such in six sections.

Mechanical Procedure

In the first place I put one leg of the compasses in the given point A, the other 
in the floor line DF produced, in such a way that the imagined straight line from
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d’ccn voet des paiTers tot d’andet, uyter oogh ten naeften by rechthouckich 
com t op defclve vèrlangde vloerlijn D  F,en blij vende dan dien voet op A onbe- 
wceghlick, men bcfchiijft met d’andcr een verborghen booghsken, t’wclck ge
rakende die verlangde vloerlij n D F fonder fnyen, ick heb op den paiTcr de be- 
ghectdc langde.

Ten tweeden de palier loo wijt open bljj vénde, ick liei d’cen voet inde ver
langde vloerlijn D'F,d’ander inde glaigront B G,cn alfoo dát de lini tulfchen dic 
twee voeten des paflèrs, weerom uyter oogh rechthouckich comme op de ver
langde vloerlijn D F,dat veriöuckende met een verborghen booghsken alfvoo- 
ren,cn d ander voet valt dan by voorbeelt an L.als eetftc fne.

Ten derden neem ick mette palftrdc langde vant vloerlïJnracCkfel F,totd’eer- 
fte fne L,en btengdie van des glas vloerlij nraeckfel l,na G inde glaigront, wélc- 
ke valt neem ick tot M,alscerfte fne.

Ten vierden treek ick de verborghen làemîijn vant faempunt K , tot d’eerfte 
fne M.

Ten vijfdeh legh ick een rechte reghel op de vôet D , en t’verfchaeullckpunt 
A,wclcke réghcl lnycnde de glaigron t B C  in N  ais tweede fne,neem dan mette 
palier de langde vande lèlvc tweede fne N,tottet vloeilijnraeckfel F.

T en lellen liei ick dan d’een voet des paflèrs inde verlangde fiendermaet IK , 
d’ander inde faemlijn K M , macr allbo dat de bedochte lijn tulfchen de twee 
voeten des paflèrs, uyter oögh rechthouckich valle op de verlangde fiender- 
mact 1K, my verlèkerendc met te befchrijveneen vetborghen boochsken inde 
verlangde 1K, ais int eerfte lidt, cnd’andei voer valt dan inde faemlijn K M jan, 
neem ick,0,voor beghcerde fchaeu.Waeraffbevvijs deun’voorgaende bewijs 
des i  voorbceltsopenbaeris. T b e s l v y t . Wefende dan ghegheven cea 
verfchaeulickpttnt inde vloer, t’glas rechthouckich op de vloer,de voet, en ficn- 
dcrlijn,wy hebben de fchacughevonden,na den eyfch.

z W E R C K S T V C K .  6 V O O R  S T E L .

Wefende ghegheven een verfchaeulickpunt boven de 
vloerinde locht, t’glas rechthouckich op de vloer, de voet, 
en fienderlijntSijn fchaeu te vinden.

i  Voorbeeft met wi(conftbhe w e rckiw.
J  ■ ■ o -  liei ap ttx .

T cH E O H E V tN i LaetA ecnpunt fijii inde vloer, waer op verdocht wort"*"0” * 
een rechte lini te flaen even an B C , en rechthouckich op de felve, waer af het 
opperûe punt is fveifchaeulickpunt boven de vloer indé locht: Vöort fy D  E de 
glafgront, diens glasop de .vloer rechthouckich bedocht w ort, Fde voet, waer 
op  wy deur fgbcdachtnemen ccó fietiderlij n tc flaen,  even ande fiendermaet 
F G , rechthouckich op de vloer. T  b e g  h  E e r  d e .  Wy m oeten de fchaeu 
des vcrfchaeulickpunts vinden, dats rau f  uyterfte der lini op A,even an B C ,en  
jechthouckichop de vloer.

C  T vverck.
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one leg of the compasses to the other comes, to the eye, approximately at right 
angles to the said floor line DF  produced, and while this leg then remains motion
less in A, with the other a hidden arc is described, and this meeting the floor line 
DF  produced without intersecting it, I have the required length between the com
passes.

Secondly, with the compasses remaining open at the same width, I put one leg 
in the floor line DF  produced, the other in the glass base .BC, and in such a way 
that the line between those two legs of the compasses again comes, to the eye, at 
right angles to the floor line DF  produced, testing this with a hidden arc as before; 
then the other leg will, for example, fall in L, as first intersection.

Thirdly I take between the compasses the length from the floor-line glass point 
F to the first intersection L and transfer it from the floor-line glass point /  to G 
in the glass base, which I assume to fall as far as Aí, as first intersection.

Fourthly I draw the hidden meeting line from the meeting point K  to the first 
intersection Aí.

Fifthly I put a straight ruler on the foot D  and the point A, and this ruler 
intersecting the glass base BC in N  as second intersection, I then take between 
the compasses the length from the said second intersection N  to the floor-line 
glass point F.

Sixthly I then put one leg of the compasses in the observer’s measure IK  pro
duced, the other in the meeting line KM,  but. in such a way that the imagined 
line between the two legs of the compasses shall fall, to the eye, at right angles 
to the observer’s measure IK  produced, testing this by describing a hidden arc 
on IK  produced, as in the first section; the other leg then coincides with the 
meeting line KM; I assume: as far as O for the required image. The proof of 
which is clear from the foregoing proof of the 1st example. CONCLUSION. 
Hence, given a point in the floor, the glass at right angles to the floor, the foot, 
and the observer’s line, we have found the image, as required.

2nd PROBLEM 6th PROPOSITION

Given a point above the floor in the air, the glass at right angles to the floor, 
the foot, and the observer’s line: to find its image.

1 st Example, by Mathematical Operation

SUPPOSITION. Let A  be a point in the floor, on which is imagined a straight 
line equal to BC and at right angles thereto, the uppermost- point of which is 
the object point above the floor in the air. Further let DE be the glass base, 
whose glass is imagined to be at right angles to the floor, F the foot, on which 
we imagine an observer’s line, equal to the observer’s measure FG, at right angles 
to the floor. W HAT IS REQUIRED. W e have to find the image of the point, i.e. 
of the extremity of the line on A, equal to BC, and at right angles to the floor.
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-M

T W  E R C  K.
Ten eerften treck ick vande vóet F tot inde glaigront D  E , de vloerlijn F H

íbór vâlt,uyighcnomcn datby aldicn de felve vloerlijn voortghetrocken wier« 
de, niei en iliecke deur t ghegheven punt A , om de redenen int y voorfl cl ver. 
daert.

Ten tweeden,vant vlóerlijnracckfcl H, de fiendcrmaetH I, rechthouckich 
op de glalgrondt D E,en even ande liendèrmaet F G.fulcx dat I ís faeir.punt.

Ten derden,vant ghegheven punt A, de lini A K, evewijdeghe mette vloer- 
lijn H F, fnyende de glafgront D E in K, ais eerfte fne.

Ten vierden, KL even ande ghegheven B C, en rechthouckich opde glati 
grondt l)E.

Ten vijfden.defaemlijn IL.
Ten feilen,de lini'vant ghegheven punt A,tottc voct F, fnyende dcglalgront 

I> E in M,ais tweede fne.
Ten fevenden, vande tweede fne M, een lini rechthouckich op de glaigront 

D E, tot datfe de faemlijn IL ontmoet,t’wclck fy in N.
P it foo fi)nde,ick fegh N de begheerde fchaeu te wefen de» ghegheven ver- 

fchaeuiickpuhts, t’.vvclckmen aldus verftaen (âl; Ghenomcn dattet plat daer d« 
fchaeu N in is,ais int glas,deur tgedacht fcheydelkkfy vande vloer.en dtacyen- 
de op de glafgront D E ais as, rechthouckich gcftelt Worde op de vloer, dat oock 
fgh.clijcx ovcreypde gheilelt worde rechthouckichop de tclve vloer,de lini F G, 
blijvende t’punt F vail,en commende G inde locht ais oogh : Daer na opt punt 
A,ecn linicvcn an B C,me rechthouckich opde vloer,fulex dattet opperße van 
dien t'vcrlchaculickpunt bediet. T’welck foo wefende, ick fegh dat alfdanhct 
oogh G, t'punt N, en dat verfchaeulickpunt, alle drie in een rechte lini iijn, en 
daerom N de begheerde fchaeu. T b e r e y t s e l  v a n  t b e w y s .  Want 
de bovcfchreven fcheyding des glas vande vloer deur t’ghcdacht duy íler mocht

vallen,
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PROCEDURE

In the first place I draw from the foot F to the glass base DE  the floor line 
FH, in any way, except that, if the said floor line were produced, it should not 
pass through the given point A, for the reasons advanced in the 5th proposition.

Secondly I draw from the floor-line glass point H  the observer’s measure HI, 
at right angles to the glass base DE and equal to the observer’s measure FG, in 
such a way that I  is the meeting point.

Thirdly, from the given point A  the line A K,  parallel to the floor line HF,
intersecting the glass base DE in K, as the first intersection.

Fourthly, K L  equal to the given line BC and at right angles to the glass 
base DE.

Fifthly, the meeting line IL.
Sixthly, the line from the given point A  to the foot F, intersecting the glass 

base DE in Aí, as the second intersection.
Seventhly, from the second intersection AÍ a line at right angles to the glass 

base DE until it meets the meeting line IL, which shall be in N.
This being so, I say that N  is the required image of the given point, which 

is to be understood as follows: Let us assume that the plane in which the image N  
is situated, as the glass, be in thought separable from the floor and, revolving 
about the glass base DE as axis, be placed at right angles to the floor, that there 
be also in the same way placed erect, at right angles to the said- floor, the line 
FG, the point F remaining fixed and G  coming in the air as eye; upon this, in the 
point A  a line equal to BC, also at right angles to the floor, in such a way that the 
uppermost point thereof designates the object point. This being so, I say that
then the eye G, the point N,  and that object point are all three in a straight
line, and therefore N  is the required image. PRELIMINARY TO THE PROOF.
Because the above-mentioned separation in thought of the glass from the floor
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men hiet andermael verteyckent worden , doch alfoo datmen dcur t’bchulp 
van dobbel papier, de teyckcningdie heur vcrftaet int glas te moeten commen, 
fcheyden mach vande teyckeninginde vloer, datmen oock de ghegheven fien- 
dertnaet F G,inde vloer,overeynde mach ftellen als íiendcrlijn.en fghelijcx een 
lini op A,even an B C,als A O, draeyende t'glas op de glafgrondt DÉ ais as, en 
de ftenderli jn F G op de voet F, en A O opt punt A,om alfoo t’glas,ftenderli jn* 
en lijn AO, rechthouckich op de vloer teconnen ftellen* welckeick hier neem 
dadelick alfoo gheftelt te fijn.

JLM

T B E W  Y S.

AnghefientglasdâerNin is,defienderlijnFG,eh de lini AO,deuft'be- 
reytfel nu alle dric rechthouckich op de vloer ftaen, foo fegh ick dat de rechte 
lini vant oogh G, deur t’glas tottet verfchaeulick ptint O , t’felvc glas deurboort 
in N , als Ichaeu van O, t’welck aldus bethoont wort : T  verdocht ftrael van Q 
tot I,is evewijdich met F H,en F H evewijdich tnet A K dcur t’wercx derde lidr, 
en AKmetteverdochteÖL,wäerdeurG I mette verdochte OL evewijdich 
is, endaetom is 1 faempunt der voortghetrocken fchaeu vande verfchaeulicke 
LOdeurhet 3 voorilel, waer deur defehaeu van L O inde iàcmlijnIL moet 
lijn, en daerom is oock de fchaeu van OinILtSyisoock int oneyndelick plat 
flreckendedeur AFG.maer t’felvc platfnijt IL in N, daerom N isdefchacti 
vanO.

Cortheyt opt •werck
Sooder inde vloer waren twee of meer ghegheven punten ghcli jek Á , val

lende altfamen in een rechte lini, men mách cortheytshalven de lini ais A K, 
eerft deur die twee of meer puntert trecken, en de vloerlijn ais F H daer me eve
wijdich , op dar d’ander linien als K L,al vallen inde fel ve K L , of in haer vet- 
langde.

2 Voorheek met * tuychwerckelicke vperchingi

Om alfulcke redenen ais int 5 voorftel belchrcvcn is een 2 .voorheek tnet 
tuychwcrckclicke wereking, foo wort hier een derghelijcke tweede voorbcclt

C 2 gheftelt
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might seem obscure, we shall separate them in actual fact, as follows: Let the two 
foregoing figures be drawn here once again, but in such a way that by means 
of double paper it is possible to separate the drawing that is to come in the glass 
from the drawing in the floor, and that it is also possible to place the given ob
server’s measure FG erect on the floor as observer’s line, and likewise a line on A  
equal to BC, as AO,  the glass revolving about the glass base DE as axis, and the 
observer’s line FG about the foot F, and AO  about the point A, in order that 
the glass, the observer’s line, and the line A O  may thus be placed at right angles 
to the floor, which I here assume to be so placed in actual fact.

PROOF

Since the glass in which N  is situated, the observer’s line FG, and the line AO,  
by the preliminary, are now all thrèe at right angles to the floor, I say that the 
straight line from the eye G through the glass to the object point O pierces the 
said glass in N , as image of O, which is proved as follows: The imagined ray 
from G to /  is parallel to FH, and FH parallel to A K  by the third section of the 
procedure, and A K  to the imagined line OL, in consequence of which G l  is 
parallel to the imagined line OL, and therefore I is the meeting point of the 
produced image of the line LO  by the 3rd proposition, in consequence of which 
the image of LO  must be in the meeting line IL, and therefore the image of O 
is also in IL. It is also in the infinite plane passing through AFG, but the said 
plane intersects IL in N , therefore N  is the image of 0 .

Abridgement of the Procedure

If there be in the floor two or more given points like A, all falling in a straight 
line, the line as A K  may for brevity’s sake first be drawn through those two or 
more points, and the floor line as FH parallel thereto, in order that the other 
lines as K L  may all fall in the said line KL, or in KL  produced.

2nd Example, by Mechanical Operation

For the same reasons for which in the 5th proposition a 2nd example by me
chanical operation has been described, a similar second example is here given.

0



2 8  i  B o v c k  D E R  D E V R S I C H T I G H E

gheßelt. T g h e g h e v e n .  Laet A andermael een punt fijn inde vloer, 
waer op verdocht wort een rechte lini te flaen even an B C , en rechthouckich 
op de fel ve vloer, waer af het opperfte punt, is t’verfchaeulickpunt boven de 
vloer inde locht, voort fy D E de glaigront,diens glas op de vloer rechthouckich 
bedocht wort, F de voet, waer op wy deur fghedacht nemen een fienderlijn te 
flaen,even ande fiendermaet F G rechthouckich op de vloer.

T b e g h e e r d e .  Wymoctende fchaeu des vcrfchaeulickpunts vinden, 
dats t’uyterfte punt der lini op A,even an B C, en rechthouckich op de vloer.

T b e r e y t s e l  v a n t  t  v  y  c h w e r c k e l  i c k  w e r c k .  Hoewel 
dit bereytfel t’eencmael is ghelijck t’bereytfcl vant tuychwerckelick werck des 
S voorftcls, nochtans om dattet wat vcrfcheydcnheyt inde beteyckcncndc let
ters valt, en dattet daer benevcn dient om inde dadclicke verichaeuwing na te 
volghen, lbo füllen wijt meerder claerheyts en gheriefshalven, andermael int 
langhebefchrijvenalsvolght: Ick treek vande voctF, tot inde glaigrondt D E, 
de vloerlijn F H foot valt, uytghenomen dat by aldicn de felvc vloerlijn Voort
ghetrocken wicrde,niet en ftreckcdeur t’gheghcycn punt A,en verlangde felvc 
vloerlijn op beyden fijden verre ghenouch, om daer op de volgende wereking 
teconnendocn: Daer na treek ick op een ander plat int welckalsglasickde 
fchaeu begheer,dc verborghen lini IK ais glaigront, daer in teyekenende t’punt 

tbmlogttm. L ais * lijckftandich met H, daer na de verborghen lini L M, rechthouckich o p  
de glaigront I K, en alfoo dat de fclve L M ais fiendermaet int glas,even fy ande 
ghegheven fiendermaet F G : Daer na fy de felve fiendermaet L M verre ghe- 
n o u c h  v o o r tg h e tro c k e n .

-;a

■o b a :
i -  K.

D it bereytfcl aldus cens gheflclt fijnde, w y  füllen nu verclaren deur dit ghe
gheven verfchaeulick punt boven de vloer inde locht, hoc de ichaeuwen van 
alle ghegheven verfchaeulicke punten boven de vloer inde locht, gheteyekent 
worden intglas,en dat deur feven leden.

Hettuychvverckelick’wcrck.operatie. '
Ten eerflen ftel ick d’een voet des paflèrs irie ghegheven punt A, d’ander in

de verlangde vloerlijn FH, alfoo dat de verdochte rechte lini van d’cen voet des
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SUPPOSITION. Let A  again be a point in the floor on which a straight line is 
imagined, equal to BC and at right angles to the said floor, the uppermost point 
of which is the point above the floor in the air; further let DE be the glass base, 
whose glass is imagined to be at right angles to the floor, F the foot, on which we 
imagine an observer’s line, equal to the observer’s measure FG, at right angles to 
the floor.

W HAT IS REQUIRED. We have to find the image of the point, i.e. the ex
tremity of the line on A, equal to BC and at right angles to the floor.

PRELIMINARY TO THE MECHANICAL PROCEDURE. Although this 
preliminary is altogether similar to the preliminary to the mechanical procedure 
of the 5th proposition, yet, because there is some difference in the reference 
letters and because in addition it serves for imitation in practical perspective, we 
shall again describe it at length for the sake of greater clarity and convenience, 
as follows: I draw from the foot F to the glass base DE the floor line FH, in 
any way, except that if the said floor line were produced, it should not pass 
through the given point A, and I produce the said floor line at either end far 
enough to enable the following operation to be applied thereto: Thereupon I 
draw in another plane, in which as glass I require the image, the hidden line IK  
as glass base, marking therein the point L as homologous to H, thereafter the 
hidden line LM, at right angles to the glass base IK, and in such a way that the 
said line LM  as observer’s measure in the glass be equal to the given observer’s 
measure FG. Thereafter let the said observer’s measure LM be produced far 
enough.

This preliminary having thus been given, we shall now set forth by means 
of this given point above the floor in the air how the images of all given points 
above the floor in the air are drawn in the glass, such in seven sections.

Mechanical Procédure

In the first place I put one leg of the compasses in the given point A, the 
other in the produced floor line FH, in such a way that the imagined straight
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,paffers tot d’ander, uyter oogh ten naeftenbyrechthouCkichcomtopde felve 
vet langde vloerlijn F H,en blijvende dan d’een voet op A onbeweeghlick,men 
befchrijft met d’ander een verborghen booghsken t’welck ghetakende de ver
langde vloerlijn F H fonder fhyen, ick heb op den pafièr de begheerde langde.

Ten tweeden de pafler loo wijt open blijvende, ick del d’cen voet inde ver
langde vloerlijn F H.d'ander inde glafgront D  E, en alfoo dát de lini tuflehen dé 
nvee voeten despaflèrs weerom uyter oogh rechthouckich comme opde ver
langde vloerlijn F H, dat verfouckende met een verborgen booghsken alfvoo- 
xen,en d’ander voet valt dan by voorbeclt in N,als eerfte fne.

Ten derden neem ick mette paflér de langde van t’vloerlijnràeckfel H , tôt 
d’eerftc fne N , en breng die van des glas vloerlijnraecklcl L  na 1 inde glaigront 
welcke valt neem ick tot 0 ,a ls eerfte fne.

Ten vierden treck ick van d’eerfte fne 0 ,dc verborghen lini O  P,rechthouc- : 
kich op de glafgroqt I K, en even ande ghegheven hooghde B G.

Ten vijlden treck ick de verborghen faemlijn van t'iàempunt M tôt P.
Tenfeftenleghickcen rechte reghel opde voet F, en t’ghegheven punt A,, 

welcke rcghcl ihyende de glaigrondt D E in Q als tweede fne, necm dan mette 
palla  de langàe vande felve tweede fneQ^tottet vloetlijnraeckfelH.

Ten fevenden fiel ick dan d'een voct des paflèrs inde verlangde fiendermaet' 
L  M,d ander inde faemlijn M P , maer alfoo dat de bedochte lini tuflehen de 
t wee voeten des paflers, uyter oogh rechthouckich valle op de verlangde fien- 
dcrnvaècLM, my verfekerende met te befchrijvenj ecn verborghen booghf- 
ken inde verlangde L  M, als int eerfte lidt.en d’ander voet val t dan inde faemli j n  
M P,an,ncem ick R, voor begheerde fchaeu, w aeraf t’bewijs deurt’voorgaen- 
debewijsdesivOorbceltsyanditvOorflelopenbaeris. T b e s l v y t .  W e- 
iende dan ghegheven een verfchaeulick punt boven de vloer inde locht, t’glas 
rechthouckich op de vloer, de voet, en fienderlijn, wy hebben de fchaeu ghc- 
yehdèn na dén eyfeh.

T o t hier toe fijn befchrëven de vöorflelien vant'vindendes fchacus eensver- 
fchaeulickpunts, alwaer het glas rechthouckich opde vloer was, maer de vol- 
ghendc twee voorftellen füllen dienen tottét vinden des fchaeus eens veifchaeu- 
lickpunts, alwaer t’glas fchccf houckich op de vloer fai fijn.

5 V E R T O O C H .  7 V O O R S T E L .

Draeyende t’glas op de glaigrondt ais as, en de fien
derlijn op de voet, alfoo datfe altijt *  evewijdich blijft 
van ecn lini die intglas op de glaigrondt rechthouckich 
js.De fchaeu eens verfchaeülickpuntsinde vloer blijft int 
glas al ti j t op een felve plaets.

T g h e g h e v e n .  Laet int bereytfel van t’bewijs des 5 voorftels, het glas 
B C  G,en de fienderlijn D E, beydc overeynde gheftelt worden rechthouckich 
op de vloer, en alfdan fai K , de fchaeu fijn des veifchaeulickpunts A , ghefien 
vant oogh E, ghclijck daer bewefen is : Daer na fy t’glas neerwaert ghedracyt» 
tot dattet op de vloer een houck mäeckt even an defen houck L  M N: En delge- 
lijat fy oock ghedaen mette fienderlijn D  E , fulçà datfe evewijdich blijft m et

C  3 IK *
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line from one leg of the compasses to the other comes, to the eye, approximately 
at right angles to the said produced floor line FH, and while one leg then 
remains motionless in A, with the other a hidden arc is described, and when this 
meets the produced floor line FH without intersecting it, I have the required 
length between the compasses.

Secondly, with the compasses remaining open at the same width, I put one leg 
in the produced floor line FH, the other in the glass base DE, and in such a way 
that the linè between the two legs of the compasses again, to the eye, comes at 
right angles to the produced floor line FH, testing this by means of a hidden arc 
as before, and the other leg will then, for example, fall in N, as first intersection.

Thirdly, I take between the compasses the length from the floor-line glass 
point H  to the first intersection N  and transfer that from the floor-line glass 
point L to I  in the glass base, which I assume to. fall as far as O, as first inter
section.

Fourthly, I draw from the first intersection O the hidden line OP, at right 
angles to the glass base IK  and equal to the given height BC.

Fifthly, I draw the hidden meeting line from the meeting point M  to P.
Sixthly, I put a straight ruler on the foot F and the given point A , .and when 

this ruler intersects the glass base DE  in Q  as second intersection, I then take 
between the compasses the length from the said second intersection Q  to the 
floor-line glass point H.

Seventhly, I then put one leg of the compasses in the produced observer’s 
measure LM, the other in the meeting line MP, but in such a way that the imagined 
line between the two legs of the compasses shall, to the eye, fall in the produced 
observer’s measure LM, testing this by describing a hidden arc in the produced 
line LM, as in the first section; the other leg will then fall in the meeting line 
MP, I assume at R as required image, the proof of which is clear from the fore
going proof of the 1st example of this proposition. CONCLUSION. Hence,
given a point above the floor in the air, the glass at right angles to the floor, 
the foot, and the observer’s line, we have found the image, as required.

Up to this point have been described the propositions of the finding of the 
image of a point where the glass was at right angles to the floor, but the next 
two propositions will serve to find the image of a point where the glass will be 
at oblique angles to the floor.

5th THEOREM 7th PROPOSITION

If the glass revolves about the glass base as axis, and the observer’s line about 
the foot, in such a way that it always remains parallel to a line which is in the 
glass at right angles to the glass base, the image of a point in the floor remains 
always in the same place in the glass.

SUPPOSITION. In the preliminary to the proof of the 5th proposition let the 
glass BCG  and the observer’s line DE both be placed erect at right angles to the 
floor, then K  will be the image of the point A  viewed by the eye E, as has 
there been proved. Thereupon let the glass be revolved downwards until it 
makes with the floor an angle equal to the angle L M N  shown. And let the same 
also be done with the observer’s line DE, in such a way that it remains parallel
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IK ,d a t is,ais int voorftel ghefcyt W ort, evewijdich met een lini dieintglasöp 
d e  glaigront rechthouckich is. T b e g h e e r d e . W y moeten bcwijfen dat K 
ín  dic laetflegheflalt,fchacu blijft des verfchaeulickpunts A , en dat inde felve 
plaéts vant glas, te weten dattet ßrael vant oogh E tot A,firecken fai deur K.

T b e r e y t s e e .  O m  nietduyüeilicktefpreken van Verdoch te linien inde 
locht, foo laet defe O  P.beteyckenen die fienderlijn D  E , alflè rechthouckich 
ftaet op de vloer,dats hier rechthouckich op O  Q als vloerlijn, in plaets van gin- 
fte vloerlijn D  A , en defè R  S,rechthouckich op de felve vloerlijn O  Q , beduy. 
ded ie lin ilK in tg las rechthouckich op die vloerlijn D A  ;V oort fy defe Q^in 
plaets vant verfchaeulickpunt A , en P Q jÿ  het ßrael, deurboorende t’glas R S 
in  S, ais fchaeu van Q^ghefien uyt het oogh P. Na dees eerfle flelling fy ghe- 
daen de tweede ,tc weten O  P neerwaett ghedraey t , foo dattet oogh P ghecom. 
men fy tot T.fulcx dat den houck T  O  Q>_ 
even is anden ghegheven houck L  M Nj 
Voort fÿghetrocken het ßrael T  Q¿Daer 
na R V , evewijdeghe met O  T , tor datfe 
gheraeckt T  Q jJTw elck foo fijndc, ick 
fegh de lini R  V , even te vallen an R  S, 
waer uyt wijder fai volghen cnbethoont 
worden, t’ghene in dit voorflel bewefcn 
moet fijn.

T f i E W Y S .  ____________

Tis kennelick dat ghelijck inden dtie- 
houck O  P  de lini O  P  tot R  S , alfbo 
Q P  tot QJR. : Ende ghelijck inden drie-
houck O  T  Q^cle lini O  T  tot R  V,alfoo Q  O  to t '-Sulcx dat de tweelinien
O  P,R  S,en oock de twee linien O  T ,R  V,met twee iclfde linien *  everedenich 
fijn,en daerom oock met malcander everedenich, dat is ghelijck O  P tot R  S, 
alfoo O  T  tot R  V: En deur * verkeerde overanderdc reden, ghelijck O  T  tôt 
O  P, alfoo R  V tot R  S: Maer O  T  is even met O  P , daerom R  V is oock evea 
m ctR S:Sulcxdatdefienderlijn O P g h e d a e ltto tO T ,e n t’glas R S  oock foo 
veel dats tot R  V, foo ßrecket ßrael T Q ¿eu r t’fclve punt des glas, te weten V , 
daer het ßrael P Q deur ßreckte, te weten deur S , want S en V bedien des glas 
ièlfde punt, overmidts R  S  en R  V  c ve lanck fíjn,en vervolghens de fchaeu des 
verfchaeulickpunts Q^, en verandert int glas heur plaets niet; Alaer V  is hier in  
fulcken ghedaente ais ghinder K inde tweede ghefialr, deur t’ghcgeven, daerom 
K  blijft in die tweedeghefialt fchaeu des verfchaeulick punts A, en dat inde fel- 
vc plaets vant glas. T b e s l w y t .  Draeyende dan t'glas op de glaigrondt ais 
as,en de fienderlijn op de voet, alfoo datfealtijt evewijdich bUjft van een lini die 
in t glas op de glaigrondt rechthouckich is : De fchaeu eens verfchaeulick punts 
inde vloer,blijft in t glas altijt op een felve plaets, t’welck wy bewijièn m ocüen.

V E R V O L G H .

Hier boven bethoont fijndc dat wanneer fglas en fienderlijn evewijdich 
draeyen inder voughen alfvooren, dat alfdan het ßrael van E tot A altijt deur K  
flrecktjdaer uyt volght dattet glas en fienderlijn ghedraeyt lijnde tot op de vloer, 
fiU adatE fyghecom m entotX , foo moeten dedriepuntenX K A  danin een

rechte
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to IK, i.e., as has been said in the proposition, parallel to a line which is in the 
glass at right angles to the glass base. W HAT IS REQUIRED. W e have to prove 
that K  in the latter position remains the image of the point A, such in the same place 
of the glass, to wit such that the ray from the eye E to A  will pass through K.

PRELIMINARY. In order not to speak obscurely of imagined lines in the air, 
let this line OP designate that observer’s line DE, if it is at right angles to the 
floor, i.e. here at right angles to OQ  as floor line instead of yonder floor line DA, 
and let this RS, at right angles to the said floor line OQ,  designate that line IK  
in the glass at right angles to that floor line DA.  Further let this Q  be instead 
of the point A, and let PQ be the ray piercing the glass RS in S, as image of Q, 
viewed from the eye P. After this first position let the second be taken, to wit 
OP revolved downwards, so that the eye P shall have moved to T  in such a 
way that the angle TOQ  is equal to the given angle LMN. Further let there be 
drawn the ray TQ; thereafter RV,  parallel to OT, until it meets TQ.  This being 
so, I say that the line RV  is equal to RS, from which what has to be proved in 
this proposition will further follow and be proved.

PROOF

It is obvious that as in the triangle OPQ the line OP  is to RS, so is 0 0  to QR. 
And as in the triangle OTQ  the line OT  is to RV, so is QO  to QR; in such a 
way that the two lines OP, RS and also the two lines OT, RV  are proportional to 
two equal lines, and therefore also proportional to each other, that is: as OP is to 
RS, so is OT  to RV. And by taking the terms inversely and alternately: as OT  
is to OP, so is RV  to RS. But OT  is equal to OP, therefore RV  is also equal to 
RS; in such a way that when the observer’s line OP descends to OT,  and the 
glass RS the same distance, i.e. to RV, the ray TQ  passes through the same point 
of the glass, to wit V, through which the ray PQ passed, to wit through S, be
cause S and V  designate the same point of the glass, since RS and RV  have the 
same length, and consequently the image of the point Q  does not change its 
place in the glass. But V  is here in the same position as yonder K  in the second 
position, by the supposition; therefore in that second position K  remains the image 
of the point A, such in the same place in the glass. CONCLUSION. Hence, if 
the glass revolves about the glass base as axis, and the observer’s line about the 
foot, in such a way that it always remains parallel to a line which is in the glass 
at right angles to the glass base, the image of a point in the floor always remains 
in the same place in the glass; which we had to prove.

SEQUEL

It having been proved above that when the glass and the observer’s line revolve 
parallel to each other as hereinbefore, then the ray from E to A  always passes 
through K, it follows that when the glass and the observer’s line have revolved 
till they reach the floor, so that E shall have moved to X, the three points X , K, A  
must then lie in a straight line. From which it further follows that the image K
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rechte lini leghen: Waer uyt wijder völght datmen de fchaeu K foudeconnen 
vinden deur wat lichter wcch dan de'voorgacnde wercking des 5 voorftels : Té 
weten fonder te trecken de twee linien I R , A D , maer alleenelick A X , wiens 
fne inde faemlijn G H de begheerde fchaeu iöude welen, doch anliende de ghe- 
mcenc reghel die inde tuychwerckelicke wercking ná d’eerfie wijfe bequaem- 
licker ghevolght wort,foo füllen wy daer by blijven.

Mcrckt noch daranghefien alle verfchaeulick punt inde vloer,altij t in een iêl- 
veplaetsdesglasblijft wanneert’glas en fienderlijnghelijckclickdraeyenöpde 
glaigrondt ais as, foo volght hier uyt,dat de lchaeu van alle platte vetfehaeulicke 
form inde vloer,altijt de felvc blijft en in een felve plaets des glas,wanneer t’glas 
en fienderlijn ghelijck draeyen.

6  V E R T O O G H  8 V O O R S T E L .
Draeyendé t’glás op de glafgrondt ais as , en de fien

derlijn op de voet,mcttelini vant verfchaeulickpunc bo
ven de vlöer totte vloer,al io datfe altijt* evewijdich blij- 
ven vaneen lini dic int glas op de glaigrondt rechthouc- 
tich is : De fchaeu des verfchaeulickpunts boven de vloer» 
blijft int glas altij t op een felvc plaets*

T g h e g h e V e n .  Laet int bcrcytfcl van t’bewijs des 6 voorftels, hetglas 
D  EI N L, de fienderlijn E G, mette lini A O , alle drie overcynde gefielt wor
den rechthouckich op de vloer,en alfdan làl N  de ichaeu fijn des vcrlchaeulick- 
punts O, ghefien Vant oogh G , ghelijck daer bewefen is. Daer na fy hetglas 
necrwaertghcdraeyt, tot dattet opde vloer een houckmacckt éveil an deferí 
houck PQjk,cndefghelijcxfyghedáen mette fienderlijn F G , oock mette lini 
A  O, fulex datlè bcydcevcwijdeghe blijven met M N , dat is, ais in dit voorfiel 
gheicyt wort,evewijdich met een lini die int glas op de glaigrondt rechtheuc- 
kichis. T b e g h e e r . d e .  Wy moeten bewijfen dat N  in die laetfle geflalr, 
fchaeu blijft des verfchaeulickpunts O,en dat indé felve plaets vant glas, te we
ten dattet firael vant oogh G tot O, fitecken fai deur N. T b e r e y t s e l .  Om

V z_
J?.

níet duyfierlick te fpreken van vérdochte linien inde locht, foo laet deft S T  be- 
teyckencndic fienderlijn F G , alfiè rechthouckich fiaet op de vlœr, dats hier

Z  4 recht-
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might be found by a somewhat easier method than the foregoing operation 
of the 5th proposition. To wit, without drawing the two lines IK, AD,  but 
only A X ,  whose intersection with the meeting line GH  would be the required 
image, but considering the common rule which is followed more easily in the 
mechanical operation-in the first manner, we shall keep to that.

Note also that since any point in the floor always remains in the same place 
of the glass when the glass and the observer’s line revolve equally about' the 
glass base as axis, it follows that the image of any plane figure in the floor 
always remains the same, and in the same place of the glass, when the glass 
and the observer’s line revolve equally.

6th THEOREM 8th PROPOSITION

If the glass revolves about the glass base as axis, and the observer’s line about 
the foot, with the line from the object point above the floor to the floor, such 
that they always remain parallel to a line which is in the glass at right angles 
to the glass base, the image of the point above the floor always remains in the 
same place in the glass.

SUPPOSITION. In the preliminary to the proof of the 6th proposition let the 
glass DEINL, the observer’s line FG, and the line A O  all three be placed erect 
at right angles to the floor, then N  w ill be the image of the point O, viewed by 
the eye G, as has there been proved. Thereupon let the glass be revolved down
wards until it makes with the floor an angle equal to the given angle PQR, and 
let the same be done with the observer’s line FG, also with the line AO,  in such 
a way that both remain parallel to AIN, that is, as is said in this proposition, 
parallel to a line which is in the glass at right angles to the glass base. W HAT IS 
REQUIRED. W e have to prove that in the last position N  remains the image of the 
point O, such in the same place of the glass, to wit that the ray from the eye G  to O 
w ill pass through N . PRELIMINARY. In order not to speak obscurely of imagined 
lines in the air, let this ST designate that observer's line FG, when it is at right 
angles to the floor, that is here at right angles to TV,  as floor line, instead of yonder
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rechthouckich op TV ,ais vloerlijn, in plaets van ghinfte vloerlijn F A , en deft 
W X  rechthouckich op de felvc vloerlijn T V  , beduyde die lini M N inrg las 
rechthouckich op die vloerlij n F A ; Voort fy dcfc Y Z , in plaets van ghinfte 
A  0 ,cn S V fy het ftrael,deurboorende t’glas W  X in X , ais fchaeu van Z ghe. 
fien uyt het oogh S. Na dees cerfte flellingfy ghedaen de tweede, te weten 
T  S neervvacit ghcdraeyt, foo dattet oogh S ghecommen fy tot a , fulcxdat den 
houck a T  V,even is anden ghegheven houck P Q R , voort fy ghetroeken het 
ftrael a V, daer na W  ¿,en Y c,beyde evewijdeghe m c tT a.

t b e w y s .

XV b valt even an W X  deur t’bewijs des i voorbeclts, en om de felve reden 
val t Y c oock even met Y Z; Sulcx dat de ficnderlij n  T  S gedaelt tot T  a, en t’glas 
W  X oock loo vcel, dats tot W  b, en X  Z tôt Y c, foo ftiecket firael van 4 tottet 
verfchaeulickpuntc, deur tTelvc punt des glas, te wcten b , daerhet ftrael S Z  
deur ftreckte/namelickdeurX ,Want X en ¿bedien des glas felve p u n t, over
mits X W  en b W  evclançk fíjn : En vetvolghens de fchaeu des verfchaeulick* 
punts Z,en verandert int glas haer plaets niet; Macr b is hier in fulcken gedaente 
ais ginder N  inde tweede gheftalt,dcur t’ghegeven, daerom N  blijft in die iwec- 
de gheftalt fchaeu des verfchaeulickpunts O , en dat indé felve plaets vant glas.

T  b  E s L v y  T .  Draeyende dan t’glas op de glafgront ais as, en d e  fienderlijn 
opde voet mette lini vant verfchaculickpunt boven de vloer totte vloer alico 
datfe altijt evewijdich blijven van een lini die int glas op deglafgtondt recht
houckich is :de fchaeu des verfchaeulick punts boven de vloer, blijftintglas 
altijt op een felve plaets, ftwelck wy bewijfèn moeften.

V  E R  V  O  L  G Hé

H ier boven bethoont fijnde dat wanneer t’glas, fiénderiijh, eh de lini A O , 
evewijdich dracÿen inder vûughen alfvooren,dat alfdan het ftrael van G tot O  
altijt deur N  ftrcckt: Daer uyt volght dattet glas,fienderlijn,en de lini A O, ghe- 
draeyt fijnde tot op de vloer,fulcx dat G fy gecommcn tôt d,en O io te ,  fo moe
ten de drie punten éf N e , o f  G N O , dan in eéh rechte lini Iegghcn ,w aeruyt 
volght datmen de fchaeu van N , deur een ander manier foude conncn vinden 
dan de voorgaende wercking des 6 voorftels, aldus : M en fai trecken een lini 
vant ghegheven punt A tot e, even an B C,en evewijdich met H  I, daer na ghe- 
trocken d  e, haer fne inde faemlijn foude de begheerde fchaeu wefen: Doch an- 
fiende de ghemeene reghel die inde tuychwerckelickc wercking na d’eerftc wij- 
fe bequamelicker ghevolght w ort,foo füllen wy daer by blijven.

Mcrckt noch datanghefien de lini vant verfchaeulick punt inde locht totte 
vloer, evewijdich moet draeyen mettet glas en fienderlijn cm  de fchaeu van 
dat punt tot een felve plaets des glas te ilen ,hieruyt volght datfbodielini vant 
verfchaeulick punt inde locht totte vloer bleef ftaende,als d’ander twee evewij- 
delick draeyden,dattet oogh de fchaeu des verfchaeulickpunts foude fien veran
deren van plaets, en vervolghens alle vaftflaende gheflichten en verheven din- 
ghen op de vloer veranderen haer fchaeu int glas, t’welck de verfchaeulicke for
m en inde vloer niet en ghebeurt, ais ghefèyt is in t’vervolgh des 7 voorftels.

3 W e r c k .-



855

floor line FA, and let this W X  at right angles to the said floor line T V  designate 
that line M N  in the glass at right angles to that floor line FA. Further let this Y Z  
be instead of yonder AO,  and let SV  be the ray piercing the glass W X  in X , as 
image of Z, viewed from the eye S. After this first supposition let the second be 
made, to wit TS resolved downwards, so that the eye S shall have moved to a, in 
such a way that the angle aTV  is equal to the given angle PQR; further let there 
be drawn the ray aV, thereafter W b  and Yc, both parallel to Ta.

PROOF

W b  is equal to W X  by the proof of the 1st example, and for the same reason 
Yc  is also equal to YZ, so that when the observer’s line TS has descended to Ta, 
and the glass W X  the same distance, i.e. to Wb, and YZ  to Yc, the ray from a 
to the point c passes through the same point of the glass, to wit b, through which 
passed the ray SZ, namely, through X , for X  and b designate the same point of 
the glass, since X W  and b W  are the same length. And consequently the image 
of the point Z does not change its place in the glass. But b is here in the same 
position as yonder N  in the second position, by the supposition; therefore N  
remains in that second position the image of the point O, such in the same place 
of the glass.

CONCLUSION. Hence, if the glass revolves about the glass base as axis, and 
the observer’s line about the foot, with the line from the object point above the 
floor to the floor, such that they always remain parallel to a line which is in the 
glass at right angles to the glass base, the image of the point above the floor 
always remains in the same place in the glass; which we had to prove.

SEQUEL

It having been proved above that when the glass, the observer’s line, and the 
line A O  revolve parallel to each other in the same way as before, the ray from 
G to O always passes through N,  it follows that if the glass, the observer’s line, 
arid the line AO  have revolved till they have reached the floor, so that G  has 
moved to d, and O to e, the three points d, N, e, or G, N , O must lie in a 
straight line, from which it follows that the image of N  might be found by a 
method different from the foregoing operation of the 6th proposition, thus: Let a 
line be drawn from the given point A  to e, equal to BC and parallel to HI. 
Thereafter, if  de were drawn, its intersection with the meeting line would be the 
required image. But considering the common rule, which is followed more easily in 
the mechanical procedure in the first manner, we shall keep to that.

Note also that since the line from the point in the air to the floor must revolve 
parallel to the glass and the observer’s line in order that the image of that point 
may be seen in the same place of the glass, it follows that if that line from the 
point in the air to the floor remained erect, while the other two revolved parallel 
to each other, the eye would see the image of the point changing its place, and 
consequently all fixed buildings and elevated objects on the floor change their 
images in the glass, which does not happen with the figures in the floor, as has 
been said in the sequel to the 7th proposition.
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3 W E R  C K  S T I C K .  ? V O O R S T E L ,  

W efende ghegheven  een v erfch aeu lick p u n t, t ’glas 
fcheefhouckich  op  de v loer, de v o e t , èri fienderlijn : Sjjn 
fchaeu  te vinden.

W ant het verichaeulickpunt can fi] n inde vloer, o f  daer boven, foo fulica 
wijder twee vooibecldcn af bcfehnjven.

i  Voorbuit met iet ‘verfchaeulickpunt inde vloer.
T g h e g h e v e n . Laet A een verfchaeulick punt.fijn inde vloer, B C  de 

glaigrondt,D  de voer,daer op wy deur fgédacht nemen ech fienderlijn te fiaen 
rechthouckich op de vloer, en even ande fiendermaet D  E , die ick hier evewij
dich liei met B C, daer na op E D  rechthouckich ghetrocken lijnde de lini :D F 
foo lanck alli valt,en daer op F Gjtnakendc den houck D F G , foo isden houck 
derneyghingdesglasópdevlocrna A toe,evenandenfelvenhouckD FG .

T b e g h e e e .d e . W y moeten de fchaeu vinden des verfchaeulickpunts A . '

T W E R C K .

Ick treek vande fiendcrmaeif- 
oogh E , een rechte lini tot H , in 
D  F, offoot noodich waer in hacr 
verlangde,en evewijdeghe met G F.
D it foo lijnde ick neem nu H voor j 
voet, EH voor fiendermaet,diens 
fienderlijn rechthouckich op de 
vloer fy j Voort neem ick dattet glas 
diens glaigront B C , oock comme 
rechthouckich op de vloer: En met 
fulck ghegheven ghcibcht de fchaeu 
van A,na de manierdes j  voorllels, 
fy wort bevonden, neem ick te val
len an 1, welcke i ick iègh de be
gheerde fchaeu te weien.

T B E W Y S .

Soodegheghcvenficnderlijn niet en waer even ghew eeftm etE D , macr 
tVen met H  E.en rechthouckich op de vloertDat fghelijcx het glas niet en waer 

•gcwceit fcheefhouckich op dé vloer macr rechthouckich, tis openbaer deur 
t ’werek ván dcfen, dar alfdan F de ware fchaeu van A foudé lij n : Maer wanneer 
it glas en de fienderlijn gelijckélick een lèlvc wtfch draeyen,als vande bovelchre- 
ven rechthouckicheyt, opde vloer ghccomm'en wefende tot defe fcheefhouc- 
kicheyr, foo blijft de fchaeu I al tij t op een felve plaets deur het 7 voorilel : Daer
om  het oogh der fienderlijn diens fiendermaet H E, liet de begheerde fchaeu an 
1 : Maer dat oogh E der fienderlijn H,E, is ghedaelt totte lèlve plaets des gegeven 

• öoghs der fienderlij n diens fiendermaet D E, daerom het ghegheven oogh fiet 
de begheerde fchaeu int glas ais ter plaets van L

2 Veer-

X¡, D  ,
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3rd PROBLEM 9th PROPOSITION

Given an object point, the glass at oblique angles to the floor, the foot, and 
the observer’s line: to find its image.

Because the object point may be in the floor or above it, we shall describe two 
examples of it.

1st Example, with the Object Point in the Floor

SUPPOSITION. Let d  be a point in the floor, BC the glass base, D  the foot, 
on which we imagine an observer’s line at right angles to the floor and equal to 
the observer’s measure DE, which I here put parallel to BC. Thereafter, the 
line DF being drawn at right angles to ED  and having any length, and then 
FG, making the angle DFG, the angle of inclination of the glass on the floor 
towards A  is equal to the said angle DFG. W HAT IS REQUIRED. W e have to 
find the image of the point A.

PROCEDURE

I draw from the eye E a straight line to H, in DF, or if  necessary in DF 
produced, and parallel to GF. This being so, I now take H  for foot, EH for 
observer’s measure, whose observer’s line shall be at right angles to the floor. 
Further I assume that the glass base BC of the glass also comes at right angles 
to the floor. And when with these data the image of A  is sought in the manner 
of the 5th proposition, I assume it is found to fall at I, which I I say is the 
required image.

PROOF

If the given observer’s line had not been equal to ED, but equal to HE and at 
right angles to the floor; and if also the glass had not been at oblique angles 
to the floor, but at right angles, it is clear from the procedure of this problem 
that I would then be the true image of A. But when the glass and the observer’s 
line revolve equally the same distance, e.g. from the rectangular position from 
the floor described above to this oblique-angled position, then the image I  always 
remains in the same place by the 7th proposition. Therefore the eye of the 
observer’s measure HE of the observer’s line sees the required image at I. But 
that eye E of the observer’s line HE has descended to the said place of the given 
eye of the observer’s line of which the observer’s measure is DE, therefore the given 
eye sees the required image in the glass at I.
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2 Voorbeclt mett et 'verfchaeuïickpunt hoven de vloer.
T g h e g h e v e n .  L actA  een punt fijn inde vloer,waerop verdocht wort 

een redite lini te flaen even an B C,en rechthouckidi op de fel ve vloer, waer a f  
hetopperfte punt is t'verfchacülickpunt boven de vloer inde locht : Voort f f  
D  E de glafgront, F de voet, dacr opwy deur t’ghedacht nemen een ficndcrlijn 
te flaen recht houckich op de vloer, cn even ande fiendcimaet F G,die ick altijt 
evewijdich treek met D  E: Daer na op F G rechthouckich ghetrocken lijnde de 
lini F H loo lanck al ft valt, en daer opH  I, makende den houck FH  I,loo is den 
houck der neyghing vande glalgrondt op de vloer na A toe , even anden fel vea 
houckFH  1. T b  e  g  h e  E r o e .  W y moeten de fchaeu des verfchaeuïick* 
punts vinden.

T W E R C K ,

Ick treek vande fiendermaets oogh G , een rechte lini tot K  in F H, o f 1Ô0S 
noodich waerin haer verlangde,en 
cvewi jdeghe met 1 Fi,daer na teyc- 
ken ick in F G , o f foot noodich
waer in haer verlangde, het punt A
L ,  allbo dat F L  even lÿanB C i _ ® /
Treek daer na van L  een rechte 
lini tot M in FH , o f  foot noodich 
waer in haer verlangde,en evcwij- 
deghe met 1 H.Daer na A N,cven 
en cvewijdeghe met F M , welver, 
flaendenadcnfelven oirtdacr de 
lini van F na M henen flre£l,want 
quaem M op d'ander fijde van F, 
foo löude N  oock moeten loo veel 
op  d’ander fijde vanA com m cn.
D it foo fij nde,ick neem nu K voor 
voet, K G voor fiendermaet,diens 
fienderlijn rechthouckich op de 
Vloer fy : Daer na neem ick L M in 
placts van B C , te weten voor lini 
welckeghcftelt opt punt N  recht*
houckich op de vloer, dat haer uyteifle ghenotnen worde voor verfchaeuïick* 
punt: Voort neem ick dattct glas diens glalgront D  E,oock comme rechthouc* 
kich op de vloer: En met fulck ghegheven ghelbcht de fchaeu des verfchaeuïick
punts na de manier des 6 voorftels,ly wort bevonden, neem ick,te vallen an O , 
welcke ick fegh de begheerde Ichaeu te welen. W aeraft’bewijsisghclijckt’be- 
Wijsdesi vcorbeelts. T b e s l y y t . Welendcdanghegevencenverlchaeu* 
lickpunt, t’glas fcheefhoückich op de vloer,de voet, en fienderlijn, wy hebbea 
fijn fchaeu ghevonden,naden eyfeh.

V E R V O L G H ,

Soo int i voorbeelt H, o fin t a voorbeclt M, viel over d’ander fijde vande ge* 
gheven voet (t’welçk ghebeuit ais t’glas na den ficndei toe neycht) en datfe qua-

m ea
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2 nd Example, with the Object Point Above the Floor

SUPPOSITION. Let A  be a point in the floor, on which a straight line is imagined, 
equal to BC and at right angles to the said floor, the uppermost point of which 
is the point above the floor in the air. Further let DE be the glass base, F the foot, 
on which we imagine an observer’s line at right angles to the floor and equal to 
the observer’s measure FG, which I always draw parallel to DE. Thereafter the line 
FH having been drawn, at right angles to FG and having any length, and then HI, 
including the angle FHI, the angle of inclination of the glass base on the floor 
towards A  is equal to the said angle FHI. W HAT IS REQUIRED. W e have to 
find the image of the point.

PROCEDURE

I draw from the eye G a straight line to K  in FH, or if necessary in FH 
produced, and parallel to IH; thereafter I mark in FG, or if  necessary in FG 
produced, the point L such that FL shall be equal to BC. Thereafter I draw 
from L  a straight line to M  in FH, or if necessary in FH produced, and parallel 
to IH. Thereafter A N  equal and parallel to FM, to wit in the same direction in 
which the line, from F to M  extends, for if M  came to the other side of F, N  
would also have to come as much to the other side of A. This being so, I now 
take K  for foot, K G  for observer’s measure, whose observer’s line shall be at 
right angles to the floor. Thereafter I take LM  instead of BC, to wit for the line, 
placed in the point N  at right angles to the floor, so that its extremity shall be 
taken for the object point. Further I assume that the glass base DE  o f the glass 
also comes at right angles to the floor. And when with these data the image 
of the point is sought in the manner of the 6th proposition, I assume it is found 
to fall at 0 ,  which I say is the required image; the proof of which is similar to 
the proof of the 1st example.
CONCLUSION. Hence, given a point, the glass at oblique angles to the floor, 
the foot, and the observer’s line, we have found its image, as required.

SEQUEL

If H  in the 1st example or M  in the 2nd example fell to the other side of the 
given foot (which happens if  the glass inclines towards the observer), and if
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men tot inde glafgrondt.t'is kennelickdatmen totgheen fchaeu vant verfchaeu- 
lickpunt en foude connen gherakcn, uyt oirfaeck dattet een onghelchickt ghe
gheven loude fijn,ais wefende het oogh int glas.

Maer by aldien dic twee punten ais H of Mallöo noch voorder quanten dan 
int glas, dcrghelijckc onmeughelicheyt loudedaer uyt vc>ighen,om dattet oogh 
niet en ibude connen het verfchaeulickpunt fieri achter f  glas.

Soo int 2 voorbeelt N  quaem tot inde glaigröndt D E , t’wacr openbacrlick 
teyckcn,dattet verfchaeuïick punt A int glas (oude ghegheven fijn, en daerom 
voor lijn felf Ichaeu verflrecken,deurde i  beghcertc.

Maer quaem N noch voordcrdan tot inde glafgtont D E, t’is kennelick dat- 
m en dan tot gheen fchaeu vant verfchaeuïick punt en foudc connen gheraken, 
ais commcnde t’glas achter t’verfchaeuïick punt,teghen de reden.

Tis oock kennelick dat de ghegheven voet commcn can inde glaigröndt, o f  
daer achter tuflchen de fel ve en t’verfchaeulick punt,oock int verfchaeuïick punt 
en daer achter: Midts welverftaende,dat de bóvéfchrcvcn punten ais H, M,of N  
nieten vallenalsghcfeytis.

4  W E R C K S T I C K  10 V O O R S T E L .
\

W cièndcghcghevcn een verichaeulickpunt, t’glas eve* 
vvijdich m ette vloer, de v o e t , en fienderlijn ; Sijn fchaeu  
te  vinden.

T g h e g h f . v E N .  iLaetAeenverfchaeüHckpüntfijnintplatdes blats, en 
op de tcchte lini B C, fy bedocht een plat ais vloer, rechthouckich opt plat des 
blats: S'ghelijcx fy op de rechte lini D  E , bedocht een glas evcwijdich mette 
vootfehreven vloer, voort fyopF verdocht een reéhte lini éven an F G-, oock 
rechthouckich opt plat des blats,cn fuyterfte punt der felve lini fy het oogh,van 
wclck deur t’ghedacht ghetrocken een lini rechthouckich op de vloer (dic even 
moet lijn ande verdochte lini van F op B C  rechthouckich, ais fiendermaet) fy 
fai voor fienderlijn verftrecken. T b e g h e e k d e . W y moeten vinden de 
fchaeu des verfchaeuïick punts A.

T W U C K .  Q

Tck laet vaten de verdochte ge- 
gheven fienderlijn, en de vloer, 
die ghcfeyt wiett op B C verdocht 
te  lijn rechthouckich opt plat des V
blats, en neem t'plat des blats felf 
voor vloer ,en de lini op F even 
an F G, en rechthouckich opt plat
des blats, neem ick voor fiender- _______________
lijn : Twelck foo fijndc A is nu 
een ghegeven verfchaeuïick punt -f
inde vloer, en t'glas diens gla£ 
grondt D E  comt op de vloei 
iechthouckich:Hier me de fchaeu 
ghevonden van A  deur het  ----------------------

j  voor-
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they came in the glass base, then it is obvious that no image of the point could 
be obtained, because the wrong thing would be given, the eye being in the 
glass.

But if those two points, as H  or M, came even further forward than in the 
glass, a similar impossibility would follow, because the eye would not be able to 
see the point behind the glass.

If in the 2nd example N  came in the glass base DE, it would be clear that 
the point A  would be given in the glass, and therefore would serve as its own 
image, by the 2nd postulate.

But if N  came even further forward than in the glass base DE, it is obvious
that no image of the point could then be obtained, because of the glass coming
behind the point, which is contrary to reason.

It is also obvious that the given foot may come in the glass base, or behind 
it, between it and the point, also in the point and behind it, provided the above-
mentioned points as H, M  or N  do  not fall as has been said.

4th PROBLEM 10th PROPOSITION

Given a point, the glass parallel to the floor, the foot, and the observer’s line: 
to find its image.

SUPPOSITION. Let A  be a point in the plane of the paper, and on the straight 
line BC let there be imagined a plane as floor, at right angles to the plane of 
the paper. In the same way on the straight line DE  let there be imagined a glass 
parallel to the aforesaid floor. Further let there be imagined on F a straight line equal 
to FG, also at right angles to the plane of the paper, and let the extremity of 
the said line be the eye, and if from this in imagination a line be drawn at right 
angles to the floor (which must be equal to the imagined line from F at right 
angles to BC, as observer’s measure), it will serve as observer’s line. W HAT IS 
REQUIRED. W e have to find the image of the point A.

PROCEDURE

I abandon the imagined given observer’s line, and the floor which was said 
to be imagined on BC at right angles to the plane of the paper, and take the 
plane of the paper itself for floor, and I take the line on F, equal to FG and at
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J voorflel dic H  fy,ick fegh de fcl vc de begheerde fchaeu te wefcn.

T  B E W  Y S.

Blijvende t^erichaeulickpurttjt’glas.en t’oogh.op een felvc plaets,tis kenne- 
iick dát de fchaeu oock in een fel ve plaets des glas blijft,want dç verandering van 
fienderlijn envloeidicw ÿ int werckghedacn hebben,engheven gheen veran
dering vande plaeis des Ichacus; Sulcx dat de ghevonden fchaeu dé begheerde 
nioet (ijn. T b e s l v y  t . Wcfende dan ghegheveneenvetfchaeulickpunt, 
l'glas cvcwijdich mette vloer, de voct.çh fienderlijn, wy hebben fijn fchaeu ge
vonden, na den êÿ fch.

5 WE R  C K S T  I C K  11 V O O R S T E L .
W efende ghegheven een verfchaeulicke fo rm , t glas, 

de voet,en  fienderlijn.Haer fchaeu te vinden.
T g h e g h e V e n . Laet d é  verfchaeuwen fijn een form van defer ghedaen- 

te: O p dcn.viercantcn gronr A B C D ,diens middelpunt E.gheteycként int plat, 
des blats ais vloer, w ortghenom en te ftaen een to rre , diens ftantteyekening 
FG  H IKjWefende ten  plat cvewijdich mèttétorrens voorfijdê, Welck plat de 
felye törredcur t’middel fnijt, fpjexdat opelck der punten A* B, G, D, een lini 
eom t even an G H, o f L  K, en opt middelpunt E,een lini even an E  l,en alle vijf 
rechthouckich op de vloer, en van t'bovenße punt der lini op E flaende, com* 
píen vier linien totte ópperfte punten der voprfchreven vier linten op A, B, C  ,  
D  ftaende: Soo dat defe torre beftaet uyt een viercante lichamelickc iechthouck, 
m et een viercante naeldedacrop: Voort fy M N  deglafgront,  dlensglas op  
de vloer rechthouckich bcdocht wort,
O  dcvoet.waeropwydeur t'gcdacht ne
m en een fienderlijn te flaen even ande 
fiendermact O P , rechthouckich op de 
vloer. T b e g h e e r d e . W y moeten 
de fchaeu defer verfchaeulicke form 
vinden.

T W E R  C  K.

Ick (buck de drie Ichacuwen der drie 
verfchaeulicke punten inde vloer B, D ,
C ,w clcke ghevonden deur het, j  voor- 
flel ick neem te welen Q¿Jk, S: Daer na 
fouck ick de drie /chaeuwen der drie 
punten boven de vloer,te weten ten eyn- 
de der drie linien dié deur t’ghegheven 
verdocht worden te ftaen op B, C ,D , 
clckeven ande lini G H , en rechthouc- -jj"  
kich op de vloer, wclckc deur het 6 voor- 
fiel ghevonden worden te wefen, neem P -—— o
ick, T, V, X; Voort louckick de fchaeu 
des punts boven de vloer, ten eyndeder
lini dic deur t'ghegevcn verdocht wort te ftaen op E,even an I F, en rechthouc-

k id i
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right angles to the plane of the paper, for observer’s line. This being so, A  is 
now a given point in the floor, and the glass base DE  of the glass comes at 
right angles to the floor. When herewith the image of A  is found by the 5th 
proposition, which shall be H,  I say that this is the required image.

PROOF

If the point, the glass, and the eye remain in the same place, it is obvious that 
the image also remains in the same place of the glass, for the change of ob
server’s line and floor which we have made in the construction does not cause any 
change in the place of the image, so that the image found must be the one 
required.
CONCLUSION. Hence, given a point, the glass parallel to the floor, the foot, 
and the observer’s line, wé have found its image, as required.

5th PROBLEM 11th PROPOSITION

Given a figure, the glass, the foot, and the observer’s line: to find its image.

SUPPOSITION. Let a perspective drawing have to be made of a figure o f the 
following form. On the square base A B C D ,  whose centre is E, drawn in thé plane 
of the paper as floor, is assumed to stand a tower, whose vertical plan is FGH IK,  
being a plane parallel to the front of the tower, which plane intersects the tower' 
in the middle, so that on each of the points A , B, C, D  there comes a line equal 
tó G H  or LK,  and on the centre E a line equal to FI, and all five at right angles 
to the floor, and from the uppermost point of the line standing on E extend' 
four lines to the uppermost points o f the aforesaid four lines standing on A , B, 
C, D ,  so that this tower consists of à right prism with a quadrangular pyramid 
thereon. Further let M N  be the glass base, whose glass is imagined to be at right 
angles to the floor, O the foot, on. which we imagine an observer’s line, equal 
to the observer’s measure OP, at right angles to the floor. W H A T  IS REQUIRED.  
W e have to find the image of this figure.

PROCEDURE

I seek the three images of the three points in the floor B, D ,  C, which, being found 
by the 5th proposition, I assume to be Q, R, S. Thereupon I seek the three images of 
the three points above the floor, to wit at the ends of the three lines which by the 
supposition are imagined on B, C, D ,  each equal to the line G H  and at right angles 
to the floor, which by the 6th proposition I assume to be found T, V , X .  Further 
I seek the image of the point above the floor at the end of the line which by the 
supposition is imagined on E, equal to IF and at right angles to the floor, which



V A N D E  V E R S C M À E V W I N G * ST
kichopde vloer, wclcke deur het felve 6 voorflel ghevonden wort te wefen¿ 
neem  ick, Y : Ick treck,oock de thien linien Q T ,R  V , S X, Y T , Y V , Y X .Q jV  
R  S, T  V ,V  X. T'weldt loo iijndë, ick fegh de form tuffehen defe linicn begre
pen, de begheerde fchaeu te wefen.

T B E W Y S.
Defeven punten Q ,R ,SiT <V,X»Y,T V ,V  X fi jri fchaeuWen der drie B,C,D# 

inde vlocr.m ete vier diedcr boven eommen,deurf werck,en de linien tu licheri 
defc punten, fijn fehaèüwen der verfchaeulicke linien tuflehen die vcrfchaeu- 
lickc punten deur het i vöorftel,waer deur’dit de begheerde ichaeu rriöet welen;

Augacnde de fchaeu der verfchaeulicke lini dic op A comt.even an G H , en  
rechthouckich op de vloet,oock vande lini die van daer voort ftreckt tottet iop  
der torre, met noch d’ander vier : Ghemerckt.de felve vant oogh in ondeur- 
luchtighe ñofFen niet ghefieh en Worden, loo  en fijnlfc hier niei 
verfchaeut. Doch dic fich voörftelde de ftof deurluchtichtë fijn , hy 
mocht dier linicn fchaeuWen vinden ais van d’ander, en foude dé 
ichaeu der torre dan fijn ais hier nevens.

M E R C K T .
Nâdien in dit voöibéélt tc fién isde verfchaeuwingvan alle gheghcvch lini,

plat, en lichaem,(öoén behouftmen daerafgheenbefonder voorftellenté bc- 
lchrijvcn.

Maer Want het glas anders dan récht- 
houckich op devloercan fijn, foo fül
len wy daer af met Voorbeelt Wat ièg- 
gheni G henomen dattet ghegheven fy 
alfvooren, uytghelondert dattét glas 
diens glafgront M N , nieten ftaerecht- 
houckich op de vloer, al9 daer, maer 
fcheefhouckich, neyghende na de ver- 
fchaculicke form to e , foo dattet mette 
vloer een houck maecke even an defen 
houck Ö Z P . Om  híer af de fchaeu té 
hebben,men lal löucken de fchaeuwcri 
der bovcfchrcven fcven vèrfehaeulickc 
punten deur het 9 voorftel, en daer tu t  
fchcn ghetrocken de linien na t’be- 
hooren , men fai dan crijghen een 
fchaeu ais hier by ghetcyckent ftáet:
Waer in de fchaeu van het rechthouc
kich verfchaeuïick deel der torre , bo
ven wijder valt dan onder, want langer 
isT VdanQJl.

Ghenomen andermael t’ghegheven 
te fijn alfvooren, uytghelondert dattet 
glas diens glaigröndt M N , nu ncyghé 
na het oogh toe, loo  dattet mette vloer 
een houck maecke even au defen

X

T i T i
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by the same 6th proposition I assume to be found Y. I also draw the ten lines 
QT, RV, SX, YT, YV, Y X , QR, RS, TV, VX. This being so, I say that the figure 
contained between these lines is the required image.

PROOF

The seven points Q, R, S , T , V ,  X , Y  (* ) are images of the three B, C, D  in the 
floor, with the four coming above them, by the procedure, and the lines 
between these points are images of the lines between those points, by the 1st 
proposition, in consequence of which this must be the required image.

As to the image of the line which comes on A, equal to GH  and at right angles 
to the floor, also of the line which from there on extends to the top of the 
tower, with the other four as well, since these are not seen by the eye in non
transparent media, they have not been drawn in perspective here. But if anyone 
imagined the medium to be transparent, he would be able to find the images 
of those lines just like those of the others, and the image of the tower would then 
be as opposite.

NOTE

Since in this example is to be seen the perspective of any given line, plane, 
and solid, no special propositions need be described about them.

But because the glass may be other than at right angles to the floor, we shall say 
something about this; with reference to an example. Let it be assumed that the 
data are as before, except that the glass base M N  of the glass is not at right 
angles to the floor, as there, but at oblique angles, inclining towards the figure,
so that it shall make with the floor an angle equal to the given angle OZP.
In order to find the image of this, the images have to be sought of the aforesaid 
seven points, by the 9th proposition, and if between these the lines be drawn 
in the proper manner, an image will be obtained such as is here illustrated, in 
which the image of the rectangular part of the tower is broader above than below, 
because T V  is longer than OR.

Assuming once more that the data are as above, except that the glass base 
M N  of the glass now inclines towards the eye, so that it makes with the floor

(•) There must be a printer’s error in the D utch text.
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Jiouck O  Z  f. : Ona hier af de fchaeu 
te  hebben , m en fai fducken de 
fchaeuwen der bovelchreven feven 
verfchaeulicke punten deur het
9 voorftel en daer tu lichen ghetroc- 
ken de linien na t’bchooren,men fai 
dan crijghen een fchaeu als hier by 
ghctcyckent ftaer.Waer in de fchaeu

. van het rechthouckich verfchaeuïick 
, deel der torre.bovcn nauwer valt dan 
onder, want cotter is T  V  dan Q R .

Maer om  oock voorbeelt teftel- 
len vant glas evewijdieh mette vloer, 
iö o  laet A B C  D E andertiiael de 
ilantteyckening der. torre beteyeke- 
nen ftaende methaierviercantegront 
o p  de vioer,verdocht deur A  E recht
houckich opt plat des blats, en t’glas 
diens glalgront F G dreckende deur 
t’fop der torre C , fy evewijdieh niet
te bovelchreven vloer, dats oock  
rechthouckich opt plat des blats:
Voort fy opt puntH int plat des blats, 
verdocht een rechte lini even an H l,
en rechthouckich opt plat des felven b la ts, en ten cynde der felvelini fy het 
oogh . Dit föo  fijnde, en om  nu defchaeu te vinden, ick doe ais intwerek de?
10 voor dels, nemende dattet plat des blats vloer is,H voet,H I fiendermaet ev e n  
m ene fienderlijn dic op defen vloer recht- ‘  —
houckich comti Voort dat de torre met een 
fijde light op dien ghenom en vloer: Sulcx 
dat op de vier punten A , B, D ,E, çommen  
vier linien even an A  E , en rechthouckich 
op  de vloer: Voort een lini op C, even an
den helft van A  E , het uyterfte van welcka 
lini het fop dér torre beteyekent: Sulcx dat 
tuflehen die punten linien verdocht na f  be- 
hooren, fy maken de ghegheven lichame- 
licke vcrlchaeulicke torre : O m  de fchaeu 
van welcke te hebben,men fouâd e,fchaeu- 
wen der punten dicmen fien can , ais van 
B ,D ,E , met d ander drie dieder boven colu
m e n , en Oock des punts boven C , dic ghe
vonden fijnde deur het j  en 6 voorftel ick 
neem te wefen K ,L ,M ,N ,0 ,P ,Q jD aer n3 . 
ghetrockcn linien tuflehen beyden na f  be- 
hooren.foo comt daer uyt de fchaeu,neein ick,alshier by geteyekent ftatt. V ä ä  
al welcke t’bewijs deur t’werek openbaer is. T  b e s l  v y  t .  W elen de dan gfi- 
gheven een verfchaeulicke form, fglaSjdc VO«, en fienderlijn, wyhebben haeg 
ichaeu ghevonden,na den eyleh.

M E R C K T .
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an angle which is equal to the angle OZP  shown oppositë: in order to find the 
image of this, the images have to be sought of the aforesaid seven points, by 
the 9th proposition, and if between these the. lines be drawn in the proper manner, 
an image will be obtained such as is here illustrated, in which the image of 
the rectangular part of the tower is narrower above than below, because T V  is 
shorter than QR.

But in order also to give an example of the glass parallel to the floor, let 
ABCDE  once again designate the vertical plan of the tower, standing with its 
square base on the floor, imagined through AE  at right angles to the plane of the 
paper, and let the glass base FG of the glass passing through the top of the 
tower C be parallel to the aforesaid floor, i.e. also at right angles to the plane 
of the paper. Further, on the point H  in the plane of the paper let there be 
imagined a straight line equal to HI  and at right angles to the plane of the 
same paper, and at the end of the said line let there be the eye. This being so, 
in order to find the image I proceed as in the procedure of the 10th pro
position, assuming the plane of the paper to be the floor, H  foot, HI  observer’s 
measure equal to the observer’s line which comes at right angles to this floor, 
further that the tower lies with one side on that floor, so that on the four points 
A. B, D, E there come four lines equal to AE  and at right angles to the floor; 
further a line on C, equal to the half of AE, the extremity o f  which line 
designates the top of the tower, so that, if between those points lines be imagined 
in the proper manner, they make the given tower. In order to have the image 
of the latter, the images are sought of the points that can be seen as o f B, D, E, 
with the other three coming above them, and also of the point above C, which 
having been found by the 5th and 6th propositions, I assume to be K, L, M, N,  
O, P, Q. If thereupon lines be drawn between the two, in the proper manner, 
I assume the result to be the image shown opposite, the proof o f all this being 
clear from the construction. CONCLUSION. Hence, given a figure, the glass, 
the foot, and the observer’s line, we have found its image as required.
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W y  hebben inde bovefehreven *  werckfticken de ghegheven fienderlijn, P n U tm íU  
mette lini vant verfchaeuïick punt tötte vlocr, a'.tijt rechthouckich ghénoriien bm' 
op de vloer: Oock t’véríchaeulick punt altijt inde vloer o f  daer böven gefielt,en 
het oogh altijt boven de vloer: Nochtans cánt ghcbeureñ, mocht yman t denc- 
ken,dai íülcke twee linien ópdevloer íchcefhouckich ghegheven worden, en  
t'verfchaculick punt onder de vloer,enhet oogh inde vlocr¡ o f  daerónder, deur 
t welek veel verfcheydcnheden foüden vallen inde bovefehreven voórft elleri 
nietangheroert.HieropwortgheantW oörr,datföodie bovefehreven twee li
nien op de vloer íchcefhouckich ghegheven waren, mén loudefe meügen recht 
daer op trecken,en ghcbrüycken die dan in plaets der ghegheven,want fuicx ën  
ghecft gheen verándering vande plaets der begheerde íchaeü iniglás. Maer foo 
t’verfcháeulick punt ghegheven Waer inde vloer, en het oogh oock daer in , o f  
daer onder,men mach onder rlceghflc van die twee punten eenander vleier (lel
len ofbedencken evewijdieh mette ghegheven, veflanghende tot daer toe de 
Fienderlijn en lini van t'verfchaeuïick punt totte vlcCr : nemende daer na dic 
vloer en verlangde linien Voor de ghegheven,én daer me de fchaeu ghcfocht na 
de voorgáende réghelcn,men heeft het begheerde.

Maer oni hier af by natuerlick voorbeelt te fprcken.ghenomen dát yriiánt ais 
Vcrfchaeuwcr, ftoridëop een bcrch, hooghet met lijn voeten dán een ghcfticht 
dat hy verfchacuwen wil,en racm a oor vloct t’plat daer hy op flaet, i ’is kenne-: 
lick dat de' ghegheven verfchaeulicke form dan onder de vlöer fbude com mon.
Maer ick lëghdat hy in fulcken ghevalle tnach bcdcnckcn een ander vloer deur 
t’leeghfië des gëflichts,nemende daer na delini van lijn öqgh tot die vloer voor 
fienaefîijrijWant ydcr verfchaeuïick punt mette liehderlijri, fijn dan boven de 
vloer van ghedaentc ais in een der bovefthtcven wcrckfiickéri, welcke manier 
ghevolght int foucken der fchaeu, men behotift tot fulcke vcrfcheyden (Idling 
ghcen verfcheyden nieuwe regheien te fcefchrijveh.

A n g a e n d c  fc h a e u w e n  v a n  c to m m e  l in ie n  d ie  h ie r v o ö rc n  n ie t  b c fch rev crv en  
f i jn ,g h e li jc k  h a e r  g ro o th e d e n  in d e  *  M e c tc o n f i  n i e t '  w ifc o n fie lie k  g h e m e te n *  G nm etriti 
c n  w o r d e n , t r a e r  *W erC kèlick .fbö  n a  a lfi de  fa cck v ercy fcb t: A lfo ó  eri w o rd e n fe  '  Mathcttra. 
d e u r  d e c o n f i  d é r  v c rfc h a e ü w in g  n ic f  w ifc o n fie lie k  v è rfc h a cu t,m a e r  m e n  c o m t  tM uhauld  
d e u r  £'■v e rfc h ae tiw en  v a n  v e e l p u n te n  d e r  d o m m e  l i n t e n ,  t’b e g h ee rd e  fo o  n a  
a is  u y  te r lick  g h c n o u e h  fehi j n t .

V A N D E  C O R T H È D E N  E N
S Ê K E R H E D E N  O P T  W E R C K  D E R  

V  E  R  S C  H  A E  V  W  I  N  G.

Inde boA’efchreven voordellen blijekt Wél de manier om  te vinden de lchaea 
van alle ghegheven veifchaculicfcpunf, waer m e openbacr is de ghemeene re- 
ghëlderverfchacuwing van alle ghegheven verfchaeulicke form ,als te fien is 
int 1 1 a cordel. Maci wanttct in groóte wercken moèyclick fbudc vailcn. de 
fchaeuwen van alle verfchaeulicke puntcn en linien op fujeke manier té vin
den,foo Fullen wy nu fes verfcheyden *  leden befchrijven, vànde cortheden en Arüett&n. 
fekethederi dieder na ghdeghcmheydt der omflandighen int w erd  connen  
vallens

D a  i  L Í D T .
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NOTE

In the problems described above we have always taken the given observer’s line,
. with the line from the point to the floor, at right angles to the floor, and also

placed the point always in the floor or above it, and the eye always above the 
floor. Nevertheless it may happen, someone might think, that such two lines 
are given at oblique angles to the floor, and the point below the floor, and the 
eye in the floor or below it, in consequence of which many differences would 
occur which are not referred to in the above-mentioned propositions. To this it 
is answered that if those two aforesaid lines were given at oblique angles to the 
floor, they might be drawn vertically thereon and be used instead of the given 
lines, for this does not cause any change in the place of the required image in 
the glass. But if the point be given in the floor, and the eye also in it or below 
it, one may place or imagine beneath the lower of those two points another 
floor, parallel to the first, producing to that floor the observer’s line and the 
line from the point to "the floor. If we thereupon take that floor and the produced 
lines for those given and therewith seek the image according to the foregoing 
rules, we have the required image.

But to speak of this by means of a physical example: assuming that some
one who is to make a perspective drawing were to stand on a mountain, with 
his feet higher than a building of which he wishes to make a perspective drawing, 
and were to take for the floor the plane on which he stands, it is obvious that 
the given figure would then come below the floor. But I say that in such a 

' case he may imagine another floor through the lowest point of the building,
thereupon taking the line from his eye to that floor for observer’s line, for 
every point with the observer’s line is then above the floor of such a kind as in 

: one of the problems 'described above; when this method is followed in the
finding of the image, we need not describe different new rules for such a differ
ent supposition.

As to images of curved lines, which have not been described in the foregoing, 
just as their magnitudes are not measured mathematically, but mechanically in 
geometry, as accurately as the matter requires; in the same way they are not 
drawn mathematically by the art of perspective, but by finding the images of many 
points of the curved lines the required image is approximated as much as seems 
sufficient.

OF THE ABRIDGEMENTS AND VERIFICATION 
POSSIBILITIES IN THE PROCEDURE OF 

PERSPECTIVE DRAWING.
In the above-mentioned propositions the method indeed is disclosed for finding 

the image of any given point, with which the common rule o f drawing any given 
figure in perspective is clear, as may be seen in the 11th proposition. But because 
in large works it would be difficult to find the images of all the points and 
lines in such a manner, we shall now describe six different sections, o f the 
abridgements and the verification possibilities that may be made in the procedure, 
according to circumstances.
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1 L l p T .
Tisoirbolrdatm enint verfchaeuwcn cens verfchaeulicker form s, fich ini 

ghegheven altijt voorftclt, dattet glas ftrcckt deur het voorfie deel ais p lat, lini, 
o f  punt, der verfchaeulicke form , om  dattet felvedanghecnm ocytevan ver- 
fchaeuwing en behouft.overmidts het voor fijn felfs fchaeu verftreckt deur de 
abeghccrtc. M acrwantym antnudenekcnm o ch t,dattet indé dadelickc ver* 
fchaeuwingdickwilsfonpasfoude com m en, het plat vaneen-verlchaculicke 
form,ais van een groot geßicht,voor fij n fchaeu te nenien, overmidts de Ivhacu 
veel te groot foudc vallen om op papier ghetcyckent te w orden, föo füllen wy 
daer op wat breeder verclariugdoen. Laetby voorbeclt te verfchaeuwcn fijnee- 
nichghefticht diens voorgevel 100 palmen hooth is,cn den Hender daer afwe- 
iènde too palmen Jtelt voor fich een wefentlickglas drie palmen vant Oogh,at
ibo dattet evewijdieh is mette voorichreven ghcvel diemen deur t’glas fict,waer 
in de ichaeu moet vallen van een palm hóoch. Dit het ghegheven fijnde, en be- 
ghéertwefende een ichaeu e venen ghelijck mette fchaeu dic int glas ghefien 
w on , loo fouden de linien van rooen 300 palmen, dieder fijn vant oogh totte 
verfchaeulicke form te lanck fijn , mocht ymant fegghen, om  met bequaem- 
heyt op papier dadelick ghctrocken te worden: Hoe falmcn; dan hief me lcvenï 
Aldus:Men bcelt fich felis in , al oftmen voor fich had een deene lichamclicke 
bots,diens voorghevcl int glas ftacnde.hooch waer de voörfchrevcn een paini, 
en de reit na den eyfch, welcke bots ghenomen voor verfchaeulicke form, cn

tchnxrafhh  daer af *  gront tcyckening met fiantteyckeningghemaéckt, en daer mé int ver* 
rtm O rtepa- fchaeuwen de reghclghcvolght,men heeft t’begheerde, fonder datmén rpocytc 

behouft tc doen om  dié voorghevcl te verfchaeuwen,wammen die vcrtcyckcn? 
e ven foo groot’cn ghelijckfc daer coipt.

1  L  I D  T-

W anter cortheyt valt int vinden der fchaeuwen van ettcfickc rechte liniça  
fáraSiU. die mette vloer *  cveivijdich fijn,loo füllen wy daerafecnige voorbeelden fid 

len. T ’eerfte van een lini inde vloer, diens een uyterfic int glas co m t, fandet 
uyterfte daer buyten. Hét tweede van een liniinde vloer diens tweeuyterfien 
beydé buyten t’glascommen-Hct derde ván een linibpvén de Vloer,  diens een  
uyterfte int glas com t, fander daer buyten. Het vierde van een lini boven de 
Vloer,diens twee uy terflen beyde buyten f  glas com men.

/ Voorbeelt.
Laet ten eerften A  B een verfchaeulicke rechte lini fijn inde vloer,gheraken» 

de mettet punt B, de glafgront C  D , diens glas rechthouckich op de vloer, E de 
voet. y. waer op  verdocht wort een fienderlijn. 
tc fiàpn rechthouckiéh óp de vloer,en even án
de ficndcimaet E F, Ó m  hier a f de fchaeu te 
vinden, ick treek de vloerlijn E G eyéwijdeghe 
m et B A jdoch valtcr te gedenckcñ(cwéíckhéti) 
verflaen fai loo  wel op dédrié vólghcndc voor- O  
beelden defes lidts ais op  dit)dat dedriegheghe- 
Vcn punten E B A  in ghccn réchte lini en mcu- 
ghen ftaen,  om  totte cortheyt te commen dic

w y

G x>

S ’ A
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1st SECTION

It is proper that in the perspective drawing of a figure we should always im
agine in the supposition that the glass passes through the foremost part, as plane, 
line or point, of the figure, because this does not then require to be drawn in 
perspective, since it serves as its own image by the 2nd postulate. But because 
someone might now think that in the practice of perspective drawing it would 
often be unsuitable to take the plane of a figure, such as a large building, for its 
image, since the image would become much too large to be drawn on paper, we 
shall give a somewhat fuller explanation thereof. For example, let the perspective 
of'some building have to be drawn, the front façade of which is 100 palms high, 
and let the observer, being at a distance of 300 palms from it, place before himself 
a real glass, three palms away from the eye, in such a way that it is parallel to 
the aforesaid façade which is seen through the glass, in which must fall the image 
a palm high. This being the supposition, and an image being required which is 
equal and similar to the image that is seen in the glass, someone might say that 
the lines of 100 and 300 palms which pass from the eye to the figure would 
be too long to be properly drawn on paper in actual fact. How then are we to 
tackle this matter? As follows: W e imagine we have before us a small physical 
model, whose front façade, standing in the glass, is the aforesaid image one palm 
high, and the rest according to requirement, and if this model, is taken for the 
object figure, and a ground-plan and a vertical plan are made of it, while for 
the perspective drawing the rule is followed, then the required image is obtained 
without our having to take the trouble to bring that front façade into perspective, 
for the image is drawn of the same size as we have found.

2nd SECTION

Because there exists an abridgement in the finding of the images of several 
straight lines which are parallel to the floor, we shall give some examples thereof. 
The first of a line in the floor one extremity of which comes in the glass and 
the other extremity outside it. The second of ■ a line in the floor whose two 
extremities both fall outside the glass. The third of a line above the floor one 
extremity of which falls in the glass and the other outside it. The fourth of a line 
above the floor whose two extremities both fall, outside the glass.

1st Example

In the first place let AB  be a straight line in the floor, meeting in the point B 
the glass base CD, whose glass is at right angles to the floor, E being the foot, 
on which is imagined an observer’s line at right angles to the floor and equal to 
the observer’s measure EF. In order to find the image from this, I draw the floor 
line EG parallel to BA, but it is to be borne in mind (which applies to the three 
following examples of this section as well as to this) that the three given points 
E, B, A  must not be in a straight line in order to attain the abridgement we require
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wy int werck begheeren,wantmen dan deur Jiet treckert van E G  evewijdeghe 
met B A , totg lieen  befluyt en fonde gherakcn,als verclaettisint merckdes 
S voorflels: Daer na G H rechthouckich op C D , en even i»et E F , voortH B  
en A E, fnyende C D  in l,ch IK rechthouckich o p C  D ,  ghçrakende H B in K: 
Tw elck lboiijndc, K B is de begheerde fchaeu- yan À B iW a n t  B int glas, is 
lijn felfs (chaeu.deur de tweede begheette,  en fchaeu van A d eu rh ct) voor- 
ftcl,cn dacrom de lini K B ichaeu van À B deur het i voörilcl, jP c  cort heyt hier 
uyt volghende,is dat deur E G evewijdeghe :c trecken met A B , ioo blijft het 
deel der iaemlij n van B tot K de begeerde fehacu, daermen anders doende noch 
een taicu lini voor fchaeu moct trecken.

2 Voorbeelii
Lact ten tweeden A S een  verfchaeulicke rechte lini fijn inde vlcer, niet ge

rakende de glaigröndt C D , diens glas rechthouckich op de vloer, Ede voer, 
waer op Verdocht wort een fienderlijn te ftaen rechthouckich op de vloer, en  
even ande Gêndcfmaet E F. Om hier af de fchaeu tc vinden,ick treek A B voor* 
waert tot inde glaigröndt an G,daer ná de vlocrlijn E H cvewijdeghe met G A: 
Voort H I rechthouckich op G D ,en even met E F, daer nà I G , en A E fnyen
de C  D  in K ,en;K  L rechthouckich op C D, 
ghçrakende 1G in L , voort B E fnyende C D  
in M ,en M N  rechthouckich opG  D , ghera- 

,kende lG  in.N t-Twelck fob fijnde, L N is  
openbacrlick de begheerde ichaeu van A B.
D e cortheyt hier uyt is , daimen met AB. 
voort te treckén tot G, en de reft ais boven, de 
twee punten A , B, verfchaeut met een vloer- 
lijn E H , een fiendermaet H I, en een faem* 
lijn 1G , daermen anders elck punt A , B int 
befonder verfchaeuwendc, van elck twee fuie-: 
ke linienfoude ttecken.

j  yoorbeelti

Laet ten derden A  ,B, twee punten fijn inde vloer,en noch twee punten elck 
foo  höoch dáer boven als C Dlanek is commende teen punt boven B int glas, 
en  de lini iuflchcn.die twee punten die evewijdieh vande vloer moet w efen , fy 
de ghegheven verfchaeulicke lin i, voort is t’glas rechthouckich op de vloer jfijn 
glaigröndt fy E B F,eti G de voet, waer op deur t ghedacht ghenomen wort een  
fienderlijn te ftaen rechthouckich op de vloeren even 3nde fiendermaet G H . 
O m  hier af de fchaeu te vinden, ick treek BI rechthouckich o p E F , en even an 
G D^dacrna G Kevewijdeghc met B A ;en  van t’vloerlijnraeckfclK,de ficn- 
dermact KL. rechthouckich op EF,en even an G H, voort L I  en A  G fnyende 
E F in M , daer na M N  rechthouckich op EF , ghcrakcndc de facmlijn 1 L  
in  N . T ’vvelck foo fijnde 1N  is de begheerde fchaeu : W ant t’punt I is 
int glas fijn eÿghen fehäeu deur de tweede begheette , en t’punt N  fchaeu 
van t’punt boven A  deur h c tó v o o r ik l, daerom de lini tuflehen bcyden ais 
N I ,  is deur het eerfte voorftel ichaeu vande lini boven A  B. D e cort-

D } heyt

H  X>
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in the procedure, for by the drawing of EG parallel to BA  we should not then 
reach any conclusion, as is set forth in the Note to the 5th proposition. Thereafter 
I draw GH  at right angles to CD  and equal to EF, further HB  and AE, inter
secting CD  in Z, and IK  at right angles to CD, meeting HB in K. This being so, 
KB  is the required image of AB, for B in the glass is its own image, by the 
second postulate, and K  is the image of A  by the 5th proposition, and therefore 
the line KB  is the image of AB  by the 1st proposition. The abridgement resulting 
from this is that by drawing EG parallel to AB,  the part o f the meeting line from 
B to K  remains the required image, whereas otherwise a new line would have 
to be drawn for the image.

2nd Example

Secondly, let AB  be a straight line in the floor, not meeting the glass base CD, 
whose glass is at right angles to the floor, E being the foot, on which is imagined 
an observer’s line at right angles to the floor and equal to the observer’s measure 
EF. In order to find the image from this, I produce AB  to the glass base in G; 
thereafter I draw the floor line EH parallel to G A. Further HI at right angles 
to CD  and equal to EF, thereafter IG, and AE intersecting CD in K, and KL  at 
right angles to CD, meeting IG  in L, further BE intersecting CD  in M, and M N  
at right angles to CD, meeting IG  in N. This being so, it is clear that L N  is the 
required image of AB. The abridgement resulting from this is that by producing 
AB  to G, and the rest as above, the two points A, B are drawn in perspective 
with a floor line EH, an observer’s measure HI, and a meeting line IG, whereas 
otherwise, if each point A, B were drawn in perspective separately, for each two 
such linès would have to be drawn.

3rd Example

Thirdly, let A, B be two points in the floor, and two more such points, each 
as high above them as CD  is long, one point coming above B in the glass, and 
let the line between those two points, which must be parallel to the floor, be 
the given object line; further the glass is at right angles to the floor; let its 
glass base be EBF, and G the foot, on which is imagined an observer’s line at 
right angles to the floor and equal to the observer’s measure GH. In order to find 
the image from this, I draw B í  at right angles to EF and equal to CD, thereafter 
G K  parallel to BA; and from the floor-line glass point K  the observer’s measure 
KL  at right angles to EF and equal to GH, further LI and A G  intersecting EF in 
M, thereafter M N  at right angles to EF, meeting the meeting line IL in N.  This being 
so, IN  is the required image, for the point I is its own image in the glass, by the 
second postulate, and the point N  is the image of the point above A  by the 6th pro
position; therefore the line between the two as N I  by the first proposition is the
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bcydt hier uytvolghendc te, datmen 
dcurG K evewijdeghe te trecken met B A, 
loo blijft het déel der facmlijn ván 1 tot N 
de begheerde (chaeu, daermen anders 
doende een nieuwe lijn voor ichaeu moet
trecken,boven dien noch een lini als B l>en ® ® ^  \  **
een ander als BÁ.

Vborbeelt.
Laet ten vierden A en B twee punten fijn ipde vloer, elck loo hooch daer 

boven ais C D lanck is, commendc beyde buytcn t’glas , en de lini tufichen dic 
twee punten die evewijdieh vande vloer moet vvcfcn,fy de ghegeyen vcrichaeu- 
Jicke lini : Voon is t glas rechthouckich op de vloer, fijn glalgront fy B F,en G de 
ypet, waer op verdofcht wort een fienderlijn te ftaen rechthouckich op de vloer, 
en even ande fiendermaet G H. Om hier af de ichaeu te vinden, kk treek A B 
vOonvacrt totdatfedeglafgrontgheraecktin I ; Daer nal K rechthouckich op 
£F,enevenanC D, voort G L evewijdeghe met IA, en van tVloerlijnracckfèl 
L, de fiendermaet L M rechthouckich op E F,en even an GH:Daer na M Ken 
AG,fnyende E F in N, voort N O rechthouckich op E F, en ghcrakendc M K 
in O; Daer na B G fnyende E F in P,voort F Qrechthouckich op E F, en ghera- 
kcndcMKinQ/Pwelckibo fijnde, OQjsde begheerde fckâeu: WantO te 
fchaeu van t'veifchaeulickpunt boven A,en 
Qvan rverfchaeulickpunt boven B deur 
het 6 voorftel,en O QJini tuflehen beyden 
die punten, moet fi jn3é fchaeu vande ver- 
fchaeulicke AB deur het i voorftcl. De
cortheyt hier uyt volghende,wort benierckt __
alfmen int langhc elck verfchaeulickpunt BC * L £
alleen verichaeut na de manier des 6 voor- 
fiels,fonder A B voort te trecken,noch G L 
daer me evewijdeghe.

i L I D T.
Daetvaltcortheyten fekerheyt int werde met te ghedencken dat verichaeo. 

licke evewijdeghe linien die mettetglas evewijdieh fijn, hun fchaeuwen oock 
evewijdieh hebben deur het j voorftel : Maer verfchaeulicke evewijdeghe dic 
mettetglas ohevewijdich fijn ,datfe haer fchaeuwen oock onevewijdich heb* 
ben, en voortgctrocken fijnde in een punt verfamen deur het $ voorftel. D’oir- 
faeckdier cortheyt isomdatmen int fouckender fchaeuwen vande ghegheven 
verfchaeulicke punten , niet ahijt en behouft tc vcrvolghcn al de fes leden dec 
wereking des s voorftels,of de icvcn leden des 6 vootilds,tiucr allccaclick tweo 
of drie van dknj ja fontwijlen nietten.

/ Voorbetlt.

Omdefc cortheden by voorbed t te verdaten, læt A B C D een verfchaeo- 
lidte evewijdeghe vier houck ßja inde vloer, deur wiens fijde D C de glalgront

EFftre^
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image of the line above AB. The abridgement resulting from this is that by 
drawing GK  parallel to BA, the part of the meeting line from 7 to N  remains the 
required image, whereas otherwise a new line would have to be drawn for the 
image, and moreover a line such as Bí  and another such as BA.

4th Example

Fourthly, let A  and B be two points in the floor, [and two more such points} * 
each as high above them as CD is long, both falling outside the glass, and let 
the line between those two points, which must be parallel to the floor, be the 
given object line. Further the glass is at right angles to the floor; let its glass 
base be EF, and G the foot, on which is imagined an observer’s line, at right 
angles to the floor and equal to the observer’s measure GH. In order to find the 
image from this, I produce AB  until it meets the glass base in I. Thereafter IK  
at right angles to EF and equal to CD, further GL parallel to I A, and from the 
floor-line glass point L  the observer’s measure LM  at right angles to EF and equal 
to GH. Thereafter M K  and AG,  intersecting EF in N,  further N O  at right angles 
to EF and meeting M K  in O. Thereafter BG, intersecting EF in P, further PQ at 
right angles to EF and meeting M K  in Q. This being so, OQ  is the required 
image, for O is the image of the point above A, and O  of the point above B, by 
the 6th proposition, and OQ,  the line between those two points, must be the image 
of the line AB, by the 1st proposition. The abridgement resulting from this is 
noted if  in the full construction each point is drawn in perspective separately, in 
the manner of the 6th proposition, without AB  being produced, nor GL being 
drawn parallel thereto.

3rd SECTION

Abridgement and verification possibilities are obtained in the procedure by 
bearing in mind that parallel lines that are parallel to the glass also have their 
images parallel, by the 3rd proposition, but that parallel lines that are non
parallel to the glass also have their images non-parallel and, when produced, meet 
in one point, by the 3rd proposition. The cause of this abridgement is that in 
seeking the images of the given points we need not always follow all six sections 
of the operation of the 5th proposition, or the seven sections of the 6th propo
sition, but only two or three of them, nay, sometimes not one.

1st Example

To set forth these abridgements by means of an example, let ABCD  be a 
parallelogram in the floor, through whose side DC  passes the glass base EF; G

' These words have been omitted in the Dutch text.
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£  F ñrcckt0Gisdc voet, waeiop deur t’ghedacht cca domkdija ftact evenande 
íicodcnnact GH,en rechthouckich opdc vio«.

X

M

h F

G

Qtn hier of te verdaten de cortheden dicdervâllen int vinden der fchaeo, 
Wy iullen eerft het hccl wcrck bcfchrijven als volght: Ich treck vooial de vlocr- 
li jnG I evewijdeghe met D A , envanhct vloerlijnraeckfell, de fiendermaet 
I K,e ven an G H, en rechthouckich op de glaigtont E F, daer na de linien K D, 
K C,en A G fnyende E F in L, voorts L M rechthouckich op E F, engheraken- 
de K D in M, daer na M N evewijdeghe met D C , en gherakende K C in N. 
Dit foo fijnde de vicrhouck M N C D is qpenbaerlick de begheerde fchaeu van 
A B C D. De cortheyt hier ingheleghen,is onder anderen,datmen nietgcfocht 
en heeft de fchaeu N des veifchaculickpunts B na de manier des j  vootflels, 
want treckende M N tot datic K C ontmoet als in N , loo mœft Nde fchaea 
fijn van B.cndeliniMN fchaeu van A B, omdeiè reden: K D, K C Étemlijncn 
wcfc nde,en t'punt M fchaeu van A deur het j  voorftel, en dat boven diende 
ichaeu M Kalibo evewijdeghe moet fijn mette fchaeu D C, ghclijck de ver- 
ichaeulicke AB mette verfchaeulicke D C deur het 2 voorflci, foo m on M N 
fchaeu fijn van AB,en N van B.

2 Voorhedt.
Noch veel metekelicker cortheden vallcndet, ais de vcrichaeulicke evewijde

ghe vierhouck in haer heeft veel cvcwijdcgc linien mette afgaende fijden. Laet 
by voorbeclt M N C D hier wederom-fcnàcu van A B G D fi jn , K iâcmpunt,

A 0  S

M

(n de reft alfvooren,uytgenomen dat de verfchaeulicke vdodioOck A 8C D ,i»  
in hacthebbedñe evewijdeghe linien met AD,als O P,QR,ST,

D 4  Osa
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is the foot, on which is imagined an observer’s line, equal to the observer’s 
measure GH  and at right angles to the floor.

To set forth from this the abridgements that may be obtained in the finding of 
the image, we shall first describe the whole procedure ais follows. I draw first 
of all the floor line GI parallel to DA,  and from the floor-line glass point I the 
observer’s measure IK, equal to GH  and at right angles to the glass base EF, 
thereafter the lines KD, KC, and A G  intersecting EF in L, further LM  at right 
angles to EF and meeting K D  in M, thereafter M N  parallel to DC  and meeting 
KC  in N.  This being so, the quadrangle M N C D  is clearly the required image of 
ABCD.  The abridgement in this is, among other things, that the image N  of the 
point B has not been sought after the manner of the 5th proposition, for M N  being 
drawn until it meets KC  in N , N  was bound to be the image of B, and the line 
M N  the image of AB,  for the following reason: K D , KC  being meeting lines 
and the point M  the image of A  by the 5th proposition, while moreover the image 
M N  must also be parallel to the image DC, as the line AB  to the line DC,  by 
the 2nd proposition, M N  must be the image of AB, and N  of B.

2nd Example

Even more notable abridgements are obtained if the object parallelogram has 
in it many lines parallel to the sides descending to the glass base. For example, 
let M N C D  here again be the image of ABCD, K  the meeting point, and the rest 
as above, except that the quadrangle ABCD  now has in it three lines parallel to 
A D  as OP, QR, ST.
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Qmderfclvehnienfchaeuwcfltevindentoenhéeflriiettédoendán té tree« 
ken K P,KR,K T,fnyende M N kide drie punten Vi X,Y i Wánt dédrie linien 
begrepen inden vierhouck M N C D , als V P, X R, Y T, fijn openbacilick de 
begheerde fchaeuwen,te wetenV P van O P,en X R van Q^R, en Y T van ST.

3  Voorbeelt.
Maer otti oock voorbeelt te dellen als het glas dreckt buyten een ßjde des 

evcwijdeghen vierhouex,evewijdieh mette fijde, foo laet A B Ç D weerom een 
verfchaeulicke evewijdeghe vierhouck fijn indevloer, wiens fijde D Ccvewij- 
dich is met te glalgron t E F, en G is de voet, vyaer op deur t'ghedachreen fien
derlijn daet,even andc fiendermaet G H, Om hier af met cortheyt de fchaeu te 
vinden, ick treek A D en B C voonvâert, tot dat íe de glalgront gheraken in I en 
K: Vindc daer na de Ichaeu des vierhouex A B K I, ghclijckfe hier vooren ghe
vonden wiert van A B C ü ,  wclcke Ichaeu (nemcndeLveorfaempunt) fy 
M N K I. Nu ghelijek hier gevonden is de ichaeu M N der verfchaeulicke A B, 
alibo falrnen oock vinden de fchaeu der verfchaeulicke D Cjdat is,ick treck D G 
fnyende E F in O , daer na O P rechthouckich op E F , en gherakcridc L 1 in P, 
voort P Q_evewijdeghc met M N, en gherakende L K in QTl 'wclck foo fijnde 
den vierhouck M N Q_P, is openbaerlick de begheerde fchaeu dcrvérlchaeulia- 
keA B C D .

X,

-F.

G

4 . Voorbeelt*
Maer foo de verfchaeulicke form evewijdeghe linien hddde mette afgaende 

fijden,de conhcyt des werex dieder dan op vâlt is dufiianich.-Laet M N QPhicr 
onder weerom de fchaeu van A B C D  fijn, L faempunt, cndercftalfvooren, 
uyt ghenomen dat de verfchaeulicke vierhouck À B C D nü in haer hebbe drie 
evewijdeghe linien met A D,ais R S, T  V,X Y. Om der felver linien fchaeu te 
vinden,men heeft niette doen dan die fèlve drie linien voott te trecken tot inde 
glafgront E F,als R. S Z,en foo met d ander twee: Däer na drié linien vant (kern
punt L,tot dic driegheraecklêlen inde glaigröndt, want de drie linien alfdan be
grepen inden vierhouck M N QP, fijn openbacilick de begheerde fchaeuwen 
dcr.vteifchaeulickeRSjTVjXY.'

j  Voor-



879

To find the images of the said lines, we need only draw KP, KR, KT, inter
secting M N  in the three points V, X, Y, for the three lines contained in the 
quadrangle M N C D  as VP, XR, Y T  are clearly the required images, to wit VP 
of OP, and X R  of OR, and Y T  of ST.

3rd Example

But to give also an example where the glass extends outside one side of the 
parallelogram, parallel to the side, let ABCD  again be a parallelogram in the 
floor, whose side DC  is parallel to the glass base EF, and G is the foot, on which 
is imagined an observer’s line, equal to the observer’s measure GH. In order to 
find from this briefly the image, I produce A D  and BC until they meet the glass 
base in I and K', thereafter I find the image of the quadrangle ABKI  as it was 
found above of ABCD, which image (taking L  for the meeting point) shall be 
MNKI.  Now just as here the image M N  of the line AB  has been found, in the 
same way the image of the line DC  will also be found; that is: I draw DG  inter
secting EF in O, thereafter OP at right angles to EF and meeting LI in P, further 
PQ parallel to M N  and meeting LK  in Q. This being so, the quadrangle MNQP  
is clearly the required image of the figure ABCD.

4th Example

But if the figure has lines parallel to the sides descending to the glass base, 
the abridgement of the procedure then obtained is as follows. Let M N Q P  
below again be the image of ABCD, L the meeting point, and the rest as above, 
except that the quadrangle ABCD  now has in it three lines parallel to A D  as RS, 
T V , X Y .  In order to find the images of the said lines, we need only produce the 
said three lines to the glass base EF so as to obtain RSZ, and similarly with 
the other two. Thereafter three lines from the meeting point L  to those three 
meeting points in the glass base, for the three lines then contained in the 
quadrangle M N Q P  are clearly the required images of the lines RS, TV, X Y .
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je

S Voorbuit.
Hoc wd Ohs vooTnerttenwäsuyt verícheyden manieren van wercklng maci 

een tc verkiefen, te weten die ons cortii en bequaemít docht, föo füllen wy 
nochtans totte vier bovefehreven voorbeelden dit vijfde vervoughen, met wat 
verandering indé manier des wercx, deur dien wy in des Anhangs 3 hooftftick 
daer af wát lullen fegghen»

Om dan tot de laeck te córnmen jfitllen hier (tellen vier formë.dterfte met een 
ghegevcn verfchaeuïick vicrcant, de tweede met een verfchaeulicke rcchthouck 
op d’een fijde langer.de derde met een evewijdege fcheefhouckighe vierhouck, 
en alle drie mettct glas rechthouckich op de vloer deur een fijde der vérfchaeu- 
lickc vierhouck: De vierde fortii metter glas fcheefhouckich op de vloer, tot 
Welcke vict formen een fclvcbcfchrij ving dienen fai. Laetdan ABCD een 
verfchaeulicke evewijdeghe vierhouck fijn inde vloer, deur wiens fijde D C dé 
glafgront £ F ftreckt,G is de voet,waer op deur tfghedaeht een fienderlijn fiaet, 
even ande fiendermaet G H,cn rechthouckich op de vloer, voort fy ghetrockcn 
de vloerltjn GI, evewijdeghe met D A,en van het vloerlijnraeckfel I , de fien
dermaet 1K, even an G H, eh rechthouckich op de glalgront E F, daer na dé 
iàemlijnen D K, C K. Tot hier toe is t'werék ghedaen als in t'beghin vah het 
i voorbeelt defes 3 lidts j Maer om nu de fchaeu van A B op ons voorghenomen 
manier te vinden, ick teyeken inde glafgront E F t’punt F, alíbp dat C F even is 
ande lini dieder valt van G rechthouckich op E F, t’welck in d’eerfte, en tweede 
fofm is GI,inde 3 en4form wortfe bedocht : Daer naFL, even cn evewijde
ghe met 1K, voort teyeken ick inde glaigröndt E F t’punt E, allbo dat C E even 
is ande lini dieder van C rechthouckich valt op AB, of op haer verlangde, 
t’welck in deerde cn tweede form is C Blinde 3 en 4 for m wortfe bedocht:Daer 
na C M, makende op E F een houck eveh anden houck dienten neemt hetgla3 
op de vloer tc maken; Ick treek daer na L, E,fnyende C M in N,necm daer na dé 
langde C N.vervbugh dic inde lini! K,van I tot O, en treek deur Ode liniPQ^ 
evewijdeghe met A B,tc weten P Inde facmlijn D K, en Q indc faemlijn C K. 
Dit foo iijnde,ickfcghde lini PQje wefcn de fchaeu van AB, en PQC Dde 
fchàeu des vierhouck ABCD. T b e r e y t s e l .  Laet inde eerftc en twee
de form gheteyekent worden t’punt R, als ghemecne fne van IK , of haer ver
langde,cn A B of haer verlangde.

ï  B E W Ÿ S.
Anghefíenind’cerlk en tweede form CF even isandeIiniIG,enCE at|

C. B, dáts oock an i JA, foo is I  Feven met G R, en F L is even ande fienderli jn 
dteoptpnntGfbet reehthotrekfch opdevlte?, waer dcwdendriehoirckE F L 
Rshtiijñdean ï;<w«vcegbe!iick is anden verdochten drie houck begrepen tuft

fehen
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5th Example

Although it was our intention to choose only one out of different operation 
methods, to wit that which appeared shortest and most suitable to us, we will 
nevertheless add to the above four examples this fifth, with some modification 
in the construction method, because we shall say something about it in the 3rd 
chapter of the Appendix.

In order to come to the matter, we shall here give four figures, the first with 
a given square, the second with a rectangle, one side of which is longer than 
the other, the third with an oblique-angled parallelogram, and all three with the 
glass at right angles to the floor through one side of the quadrangle; the fourth 
with the glass at oblique angles to the floor, for which four figures the same 
description will serve. Let ABCD  therefore be a parallelogram in the floor, 
through whose side DC  passes the glass base EF; G  is,the foot, on which is 
imagined an observer’s line equal to the observer’s measure GH  and at right angles 
to the floor; further let there be drawn the floor line GI, parallel to DA,  and from 
the floor-line glass point 1 the observer’s measure IK, equal to GH  and at right 
angles to the glass base EF, thereafter the meeting lines DK, CK. Up to this 
point the procedure has been as at the beginning of the 1st Example of this 
3rd Section. But in order now to find the image of AB  in the manner intend
ed by us, I mark in the glass base EF the point F such that CF is equal to 
the line that is from G  at right angles to EF, which in the first and second figures 
is GI; in the 3rd and 4th figures it is imagined. Thereafter FL, equal and parallel 
to IK; further I mark in the-glass base EF the point E such that CE is equal 
to the line that is from C at right angles to AB,  or to AB  produced, which in 
the first and second figures is CB; in the 3rd and 4th figures it is imagined. 
Thereafter CM, making with EF an angle equal to the angle that the glass is 
assumed to make with the floor. Thereupon I draw LE, intersecting CM  in N , 
then take the length CN, transfer that to the line IK, from I to O, and draw 
through O the line PQ parallel to AB, to wit P in the meeting line D K  and Q 
in the meeting line CK. This being so, I say that the line PQ is the image of 
AB, and PQCD  the image of the quadrangle ABCD. PRELIMINARY. In the 
first and second figures let the point R be marked, as intersection of IK, or IK  
produced, with AB, or AB  produced.

PROOF

Since in the first and second figures C F is equal to the line IG, and CE to CB, 
i.e. also to IR, EF is equal to GR, and FL is equal to the observer’s line that is 
in the point G  at right angles to the-floor, in consequence o f which the triangle 
EFL, right-angled in F, is equal and similar to the imagined triangle contained
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fchen het oogh,R,en G, recht fijnde an GjVoort anghefien IG even is an C F, 
foo moet L E, de lini C M fnyen in N, Too hooch boven C, ais hetüraei van 
t’oogh tot R het glas deutboort boven I, daerom C N is de ware langde diedet 
moet fijn van D C tottc fchaeu van A B, maer de felve langde is tuflchcn D G 
en PQdeur t'werck,daeromPQjs inhacr behooilickc verheyt van DC :Hacr 
uyterftenPQfijnoockinde feem lijnen DK, CK ¡ Daerom PQJs de wate 
IchaeuvanAB.

I F O R M  2  F O R M

X  CV  IE  D X  G

3 cFûl&i

ZJ

£> î v i \ X  O
X Q

H

ghenouch verftaende nootfokelickheyr van dergheli jtfccinde deide en vierde 
form, want foomen tieekt een lini van G, rechthoBckiehop AB,o£of> hacrvrr-.

langdê
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betw een the eye, R, and G, being right-angled in  G.  Further, since IG  is equal 
to  CF, LE m ust intersect the  line CM  in N , as h igh  above C as the ray from  the 
eye to R  pierces the  glass above I; therefore C N  is the true leng th  th a t m ust be 
from  D C  to the image o f AB,  bu t the  same leng th  is between D C  and PQ  by 
the procedure, therefore PQ  is at its p roper distance from  DC.  Its extrem ities P, 
Q  are also in  the m eeting lines D K ,  CK;  therefore PQ  is the true im age o f AB.

From  w hat has here been proved in  the  first and second figures w e may un d er
stand clearly enough the necessity o f a sim ilar procedure in the th ird  and fourth

t
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langde, fy &l even fijn met EF, Waer uyt men ghenouchfiettvërvoigh ván«
de red.

M ER C KT.
Maer fbodèr té vinden waren dé (chaéuWen vah éitelitkc ander verichaeuiic- 

ke linien cveWijdich met À  B, dat can met cortheyt aldus ghefchien : Laet tuf- 
fchen A B en D C deurt’ghcdacht noch twee verfchaeulicke linien f í j n ,  éven 
en evewijdich met A B,en deckende deur de punten S,T,die gheteyekent fijn 
in  AD. O m  der fclve linien fchaeuwen te vinden* kkteyckeninC .E de twee 
punten V,X,alfoo dat C V  evén is mette lini van S tót öp E F rechthouckich,en  
C X  even inette lini van T  rechthouckich óp E F , treck daer na L  V , en L  X ;  
fnyende M C  in Y en Zj Tcyckendaet na inde vierhouck P Q C  D de lini a fe,fo 
hooch boven D C,als van Y tot C , fghelijcx de lini cd loo  hooch boven D C¿ 
als van Z tot C,eh heb openbaerlick t’begheerde V

Tot hier toe fijn voorbeelden befchreven alwaer t'glas dreckt deür een fijdé 
des verichaeulicken vierhoiic$,maer om oock vooibcelt te ftéllen daert buyten 
een fijde dreckt evewijdich mette lelve, loo laet inde twee eerde rechthoucki- 
ghe verfchaeulicke vierhoucken ABTe een verfchaeulicke vierhoutk fíjn; 
dreckendet’glasdeurEFevewijdich inet AB j en de reft van t’ghegheven fy 
alfvooren.

Oin nu de fchaeu van À B tc vinden, inen fai A T çn haër tegenöverfi/deB e 
voorwaert trecken, tot darle E F gheraken, als in C en D: Anfiendedaer na 

.ABCDalofTedeghtgheven verfchaeulicke form waer, men vint PQfchaeu 
yan A B alfvooren; En anficndé daer ha andermael T e C D, al offe de gheghc- 
ven verfchaeulicke form Waer , men vint hp de felve voughc de fchaeu vande 
verdochteT e, en men heeft t'begheerde, Waer af f beWijs deut t’voorgacndp 
openbacr is.

6 Voorheeft.
Nu füllen wÿ fegghen vàndë cortheyt dieder Valt, als t’glás ftreckt onevewij- 

dich met elckc der vier fijden. Lact tot dién eyhde A B C D een verfchaeulicke 
evewijdcghc vierhouck fijn, E F de glaigtont onevewijdich met clcke der vier 
djden,en t’glas rechthouckich óp de vloer, ftreckende deur een der pünten, als 
deur C,en G is de voet, waer op deur t’ghedacht een fiendcrlijn ftaet even ande 
fiimdermaaXLH. Oip y^ndc lHve vierhouck. A B C D de fchaeu te cri jghen, 
men foudwneugh,cn,vindenidcfchaeu vao tick der punten A, B, D, na de ghe- 
meene reghel des-¿ yoorftels, treekiende,daer na linien van t’een punt töttet an« 
dcr^maer.mefl canfe;deur eco. cotter wech cri jghen alsvolght; Icktreckde 
vloetlijn G1 cyewijdich met C B,cn K1 rechthouckich op EF,en even an G H; 
Baer/na d&vloerlijn G L evcwi jdcghe met C D,en op E F de ftendermaet L M 
even an G 11, treck daerna A D voorwaert tot inde glafgrondt an N, en A B tor 
inde felve glaigtont an O5 Daer na K N,K C,en M C fnyende K N m P, voorts 
M O fnycndeK N in Q¿n K C in R.Twclck foo fi jnde,de vierhouck QR C P 
is de begheerde fchaeu vande verfchaeulicke A B C D, want M O, M C fijtt 
facmli jnen der fehacuwcn van A BD G en K N, K G der fchaeuwen van AD;
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figures, for if a line is drawn from G  at right angles to AB, or to AB  produced, 
it will be equal to EF, from which the sequel of the rest is sufficiently seen.

NOTE

But if the images of several other lines parallel to AB  are to be found, this 
can be done briefly as follows. Between AB  and DC  let there be imagined to 
be two more lines equal and parallel to AB  and passing through the points S, T, 
marked in AD.  In order to find the images of the said lines, I mark in CE the 
two points V, X,  such that CV  is equal to the line from S at right angles to EF, 
and Ç X  is equal to the line from T  at right angles to EF, and thereafter I draw 
LV  and LX, intersecting MC  in Y  and Z. Thereupon I draw in the quadrangle 
PQCD  the line ab as high above DC  as from Y  to C, likewise the line cd as 
high above DC  as from Z to C, and I clearly have what was required to be found.

Up to this point examples have been described where the glass passes through 
one side of the quadrangle, but in order also to give an example where it passes 
outside one side, parallel to the latter, in the two first rectangles ABTe  let there 
be a quadrangle, the glass passing through EF parallel to AB,  and the rest of 
the supposition being as above.

In order now to find the image of AB,  let A T  and its opposite side Be be 
produced until they meet EF as in C and D. Thereupon considering ABCD  as 
if it were the given figure, PQ is found as the image of AB  as above. And then 
again considering TeCD  as if  it were the given figure, the image of the imagined 
line Te is found in the same manner, and we thus have found what was required 
to be found, the proof of which is clear from the foregoing.

6th Example

W e will now discuss the abridgement obtained when the glass is non-parallel 
to each of the four sides. To this end let ABCD’ be a parallelogram, EF the glass 
base non-parallel to each of the four sides, and the glass at right angles to the 
floor, passing through one of the points as through C, and G is the foot, on which 
is imagined an observer’s line equal to the observer’s measure GH. In order to 
obtain the image of the said quadrangle ABCD  we might find the image of each 
of the points A, B, D , according to the common rule of the 5th proposition, there
after drawing lines from one point to the other, but it can be obtained by a 
shorter method, as follows. I draw the floor line G l  parallel to CB, and KI  at 
right angles to EF and equal to GH. Thereafter the floor line GL parallel to 
CD, and on EF the observer’s line * LM  equal to GH\ thereafter I produce A D  
to the glass base to N ,  and AB  to the said glass base to O; thereafter I draw KN,  
KG, and MC  intersecting K N  in P, further MO  intersecting K N  in Q  and KC  
in R. This being so, the quadrangle QRCP is the required image of  the figure 
ABCD,  for MO, MC  are meeting lines of the images of ABCD  and K N , K C  of  
the images of AD, BC; therefore the images of AB  and DC  are in the meeting lines

(•) “Observer’s measure” is evidently a printer’s error in the Dutch text.
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S C , daerom de ichaebwen van A B en t) C fijn iftdefaemlijncn M O,M C,en 
de fchacuwen van A D, B C inde Íáeínlijcen KN, K C waer deur QR en PC 
ichaeuwenfijnvanAB,DC,enQP,RCfchaeuwen van A D, B C, en ver
volgens de vierhouck QR. C P ichacu des vctTchaculicken vkrhoûtx ABCD.

7 Voor-
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MO, MC, and the images of A D , BC in the meeting lines K N , KC, in consequence 
of which QR  and PC are the images of AB, DC,  and QP, RC are the images of 
AD, BC, and consequently the quadrangle QRCP  is the image of the quadrangle 
ABCD.
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7  Voorheek*
Maer foo ih de verfchaeulicke evewijdeghe vierhoück, líhien wáren evewi j- 

dich mette lijden,haer fchacuwen worden occk met corthcyt ghevonden. Laet 
by voorbeelt inden verfchaeulicken vierhouck ABC D.dric linien fijn eveWij- 
dich met Á B, en drie ander linien evewijdich met AD : Dit foo lijnde, mea 
doet de wereking alfvooren, en dacrenboven treckmen noch de ghegeven eve- 
Wijdeghen voorwaert,totdatfede glalgrontEFgheraken,aIstuflchen C en O 
inde drie punten S,T, V, maer tuflehen C en N inde drie punten X,Y,Z, ende is 
dan de form ais hier onder:

X L

A

E
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7th Example

But if in the parallelogram there are lines parallel to the sides, their images 
are also found briefly. In the quadrangle ABCD, for example, let there be three 
lines parallel to AB,  and three other lines parallel to AD.  This being so, the oper
ation is as above, and in addition the given parallel lines are also produced until 
they meet the glass base EF as between C and O  in the three points S, T, V, but 
between C and N  in the three points X , Y , Z ;  then the figure is as shown below.
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Daer na treck ick de fo linien M S, M T, M V,K X,K Y,K Zjen de Hnien dan 
begrepen inden vierhouck QR C P (welcken vierhouck wÿ meerder ctaeihcyts 
halvcn hier andermael verteyckcncn,fonder de ghegheven verfchaeulicke vier
houck) fíjn de begheerdc ¿haeuwcn da verfchaeulicke evcwijdcghe inden 
vierhouck ABCD.

J f f  -

S Voor-
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Thereafter I draw the six lines MS, MT, MV, K X , K Y , KZ, and the lines then 
contained in the quadrangle QRCP (which quadrangle, for the sake of greater 
clarity, we draw here once more, without the given quadrangle) are the required 
images of the parallel lines in the quadrangle ABCD.
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8 Voorheeft.
JLaet nu den glafgront E F firecken buytcn den verfchaculicken evewi jdegen 

Vierhouck AB C D,fcnder dien te ghciaken, ais hiei onder, alwaerGde voèt 
ís, G H iiendermaet, dic ghelijck cock t'glàs rcchihouckich op de vloer is. Hier 
tnc mette punten 1,K, LjMjNjOjdcwercking vcrvolght alfvooren, daer na 
B C, en C D vootwaert ghctrocken, tot datfe de glaigtont F F,gheraken in P en 
Qjen ghetrocken M 0 ,M Q, K N, K P, foo is de vieihouck begrepen tulichen 
die binnenßc deelen,vcn dic vier linien,als R S T V, de begheerde fchaeujwaer 
af t’bewijs openbacr is deur t’voor gaende.

M

. V

A

7  Voor*
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8th Example

N ow  let the glass base EF extend outside the parallelogram ABCD, without 
meeting it, as shown below, where G  is the foot, GH  the observer’s measure, which 
just like the glass is at right angles to the floor. When upon this, with the points 
I, K, L, M, N , O, the operation is continued as before, thereafter BC and CD  
are produced until they meet the glass base EF in P  and Q,  and MO, MQ, K N ,  
K P  are drawn, the quadrangle contained between those interior parts of those 
four lines as RSTV  is the required image; the proof of which is clear from the 
foregoing.
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ç Voorbeelt.
Maer (bo den vetfchaeulickcn vierhouck A BCD, evcwijdege linien hadde 

met d’een en d’ander (ijde,men fonde om haer fehaeuwé met lkhtichcyt te vin
den,doen alfvooren,te weten die linien voorttrecken tone glafgrondt E F.daer 
na linien van M tot fulckc gheracckfelen tuffchen Q̂ cn O vallende, en van K 
tot foodanighe gheracckfelen tuflehen P en N vallende; want diet linien deelen 
inden vierhouck R S T V begrepen, fouden om de voorgaende redenen de be
gheerde fchaeuwen lijn.

io Voorbeelt.
Ons can oock cortheyt ontmoeten int verfchaeuwen der lichamclicke recht, 

houcken. Om van fwelck by vootbeelt te fpreken, laet A B C D fijn de gront- 
teyekening van een Jichamelicke rechthouck,diens hooghde E F,en t'glas ftrce- 
kcdeur t’voorile plat diens gróndt D C, de voet fy G, waer op deur fghedacht 
ftaet een ficnderlijn rechthouckich op ae vloer, en even ande fiendermact HI. 
Om nu t’werek te doen ick tcycken op een ander glas (om de fchaeu mette ghc- 
geven grontteyekening niet te vermengen) KL,MN, ais fchaeu des vierhoucx 
die int glas comt,tè weten diens gront N M even is met D C, en hooghde N K, 
evê an E F. Voort vindc ick deur het 5 of 6 voorftel flaempunt O, van t’fel ve tree 
ick O M, 0  N, O K, 0  L,als faemlijnen vande voortghetrocken fchaeuwen der 
vcrichaculickc gclijck fíjn D A, C B,en dieder boven commcn. Om nu de relt 
der begheerde fchaeu te volmaken, ick en behouf niet dan te fouckcn de fchaeu 
des punts ghelijck A is, welcke fchaeu P fy, diemen nu vint alleenelick deur de 
twee laetfteleden der wcrcking vant j voorftel: Daer na treckmen P Qevewij- 
deghe met N K, tot datfe gheraeckt de làemlijn O K:Daer na Q R,cvewijdegc 
met N M, tot datfe gheraeckt de làemlijn O L, voorts R S, evewijdeghe met 
L M, tot datfe gheraeckt de faemlijn O M ; Ten laetften SP , welcke foo inc 
handtwerck nict ghemift er is,nootlàkelick moet vallen evewijdich met N M, 
deur het 2 voorftel : En om de redenen int felve 2 voorftel bewefen, moefteu 
P QjCn R S, evewijdeghe lijn met N K, L M, en Q_R , met N M , fulex dat 
K LM NPQ_R S de begheerde ichacu is.

Maer want dele fchaeu gheteyckent is van een lichamelickcn rechthouckals 
van deurluchtighe ftof lijnde, fulex datmen de achterftelinien ais PQ,PS,PN, 
lien can, foo is te weten dat alfmen fich voorftelt dattet lichaem niet dcurluch- 
tich en is, men mach de felve drie linien onghetrockcn laten, en in liilcketvge- 
vallcfoudemcnin plaets des punts P, hebben meughen vinden t’puntO , ea 
voort de reft vervolghen na t’behooren.

u  Voorbeelt.
Maer foodêr achter den ghegheven verfchaeulicken lichamelickcn recht. 

houck,ftonden meer ander lichamelicke rcchthoucken, even en ghelijck mette 
felve, als diens grontteyckeninghen de vier canten T, V, foo dat de twee fijdca 
Ten V waren inde rechte lini van D deur A ftreckende, de vinding van haer 
fchaeuwen is oock heel licht,wantghevonden t’punt X, ghelijck boven ghefeyc 
is van Qrn daer mealfoo voortghcvaren.men heeft de begheerde fchaeu an Xi 
En (gheiijcx vintmen oock de fchaeu an Y.

u  Voor-
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9th Example

But if the quadrangle ABCD  had lines parallel to one side and to the other, 
in order easily to find their images we should proceed as above, to wit produce 
those lines to the glass base EF, thereafter draw lines from M  to such meeting 
points between Q and O, and from K  to such meeting points between P and N; 
for the parts of those lines contained in the quadrangle RSTV, for the foregoing 
reasons, will be the required images.

1 Oth Example

W e may also obtain abridgement in the perspective drawing of right prisms. 
In order to speak of this by means of an example, let ABCD  be the ground-plan 
of a right prism, whose height is EF, and let the glass pass through the foremost 
plane, whose base is DC; let the foot be G, on which is imagined an observer’s 
line at right angles to the floor and equal to the observer’s measure HI. Now  in 
order to carry out the procedure, I draw on another glass (so as not to mix 
up the image with the given ground-plan) K LM N  as the image, of the quadrangle 
that comes in the glass, to wit whose base N M  is equal to DC  and whose height 
N K  is equal to EF. Further I find by the 5th or 6th proposition the meeting point 
O; from this I draw OM, ON, OK, OL  as the meeting lines of the produced 
images of the lines, such as DA, CB, and those coming above them. In order 
now to complete the rest of the required image, I need only seek the image of 
the point as A, which image shall be P, which is now found simply by the two 
last sections of the operation of the 5 th proposition. Thereafter PQ is drawn 
parallel to N K  until it meets the meeting line OK;  thereafter QR  parallel to N M  
until it meets the meeting line OL, further RS parallel to LM  until it meets the 
meeting line OM; finally SP, which, if the construction has not been defective, 
must needs be parallel to NM, by the 2nd proposition. And for the reasons 
proved in the said 2nd proposition PQ and RS were bound to be parallel to N K ,  
LM, and QR  to NM,  so that KLMNPQRS  is the required image.

But because this image has been drawn of a right prism of transparent matter, 
so that the rearmost lines as PQ, PS, P N  can be seen, it is to be known that if 
the solid is imagined not to be transparent, the said three lines can be left un
drawn, and in such a case instead of the point P we might have found the point 
Q, and further might continue the rest in the proper manner.

11th Example

But if behind the given right prism there are some more right prisms, equal 
and similar to the said one, such as those whose ground-plans are the squares 
T, V, so that the two sides T  and V  are in the straight line from D  passing 
through A, the finding of their images is also very easy, for when the point X  
has been found as has been said above of Q, and the procedure is continued, 
the required image is to be found in X; and in the same way the image is also 
found in Y.
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E, X>

12 Voorbuit.
Maer foo inden bovefcKreven verfchaçtilicken lichamelickcn rechthouck, 

meer ander Hhien waren evewijdichmettciljden.haer Ichaeüwenfôudcn met 
cortheyt meùgbén ghctrockcn worden : Als by voorbeelt,ghenomen datier in
de cortftefijdcn ghetCyckent waren dtic punten, van welckeevewi jdegelinien 
ghctrockcn waten mette langfte lijden : S'ghelijcx inde langfte fijden fevcn 
punten,ván welcke evcWijdeghC ghetrocken waren mette confie fijden.

Om der fdvcr cvcwijdeghcn fchacdwen te vinden, men heeft nietan-
E i dus
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12th Example

But if in the above right prism there were some more lines parallel to the 
sides, their images might be drawn briefly. For example, let us assume that in 
the shortest sides there were marked three points, from which lines were drawn 
parallel to the longest sides, and in the same way in the longest sides seven 
points, from which lines were drawn parallel to the shortest sides.



S 4
deis te doen, dan 
die linienuyt Ote 
trecken totte voor* 
fchreven punten, 
en voort al d’an* 
der ghelijck de 
volghende form 
anwijft , wclver- 
ftaende dât de eve
wijdeghe met KL, 
inden vierhouck 
K R ghcvonden 
worden ais hief 
vooren in dit j lidt 
ghefeyt is, en dat 
van dier linien 
uyterftc punten in 
L R, ghetrocken 
fíjn evewijdeghe 
linien met R S.

2 B O Y C K  ¡DER. ÔEYR S I C H T I G  HE

J O

i . y

A
a

K H

j j  Voorbeelt.
Soo t’glas niet en waer evewijdich met des lichamelickcn rcchthouat plat 

alfvooren,maer oncvewijdich, daer vallen oockmerckelicke coriheden in.Laet 
by voorbeelt A B C D cen rcchthouck fijn,ick neem een viercant als grontteyc« 
kening inde vloer, waer op verdocht wort een lichamelicke rcchthouck te com- 

Cabot. men, foo hooch ais een der lijden lanck is, te weten een * tecrlinck en deur den
houck C ftrcckt het glas Ef rechthouckich op de vloer, voort is G de voet,wacc 
op verdocht wort een fiendetlijn te fiaen rechthouckich op de felve vloer, cn 
even ande fiendermaet G H.Om van dcfen tecrlinck de fchaeu te teyckenen,idc 
vinde eerft alfvooren de fchaeu des gronts,ofder diic fienlicke punten B, C, Dr 
welcke fijn, neem ick,ais inde volghende tweede form I,K, L : En KIM d’cea 
faemlijn,diens iàempunt M: D’anderfaemlijnisKL N, diens iaempunt N, cn 
opt punt K dat int glas comt, treek ick de fijde des téerlincx die int glas fiaet, ais 
K O, even an AB, daer na vant faempunt/M de làemlijn M O , en N O daer na 
1 P,en L Qeyewijdeghe met K O.comuiende P in M 0 ,cn Qfo N O: Daer na 
MQ,enNPfnycndeMQinR:Twelckfoofijnde,dc form RPIKLO Ois 
de begheerde fchaeu des ghegheven tcerlincx. ^

14. Voorbeelt.
Maer foo den ghegheven teerlihckop clck viercant evewijdeghe linien hai- 

de,evewijdich mette fijden ,de fchaeuwender felve connen oock met cortheyt 
ghevonden worden. Laet by voorbeelt de uyterftc punten dier eyewijdeghe 
linien in K O,fijn S, T,en d'uyterfte punten der fchacuwen van (ulckc linien in 
K L gevonden inden gront na de manier alfvooren fijnVXcninK.1 fijn Y Z, 
dacr na treek ick de linien van Y cn Xevewijdeghcmet K O,tot in Q 0 ,cn van

daer
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In order to find the images of the said parallel lines we need only draw those 
lines from O to the aforesaid points, and further all the others as the following 
figure shows, in the sense that the lines parallel to K L  are found in the quadrangle 
KR, as has been said before in this 3rd section, and that from the extremities 
of those lines in LR there are drawn lines parallel to RS.

13th Example

If the glass is not parallel to the plane of the right prism, as above, but non
parallel, notable abridgements are also obtained. For example, let ABCD  be a 
rectangle, I assume a square, as ground-plan in the floor, on which is imagined 
to come a right prism as high as one of the sides is long, to wit a cube, and 
through the angle C the glass EF extends at right angles to the floor; further G  
is the foot, on : which is imagined an observer’s line, at right angles to the said 
floor and equal to the observer’s measure GH. In order to draw the image of 
this cube, I first find, as above, the image of the base, or of the three visible 
points B, C, D, which I assume to be as in the following second figure: 7, K, L. 
And KÍM  is one meeting line, whose meeting point is M; the other meeting 
line is KLN,  whose meeting point is N ; and in the point K  that comes in the 
glass I draw the side of the cube that is in the glass as KO,  equal to AB, thereafter 
from the meeting point M the meeting line MO, and N O,  thereafter IP and LO 
parallel to KO, P  coming in M O  and Q  in NO.  Thereafter M Q  and N P  inter
secting MQ  in R. This being so, the figure RPIKLQO  is the required image of 
the given cube.

14th Example

But if the given cube has in each square parallel lines, parallel to the sides, the 
images of these can also be found briefly. For example, let the extremities of 
those parallel lines in K O  be S, T, and let the extremities of the images of such 
lines in KL,  found in the base in the same manner as above, be VX,  and in KI: 
YZ. Thereafter I draw the lines from V  and X  parallel to KO,  as far as QO, and
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daa voort tot M: Daer na van Y en Z evewijdeghe met K O,tot in M O,e» van 
daer voort tot N; Daer na N S,N T,MS, M T. T'Wclck loo lijnde de linien be
grepen indediie vierhouckenfijnopcnbaerlick de begeerde fchaeuwcn der ge- 
ghevca verfchaeulicke evewijdeghe linien op de viercanten des teerlina.

Wen foude bcnevcn de bovefchrcven voorbeelden tnet lichamelicke techt- 
houcken, noch tneughen Hellen ander voorbeelden van grootc gheftichten, 
maer achtende dat hier deur de ineyning ghenoüch verflaen is vandc corthcydt 
vallende in fulckc evewijdeghen.te weten dic mette vloer of mettet glas evewij
dich lijn,folien t daer by laten,te meer dat een dic hem int dadelick verfchacuwfi 
oeffcnt vcel cprthsden merekt die geen mondclicke ondcrdchting en behou vS.

E 4 4 LIDT.
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from there on to M. Thereafter from Y  and Z lines parallel to KO,  as far as 
MO, and from there on to N.  Thereafter NS, N T, MS, MT. This being so, the 
lines contained in the three quadrangles are clearly the required images of the 
given parallel lines in the squares of the cube.

Besides the above examples with right prisms, other examples of large buildings 
might be given, but since we deem that the meaning is thus sufficiently under
stood of the abridgement obtained with such parallel lines, to wit those that are 
parallel to the floor or to the glass, we shall leave it at this, the more so as those 
who exercise themselves in the practice of perspective drawing will note many 
abridgements which do not call for any oral instruction.
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4 L I D T.
Ons ontmoet oock coriheyt int verfchaeuwen vanverichaculicke evewijdp- 

¿lielinien dieonevewijdich fijn mette vloer, en, oock me.ttçt .glas. Om van 
l’wclck voorbeelt te ficllen, lact ABCD fij n de grondtteyckcning van eén 
huys,dicnsflantteyckeningalsvoorghcvel ofachrcrghcvcl fyEFGH I, fulex 
dat 1H even is en overcomt met C B, en t’glas comme op de vloer rechthouc- 
kichdcur DC: Hiertoe noch ghegheven fijnde de voet cn fienderlijn, en de 
vcrfcliacuwing ghedaen wefende na t’behooren, fooisdaeruytghecommen, 
neem ick, de lchaeu waerafhet dack fy den vieihouckKLMN : Dit plat des 
dack en is inde verfchaeulicke form evewijdich noch mette vloer, noch mettet 
glas: Van f felve verfchaeulick dack commen neem ick vijf evewijdeghe linien, 
evewijdich mette uyterftc, beteyckenendehet onderfcheyt van barders, loot, 
pannen, of dierghclijcke
dacrmen dehuyièn me V
deckt, de eynden van 
firlcke linien commen 
iñde lini M N , ais ter 
plaetfen vande punten 
P,QjR,S,T. Om nu dier 
linien fchaeuwen met 
lichticheyt te vinden ick 
treck N Ken ML voor- 
waert tot datlè malcan- 
der ontmoeten an Vais 
iàempunt ; Daer na treck 
ick VP,VQ.VR,VS,
V T , die altèmael K L 
deurfnyen moeten. Dit 
loo fijnde,ick leghdatde 
vijf linien vallende inden 
vierhouck K L M N, de 
begeerde fchaeuwen fijn, 
waer af t’bewijs open- 
baetis.

V
x i /

K . - '

R. S TS*

**>

j L I D T.
Ons cân corthey t ontmoeten met te ghedencken het inhoudt des ï vootflels, 

te weten dat de rechte lini tufichen twee fchaeuwen van verfchaeulicke punten, 
•fchaeu is der verfchaeulicke rechte lini tufichen de felve twee vcrlchaeuückc 
punten. Om van t’welck voorbeelt te bc- 
lchrijvcn , foo laet ABCD fijn een ver- A B
lchaeulicke vicrhouckige rechthouck,diens 
ghevonden lchaeu fy E F G H. Hier bene
vens begheertmen; noch de lchaeu desmid- 
dclpunts I van ABCD. Om dit met córt- 
beyt te doen, ick treck de twee rechte linien
E G,FH,en daerlèmalcandcrdeurlhyenals D G H Q
in K.is de begheerde fchaeu des verfchaeu
lick punts 1: Want deur het bóvefchreven ï  voorfld foo is E G fchaeu valide

vcrdoch-
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4th SECTION

W e also obtain abridgements in the perspective drawing of' parallel lines which 
are non-parallel to the floor, and also to the glass. To give an example of this, 
let ABCD  be the ground-plan of a house, whose vertical plan of the front or rear 
façade shall bé EFGHI,  so that IH is equal to and corresponds to CB, and the 
glass comes at right angles to the floor, through DC.  When in addition the foot 
and the observer’s line are given, and the perspective has been carried out in the 
proper manner, I assume that from this has resulted the image, of which the roof 
shall be the quadrangle KLMN.  This plane of the roof in the figure is parallel 
neither to the floor nor to the glass. I assume that from the said roof proceed 
five parallel lines, parallel to the boundary lines, signifying the distinction be
tween boards, lead, tiles or the like, with which houses are covered; the ends 
of such lines come in the line MN,  namely, in the points P, Q, R, S, T.  In order 
now to find easily the images of those lines, I produce N K  and ML  until they 
meet in V  as the meeting point. Thereafter I draw VP, VO, VR, VS, VT,  all of 
which must intersect KL.  This being so, I say that the five lines falling in the 
quadrangle KL M N  are the required images, the proof of which is clear.

5th SECTION

W e may obtain abridgements when we bear in mind the contents of the 1st 
proposition, to wit that the straight line between two images of object points is 
the image of the straight line between the said two points. In order to give an 
example thereof, let ABCD  be a rectangle, the found image of which shall be 
EFGH.  In addition thereto, the image of the centre I of ABCD  is required. In 
order to do this briefly, 11 draw the two straight lines EG, FH, and where they 
intersect as in K,  is the required image of the point I. For by the 1st proposition
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vcrdochtc AC,en FÜ vàndë vcidochteB D,maer de ge m een e fne vail dietwee 
verdochte linien ghebcurt in 1, daerom des vierhoucxA B C D middelpunt is 
inde verdochte A C, en cock inde verdochte B D , waer deur fíjn fchaeu oock 
moet fijn in E G,en Oock in F H,en daerom is K de begheerde fchaeu.

Ons can noch een ander ghedaénte van corthcyt ontmoeten die wÿ aldus 
verclarcn füllen:Laet ABCD een verichaeulicke evewijdeghe vierhouck we
ien,deur welcke ter eender fijdc ghetrocken fijn foo veel linien evewijdich met 
A  D, alifer ter ander fijde ghetrocken fijn evewijdich met A B , fwelck hier is 
opclckefijdefevcnljnien,öpclckefijdeal even verre van malcandcr.en t’glas 
fi recke deur D C ais glaigtont. Van delen verichaeulickcn vierhouck A B C D ,  
fy E F G H de ghevonden fchaeu, fulex dat G H ghedeelt is in feven even deClcn 
als D C. : Daer na H E, cn G F voortgbetrocken wefende, fy vergaren in I, als 
faempunt van t’Welckghetrocken fijn feven linien tone bovefchreven feven 
punten tufichen GH,iulcx dat der fei vc linien dcelcn begrepê inden vierhouck 
EFGH, fijnfchaeüwé der verfchaeülicke linien die inden vierhouck ABCD 
van boven neerwaert commen. Macr cm nu met cor; heyt te vinden de fchaeu
wen der feven verfchaeulicke linien tufichen A B en D C evewijdich mette fel- 
ye, ick treck E G fnyende de feven linien dieder ghctrockcn fijn van 1 tot inde 
lini G H, cn deur haerghemeene fncen treck ick feven cvcwijdcghçn met G H 
eyndcndcop d’ecn fijdein EH, opd’ander fijde inFG,welcke leven linien 
alfoo met cortheyt ghevonden, ickfegh de begheerde fchaeuwen te fíjn. Om
t’welck te bethoonen, foo 
laet eeift ghetrocken wor
den de rechte lini AC; 
waer af E G deur het i voor
del lchaeu moet fijn, over- 
midts t’punt G ichaeu is 
van C,en E van Aj En al de 
ghemeene fnecn der fclve 
E G, cn der linien van I tot 
in G H , moeten deur t’bo- 
vclchrevé i voorftel ichacu- 
wen fijn der ghemeene ver
ichaeulicke fncen van A C; 
en de linien dic van boven 
neerwaert commen. Macr 
want deur de lclve ghemee
ne verichaeulicke fneen i
d’ander verfchaeulicke evewijdeghe ftrecken,(oö tnocten der felver fchaeuwen 
oock ftreckcn deur de ghemeene fncen in E G, en vervolgens foo fijn de linien 
deur de felve de begheerde fchaeuwen.

\ 1\
\

s \j\
\

6  L I D  T.

Int verfcháeuwen van ettelickc verfchaeulicke ronden can oock eortheydt 
vallen,want het verlchaculickrondt evewijdich lijnde mettct glas,fijn ichaeu is 
oockéen rondt deur het 2 voorftel : Daerom ghevonden lijnde de Ichaeu der 
verfchaeulicke middellijn, en daer op een rondt befchreven, men heeft de be
gheerde fchaeu.

Maer tverfchaeulickrondt mettet glas oncvcwijdich lijnde,de fchaeu can na
ghc-
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described above EG is the image of the imagined line AC, and FH of the 
imagined line BD; but the intersection of those two imagined lines falls in I, 
therefore the centre of the quadrangle ABCD  is in the imagined line AC, and also 
in the imagined line BD, in consequence of which its image must also be in EG, 
and also in FH, and therefore K  is the required image.

W e may also obtain another kind of abridgement, which we shall set forth 
as follows. Let ABCD  be a parallelogram, through which on one side are drawn 
as many lines parallel to A D  as are drawn on the other side parallel to AB, which 
is here seven lines on either side, on each side at equal distances from each other, 
and let the glass pass through DC  as the glass base. O f this quadrangle ABCD, 
let EFGH be the image found, such that GH  is divided into seven equal parts, 
like DC. When thereafter HE and GF are produced, they meet in ƒ as meeting 
point, from which are drawn seven lines to the above-mentioned seven points 
between G  and H, so that the parts of the said lines contained in the quadrangle 
EFGH are the'images of the lines which descend from the top in the quadrangle 
ABCD. But in order now to find briefly the images of the seven lines between 
AB  and DC, parallel to the latter, I draw EG intersecting the seven lines which 
have been drawn from /  to the line GH, and through their intersections I draw 
seven lines parallel to GH, terminating on one side in EH, on the other side in 
FG, which seven lines, thus found briefly, I declare to be the required images.

' In order to prove this, let there first be drawn the straight line AC, of which by 
the 1st proposition EG must be the image, since the point G is the image of C, 
and E of A. And all the intersections of the said EG and the lines from I to GH  
by the above-mentioned 1st proposition must be the images of the intersections of 
AC  and the lines descending from the top. But because through the said inter
sections pass the other parallel lines, the images of the latter must also pass 
through the intersections in EG, and consequently the lines through the latter 
are the required images.

6th SECTION

In the perspective drawing of various circles, abridgements may also be ob
tained, for if the circle is parallel to the glass, its image is also a circle by the 
2nd proposition. When therefore the image of the diameter has been found, and 
a circle has been described thereon, the required image is obtained.

t
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ghcleghcntheyt van t'gheghevcn oock een rondt fijn. Om hier af de reden te 
TrtfloM verdaten,foo neem ick voor al den * keghelhandcl voor bekent,of immers foo
Coaicorum. verre bekent als hier noodich valt,en iègh aldus: Laet ABC een * lanckrondi-

ghekeghel fijn , diensgrondts cleynfle middellijn BC.clcynfte driehouck 
M“ 'flu- ^  g Qas a  D: Defe keghel wort ghcfneen met een plat E F G , rechthouckich 
_¿XÍOT op den cleenften driehouck A B C ,en deur den * as in F: De iclvekeghelfne 

E F G can fijn een * lanckrondt ghelijck mette grondt, of lanckworpigher, o f 
cortworpigher, of oock een volcommcn rondt,endatna de lanckheyt vande 

DUmttr». grootftc * middellijn des grondts. Nu ghenomen de fclve fne een rondt te we- 
fen.foo fy ghetrocken fijn tcghenfne E H I,diemen heeft ais den houck A H I. 
even is an den houck A FE, en alfoo dcfe teghenfnealtijt ghelijck is met dan
der , fymoet oöck een rondt fijn : Sulcxdatdefelanckrondighe keghel twee 
fncen heeft ronden fijnde, ais E F G en haer teghenfne E H I. Laet ons nu' no
men het rondt EFG een vcrfchaeulick rondt te fijn, ovcrcant ghefien, A 
het oogh,en deur E H I een plat ais glas tufichen bey den , in wclck glas oock 
fulcken rondt weiende,foo cant ghebeuren,ghelijck wy gheiêyt hebben,dattet 
verfchaeulick rondt mettet glas onevewijdich fijnde , nochtans de ichaeu cea 
rondt fy. Om nu te commen tot voorbeelt van fulcke verfchaeuwing, ick treck

G

C P

G E ghenouch voorwaert,als tot K,en daer op A L, evewijdeghe met I E, alibo 
dat A L ficndcrlijn betcyckent,en t’punt L de voet: Dit foo lijnde, ick treck op 
een ander plat de lini M N , even met G L, cn dacnn t’punt O , alioo dat M O, 
'even fy met G E, befchrijf daer op ais middellijn het rondt M O , treek daer na 
N P, even an L A, fiel voorts in O M , t’punt Q^alfoo djt O Q, even iy an EI, 
beichrijfdaer op het rondt O Q jT’welck alfoo met fulcke corthcyt ghevonden, 
ick iègh de begheerde fchaeu te fijn des rondts O M. Om van t’welck wat bree
der verclaring te doen, laet deur O ghetrocken worden de lini R S, rcchthouc- 
kich op MN ais glaigrondt. Dit foo fijnde ick ièghaldus: Blijvende het rondt 
OMinde vloer, maert’glas daer O Q  in isdraeyendeopRSalsas,fy opwaert 
ghcbrocht foo dattet op den vloer een houck maeck even an A L G , ígheli,« 
draeycndeN PopN , tot datfe ais ûendetlijn cvewijdegheis mette miódcllija

QQjfoo
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But if  the circle is non-parallel to the glass, the image may also be a circle, 
according to the data. In order to explain the reason thereof, I first of all assume 
the treatise on Conics to be known, or at least known as far as is necessary here, 
and I say as follows. Let 'ABC  be a eone with an ellipse for its base, the smallest 
diameter of whose base is BC, while the smallest triangle is ABC, and the axis 
A D .  This eone is intersected by a plane EFG, at right angles to the smallest 
triangle ABC, and through the axis in F. The said conical section EFG may be 
an ellipse similar to the base, or more elongated, or less elongated, or also a 
perfect circle, such according to the length of the greatest diameter of the base. 
If the said section is taken to be a circle, let there be drawn its countersection EHI, 
which is obtained when the angle A HI  is equal to the angle AFE, and since this 
countersection is always similar to the other, it must also be a circle, so that this 
eone with an ellipse for its base has two sections that are circles, namely, EFG 
and its countersection EHI. Let us now assume that the circle EFG is a circle, 
viewed transversely, A  the eye, and through FHI a plane as glass between the two, 
and if in this glass there is also such a circle, it may occur, as we have said, that 
if  the circle is non-parallel to the glass, the image is nevertheless a circle. In order 
now to obtain an example of such perspective drawing, I produce GE sufficiently, 
as to K,  and thereon I draw AL, parallel to IE, in such a way that A L  signifies 
the observer’s line and the point L  the foot. This being so, I draw in another plane 
the line M N ,  equal to GL, and therein the point O, in such a way that MO  is 
equal to GE, describe thereon as diameter the circle MO, thereafter draw NP, 
equal to LA, further I mark in OM  the point Q  such that OQ  is equal to El, 
and describe thereon the circle OQ, which, thus found so briefly, I declare to be 
the required image of the circle OM. In order to give a somewhat fuller expla
nation thereof, let there be drawn through O the line RS, at right angles to M N  as 
the glass base. This being so, I say as follows: If the circle OM  remains in the 
floor, but the glass, in which OQ  revolves about RS as axis, be raised so that it 
makes with the floor an angle equal to ALG,  while also NP revolves about N
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O Qjfoo fai de íchaeu, te weten het rondt O Q¿vant oogh ghefien wórden te 
overcommcn mettet verfchaculick rondt O M : Waer af wy t’bewijs en d’o ir  
laeck int vóotgaende verclaert hebben. Oockis kcnnelickdcut het 7voorftel» 
dattet fel ve rondt O Q, fehaeu blijft van t’rondt O M op alle houck die t’glas op 
de vloermacckt, midts dat de fienderlijn altijt evewijdeghe fy mette middel- 
lijn O Q ^

Maerfoo ymant hierafecnighe werckclickeproefwildc ficn.foudehct ver- 
fchaeulickrondt ais M Ó, mcughen in een viercant Hellen ais hier onder,en des 
fel ven vicrcants fehaeu ghevonden fijnde, als ncem ick T V S R , de vier fijden 
gheraken het rondt inde punten O,
X,Q,Y, t’welck tcyckcn is van fckcr- 
hevr.En wilmê noch voorder onder* 
fouckcn, men mach trecken des ver- 
fchaeulick rondts middellijn Za, 
rechthouckich op Ö M , De fchacu 
der(èlveghevonden fy XY, welcke 
vallende tuifchende twec vootlchre- 
ven punten desracckfels, ly vcrlèke- 
ren my dat de twee vcrfchaeulicke 
punten des raeckfelsZ,4, inde ronde 
fchacuOQvallen, tot hacr behoir- 
lickc placts. En fleltmen een ander 
punt löot comt , int vcrfchaeulick 
ronis omtreck,en foomen fijn fehaeu 
altijt bevint te vallen inden om treck
(datmen bevinden moet loo het handtwerck niet en trlift) men fiét daer d¿ut 
t’ghene voorgenomen Wás verclaert te worden.

Byaldicnmcn de voorlchre- 
vcn fchacu ftelt over d’ander 
fijde.van S R , als hier nevens, 
tis kcnndickdat dic twee vier* 
houckcn mette ronden daer in, 
fchaeu fijn van een verfchacu- 
ücke tcerlinck , hebbende op 
elckc fijdc een rondt bcfchre- 
ven , vande welcke men (het 
oogh ter bchoirlickc plaetsgc- 
llelijtwee fijden fien

Indebovefchrcven voorbeelden heeft het glas gheracckt het verfchaeulick 
rondt : Macr om nu voorbeelt te ftellen daer fulck raccklel niet en ghefchiet, foo 
lact inde vooigaendc * keghel ghet rocken worden de lini ècde,e\iew ijdich met Cm».
1H E,ais glas ovcrcant ghefien,fnycndc de keghel van b tot dja\ den as in e, en 
de vloer K G in e.welck glas nu het rondt EG niet en raeckt. Dit loo fijnde, de 
fne b d,is ghclijck IE of E G,ccn rondt: Om Wekk rondt te vcrlchaeuwcn.men 
foudc de glalgront ais R S dan foo verre trecken van t’punt O.als van E tot e, en 
vinden de fchacu ais van O M,die even lal moeten vallen an b d,en daer op een 
rondt ghcteyckcnt,tisopenbaerdattetdcbegheerde fchaeu fai fijn.

Maer l oo de * keghelfnc niet en waerevevvijdièh met 1 E, noch met E G, ais CmfiBk. 
ncem ick.de fne E g : Tis kcnnelick dattet een lini of lanckrondt moet fijn, 
diens greotfte of deenftc middellijn E g,

Tis
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until the observer’s line is parallel to the diameter OQ, the image, to wit the 
circle OQ, will be viewed by the eye to coincide with the circle OM, the proof 
and cause of which we have set forth in the foregoing. It is also obvious from the 
7th proposition that the said circle OQ  remains the image of the circle OM  at 
any angle made by the glass with the floor, provided the observer’s line be always 
parallel to the diameter OQ.

But if someone should wish to see a real demonstration thereof, he might place 
the circle as MO  in a square, as shown below, and when the image of the said 
square has been found, which I assume to be TVSR, then the four sides touch 
the circle in the points O, X , Q, Y,  which gives certainty. And if we wish to 
investigate even further, we may draw the diameter Za of the circle, at right angles 
to OM.  Let the image of the latter, when found, be X Y ,  and since this falls 
between the two aforesaid points of contact, this assures me that the two points 
of contact Z, a fall in the circular image OQ, in their proper places. And if any 
other point is taken in the circumference of the circle, and if its image is always 
found to fall in the circumference (which must be so found, if the construction 
has not been defective), from this may be seen what was intended to be set forth.

If the aforesaid image is placed on the other side of SR, as shown opposite, 
it is obvious that those two quadrangles, with the circles therein, are the images 
of a cube, with a circle described on each side, of which (if the eye is properly 
placed) two sides are seen.

In the examples described above the glass touched the circle. But to give an 
example where no such contact occurs, let there be drawn in the foregoing eone 
the line bede, parallel to 1HF, as the glass viewed transversely, intersecting the 
eone from b to d, and the axis in c, and the floor K G  in e, which glass now does 
not touch the circle EG. This being so, the section bd, like IE or EG, is a circle. 
In order to make an image of this circle, we should produce the glass base as RS 
from the point 0 as far as from E to e, and find the image as of OM, which will 
have to be equal to bd, and if a circle be drawn thereon, it is clear that this will 
be the required image.

But if the conic section is not parallel to IE, nor to EG, as —  I assume —  the 
section Eg, it is obvious that it must be a line or an ellipse whose greatest or smallest 
diameter is Eg.
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Tisoockteghedenckendat dcicn vicrhouck TV SR de fchaeu beteycke- 
nende.die ghedaente heeft, dattct onmeughclick is daer in een lanckront te be- 
fchrijven de vier fijden gherakende, maer moet nootfakelick een heel volcom- 
mcn rondt weftn.

Hieruyt iskennelick.dat wanneer foodanighevicrhouckighe fchaeu van een 
vcrfchaeulickviercantmet een rondt daer in befchreven,fulcxis, datmen inde 
felvc vierhouckighc fchaeu een rondt can bcfchrij.ven de vier fijden gheraken
de,dattet felve rondt de fchaeu van fij n verlchaeulick rondt moet fijn. Oock me 
dat wanneer foodanighe vierhouckighe van een verfchaeulicke rechthouck 
met een lanckrondtdacr in befchrevcn,fulcx is, datmen indc felve vierhouckige 
fchaeu een rondt can befchri j ven de vier fijden gherakende,dattct felvc rondt de 
fchaeu is van fijn verfchaeulick landk tondt.

N  V V A N  T* V I N  D E N
D E S O O G H S.

Tot hier toe befchrevtn fijnde de manier der verfcháeuwing, foo wortet 
noch vereyfcht kennis waermen om ecn gheteyckende fchaeu in haer vol- 
commenheydt te fien, het oogh moet ftellen, dat is, hocmen vinden làl het 
punt inde locht, dat den verfchaeuwer int verfchaeuwén fich voor oogh ghe- 
flclt had. Om van t’welck by voorbcelt breeder te fpreken, tis kennelick dat- 
men Ichildcryen maeckt,wclckc van voorenghefien feei mifmaeckt (chijnen, 
nietghelijckenderghenely beteyekenen moeten, maerdelèlvefchilderic van 
ter fijden gefien deur een leker gactken daer toe veroirdent,anwijfendede plaets 
des ooghSjfy ghelatcn feei hupich : En allho falmen verftaen ander fchaeuwen 
dic volcomelick na de conft ghemaeckt fijn, fulcken plaets te hebben , alwaêt 
het oogh gheftelt,de fchildetye in haer volcommenheyt ghefien wort. Nu loo 
an alle lchilderycn of fchaeuwen fulcken gaetken gheftelt wierde, men fonde 
dat niet behouven te fouckcn : Maci t'felve inde ghcbruyck niet fijnde,wy lullen 
fchrijven t’gheneonsvan diesnutc voorcncomt,als volght.

6  W E R C K S T V C K .  12 V O O R S T E L .
Wefendeghegeveneen vierfijdich of meerfijdich plat, 

dat fchaeu is van een ghegheven verfchaeulick plat, op 
t’vvelck het glas intyerfchaeuvven een houck maeckte 
even an een ghegeven houck,en hebbende de felve fchaeu 

panhi*, ten minften een iijde,oflini tuflehen tvveehoucken*ev&. 
vvijdich mette glafgrondt: Het oogh te vinden.

/  Voorbeelt vande fchaeu eens ‘verfchaeulicke evevpijdeghe 
rechthouckighe ‘vterhoucx.

T g h e g h e v e n . Lact de vierhouck ABC D,hebbende twee evewi jdege 
fijden A Ben C D , fchaeu fijn vande verfchaeulicke evewijdeghe rechthouck 
EFGH, op wiens oncyndelick plat het glas int verfchàeuwen rechihouckich

flont.
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It should also be borne in mind that this quadrangle TVSR, signifying the 
image, has such a form that it is impossible to inscribe therein an ellipse touching 
the four sides, but it must necessarily be a whole perfect circle.

From this it is obvious that if such a quadrangular image of a square, with a 
circle inscribed therein, is such that in the said quadrangular image a circle touching 
the four sides can be inscribed, the said circle must be the image of its object 
circle. Also that if such a quadrangular image of a rectangle, with an ellipse in
scribed therein, is such that in the said quadrangular image a circle touching the 
four sides can be inscribed, the said circle is the image of its object ellipse.

N O W  OF THE FINDING OF THE EYE *

The method of perspective drawing having been described up to this point, 
knowledge is further required as to where the eye has to be placed in order to see 
a drawn image in its perfection, i.e. how to find the point in the air which the 
draughtsman had taken for the eye in the drawing operation. To speak more 
in detail about this by means of an example, it is known that pictures are 
made which, when seen from in front, seem very faultily made, not resembling 
that which they are intended to depict, but when the said pictures are seen 
from one side, through a small hole provided for the purpose, indicating the 
place of the eye, they make a very nice impression. And in the same way it 
should be understood that other images, which have been made perfectly in 
accordance with the art, have such a place that when the eye is placed there, 
the picture is seen in its perfection. If such a small hole were given for every 
picture or perspective drawing, it would not have to be sought. But since this 
is not the custom, we will write down what occurs to us on this subject, as 
follows.

6th PROBLEM 12th PROPOSITION

Given a quadrilateral or multilateral plane figure, which is the image of a 
given plane figure with which in the drawing operation the glass made an angle 
equal to a given angle, while the said image has at least one side or line 
between two angles parallel to the glass base: to find the eye:

1st Example, of the Image of a Parallel Right-Angled Quadrangle. **

SUPPOSITION. Let the quadrangle ABCD, having two parallel sides AB  and 
CD, be the image of the parallel rectangle EFGH, to whose infinite plane the

•) O n the general theory see the Introduction.
") Rectangle.



V A N D E  VER S CH A E V \ v  I N  G. <3t
De felve fchaeu A B C D heeft twee linien, te weten A B,C D, ghetrocken tuf- 
fchentweehoucken, dic na den eyfch des voorftcls nootfakelick cvewijdich 
metteglafgrondt mœtcn fíjn deur het2 voorltel; T begheer.de; Wy 
moeten het oögh vinden.

TW  ER C K.
Tis voor ál te weten dat dit werek ghcdaenwöttdêiir verkeerde wech des 

5 voorftels van t’vinden der fehaèu,deur hét gheghcvén oogh niette relkTwelc 
int gemeen gefcyt wcfende, wy füllen totte faeck cómmen. Angcficn A B C D, 
fchaeu lijnde van een cvcWijdcghe vierhouck,twee évewijdeghc lijden heeft,ais 
A B met D C,en dat D C fchaeu is dér fijde als H G deur t‘ghegeven,löo moed: 
int verfchaeuwen het glas llrcckcn deur een der lijden E F,H G, ófdaer irie eve- 
wijdich fijn deur het 3 voorftcl: Maer het hebbe gheftréekt hoét wil, wy füllen 
de faeck hielen in derghclijckc navolgende altijt nemen dáttet deur een der Tij
den ftreckte -, overmidts dattét al een lelvc oogh gheefr, loo wy int bewijs be- 
ihoonen lullen. Om dan nu te weten deur welcke lijdc „ick fíe na de groot ile 
der tweeevewijdeghe A B,DC, de fclve is D C, welcke fchacu fijnde vande lini 
H G deur t’ghegheven,fc>o llreckte t’glas deur een fijdc ais H G. Dit foo lijndê  
ick teycken op D C ais lijcküandighe met H G, den vierhouck 1K C D, gelijck 
metten vierhouck EFGH:Icktreckdaer na D Aen C B voorwaert, totdatlc 
malandet ontmoeten intiâempunt L, daer na L M ais fiendetmaet recht* 
houckich opDC,of 
op haér verlangde 
alsglafgrondt, ende 
oncyndelickc M N ^
evewijdegemetKC, --------------
voort A.O recht- 
houckich op de glaf
grondt D M, en van
1 deur O een lini tot *” :----------
datfcde oneyndelic- 
kc M N ontmoet,ais 
in P,daernaoptpunt 
L  een lini gheltch of 
bedocht even an PM 
rechthouckich opt 
glas,t'cynde dier lini 
is fbegheerde oogh.

T B E
Laet doort’ghedacht t’glas mette fehaeu A B C D en de reftdiemen verftaet 

intglasgheteyckenttewefen,fchcydeHck fíjn vande vloer, draeyendc t’felve 
glas óp de glafgrondt D M ais as, alfoo dattet rechthouckich Dae op de vloer, 
datsóock rechthouckich op de verfchaeulicke vierhouck 1K C D : Dacr na ly 
óp Péén ficnderlijn ghefteh ¿ven ande fiendermact M L,cn cvewijdich mette 
felve:Twelck foo fijnde, het oôgh ten eynde dier fiendérlijn Uct de fchaeu 
A B C D dan ovcrcommen met haer verfchaeulicke reehthöuek 1K C D.fulcx 
dattet oogh daer tot fíjn behoirlicke plaets is: Maer t’eynde dier lini en der bo- 
vclchrcvcn lini even an P M rechthouckich ópt glas , is ál een lelve punt,

F daerom

A l.
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glass was at right angles in the drawing operation. This image ABCD  has two 
lines, to wit AB, CD, drawn between two angles, which according to the 
requirement of the proposition must necessarily be parallel to the glass base 
by the 2nd proposition. W HAT IS REQUIRED. W e have to find the eye.

PROCEDURE

First of all it is to be noted that this procedure is performed by the 
method reverse to that of the 5th proposition dealing with the finding of the 
image from the given eye and the rest. After this general statement we will 
come to the matter. Since ABCD, being the image of a parallel quadrangle, has 
two parallel sides (AB  and DC) and D C  is the image of the side HG  by the 
supposition, in the drawing operation the glass must have passed through one 
of the sides EF, H G  or have been parallel thereto by the 3rd proposition. But 
in whatever direction it. may have been, in the present and in similar —  sub
sequent —  cases we shall always assume that it passed through one of the 
sides, since it all gives one and the same eye, as we will show in the proof. 
In order to know through which side, I look at the longest of the two parallel 
lines AB, DC. This is DC, and since this is the image of the line HG by the 
supposition, the glass passed through one side (H G ). This being so, I draw 
on DC, the side homologous to HG, the quadrangle IKCD,  similar to the 
quadrangle EFGH. I then produce D A  and CB until they meet in the meeting 
point L; thereafter I draw LM  as observer’s measure at right angles to DC, or to 
DC  produced, as the glass base, and the infinite line M N  parallel to KC;  further 
A O  at right angles to the glass base DM,  and from I through O a line until it 
meets the infinite line MN,  which is in P. When thereafter in the point L is 
erected or imagined a line equal to PM, at right angles to the glass, the end 
point of this line is the required eye. »

PROOF

Let us imagine that the glass with the image ABCD  and the rest that is under
stood to have been drawn in the glass is separable from the floor, this glass re
volving about the glass base D M  as axis in such a way that it be at right angles 
to the floor, i.e. also at right angles to the quadrangle IKCD. Thereafter let 
there be erected in P an observer’s line equal to the observèr’s measure ML  
and parallel thereto. This being so, the eye at the end point o f this observer’s 
line then sees the image ABCD  coincide with the rectangle IKCD, so that the 
eye is there in its right place. But the end point of that line and that of the



« 2  I  B ö V C K  DER D E V R S I C H T I G H E
daerom fbegheerde oogh ís ghevonden na den eyfch,

Maermochtymahtnulcgghen, delaeckis hier bovenghenotnenaloftint 
verfchaeuwen het glas ghefireckt hadde deur ccn vande fijden der verfchaeu
licke form, t’welck miflehien verre van daer was evewijdich met DC. Hier op 
wort aldus gheantwoort: Staende het oogh voorde fchacu ABCD tot fíjn be- 
hoirlicke plaets, en datmen vant felve oogh vieroneyndelicke linien treckt of 
bedenckt,deur de vier punten A, B, C, D, fy begrijpen een oneyndelicke vier- 

Pjramù. houckighe * naclde, van fulcker ghedaente, dat alfmenfe fni jt deur D C, mer
een plat rechthouckich opt glas, de fne is ais IK C D, en alle ander fneen met 
die'cerße fne evcwijdichen verder vant oogh fijngrooter dan d’eerße.doch daer 
me ghelijck., en ván elck dier verfeheyden fneen is A B C D opcnbaerlick de 
fchaeu ghefien uyt het felve oogh tot een felvc plaets:Daerom alfmen het oogh 
begheert van een der ander fne men macht corthey ts en fckerheyts halven ahi jt 
foucken vande fne die fglas ghçraeckt, of dattet felve is, vant glas dat de voorfic 
verfchaeulicke fijdeghcraeckt,als boven,en men heeft t’begheeide.

MER C KT.
Wy hebben int bovefchreven voorbeclt bet glas rechthouckich gheghevcn 

opt oneyndelick plat der verfchaeulicke form, of anders gefèyt t’glas rechthouc- 
kich ghegheven op de vlocrtMaer foot daer op een fchecfhouck maeckte, even, 
neem ick, an defen houck QR S, hebbende f glas na 
de fchaeu toe, ghelijck de lini QR na R S toe heltj In 
fulcken ghcvalle falmen de wereking doen alfvooren, 
even al of tglas op de vloer rechthouckich gheghe
ven waer, vindende P M, om alfoo een lini even ah 
P M, te flèllen opt punt L, uytgenomen datfc opt glas 
niet rechthouckich en moet commen alfvooren,maer 
daer op een houck maken, even anden gegeven houck 
QR S, wel verfla ende dat de vooffchrevcn lini e ven an 
P M,fijn lal int verdocht plat dat rechthouckich is op de glalgrondt D M, en dat 
oock rechthouckich is op t’glas,merekt noch dat fulex ais wy hier achter dit eer» 
fie voorbeelt ghefey t hebben vant glas fchcefhouckjch op de vloer,dergheli jeke 
fai hem oock verfiaen te mcughen ghedaen worden inde volghende voorbeel
den defer fiof,alwaercortheytshalven tglasalleenelick rechthouckich op de 
vloer ghegheven lal worden.

Ander manier •van •vrereking.
Ghelijck t’voorgaende wetck ghedaen is deur verkeerde wech ván fvinden 

des fchaeus achter het i i voorfiel,in der cortheden 3 lidts 1 voorbeelt, alfo can- 
men oock een w ereking doendcur verkeerde wech des j voorbeelts van t’fel vc 
3lidt.

Om t’weidt re verdaten, lact ABCD fijn de fchaçu, EFG Hdeverfchaeu- 
licke form, ende refialfvooren: Om hier af het oogh te vinden,ick teyeken op 

Homologa. D C,ais * lijckßandighe met H G ,den vierhouck IKCD, gelijck metten vicr- 
hóifck E F G H, treek daer ná D A en C B voorwaert, tot datfc vergaren in L, 
voort de oneyndelickeL M evewijdeghe met D C, fnyende C K of haer ver
langde inN, en treck A B voorwaert foot noot is tot datfc NC ontmoet in O, 
én teyeken inde lini C D ofhaer verlangde rpuntP» allbo datCP even fy an

C Ki
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aforesaid line equal to PM, at right angles to the glass, are one and the same 
point; hence, the desired eye has been found, as required.

But, someone might say, it has been assumed above that in the drawing operation 
the glass passed through one of the sides of the object figure, but it was perhaps 
far from it, parallel to DC. To this the following reply is given. When the eye 
is in front of the image ABCD  in its right place, and when from this eye are 
drawn or imagined four infinite lines through the four points A, B, C, D, they 
contain an infinite quadrangular pyramid of such a form that when it is inter
sected through DC  by a plane at right angles to the glass, the section is IKCD, 
and all other sections parallel to this first section and further away from the eye 
are larger than the first, but similar thereto, and of all those different sections 
ABCD  is clearly the image seen from the said eye in the same place. Therefore, 
when the eye of ohe of the other sections is required, for the sake of brevity and 
certainty it may always be sought o f the section one side of which is in the glass 
or, which is the same, o f the glass which contains the foremost side, as above; 
then we have found the required eye.

NOTE

In the above examples we have given the glass at right angles to the infinite 
plane of the object figure or, in other words, we have given the glass at right 
angles to the floor. But if it made therewith an oblique angle, equal —  I take it —  
to this angle QRS, the glass being inclined towards the image as the line QR  is 
inclined towards RS, in such a case the operation should be carried out as above, 
just as if  the glass were given at right angles to the floor, thus finding PM, upon 
which a line equal to PM is erected in the point L, with the exception that it 
must not be at right angles to the glass, as above, but must make therewith an 
angle equal to the given angle QRS, it being understood that the aforesaid line 
equal to PM must be in the imagined plane that is at right angles to the glass 
base D M  and also at right angles to the glass. Note also that just as we have 
spoken after this first example of the glass at oblique angles to the floor, it 
should be understood that the same can also be done in the subsequent examples 
about this matter, where for brevity’s sake the glass will only be given at right 
angles to the floor.

Another Method of Operation.

Just as the foregoing construction was effected by the method reverse to that 
of finding the image after the 11th proposition, in the 1st example of the 3rd 
section of the abridgements, thus a construction can also be performed by the 
method reverse to that of the 5th example of the said 3rd section.

To explain this, let ABCD  be the image, EFGH the object figure, and the 
rest as above. To find hereof the eye, I draw on DC, the side homologous to 
HG, the quadrangle IKCD, similar to the quadrangle EFGH; thereafter I produce 
DA  and CB until they meet in L; further I draw the infinite line LM  parallel 
to DC, intersecting CK  or CK  produced in N, and I produce AB, if necessary, 
until it meets N C  in O, and I mark in the line CD  or CD produced the point P 
such that CP be equal to CK. Thereafter I draw from P through O a straight



V A N D E  V E R  S C H A  E V w  I N  G* 65
C K jD aetna tieckick van P deur O een rechte lini tot datfede oneyndclicke 
L  M ontmoet, t’vvelck fy in M, voort fiel ick opr punt L, een lini éven an N M  
rechthouckich op» glas.Twelek foo fijnde,het uytctfie dier lini moetctbegeer
de oogh fijn, waer af t’bewijs openbaei is, deur dien wy hierin gedáen hebben 
devctkeerdcweickingvant’vindenderichaeu int j vooibeclt vant 3 lidt der 
cortheden.

*

Cc

2 Voorbeelt vande fchaéu tens vtrfchaeuhcke evewijdeghè 
fchcefhcuckighevttrkoMCX.

T g h e g h e v e n -  Laetindeönderfchrevehfottnt’ghegheven en t’werek 
/ i  j nal int eerfle voorbeelt,uytgbenomen dat de verfchaeulicke vierhouck hier 
ilheefhouckich is, voort dat ghctiotkcn lijnde I O P ,  fco en falmen gheen lini 
op L Rellen even an P M ais daer, m aa de yoornomde IO P  ghettockeniijn.

R

de men fai noch trecken P Q , recltthouckich öp de glafgrondt D  M, én de fel?«
P Q  v o o m àe rftot R va lfoo*tQ .R even fy an M L , daer naopt punt R een 
lini gheüelt ofbedocht cvcn an P (Rechthouckich opt glas, t eyndedjcduu is
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line until it meets the infinite line LAI; let this be in Aí. Further I erect in the 
point L  a line equal to NM ,  at right angles to the glass. This being so, the end 
point of this line must be the required eye, the proof o f which is clear because 
we have here performed the construction reverse to that of the finding of the 
image in the 5th example of the 3rd section of the abridgements.

2nd Example, of the Image of a Parallel Oblique-Angled Quadrangle*)

SUPPOSITION. In the figure below let the supposition and the procedure be 
as in the first example, with the exception that the quadrangle here is oblique- 
angled, while further, when IOP  has been drawn, no line has to be erected in L, 
equal to PM, as there, but when the aforesaid line IOP  has been drawn, PQ has

') Parallelogram



¿ 4  *  B o v c k  d e r  d e v r  s i c  b  t í  g  h e

t’begheerde oogh, waer af t’bewijsdeur t'voorgaendedes i voorbeelts open« 
baeiis.

De reden vvaerom int ecrflc voorbeelt de lini PQR níet ghetrocken en 
wicrt ais in dit tweede,is dat B. openbaerlick altijt foude Vallen in L, en daerom 
onnoodich ghetrocken.

$ yoorbeelt 'vandefchaeu tens 'verfchaeulicke vierhoucx met 
atteenehek tw e e  evewijdleghe fijden, die int tver(chaeu~ 
w e n  evewijdteh w aren  met t  et fias.

T g h e g h e v e n .  LaetABCD, hebbende twee cvewijdeghc fijden ais 
A B en C D,fchaeu fi jn vande verichaeulicken vierhouck hebbende alleenelick 
twee evewijdeghe fijden ais E F, H G ,die int verfchaeuwen evcwijdich waren 
mettet glas,op welex vierhoucx EFGH oneyndelick plat, het glas mette fijde 
D C int verichaeuwcn rechthouckich dont,en hebbende de lijckftandighe fijde 
met H G diens fchaeu DC, inde verfchacuwing evewijdich ghehadt mettet 
glas. T b e g h e e r d e .  Wy moeten het oogh vinden. t

T W E R C K.
Tfy dat int verfchaeuwen het verfchaeulick plat EFGH, mette : fijde H G 

quam int glas,öf niet, fo ftel ick nochtans my felvèn voor(om redenen verclaert 
int bewijs des i vooibeelts) dattet mette fóodáñige fijdcdaer i'nqùàûv, fulex dat 

fimnlcgf. D C isfoo wel fchaeu,ais verfchaeulicke der * lijckftandighe fijde metH G: Dit 
lbofijnde,icktreckopD Cals lijckftandighe metHG.dcn vierhouck IKCD,

E

H

E  f 1 O

• W
ghelijckmettenviethouckEF GHjífcktreckdáernavan ItotDCofhaer ver
langde , de lini IL , evewi/deghcïnct K G, daerTM A L. T'WelcK foo fijnde

ABCL
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to be drawn at right angles to the glass base DM, and the said PQ has to be 
produced to R in such a way that QR  be equal to ML. Thereafter a line has to be 
erected or imagined in the point R, equal to PQ, at right angles to the glass. The 
end point of this line is the required eye, the proof of which is clear from the fore
going proof of the 1st example.

The reason why in the first example the line PQR  was not drawn, as in this 
second, is that R would clearly always fall in L, so that it is unnecessary to draw it.

3rd Example, of the Image of a Quadrangle With Only Two Parallel Sides* ),  
Which in the Drawing Operation Were Parallel to the Glass.

SUPPOSITION. Let ABCD,  having two parallel sides (Â B  and CD),  be the 
image of the quadrangle having only two parallel sides (EF, H G ),  which in the 
drawing operation were parallel to the glass, to the infinite plane of which 
quadrangle EFGH the glass with the side CD was at right angles in the drawing 
operation, the side homologous to HG, whose image is DC, having been parallel 
to the glass in the drawing operation. W HAT IS REQUIRED. W e have to find 
the eye.

PROCEDURE

N o matter whether in the drawing operation the plane EFGH came with the 
side HG  in the glass or not, nevertheless I imagine (for reasons explained in the 
proof of the 1st example) that it came therein with this side, such that DC  is the 
side homologous to HG  as well as the image thereof. This being so, I draw on 
DC, the side homologous to HG, the quadrangle IKCD,  similar to the quadrangle 
EFGH. I draw thereafter from I to DC  or DC  produced the line 1L, parallel to

•)Trapezium.



V A N D E  V E R S C H A E V W Í N Ó .  ß j
A  B C  L  is fchacu des evewijdeghcn vierhoucx 1K  C L, gheli jck wy hier ondcr 
bewijiênfiillen:Dacrafgheibcht het o o g h , w on  bevonden deur het 2 voor
beelt defes voorftels,ten eynde, neem ick,der lini even an M N ,gefielt opt punt 
O  rechthouckich opt glas* t’welck ick fegh t'beghcerde oogh te fijn.

T  B E ¡W Y S»

W y hebben int werek ghefèyt dat A  B C L fchaeü is des vierhoucx Í K C L¿ 
om  van t’welck verclaring te doen ick fegh aldus : T'punt A des vieihouaf 
A  B C  L, is fchacu van t’punt I, des vierhoucx 1K C L , en t’punt L inde glaf
grondt , is fchaeu van fijn felven deur de 2 begheerte, en dacrom is A L fchaeu 
vanIL deur het i voorfteljMaer A  Bisfehaeuvan 1 K ,e n B C  vanKC,dacr
o m  de vierhouck A  B C L ,  is fchaeu vande vierhouck I K C L ,  en vervol- 
ghens het oogh ghevonden van A  B C L , moet oock fíjn het oogh van 
A B C D ,  want de hcele fchaeu en haer decl gheen verfeheyden ooghenen  
hebben.

M E R  C K t

M enfoude t’vverck oock anders meughen doen met in plaets des fchcef- 
houckighen evewijdeghen verfchaeulicken vierhoucx I KG Ltectijghen een 
recht houck, t’welck aldus toegaet: Ick vertcycken de voorgaendc form 1K C D  
ais hier onder,en trcck van I en K twee linien 1 L, IC P rechthouckich op D C ,o f  
op  haer verlangde, dâcr nâ À L met B P,enom  de redenen inr bewijs hier boven 
verclaert, fob ís den vierhouck A  B PL  fchaeü des verfchaeulicken rechthouc- 
kighen vierhoucx I K P L :  Daerom vande felve het oogh ghefochtdeur het 
X voorbeelt,men fait vinden ter felver plaets alfvooren , te weten ten eynde der 
lini even an M  N,gheftclt opt punt O  rechthouckich opt glas.

Ó

• Ó
K

JP

4. Voorbeelt ̂ vàndefchaeu cens'verfchaeulicke 'vierhoucx met 
dllienelick t'weéevevijdeghefijden, àie int rver[chaeurvven 
onevevpijdich waren mettetglas.

T g h e g h e v e n . L aetA B C D fch acu  fijn van een verfchaeulick plat, 
.ghelijck tnetteü verfchaeulicken vierhouck E F G H,hebbende alleChclick tWce 
jçvewi>dcghe fijden ais E H , F G , die int verfchaeuwen onevewijdich waren

F t mettet
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KC, thereafter AL. This being so, ABCL  is the image of the parallel quadrangle 
1KCL, as we shall prove below. When hereof the eye is sought, it is found by the 
2nd example of this proposition at the end point —  I take it —  of the line equal 
to M N,  erected in the point O at right angles to the glass, which I say is the 
required eye.

PROOF

In the procedure we have said that. ABCL  is the image of the quadrangle 
1KCL. In order to explain this, I say as follows. The point A  of the quadrangle 
ABCL  is the image of the point I of the quadrangle IKCL, and the point L in 
the glass base is its own image by the 2nd postulate, and consequently AL  is the 
image of IL by the 1st proposition. But AB  is the image of IK  and BC of KC,  
therefore the quadrangle ABCL  is the image of the quadrangle IKCL, and con
sequently the eye that has been found of ABCL  must also be the eye o f ABCD, 
for the entire image and a part of it do not have different eyes.

NOTE

The procedure might also be performed differently by drawing instead of 
the oblique-angled parallel quadrangle IKCL  a rectangle, which procedure is as 
follows. I draw anew the foregoing figure IKCD, as below, and draw from I 
and K  two lines IK, KP  at right angles to DC  or to DC  produced, thereafter AL  
and BP; then for the reasons explained above in the proof the quadrangle ABPL 
is the image of the right-angled quadrangle IKPL. When therefore the eye of 
this is sought by the 1st example, it will be found in the same place as above, 
to wit at the end point of the line equal to MN,  erected in the point O  at right 
angles to the glass.

4th Example, of the Image of a Quadrangle With Only Two Parallel
Sides *), Which in the Drawing Operation Were Non-Parallel to the Glass.

SUPPOSITION. Let ABCD  be the image of a plane figure similar to the 
quadrangle EFGH having only two parallel sides (EH, FG), which in the drawing

•) T rapezium .



6 0  2 B- OVCK DER DE VR SIC H T l  G HE
mettet glas,op welcxvierhoucx E F GH oncyndelick plat, het glas mette fijtfe 
D C int verfchaeuwen rechthouckich ftont,cn hebbende de lijckftandige fijde 
met H G diens fchaeu D C,int verfchauwen evewijdich ghehadt mettet glas.

T b  e  g  h  e  e  r  d  é. Wy m o e te n  h e t  o o g h  v in d e n .

T W ER  C K*
Tfy dat int verfchaeuwen het verfchaeulick plat EFGH mette fijde H G quam 

int glas ofnict,foo fiel ick nochtans myfelven voor (om redenen verclaert int 
bewijs des eerftenvoorbcelts) dattct met foodanighe fijde daer in quam, lulat 
dat D C is foo wel fchaeu ais verlchaenlickeder lijckftandighe fijde met H G: 
Dit foo fijnde, ick teycken op D C ais lijckftandighe met H G, den vierhouck 
IKC D, ghelijck metten vierhouck EFG H,daer na K L even enevewijdeghc 
met G'Dj Voort van B tot in A Dde lini B M, oock evewijdeghe met C D, 
t’welck foo welènde, M B C D is fchaeu des evewijdeghen vierhoucx LKC D, 
ghelijck wy hier onder bcwijfen füllen, daerom vande felve M B C D gheibeht 
het oogh,wort ghevonden deur het a voorbeelt defes voorftelstcn eyndc,ncem 
ick, der lini even an N O, ghèftelt op t’punt P rechthouckich opr glas, t'wckk 
ickfegh t’bcgheerde oogh te fijn.

T B E W Y S.
Wy hebben ínt werck ghefcyt dat MB CD fchaeu ís des verfchaeulicken 

evewijdeghen vierhoucx LKCD.om van t welck verdaring te doen ick legh 
aldus : Anghefien AD 
fehaeu is van I D deur t’ge- 
ftelde, foo moct de fehaeu 
des punts L in A D we- 
fen ,fy moet oock fijn in 
B M, want allboK L eve
wijdeghe is mettet glas, 
en dat van B fehaeu des 
punt s K , ghetrocken is 
B M cvewijdege met K L, 
foo moet de fehaeu van 
K L lijn inde oneyndelic- 
ke B M deur het 2 voor- 
ilel, en daerom is MB 
fchaeu van L K, en ver- 
volghens de vierhouck 
M B C D fehaeu van 
L K C D, en vervolghcns 
het oogh ghevonden van 
M B C D, tnóet.oöck fijn 
het oogh van A B CD, want het deel der fehaeu gheen ander oogh en heeft 
dan de gheheele fchaeu.

M E R C K T.
Deur t’ghene ghelèyt is int merck ant eynde des j voorbeelts, is kennelick 

datmen het werck oock foude meughendœn, met te «ecken vandeiwce pun
ten.
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Operation were non-parallel to the glass, to the infinite plane of which quadrangle 
EFGH the glass with the side DC  was at right angles in the drawing operation, 
the side homologous to HG,  whose image is DC,  having been parallel to the 
glass in the drawing operation. W HAT IS REQUIRED. W e have to find the eye.

PROCEDURE

N o matter whether in the drawing operation the plane figure EFGH came with 
the side H G  in the glass or not, nevertheless I imagine (for reasons explained 
in the proof of the first example) that it came therein with this side, so that 
DC  is the side homologous to HG as well as the image thereof. This being so, I 
draw on DC, the side homologous to HG, the quadrangle IKCD  similar to the 
quadrangle EFGH; thereafter KL  equal and parallel to CD, further from B  to 
A D  the line BM, also parallel to CD. This being so, MBCD  is the image of the 
parallel quadrangle LKCD, as we shall prove below. When therefore the eye 
is sought of this MBCD, it is found by the 2nd example of this proposition at the 
end point —  I take it —  of the line equal to NO,  erected in the point P at right 
angles to the glass, which I say is the required eye.

PROOF

In the procedure we have said that MBCD  is the image of the parallel 
quadrangle LKCD; in order to explain this, I say as follows. Since A D  is the 
image of ID  by the supposition, the image of the point L must be in AD;  it 
must also be in BM, for since K L  is parallel to the glass, while from B, the 
image1 of the point K, BM  has been drawn parallel to KL, the image of K L  must 
be in the infinite line BM by the 2nd proposition, and therefore MB  is the 
image of LK, and-consequently the quadrangle MBCD  is the image of LKCD,  
and consequently the eye that has been found of MBCD  must also be the eye of 
ABCD, for a part of the image does not have another eye than the entire image.

NOTE

From what has been said in the note at the end of the 3rd example it is 
evident that the procedure might also be performed by drawing from the two
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ten L en K twee hanghende op D C , vindende daer na de fchacu eens recht- 
houckighcn vierhoucx deur het 1 voorbeelt

ƒ  Voorbeelt vandefchaeu eensverfchaeulicken vierhoucx met 
vier omvewijdeghefijden, en de voorfte alleeneltck eve- 
wjdeghe metteglajgront.

T g h e g h e v e n » Laet ABCD fchaeu fijn van een verfchaeulick plat ge- 
lijck metten verfchaeulicken vierhouck E F G H,hebbende vier onevewijdeghe 
lijden, en op wiens oneyndelick plat het glas mette fijde D C int verfchaeuwen 
rechthouckich dont,en hebbende de lijckftandighe fijde met H G diens fchaeü 
D C, int verfchaeuwen evewijdichghchadtmettct glas. T b e g h e e r d e . Wy 
moeten het oogh vinden.

T W E R C K.
Tfy dat int verfchaeuwen het verfchaeulick plat EFGH mette lijckftahdige 

fijde van H G quam int glas of niet, loo ftcl ick nochtans my fèlven voor (oni 
redenen verclaert int bewijs des 1 voorbcelts) dattet met foodanige fijde daer in 
qua m.fulcx dat D C is fbö wel fchacu ais verfchaeulicke der * lijckftandigé met Homologe. 
HG. Dir foo fijndc, ick teyeken op D C ais lijckftandighe met HG^den vier
houck IK C D, ghelijck metten vierhouck E F G Hj Daer nia van 1 twee iinien, 
d’cene als 1L cvewijdich met K Ç, en commtnde L in D Cof hacr verlangde, 
d’anderiMevenenevcwijdeghèmetLC: DaernaL A,en van A tot inB C

&
i r

J i

de lini AN evewijdeghe met IK  T’welck foo wefende, A N C L is fchaea 
des evewijdeghen vierhoucxl M C L, ghelijck wy hieronder bewijfen lullen; 
Dàerom vande felve ANC L gheföcht ‘het- oogh , Wort bevonden deur het 
i  voorbeelt defes voorftels,ten ey tide,neem kk,dct liui even an O Fjghefieltopt

F 4 punt
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points L  and K  two perpendiculars to DC  and thereafter finding the image of a 
right-angled quadrangle by the 1st example.

5th Example, of the Image of a Quadrangle With Four Non-Parallel 
Sides, Only the Foremost Side Having Been Parallel to the Glass Base.

SUPPOSITION. Let ABCD  be the image of a plane figure similar to the 
quadrangle EFGH, having four non-parallel sides and to whose infinite plane 
the glass with the side DC  was at right angles in the drawing operation, the side 
homologous to HG, whose image is DC, having been parallel to the glass in the 
drawing operation. W HAT IS REQUIRED. W e have to find the eye.

PROCEDURE

N o matter whether in the drawing operation the plane figure EFGH came with 
the side homologous to H G  in the glass or not, nevertheless I imagine (for reasons 
explained in the proof of the 1st example) that it came therein with this side, 
so that DC  is the side homologous to HG  as well as the image thereof. This 
being so, I draw on DC, the side homologous to HG,  the quadrangle IKCD,  
similar to the quadrangle EFGH-, thereafter from I  two lines, one (7Z,) parallel 
to KC  and with L  coming in DC  or DC  produced, the other (/At) equal and 
parallel to LC\ thereafter LA, and from A  to BC the line A N  parallel to IM. This 
being so, ANCL  is the image of the parallel quadrangle IMCL, as we shall prove 
below. When therefore the eye is sought of this ANCL,  it is found by the 2nd



S B o V C K  D E R  D’E V R  s i c h t i g  h e

punt Qjxchthóuckicb opt glas, t welck ick fcgh fbegheert oogh té fijn*

evewijdeghen vierhoucx 1M C L-, om van t’welck verclaring te doen ick fegh 
aldus: A ngheficn t’punt Adcs vierhoucx A B C L , is fchapu van t’punt I des 
vierhoucx 1M C D, en t’punt L indc glafgront is fchaeu van fijn iêlven deur de 
a begheene,daerom is A L fchaeu van I L deur het i voorftcl. Voort angefien 
BCichaeuis vanKCdeurt’ghefteïde, loo moet de fchacu des punts Mlp BC 
wcfen, fy moet oock fijn'in A N, wàht alfoo IM évewijdich is mettet glas, en 
dat van A fchaeu des punts I,ghetrocken is A N evewijdege met 1 M, iep moet 
de fchaeu van IM fijn indc oneyndelicke A N deur het i  voorikl.en daerom is 
AN fchaeu vanlM, en N Ç van M C, en vervolgens dcvieihouck A N LC, 
fchaeu van IM C L, en vcrvolghens het oogh ghevonden ván ANC L , moet 
oock fijn het oogh van Á B CD, want de heele fchaeu gheen ander oogh en 
heeft dan haer deel.

Deur t’gene wy gheièyt hebben anteynde des 3 yoorbeelts, ís kennelick dat
men het werck ooçk foude meughen doen met te trecken vande twee punten 
len MtweehanghcndelinienopDC,vindende daer na de fchaeu eens recht- 
houckighen vierhoucx deur het 1 voorbeelt.

Int boveichreven 4 en 5 voorbeelt heeft des verfchaeulicken vierhoucx voor. 
Be fijde cvewijdich mettetglasgheweeft,maeromde ghemeenheyt des voor- 
fiels te verdaten in vicrhouckcn diens achteiflc fijde alleenelick evewijdege is

metteglafgrondt, fbo laetABGD fchaeu fijn van een verfchaeulicken viér» 
houck EEG H,hebbende vies ©fievewijdeghe fijden, eu op wiens, oneyndelick

plat

T  B E W  Y S.

Wy hebben int werek ghcfeyt dat A N G L fchaeu isdes verfchaeulicken

M  E R C  K T.

6 Voorbeelt van de fihaeu eens verfchaeulicke vierhoucx 
wiens acht erñe jijde alleen evevpijdeghe ü mette glaß

c
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example of this proposition at the end point —  I take it —  of the line equal 
to OP, erected in the point Q  at right angles to the glass, which I say is the 
required eye.

PROOF

In the procedure we have said that ANCL  is the image of the parallel 
quadrangle IMCL; in order to explain this, I say as follows. Since the point A 
of the quadrangle ABCL  is the image of the point I of the quadrangle IMCD, 
while the point L  in the glass base it its own image by the 2nd postulate, A L  is 
the image of IL by the 1st proposition. Further, since BC is the image of KC  by 
the supposition, the image of the point iVl must be in BC; it must also be in A N ,  
for since IM  is parallel to the glass, while from A, the image of the point / , A N  
has been drawn parallel to IM, the image of IM  must be in the infinite line A N  
by the 2nd proposition, and therefore A N  is the image of ƒ Aí and N C  of AfC, 
and consequently the quadrangle ANLC  is the image of IMCL, and consequently 
the eye that has been found of ANCL  must also be the eye of ABCD, for the 
entire image does not have another eye than its part.

NOTE

From what we have said at the end of the 3rd example it is evident that the 
procedure might also be performed by drawing from the two points I and Aí 
two perpendiculars to DC  and finding thereafter the image of a right-angled 
quadrangle by the 1st example.

6 th Example, of the Image of a Quadrangle Whose 
Rearmost Side Only is Parallel to the Glass Base.

In the aforesaid 4th and 5th examples the foremost side of the quadrangle was 
parallel to the glass, but in order to explain the common applicability of the 
proposition to quadrangles whose rearmost side only is parallel to the glass 
base, let ABCD  be the image of a quadrangle EFGH, having four non-parallel 
sides and to whose infinite plane the glass with the point C was at right angles in
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p h t  h e t  g las m e tte t  p u n t  C in t  v e rfc h a e u w e n  re c h th o u c k ic h  f lo n t ,  en h e b b e n 
d e  d ’a c h tc r f le  fijd e  E F d ie n s  fch « cu  A  B,int v e rfc h a eu w e n  e v e w ijd ic h  g h e h a d t  
B ic tte tg la s .  T 8 E g h e e s . d e .  W y m o e te n  h e t o o g h  vinden,

T  W E R C K ,

Ick treek D I evewijdeghé met A  B , en commende I in B C  ; Daer na H K  
evewijdeghe met E F, en commende K in F G: T’wclck foo fijnde, tiskenne- 
lick dat A B I D  is fchaeu van E F K H , hebbende twee evewijdeghe fijden ais 
E F met H K,daerom vande felve A  B 1D  ghefocht het oogh , wort bevonden 
deur het 3 voorbcch deles voorft els ten cynde, neem ick , der lini even an L M  
gheftelt opt punt N  rechthouckich opt glas, t'welek openbacrlick t’begheerde 
oogh is.

«

7 Voorbeelt eens 'verfchaeulicken '■vierhoucx hebbende aÜeent- 
lick tujfehen twee * teghenoverñaende houcken een ver- Ofpofh* 
docbte lini evevvijdich metteglajgront.

By aldien de fchau waer ran een vierhouck als hier onder A  B C D , fchaeu 
van E F G H , alloo dat de verdochte lini D ,B, waer evewijdich ghcwceft mette 
glafgrondt, foo foudeH F daer m e oock moeten evewijdich gheweeft hebben: 
Daerom i A kennclick datmen dan 
ibudc trecken H F , daer na E H  on-  
eyndelick voorwaert na I,en G I eve
wijdeghe met F H , S’ghélijcx D  B, / S s .  "4

‘ daer há A  D  oneyndeli'ck voorvyaert j j - I    p
na K.cn GK evewijdcghç met B D, / V  ..-x \ ^
en dat a lfdanD B  C K fchatu  foude y  i  
fijn van H E G I, waer a f het oogh ** 0
gevonden deur hçt 3 voorheelt, m en  
áál t’begheerde hebben.

S Voorbeelt van een . Verfchaettíick rechtlinich plat meer dan 
vier f

Ghegheven fijndodcfchaeuniette verfchaeulicke ferm dic meer dan yierfij- 
detv heeft , en de reft na t'inhoudt des voorfiels, menfalom t’çogh te vinden 
uyt bet fclvc'vetfchaeulick plat verkiefcn vierhouck punten, foo dat daer tut 
lichen bedocht of get rocken vierdinien die een bequasm vieihouckmaken̂ daeE 
afcêh fijde int verfchaeuwen evewijdich was mettet glas. S’ghelijcx falmen 
tuffchéii dier vier plinten fchaeuwen y trecken vier rechte liniçn en,dep vier- 
houck daer tüfichch begrepen fai fijn fchacu van d’ander ,• daerom vande fcjve 
het oogh ghevondért deur een den bovcfchrevcn voorbeelden ¿a ghcleghçnt- 
heyrdes verfchaeulicken viethoucx diemenalfoQghcaegen heeft,men fai oock 
hebben het oogh vande heele fchaeu.

Laer by voorbeelt A B C D E fchaeu fijn vaneen verfchaeulick vijfhouck 
F G HI K,op wiens oneyndelick plat het glas mettet punt C int verfchaeuwen 
rechthouckich fton t,en hebbende de verdochte rechte lini van K tot G int ver
fchaeuwen evewijdich gehadt mettet glas. T b e g h e e r d e .  Wy moeten 
het oogh vinden.

TwEB.CC.
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the drawing operation, its rearmost side EF, whose image is AB,  having been 
parallel to the glass in the drawing operation. W HAT IS REQUIRED. W e have 
to find the eye.

PROCEDURE

I draw DI parallel to AB, with I  coming in BC; thereafter H K  parallel to EF, 
with K  coming in FG. This being so, it is evident that ABID  is the image of 
EFKH, having two parallel sides (EF and H K ) . When therefore the eye is sought 
of this ABID, it is found by the 3rd example of this proposition at the end 
point —  I take it —  of the line equal to LM, ' erected in the point N  at right 
angles to the glass, which is evidently the required eye.

1th Example, of a Quadrangle Having Only Between Tivo Opposite 
Angles an Auxiliary Line Parallel to the Glass Base.

If the image were a quadrangle, as ABCD  below, the image of EFGH, so that 
the auxiliary line DB  had been parallel to the glass base, HF would also have 
been parallel thereto. Therefore it is evident that one ought then to draw HF, 
thereafter produce EH indefinitely to I and draw GI parallel to FH; similarly 
one ought to draw DB, then produce A D  indefinitely to K, and draw CK  parallel 
to BD; then DBCK  would be the image of HFG1, and when hereof the eye is 
found by the 3rd example, it will be the required eye.

8th Example, of a Rectilinear Plane Figure 
Having More Than Four Sides.

Given the image and the object figure having more than four sides and the 
rest according to the contents of the proposition, in order to find the eye four 
vertices have to be chosen from the said plane figure so that between them are 
imagined or drawn four lines which make a convenient quadrangle, one side of 
which was parallel to the glass in the drawing operation. Similarly, four straight 
lines have to be drawn between the images of those four points; then the 
quadrangle contained between them will be the image of the other. When there
fore the eye is found hereof, by one of the above examples, for the quadrangle 
that has thus been obtained, we shall also have found the eye of the entire 
image.

For example, let ABCDE  be the image of a pentagon FGHIK, to whose in
finite plane the glass with the point C was at right angles in the drawing oper
ation, the imagined straight line from K  to G  having been parallel to the glass 
in the drawing operation. W HAT IS REQUIRED. W e have to find the eye.
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T W E R C K.
Ick treck E B als fchaeu van KG, en haer Ä'ewijdeghe D L, commende L 

in B C,daer na 1M evewijdege met K G,en commende M in G H: T’welck loo 
fijnde, t’iskennelickdatEBLD fchaeu is vanKGMI, hebbende twee cve. 
wijdeghe fijden ais K G met I M ; Daerom vande felve E B L D ghefocht het 
oogh, wort bevonden deur het j voorbeelt defes voorftels ten eynde der lini, 
neem ick,even an N 0,geftelt op t’punt P rechthouckich opt glas,t'welck opea«

£

baerlick t'beghecrde oogh is. Tb e  s l  v .y  t .  Wefende dan ghegheven eco 
vierfijdich ofmcetfijdich plat, dat fchaeu is van een ghegheven verfchaeulick 
plat,op t’welck het glas int verfchaeuwen een houck maecktceven an een ghe- 
geven houck, en hebbende de felve fchaeu ten minden een fijde of lini tufleheta 
twee houckcn evewijdich mette glafgrondt, wy hebben het oogh ghevonden,, 
nadeheylch.

M E R C K t .

Sooder beken t waer Wat hoück eehige vande fijdèri dei verfchaeulicke fonn 
Int verfchaeuwen op dcglafgront maecktc, t’isopcnbaer dat deur de voorgacn- 
de manier ghevonden foude worden het oogh van die ghegheven fchaeu cens 

• rechtlinich plats, om dat alle rechte lini ghetrocken uyt een houck der fchaeu, 
evewijdich mctteglafgiondt, fchacu is der lini ghetrocken inde verfchaeulicke 
form tiyt der ghèlijcken houck oock evewijdich mette glalgrondt.
; Maer anghefien het feldcn ghebeurt, dat in fulcke ghegheven fchaeuwen 

foodanighen houck bekent is, foo fóudedat inde daet wcynich ghebruyckcon- 
nen hebbcn. Doch ais de ghegheven verfchaeulicke form ten ininfien heefe 
twee èyewijdcghc fijden, of twee evewijdeghe linien dic ttiflehen de houçkcn 
getrockeri fi j n ofgctiocken con nen worden, foo ifler deur ander wech eenlch- 
fins middel om daer toe te commen, waer afwy het volghende voorflel füllen 
befchrijvcn.

7 W erck-
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PROCEDURE

I draw EB as image of KG,  and the line parallel thereto DL, L  coming in 
BC\ thereafter IM  parallel to KG, M  coming in GH. This being so, it is evident 
that EBLD is the image of KGMI, having two parallel sides (K G  and IM). 
When therefore the eye is sought of this EBLD, it is found by the 3rd example 
of this proposition at the end point of the line —  I take it —  equal to NO,  
erected in the point P at right angles to the glass, which is evidently the required 
eye. CONCLUSION. Hence, given a quadrilateral or multilateral plane figure, 
which is the image of a given plane figure with which in the drawing operation 
the glass made an angle equal to a given angle, while the said image has at least 
one side or line between two angles parallel to the glass base, we have found 
the eye, as required.

NOTE

If it were known what angle one of the sides o f the object figure made with 
the glass base in the drawing operation, then it would be evident that by the 
foregoing manner the eye of any given image of a rectilinear plane figure would 
be found, because any straight line drawn from an angle of the image, parallel 
to the glass base, is the image of the line drawn in the object figure from a 
similar angle, also parallel to the glass base.

But since it seldom happens that in such given images this angle is known, 
in actual fact this would not find much application. But if the given object 
figure has at least two parallel sides or two parallel lines that have been or can be 
drawn between the angles, then there is to some extent a means for finding 
it by another method, about which we shall describe the following proposition.
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7 W E R C K S T V C K Ú  *3 v o o r s t e l

W efendeghcgcvenceneV evvijdich vierííjtlich plat, dat 
íchaeu is van een verfchaeulick p la t , op  t vvelck het 
glas in t verfchaeuvven een höuck  m aeckte ev en a n een  
gh egeveñh ou ck ,en w éfen d ed e  felve-fchaeu fonder eeni- 
ghe fijd e o f lin i die tuflchen tvvee houcken evevvijdich  
m ette  g la ig ro n d tis , maèr hebbende de verfchàeulicke 
form  ten m inften  tvvee evevvijdeghe lijd en , o flin ien d ie  
tu lT chendehouckenghetrockenfíjn ,o f  ghetrocken con - 
n en  w ord en : H et ö ó g h  te vinden.

T g h e g h e v e n . Lact A B C  D fchaeu fijn, fonder ebnighe fijdeof lini 
die tuflchen twee houcken evewijdich mette glalgrondt is, en dàt vande ver- 
fchaculicke evcwijdcghe viethouek E F G H, op welcke het glas int verichaeu- 
vycn rechthouckich flont. Tb e g  h  e e r  b Ei Wy moeten het oogh vinden.'

T W E R C K i

Ick treck D A en C B voorwáctt,tót datfe vergaten in I,lgheli jdt B A en C D 
vergarende in K,daer na I K,en een oneÿndelicke deur C, evewijdeghe met IK 
a is L M glafgront betcyckenende.ick treck dacr na A D voorwaert tot die on- 
cyndelicke,ontmoetende de felve in L; S ghélijcx A B voorwaert gherâkende de 
felve oneÿndelicke in M, en teycken int middel van L M t’punt N, en van N 
ueck ick de oneÿndelicke N O rechthouckich op L M j Daer na E P, alfoo dat 
den houck HËP even is anden houckPEF, treck daer nauyt de oneyndc- 
lickeN O,çcnigheliniaisOQ^alfoo dat den houckQ_0 N, even fy anden 
houck H E P, voort van L tot inde oneÿndelicke N O, de Jini L R evewijdeghe 
met QO, en beíchrijfdeur de drie punten L R M een boœh; alwacr te gedcnc- 
kenftaét, dat wanneer den houck ais HE F recht is als hier, lbo valt desrondts 
middelpunt daer de booch opbefchieven wort in N, en dien houck fcherp lijn
de, valt daer bovenin NR, maer plomp lijnde valt dacr onder inde verlangde 
R N: Voort treek ick E G; Daer ná vande twee punten Cen M, treck ick twee 
linieo tot een felvc punt des boochs,als tottet punt S, lbo dat den houck C SAI, 
even is anden houck GEF, (doch is te weten dattet * wi Icon flieh trccken deles Mahm*. 
houcx,my int befchrijven vandefen niet te voorenen quâm,maer* tuychwcrc- ,ira 
kclick macht ghedaen worden onderanderen met te fnyen een papieren houd; 
evenanGEF,hebbendedcfijdenEG,EFJanckghcnouch.en defen papie
ren houck foo ghcleyt.dat dé lijden ais E F, E G, gheraken de twee punten C M, 
en den uyterfleñ punt als E inden om treek» t’welck deur keering en wending 
ter eender en ander lijde daer toe ghebrocht can worden; Tis oock te weten,dat 
fulck gheraeckfel des uyterflen punts vant papier,alleenclick ghefchien can wifi 
conftelick,weh’crftaende int punt S, want van daer na M, foocomt dan dat 
pnnt buy ten den om treck, en vàn S na L vallet overal daer binnen. Dele tuyeh- 
werckelicke man ier hebben wy liever hier ghcflelt, dan de faeck ongheroert té 
laten, temeer Opdat ander diederluft toe hebben de wifconftighe wereking 
foucken meughen) daernáLS, voort van Ken I, twee linienKT,I V, rechr-

houckich
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7th PROBLEM 13th PROPOSITION

Given a parallel quadrilateral plane figure * ), which is the image of a plane 
figure with which in the drawing operation the glass made an angle equal to a 
given angle, the said image not having any side or line between two angles parallel 
to the glass base, but the object figure having at least two parallel sides or lines 
that have been or can be drawn between the angles: to find the eye.

SUPPOSITION. Let ABCD  be the image, without any side or line between two 
angles parallel to the* glass base, such of the parallel quadrangle *) EFGH, to 
which the glass was at right angles in the drawing operation. W HAT IS RE
QUIRED. W e have to find the eye.

PROCEDURE

I produce D A  and CB until they meet in I, similarly BA  and CD  until they 
meet in K;  thereafter I draw IK, and an infinite line through C parallel to IK  
(LM ),  denoting the glass base. I then produce A D  to that infinite line, which 
it meets in L; similarly I produce AB, which meets the said infinite line in AÍ, 
and I mark in the middle of LM  the point N , and from N  I draw the infinite 
line N O  at right angles to LM. Thereafter I draw EP so that the angle HEP is 
equal to the angle PEF; then I draw from the infinite line N O  a line (O Q )  such 
that the angle Q O N  be equal to the angle HEP, further from L  to the infinite 
line N O  the line LR parallel to QO; and I describe an arc through the three 
points L, R, M. Here it is to be borne in mind that when the angle HEF is right, 
as here, the Centre of the circle on which the arc is described falls in N,  and when 
that angle is acutë, it falls above it in NR,  but when the angle is obtuse, it falls 
below it in RN  produced. Further I draw EG. Thereafter from the two points 
C and M  I draw two lines to one and the same point of the arc, viz. to the point 
S, so that the angle CSM is equal to the angle GEF (but it is to be noted that the 
mathematical drawing of this angle did not occur to me during the description 
of this matter, but mechanically it can be done, among other things, by cutting 
an angle of paper equal to GEF, whose sides EG and EF have the required length,, 
this angle of paper being so placed that the sides EF, EG pass through the two 
points, C, M  and the end point (E)  touches the circumference, which can be 
brought about by turning to one side and the other. It is also to be noted that 
such touching of the end point of the paper can only take place mathematically, 
viz. in the point S, for from there to M  that point comes without the circum
ference and from S to L  it always falls within it. W e preferred to give this mechanical 
method here rather than leave the matter undiscussed, the more so in order that 
others who have a mind may seek the mathematical operation); thereafter LS. 
Further I draw from K  and I two lines KT, IV  at right angles to the infinite line

') Parallelogram.
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hóuckich op de oneÿndelicke ¿  M, voort V W évéwijdeghé met S L, én vaa 
T tot inde oneÿndelicke V W, de lini T W cvewijdéghé met S Master na W X 
rechthouckich op L M, en W X voorwaèrt toi Y in Kl, daer ha flel ick opt 
punt Y éen lini éven an W X rechthouckich opt glâs, t’welck loo fijiide, ick 
içgh t'èyndedér felve lini t’beghéctdeoôgh te Wcfeh. T b e r e y t s e l - Laet 
ghetrocken Wörden van C tot in S M de Uni C L, evewi jdeghc met L S, ighc- 
lijexvanC tot in SLdc lini C à evevvijdeghc met M S,daer na K M.

Y B E W Y S.
f)en hotick LRN.is even anden houck MRN, eh den houck HEP, evea 

fijnde met L R N deur t’werck, is oock even anden houck PEF, daetom den 
. houck L R M is even ánden houck H E F s Maer den houck L S M (commcnde 
inde ici ve booch L R M)is even anden iêl ven houck L R M¿daerom den houck

LSM
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LM, further V W  parallel to SL, and from T  to the infinite line V W  the line 
T W  parallel to 5Aí, thereafter W X  at right angles to Z.Aí, and I produce W X  
to Y  in Kl.  Thereafter I erect in the point Y  a line equal to W X  at right angles 
to the glass; this being so, I say that the end point of this line is the required eye. 
PRELIMINARY. Let there be drawn from C to 5AI the line CZ parallel to LS, 
similarly from C to SL the line Ca parallel to AIS; thereafter RM.

PROOF

The angle LRN  is equal to the angle MRN,  and the angle HEP, being equal 
to LRN  by the procedure, is also equal to the angle PEE, therefore the angle 
LRM  is equal to the angle HEF. But the angle LSM (coming in the same arc



V a N D E  V E R S C H Ä E V W f  NÓ.  >3
LS M is even ánden houck H E F, voort is den houck C S Z even anden hôùck 
G E F,en ghelijck G F evewi jdeghe is met H E,en G H met F E, àlfbo CZmet 
a S,en G a met Z S,dacrom den vierhouck S Z C a,ais vérichaculicke vierhouck,

. is ghelijck metten vierhouck E F G H,en van delen vierhouck S Z C <*,wefende 
Wde voet,ofandersghefeyt wefendc hetoogh ten eyndeder lini even an W X, 
ghetteltopt punt Y rechthouckich opt glas, foo is A  BC Dde fchaeu, alsdc li- ' 
nien der form uytwijfcn, hjckformich lijnde ande wercking van t’vindcn der 
fchaeu in der cortheden 3 lidis 6 voorbeelt. Maer wefende A B C D fchaeu ge
hen uy t fulcken oogh.foo moet dat oogh oock t’begheerde lijn.

T  s e s L V y T . W efende dan ghegheven een evewijdich vicrfijdich plat, dat 
fchaeu is v aneen  V crfchaeuÍickp!at,opt’weÍck het glas int vcrfchaeuwen een 
houck maecktc even an een ghegheven houck, en wefende de felve fchaeu iön- 
der cenige lijde o f  lini dic luifchcn twee houckcn evelijdich m ette glafgront is, 
roacr hcbbchdccfe vcrfchaeulicke form  ten m inden twee cvewijdighe lijden ,of 
lin icn  die tuficheh de houckcn ghetrocken fijn, o f  ghetrocken contieri wordchj 
wy hebben het oogh ghevonden na den eyfeh.

8 W E R CK S T I C K;  »4 V O O R S T E L .
Wefende ghegeven een vierfijdich of meerfijdieh plat* 

dat lchaeuisvan een verfchaeulick plat, op t’wclck het 
glas int verfchaeuvven een houck maeckte even an een 
ghegheven houck, en vvefeiide de felvë fchaeu fonder ee- 
nighe fijdeoflini die tuflchên twee houcken evevvijdich 
mette glaígrondí is , maer hebbende de verfcháeulicke 
form ten minfteri tvveë eveVvijdeghe fijdeii, o f linien die 
tuiTchen de houcken ghetrocken iijn, ofghetrocken con«, 
nen worden, en boven dien bekent fijnde den houck 
die eenighciijde der ghegheven fchaeu int verfchaeuvven 
op de glaigrondt maecktt. Hetoogh te vinden.

Dit 14 voorflel verfchilt vint 13 daerin.dattetghcmeen isover allé* veel- Multilatera 
fi jdeghe platten, maer weerom daer teghen moeter bekent fijn wat houck ce- f Ur“1' 
nighehnider fchaeu intverfchacuwcn op de glafgrondtmaeckte, t’welck int 
13 voorftel niet nocdich en was.om dat de glafgront ny t de ghegheven fchaeu 
gbevonden wiert. Doch anghefien fulcken hotlck dickwils bekent wort in 
voorgheftelde fchaeuivën oflchildeiycn ,deurccnighe ander byftachde linieñ 
diemen weet op de glafgront rechthouckich te commen, foo can t’vinden des 
ooghs van fulcke fchaeuwenindedaetfijn ghebruyck hebben, waer deür wy 
t'fclve hier bcfchrijvcn.

/  yóorbeelt vandefchaeu tens ‘verfchaeulicken vierhouexmet 
aüeenelxck rwee evevpijdegbe fijden.

T  g H E g h e V e N. Laet A  B C D , de fchaeu fijn vande vcrfchaculickeform 
E F G H inde vloer,waer af de twee lijden H  E,G F , cvewijdich fíjn, macr d’an-*

G der
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LRM)  is equal to the  said angle LRM, therefore the angle LSM is equal to  the 
angle HEP. Further the  angle CSZ is equal to  the  angle GEF, and  ju st as G F is 
parallel to  HE and GH  to  FE, thus CZ is parallel to  aS and Ca to  ZS. T herefore  
the  quadrangle SZCa ( th e  object quadrangle) is sim ilar to  the  quadrangle EFGH, 
and  since W  is thé foot o f  this quadrangle SZCa or, in  o ther words, the  eye is 
a t the  end po in t o f  the  line equal to  W X ,  erected in  the  po in t Y  at righ t angles 
to  the  glass, ABCD  is the  image, as the  lines o f the  figure show, w hich is sim ilar 
to  the  operation o f the  fin d in g  o f the  image in  the  6 th  exam ple o f  the  3rd section 
o f the  abridgem ents. B ut since ABCD  is the  image, seen from  the  said eye, that 
eye m ust also be the  required eye.

C O N C LU SIO N . Hence, g iven a parallel quadrilateral plane figure, w hich is 
the.im age o f a p lane figure w ith  w hich in  the  draw ing operation the glass m ade 
an angle equal to  a g iven angle, the  said im age not having any side o r line 
betw een two angles parallel to  the  glass base, bu t the  object figure  having at 
least two parallel sides o r lines th a t have been or can be draw n betw een the 
angles, we have found  the  eye, as required.

8th PROBLEM 14th PROPOSITION

G iven a quadrilateral o r m ultilateral p lane figure, w hich is the image o f a plane 
figure w ith  w hich in  the  draw ing operation  the  glass m ade an angle equal to  a 
given angle, the  said image not having any side o r line betw een tw o angles 
parallel to the  glass base, but the  object figure having at least tw o parallel sides 
or lines th a t have been or can be draw n betw een the angles, w hile m oreover the 
angle which one o f the  sides o f the  given image m ade w ith  the  glass base in 
the  draw ing operation is know n: to find  the  eye.

This 14th proposition differs from the 13th in that it applies generally to all 
multilateral plane figures, but on the other hand it must be known what angle 
one of the lines of the image made with the glass base in the drawing operation, 
which was not necessary in the 13th proposition because the glass base was found 
from the given image. But since this angle often becomes known in given per
spective drawings or pictures from some other accessory lines, which are known 
to be at right angles to the glass base, the finding of the eye of such images 
may be useful in practice, for which reason we will here describe it.

1st Example, of the Image of a Quadrangle 
Having Only Two Parallel Sides.

SU PPO SIT IO N . Let ABCD  be the  image o f the figure  EFGH in  the  floor, 
whose tw o sides HE, GF are parallel, b u t the  o ther two GH, FE non-parallel.



7 4  1 B o V C K / D E R  ü e v r s i c h t i g h e
der twee G H, F E onevewijdich.en den houck D fy fchaeu van H ,cn t’glas heb 
int verfchaeuwcn rcchthouckkfrghcweeft opt verfchaeulick plat, en evewij- 
dich met 1 K,die ick hier (tfy datier int verfchaeuwcn deur ftreckte of niet) doe 
firecken deur t’punt C fules dat den houck die eenighc ftjdeick neem D C ¿int 
vei fchacuwen op de glafgront maeckte,e ven was metten houckDCL

T b e g h e e r . d e .  Wymoetenhetooghvinden.

t w e r c k .
Ick treck D A en C B voorwaert.tot datfe vergaren in L,en deurL deoneyn- 

delicke L M evewi jdcghe met K l.daer na C D voorwaert tot datfe die oneyn- 
dclicke on tmœt, t’welck fy iii M , en van M deur A een lini tot datfe C L ont
moet,t’welckfy in N, voort van E t̂ot in I G de lini E 0,cvewijdcghe met G H: 
Dit foo lijnde,A N C D is fchaeu des evewijdeghën vicrhouçjc EOGH¡ Hier 
àf het oogh ghevonden deur het i voorbeelt van defen, t'wclck fy tçn eynde dec 
lini even anPQ,ghcfteltopt punt R rechthouckich opt glas, men heeft t’be- 
gheerde,wacr af t "bewijs openbaer is, deur de verkeerde wereking vant vinden 
der lchacu in der corthedcn ¡ lidts 6 voorbeelt.

Wl R  JL.

H

g Voorbeelt 'vande jehaia eens *verfihaeulicken rechtüritch 

plats foot valt, aochhebbendetenminilenna t’inhoudt des 

'voorilels, twee evewijdighe fijden of linten, die tuf- 

fehen de houcken ghetrocken fijn cf ghetrocken comteti 
worden.

T g h e g h e v e n ,  Laet ABCDEFdc fchaeu fijn vandc verfchaculicke 
form G H 1K L M foot valt,doch .hebbende de verdochtc of ghetrocken linien 
tuflehen de houckcn M,H,en 1, L, evcwijdich, daft is M H cvewijdich met L I, 
en den houck A fy lchacu van G, voort hebbe t’glas int verlchaeu wen ghc weeft 
rechthouckich opt verfchaeulick plat, cn deglafgrondt cvewijdich met' NO,

fu lar
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A n d  let the  angle D  be the  image o f H, and let the glass have been at righ t angles 
to  the  object plane figure in  the draw ing operation and parallel to IK, which here 
(n o  m atter w hether in  the  draw ing operation it passed through it o r n o t) I take 
to  pass th rough  the  po in t C, so that the  angle w hich one o f the  sides —  I as
sum e DC ■—■ m ade w ith  the  glass base in  the  draw ing operation was equal to 
the  angle DC1.

W H A T  IS R EQ U IR ED . W e  have to find  the eye.
PR O C ED U R E

I produce D A  and CB until they m eet in  L, and th rough  L I draw  the infin ite  
line  LM  parallel to  KI; thereafter I produce CD  u n til it meets that in fin ite  line. 
Let this be in  M, then  from  M  th ro u g h . A  I draw  a line until it meets CL. Let 
this be in  N.  Further I draw  from  E to  FG the  line EO parallel to GH. T his 
being so, A N C D  is the  image o f the  parallel quadrangle EOGH. W h en  hereof 
the  eye has been found  by the 1st exam ple o f the  present proposition * ), which 
shall be at the  end po in t o f  the line equal to  PQ, erected in the po in t R  at right 
angles to the  glass, we have found  the  required eye, the  p ro o f o f  w hich is evident 
by the  operation reverse to  that o f the  find ing  o f the  image in the  6 th  exam ple o f 
the  3rd section of the abridgem ents.

2nd Example, of the Image of a Rectilinear Plane Figure of Any Form,
But Having at Least, According to the Contents of the Proposition, Two Parallel 

Sides or Lines That Have Been or Can Be Drawn Between the Angles.

SU PPO SIT IO N . Let ABCDEF be the image o f  the  object figure GHÏKML  of 
any form , bu t hav ing  the  auxiliary o r draw n lines betw een the angles M, H  and 
I, L  parallel, i.e. M H  parallel to  LI, and let the  angle A  be the  image o f  G. 
Further, let the glass have been at righ t angles to the  plane figure in the  draw ing

/ *) Something is wrong in this reference. What is meant is the 7 th Problem, 13 th 
Proposition.
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ihlcx datden houck dic cenighe fijdc ick neem ED int vcrfchaeuwen op de 
glafgront maeckte,even was inetten houck E D N. T b e g h e e r d e . Wy 
moeten het oogh vinden. .

T W E R C K .
Want den houck F fchàeü is van M,en B van H, Too trcck ick F B; S’ghdijcx 

Want den houck E fchaeu is van L, en C ván I, loo treck ick E C, r weick foo 
iijnde.de vierhouçkF B C E* is fchacu des yeifchaeulicken vierhoucx M H IL; 
hebbende twèe cvewijdeghe lijden, daer af het oogh gevonden deur het 1 voor
beelt,treckende de glafgront deur E evcwijdich met N O, en de teil ais int felve 
i vootbcclr, men vindt dat oogh ten eynde der lini,neem ick,even an P Q,ghc- 
ileltopt punt R rechthouckich opt glás, en men heeft f begheerde : Waer af 
t’bewijsopenbaeris. T b e s l v y t . Wefendcdanghegeven eenvieilijdich 
of mecriijdich plat, dat fchaeu is van een verfchaeulick plat, opt f wclck het glas

Ö.

JC

eV

\
N D O

int verfchaeuwen een houck maeckte, even an een ghegheven houck, en we
tende de felve fchaeu tender ecnighc lijde of lini die tuflehen twee hóuckert 
evewijdich mette glafgront is, maer hebbende de vcrfchaeulickc form ten min- 
iten twee evcwijdeghc lijden oflinien,die tülTchCn de houcken ghetrocken lijn 
of getrocken connen worden,en boven dien bekent lijnde den houck die ceni- 
ghc lijde der ghegheven fchaeu int vcrfchaeuwen op de glafgront maeckte, wy 
hebben het oogh ghevonden naden eyfcht

V E R V O L G H ,
Anghefiendefchaeuwcn van lichamen al in platten bellatii, foovolght 

daer uyt dattet oogh van een dier platten ghevonden ftjnde dcut de voorgaervdc 
letheien,datmen heeft het oogh des heelen lichaems(uytgenomcn van fchaeu- 
wën dic int verfchaeuvven met haér verfchaeulicke form evewijdich waren, 
want die int betender of alleen anghefien menghen het oogh overal heb
ben, om daite ais int glás ftjnde, gheen veranderingen crijghen deur vetfetting 
desooghs) la oock van alk ander omllacnde fchaeuwen der verfchaeulicke for
men by dat lichaem vervought, en t’felve ángaende. Maer op dat alles noch 
daerdcr fy,füllen daer af voorbeelt Hellen in defer voughen.

G á  T g h e -
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operation, and the glass base parallel to N O,  so that the angle which one of the 
sides —  I assume ED —  made with the glass base in the drawing operation was 
equal to the angle EDN. W HAT IS REQUIRED. W e have to find the eye.

PROCEDURE

Because the vertex F is the image of M, and B of H, I draw FB; similarly, 
because the vertex E is the image of L, and C oí 1 ,1  draw EC. This being so, the 
quadrangle FBCE is the image of the quadrangle MHIL  having two parallel 
sides. When hereof the eye has been found by the 1st example by drawing the 
glass base through E parallel to N O  and the rest as in said 1st example, that eye 
is found at the end point of the line —  I take it —  equal to PQ, erected in the 
point R  at right angles to the glass; and thus we have found the required eye, the 
proof of which is evident.

CONCLUSION. Hence, given a quadrilateral or multilateral plane figure, 
which is the image of a plane figure with which in the drawing operation the 
glass made an angle equal to a given angle, the said image not having any side 
or line between two angles parallel to the. glass base, but the object figure having 
at least two parallel sides or lines that have been or can be drawn between the 
angles, while moreover the angle which one of the sides of the given image made 
with the glass base in the drawing operation is known, we have found the eye, 
as required.

SEQUEL

Since the images of solids consist entirely o f plane figures, it follows that when 
the eye of one of those plane figures has been found by the foregoing rules, we 
have found the eye of the whole solid (except in the case of images which in 
the drawing operation were parallel to their object figures, for these, when con
sidered separately or alone, can have the eye anywhere, because, being in the glass, 
they do not undergo any change when the eye is displaced) , yea, also of any other 
adjacent images of the figures belonging to that solid and having some connection 
therewith. But in order that everything may be clearer still, we will give an 
example thereof, as follows. \
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T g h e g h e v e n . Laet A B C D EPG fijn de fchaeu eens vetlchaeulicken 

viercanten pylaers, die ghelijck is anden pylaer wiens hcoghdc D G,én ßjde des 
gronts G F,én was het glas int verfchaeuwcn evewijdich mettet plat als DCFG 
tulfchen den gront en het deckfel: En heeft defc fchaeu in haerdefchaeuwea 
van dtie platten ais blijckt. T b e g h e e r d e . Wy moeten het oogh vinden.

T W E R O K.
Ick ftel my fclvcn voor dattet glas int teyckencn ftrcckte (t’fy dat den vet« 

fchaeuwerdat int verichaeuwen fob mocht ghe
ftelt hebben of niet)deur de evewi jdege vierhouck 
DCFG, daerfe int verichaeuwen evewijdich me 
wasen nemende het verlchaeulick deckfel diens 
fchaeu A B C D, al oft op de vloei laghe,ick vinde 

- deur het i voorbeelt des 12 voorftcls het oogh ais 
ten eynde der lini even , neem ick, an Hl gheftelt 
opt punt K rechthouckich opt glas, welck oogh 
oock het oogh der heele verfchaeulicke form 
moet fijn,

I M E R  C K.

/  /
c H

/
S

i  S
■ r

A ,"

H

Wy hebben int werekghenomen datret vetfchaeulick deckfel diens fchaeu 
A B C D op de vloer light : En volghende fulckgheftelde het oogh ghevonden: 
Maer want dat de eyghentlicke vloer niet en is, en dat y mant antbeiluyt mocht 
twijfelen,foo füllen wy daerafverclaring doen.

Laet ABCDEFG een viercante pylaer 
fijn alfvooren , maer deurluchtich , waer in 
noch gheteyekent fijn de linien ais volght : D A TC
en C B fijn voortghetrocken tót datfe veria- j \
men in H,en D C die ais glafgront ghenomen !
wiert, is oneyndelick voor'ghctrocken na I, 
waer pp rechthouckich ghetrocken de oneyn- "  T̂ âtî 
delickcHK.fyfnijt DlinL; Daer nae get roc
ken A M rechthouckich op D I, en G D voort
ghetrocken tot N,alfoo dat DN even lÿ an 
D C,daer na van N deur M een rechte lini tot 
datfe H K ontmoet in O, voort op het punt 
Heen lini gheftelt even an Ó]L,en recht- u  g-.p 
houckich opt plat daer de fchaeu in is, het eyn
de det felve is het oogh, ghelijck int voorgacn- 
de werek ghevonden wiert.

Maer om nu te bethoonen dat dit loo wel 
het waer oogh is,als het oogh ghevonden deur 
werekingop deneyghen vloer, foo laet ghe
trocken worden G H, en F E voorwaert, dic 
vallen moet in H, daer na E P, evewi jdege met 
FG, encommendePinG H,fulcxdat PEFG 
de fchaeu betcyckent des verlchaeulicken 
grondts inden eyghen vloer.

O m  van defe fchaeu P E F G het oogh te vinden,ick doe alfvooren,treckende
deglaf-

Lr t

O
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SUPPOSITION. Let ABCDEFG  be the image of a right quadrangular prism 
which is similar to a prism whose height is D G  and the side of whose base is 
GF, while in the drawing operation the glass was parallel to the plane figure 
DCFG  between the base and the cover; then this image has in it the images of 
three plane figures, as is apparent. W HAT IS REQUIRED. W e have to find the eye.

PROCEDURE

I imagine that in the drawing operation the glass passed (no matter whether 
the draughtsman put it thus in the drawing operation or not) through the parallel 
quadrangle DCFG, to which it was parallel in the drawing operation, and taking 
the image ABCD  of the cover to be in the floor, I find the eye, by the 1st example 
of the 12th proposition, at the end point of the line equal —  I take it —  to HI, 
erected in the point K  at right angles to the glass, which eye must also be the 
eye of the whole' figure.

1st NOTE

In the procedure we have assumed the image ABCD  of the cover to be in 
the floor, and according to this supposition we have found the eye. But because 
that is not the floor itself and because someone might doubt the solution, we 
will give an explanation thereof.

Let ABCDEFG be a right quadrangular prism, as above, but transparent, in 
which have also been drawn the following lines: D A  and CB have been produced 
until they meet in H, and DC, which was taken for the glass base, has been pro
duced indefinitely towards I. Drawn at right angles to this is the infinite line HK;  
it intersects D I  in L. When thereafter A M  is drawn at right angles to DI, and 
GD  is produced to N  so that D N  be equal to DC, a straight line then being 
drawn from N  through M  until it meets H K  in O, and a line being erected in 
the point H, equal to OL and at right angles to the plane which contains the 
image, the end point of this line is the eye, as was found in the foregoing procedure.

But in order to prove that this is the true eye just as well as the eye found by 
the operation in the floor itself, let GH  be drawn, and let FE be produced, which 
must fall in H, thereafter EP parallel to FG, P falling in GH, so that PEFG 
denotes the image of the base in the floor itself.
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de glafgrondt G F voorwaert, tot datfe H K ontmoet in Q¿en P R rechthouc
kich op de glafgrondt G Q^en teyeken in G D t’puntS,alfoodatGSeven is an 
G F, daer na van S deur R een lini tot datfè H K ontmoet in T, voort opt punt 
H een lini gheftelt even anTQ^en rechthouckich opt plat daer de fchaeu in is, 
het eyndc der felve moet openbacrlick het oogh wefen.

Maer dat diteynde.cn t’eynde der lini na t’eerftc befluyt.alcen felve punt is, 
volght daer uyt, dat TÇ^Cvcn is an O L , t’wclck aldus bçthoont wort: A M  
voortghetrocken ftjnde, ftreckt deur P tot R, fulcx dat des rechthöuckigen drie- 
houcxSG R , fijde G R.evenisan D M, en G S even an D N , deur t’werck, en 
daerom is daderde fijde N M, even cn evevvijdeghc met S R, en haer voortge- 
trocken linien ais M O en R T, moeten inde twee rechthouckighe dtiehouc- 
ken M O L, R T Q,oock even en cvewijdich fijn,al(bo oock moeten M L met 
R  Q^en vervolghens,ghelijck wy bethoonen wilden, O L met T Q. '

Hier uyt is oockopenbaerghenouch.datmen t’felve oogh alfoo vinden can 
deurd’ander tweeafgaende vierhouckighefchaeuwen B EFÇ, A P G D,tc we
ten deut B E F C nemende deoneyndclicke daer F C in is voor glafgront: Maer 
deur de vierhouck A P G D  nemende de oneÿndelicke daer G D in is voor 
glafgront, want deurde felve ghevonden de bovefebreven lini die opH moet 
ftaen, fy fai oock even fijn met O L o f T Q^Sulcx datmen uyt foodanighe vier 
vierhouckighe fchaeuwen, verkiefèn mach de bequaemfte daer de tuychwerckc- 
licke handeling de meefte fekerheyt in heeft.

a M E R C K .

Want ymantdenckenniocht, waerom hier int vinden des oóghs niet begoft 
en wiert met voorbeelden wefende de fchaeu cenpünr, lini, o f  drichoitck, fóó 
Tullen wy daér af de reden verclaren, welcke int ghc- 
jneen ghefèyr,is,datfe gheen fcker eenich befliiyt.maer 
oneÿndelickebcfluyten hebben. Om t’felvc breeder 
te verclaren,en cerft van t’punr, foo laet A B een glas 
fijnovercant ghefien, C een verfchaeulick punt, D  ¿  
fijn fchaeu, daer na ghetrocken van C deur D de lini 
C  D E, en E voor oogh ghenomen, tis kennelick dat- 
tet voor oogh van C fil meughen verftrecken. Maer 
C D  E voortghetrocken tot F, foofalFmettcfelvc re
den oock voor oogh van C meughen ghenomen worden, en alfóo met öneyn- 
dclicke ander.

Angaendede lini ick fèghaldus; foo t’een uyterfte der Verfchaeulicke lini int 
glas is, t ander daer buy ten, de fchaeu vant uy terfte punt datter buyten is , wort 
ghefien totfe fel ve placts des glas deur oneÿndelicke verfcheyden ooghen , ais 
boven ghefeyt is, en t ander eynde int glas wefende, 
fijn fchacu en verandert van plaets niet, deur ver- 
flclling des oogh s, daerom can de fchaeu van fulc- 
Re lini uyt oneÿndelicke verfcheyden plaetfen ghe
fien vvorden.Om t’welck by voorbeelt te verclaren,
Laet A B t’glas fijnovercant ghefien, C Deen ver» 
ichaeulicke lini,dienseen uyterfte C int glas is, fan
det uyterfte D daer buyten, E het oogh, van welck 
getrocken het ftraci E D, deurborendc t’glas A B in 
F, ais fchacu vá D,en F C is de fchaeu der vcrfchaeu- &

C 3 licke

E JP

3
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In order to find the eye of this image PEFG, I proceed as above, producing 
the glass base GF until it meets H K  in Q, drawing PR at right angles to the 
glass base GQ. And in G D  I mark the point S such that GS is equal to GF. 
Thereafter I draw a line from S through R until it meets H K  in T; further I 
erect in the point H  a line equal to TQ  and at right angles to the plane containing 
the image; the end point of the latter must evidently be the eye.

But that this end point and the end point of the line according to the first 
solution are one and the same point follows from the fact that TQ  is equal to 
OL, which is proved as follows: A M  produced passes through P  to R, so that the 
side GR  of the right-angled triangle SGR  is equal to DM, and GS is equal to 
D N  by the procedure, and therefore the third side N M  is equal and parallel 
to SR, and these lines produced, viz. MO  and RT, must also be equal and parallel 
in the two right-angled triangles MOL, RTQ. Thus ML  must also be equal and 
parallel to RQ, and consequently, as we wanted to show, so must OL to TQ.

From this it is also clear enough that the eye in question can thus be found 
from the other two receding quadrangular images BEFC, APGD,  to wit from 
BEFC by taking the infinite line containing FC for the glass base, but from the 
quadrangle A PGD  by taking the infinite line containing GD  for the glass base, 
for when from this is found the aforesaid line that has to stand in H, it will also 
be equal to OL  or TQ,  so that from these four quadrangular images one may 
choose the most suitable, with which the mechanical operation provides the 
greatest certainty.

2nd NOTE

Because someone might wonder why in finding the eye we did not begin with 
examples in which the image is a point, line or triangle, we will explain the 
reason thereof, which, generally speaking, is that they do not admit of one certain 
solution, but of an infinite number of solutions. In order to explain this more 
fully, first for a point, let AB  be a glass seen transversely, C an object point, D  
its image. When thereafter the line CDE is drawn from C through D, and E is 
taken for the eye, it is evident that it may serve for the eye of C. But when CDE 
is produced to F, for the same reason F may also be taken for the eye of C, and 
thus with an infinite number of other points.

As regards a line, I say as follows. If one end point of the object line is in 
the glass, the other outside it, the image of the end point that is outside it is 
seen in the said place of the glass by an infinite number of different eyes, as has 
been said above *); and if  the other end point is in the glass, the image of this 
does not change its place when the eye is displaced; therefore the image of such 
a line can be seen from an infinite number of different places. In order to ex
plain this by means of an example, let AB  be the glass seen transversely, CD  an 
object line, whose one'end point C is in the glass, the other end point D  outside

■) p. 75 Sequel.
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liekeDC. Maer om nu tebethoonen datdefeFC oock voor fchaeu van D C 
can vcrflrcckcn,ghefien wefènde van een ander oogh dán E,foo laet D E Voort- 
getrocken worden tot G, welck punt G voor oogh genomen,het Cet F C noch 
voor fchacu van D C,en alfoo met oneÿndelicke ander.

Maer de verfchaeulicke lini 
t’cenemael buyten t’glas fijn- 
de, ais ncem jck A B , diens 
fchaeu C D , intglasE F over- 
tant ghefien, en G het oogh, 
ickfègh dat alle punt vanghe- 
daente ais H voor oogh ghe
nomen , foo can CD fchaeu 
lijn van oneÿndelicke ander 
verfchaeulicke linien even an 
A B; wan t treckende yan H I 
dcur C en D , twee linien ais 
HC l,enHDK,endaértufi K.
Tchcn vcrvought de linien
LM, NOevenan AB.défèl* v
ve- L M, N O fijn openbacrlick verfchaeulicke linien diens fchaeu C D, en ver«
volghens de fchaeu C D can oneÿndelicke menichte van verfcheyden oogeta
hcbbcn.

1  is wel waer dat foomen de verfchaeulicke lini t’haerder gheftelde plaets 
gave.datmcnalfdan het oogh ncrghens verfetten en can fonder verandering 
der fchaeu te crijghen,doch wantet fclden ghebeurt dat de verfchaeulicke lini 
Int glas onder of by,of inde fchaeu met fuickc bcteyckening gheftelt wort, foo 
cnfchijnet niet dat de vinding desooghs deur fulcke manier icer begheert is. 
Nochtans om hier met een te verclaren, hocmen, of fiilcxghebeurde, daer me 
léven foude,foo laet AB fchaeu fijn vande verfchaeulicke C D , welcke fchaeu 
A B evewijdich fij nde mette glafgront E F, alfoo geficn wiert doen t’glas recht« 
Kouckich ftont op de glafgront,en ligghende de ver
fchaeulicke C D inde vloer tot die ghegeven plaets c  D
oock evewijdich van E F, en dat nootfakelick deur 
dien C D daer af evewijdeghe is. Om hier van het 
oogh te vinden, ick treck vande twee punten C en 
D ,op E F,éenighe twee evewijdeghe linien ais C E,
D F, tor op de glafgront E F. Twelck foo fijnde ick 
fouck hiér hètopgh van defè ghegheven AB FE der -B P
verfchaeulicke C D F E , na de manier des rj voor* 
ftels,en heb t’begheérde.

Maer loo de fchaeu niet evewijdich en waer mette glafgrondt, ais neent 
ick defc lini A B, fchaeu vande verfchaeulicke G D , onevewijdich vande 
glafgrondt EF,menfalom t’oogh te vinden,aldus doen : Ick treck DC en 
B A voorwaert, tot datfè inde glafgrondt vergaren in G ( inde glafgrondt mœ- 
tenfe vergaTen,fbot’ghegheven warachtichis, te Weten A B ware fchaeu te fijn 
van C D.inder voughen ais voorent) Ick treck daer na AH rechthouckich op 
E F, en van C verfchaeülick punt des fchacusA, treck ick deur H de oneynde- 
licke C 1; S gheli jcx treck ick B K rechthouckich op E F, en van D verfchaeu
lick punt des fchaeus B, deur K de lini DL, ontmoetende de oneÿndelicke C I 
in L» daer na L M evewijdeghe met G D,en gherakendede glafgront E F in Mp

voort
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it, E being the eye, from which let there be drawn the ray ED, piercing the glass 
AB  in F, the image of D, then FC is the image of the object line DC. But in 
order to show now that this FC may also serve as the image of DC  when seen 
by an eye other than E, let DE be produced to G, and when this point G  is' 
taken for the eye, it still sees FC as the image of DC,  and thus with an infinite 
number of other points.

But when the object line is altogether outside the glass, as —  I take it —  AB, 
whose image is CD  in the glass EF, seen transversely, G  being the eye, I say that 
when any point of such a kind as H  is taken for the eye, CD  may be the image 
of an infinite number of other object lines equal to AB, for when from H  through 
C and D  are drawn two lines, H C l  and HDK,  and the lines LM, N O,  equal to 
AB,  are placed between these, these lines LM, N O  are evidently object lines 
having CD  for their image, and consequently the image CD  may have an infinite 
multitude of different eyes.

It is indeed true that if the object line is given in position, then the eye cannot 
be displaced anywhere without the image undergoing a change, but since it seldom 
happens that the object line is placed in the glass below, near or in the image with 
this intention, it seems that the finding of the eye in this manner is not frequently 
required. Nevertheless, in order to explain here at the same time how we ought 
to proceed if this happened, let AB  be the image of the object line CD, which 
image AB,  being parallel to the glass base EF, was thus seen when the glass was 
at right angles to the glass base and the line CD  lay in the floor at the given 
place, also parallel to EF, and such necessarily so, because CD is parallel thereto. 
In order to find the eye of this, I draw from the two points C and D  to EF two 
parallel lines CE, DF  to the glass base EF. This being so, I here find the eye of 
this given ABFE of the object figure CDFE, after the manner of the 13th propo
sition, and have found the required eye.

But if the image is not parallel to the glass base, as —  I take it —  the line AB  
opposite, the image of the object line CD, non-parallel to the glass base EF, in 
order to find the eye the following procedure has to be taken. I produce DC  and 
BA  until they meet in the glass base in G (they have to meet in the glass base, 
if the supposition is true, to wit that AB  is the true image of CD, in the same 
manner as above). Thereafter I draw A H  at right angles to EF, and from C, the 
object point of the image A,  I draw through H  the infinite line Cl. Similarly I 
draw BK  at right angles to EF, and from D, the object point of the image B, 
through K  the line DL, meeting the infinite line CI in L; thereafter LM  parallel 
to GD  and meeting the glass base EF in M; further I draw the infinite line M N
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voort de Oneÿndelicke M N  recht* 
houckich op de felve glalgront, en 
G B vooiwaert tot indconeyndelic- 
ke M N , die gherakende in O , d'âer 
na L P (^rechthouckich op de glaf
gront EF, enfnyende de ielvcinP, 
oock alfoo dat P Qeven is an M O*
Dit foo fijnde men fai opt puntQ^ 
een lini flellen éven an L P, en opt 
glasfulckê houck makendeals t’glas 
opdcvloèr, en t’uyterfte dier lini is 
openbaerlick t'beghcerdc oogh. 'je

Angacnde den driehouck dieheeft 
oock oneÿndelicke fcefluyten, want 
loo een fijde inde glafgront is, die en 
verandert niet deur beweging des 
ooghs, alfoo oock en doen d’ander 
twee linien, ais t’oogh beweeght int 
oneynddick Araci vande verfebaeu- 
licken houckpunt deur haer ichaeu, 
fulex dar de hecle fchaeu des driehoucx dan fonder verandering blijft, altijt den 
vcrfchaeulicken driehouck bedeckende, en daer me overcommendc. Derghe- 
jijcke is oock teverftaen vande driehouck die denaefte fijde evewijdichrheeft 
mette glalgrondt,otn datmen int ioucken des ooghs het glas daer deur mach 
doen ftrecken,

Maer foo de verfte fijde des verfchaeulicken driehoucx metter glafgront eve
wijdich waer het oogh can oock tot oneÿndelicke verfcheyden plaetlèn vallen. 
Om t’welck by voorbeelt te verclaren; Laet A B C  de fchaeu fijn eens ver- 
fèhaculicken driehoucx ghelijck met D  E F, voort is de verfte fijde A B evewij
dich ncem ick mette glafgront G C H, diens glas int verfchaeuvven rechthouc
kich ftont opt plat der verfchaeulicke form : Laet nu vant punt C ghetrocken 
worden de twee linien C I,C K en I K, fulex dat de driehouck 1K C ghelijck is 
met D  EF: Laet daer na C I voortghetrocken worden tot L, en C K tot M,daer 
na L M evewijdeghe met I K,en fai foo wel den driehouck L C M,als 1C K,ge- 
lijck fijn met D E F. Dit foo wc- 
iênde, tisopenbaer meughclick -P  B
het oogh alfoo te conncngeftelt \  7
worden, datmen de twee punten 
A B (midts datmen verftac A B G 
te fijn int glas rechthouckich op 
de vloer ) lal fien ovcrcommen 
mette twee ptintè IK, als fchaeu- 
wender felve, en fai dan A B C  
fijn fchaeu der verfchaeulicke 
1 K C: Tis oock openbaer meu-
ghehek het oogh te connen gheftelt worden tot noch een ánder plaets, alfoo 
datmen de vootfehreven tweepunten A, B, fai fien overcommen mette twee 
punten L,M ,als fchaeuwen der felve, en fai dan A B C , fijn fchaeu der ver- 
ichaculickc form L M C, die foo wel als I K C ,  ghelijck fijnde met D F E, ver-

G 4 ftrec-
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at right angles to the said glass base, and I produce GB to the infinite line MN,  
meeting it in O; thereafter I draw LPQ at right angles to the glass base EF and 
intersecting it in P, also so that PQ is equal to MO.  This being so, in the point Q  
has to be erected a line equal to LP and making with the glass the same angle as 
the glass with the floor; then the end point of this line is evidently the required eye.

As regards the triangle, this also has an infinite number of solutions, for if 
one side is in the glass base, this does not change when the eye moves; nor do the 
other two lines when the eye moves in the infinite ray from the angle of the 
object figure through its image, so that the whole image of the triangle then 
remains'unchanged, always covering the object triangle and coinciding therewith. 
The same is also to be understood for the triangle which has the nearest side 
parallel to the glass base, because in the finding of the eye the glass may be 
made to pass through it.

But if the furthest side of the object triangle is'parallel to the glass base, the 
eye may also fall at an infinite number of different places. In order to explain 
this by means of an example, let ABC  be the image of a triangle similar to DEF; 
further, the furthest side AB  is parallel —  I take it —  to the glass base GCH, 
whose glass in the drawing operation was at right angles to the plane of the 
object figure. Now let there be drawn from the point C the two lines CI, CK, 
and IK  so that the triangle IKC  is similar to DEF. Thereafter let Cl be produced 
to L  and CK  to M; thereafter let LM  be drawn parallel to IK; then the triangle 
LCM  as well as ICK  will be similar to DEF. This being so, it is evidently possible 
for the eye to be so placed that the two points A, B (provided ABC  be taken 
to be in the glass at right angles to the floor) will be seen to coincide with the 
two points /, K,  as images thereof, and ABC  will then be the image of the object 
triangle IKC. It is also evidently possible for the eye to be placed in yet another 
place, so that the aforesaid two points A, B will be seen to coincide with the two 
points L, M, as images thereof, and then ABC  will be the imagé of the figure 
IMC, and the latter as well as IKC, being similar to DFE, will each serve for the
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firçcken clck voor ghegheven verfchaeulicke form.Snlcx dat de fchaeu AB C 
can ghefíen worden van twee verfcheyden ooghen,en vcrvolghens van oneyn- 
dclicke verfcheyden ooghen.

S’ghelijcx falmen oock verflaen vande driehouck fonder eenighe evewijde
ghe niette glafgront. Laet by voorbeelt ABC fchacu fíjn eens verfchaeulicken 
driehoucx ghelijck met DEF: Voort is de fi jde A B evewijdich,neem ick,met
te glafgrondt G C H,diensglasint verichaeuwen rechthouckich flont opt plat 
der verfchaeulicke form. Laet nu vant punt C ghetrocken worden de twee li
nten CI, C K, en IK, fulex dat den driehouck IK C ghelijckis mctDEF , en 
fchaeu van A B C. Laet voort op een ander plaetsgeteyckcnt worden den dric- 
houckL MC, oock ghelijck met DEF, maer grooter dan IKC, en dat tot 
fulcken plactsdaermen de verfchaeulicke lini LM can fien overcommen met 
haer fchaeu AB. Dit foo wefende, de woorden der verdaringop de voorgaen- 
de form ghedaen,füllen oock dienen totdcfe, en fai eyntlick befloten worden 
ABC fchaeu te connen fíjn van oneÿndelicke verfchaeulicke drichoucken ge- 
Üjck uter D EF uyt verfcheyden ooghen ghefien.

Maer foo den verfchaeulicken driehouck ghegheven waer fhaerder piae» 
daerfeint verfchaeuwen was,loo en valter maer een befluyt.Om van t’wclck by 
voorbeelt te iprckcn.Iaef den driehouck A B C de fchaeu fijn des verfchaeulic
ken driehoucx DEC, cnFGde glafgrondt, diens glas opt verfchaeulick plat 
rechthouckich quarn. Om hier af het oogh te vinden, ick treck van E tot indé 
glafgrondt de lini E G evewijdeghe met D C,en van G deur B de oneÿndelicke 
G B H,en Ç A voofwaert ontmoetende die oneÿndelicke in H,en deur H de on- 
eyndelicke HI evcwijdcge met F G,en A B voorwaen ontmoetende die oneyn- 
delicke in l,en vande twee punten H en I twee linien rechthouckich op F G, ais 
H F en I Kj Daer nade oneÿndelicke F L evewijdeghe met D C, en KM eve
wijdeghe met E D,en gerakende F L in M, daer na M N rechthouckich op F G, 
en de felve M N treek ick voort tot O in HI,daer na op O een lini gheftelt even, 
an N M en rechthouckich opt glasjHet eynde dier lini is t’begheerdc oogh.

T b e r e y t s e l  v a n  t b e w y s . I c k  tre c k  C  P c v e n e n  e v ew ijd cg e  m e t

JC

F  G C K

DE,
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given object figure, so that the image ABC  can be seen by two different eyes, and 
consequently by an infinite number of different eyes.

The same is also to be understood of a triangle without any side parallel to 
the glass base. For example, let ABC  be the image of a triangle similar to DEF. 
Further I assume the side AB  to be parallel to the glass base GCH, whose glass 
in the drawing operation was at right angles to the plane of the object figure. Let 
there now be drawn from the point C the two lines Cl, CK, and IK  so that the 
triangle IKC  is similar to DEF and image of ABC. Further let there be drawn 
in another place the triangle LMC, also similar to DEF, but larger than IKC, 
such in the place where the line LM  can be seen to coincide with its image AB. 
This being so, the words of the explanation for the foregoing figure will also 
serve for the present one, and finally it has to be concluded that ABC  may be 
the image of an infinite number of triangles similar to DEF, seen by different eyes.

But if the object triangle is given in its position, where it was in the drawing 
operation, there is only one solution. To speak of this by means of an example, 
let the triangle ABC  be the image of the triangle DEC, and FG the glass base, 
whose glass was at right angles to the plane figure. In order to find the eye 
hereof, I draw from E to the glass base the line EG parallel to DC, and from G 
through B the infinite line GBH, and I produce C A  until it meets this infinite 
line in H; and through H  I draw the infinite line HI parallel to FG, and I pro
duce AB  until it meets this infinite line in I; and from the two points H  and I, 
I draw two lines at right angles to FG, viz. HF and IK. Thereafter I draw the 
infinite line FL parallel to DC  and K M  parallel to ED, meeting FL in M, then 
M N  at right angles to FG, and I produce this M N  to O in HI. When thereafter 
a line is erected in O equal to N M  and at right angles "to the glass, the end point 
of this line is the required eye.
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JO E, voort CI fnyende G H in Q,en E D ma B A vooiwaert vergarende noot* 
fakelick inde glafgront G F,t’welck fy in R.

T B E W Ÿ S .
Dit bereytfcl foo ghedaen fijnde.men fia een form van gedaente als die der 

cortheden 3 lidts 6 voorbeelt alwacr blijft dat A B Q C  fchaeu isdes verfehaeu- 
licken vicrhoucx D E P C,en deur de verkeerde vyercking van dien blijckt dattet 
oogh moct commen ais boven ghefcyt is.

FAVT-
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PRELIMINARY TO THE PROOF. I draw CP equal and parallel to DE, 
further C l intersecting GH  in Q, and I produce ED and BA, which necessarily 
meet in the glass base GF, which shall be in R.

PROOF

This preliminary thus having been made, we see a figure of the same kind as 
that of the 6th example of the 3rd section of the abridgements, from which it 
appears that ABQC  is the image of the quadrangle DEPC, and from the reverse 
operation it appears that the eye must come as has been said above.
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F A V T M E R C  K I N  G.
Anghefien fommighe Fautcn in ghegheven fchaeuwen dcur t’eerflc opficht 

merckelick fijn, welcke kennis foo wel dient om int verfchaeuwcn fich dacr 
voor te wachten,ais om van gemaeckte fchaeuwen wel te oirdeelen, fco füllen 
\vy daer afdc vijf volghendc reghelen befehrij ven.

T E N  i .

Soomen bevondc in gheen rechte lini tcligghcndc fchaeuwen ván drie of 
meet verfchaeulicke punten, wclcke verfchaeulicke punten men weet ineen 
rechte lini ie ligghen,men is dcur het i voorftel vcrièkcrt datier inde verfchaeu- 
wingghemiftis.

T E N  2 .

Wanneer wy in cenighe fchaeu linien fien,dic wy weten fchaeuwen te moe
ten lijn van verfchaeulicke evewijdeghe linien cvewijdich mettet glas, wclcke 
fchaeuwen nochtans metterdaet niei cvewijdich ghetrocken en fijn, men can 
dacr uyt oirdeclen de verfchaeuwingqualickghedaente wcfen, ais vcrfckcit 
lijnde deur het 2 voorilel.

T  E N 3.

Soo d e  fc h a e u w e n  v a n  v e rfc h a eu lick e  p la t te n  d ieW y  w e te n  c v e w ijd ic h  t e  
m o e te n  f ijn  m e tte t  g la s , n ie t  g h e lijc k  e n  w a re n  m e t  h a e r  v e rfc h a e u lic k e  f o r m ,  
t fy d a tf e b e f ta e n  in  re c h te  o f c r o m m e  l i n i e n ,  m e n  w e e t d a t t e r g h e m i f t i s d c u t  
h e t  b o v e fc h re v e n  2  v o o r d e l ,

TE N 4*
Alswyinecnighe fchaeu linien fien, die wy weten fchaeuwen te moeten 

fijn van verfchaeulicke evewijdeghe linien onevewijdich mettet glas, welcke 
fchaeuwen voortghetrocken wefcnde, nochtans niet in een felve punt en ver
garen,men can daer uyt oirdeelen de veifchaeuwing qualick ghedaen te wcfen, 
waer af t'bewijs beftact int 3 voorficl.

T E N  5.
Ais wy in ecnighe fchaeu linien fien,die wy weten fchaeuwen te moeten fijn 

van verfcheyden partien van verfchaeulicke evewijdeghe linien,die mette vloct 
oock evewijdich fijn,maer mettet glas onevewijdich,en d’een partie onevewij
dich van d'andcr : Soo al de faempuntcn dier verfcheyden partien, niet in  cea 
rechte lini en vielen,men can daer uyt oirdeelen de verlchaeuwing qualick ghc* 
dacn te wcfen,waer af d’oiriaeck blijekt int 4 voorilel.
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DETECTION OF ERRORS

Since some errors in given images are noticeable at the first glance, we will 
describe for this the five following rules (which knowledge is useful, both 
for avoiding such errors in perspective drawing and for rightly evaluating already 
drawn images).

1.

If we find that the images of three or more object points, which are known to 
be in a straight line, are not in a straight line, we can be sure, by the 1st propo
sition, that an error has been made in the drawing operation.

2.

If in an image we see lines which we know must be the images of parallel 
lines parallel to the glass, which images nevertheless have not in actual fact been 
drawn parallel, we can infer from it that the drawing has been performed in a 
defective manner, of which we are sure by the 2nd proposition.

. 3.

If the images of plane figures which we know must be parallel to the glass are 
not similar to the object figures, no matter whether they consist o f straight or 
curved lines, we know by the aforesaid 2nd proposition that an error has been 
made.

4 .
I f  in  ani im a g e  w e  s ee  l in e s  w h ic h  w e  k n o w  m u s t  b e  th e  im a g e s  o f  p a r a l le l  

lines non-parallel to the glass, which images, when produced, nevertheless do not 
meet in the same point, we can infer from it that the drawing has been performed 
in a defective manner, the proof of which is formed by the 3rd proposition.

5.

If in an image we see lines which we know must be the images of different 
sets of parallel lines, which are also parallel to the floor, but non-parallel to the 
glass, while one set is non-parallel to the other; if all the meeting points of those 
different sets do not fall in a straight line, we can infer from it that the drawing 
has been performed in a defective manner, the cause of which is apparent from 
the 4th proposition.



6 Hooftfltek vande volcommen navctgmg der confi.
Ettclicke meefters in dadclick verfchaeuwcn, houdent daer voor, datmen 

int verfchaeuwcn niet heel volcomclick en moet navolghen de reghelen defer 
con ft, macrfomwijllcn watbehaghelicker voort’oogh ftellendatteghenderc- 
ghel gaet: Gheven daer af voorbeelt ,fcgghende dat ais ymant flaet voor en by 
t’middel van een langheghevcl met pylaren ván t een eynde tottet ander, de py- 
larcn die int middel fíjn, füllen haer int gefleht veel wijder van malcander ver- 
thoonen, dan die na by de eynden ftaeri, nochtans, iègghen fy, en moetmen 
int verfebaeuwen fulcke fchijn nict volghen, maet foodanighc pylaren alcve- 
wijt van malcander fetten, nadeghemeene manier diemen in fulcke gheteyc- 
kende fchaeuwen deurgaens fiet onderhouden te fíjn,want foomen t verkeerde 
dede, te weten datmen die pylaren onevewijdich flelde ghelijckfê verfchijnen, 
tfoude onbehaeghlicke verfchaeuwing fijn. Maer al dit is ghemift, uyt oidâeck 
dat fulcke pylaren inde fchaeu afevewijt van malcander gheftelt wefende, en 
t’natuerlick oogh oock t’fijnder plaets, foo crijghenfe van felis de behoitlicke 
fchijnbaer naerdcring die de ware verfchaeulicke pylarë fchijnbaerlick crijgen.

Maer om hier af by voorbeelt noch claerder te fpreken, laet de ondergeftelde 
punté tuftchë A en B,beteyckcnen de gründen der voorfchrevé verfchaeulicke

A  D F  Q B B

C
H 2
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APPENDIX

6TH CHAPTER, OF THE PERFECT APPLICATION OF THE ART

Several experts in practical perspective drawing consider that in perspective 
drawing one should not follow the rules of this art quite perfectly, but sometimes 
give a more pleasant display, though it be contrary to the rule. They give an 
example thereof, saying that if a man stands in front and near the middle of a 
long façade with columns from one end to the other, the columns in the 
middle will appear to the eye to be much further apart than those near the ends; 
nevertheless, they say, in drawing the perspective image one should not imitate 
this appearance, but put all such columns equally far apart, according to the 
common manner which is generally seen to be adhered to in such drawn images, 
for if one did the reverse, to wit, if one put those columns not equally far apart, 
as they appear to be, this would be an unpleasant perspective. But all this is 
wrong, because when such columns are all put equally far apart in the image 
and the natural eye is also in its proper place, they will automatically get the 
right apparent distance under which the actual columns appear.

But to make this even clearer by means of an example, let the points between 
A  and B given below denote the bases of the aforesaid columns in the front
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pylaren inde vootghevcl van een ghcfticht.en het oogh voor t’middcl van dieft 
fyC,welckooghd’uytcrfte pylaren ais AenD , of Ben E, malcander (chijn- 
baerlick veel naerder lien h i  dan de middelde pylaren, ais F en G , uy.t oirfacck 
dat den houck A C D, ofB C E, veel decoder is dan den houck F C G. Laet nu 
ghetrocken worden de lini H 1 , als glas evcwijdich mette rye der pylaren A B, 
en fnyende de linien dicder ftreckcn van C totte pylaren ter plaet fen al fmen fier, 
te weten A C, D C, FC, G C, E C, B C inde punten K,L,M,N,0 ,P,en lullen 
dic gemeene fneen inde lini H I, ais fchaeuwen der pylaren,al cvewijt van mal - 
candervallen,ghelijckdeverfchaeulickcpyLrcntuflchcn A en B. Dit foowe- 
iende, mçn fiet dat de pylaren die tufichen H en 1 alfoo evewi jt van maleander 
ílaen,hacr behoorlicke fchijnbaer naerdering crijghen van C gheficn, want 
K C Lof A C Dis al een felven houck, alfoo oock is M C N ofF C G, fghclijcx 
OCPofECB:Sulcxdatdeverfchaeuwersinfoodanighe ftelling der pylaren 
tuiTchen.H en 1 al cvewijt van malcander, teghen de reghel der verlchaeuwing 
niet en doen, ghelijckfyfelfsmcynen , maermoet alfooghedaen fijn ona vol- 
comclick te vcrlchacuwen.

Tis wel foo datmen fomwijlen fchaeuwen fiet,als van menfehen, gedierten* 
en dcrghclijcke, diedeur een vrye hanttreck behaechlicker ghedaen lijn als an
der deur mbeylicke teyckening nae reghelcn der verlchaeuwing ghewrocht, 
Maer dat heeft een ander belcheyt, deur dien iùlcke linien d'een d’ander foo niet. 
en beichamen, ghelijck weldoen evewijdeghe linien in gheftichten, want of
een peert fijn voet een duym hoogherof leegher opheft,of dat een naenfch een 

■ duym meer of min boft, daer en valt foo feker oirdeel niet op hoet eyghentlick 
welen moet.

Merckt oock dat ghelijck boochfche linien van ghedierten, behaeghlickec 
en lichter gheteyekent worden deureen vrye handttreck van eenen diet wel 
ghclcert heeft,dan deur vinding van veel punten, alfoo worden ter contrari in 
teyckening van ghefikhten, rechte linien (waer inde verlchaeuwing van ghc- 
flichten mceft beftaet) bequamer en fuyverderghetrocken langs een regel, dan 
deur een vrye handttreck.

7 Hooftilick vant glas.
Ick heb erghensghelelen, endatnamijn belle onthoudt in A lb ert Durer, 

ahvacr hy willende verehren wat eyghentlicke verfchaeuwing is, feght datmen 
dé vcrfchaèulickc facck foude lien deur een plat glas, én lieh inbeelden dat tge- 
ne men foo int glas fiet, daer in ghefchildcrt is, want dats de ware volcomen 
ichaéüghcfienvant ooghopdieplaets. Defcbelchrijving der fchaeu (welckc 
ons hier vooren bewceghde een glas te bepalen) heeft fijn V o r s t e l i c k e  

<Gh£ n a d e  foo bequacm ghedocht, dat hy fulckc fchaeu niet alleen in een 
glas en heeft willen bcdenckcn,macrdadclick daer in teyekenen, doende tot 
dien eynde bcrcyden een glas, indervoughen als de byghevoughde form an- 
wijft.alwaer A het glas bediet (t’welck was t’glas van een groote crillalijnc fpic- 
ghelj draeyende op de carniere B, om dat foo recht of fchceftc Hellen alfmen 
wil, en wort vaft ghemaeckt mettet fchroefken C:T’gaetken daermen deur fiet 
isD.t'wclcmen naerder en verder vantglas can fchuijven.en dat hechten mettet 
fchroefken E: T’glas can oock hóogher en legherghefielt worden, en dan vaft 
ghemaeckt mettet lchrocfken F.
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façade of a building and let the eye in front of the middle of this be C, which 
eye will see the, extreme columns A  and D oc B and E apparently much nearer 
to one another than the central columns F and G, because the angle ACD  or BCE 
is much smaller than the angle FCG. Let there now be drawn the line H I for the 
glass, parallel to the row of the columns AB  and intersecting the lines extending 
from C to the columns in the places seen, to wit AC, DC, FC, GC, EC, BC, in 
the points K, L, Aí, N , O, P; then these common intersections in the line H I (the 
images of the columns) will all be equally far apart, like the columns between 
A  and B. This being so, it is seen that the columns which between H  and I are 
equally far apart get their right apparent distance, as seen from C, for KCL  or 
ACD  is all the same angle, and so is M CN  or FCG, and likewise OCP or ECB, 
so that the draughtsmen do not act contrary to the rule of perspective in putting 
all the columns between H  and I thus equally far apart, as they themselves think, 
but it has to be done in this way in order to draw a, perfect image.

It is indeed true that we sometimes see perspective images, such as of men, 
animals, and the like, which have been done more pleasantly by a free stroke 
of the hand than other images which have been wrought by laborious drawing 
in accordance with the rules of perspective. But this has another explanation, 
because with such lines one does not put the other as much to shame as do the 
parallel lines in buildings, for when a horse lifts its foot an inch higher or lower, 
or when a man stoops an ich more or less, it cannot be judged with such 
certainty how it really ought to be.

Note also that whereas curved lines of animals are drawn more pleasantly 
and easily by a free stroke of the hand of one who has learned it well than by 
the finding of many points, in the drawing of buildings straight lines (of which 
a perspective image of buildings mostly consists) are drawn more conveniently 
and accurately along a ruler than by a free stroke of the hand.

7TH CHAPTER, OF THE GLASS

I have read somewhere, and if I remember rightly: in Albert Dürer 19)> how, 
wishing to explain what perspective proper is, he says that one ought to see the 
object figure through a plane glass and imagine that what one thus sees in the 
glass is painted on it, for that is the true perfect image seen by the eye in that 
place. This description of the image (which induced us herebefore to define a 
glass) appeared so suitable to his PRINCELY GRACE that he wanted not only 
to imagine such an image in a glass, but also to actually draw it therein, and to 
this end had a glass made in the way shown in the annexed figure, where A  
denotes the glass (which was the glass of a large crystal mirror), pivoting about 
the hinge B, so that it may be put as straight or inclined as desired, and fixed 
by means of the small screw C. The hole through which one may look is D, which 
can be pushed nearer to and further away from the glass and be fixed with the 
small screw E. The glass may also be set higher or lower and then be fixed with 
the small screw F.

*•) In A. Dürer, Unterweysung der Messung (1525), see footnote " )  of the Introduction.



V a n d e  v e r s c h a e v w i n g . *9
Dele g h e d a e n te  v a n tg la s  

(w a e r  n ie  f i jn  V o r s t e -  
L í e  K e  G e n a  D E fc h a e u -  
w e n  tey ck en d e  fo  v a n  m e n -  
l c h e n  a ls  a n d e r s ,  fu lcx  da t 
fc h i jn t  m e tre  w a e rh e y t tc  
m e u g h e n  g h c fe y t w o rd e n ,  
d a t  f ta n d e n  v a n m e n fe h e n  
n ie t m e u g e lic k  e n  fijn  u y te r  
o o g h  fo n d e r  g la s ,  f o o v o l -  
C om elick  g h e te y c k c n t te  
w o rd e n ) ,h e b b e n  w y  w il le n  
b e ic h ri j  v e n ,o p  d a t fo  y m a n t  
to t  d e r  g h e lijc k e  b e g ee rich  
w a e r ,d it  to t  v o o rb e e lt  m a c h  
n e m e n ,  v e rb e te re n d e  t’g e n e  
h y  h ie r  i n  n o c h  b e q u a m c r  
m o c h t  v in d e n  ,  om - d a tte t  
t o t  g to n d e lic k e  k e n n is  d e r  
v c rfc h a e u w in g  v o o rd e rlick  
is . I c k  a c h te  d a tte t  f i jn  
V O R . S T E L I C K E  G h E -  
n  a  d  E g h c h o lp c n  h e e f t o m  
te  m e rc k e n  e n  v e rb e te re n  
e tte lic k e  ó n v o lc o m e n th e -  
d e n  d ie  in  m i jn  e c r f ic  b e 
g r i jp  de le r v e rfc h a e u w in g  
w a re n  : A is  o n d e r  a n d e r e n  
d e  g h e m e e n e  reg e l d e r  v in 
d in g  des o o g h s  v a n  v e r-  
fch aeu lick e  f o r m e n  d ie  t g las  
n o c h  m e t  fijd é  n o c h  m e t  
p u n t  g h e r a k e h j f v v e lc k w y  
e e r f t  a ls w a t .d u y f le r s o n g e -  
r o c r tg h c la te n  h a d d e n .

V o o r t  if t  g h e b e u r t  d a t  
w y  in d e  v in d in g  des o o g h s  
e tte lic k e  v o c r f ie l le n  b c -  
fe h re v e n  h a d d e n ,w a e r  in  d e  
v e rfe h a eu lick c  f b r m  ais gé - 
g h e v e n  by  h a e r  g h c g h e v e n  
fc h a e u  ,  g h e f ie lt  w a s  g h e -
lijck fe  i n t  v e rfc h a eu w e n  g h e f la e n  h a d d e , d ê u t  t’vvelck h e t  v in d e n  des o o g h s  
l ic h te r  v ie l: D o c h  f i jn  V o r s t e l i c k e  G  h  e n  a d  e d e  facck  g ro n d e lic k e r  
in f i e n d e , feyde h ie r  in  o n v o lc o m m e n th e y t  te  w é fen  ,  o m d a t  o n s  fu lcx  in d e  
*  d a e t n ie t  e n  o n t m o e t , w a n tm e n  in d e  fe h ild e rije n  fo o d a n ig h e  v e rfc h a eu lic - r t ó  
k e  f o r m e n  b y  de  fc h a eu w e n  t’h a c rd e r  p lae ts  n ie te n  te y c k en t.

T ’w c lck  w y  f ic n d e  in  red en  g e g ro n t  te  w efen ,L  e b b e n  díe  v o o rÖ e llc n  v e ra n 
d e r t ,e n  in  d ie  p lae ts  a n d e r  g h c fle lt  fu lcke  a is  h ie r  v o o re n  te  fie n  is.
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We wanted to describe this form of the glass (by means of which his 
PRINCELY GRACE drew perspective images both of men and of other things 
in such a way that it seems it may be said in truth that postures of men cannot 
possibly be drawn so perfectly at sight, without a glass) in order that, if anyone 
should be desirous of doing similarly, he may take this for example, improving 
it by anything more suitable that he may find in this respect, because it promotes 
a thorough knowledge of perpective. I consider it has helped his PRINCELY 
GRACE to perceive and correct several imperfections that were present in my 
first conception of this perspective, such as, among other things, the general 
rule of the finding of the eye of object figures which have neither a side nor a 
point in the glass, which we had first left untouched, as being obscure.

Further it happened that in the finding of the eye we had described several 
propositions in which the object figure had been put as given beside its given 
image, as it had stood in the projection, by which means the finding of the eye 
was easier. But his PRINCELY GRACE, understanding the matter more 
thoroughly, said that here was an imperfection, because in practice we do not 
meet with this, for in paintings such object figures are not drawn beside the 
images in their places.

And since we saw that this was reasonable, we changed those propositions and 
replaced them by others such as are to be seen herebefore.



9 0 A n h a n g

Mattrtam.

Homologa
laura.

S Hooft flick van t'vinden der fchaeuwen deurghetalen.
Alfoofijn V o r s t e l i  G K e G H E N  a  d E verdocht haddemeughelickte 

fijn,datmen deur ghegheven bekende ghetalen van een verfchaeulickc form, 
fbudcconnen fègghen hoe groot dat Tullen vallen de lijden en houcken van 
haet ichaeu: Soo l'ullcn wy,om dattet tot defe * ftofdient.en mijns wetens een 
onghehoorde nieuwe manier van rekening is,eenigcvcorbecldcn belchrijvcn 
by iijne V O R  s  T  E L I c  k  E G h  E N  A D E berekent als volght. 
T g h e g h e v e n . Lact A B C D een vcrfchaculick vicrcant fijn inde vloer, 

hebbende elcké fijdevan 2 voct,en defijdcD C voortghctrocken tot E, allo dat 
Ç E doet 3 voet: Daer na van Eghettocken rechthouckich op D E de lini E F 
van4 voet, foobeteyckentFdevoct,waer op verdocht wort een tienderlijn 
rechthouckich op de vloer van 5 voet, en t'glas flrccktedeur DC rechthouckich 
op de vloer. T begheerde. Men wil weten hoe lanckelck van d’ander drie 
fijdendcr fchaeuwen fai vallen, mette grootheyt der vicrhpuckcn, oock hoe 
verre de twee evewijdeghe lijden van malcanderen fijn.

T b e r e y t s e l .  Op dattet ghedacht int werek een gront heb om opte 
fteunen,(00 füllen wy tot dien eynde defe ghereetfehap maken: Laet F E voor- 
wacrt ghetrocken worden tot G.alfoodat E G ais fiendermaet,doe de 5 ghege- 
ven voeten der fienderlijn; Daer na fy ghetrocken D G,C G, A F, fnyendc D E 
in H; Daerna H I rechthouckich op D E,en gherakende D G in 1, Daer na I K
evewijdeghe met D E, en vallende K in C G,voort K N rechthouckich op D E.
Dit foo we(cndc,de vierhouck IF. i D, fai (chaci: fijn des vcrichaeulicken viet- 
houcx A B C D , daer af wy moeten vinden de langde der fijden en groot
heyt der houcken, oock mede de i ini i H,als langde tufièhen de tweecvewijdc- 
ghe iijden I K, D C:Daer na fi jn A B en I K vportghetrocken tot L,en M,ghe
rakende mette felve punten L,M,deliniF G.

TWERCK.
Anghefien LF evewijdeghe is met A D, en A L met D H,foo moet 

den driehouck A LF,gelijck fijn metten dtichouck A D H,en haer 
* lijckftandighe fijden everedenich. Dactom lèghickF L 6, geeft 
L A j,wat A D 2î Comt D H i|.

Dic ghetrocken van DE j blijft voor H Edatsoock voor IM yj-
D E 5 gheeft E G i wat 1M 3-j- tweede in d’oirden comt voor MG 3J-
Dic ghetrocken van G E j  blijft voor M E, dats oock voor K N,en de 

begheerde I H
G E 3, gheeft EC 3,wat M G 3 -j derde in d’oi tdenl comt voor M K 2
Die ghetrocken van 1M 3 yderdein d’oirden blijft voor de begheer

de 1K ij.
De driehouck 1H D heeft drie bekende palen, te weten IH  vierde in 

d’oirden,D H eerfte in d oirden.en den houck I H D recht. Hier me 
gheibehtd’ander drie onbekende palen, worden bevonden deur 
het 5 voorftel derplatte drichoucken te weten de beghectde fij-
de ID  / a

DenbegheerdenhouckIDH 45 tr.
En den houck D IH  * 45 tr.
Daer toe vergaert den houck H 1K 90 tr. comt voor den begheerden 

houck D IK  135tr.
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8TH CHAPTER, OF THE FINDING OF THE IMAGES BY MEANS
OF NUMBERS

Since his PRINCELY GRACE thought it possible that by means of given 
known values of an object figure one should be able to say how great will be 
the sides and angles of its image, we will, because it is useful for this subject 
matter and to my knowledge is a new method of calculation not yet heard of, 
describe a few examples calculated by his PRINCELY GRACE as follows. 
SUPPOSITION. Let ABCD  be a square in the floor, each side of which is 2 
feet, and let the side DC  be produced to E so that CE is 3 feet. When there
after from E the line EF of 4 feet is drawn perpendicular to DE, F denotes the 
foot, on which is imagined an observer’s line at right angles to the floor, of 5 
feet, while the glass passed through DC  at right angles to the floor. WHAT 
IS REQUIRED. It is required to know how long each of the other three sides of 
the images will be, as also the magnitude of the quadrangles, also how far apart 
the two parallel sides are.
PRELIMINARY. In order that our thought may have a foundation in the con
struction on which to base itself, we shall make the following preparations: Let 
FE be produced to G so that EG, as observer’s measure, be the given 5 feet of 
the observer’s line. Thereafter let there be drawn DG, CG, AF, intersecting DE 
in H; then HI at right angles to DE and meeting D G  in I; thereafter IK  parallel 
to DE, K  falling in CG; further K N  at right angles to DE. This being so, the 
quadrangle IKCD  will be the image of the quadrangle ABCD, of which we have 
to find the length of the sides and magnitude of the angles, also the line IH, 
the length between the two parallel sides IK , DC. Thereafter AB  and IK  have 
been produced to L  and M, meeting the line FG in these points L, M.

PROCEDURE

Since LF is parallel to A D  and AL  to DH, the triangle ALF must be similar 
to the triangle ADH , and its homologous sides must be proportional to those of 
the latter. Therefore I say:
FL (6) gives LA  '( 5); what does A D  (2) give? This gives for D H  12/g 
When this is subtracted from DE  ( 5), there remains for HE, i.e. also 
for IM  3V3
DE ( 5) gives EG ( 5); what does IM  (3x/3)> the second in the list, 
give? This gives for M G
When this is subtracted from GE ( 5), there remains for ME, i.e. also
for K N  and the required IH  l 2/s
GE (5) gives EC (3); what does M G  ( 31/s), the third in the list, give?
This gives for M K  2
When this is subtracted from IM  ( 31/3), the third in the list, there re
mains for the required IK  U/a
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G E j, gheeft E C 3, wat K N vierde in d’oirden comt voor NC 1»
De driehouck KNO heeft drie bekende palen te weten K N i{  vier

de in d’oirden, N C t elfde in d’orden, en den houck K N C recht:
Hier me gefocht d’andcr drie onbekende palen, worden bevonden 
deur het 5 voorflcl der platte drichoucken, te weten de begheerde 
fijdeCKvan %/&

Enden houck K C N  59«. a ®,die ghetrocken van x 80 tr. blijft voor
denbeghcerdenhouckKCD I 2 0 t r . j 8 .

En den houck NKC van 30 t r .  j 8 ® , die ghetrocken vanden houck
IKN90U. blijft voor den begheerden houck IK C. s 9tt2.

D e s  V i k s c a i v w i n g s  
E Y N D E.
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The triangle IHD  has three known terms, to wit IH, the fourth in the 
list, DH, the first in the list, and the angle IHD, which is right. When 
the other three unknown terms are sought herewith, they are found by

the 5 th proposition of plane triangles, to wit the required side ID  is

The required angle IDH  
And the angle DIH
When to this is added the angle H IK  (90°), the required angle DIK  
becomes
GE (5) gives EC ( 3); what does K N  (12/3), the fourth in the list, give? 
This gives for NC
The triangle KNC  has three known terms, to wit K N  ( l 2/3), the fourth 
in the list, NC  ( 1), the eleventh in the list, and the angle KNC, which 
is right.
When the other three unknown terms are sought herewith, they are found 

by the 5th proposition of plane triangles, to wit, the required side CK is

And the angle KCN  is 59°2'; when this is subtracted from 180°, there 
remains for the required angle KCD
And the angle NK C  is 30°58'; when this is subtracted from the angle 
IK N  (90°), there remains for the required angle IKC

V 5 0

9
45°
45°

135°

1

V 3 4

9

120°58'

59°2'.

END OF PERSPECTIVE.
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