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INTRODUCTION

The hydrodynamics of shallow continental seas like the North Sea

is dominated by long waves, tides and storm surges, with current velo-

cities of the order of 1 m/s. The currents generate strong three-
dimensional turbulence and vertical mixing, resulting, in general, in
a fairly homogeneous distribution of temperature, salinity and concen-

trations of marine constituents over the water column.

Vertical gradients of concentrations may exist in localized areas
where vertical mixing is partly (and temporarily) inhibited by strati-
fication or during short periods of time - a few hours following an
off-shore dumping, for instance - before vertical mixing 1is completed.
However such cases are very limited in space and time and, in most
problems, it is sufficient to study, in a first approach, the horizon-
tal distribution of depth-averaged concentrations.

If ¢ denotes the concentration of a given constituant, the three-

dimensional "dispersion" equation, describing the evolution of ¢ in
space and time, can be written (e.g. Nihoul, 1975)

3c .

— + V. (cv) =Q + I - V.(6c) + D (1)

In eqg. (1),

i) V. (cv) represents advection and can be separated in two parts cor-
responding respectively to the horizontal transport V. (cu) and to

0
the vertical transport fev3h T u o= v e+ vt denoting the

horizontal current velocity.

ii)Q represents the rate of production (or destruction) of the consti-

tuent by volume sources (or sinks).
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iv)

[in most practical applications, inputs and outputs are located at
the boundaries - in which case, they appear 1in the boundary condi-
tions and not in Q -, or are localized quasi-instantaneous releases
which may be conveniently taken into'account in the initial condi-
tions. In the following, one shall assume that this 1is the case

and one shall set Q = 0) .

I represents the rate of production (or destruction) of the consti-
tuent by (chemical, ecological,...) interactions inside the marine
system and I is, in general, a function of coupled variables c1l1 ,
c", ...

(4 marine constituent 1is said to be passive when its evolution 1is
not affected by such interactions. In the following, to simplify
the formulation, one shall restrict attention to passive consti-
tuents and set 1 =20 . The generalization of the theory to a system
of interacting constituents presents no fundamental difficulty

(Nihoul and Adam, 1977)}.

- V. (ac) represents "migration". (sedimentation, horizontal migra-
tion of fish,..., e.g. Nihoul, 1975).

[Migration, at least 1in the most frequent case of sedimentation,
can easily be taken into account (e.g. Nihoul and Adam, 1977).
However, to avoid overloading the analysis, one shall assume, 1in
the following, that the constituent 1is simply transported by the

fluid and that the migration velocity o 1is =zero).

D represents turbulent diffusion and can be separated into a verti-
cal turbulent diffusion and a horizontal turbulent diffusion.

[The horizontal turbulent diffusion 1is negligible as compared to
the horizontal advection. The horizontal dispersion which 1is ob-
served 1in the sea 1is mainly the result of the horizontal transport
of the constituent by irregular and variable currents constituting
a form of "pseudo horizontal turbulence" extending to much larger
scales than the "proper" three-dimensional turbulence (e.g. Nihoul,
1975). In that case, D can be simply written

3, 9 c . ’

T

0.
vVt (2)
x3 x3

D =

where y is the vertical turbulent diffusivity).
In the scope of the hypotheses made above, eqg. (1) can be written, ii

the simpler form

9¢ L , , . . 3 , . 9 ’ 9¢c
at + !-(c?> + ITx" 3 = 9AT> (3)



The velocity field v = u + v3ej 1is given by the Boussinesqg

tions and in particular, one has

v.u + QV3 =0
X3

DEPTH-AVERAGED DISPERSION EQUATION

Let
c dx. c = c - cC
t
=8 T ouoax ; U=mu-U
-h
with
I e dx3 = 0 dx3 = 0
-h
and

where h is the depth and C the surface elevation.

One has
1£
3t
3h + Vh = t X = h
T - T 3 "
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equa-

(9) 7 (10)

(U)

(12)

(13)

Integrating egs. (1) and (4) over depth, inverting the order of in-

tegration with respect to x* and of derivation with respect to t, x

or x”~ and using egs. (12) and (13) to eliminate the corrections

the variable limits of integration, one obtains (e.g. Nihoul,

se (He) + V.@Hcuw +V £7 cuax3z = o
h

aJ
II”F V.(HO) =0

due to

1975)

(14)
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In the right-hand side of eqg. (14), one should have the difference
between the fluxes of the constituent at the free surface and at the
bottom. The hypothesis 1is made here that there 1is no exchange between
the water column and the atmosphere and between the water column and

the bottom sediments.

In this case, combining eqgs. (14) and (15), one gets

+ Ve = | 16
ot © = (16)
where
z = B V. (- cd) dx” (17)

Z contains the mean product of the deviations ¢ and @ around the
mean values c¢ and u. The observations reveal that this term is res-
ponsible for a horizontal dispersion analogous to the turbulent dis-
persion but many times more efficient. This effect 1is called the
"shear effect" because it 1is associated with the vertical gradient of

the horizontal velocity u (e.g. Bowden, 1965 ; Nihoul, 1975)

PARAMETERIZATION OF THE SHEAR EFFECT

Substracting eqg. (16) from eqg. (1), one obtains
A5+ u.Ve + 0.Vc + Z + V — + 0.Vc = ~ fy —) (18)
31 ~ o~ ~ o~ 3 3x” ~ o~ 3xN v 3

Because of the strong vertical mixing, one expects the deviation
¢ to be much smaller than the mean value c. This 1is not true for the
velocity deviation 4 which may be comparable to u ; the velocity in-
creasing from zero at the bottom to its maximum value at the surface.
One may thus assume that the first four terms in the left-hand side
of eqg. (18) are negligible as compared to the sixth one G.Vc. The
fifth term, representing vertical advection, 1s undoubtedly even smal-

ler than the four neglected terms and eq. (18) reduces to

4.Ve = I- v ~ ) (19)

The physical meaning of this equation is clear : weak vertical inhomo-
geneities are constantly created by inhomogeneous convective trans-
port and they adapt to that transport in such a way that the effects

of advection and turbulent diffusion are in equilibrium for them.
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Integrating eqg. (19) with the condition that the flux 1is zero at the

free surface, one obtains

Hr.Vc = 20
r.vc uoSoa (20)
where
x3
r =H 1] 4 dx3 (21)
Integrating by parts and taking into account that r = 0 at = ¢

and x» = - h (cfr eq.10), one gets
/| = H~1V. (H R .Vc) (22)
where R 1s the shear effect diffusivity tensor, i.e.

rf r r
R = H dx. (23)
; J y 3

-h

To determine R, one must know the turbulent eddy diffusivity y and

the function r, i.e. the velocity deviation 1

VERTICAL PROFILE OF THE HORIZONTAL VELOCITY

The evolution equation for the horizontal velocity vector u can be

written, after eliminating the pressure (e.g. Nihoul, 1975)

where f is equal to twice the vertical component of the earth's rota-
tion vector, is the atmospheric pressure, g the acceleration of
gravity and v the vertical turbulent viscosity.

In eqg. (24), one has neglected the effect of the horizontal compo-
nent of the earth's rotation vector (multiplied by v~ << u) and the
horizontal turbulent diffusion (because horizontal length scales are
always much larger than the depth) .

The observations indicate that, in shallow tidal seas, the turbu-
lent viscosity v can be written as the product of a function of ¢,

x” and x2 and a function of the reduced variable £ = H * (x* + h)

(e.g. Bowden, 1965)
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Let
V = H2¢ (t, ,x2)A (Q) (25)

where a and A are appropriate functions.
The asymptotic form of v for small values of C is well-known from

boundary layer theory
v=ku” (x3 +h) =k u”HC (26)

where k 1is the Von Karman constant and u” the friction velocity given

by

1 = ilbi : b = fy (21) ; (28>

3 x3=-h
Hence
aH = ku# (29)
and
A(C) n C for C << 1 . (30)

In a well-mixed shallow sea, where the Richardson number is small
and the turbulence fully developed, it 1is reasonable (e.g. Nihoul,

1975) to take

U %V . (31)

This hypothesis will be reexamined later.

It is convenient to change variables to (t, x*, x~, 0 1in eq. (24)
In the final result (Nihoul, 1977) , the non-linear terms combine with
additional contributions from the time derivative to give three terms,
related respectively to the gradients of wvelocity, depth and surface
elevation. These terms are found negligible almost everywhere in the
North Sea (Nihoul and Runfola, 1979) . Thus although depth-integrated
two-dimensional hydrodynamic models of the North Sea may not discard
the non-linear termsl, if one excludes localized singular regions 1like
the vicinity of tidal emphydromic points, the “local" vertical distri-
bution of velocity may be described, with a very good approximation,

by a linear model.

1. It can be shown that these terms are essential in determining the
residual circulation (Nihoul and Ronday, 1976b)
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Then, the governing equation for the velocity deviation 4 can be
written
31 r 31
3t + £ ~3 A - a{3t 35 aH ” (32)
v?here
r 3u
- = 1Vv*r J X3=c

is the wind stress (normalized with water density).

It is possible to find an analytical solution of eqg.(32) giving 1

in terms of r{s , TNI,j and their derivatives with respect to time ; the
coefficients depending on the functions s(5), b (5) and fn (5) (n=1,2,..)

defined by (Nihoul, 1977)

s<f) = R7EF (34)

o
5
b (5) = w T an <35>
So
d
TT (A — 2 = - a f (36)
ac v dg¢ 1 n n
with
.1
{ f2(¢c) d¢c =1 (37)
(6]
df
A-—P'= 0 at 5 -0 and 5 = 1. (38)
d5
One should note here that, 1in the definition of b (5), the lower
V4
limit of integration 1is not set equal to zero but to 5" = << 1
where zQ 1is the "rugosity length". zQ can be interpreted as the dis-

tance above the bottom where the velocity is conventionally set equal
to zero, ignoring the intricated flow situation which occurs near the
irregular sea floor and willing to parameterize its effect on the

turbulent boundary layer as simply as possible. In the North Sea, the
value of z0, which varies according to the nature of the bottom, 1is of

the order of 10“"m (In 50 ~ - 10) (e.g. Nihoul and Ronday, 1976a).
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Although << 1, 1t cannot be systematically put equal to zero
because the linear variation of the vertical eddy viscosity near the
bottom leads to a logarithmic velocity profile which 1is singular at
£ = 0. However, 1in the present description, the difficulty exists
only for the function b and the eigenfunction £f(¢) may be determined
on the interval [o,¢].

In a shallow tidal sea 1like the North Sea, it 1is readily seen, com-
paring the orders of magnitude of the different terms, that one ob-

tains a very good approximation with only the first two terms in the

series expansion of G, i.e. (Nihoul, 1977)
4 =y (s(£) - s) + yb (b(£) - b)
si . bi . (39>

- g Vg + = Yb‘) fl (Q)

rical coefficients (s.= f s f df ; b, = fb f df) ; a. the eigen-
1 o 1 o
value corresponding to £7(C) and where
T T

- — ; = — 4 ; (41

Y T Gm T ow (40) 7 (41)

A dot denotes here a total derivative with respect to time

dv 9v
£ ==—— = —— +f e A andsimilarl for 1
s dt ot -3% Yg Hm YoE0F Viipy
Knowing the function A(£), one can determine G by eqg. (39), r by

eqg. (21) and R by eqg. (23).
PARAMETERIZATION OF THE BOTTOM STRESS

The functions 14, £ and R depend on the vectors v~ , v~ and their
derivatives. These can be determined by egs. (27), (29), (40) and
41 £ d
(41) rom TNS an wa

The surface stress Tg can be calculated from atmospheric data, the
bottom stress is not given and must be determined by the no-slip

condition at the bottom, i.e.

@ = - u at E = E (42)
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Eqg. (42) provides a differential equation for in terms of xs and
u.

In shallow tidal seas like the North Sea, the terms including v
i'nd are generally negligible and can only play a part during a re-
latively short time, at tide reversal (Nihoul and Runfola, 1979)

The dominant term 1is, in fact, the term containing the bottom stress.
The effect of the wind stress appears as a first order correction and

the "memory" effect involving the derivatives vg and vf as a second

order correction. One thus has

u X _}% v, (zeroth order) (43)

U tb v 4+ s v (first order) (44)
-b

N _ - " '~ 10

u X b v fsvt(s.v tb.v, ) —————— — (second order) (45)
~b -s 1~s 1~b cja

Eqg. (43) yields the well-known semi-empirical quadratic bottom fric-

tion law. Indeed, combining egs. (27), (29) and (43), one finds

i ~ na A Ao A =il (46)

T = "—1Iudiu (47
~b b2

k2 | .

- is the so-called "drag coefficient".

b2 At the first order, one gets another classical formula (e.g. Groen
and Groves, 1956 ; Nihoul, 1975)

T = Nullu - ms-mT (48)
~b %72 b77 ~S

The second order parameterization is better understood if the last

term in the right-hand side of eqg.(45) 1is eliminated using eqgs. (32),

(34), (35), (36) and (39). One has, indeed
— 13
Tt + £ ? 3A ~ = ~ CT[aT T¢) —h
(slYs + bl V £f1,0 ~ - ala - s ys - b yb)

i.e., using (46) to estimate ciH ,
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3u

T, %3 Tullu

gt + £ 2?3 A
. . oo -3 .
With a typical drag coefficient of the order of 2 10 J (e.g. Nihoul
and Ronday, .1976), one finds, using characteristic wvalues for the North

Sea,

Ty wo(2 10 w9

H
- = f e A u ”~ 0(10 4u
T o9t ( )
aib
9u
Thus, the "acceleration" terms containing Jt and f e3 A u (i.e.
the terms arising from the time derivatives of v and v") are not

expected to play an important role except perhaps during relatively
short periods of weak currents (when tides reverse, for instance)

The total effect of the acceleration terms depends really on the 1local
conditions. Obviously, (fig. 1) 1f the current velocity vector rotates
clockwise during a tidal period, the two terms tend to oppose each
other and their global contribution may remain always very small. On
the other hand, if the current velocity vector rotates counter-
clockwise (as it is often the case in the Southern Bight) the two terms
reinforce each other and have a definite - although limited - effect

on the velocity profile and the related relationship between the

bottom stress and the mean velocity (fig. 2, fig. 3).

Most hydrodynamic models of shallow seas restrict attention to the

determination of the depth-mean velocity u. The two-dimentional time
dependent evolution equation for Ti is obtained from eqg.(24) by integra-
tion over depth. It includes the surface elevation ¢ and the bottom
stress and thus constitutes with eqg. (15) and eqg. (43) (or 44) a

closed system for the depth-averaged circulation (e.g. Nihoul, 1975)

at
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0.2

0.1

Fig. 2. Comparison between the magnitude of the mean velocity u com-
puted at the test point 52°30'N, 3°50'E in the North Sea by
a depth-averaged two-dimensional model using an algebraic
parameterization of x* (full 1line) and by the three-dimensional
model subject to the condition of zero velocity at the bottom
(dash 1line) (Nihoul and Runfola, 1979)

degrees

Fig. 3. Difference between the directions of the mean velocity vec-
tors computed as in Fig. 2. (Nihoul and Runfola, 1979)

The determination of the vertical velocity profile can be carried
simultaneously using eq. (39)

One can go a step further and devise a three-dimensional model
based on the depth-averaged equation, the local depth-dependent equa-
tion for the velocity deviation @ and the refined parameterization of
the bottom stress given by eqg. (49) ; the acceleration corrections
being taken into account when required in the numerical calculation
(Nihoul and Runfola, 1979)

The model gives H, u, x* , U, £ and R



Substituting in eqg. (16) one obtains explicitly the dispersion equa-

tion for the mean concentration c¢

COEFFICIENTS OF THE SHEAR EFFECT DISPERSION

Shear effect dispersion 1s described by eq.(16) where £ 1is given,

in terms of the functions f and y, by egs. (22) and (23). The func-
tions r and y can be determined by egs. (21), (25), (31) and (39) pro-
vided the function A is known. Thus the parameterization oftheshea:
effect - as well as the determination of the vertical profile of velo-
city - reduces to the choice of a single scalar function.

The function

X = ¢(1 - 0.5 O (50)

appears to cover a wide range of situations in the North Sea and other
shallow tidal seas (e.g. Bowden, 1965 ; Nihoul, 1977) .
In this case, the eigenfunctions and the eigenvalues of egs. (36),

(37) and (38) are given by

1/2
f (4n + 1) / (51)
n
a n(2n+ 1) (52)
n
i
where P2n "s Le9en<3re polynomial of even order 2n.

Integrating eqg. (39), one obtains, 1in this case.

Ys * 2Yb
ro= v suU) + Ve B(C) + — . FU) (53)
wi th
SU) =4 1n 2 (€ - 1) + 2(2 - ¢)ln(@2 - ©Q (54)
B () 2 1In 2( - 1) + 5 1In C - (2 - ¢)ln((@2 - 5) (55)
FU) = - U3 - 3 C2+ 2 ©Q (56)

The shear effect diffusivity tensor can then be written, using

egs.(25) and (31)
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1 r r
R =1 d?
Yss | , , Ysb ., v+ v, P Y bb v,
a ~s~s a ~'s~b ~b~s a ~b~b
P X3t 2 oy + 2 ) (57)
02 ~s~6 MR Ys~s b
+ be (vyw ) v, v,- + VvV + 2v, v )
a2 ~b~s ~B~B ~s~b “b~b
Yff
vy gt 2y gy v o2y
with
12 1
Yss = I F ds ~ °-°48 Ysf = F ds * - °'°15 (58) -, (59)
So
1 A
- * n
vsb =1 F d@ °-°90 vor = | F d@ - °-°3 (60) -, (61)
e «O
Ybb = I ¥~ dC ~ 0.196 VEE =5~ » 0.005 (62), (63)
So

APPLICATION TO THE SOUTHERN BIGHT OF THE NORTH SEA

In the Southern Bight of the North Sea, the depth 1is small and the
bottom stress Tb , maintained by bottom friction of tidal currents,
wind induced currents and residual currents 1is always fairly impor-
tant. One can estimate that, in general, the characteristic time o 4

is one order of magnitude larger than the characteristic time of va-

riation of vg and (Nihoul and Ronday, 1976 ; Nihoul, 1977)
The terms of eqg. (57) which contain the derivatives vs and Yb - the
coefficients of which are already smaller than the others - may then

be neglected.

The shear effect diffusivity tensor reduces then to

with

B! ~ 1.2 ; &2 % 0.6 H 83 ~ 0,3 (65) (66) (67)
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In weak wind conditions (v, <10 -2 u), the first term in the bra-

eket 1s largely dominant and, using eq. (43) , one obtains, with a good

approximation

R = a ~ U 0 (68)
u

2
E = H" V.(a ® u(u.ve)) (69)

u
with
a ~ 0.14 (70)

However, in weak wind conditions, the approximation which consists

in neglecting the derivatives v”and vs-—=*s “ess justified and, further-
more,one may dquestion the wvalidity of eqg. (50). If the wind is too
weak to maintain turbulence in the sub-surface layer, one may expect,
in some cases, a turbulent diffusivity which, instead of growing con-
tinuously from the bottom to the surface, 1instead passes through a

maximum at some intermediate depth to decrease afterwards to a smaller

surface value. This type of behaviour is described by the family of
curve s

X « C(1 - 6QC) (71)
Eg. (50) corresponds to the case <$ = 0.5. Values of 6 from 0.5 to 1

correspond to lower intensity turbulence in the surface layer and the
limiting wvalue 6 =1 would correspond to the case of an ice cover and
the existence, below the surface, of a logarithmic boundary layer ana-
logous to the bottom boundary layer.

In the Southern Bight of the North Sea, it 1is reasonable to assume

that 5 does not differ significantly from 0.5 and, in any case, never

reaches extreme values close to 1. Nevertheless, to estimate the
maximum error one canmake ona , it isinteresting to compute the
coefficients 37/ 3fand 37 for some verydifferent values of 6.

One finds

6 0.5 0.7 0.9
3 1.2 1.5 2
32 0.6 0.8 1.3
B3 0.3 0.5 1
a 0.14 0.17 0.23
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The increase of the coefficients B", B an”® & with 6 is ob-
viously associated with more important variations of u over depth,
i.e. with larger values of 1

One should note also that the existence of a vertical stratifica-
tion, even a weak one, reduces the turbulent diffusivity (y = riv with
D < 1) and contributes similarly to increase the value of a (e.g.
Bowden, 1965).

In the Southern Bight of the North Sea, eventual modifications of
the magnitude (n < 1) or of the form (6 > 0.5) of the turbulent diffu-
sivity are not 1likely to be very important and eg. (68) can presumably
be used with a= 0.14 or some slightly higher value obtained by cali-

bration of themodel with the observations.

VERTICAL CONCENTRATION PROFILE

When ¢ has been calculated, it 1is possibleto compute the deviation
c by eqg. (20). Changing variable to C and using egs. (25) and (31), one
gets
35 s Y=
35 = — - (72)

with, from eq. (9) ,

1
c d¢c = 0 . (73)
Restricting attention to the dominant terms, one finds
Ve
£(C) = ® (U ys + G(C) yb) -
where
H(5) =4 {P(C)+ In (2-C In I+ In 2 (4 in 2-1 -1In C - 2} (75)
G(C) =- 2 {2 L2 () + In InI + In (2) In (2) + 2} (76)
and
P = L2(]) +2 L2 (I) - L2 (77)
( —nv
L,(x) = Dilo (l1-x) = 2 (-1 w v (78)
2 v=1 V2
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The functions H and G are shown in fig. 4. They are both negative
near the surface and positive near the bottom. This 1is what one should
expect from a physical point of view. Higher velocities near the sur-
face carry water masses farther. If this transport 1is directed towards

increasing mean concentrations the corresponding inflow of lower con-
centration fluid decreases the local concentration below the mean va-
lue c. If the transport in the upper layer 1is directed towards decrea-
sing mean concentrations, the corresponding inflow of high concentra-
tion fluid increases the local concentration above the mean value c.
The opposite situation occurs near the bottom. This is illustrated in
fig. 5 showing the concentration profiles at two points situated down-
stream and downwind and respectively upstream and upwind on the same
isoconcentration curve following a dumping.

The combination of egs. (16) and (42) with a three-dimensional hydro-

dynamic model provides a three-dimensional dispersion model for the

calculation of the evolution with time and the spatial - horizontal
and vertical - distribution of any passive buoyant marine constituant.
+1

Fig. 4.
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