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1 . INTRODUCTION.
The spectra of ocean currents usually show a sharp peak at 

the inertial frequency. Within the peak, the two components of 
horizontal velocity are found to he highly coherent, in qu a d r a ­
ture, and of equal amplitude, as expected for the rotating cu r ­
rent vector of an inertial oscillation of large wave length.

Inertial Oscillations have been observed in the open ocean 
and in enclosed basins, at all latitudes and depths. Typically, 
the amplitudes are ~  0 (10 cm/sec) (but sometimes considerably 
larger), the vertical coherence scale of ~ 0(10 m ) ; estimates of 
the horizontal scale vary from 5 to 100km. All records show a 
characteristic intermittency of the oscillations, each distinct 
burst of 5 to 20 oscillations long. There is evidence that the 
bursts near the surface are correlated with high local winds.

At greater depths, no clear dependence on surface conditions 
has been found. Surveys of inertial current observations and 
various hypotheses of their origin have been given by Webster 
(1 9 6 8 ; this issue).

In a recent paper (H as s e I m a n n , 1 9 70+ ), a mechanism has been 
investigated in which the driving forces are attributed to n o n ­
linear interactions between high-frequency gravity waves. The 
apparent "damping" of the inertial oscillations is interpreted 
as the diffusion due to phase-mixing of a large ensemble of modes 
with closely neighbouring frequencies. Thus the generation p r o ­
cess is regarded as weakly non-linear and the decay process as 
line a r .

+ Reference to this paper will be indicated in the following by(l).
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The approach is in accordance with the "weak-interaction" 
interpretation of oceanic turbulence which suggests that a broad 
range of the ocean-current spectrum can be regarded as a super­
position of linear wave motions, rather than strongly non-linear 
fluctuations. The non-linear Reynolds stresses driving low-fre­
quency currents in the ocean may then be interpreted as interac­
tions between higher-frequency wave fields, rather than turbu­
lent stresses. The total stress can be divided into a mean term, 
arising from quadratic self interactions of the waves, and a 
fluctuating term, arising from difference interactions between 
pairs of waves. Only the mean term has been considered.

The response of the ocean to the mean stress exerted by the 
waves is closely related to the mass transport of a wave field.

In a non-rotating system, the shear components of the Reynolds 
stress tensor vanishes, since the horizontal and vertical compo­
nents of the orbital velocity are exactly in quadrature. The 
mass transport reduces then to the Stokes current which is the 
difference between the local Lagrangian and Eulerian currents.

In a rotating system, the Lagrangian current cannot remain 
constant but rotates with the local inertial frequency (Ursell, 
1950). H e r e , it is shown that the wave-induced shear stresses 
are non zero, which is equivalent. It is also shown that the 
mass transport currents are not simply a property of the local 
wave field but represente the cumulative low-frequency response 
of the ocean to a variable, wave induced force field.

The solution can be represented formally as a superposition 
of normal modes. The prominence of the inertial peak in the low- 
frequency spectrum is due to the degeneracy of the modes at zero 
wave number (in the f-plane approximation, the frequency w of 
all modes converges to f, the horizontal Coriolis component, as 
the wave number k approaches zero).

If the driving wave field is homogeneous in the horizontal, 
corresponding to excitation at zero wave number, the current 
vectors of all modes rotate with the same frequency f and their
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superposition yields an inertial oscillation which keeps rotating 
infinitely with its initial vertical distribution. If the scale 
of the driving field is large but finite, the initial horizontal 
and vertical distribution is gradually modified by the phase 
mixing of modes rotating with slightly different frequencies,
inducing a dispersion of the oscillation in the horizontal and 
vertical directions.

The same dispersion-type behaviour is yielded by any effect 
which removes the degeneracy at zero wave number and introduces 
mode-dependent frequency shifts : horizontal inhomogeneities of 
the wave guide, the horizontal component of the Coriolis vector, 
non-linear interactions with geostrophic flows, planetary var i a ­
tions of the Coriolis parameters.

Instead of the standart normal mode approach (not practi­
cable for all stratifications), the Green function representa­
tion is used to expand the solution about the degenerate state, 
yielding a characteristic operator for each phase-mixing process. 
The operators can be obtained directly from the equations of m o ­
tion using eigenvalue forrailae from the perturbation theory of linear 
ope r a t o r s .

Computations have been made for phase-mixing due to wave field 
inhomogeneities, in a continuously stratified model representa­
tive of the Baltic. The orders of magnitude of the amplitude 
response and decay time are in reasonable agreement with observa­
tions .

2 .  S * . U A T 1 M J S  ? L I O T I C N .

It is assumed that the motions are of a horizontal scale 
small compared with the radius of the earth or the lateral di­
mension of the ocean. The ocean can thus be described, to the 
first order, as an incompressible, stratified fluid of infinite 
horizontal extent. The equations of motion are given in the 
Boussinesq approximation by
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where u = (u^,u2 ,u^) is the current velocity, p is the deviation 
of pressure from equilibrium /p, (x^,x2 ,x^) are the Cartesian
coordinates, x. Eastwards, x 5 Northwards, x 7 upwards, b is the

2   2buoyancy field, N the Brunt-Vaisala frequency. At the free sur­
face x^ = 0 , the solution must satisfy the dynamical and kinema- 
tical boundary conditions

2
â"t P g u 3 = ~ I h t ^ d x T  P+ ~ g ax 5 x 3 = 0; (« = 1 >2 ) (6)

3 -a

C "being the vertical displacement, g the gravitational accelera­
tion. At the bottom,

u^ = 0 , x^ = - h . (7 )

Gradual variation of f , h and N will be considered as pe r ­
turbations of the homogeneous state; the inclusion of ?, the h o ­
rizontal Coriolis component will be also incorporated in the per-
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turbation scheme.

frequency response of the linear system on the left 
hand side of (1 ) - (7 ) to the non-linear forcing terms on the 
right is of interest. It is assumed that the components in the 
non-linear terms can be represented to first order as wave solu­
tions which o atisfy the linearised equations of motion and which 
are of high frequency w >> f. The response is determined for 
"low frequencies w << N. In practice, the two frequency r anges 
are well separated.

The linearised equations (1 ) - (7 ) have normal-mode solu­
tions Æ  ~  g1 ( kx-wt)  ̂ k = (kijk2j0)i

For the low-frequency modes ( 00 << N), the hydrostatic appro­
ximation is used. By elimination, the linearised equation of 
motion can be written

3t *c (8)

: U

where q> =
1

U-2 I and the linear operator H is
P I

0 -if
3 X .

H if

il ax.

0

il ax.

(9)

with

I = N 2 dx< J 5 dxj + S I dx3
-h

(1 0)
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For small wave numbers, the dominant part of H c is the 
2x2 rotation matrix in the top left of the matrix. It is con­
venient to diagonalise this submatrix by transforming to rotary 
velocity components

u+ = u 1 + iu2

u _ = u 1 - iu2 (1 1)

Def ining

k+ = k 1 + ik2 (1 2)

(8 ) reads

(13)

where cp =
u+
u
P

and

H = 0

0

f

iia iia,

i a (14)

/

The operator H has separable eigenfunctions

where
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^nk = -ßS ^n(x3 ) e1 ~ ) . (15)

Solution of the eigenvalue problem gives the eigenfrequencies
1

(1 6)

(17)

(18)

The sequence of eigenvalues ( A. being a constant) de­
creases m o n o t o n i c a l l y , the eigenvalue of the barotropic mode 
(X ) standing out several orders of magnitude above the eigen­
value of the internal modes (n = 1 ,2 ,...).

To construct the general solution of (13)> we shall involve 
only a partial decomposition of the solution into the three no r ­
mal mode branches s = +_ 0 , leaving the horizontal and vertical 
mode structure unresolved. To do this, J3' is interpreted in (15)
as an operator, independent of the wavenumber and vertical mode

3index. This is achieved simply by replacing iki by — —  and
i

\ by I. Introducing

. s(fW ) 1/2 - •••) <19)2 f 8f

2 2
2 3__  j )___E s Q ; = 2 2ax1 3x2

/ 2 2 2 
—  (f + ) (gravity waves)

(geostrophic flow) 

and the associated eigenvectors

to = 0

j ( œ °  +  f ) k +
I

II

mcaj

I
( t u S - f  ) k _

\ k 2 I 
\ n /

, s = +_ ; 1 °  =

\

1,

7.
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(15) can be written

H r  = -£s sr (20)

and defining the orthogonal projection operators js , the general 
solution of (1 3 ) may be written

- 2 Ü  9" , where çpS = j|s . çg..s = +_, 0

The equation for the scalar field cpS follows by multiplying (13) 
from the left with

d s . sg^cp + i s Q 9 = 0 . (21 )
The equation of motion

—  £  - i H ^  = a

in the presence of a forcing field £_ = ¡ q_

(2 2)

reduces similarly to

d s . - s s—  cp + i s ß cp = q (s=+,0) (23)

where
s xs <1 “ 1  • 2. (24)
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3 .  THE HOMOGENEOUS p p  m u . p . t u t

The low frequency response for the forcing field cj_ arising 
from quadratic interactions between high frequency waves is in­
vestigated. ihe correct solution for a rotating system is obtai­
ned by allowing for first order Coriolis effects in the high - 
frequency wave field which is treated as strictly homogeneous, 
but is allowed to vary slowly with time.

If the frequencies of the wave field are high compared with 
the inertial period, we can presumably take the mean value of 
the quadratic terms in (1 ) - (6 ), in considering the low - fre­
quency response; this contribution arises from quadratic self in­
teractions of waves with their complex conjugates. A rough es­
timation of the fluctuating term indicates that its contribution 
is comparatively negligible for low - frequency response.

Since the wave - field is statistically homogeneous, the 
mean forcing terms are independent of x ^ , and the resulting
velocity field must then be horizontal. Hence, equations (1) 
and (2) need only to be considered. Provided the wave - field 
is homogeneous and stationnary, (l) and (2 ) reduce to :

It  u  + f A u f A u s t (25)

■ S "tu and u being horizontal. The Stokes current u°° is t
rence between the mean Lagrangian and Eulerian currents;
f = (0 ,0 ,f)

is the diffe-

s t 1 e (26)u u u

To quadratic order, one has

( 2 7 )
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where _£ is the displacement of a particle from its position of
re.^u u (x) u (rj is the fluid velocity at the particle posi­
tion x(n) = 2L + C_ (¿i)«

S "t/For constant u , the general solution of (2 7 ), (28) is

0 S "fo
u = u  = - U +ÏÏ eos ft - (zQ x u) sin ft (28)

where _z_o is the unit vector upwards and U is a constant amplitude 
dependent on the initial value of u 6 . The Lagrangian current, 
given by (26) is a purely rotary current.e

If u. = 0 at t = 0, the solution corresponds to a step 
function onset of the high frequency wave field in a previously 
calm ocean. It is easy to show that the earth's rotation must 
usually be taken into account in considering the w ave induced 
mass transport in the ocean.

By relaxing the condition of stationary of the wave field, 
it is found that a free undamped inertial oscillation remains in 
the fluid indefinitely, after the excitation has died away. The 
amplitude of the residual oscillation depends stronly on the d e ­
tailed tine history of the excitation, which might help to ex­
plain the observed variability of inertial oscillations generated 
by different storms. The order of magnitude of the response is 
comparable with observed inertial currents for generation by 
both surface and internal wave fields.

4. P H A S E - M I X I N G .
In order to explain the observed damping of inertial oscil­

lations, various idealisations of the model are relaxed, y i e l ­
ding a serie of phase-mixing processes which produce damping by 
vertical and horizontal dispersion.

An obvious idealisation in the present model is the statis­
tical homogeneity of the driving wave field, an assumption which 
greatly simplified the analysis in the previous section. The
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system was excited, at zero wave number, a point of degeneracy at 
which all gravity modes have the same frequency +_ f. Consequently, 
the vertical coordinate entered only as a parameter and there 
was no need for decomposition into nodes.

If the fields are allowed to vary horizontally, the source 
function excites an ensemble of low - frequency modes of finite 
wave number, each of which rotates with a slightly different fr e ­
quency. Velocity components of neighbouring nodes which were 
originally excited in phase therefore gradually loose their phase 
relation; the field becomes "randomised". In the present problem, 
the essential dynamical features of the oscillations are governed 
by the transition from an initially coherent mode ensemble to 
the asymptotic random state.

The time scale of the phase - nixing process depends on the 
frequency separation between neighbouring nodes. For large spa­
tial scale of the driving wave field, the frequencies of the 
excited modes are close to f and the tine scale T of the phase- 
nixing is large compared with f. The solution is hence expanded 
with respect to the parameter which avoids mode decomposition 
and is applicable for arbitrary stratification.

PHASE-MIXING DUE TO INHOMOGBNEOUS F I E L D S .
For a weakly inhomogeneous wave field, the source vector 

of the field equation (2 2 ) takes the form

cj. = f

I .  st1U+
i uft +

/ 9 ax
a

o a+
a = 1 > 2 . (29)

0 3
ax «

\

Ta -
1

The second vector represents the divergence of the inter-
action stress tensor, T a ß = (u ß) ^a ß_ ^U aU ß^ v a n is^ eci
before on account to the h o mogeneity, but is non zero for slowly
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varying field (Has s el m ann,197 0 ). The third component of <3. is
irrelevant for the generation of inertial oscillations.

Using (2 1 ), equation (2 3 ) can be integrated to yield the 
inertial current response

s (x,t) - e is!!t <p3 + I* . (3 0 )

A convergent serie is then obtained by expanding (30) with res 
pect to the perturbed frequency operator Xw

I 2 T 2 4ß = f + X - f - f —  - 1—  - ... . (3 1 )
8f

For Xw = 0, one finds the solution for a homogeneous wave field. 
The deviation from this solution is governed by the phase-mixing 
operator X^.X << Q — f for small inhomogeneities.

In the case q° = 0, (i.e. we considered the evolution of
the inertial oscillations after the generation wave field has pas­
sed by), equation (30) represents an inertial oscillation with 
slowly varying amplitude and phase; the rate of change of phase 
can be interpreted as a frequency shift. The convergence of the 
expansion of (3 0 ) can be analysed in the normal-mode viewpoint. 
Quantitative estimates can be found in (i), in the simple case 

= const.
Since X << Q, it is normally sufficient to retain the first w

term in the expansion (3 I ). This could also have been derived 
using the standart formulae for eigenvalue perturbation. If the 
operator H in the eigenvalue equation (13) is the form

H = H 0 + H 1 (32)
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^  (negr.tive) eigenvalue 0° can be expanded in
a serie

0S = 0° + + Qp (33)

where Q is an eigenvalue of H and

(34)

S ~ g
Hero, J3q , refer to the eigenvectors and the orthogonal vec 
tors of the unperturbed operator E . In our case

H

H ' =

-f

0

0

0

0

0

I I 0 i I 0

0

0

0

0 i 0

0 i 0

(35)

s ~ s sand Q = sf. The vectors £  = are the three unit vectors pa-
grallel to the coordinate axes. The eigenvectors £  can be si­

milarly expanded but, in the lowest - order phase - mixing appro­
ximation, one can set and need only the perturbation of
the e i g e n o p e r a t o r . This approach is used to consider further 
perturbation which destroy the zero wave number and produce phase- 
mixing .
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PHASE-MIXING DUE TO THE HCRIZINTAL C: Ríl LIS C : LI? I SENT .
The analysis (i) shows that the horizontal Coriolis para­

meter ? cannot always he neglected, particularly for weak stra­
tifications and large lateral scales typical of deep-ocean con­
ditions. The inclusion of ? presents no - tional diffi­
culty .

PHASE-MIXING DUE TO WAVE-GUIDE INHCMOGENSIT IE S .- —  2
Lateral variations of the wave-guide parameters f, N and

h can he treated as perturbations if the lateral length scales 
are large compared with the ocean depth. The classical methods 
of geometrical optics are not applicable, since we are concerned 
with an ensemble of nodes, rather than a single mode. Thus slow 
wave-guide variations again result in a diffusion- type behaviour. 
Detailled investigation (i) leads to the conclusion that plane­
tary effects (f variation) can be neglected compared with the la­
teral variations of the wave-guide or the field.

PHASE-MIXING Z US TC N'X LI XI..E I üTEP-.-.-JT 1 X.: WITH ÎE S T R PH I C 
C U R R E N T S .

Since the geostrophic currents are time independent in the 
linear, f-plane approximation, the quadratic interaction with an 
inertial oscillation yields a perturbation which is linear in 
the inertial oscillation, with a tino-indcpendent coefficient.

The phase-nixing operator for the geostrophic interactions
follows from (34)

9 ( a n )  (0x7 üs^Iañ-s
- i [-*, £  - ^  H   1 < - * >

J
x 3

where U is the hoostrophic current and IxJ . There in
no summation over s.
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The contribution to phase-mixing from this process appears 
at present marginal (i).

5• A NUMERICAL E X A M P L E .
The decay of an inertial oscillation due to lateral inhomo­

geneities of the initial field distribution has been computed 
using the phase - mixing expansion (JO ) , (31 ); the initial dis­
tribution was taken as axisymmetric Gaussian in the horizontal 
coordinates, with an exponential vertical profile corresponding 
to generation by surface waves. The numerical values were ad­
justed to agree with observations at the site near Bornholm 
(Tomczak Jr., 1 9 6 9 ).

Detailled discussion and figures will not be reproduced 
here and can be found in (i). In fact, many of the gross fea­
tures of inertial oscillations observed in the Baltic were r e ­
produced. These follow largely from a surface - wave source
and are independent of the form of the decay process.

The time scale of the computed decay was not inconsistent 
with measurements, but the details were not everywhere convin­
cing. Inclusion of lateral wave - guide inhomogeneities would 
probably remedy the shortcomings of the model.

6. CONCLUSIONS.
Estimates of the non linear generation of inertial oscilla­

tions by high frequency gravity waves agree in order of magnitude 
with inertial currents observed both near the surface and in the
interior of the ocean. Surface gravity waves can drive inertial
oscillations either through horizontal stresses (radiation stres­
ses) or the vertical shear stress induced by the rotation of the 
earth. For horizontal scales smaller than 100 km, the horizontal 
stress is more import an t, whereas the she ar stress dominates lor 
larger scales. In the case of internal gr?.vity waves, the h o ­
rizontal stress is always negligible; estimates of the shear 
stress based on observed internal wave spectra yield values
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comparable with shear stresses for surface waves.
The decay of inertial oscillations due to phase-nixing has 

been investigated for five processes. Lateral inhomogeneities 
of the inertial oscillation and lateral wave-guide variations 
yield comparable decay rates in reasonable agreement with obser­
vations; the influence of the horizontal component of the Coriolis 
vector and interactions with geostrophic currents appear to be 
of marginal significance; planetary effects are negligible.
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