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Sum m ary

A  m icro-com puter p rog ram  is described  w hich will ca lcu late  th e  estim ate  o f  m ost p robab le  num ber 
and  an app rox im ate  confidence in terval fo r  any com bination  o f d ilu tion  levels, num bers o f replicates 
and sam ple volum es. T h e  use  o f  the p rogram  frees the ex p erim en te r from  th e  constra in ts in experim en­
tal design often  im posed by tab les.

K ey words: M ost p robab le  n u m b er  -  M icro-com puter p rogram

Introduction

T h e  ‘M o st P ro b a b le  N u m b e r’ (M P N ) tech n iq u e  is o ften  th e  only  m e th o d  avail­
ab le  fo r density  e s tim a tio n  o f specific , physio log ical g roups o f m ic ro -o rgan ism s. Its 
com m on use  involves a  10-fold d ilu tio n  series w ith , typ ically , n o  m o re  th a n  five 
rep lica tes  a t each  d ilu tio n ; th is leads to  very  w ide con fidence  in te rv a ls  fo r th e  
e s tim a te  o f p o p u la tio n  density  a n d  a w id esp read  b e lie f th a t th e  m e th o d  is too  
im precise  to  b e  o f v a lu e . A  m o re  re lia b le  M PN  can  b e  o b ta in ed  by  in c reasin g  the  
n u m b e r o f rep lica tes  a n d  d ec reas in g  th e  size o f d ilu tio n , b u t th e  m a in te n an c e  o f a 
c o n s tan t d ilu tion  fac to r a n d  fixed  n u m b e rs  o f rep lica tio n s , th ro u g h o u t th e  series, 
w ill usually  invo lve p ro h ib itiv e  levels  o f ex p e rim en ta tio n . Y e t th is re s tr ic tio n  to  a 
sym m etrically  d es ig n ed  d ilu tio n  se ries is an  artificial co n s tra in t, 'im p o sed  by the  
n ee d  to  re fe r  to  ex isting  M P N  tab les . M any  o f  th e  ad d itio n a l rep lica tes  an d  d ilu tion  
levels p ro v id e  n o  w o rth w h ile  in fo rm a tio n , im p ro v e m en t in accuracy  follow ing
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m ainly  fro m  in c reased  sam pling  a t th e  ‘critica l’ d ilu tio n  levels (w h ere  n e ith e r  th e  
positive  n o r  th e  negative  sco res a re  ze ro ).

N o  se t o f  M P N  tab les can  b e  tru ly  co m p re h e n s iv e , even  fo r a b a lan c ed  series, 
and  it  is c lea rly  im possib le to  construc t g en e ra l ta b les  w hich ca te r  fo r th e  m ore 
re le v an t design  s tra teg y  o f  in c reased  sam pling  a t  th e  critica l d ilu tion  levels. H o w ­
ev e r, a c o m p u te r  a lgo rithm  is n o t co n stra in ed  in  this w ay; w e th e re fo re  p re se n t a 
p ro g ra m , d es ig n ed  fo r easy  im p lem en ta tio n  on  a  m ic ro -c o m p u te r, w hich will ca lcu ­
la te  th e  e s tim a te  o f  M PN  (an d  an  ap p ro x im ate  c o n fid e n ce  in te rva l) fo r an y  com bi­
n a tio n  o f d ilu tio n  levels, n u m b ers  o f rep lica tes  an d  sam ple  vo lum es. W e  suggest 
th a t th e  in c reas in g  availab ility  o f persona l c o m p u te rs  m akes ta b u la tio n  red u n d a n t 
b u t, if  d es ire d , th is  p ro g ram  can  b e  used  to  c o n s tru c t specific M P N  ta b le s , fo r a 
ba lanced  se ries involving a n o n -s tan d a rd  d ilu tio n  fac to r, fo r exam ple .

Theory

D e n o te  th e  m e an  n u m b e r o f b ac te ria  p e r u n it  v o lu m e , a t the  in itia l d ilu tion  
level, by X ( th e  M P N ). T h e re  a re  m  d ilu tion  levels k u . . . ,  k m (in  s ta n d a rd  tria ls 
kj = k ‘~x, w h e re  k  is th e  d ilu tion  fa c to r ) ,  th e  ith  level involving n¿ rep lica te s , each 
w ith  sam p le  v o lu m e V¡. U n d e r  th e  usual a s su m p tio n  th a t th e  b a c te ria  a re  random ly  
d isp e rsed , th e  n u m b e r o f positive scores a t the  f th  level, x h h as a B inom ia l (nhp )  
d is trib u tio n , w ith  p¡ =  1 — ex p  ( —XVJk,).

E stim a tio n  o f  X is by m ax im iza tion  of the  log like lihood  (as a function  o f log X) 
based  on  th e  sco res  from  all m  levels; this is ach ieved  by  a  N ew to n -R a p h so n  
ite ra tio n  [1], em p loy ing  ana ly tic  deriva tives. E x c e p t fo r som e d e g e n e ra te  cases, a 
s ta rtin g  v a lue  fo r  X is o b ta in ed  as th e  slope f ro m  a reg ression  (th ro u g h  th e  orig in) 
o f - l o g  (1—x¡/n¡) o n  {VJk¡). T h is p ro ce d u re  is usually  s tab le  and  co n v e rg en ce  is 
q u ick , th o u g h  n o t g u a ra n te e d  if th e  d a ta  a re  c lea rly  in co n sis ten t w ith  th e  m odel 
assum ptions. A  co n fid en ce  in te rv a l fo r X is ca lcu la ted  by ap p ro x im atin g  th e  log 
like lihood  fu n c tio n , in  th e  reg io n  o f its m ax im u m , by a q u ad ra tic  in  log X.

The Program

A  co m p u te r  p ro g ra m  to  p e rfo rm  the  M PN  es tim a tio n  is g iven in Fig. 1. It is 
w ritten  in  fa irly  e le m e n ta ry  B A S IC  an d  w ill ru n  w ith little  o r no  m od ifica tion  on 
m ost m ic ro -co m p u te rs . F ig. 2 gives tw o ex am p le  ru n s, co n tra s tin g  th e  o p tio n s  of 
a  s ta n d a rd  tr ia l w ith  a m o re  flex ib le design , w h ere  la rger n u m b ers  o f rep lica tes  
an d  a  low er d ilu tio n  fac to r a re  used  a t th e  critica l d ilu tion  level, to  im p ro v e  the  
accuracy  o f  e s tim a tio n . N o te  th a t th e  sco res fro m  all d ilu tio n s sho u ld  b e  e n te re d ; 
th e  d a ta  usua lly  ig n o red  in  co n s tru c tio n  o f th e  ‘nu m erica l c h a rac te ris tic ’, fo r en try  
to  s ta n d a rd  ta b le s  (e .g . re f. 2 ), can  b e  re le v an t to  th e  e s tim a tio n , p articu la rly  for 
sm all d ilu tion  fac to rs . T h e  resu ltin g  es tim a te  is alw ays th e  M P N  a t th e  firs t d ilu tion  
level e n te re d  (u sua lly  1).

It is adv isab le  to  check  th a t th e  ‘m o d e l sc o re s ’, p red ic ted  fo r ea ch  level from  
th e  e s tim a ted  M P N , a re  in  ro ugh  ag re em e n t w ith  th o se  o bserved . A  fo rm al te s t 
o f  th e  m odel assu m p tio n s  cou ld  b e  co n s tru c te d , from  a g en e ra lised  lik e lih o o d  ra tio
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10  P R I N T ' M P N  E S T I M A T I O N  FOR GENERAL D I L U T I O N  T R I A L ' :  P R I N T
1 0 0  REM UP TO 5 0  D I L U T I O N  L E V E L S
101  D I M  0 ( 5 0 ) , K ( 5 0 ) , N ( 5 0 ) , P ( 5 0 ) , X ( 5 0 ) , Y ( 5 0 ) , Z < 5 0 )
1 5 0  REM AO I S  LARGEST VALUE ALLOWED I N  E X P ( A O )  AND E X P ( - A O )
151  REM E S T I M A T E S  C ALCULA TED TO 4 S I G N I F I C A N T  F I GU RE S
1 5 2  A 0 = 8 B : T 0 = 1 . O E - 4
1 9 9  REM ---------------------------------------------------------------------------------------------------------------------------------------------------------
2 0 0  REM I N P U T  DATA
2 1 0  I N P U T  'HOW MANY D I L U T I O N  L E V E L S ' 1 M
3 0 0  I N P U T ' S A M E  NUMBER OF R E P L I C A T E S  AT EACH L È V E L  ( Y / N ) ' ) Q 1 $
3 1 0  I F  Q l $ = ' N '  THEN GOTO 3 3 0
3 2 0  I N P U T ' HOW M A N Y ' J N O t F O R  1 = 1 TO M : N ( I ) = N 0 : NEXT K G O T O  3 5 0
3 3 0  P R I N T ' E N T E R  NUMBER OF R E P L I C A T E S  ONE BY ON E '
3 4 0  FOR 1 = 1 TO M! I NP U T  N d K N E X T  I
3 5 0  I N P U T ' S A M E  D I L U T I O N  FACTOR AT EACH L E V E L  ( Y / N ) ' ; 9 2 $
3 6 0  I F  Q 2 * = ' N '  THEN GOTO 3 9 0
3 7 0  I N P U T  'WHAT I S  I T ' J K I F O R  1 = 1 TO M : K ( I ) = K A ( I - 1 ) :  NEXT I  : GOTO 4 0 0
3 8 0  P R I N T ' E N T E R  D I L U T I O N  L E V E L S  ( NOT F A C T O R S ! )  ONE BY ON E '
3 9 0  FOR 1=1  TO MI I N P U T  K ( I ) I N E X T  I
4 0 0  I N P U T  ' SAME VOLUME USED AT EACH L E V E L  ( Y / N ) ' ; Q 3 *
4 1 0  I F  Q 3 $ = ' N '  THEN GOTO 4 3 0
4 2 0  I N P U T  'WHAT I S  I T ' Î V Ü F O R  1 = 1 TO M I C ( I ) = V / K ( I ) :  NEXT I I G D T O  4 5 0
4 3 0  P R I N T ' E N T E R  VOLUMES USED ONE BY ON E '
4 4 0  FOR 1 = 1 TO M d N P U T  V : C ( I  ) = V / K  ( I  ) : NEXT I
4 5 0  P R I N T ' E N T E R  NUM8ER OF P O S I T I V E  RESPONSES AT EACH L E V E L ,  ONE BY ONE'  
4 6 0  FOR 1 = 1 TO M : I N P U T  X ( I > I NEXT I

5 0 0  REM CALCULA TE S T A R T I N G  V A L UE S  FOR I T E R A T I O N
5 0 1  g = o : g i = o : g 2 =o : g 3 = o
5 1 0  FOR 1 = 1 TO M : I F  X ( I ) = N ( I ) THEN G2 = G 2 + 1 I G1  = I  :  GOTO 5 4 0
5 2 0  I F  X ( I ) = 0  THEN G 3 = i : G 0 T 0  5 4 0
5 3 0  G = G + 1 : Y < G ) = - L O G ( 1 - X ( I ) / N ( I ) ) H Z ( G ) = C ( I )
5 4 0  NEXT I
5 5 0  I F  G>0  THEN GOTO 6 0 0
5 6 0  I F  G2 = 0  THEN P R I N T ' N O  P O S I T I V E S .  MPN = 0 ' : G 0 T 0  1 0 0 0
5 7 0  I F  G2 = M THEN P R I N T ' A L L  P O S I T I V E S .  M P N = I N F I N I T Y ' I GOTO 1 0 0 0
5 8 0  I F  G1 =M THEN C l = C ( G 3 + 1 ) : C2 = C ( G 3 ) : N 1 = N ( G 3 + 1 ) : N2 = N ( G 3 ) !  GOTO 5 9 0
5 8 5  C l = C ( G 1 ) : C 2 = C ( G 1 + 1 ) : n 1 = N ( G 1 ) : N 2 = N ( G 1 + 1 )
5 9 0  M 0 = L 0 G ( L 0 G ( < C 1 » N 1 + C 2 * N 2 ) / ( C 2 * N 2 ) > / C l ) ¡GOTO 7 0 0  
6 0 0  S 1 = 0 : S 2 = 0
6 1 0  FOR 1=1 TO G : S 1 = S 1 + Y ( G ) * Z ( G ) : S 2 = S 2 + Z ( G ) * Z ( G ) : n e x t  I  
6 2 0  M 0 = L 0 G ( S 1 / S 2 )
6 9 9  REM ---------------------------------------------------------------------------------------------------------------------------------------------------------
7 0 0  REM NEWTON-RAPHSON I T E R A T I O N
7 0 1  J = 0
7 1 0  j = j + i : e =e x p ( m o ) : d i = o : d 2 = o
7 2 0  FOR 1 = 1 TO M : E 0  = C ( I ) * E : P ( I ) = 1  : I F  E0<AO THEN P ( I ) = 1 - E X P ( - E 0 )
7 3 0  I F  P ( I ) = 0  THEN GOTO 7 6 0  
7 4 0  D 1 = D 1 + C ( I > * X < I ) / P ( I ) - N ( I > * C < I )
7 5 0  D 2 = D 2 + C ( I ) * C ( I ) * N ( I ) * ( 1 - P ( I > ) / P ( I )
7 6 0  NEXT I
7 7 0  D 1 = D 1 * E : D 2 = D 2 * E a 2 : M 1 = M 0 + D 1 / D 2
7 8 0  I F  J > 5 0  OR A B S ( M l ) > A 0  THEN P R I  NT '  D I  VERGENCE. CHECK D A T A ' :  GOTO 1 0 0 0  
7 9 0  I F  A B S ( M l - M O ) > T O # A B S ( M O >  THEN M O = M i : G O T O  7 1 0

8 0 0  REM OUTPUT RESULTS
8 0 1  P R I N T : P R I N T ' C 0 N V E R G E N C E  I N ' ; j ;  ' I T E R A T I O N S '
8 1 0  S = S G R ( 1 / D 2 ) : L 1 = M 1 - 2 * S : L 2  = M 1 + 2 * S : I F  L 2 > A 0  THEN L 2  = A0 
8 2 0  L = E X P ( M1 ) : L 1 = E X P ( L 1 > : L 2 = E X P ( L 2 )
8 3 0  P R I N T ' M P N  /  U N I T  VOLUME = ' ! L
8 4 0  PR I  NT ' AP P R O X I M A T E  9 5 '/. C ON F I DE N CE  I N T E R VA L  = ( '  ! L 1 ; '  , '  ;  L 2  ; '  ) '
8 5 0  P R I N T I P R I N T ' D I L U T I O N ' ,  ' R E P L I C A T E S ' ,  ' S C O R E ' ,  ' MODEL SCORE '  - 
8 6 0  FOR 1 = 1 TO M : P R I N T  K ( I ) , N ( I ) , X ( I ) , N ( I ) * P ( I ) :  NEXT I 

1 0 0 0  END

Fig. 1. L isting o f  th e  ‘M ost P ro b a b le  N u m b e r’ p ro g ram , w ritten  in th e  B A S IC  language.
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a  RUN

MPN E S T I M A T I O N  FOR GENERAL D I L U T I O N  T R I A L  

HOW MANY D I L U T I O N  L E V E L S ?  5
SAME NUMBER OF R E P L I C A T E S  AT EACH L E V E L  < Y / N > ?  Y 
HOW MANY? 5
SAME D I L U T I O N  FACTOR AT EACH L E V E L  ( Y / N ) ?  Y 
WHAT I S  I T ?  IO
SAME VOLUME USED AT EACH L E V E L  ( Y / N ) ?  Y 
WHAT I S  I T ?  1
ENTER NUMBER OF P O S I T I V E  RESPONSES AT EACH L E V E L ,  ONE BY ONE
? 5 
?  5 
?  3 
? 0 
? 0
CONVERGENCE I N  3 IT E R A T IO N S  
MPN /  U N I T  VOLUME = 7 8 . 2 0 0 1
APP RO X IMA TE  357. CO NFIDENCE IN T E R V A L  = ( 2 5 . 1 8 8  ,  2 4 2 . 7 8 4  )

D I L U T I O N
1
1 0
1 0 0
1 0 0 0
1 0 0 0 0

R E P L IC A T E S
5
5
5
5
5

SCORE
5
5
3
0
0

MODE L SCORE 
5
4 . 9 3 8  
2 . 7 1 3 2 1  
. 3 7 S 2 3 B  
. 0 3 8 9 6 1 8

b  READY 

RUN

MPN E S T I M A T I O N  FOR GENERAL D I L U T I O N  T R I A L  

HOW MANY D I L U T I O N  L E V E L S ?  5
SAME NUMBER OF R E P L I C A T E S  AT EACH L E V E L  < Y / N > ?  N 
ENTER NUMBER OF R E P L I C A T E S  ONE BY ONE 
? 3 
? 3 
?  10 
? 10 
?  5
SAME D I L U T I O N  FACTOR AT EACH L E V E L  ( Y / N ) ?  N 
ENTER D I L U T I O N  L E V E LS  (N OT F A C T O R S ! )  ONE BY ONE
? 1 
? 10 
?  1 0 0  
?  2 0 0  
?  4 0 0
SAME VOLUME USED AT EACH L E V E L  ( Y / N > ?  N 
ENTER VOLUMES USED ONE BY ONE 
?  1 . 1 
?  1 . 0 5  
?  . 9 5  
?  . 98  
? 1
ENTER NUMBER OF P O S I T I V E  RESPONSES A T  EACH L E V E L ,  ONE BY ONE 
? 3 
? 3 
? 8 
?  3 
? 0
CONVERGENCE I N  3  I T E R A T IO N S  
MPN /  U N I T  VOLUME = 1 0 3 . 4 9 6
APP RO X IMA TE  93% CO N FID E N C E  I N T E R V A L  « < 5 7 . 6 1 6 2  ,  1 9 3 . 1 6 5  )

D I L U T I O N  R E P L I C A T E S  SCORE MODEL SCORE
1 3 3 3
10 3 3 2 . 9 9 9 9 3
100 10 8 B . 3 3 0 4 4
2 0 0 10 3 4  . 0 3 7 4 3
4 0 0 5 0 1 . 1 3 9 4 4

READY

Fig. 2. E xam ples o f th e  use o f  th e  p rog ram : (a) for a  10- d ilu tion  series at five levels, w ith constan t 
replication  num bers and  sam ple  vo lum es, (b ) fo r  an asym m etric d ilution series a t five levels, with 
variab le  replication  nu m b ers and  sam ple  volum es.
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o r X2 sta tistic  [1], b u t th e re  a re  ra re ly  sufficien t rep lica tes  to  v a lid a te  the  x2 ap p ro x ­
im atio n .

Conclusions

U se  of th is  p ro g ram  frees  th e  ex p e r im e n te r  f ro m  th e  artific ia l co n s tra in ts  (equal 
rep lica tio n , equa l d ilu tion  fac to rs) im p o sed  by M P N  ta b le s , allow ing th e  allocation  
o f ad d itio n a l rep lica tes , an d  in te rp o la te d  d ilu tio n s , as th e  critica l levels a re  en c o u n ­
te re d . In  a d d itio n , p r io r  a ssessm en t o f th e  efficacy o f  ca rry ing  o u t e x tra  tr ia ls , in 
te rm s  o f red u c tio n  o f co n fid en ce  in te rv a l w id ths, can  b e  m ade  by ru n n in g  the 
p ro g ra m  fo r the  p lan n ed  design an d  fo r likely  o u tc o m es (p re d ic ted  from  cu rren t 
d a ta ) .
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