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1. Introduction

In  recen t p ap ers  (G riffies et ai. 1998; G riffies 1998), 
th e  p ro b lem  o f  iso pycna l d iffu s io n  and  G e n t-M c -  
W illiam s stirr in g  in  ¿ -co o rd in a te  m odels w as rev iew ed  
and  a new  d isc re tiza tion  p ro p o sed . It w as sh o w n  that 
c lassica l d isc re tiza tio n  (C o x  1987; G en t and  M c­
W illiam s 1990) needs ra th e r  heav y  b ack g ro u n d  d if fu ­
sion  a long  the  g rid  lines in  o rd e r  to  s tab ilize  th e  schem e. 
G riffies e t al. (1998 ) sh o w  th e  p o ss ib le  o rig in  o f  the  
prob lem : one  rea so n  is th e  im p e rfe c t b a lan c in g  o f  te m ­
p era tu re  and  sa lin ity  d iffu s iv e  fluxes a long  neu tra l su r­
faces and th e  o th e r one th e  ex is ten ce  in  th e  C ox  d is­
c re tiza tio n  o f  a 2 A x  m o d e  in v is ib le  to  the cro ss d e riv ­
a tive  in  th e  iso p y cn a l d iffu sio n . T h e  au tho rs  then  p resen t 
so lu tions, w h ich  they  sh o w  to  w ork  p ro p e rly  in  an ex ­
p erim en t fo r long  c lim a te  runs . H ere , w e w ill b roaden  
th e  d iscussion  o f  the p ro b lem  by p inn ing  up ano ther 
basic  n u m erica l d ifficu lty  in  d isc re tiz in g  ro ta ted  d if fu ­
sion  opera to rs. W e w ill a lso  n o t lim it ou rse lv es to  is o ­
pycnal d iffu sio n  in ¿ -co o rd in a te  m odels, as th e  w ell- 
know n G F D L  M O M 2 (M o d u la r O cean  M odel), but 
w ork  in a m o re  g enera l co n tex t in  w h ich  co asta l ocean  
m odels such  as S P E M  (S em i-S p ec tra l P rim itiv e  E q u a­
tion  O cean C ircu la tio n  M o d e l)  a lo n g  terra in -fo llo w in g
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co o rd in a tes  m ay  use ro ta ted  d iffu s io n  op era to rs  to  o b ­
ta in  iso p y cn a l or g eo p o ten tia l d iffu sio n . In th e  m odel 
d e sc rip tio n s  and  th e ir  ap p lica tio n s  (e .g ., C ox 1987; Pa- 
can o w sk i 1995; H ed strö m  1994), th is  ro ta tio n  o f  the 
d iffu s io n  o p e ra to r is m en tio n ed , b u t it is a lso  alw ays 
s ta ted  th a t so m e add itiona l b ack g ro u n d  d iffu sio n  along 
g rid  co o rd in a te s  shou ld  b e  m a in ta in ed , th a t ro ta tio n s are 
lim ited  to  w eak  slopes, th a t in te rm itten t filte ring  is add ­
ed o r  th a t th e  ro ta ted  d iffu sio n  o p tio n  does no t w ork 
p ro p e rly  in  all cases, a  fac t o b se rv ed  in  severa l stud ies 
(e .g . C ox  1987; G erdes et al. 1991). T h is  has a lso  been 
reco g n ized  by G riffies e t al. (1998 ), and  one  co u ld  w on­
d e r w hy a d iffu s io n  te rm  that, in  p rin c ip le , has a sm o o th ­
ing  b eh av io r needs such  ad d itio n a l dam p ing , p o ten tia lly  
m ask in g  th e  desired  d iffu s io n  a lo n g  a specific  co o rd i­
na te  su rface . In  add ition  to  the  p ro b lem s estab lished  by  
G riffies e t al. (1998), w e w ill show  th a t c lassica l d is­
c re tiz a tio n s  o f  ro ta ted  d iffu sio n  op era to rs  lead  also  to 
p ro b lem s due to  the v io la tio n  o f  an o th e r p h ysica l p ro p ­
erty  o f  d iffu sion : a w e ll-k n o w n  ch a rac te ris tic  o f  pure 
d iffu sio n  is th a t d iffu sion  o p e ra to rs  a re  p o sitiv e  defin ite, 
w h ich  gu a ran tees tha t, in a c lo sed  d o m ain , the m ax im um  
and  m in im u m  o f the v a riab le  b e in g  d iffu sed  do not in ­
c rease  and  decrease , re sp ec tiv e ly , a p ro p e rty  w h ich  w ill 
be  re fe rred  to  as the “ m in -m a x  p r in c ip le .” In  add ition , 
the  varian ce  d ecreases i f  na tu ra l o r D irich le t b o u n d ary  
co n d itio n s  a re  app lied . T h e  m in -m a x  p rin c ip le  should  
h o p efu lly  be reco v ered  in the  d isc re tized  version ; o th ­
e rw ise , trace rs  w ou ld  c lea rly  sh o w  non p h y sica l b eh av ­
io r s ince  po sitiv e  defin ite  q u an titie s  (e .g ., tu rb u len t k i­
ne tic  en erg y  o r  con cen tra tio n s) co u ld  b eco m e nega tive  
and  d y n am ica l state v a riab le s  as den sity  w ou ld  create  
unp h y sica l p ressu re  g rad ien ts . E v en  i f  th is  e ffec t on
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d en sity  and p ressu re  m ay be  lim ited  in  p rac tice  by  som e 
co m p en sa tio n  o f  tem p era tu re  and  sa lin ity  e rro rs  w hen 
co m p u tin g  th e  co rresp o n d in g  density , th is  feed b ack  g en ­
e ra lly  has a d es tab iliz in g  e ffec t (e .g ., M a th ieu  1996).

In  th e  la rg e-sca le  C ox m o d e l, the  m a jo r p ro b lem s are 
th o se  d escribed  in  G riffies e t al. (1998 ), n am ely  the 
no n can ce lla tio n  o f  tem p era tu re  and  sa lin ity  flux c o n tr i­
b u tio n s  to  density  fluxes a lo n g  iso n eu tra l su rfaces and 
the  in ap p ro ria te  co m p u ta tio n  o f  p ro d u c ts  o f  coo rd ina te  
and  trace r g rad ien ts. B u t fo r  o th e r  ty p es o f  m o d e ls  or 
p ass iv e  tracers, th e  v io la tion  o f  a  m in -m a x  p rinc ip le  
m ay  lead  to  g rid  n o ise  th a t am p lifies to  a leve l w here  
h eav y  filtering  o r d iffu sio n  a lo n g  th e  n u m erica l g rid  is 
n eed ed  to  get rid  o f  the n u m erica l n o ise . T h en , o b v i­
ously , th e  p o ten tia l ad van tages o f  ro ta ted  d iffu s io n  o p ­
era to rs  are  lo s t s in ce  filtering  is ca rried  ou t a lo n g  g rid  
lin es. V io la tion  o f  the  m in -m a x  p rin c ip le  o r  the  d e ­
c reas in g  variance  p rin c ip le  is thus a  p o ten tia l p rob lem . 
B esid e  the M O M 2, fo r w h ich  G riffies e t al. (1998 ) b ring  
so m e im portan t im p ro v em en ts , th e re  is a  ran g e  o f  m o d ­
e ls  using  d iffe ren t co o rd in a te  sy s tem s and  a se rie s  o f 
assu m p tio n s on the p re fe rred  d irec tio n  o f  d iffu sion , 
w h ich  genera lly  does no t co in c id e  w ith  th e  m odel c o ­
o rd in a te s , un less the  d iffu sion  is p u re ly  a  n u m erica l ar­
tifa c t to dam p n o ise  o f th e  n u m erica l schem e. A  few  
w e ll-k n o w n  im p lem en ta tio n s o f  th e  p reced in g  concep ts 
are  th e  fo llow ing:

1 ) d iffu sio n  on p o ten tia l d en sity  su rfaces, be  it iso p y c ­
nal (R edi 1982) o r iso n eu tra l (M cD o u g a ll and 
C hurch  1986), in  the C ox  G F D L  m o d e l (C ox  1987)

2 ) isopycnal d iffu sio n  in  te rra in -fo llo w in g  co o rd in a tes , 
as fo r ex am p le  the im p lem en a tio n  o f  H edström
(1994 ) in SPE M  (H a id v o g e l e t al. 1991). H ere  the 
au tho rs  c lea rly  sta te  in  th e  u se r m anual o f  SPE M  
vers ion  5.1: ro ta ted  m ix ing  tensors  do  no t w o rk  y e t  
(H ed strö m  1996)

3) z  d iffu sion  in cr-coordinate m o d e ls  (S te llin g  and Van 
K este r 1994).

W e w ill thus concentrate on  a v e ry  general form ulation 
o f  th e  subgrid-scale param eterization  form ulated  in a  co ­
ord inate  system  no t coinciding w ith  the num erical grid.

H ere  w e ana lyze  the p u re  d iffu s io n  te rm  assoc ia ted  
w ith  th e  su b g rid -sca le  m ix in g  p ro cesses , and  no ad d i­
tio n a l ed d y -induced  adv ec tio n  te rm  (G en t and  M c­
W illiam s 1990) is re ta in ed  here . T h e  la tte r  is indeed  
g en e ra lly  dealt w ith  by th e  ad v ec tio n  sch em e o f  the 
n u m erica l m odel (e .g ., G erdes e t al. 1991) o r  as the 
an tisy m m etric  part o f  a  g en e ra liz ed  d iffu s io n  ten so r 
(V isb eck  et al. 1997; G riffies 1998).

H ere  w e h av e  to m en tio n  th a t d ea lin g  w ith  the ad ­
v ec tio n  part in  the  an tisy m m etric  part o f  a d iffu sio n  
te n so r is genera lly  n o t a w ay  to  en su re  a  p o sitiv e  defined 
m e th o d  since, w hen  it is  a lin ea r sch em e, on ly  the  u p ­
w in d  schem e obeys th is p ro p e rty  in  th e  ab scen ce  o f 
d iffu sio n . In particu lar, fo r  a G e n t-M c W illia m s  ad v ec ­
tio n  v e lo c ity  th a t is u n ifo rm  and h o rizo n ta l, the schem e 
o f  G riffies (1998) reduces to  a  c la ss ic a l h o rizo n ta l cen-

’( o . i )

( i .o )

F ig . 1. G rid  and  nam in g  conven tion .

te red  ad v ec tio n  sch em e w hen  no  d iffu s io n  is added . In 
th is case , w e k now  th e  behav io r. O f co u rse  w hen  co m ­
b in ed  w ith  th e  iso p y cn a l d iffu s io n  the  b eh av io r o f  the 
sch em e im p ro v es , bu t u n less  th e  iso p y cn a l d iffu sio n  co ­
effic ien t A  is la rg e r o r s im ila r to  the  th ick n ess  d iffu sion  
coe ffic ien t k , th e  cen te red  n a tu re  o f  th is  skew  flux co m ­
p u ta tio n  m ay  be  g rid -n o ise  p ro d u c in g .

L im itin g  o u r in v es tig a tio n  to  the  d iffu sion  p a rt im ­
p lie s  th a t a  sy m m etric  p o sitiv e  defin ite  d iffu sio n  ten so r 
is assum ed .

2. Generic formulation

In  o rd e r to  ana lyze  th e  p ro b lem  o f  ro ta ted  d iffusion , 
w e w ill re s tr ic t th e  d im en sio n s  to a v e rtic a l sec tion . T his 
lim ita tio n  to  2D  is n o t p en a liz in g  s in ce  a t le a s t any 
m e th o d  sh o u ld  w ork  in  2D . I f  p ro b lem s ap p ea r in  tw o 
d im en sio n s , th en  they  w ill su re ly  b e  p re sen t in  general 
3D  s itu a tio n s , at leas t fo r th e  lo n g  w av es in  th e  ad d i­
tio n a l d irec tio n . W e ev en  ex p ec t m o re  sev e re  prob lem s 
in  3D  b ecau se  o f  th e  ap p ea ran ce  o f  c ro ss-d e riv a tiv e  
te rm s co u p lin g  th e  tw o  h o rizo n ta l d irec tions w hen  ro ­
ta tin g  d iffu s io n  ten so rs . A s o u r pu rp o se  is to  show  that 
th e  ro ta tio n  o f  d iffu s io n  op era to rs  leads to  a  fundam enta l 
n u m erica l p ro b lem , w e  w ill rem ain  in  th e  fram ew o rk  o f 
a 2D  case . B ecau se  w e o ften  do  n o t o n ly  w ish  to  exp ress 
th e  d iffu s io n  ten so r to  b e  d iag o n a l in  a specific  coor­
d ina te  sy s tem , bu t a lso  o ften  in tro d u ce  a n u m erica l co ­
o rd in a te  ch an g e , w h ich  is u sed  to  o pera te  in  a  c o n v e ­
n ien t d isc re te  space , w e  shall ana lyze  the  con figu ra tion  
o f  F ig . 1, w h ich  co n ta in s  a ll p o ss ib ilitie s , from  iso p y cn a l 
g rids to  g en e ra lized  v e rtic a l g rid s  (K asah a ra  1974) and 
c lassica l z  co o rd in a tes .

T h e  no rm aliza tio n  o f  £  17 is by  no  m eans lim iting ; 
in  th e  co n tra ry , it en co m p asses  all p o ss ib le  situa tions,
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in c lu d in g  n o n u n ifo rm  grids by a llo w in g  th e  genera l 
tran sfo rm a tio n

i  =  f a  z)

7) =  7 ) (x , Z ).

(1)

(2)

In  th is  w ay , th e  n odes o f  th e  n u m erica l g rid  a re  easily  
re fe ren ced . W e n ow  assum e th a t d iffu s io n  sh o u ld  be 
ex p re ssed  in  a specific  re la tiv e  c o o rd in a te  sy s tem  (5 , t):

s =  j ( £  77) 

t =  * (£  Tj).

(3)

(4)

B e tw een  th ese  tw o  co o rd in a te  sy s tem s , th e  Jaco b ian  
J  is

_  ds dt ds dt

^  dÇ dr) dr) d ^
(5)

T h e  m o s t g en era l fo rm u la tio n  o f  a  d iffu s io n  o p e ra to r 
ap p lied  to  v a riab le  'F  reads

ds

d V

dt

(6)

S in ce  w e assu m e  th a t in  th e  sp ec ia l c o o rd in a te  sy s tem  
(5 , t), th e  d iffu s io n  ten so r is d iag o n a l by  co n stru c tio n , 
th e re  shou ld  sim ply  be a  “ v e rtic a l”  and  “ iso p y c n a l”  
d iffu sion :

d d V \  d /
<D =  — \ A ----  +  - [ A ,—

d s \  ds d t \  1 dt
(7)

W e w ill an a ly ze  th e  p u re  d iffu s io n  a lo n g  5  b ecau se  
d iap y cn a l o r  vertica l d iffu sio n  m ay  b eco m e  v e ry  w eak , 
e sp e c ia lly  if  a  tu rb u len t c lo su re  sch em e is u sed . S in ce  
w e  w an t to  b e  su re  th a t th e  d iffu sio n  a lo n g  5  d o e s  n o t 
c re a te  any  p ro b lem , w e can n o t re ly  on  th e  v e rtic a l o r 
d iap y cn a l co m p o n en t to co m p en sa te  fo r p ro b le m s re ­
la te d  to  th e  d iffu sio n  a long  s  s ince  w e  g en e ra lly  c an n o t 
g u a ran tee  th a t d iapycna l o r vertica l d iffu s io n  is a lw ays 
p re se n t. In  o th e r w ords, w e  fo cu s  on th e  d iffu s io n  a long  
a  g iv e n  co o rd in a te  line , reg a rd le ss  o f  an o th e r d iffu s io n  
in  th e  vertica l o r  d iap y cn a l d irec tio n . In  th is case , any 
d iffu s io n  o f  a  field  'F  a lo n g  th e  c o o rd in a te  lin e  s(£,  77) 
m ay  b e  w ritten  as

d f  d 'T  
O  =  —  A —  . 

ds \ ds
(8)

d /  d V \  
H D  =  — H A —  . 

d s \  ds j
(9)

an ap p ro p ria te  ren am in g  o f  A  (w h ich  rem ains p o sitiv e ) 
a llow s one  to  sw itch  from  one  fo rm u la tio n  to  the  other.

W e can  rew rite  th e  d iffu s io n  te rm  in  th e  num erica l 
co o rd in a te  sy s tem  u sed  fo r d isc re tiza tion :

I f  v a ria tio n s  o f  th e  d is tances H  b e tw een  th e  c o o rd in a te  
c u rv e s  on w h ich  d iffu sio n  acts a re  to  be  tak en  in to  ac ­
co u n t, th is  is g en era lly  p a ram e te riz ed  as

In  o u r d icussion , w e w o rk  w ith  fo rm u la tio n  ( 8 ) since

D  = A
ld2W  [ dr ) \ 2 d d £ d r ) d 2V
— ¿r + A [  —  \ ------- +  2 A -  — --------
âÇ2 \ d s J  dr)2 ds ds dÇdr)

+ ± ( Ä dI ) w  + ± ( M d- l
d s \  d s / d Ç ds \ ds J  dr¡

( 10)

T h is  ex p ressio n  is  eq u iv a len t to  th e  ro ta ted  C ox  ten so r 
if  co o rd in a te  lin es a re  z  leve ls  and  d iffu s io n  is done 
a lon g  iso p y cna ls  ( s  is a lo n g  co n s tan t p  and  H  =  p 0/
V p Í + p ¡) .

It a lso  co n ta in s  th e  case  o f  h o rizo n ta l d iffu sio n  in 
g en era lized  a  c o o rd in a te s  (fo r w h ich  x  w as co n v en ie n tly  
no rm alized ):

£  =  *

77 =  F(cr), a  =
z  + h 

C +  h

s  =  x  =  £

t =  z  =  F - ‘(77)(£ + h )  -  h

2  =  1
ds

(z +  h){£x +  h x) 

(S  +  h y

d i )

( 12)

(13)

(14)

(15)

(16)

F o r c la ss ic a l a  c o o rd in a te s  w ith  u n ifo rm  spac ing  F(<r) 
=  a, and  its  in v e rse  fun c tio n  F _1 is  read ily  ob ta ined .

3. Discretization

W e w ill now  sh o w  th a t any n in e -p o in t, linear, c o n ­
s is ten t d isc re tiza tio n  o f  E q . (10 ) lead s  n ece ssa rily  to  a 
sch em e th a t does n o t sa tis fy  th e  m in -m a x  p rin c ip le  o f  
rea l d iffu sion , ex c e p t in  som e sim p le  and  w e ll-know n  
deg en era ted  cases . T h is  m eans th a t such  schem es m ay  
gen era te  m in im a  and  m ax im a  o u ts id e  th e  ran g e  o f  the 
in itia l data. A t th is s tag e  w e do no t e v en  req u ire  p rec ise  
o r co n se rv a tiv e  sch em es, b u t on ly  a  co n sis ten t schem e 
(th a t is eq u iv a len t to  th e  m a th em a tica l ex p re ss io n  w hen  
tim e  steps and  g rid  sizes tend  in d ep en d e n tly  to  b e  in ­
fin ite ly  sm all). To d em o n s tra te  the  co n jec tu re  th a t such 
a  sch em e can n o t in  g en e ra l sa tisfy  th e  m in -m a x  p rin ­
c ip le  o f  its  p h y sica l co u n te rp a rt, w e w ill u se  th e  m ost 
g en era l n in e -p o in t d isc re tiz a tio n  th a t can  be  tak en  on 
th e  stencil a ro u n d  th e  loca l p o in t (0 , 0). T h is d isc re te  
v ers ion  read s

© = S  2  a/,/1r(i> j ) -
/ = — 1 . 1  y = - 1 , 1

( 17)
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I f  w e assu m e  th a t w e h av e  found  a co n sis ten t d is ­
c re tiza tio n  o f  th e  space  operato r, one  th en  sim p ly  has 
to  focus on th e  tim e  T  ten d en c ies  d ty /d T  to  re tr ie v e  som e 
n ecessa ry  co n d itio n s  upon  th e  coeffic ien ts a , ;- w h en  the 
d isc re tiza tio n  has to  fu lfill th e  m in -m a x  p rincip le :

^ ( 0 , 0 ) =  2  2  a , ß f ( i , i ) .
u i  ¿ = - 1 . 1  j = -  1.1

(18)

F ro m  there  a n ecessa ry  co n d itio n  fo r the m in -m a x  p rin ­
c ip le  is

0 f t  j )  *  (0 , 0 ).

(19)

(20)

T h is  is in d eed  n ecessa ry  to  a ssu re  th e  m in -m a x  p rin ­
c ip le ; o th e rw ise , as show n fo r  ex am p le  in  Jam eson
(1995), assum ing  a co n stan t fie ld  ev e ry w h e re  ex cep t a 
h ig h e r va lue  a t th e  p o in t (i, j ) fo r w h ich  one  o f  these 
n ecessa ry  c o n d itio n s  does n o t h o ld , it is e a s ily  show n 
th a t th e  tim e  deriv a tiv e  w ill hav e  a  ten d en cy  such  tha t 
4>(0, 0 ) w ill h av e  a  low er v a lu e  than  th e  co n stan t field  
o r  an  even  h ig h e r va lue  than  th e  v a lu e  at p o in t (/, j ) ,  
thu s v io la tin g  th e  m in -m a x  p rinc ip le .

W e w ill n ow  sh o w  that, indeed , the  ro ta tio n  o f  the 
d iffu sio n  can  cau se  th e  ap p ea ran ce  o f  coeffic ien ts v i­
o la tin g  co n d itio n  (19 ) o r  (20).

U sin g  c lassica l T ay lo r d ev e lo p m en t o f  th e  fie ld  ^  
a ro u n d  (0 , 0 ) w e have

d V  d V  P  d2̂
* ( ! , „ )  =  * ( 0 , 0 ) +  i - + , -  +  !  —

V  a 2¥  „ d 2̂
+  - ----------+  ¿TI— -  +  OI

2  dr]2 dÇdrj \dÇmdr]?~
(21)

R eq u irin g  th a t th e  schem e is  a t le a s t co n sis ten t dem ands 
tha t, w hen  rep lac in g  each  Tf(/, j )  by  its T ay lo r d ev e l­
op m en t in  Eq. (17 ) w e re tr ie v e  E q . (10), th e  re fo rm u ­
la tion  o f  th e  in itia l d iffu s io n  law  ( 8 ); co n sis ten cy  re ­
qu ires  th a t th is  is tru e  by  n eg lec tin g  deriv a tiv es  o f  the 
th ird  o rd e r and  h igher. S in ce  w e  a re  d ea ling  w ith  a  linear 
schem e, th e  coeffic ien ts a tj d o  n o t depend  up o n  the 
fun c tio n  Tf, an d  w e m u st im p o se  th a t th e  coeffic ien ts 
m u ltip ly in g  th e  d iffe ren t d e riv a tiv e s  o f  "'F appearing  
w hen  do ing  the  ac tu a l d isc re tiz a tio n  a re  eq u iv a len t to 
th o se  em erg in g  fro m  the an a ly tic a l d ev e lopm en t. T h is 
req u irem en t leads to  six e q u a tio n s  fo r the n in e  coeffi­
c ien ts  a¡j. A t th is p o in t o f  reaso n in g , one  co u ld  hope 
th a t it  is p o ss ib le  to  find co e ffic ien ts  w h ere  on ly  a 00 is 
nega tive . O ne then  cou ld  e v en  th in k  ab o u t tak in g  ad ­
v an tag e  o f  th e  rem a in in g  th ree  d eg rees o f  freed o m  to 
ad d  co n stra in ts  o f  trace r co n se rv a tio n , h ig h e r-o rd e r p re ­
c is io n , o r varian ce  d im in ish in g . U n fo rtu n a te ly , w e w ill 
sh o w  th a t a t leas t one  o th e r co e ff ic ien t than  a 0 0 is stric tly  
nega tive . In d eed , co n sis ten cy  req u ire s  b y  id en tify in g  the 
coeffic ien ts th a t m u ltip ly  T'XO, 0 ):

2  2  «w = 0. (22)
i = - l , I  y  =  — 1,1

Id en tifica tio n  o f  the co effic ien ts  m u ltip ly ing  d ^ /d Ç  
lead s  to

a \ , \  i , i  " F  ‘- h .o  a - i.o  a \ - 1  a - \ . - \

and  s im ila rly  fo r  dTTdr?

d i
d s \  d s j ’ 

(23)

d f  dr¡

ô s \  ds

(24)
T h ese  eq u a tio n s  [(22), (23), and  (24)] do  no t lead  to 
any  in te re s tin g  co n c lu s io n  h e re  ex cep t th a t the  re trieval 
o f  a 00 is n eg a tiv e  w hen  all o th e r  coeffic ien ts are p o si­
tive . F a r m o re  in te re s tin g  a re  th e  re la tio n sh ip s  em erg ing  
fro m  th e  iden tifica tion  o f  th e  h ig h e r o rd e r derivatives:

a ¡.\ +  <2 - i , +  a , 0 +  a_ , 0 +  a , =  2JA

(25)

a \.\ +  a u - i  +  «o.. +  tfa - , +  f l _ M  +  = 2 a ( ^

(26)

« i . , - a , . - , - a - , . ,  =  2A — — .
ds ds

B y defin ing

dr]/ds

d&ds

(27)

(28)

and  ad d in g  E q . (25) to  (27 ) and  sub trac ting  E q . (27) 
fro m  (25 ) w e g e t tw o o th e r equations:

2fli,i + a Uo +  a -i.o +  2a_ i,_ i =  2 ^ (  — j  (1 + r )  (29)

2 « - u  +  ^ . 0  + 0 - 1.0 + 2 0 !.-, =  ( 1 - r ) .  (30)

S im ila rly , ad d in g  Eq. (26 ) to  (27 ) and  su b trac ting  Eq. 
(27 ) fro m  (26 ) w e  get

2 ^ 1,i +  fl0,i +  « 0 .-1  +  2a_ , ( r  +  l ) r  (31)

2 a _ , , +  a0 1 +  a a _| +  2 a , _| - Ä - l) r .  (32)

W e have now  fou r equations, (29), (30), (31), and (32), 
w here  th e  unknow ns are m ultip lied  by  positive coeffi­
c ients. If  th e  unknow ns a t j o ther than  a 00 are  to be  positive, 
then  a t leas t all righ t-hand  sides o f  equations m ust be 
nonnegative. B u t it is easily  seen tha t one o f  them  is alw ays
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negative, if  w e suppose r  ^  0 , r  ¥= ± 1 , and r  ^  ± co. 
T he cases excluded are sim ply the configurations w here 
the line along w hich diffusion m ust take p lace is ju s t cross­
ing the grid points, in w hich case  a d irect classical d if­
fusion discretization along these grid  po in ts w orks well. 
B ut if  the diffusion direction does not lie  on  the grid, there 
is always  one coefficient a Lj that is negative, thus leading 
to a schem e w hich violates the m in -m ax  princip le. It 
should  be noted that, even if  in  practice the w ay the vari­
able grid spacing, variable diffusion coefficients, and co ­
ordinate transform ations are com puted  m ay vary , the con­
sistency constrain t is sim ply requiring  tha t the coefficients 
a, j satisfy a relationship in  w hich the actual d iscretization 
o f  drj/ds etc. does no t matter, p rov ided  tha t it is done also 
in  a consistent way.

V ery d isap p o in tin g  is th e  re su lt th a t ev en  fo r co n stan t 
slopes, un ifo rm  g rid  spacing , and  co n s tan t d iffu sio n  co ­
effic ien t [lead ing  to  co n stan t r ig h t-h an d  sid es o f  (29), 
(30), (31), and  (32)] no  w ell-b eh av ed  sch em e  can be 
found . In th is case  o f  co n stan t s lopes, w e  h av e  to  m en ­
tion  th a t the variance  d im in ish in g  m eth o d  o f  G riffies et 
al. (1998) ap p lied  to  a p ass iv e  tra ce r w ill n o t assu re  the 
m in -m a x  p rincip le .

F u rth erm o re , it is also c lea r th a t any m e th o d  lim iting  
th e  isopycnal slope to  a p re sc rib ed  m ax im u m  am plitude  
a p rio ri is no t app rop ria te  to  e lim in a te  th e  m in -m a x  
v io la tion . In  any case it is n o t th e  slo p e  th a t is the 
im portan t con tro l fac to r o f  th e  “ n e g a tiv e n e ss ,”  b u t the 
s lope  com pared  to  the c o o rd in a te  slo p e , as re flec ted  by 
th e  p a ram ete r r. T h is  p a ram ete r can  a lso  be  in te rp re ted  
in  te rm s o f  the h y d ros ta tic  co n sis ten cy  req u irem en ts  in 
th e  case  o f  cr-coordinate sy s tem s (e .g ., D e lee rsn ijd e r and 
B eckers 1992; M elio r et al. 1994; H aney  1991; B u rch ard  
and P e te rsen  1997).

O ne cou ld  w o n d er w hy th e  p resen t s im p le  d iffu sion  
p ro b lem  has, to our k now ledge , n ev er been  an a ly zed  in 
th e  scope  o f  co m p u ta tio n a l flu id  dy n am ics. In  fac t, in 
c lassica l com pu ta tiona l flu id  d ynam ic  m o d e ls  in  cu r­
v ilin ea r g rids, d iffu sion  is iso tro p ic  so th a t th e  righ t- 
hand  side o f  E qs. (29), (30 ), (31 ), and  (32 ) con ta in  
add itio n a l te rm s tha t can  cance l th e  n eg a tiv e  p arts , thus 
po ss ib ly  e lim in a tin g  the  p ro b lem  o f  n eg a tiv e  coeffi­
c ien ts . T h is can ce lin g  d ecreases, how ever, w hen  grids 
are  s trong ly  d is to rted . T h is  has been  show n  by K ershaw  
(1981 ), and  he  co n c lu d ed  th a t the L ap lac ian  d iffu sio n  
can n o t be b o th  m ono ton ie  and  lin ea r fo r a rb itra ry  and, 
in  particu lar, s trong ly  d is to rted  g rid s . T h is  is , how ever, 
v e ry  d iffe ren t from  our case : T h e  d em o n s tra tio n  o f  K er­
shaw  ho ld s fo r a full L ap lac ian  d iffu sio n , n o t a  d irec ­
tional d iffu sio n  a long  a lin e  as th e  iso p y cn a l d iffu sion . 
T h is  is v e ry  d iffe ren t s in ce  L ap lac ian  d iffu s io n  is iso ­
trop ic  and does no t k now  an y th in g  a b o u t d irec tio n s, 
w hereas isopycnal d iffu sio n  does, w h ich  m eans tha t the 
dem onstra tion  o f  K ershaw  dea ls  w ith  th e  p ro b lem  of 
exp ressing  an iso trop ic  d iffu s io n  in  a d is to rted  g rid , no t 
the p rob lem  o f  ro ta tin g  th e  d irec tio n  o f  d iffu sio n . F u r­
therm ore , th e  theo rem  o f  (K ersh aw  1981) show s th a t 
tha t it  is im p o ssib le  to h av e  a co n sis ten t and  m in -m a x

m eth o d  o n  a rb i tra ry  g rids. I t  does n o t say  th a t it is 
im p o ssib le  in  a ll cases . W h en  g rid s  a re  su ffic ien tly  
sm ooth  and  su ffic ien tly  o rth o g o n a l, th en  iso tro p ic  d if ­
fu s io n  d isc re tiz a tio n  does w o rk  co rrec tly . In p a rticu la r 
fo r  o rth o g o n al g rid s , w h ich  m ay  b e  cu rv ilin ear, th e  five- 
s tencil m e th o d  d o es  w o rk  an d  re flec ts  aga in  th a t it  is a 
L ap lac ian  d iffu s io n , w h ich  is iso tro p ic  and  re ta in s  its  
m a th em atica l fo rm u la tio n  (an d  h en ce  w ell-co n d itio n ed  
d isc re tiza tio n ) o n  o rth o g o n a l coo rd ina tes .

O n the co n tra ry , ou r th e o re m  sh o w s th a t a d irec tiona l  
d iffu sio n  is  n e v e r  b o th  co n sis ten t and m in -m a x  sa tis ­
fy ing , h o w ev e r sm a ll th e  s lo p es o f  the  ro ta ting .

To su m m arize , K ersh aw  (1981 ) show s th a t th e  L a ­
p lac ian  d iffu s io n  m a y  h av e  p ro b lem s w hen  g rid s  are too  
d is to rted , w h ile  w e  show  th a t isop ycna l  d iffu s io n  a lw ays  
h as p ro b lem s if  lin e a r  sch em es a re  used . T h is  has, o f  
course , a  v e ry  im p o rtan t p rac tic a l co n seq u en ce : O n  the 
one hand , th e  p ro b le m  o f  co n s is ten cy  and  v io la tio n  o f  
th e  m in -m a x  p rin c ip le  can  b e  co n tro lled  in lin ea r L a ­
p lac ian  d iffu s io n  d isc re tiz a tio n s  by co n tro llin g  th e  grid . 
T h is  is cu rren tly  d o n e  b y  ap p ro p ria te  g rid  genera to rs. 
O n th e  o th e r h an d , iso p y cn a l d iffu s io n  d isc re tiza tio n s 
can n o t be  co n tro lled  by  s lo p e  c lip p in g , u n less  th e  slope  
is fo rced  to  be  a lig n ed  on th e  g rid , w h ich  is o f  course 
u n in te restin g .

O ne m ay  w o n d e r i f  som e o th e r  so lu tio n s th an  grid  
con tro llin g  ex is t in  th e  case  o f  a L ap lac ian  d iffu sion , 
w h ich  co u ld  be  u se fu l here. In d eed , fo r the  case  o f  iso ­
trop ic  L ap lac ian  d iffu s io n  in  s tro n g ly  d is to rted  grids, 
D em ird z ic  et al. (1 9 8 7 ) and Z ijlem a  (1996 ) suggest an 
ad hoc  m eth o d  h o w  an iso tro p ic  co n se rv a tiv e  d iffusion  
d isc re tiza tio n  can  sa tisfy  th e  m in -m a x  p rin c ip le , even 
i f  g rids are  s tro n g ly  d is to rted . U n fo rtu n a te ly , th e  no n ­
iso tro p y  o f  o u r p ro b lem  p ro h ib its  th e ir  ap p ro ach  and w e 
h av e  to search  fo r o ther rem ed ies  to  th e  flaw  fo und  in  
c lassica l ocean ic  ro ta ted  d iffu sio n  d isc re tiza tio n s.

4. Remedies

We w ill n o t d esc rib e  in  deta il all p o ss ib le  rem ed ies 
b u t m en tion  som e p o ss ib ilit ie s  th a t co u ld  b e  in te restin g  
fo r som e specific  m odels.

a. V ariance  d im in ish in g  m e tho ds

O ne possib ility  is no t to im pose th e  m in -m ax  principle 
as a m andatory  condition  fo r the num erical discretization, 
bu t a decreasing  variance characteristic. T his approach is 
u sed  in  G riffies et al. (1998), w here  a linear schem e w as 
designed so  as to decrease variances over finite volum es, 
w hich are not how ever the finite volum es used for the 
m odel com putation . T his m ethod seem s to  w ork  w ell for 
d iffusion  o f  active T, S  fields at large scales, but fails to  
assure  the m in -m ax  princip le in  the case o f  passive tracers 
in  a fixed un iform ly  sloped density  field. In this case, the 
num erical stencil (w hich has to  b e  m ultip lied  by  tim e steps, 
grid spacing, and a  slope factor, all o f  w h ich  are constant) 
o f  the diffusion term  is g iven in  Fig. 2  and show s that, in
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F i g . 2. S tenc il fo r th e  new  m eth o d  o f  (G riffies  e t al. 1997) in  the 
case  o f  co n stan t s lo p es  an d  g rid  spacings.

th is case, the d iscretization  is ju s t a  stra igh tforw ard  linear 
cen tered  finite differencing o f  th e  ro tated  operator. This, 
how ever, exhibits unsatisfac to ry  resu lts if  w e diffuse, for 
exam ple, a tracer in  a vertical p lane  tha t is zero everyw here 
except in  the center. B y running  th e  so-obtained  pure d if­
fusion  schem e fo r d ifferent values o f  the re lative slope r, 
th e  global variance  indeed  continously  dim inishes, but 
there is an appearance o f  local m in im a, w hich  after re l­
atively  few  iterations already reach  absolute values o f  1 0 % 
o f the m ax im um  signal o f  the tracer field at tha t m om ent. 
T his is certain ly  undesirab le  in case o f  tracing C FC s or 
o ther variables in  clim ate m odels o r b io log ical com ponents 
in  she lf m odels. G lobal variance d im in ish ing  m ethods are 
thus not the final solution fo r all applications. O ur un­
derstanding is th a t the reason  fo r the im portan t im prove­
m ent obtained b y  G riffies et al. (1998) o f  the original Cox 
m ethod  is m ostly  due to the balance  o f  isoneutral diffusive 
fluxes o f  the active tracers. Indeed  their experim ents 
show ed that balancing the fluxes had  a m ajo r effect, w hile 
subsequent add ition  o f  the new  triad  d iffusion  schem e 
show ed no significant d ifferences in  the sw itch ing  exper­
im ent. O f course they  show ed  th a t the triad m ethod also 
im proved the diffusion o f  a  pass ive  tracer in  a fixed short­
w ave density  field, bu t this is to  be  expected  since the 
w hole design o f  their schem e is based  on a  m ore appro­
p riate  averaging technique fo r slopes and tracer gardients, 
w h ich  occurs in  such a situation  as short w aves. B ut this 
m isses the po in t th a t w e ju s t show ed: that in  sm ooth den­
sity fields, passive tracers w ill no t behave accord ing  to  the 
m in -m ax  principle.

In  co n tra st to  th e  case  o f  a c tiv e  trace rs  at la rg e  scales, 
w h ich  w as sh o w n  by G riffies e t al. (1998) to  be  w ell 
rep ro d u ced  by th e ir  new  m eth o d , o th e r p ro b lem s w ould  
a rise  in  reg io n a l m o d e l w h ere  th e  g eo stro p h ic  ad ju s t­
m en t does no t a rran g e  th e  v e lo c ity  fie ld  to  b e  tan g en t 
to  density  su rfaces. In  th o se  m o d e ls , ro ta ted  d iffu sion

o f  ac tive  tracers  (fo r ex am p le , g eo p o ten tia l d iffu sion  in 
cr-coord inate  m o d els) m ay  cau se  o th e r p rob lem s due to 
a p o ss ib le  am p lifica tion  o f  p e rtu rb a tio n s  by  th e  feedback  
b e tw een  den sity  fie lds and  ad v ec tio n  o f  these  pertu r­
ba tio n s in the  d irec tio n  o f  th e  p ressu re  g rad ien t rather 
then  perp en d icu la rly .

b. M i n - m a x  m e tho ds

In  o rd e r to a ssu re  a m in -m a x  sa tis fy in g  m ethod , one 
o f  th e  req u irem en ts  w h ich  w e u sed  in  ou r dem onstra tion  
needs to  be  e lim in a ted : w e a ssu m ed  a  n in e -p o in t stencil, 
a lin ea r m eth o d  (d isc re tiz a tio n  n o t ch an g in g  depend ing  
on  th e  so lu tion ), and  a co n s is ten t schem e. A t leas t one 
o f  th ese  co n d itio n s can n o t b e  sa tisfied  by a m in -m a x  
sa tis fy in g  a lg o rith m . O n the  o th e r hand , a co nserva tive  
sch em e w o u ld  b e  m o re  th an  ap p ro p ria te  fo r long -term  
c lim a tic  c a lc u la tio n s  and tra ce r d isp ersio n . I f  w e decide 
to  sacrifice  one  o f  th e  co n d itio n s  ju s t  m en tioned , we 
w o u ld  a t le a s t w an t to  im p ro v e  th e  schem e by design ing  
a co n se rv a tiv e  m ethod . F o r  th is  pu rp o se , th e  d iffusion  
te rm  can  be  re fo rm u la ted  as fo llow s:

D = ds

w h ere  3> is th e  d iffu sio n  flux

$  =  - A  .
ds

E q u a tio n  (33) is re ad ily  w ritten  as

d d
- J D  =  l>) +  — CJa™$>)

dt; dr}

a P  =  *

a™ =

ds

dr}

d s '

(33)

(34)

(35)

(36)

(37)

W e now  h av e  a fo rm u la tio n  in  w h ich  th e  derivatives 
a re  ex p re ssed  in  d iffe ren t co o rd in a te  sy s tem s, b u t it has 
th e  ad v an ta g e  tha t b y  u s in g  a c lassica l in teg ra tion  over 
th e  fin ite v o lu m e b o x  th is m ix ed  fo rm u la tio n  can  be 
tran sla ted  in to  a  c o n se rv a tiv e  fin ite -d iffe rence  schem e, 
p ro v id ed  th a t the  q u an titie s  J  are know n a t the 
in te rfaces.

1 )  N o n l i n e a r  f l u x  c o m p u t a t i o n

A n in te res tin g  p o ss ib ility  w o u ld  be  to  u se  th e  ap ­
p ro ach  o f  S te llin g  an d  V an K este r (1994). In  th e ir  w ork, 
th e  au thors tack le  th e  p ro b lem  o f  rea l h o rizon ta l d if­
fu s io n  in  a cr-coord inate-like  m odel. T h e ir  ap p roach  is 
b a sed  on  a “ b ack  to  z ” p a rad ig m , in th e  sense  th a t the 
fin ite  vo lu m es are first ro ta ted  so  as to  have  rec tan g u la r 
h o rizo n ta l boxes. T h en , s in ce  th ese  b oxes are  n o t n ice ly  
co n n ec ted  to  th e ir  n e ig h b o rs , a  z  in te rp o la tio n  o f  scalars 
is n eed ed  to  com pu te  th e  fluxes a t in terfaces. F o r sm all
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s lo p es  th is invo lves only th e  c lassica l n ine  p o in ts  and 
can  be  effic ien t but, w hen  slopes are  a rb itra ry , th e  in ­
te rp o la tio n  m ethod  requ ires th e  scan n in g  o f  th e  w h o le  
w a te r  co lum n  fo r each  flux com pu ta tion , a  h eav y  b u rd en  
in  te rm s o f C PU  requ irem en ts . O n the  o th e r h an d , the  
au th o rs  p rove th e ir  schem e to  be m in -m a x , in  th e  case 
th e  fluxes are  com puted  n o n lin ea rly  b y  ch o o sin g  the 
m in im a l am p litude  flux o f  tw o p o ss ib le  in te rp o la tio n s  
a t th e  in te rface  if  they  have  the sam e sign  o r a  z e ro  flux 
o th e rw ise . T h is consis ten t m ethod  is u n fo rtu n a te ly  tim e 
co n su m in g  in  a genera l case. A s th e  co m p u ta tio n a l b u r­
den o f  a hopefu lly  sm all e ffec t ( “ h o riz o n ta l”  d iffu sion ) 
sh o u ld  not p en a lize  th e  w ho le  o cean  m o d el, w e  cou ld  
a d o p t th e  ap p roach  o f  S te lling  and  V an K e s te r  (1994) 
i f  re la tiv e  s lopes a re  sm all (w h ich  c o u ld  ev en tu a lly  be 
en fo rced  by slo p e  lim itin g  in  the  co d e) o r i f  w e  find 
an o th e r sim ila r n o n lin ea r in te rp o la tio n  m e th o d  lim ited  
to  th e  loca l stencil ra ther then  th e  w h o le  w a te r co lum n .

2 )  N o n c o n s i s t e n t  d i f f u s i o n

W h en  a g rid  has reg ions fo r w h ich  r  >  1 an d  one 
w an ts  to  avo id  the p rev ious m ethod , a n o n co n sis ten t 
co m b in a tio n  o f  d iffusion  a lo n g  the  g rid  lin es  can  be 
env isaged : In a nonflux  fo rm  th is can  be  w ritten  as

R =
dty/dr]

(44)

D =  a D 1 +  ß D  • +  y O '  + &D' (38)

D ' =  ¥ ( 0 , 1 ) +  ¥ ( 0 , - 1 ) - 2 ^ ( 0 , 0 ) (39)

D ~ =  W , 0 ) +  T T - l ,  0 ) - 2 ^ ( 0 , 0 ) (40)

D ' =  w , 1 ) +  ¥ ( - 1 , - 1 ) -  2 ¥ ( 0 , 0 ) (41)

V s =  4 r i i , - 1 ) +  ^ ( - 1 , 1 ) -  2 ^ ( 0 , 0 ). (42)

T h is  discretization is generally  not consistent, b u t i f  the 
coefficients a, ß, y, 8  are nonnegative, then the m in -m ax  
p rincip le  is easily  satisfied fo r sm all tim e steps. T he choice 
o f  these coefficients can then at least be  done so as to 
have  a  discretization that m im ics at best the rea l diffusion. 
It can also be reform ulated  in  a conservative fash ion  and 
the strategy w ould  probably  im pose w eigh tings th a t favor 
the g rid  d irection closest to the s line.

3 )  E q u i v a l e n t  n o n l i n e a r  d i f f u s i o n  a l o n g

G R ID  LIN ES

A nother possibility  seem s to be  the use o f  a schem e as 
in H arvey  (1995), but this is neither easily  im plem en ted  
into existing  G C M s nor very  efficient in term s o f  C PU  
resources since it is fully im plicit. B ut H arvey  (1995) leads 
to  ano ther w ay o f thinking: O ne can  indeed rew rite

J D  =

d_

drj r / a ,
R \cV ¥

(4 3 )

w here

is the relative slope o f  the field  to  be  diffused, com pared  
to the aspect ratio  o f  th e  num erical coord inates grid. T he 
p roblem  is thus fo rm ally  equ ivalen t to a diffusion along 
the grid  lines w ith  d iffusion  coefficients tha t depend  on 
the solution and can  b e  negative locally  in  tim e and space. 
A  sufficient condition  to  assure  a m in -m ax  princip le is 
the use o f  a positive apparent d iffusion  coefficient a long 
the grid  lines. T h is is, o f  course, not necessary  since the 
diffusion along s  satisfies the m in -m a x  princip le and Eq. 
(43) is ju s t a reform ulation  o f  it, show ing  that “ nega tive” 
or upgrad ien t d iffusion  along the grid  lines can be  nec­
essary, T his also m eans tha t ju d g in g  a schem e only  by 
looking at local upgrad ien t fluxes at an in terface is not 
satisfactory  since the  physical fluxes m ay indeed be  u p ­
grad ien t at a  g iven in terface. W h a t really  m atters is the 
subsequent com pensation  o f  these upgrad ien t fluxes by 
dow ngrad ien t fluxes a t o ther in terfaces o f  the g rid  box. 
D ow ngrad ien t fluxes at the  in terface  are sufficient to assure 
a positive definite schem e, b u t they  are no t necessary . So 
lim iting  the apparent (so lu tion  dependent) d iffusion  co ­
efficients at the in terfaces to positive  values is sufficient 
to satisfy th e  m in -m ax  p rincip le  if  the tim e step is chosen 
short enough (o therw ise  one could  also im pose an upper 
lim it on the apparent d iffusion coefficient), but it is not 
necessary. T his schem e is also conservative  bu t n o t con ­
sistent w hen  lim itations are  in troduced . It should also be 
relatively  easy  to  avo id  the prob lem s show n b y  G riffies 
et al. (1998) concern ing  the m ism atch  o f  com puted  neutral 
d irections and the iso lines o f  locally  referenced  potential 
density. Indeed, the values can be  com puted  at the sam e 
p o in t by  the sam e stencil. T here  are thus num erous ad­
vantages, but unfortunately , w hen  the s  line and the so­
lu tion  have a slope o f  the sam e sign, im posing a  local 
dow ngrad ien t flux a t the in terface alw ays requires a  lim ­
iting o f  the apparent diffusion coefficient. In  th is case, 
w hen disregarding negative apparen t diffusion coeffi­
cients, the schem e is no t consistent.

Som e o ther rem edies could  be searched, including flux 
lim iter approaches o r la rger stencils. H ow ever, the local 
stencil used here lim its the com putational cost, and it is 
not expected  that a  linear m odel w ill behave be tte r by 
using  m ore points since the risk o f  in troducing o ther neg ­
ative coefficients increases. O n th e  o ther hand, fo r non­
linear schem es larger stencils can elim inate  the p roblem  
o f  strong  slopes at the price o f an increased com plexity  
in the num erical a lgorithm  and problem s in design ing  ver­
tically  im plicit schem es. Som e k ind o f  flux lim iter schem e 
could, how ever, be  in teresting  since it w ould  m odify  the 
upgrad ien t in terface fluxes only if  they  are no t com pen­
sated by  dow ngrad ien t fluxes.

5. Conclusions

G riffie s  e t a l. (1 9 9 8 ) p re s e n te d  so m e  im p o r ta n t im ­
p ro v e m e n ts  to  th e  d is c re tiz a tio n  o f  th e  C o x  ro ta te d
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d if fu s io n . H o w ev e r, w e a rg u e  th a t th e i r  im p ro v e m e n ts  
a re  m o s tly  d u e  to  th e  b a la n c e  o f  is o n e u tra l  d if fu s iv e  
flu x es  o f  th e  a c tiv e  tra c e rs , w h ile  s u b s e q u e n t a d d it io n  
o f  th e  n ew  tr ia d  d if fu s io n  sc h e m e  im p ro v e s  th e  d if ­
fu s io n  o f  a p a s s iv e  tr a c e r  in  a f ix ed  s h o r t-w a v e  d e n s ity  
fie ld . B u t w e  sh o w ed  th a t ev en  in  sm o o th  d e n s ity  
f ie ld s , p a ss iv e  tra c e rs  w ill n o t b e h a v e  a c c o rd in g  to  th e  
m in -m a x  p r in c ip le  w ith  th e i r  s c h e m e . O u r d e m o n ­
s tra tio n  sh o w s ev en  th a t an y  lin e a r  c o n s is te n t n in e - 
p o in t sc h e m e  c a n n o t s a t is fy  th e  m in -m a x  p r in c ip le , 
w h ic h  is  ra th e r  an n o y in g . W h e n  d e s ig n in g  a  ro ta te d  
d if fu s io n  d is c re tiz a tio n , th is  h a s  to  b e  ta k e n  in to  a c ­
c o u n t and , in  o u r o p in io n , th e  o p e ra to r  s h o u ld  h av e  
th e  fo llo w in g  p ro p e r tie s :

° be  co n se rv a tiv e ,
° sa tisfy  the m in -m a x  p rin c ip le  o r  at le a s t a  red u ced  

varian ce  p roperty ,
° ex ten d  on ly  over a  n in e -p o in t s ten c il [fo r th e  (x, z ) 

case],
« red u ce  to  th e  c lassica l h o rizo n ta l s ten c il 1 , - 2 , 1 w hen  

n o  tran sfo rm atio n  is p resen t,
• be  co m p u ta tio n a l effic ien t s in ce  d iffu s io n  sh o u ld  be 

sm all anyw ay  and a sch em e  shou ld  n o t b e  p en a lized  
b y  a seco n d -o rd e r term .

T h e se  req u irem en ts  are  so m eh o w  su b jec tiv e  and cou ld  
seem  easy  to  sa tisfy , b u t w e sh o w ed  th a t even  a c o n ­
s is ten t n o n co n se rv a tiv e  lin ea r d isc re tiz a tio n  on  a  n ine- 
p o in t stencil c an n o t m eet th e  m in -m a x  req u irem en t. In 
ad d itio n  to  th e  p rob lem s id en tified  by G riffies e t al., th is 
is an o th e r ex p lan a tio n  w h y  c la ss ica l ro ta ted  d iffu sio n  
o p era to rs  are  u sed  w ith  ad d itio n a l filte ring  a lo n g  th e  
g rid  co o rd in a tes  and /o r tim e. It is a lso  c lea r th a t, even  
if  the  new  m eth o d  im p ro v es d ra s tic a lly  ac tiv e  trace r 
d is trib u tio n s , p ass iv e  tra c e r  s im u la tio n  still a sk  fo r a 
m o re  ap p ro p ria te  m ethod . To co p e  w ith  th is p ro b lem , 
w e p ro p o sed  som e p artia l rem ed ie s  th a t h o p e fu lly  can 
be  te s te d  and  im p ro v ed  in  d if fe re n t m odels and con fig ­
u ra tio n s. F ina lly , w e ex p ec t ev en  m ore  sev e re  p ro b lem s 
in  c a se  o f  b ih a rm o n ic  d iffu s io n  fo rm u la tio n s  in  ro ta ted  
co o rd in a te  fram es.

A ck n o w le d g m en ts .  A  m o d e l in te rco m p ariso n  w as 
su p p o rted  by  th e  E u ro p ean  U n io n  (M E D M E X  C o n trac t 
M A S 2 -C T 9 4 -0 1 0 7 ) and le a d  to  som e q u estio n s a d ­
d re ssed  in  th e  p re sen t paper. J. M . C am p in , E. D eleer- 
sn ijder, and  P. P. M ath ieu  w o rk  in  the fram ew o rk  o f 
C o n trac t G C /D D /09  A  w ith  B e lg iu m ’s F ed e ra l O ffice  fo r 
Scien tific , T echn ica l and C u ltu ra l A ffa irs  and  the  C o n ­
v en tio n  N  92 /9 7 -1 5 4  d ’A c tio n s  de R ech erch es  C oncer­
tées w ith  th e  C o m m u n au té  F ra n ç a ise  de B elg ique .

T h e  N a tio n a l F und  fo r S c ien tif ic  R esea rch  (B elg iu m ) 
has g iv en  J. M . B eck ers  and  E . D e lee rsn ijd e r th e  o p ­
p o rtu n ity  to  b e  ac tiv e  in  o c ean o g rap h ic  re sea rch . P. P. 
M a th ieu  is a fe llo w  o f  F R IA  (F o n d s p o u r la  fo rm atio n  
à la  re ch e rch e  dans l ’in d u s trie  e t l ’ag ricu ltu re ).

S tep h en  G riffies , A nand  G n an ad esik an , and Jo h n  D u-

ko w icz  to o k  p a rt in  v e ry  fru itfu l and  an im a ted  d iscu s­
sions and  h e lp ed  to  im p ro v e  ou r m an u sc rip t. E ncho  D e- 
m iro v  m a d e  so m e h e lp fu l rem arks.
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