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ABSTRACT
The mul~ispecies s~ock - produc~ion model is developed, basing on~he

Andersen and Ursin (1977) anali~ical model. In ~he model developed ~he

biomass oC a popula~ion is dependen~ on ~he biomasses oC ~he preda~or,
popula~ions. mean weigh~ in ~he popula~ions. t'ishing ef'f'or~ or f'ishing
mor~ali~y. recrui~men~ and such parame~ers as von Ber~alanf'f'y's grow~h

parame~ers. 1'ood pref'erence parameLers. and residual na~ural mor~ali~y.

The model is applied ~o simula~e ~he dynamics of' ~he Bal~ic cod. herring
and spra~ s~ocks. The obLained resulLs are compared wi~h biomass
es~imaLes and consump~ion f'igures arrived a~ wiLh oLher single species
and mul~ispecies models~ Thc perf'ormed sensi~ivi~y analysis shows ~ha~

Lhe growLh parameLers have Lhe bigges~ inf'luence on ~he model resul~s.

INTRODUCTION
In Lhe pas~ several years. a rapid developmen~ oC analy~ical

mul~ispecies models had Laken place. This occurred in a si~ua~ion when
ttLhe inLen~ively developing f'ishe~y broughL abou~ overf'ishing of' many of'

Lhe exploiLed rish sLocks. which migh~ resul~ in more in~ensive

in~erspecif'ic inLeracLions ~han in a SLa~e of' an ecological equilibrium.
IL ~hus became advisable ~o ~ake in~o accoun~ ~he impac~ of' ~he sLaLe of'
'preda~or s~ocks on ~he sLaLe of' sLocks of' ~heir prey. Among ~he mos~

imporLan~ analy~ical mulLispecies models are ~he f'ollowing: ~he Danish
model (Andersen and Ursin 1977).'which 1s a complex model of' Lhe
ecosysLem. and ~he mulLispecies vir~ual popula~ion analysis (MSVPA) ­
(Helgason and Gislason 1979, Pope 1979. Sparre 1980). In ~he Danish
model., bOLh LheimpacL of' preda~or abundance on survival raLe of' ~heir

prey and ~hc impacL of' Lhe s~a~e of' ~he f'ood base on Lhe grow~h ra~e of'
rish are considercd. The model of' ~he mulLispec1es vir~ual popula~ion

analysis is res~riCLed LO Lhe s~udy of' Lhc impac~ of' ~he sLaLe of'
preda~ors on Lhe sLaLe 01' prey.

On ~he oLher hand. no signif'icanL progress has been made in Lhe
developmen~ of' produc~ion mul~ispecies models. An example of' such a model
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is ~he mul~ispecies model or Schaerer <Larkin 1966. Pope 1976. Sullivan
1991). The produc~ion models. however - al~hough .less precise;~han ~he

analy~ical models - are valuable because ~hey do no~ require as much da~a

as ~he analy~ical models. The basis ror ~he use or ~he produc~ion models
1s ca~ch s~a~is~ics (ca~ches.rishing error~. CPUE). while i~ is no~

necessary ~o de~ermine ~he age s~ruc~ure or a popula~ion. This makes
I "

~hese models an in~eres~ing research ~ool in ~he case when i~ is
ditTicul~ ~o de~ermine ~he age 01' rish.

The goal or ~his paper"is ~o propose a new mul~ispecies produc~ion

model and ~es~ i~ on ~he popula~ions or cod. herring. and spra~ or ~he

Bal~ic Sea.

THE tlODEL e
The mul~ispecies s~ock-produc~ionmodel has been derived on ~he basis

or ~he analy~ical mul~ispecies model or Andersen and Ursin (1977). The
biomass or age group a 01' popula~ion s in ~ime ~ may be presen~ed as

Bas(~) = Nas(~) Was(~)'

where N is abundance. and w is weigh~. Hp.nce

dBas/d~ = wasdNas/d~ +"Nasdwas/d~.

Subs~i~u~ing dN/d~ and dw/d~ in ~he above 1'ormula wi~h "~he corresponding
rormulae t"rom ~he Andersen and Ursin model (1977) and perrorming cer~ain

algebraic ~rans1'orma~ions as weIl as replacing magni~udes and parame~ers

connec~ed wi~h age s~ruc~ure wi~h appropria~e approxima~ions or mean
values'adequa~e ~o ~he popula~ion level <see Appendix). we ob~ain rormula

,
i.

I

, I

n
= LVshs/(Ws)1,3-Fs-Hls-ks- 2 hr

r=1

1/3 aSB
/(w) ----~-~--]B

r n s

2 G~Bi
i=l

L1]•
where

v. h. k - grow~h equa~ion parame~ers rrom ~he von Ber~alanrry's

1'ormula. generalized by Andersen and Ursin (1977).
F - rishing mor~ali~y coerricien~.

Mi - na~ural mor~ali~y coerricien~ caused by o~her reasons ~han

preda~ion.

w - mean wEügh~ 01' 1'ish in ~he popula~ion.

G~- sui~abili~y or prey s ~o preda~or r.
s. r - popula~ions.

n - number or popula~ions.

The above model is a mulLispecies generaliza~ion 01' ~he model 01' Horbowy
(1992). in which ~he au~hor. s~ar~ing with ~he main rela~ionships of' ~he
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single-speeies Bever~on and Hol~ (1957) model. derived a model whieh is a
di1'1'eren~ial al~erna~ive and an eXLension or ~he model 01' Deriso
(1980). The model [1] deseribes popula~ion dynamies be~ween ~he "momen~s"

01' popula~ion reerui~men~. Assuming Lhe ~erm in square braeke~s being
• eons~an~ or having small variabili~y in a ~ime inLerval (L. ~ + AL).

model [ll has ~he 1'ollowing approxima~e soluLion

Bs(~+A~) = Bs(~) exp[eoe1'1'(~)A~].

where

n s

V h #'(w- )1/3_ - 1/3 GrJ$r
eoer1'(~) = s s' s Fs -Hl s -ks - 2 hr/,(wr ) ---n----- [2a]

r=l ~ GiB.
L r ~

i=l
In a "momenV' 01' ~he recrui~men~ ~o ~he populaLion. equa~ion [2] will
assume ~he rollowing rorm

Bs(~+A~) = Bs(~} exp[eoer1'(~)A~] + Rs ' [3]

where Rs is ~he biomass or ~he year class reerui~ed ~o ~he populaLion.

•

THE USE OF TIIE HULTISPECIES STOC~-PRODUCTION MODEL FOR A SIMULATION OF
MULTISPECIES IHTERACTIONS IN TUE BALTIC

Le~ us ~ry ~o apply ~he mul~ispecies model derived rar a simula~ion

01' mulLispecies in~erac~ions in ~he BalLie in 1977-1990. In our model cod
will be t'eeding on herring. spraL and "oLher 1'ood" (OT). which covers
oLher small 1'ish and inver~ebra~es. The model will be applied ~o eod
popula~ions t'rom Subdivisions 25-32. herring t'rom Subdivisions 25-29+32.
and spra~ rrom ~he en~ire Bal~ie. and resLric~ed ~o ma~ure f'ish.

ParameLers 01' ~he von BerLalanf'f'y's equaLion ror eod were.~aken f'rom
Horbowy (1992). Grow~h parame~ers 1'or herring 1'rom Subdivisions 25-29+32
and spraL 1'rom Subdivisions22-32 were es~ima~ed on Lhe basis 01' mean
individual weigh~s in 1977-1990. in individual age-groups Laken 1'rom
Anon. (1991b).

In order ~o de~ermine rrae~ion v of' ~he t'ood 01' eod assimila~ed f'or
growLh. Jobling's sLudies (1982) were used. Jobling analysed ~he

rela~ionship be~ween ~he'grow~h 01' eod f'rom ~he Nor~h Sea and ~he amounL
01' eonsumed f'ood; he ealeula~ed ~he 1'ollowing model 01' e1'1'ieieney 01'
conversion 01' rood in~o grow~h

v"= 0.688w-0 . 156

where w is individual weigh~. Using ~his rormula v 1'or ~he Bal~ie eod was
ealeula~ed; i~ equalled rrom 0.25 La 0.20 f'or age range 3-9. For ~he

purpose 01' ~his analysis v in ~he range 0.25-0.20 was assumed.
, .

remembering ~he approximaLe eharaeLer of' Lhese values.
The level 01' ~he coerricien~ 01' residual naLural mor~ali~y was ~aken
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:from t.hc dat.a 01' t.he lCES Working Group on mult.ispecies assessment. ot'
Balt.ic t'ish (Anon. 1990). The size o~ init.ial biomass o:f cod, herring,
and sprat. ~i.e., biomass in 1977) was t.aken :from Anon. (1991a, b).

Thc values o:f ~he paramet.ers 01' t.he model, ment.ioned above,.are
present.ed in Table 1.

Because o:f t.he absence 01' st.andardized :fishing e:f1'ort. :for t.he
analysed :fish populat.ions, t.he values.o:f mean arit.hmet.ic :fishing
mort.alit.y coe:f1'icient.s, FyPA ' est.imat.ed by lCES Working Groups on t.he
assessment. o:f :fish st.ocks in Lhe Balt.ic (Anon. 1991a, b), wcre used in
t.he simulat.ions·as :fishing er:fort. indices. Thus, :fishing mort.alit.y
coe:f:ficient.s are being simulat.ed in t.he model as c

F = qFvPA
where q is t.he cat.chabilit.y coe:f:ficienL.

Among t.he most. di:f1'icult. problems in t.he applicat.ion.or·Lhe ~odel is
t.he det.erminat.ion o:f t.he st.ock - recruit.ment. relat.ionship. Becaus~ o:ft.he
lack o:f a relat.ionsh1p bet.weell t.he size o:f spawning st.ocks and year class
abundance :for t.he analysed st.ucks 01' Balt.ic :f15h; t.he abundance of' year
classes, UVPA ' est.imat.ed by t.he lCES Working Groups ~Anon. 1991a, b),· was
assumed as t.heir st.rengt.h index. Hence in our model rel:ruit.ment.
abundance is det.ermined according t.o :formula

u = 1'UVPA
where r is an unknown paramet.er, and t.he biomass o:f recruiLment. 1s
calculat.ed as

•

.'

.1

-I

R = rUVPAo

where 0 denot.es t.he mean weight. o:f :fish rec:i.-ui t.ed t.o t.he populat.ion.
The mean weight. values in populat.ions, w, were calculat.edby dividing

t.he st.ocks biomass det.ermined by ICES Working Groups by t.heir. abundance. •
There remain t.o be calculat.ed paramet.ers o:f :food pref'erence G,

cat.chabilit.y coe:f:ficient. q, coe:f:ficient. r connect.ed wit.h populat.ion
recruit.ment., and t.he "ot.her :food" OT. The.values o:f t.he looked-:for
paramet.ers G, q, r, and OT may be est.imat.ed by choosing t.hem in such,a
way as t.o minimize deviat.ions o:f t.he modelied cod, herring, and sprat.
cat.ches, :from t.he.observed cat.ches.When det.ermining t.hese paramet.ers we
should t.ake adv~nt.age o:f all exist.ing in:format.ion about. t.he exploit.ed
st.ocks. In our case, such addit.ional in:format.ion is cod :food composit.ion.
We may det.ermine in the model the rat.io o:f sprat. biomass consumed by cod
t.o t.he herring biomass consumed, and then include t.he deviat.ions o:f t.his
rat.io :from the observed ratio in the minimized :funct.ion o:f cteviat.ions o:f
model magnit.udes rrom t.he observed ones. The observed mean ratio of the
=ans~med sprat. biamass and t.he cansumed herring biamass rar 1977~1987,

BKs/BKh • was taken rrom the results 01' the Working.Group on multispe~ies

assessment. or Balt.ic :fish (Anan. 1990). Finally, we rind paramet.ers G, q,
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r~ and OT through minimizing the runction

1990 Y -y 2
~ . c t. c t.
4. . [<--~-x--...--) +

t.=197'i' Yc t.
~

~ "(HKg /BKh)t. - BKg /BKh 2
( -----------------------) ] [4],. A

BK /BKs h

A.

where Y denotes model catches~ Y - observed catches~ and indices c~ h~

tt and s rerer t.o cod~ herring~ and gprat~ respect.ively. The minimiza~ion

was perf"ormed using a modiried version Of" the Levenberg-Harquardt.
algorit.hm (Brown and Dennis 1972). Parameters Gare det.ermined wit.h an
accuracy t.o a const.ant mult.iplier~ so assuming e.g. G~=1~ we have only to

det.ermine G~. The calculat.ions were made ror t.wo assumed values or
paramet.er v: ror v = 0.25 and v = 0.20. h

The paramet.ers G~ q~ r~ and OT~ ~st.imat.ed ror bot.h values or v~ and
t.he approximat.ed values or t.heir st.andard errors are present.ed in Table
2. The det.ermined paramet.ers dir1'er slightly. The only great.er dif"f"erence
occurs in paramet.ers OT - 6000 and 8000 t.hous. t.ons ror v = 0.25 and v =
O.20~ respect.ively. It. should be not.ed that. wit.h the given paramet.er v~

the minimizat.ion 01' t.he sum of" squares [4] has relat.ively small
sensit.ivit.y t.o t.he·choice 01' t.he size of" "ot.her f"ood" OT (Fig. 1). Only
the deviation or t.he modelled sprat cat.ches rrom the observed cat.ches
exhibit.s a very dist.inct. minimum.

tt The majority 01' t.he est.imat.ed paramet.ers is not correlat.ed with each
ot.her <Table 3), HighIy correlat.ed are only.paramet.ers qc and rc~ and rh
and r s <R equalling 0.83 and 0.B7~ respect.ively). The explanat.ion or t.he
correiation bet.ween rh and rs 1s reIat.iv~ly simple. Thc 1ncreasing
pressure of" cod has a negat.ive impact. on t.he survival rat.e of" bot.h
herring and sprat.. Hence~ in order t.o aclJieve in t.he model t.he cat.ches
similar t.o those observed~ bot.h coerricient.s r increase simuIt.aneously~

t.o increase t.he·abundance of" recruit.ment.. It. is more dirricult. t.o explain
t.he posit.ive correlat.ion bet.ween qc and r c ' One would rat.her expect. a
negat.ive correlat.ion here. because 01' t.he negat.ive correlat.ion bet.ween
abundance and rishing mortalit.y at. the const.ant. cat.ches.

Table 4 present.s biomass values and coerricient.s 01' nat.ural mort.alit.y
due t.o predat.ion ror cod. lJerring~ and sprat.. est.imat.ed wit.h t.he help or
t.he model. t.oget.her wi th t.he relat.i ve error 01' t.hc calculat.ed cat.ches 01'

t.hese st.ocks and the relat.ive error 01' t.he modelied quot.ient. 01' t.he
consumed sprat. biomass t.o t.he consumed herring hinmass, 'at the assumed
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value v= 0.25. For v = 0.20. ~he above magni~udes are very similar. A
eomparison 01' ~he biomass values a~~ained aeeording ~o ~he model wi~h ~he

es~ima~es 01' leES working groups <Anon. 1991a. b) is shown in Fig. 2.
Table 5 presen~s ~he size 01' herring and spra~ biomass eonsumed by eod
and. ror eomparison. ~he same magni~udes es~ima~ed by ~he Working Group
on mul~ispeeies assessmen~ of' Bal~ie t'ish (Anon. 1990) and Horbowy
(lYUY). When eomparing ~hese es~ima~es i~ should be borne in mind ~ha~

~he presen~ model uses popula~ions 01' ma~ure f'ish (age 3+ f'or eod, 2+ f'or
herr1ng and spra~). while ~he o~her es~ima~es cover also age-groups 0 and
1. Tak1ng ~he above in~o aecoun~ i~ may be said ~ha~ ~he presen~ed

es~ima~es of' ~he biomass eonsumed by eod are similar. When a~~emp~ing ~o

eompare ~he ob~ained coef'ricien~ 01' na~ural mor~ali~y due ~o preda~ion

wi~h esLimaLes rrom other sources. iL should be remembered ~ha~ in the tt
model presenLed M2 may be interpreLed as an arithmeLic mean of' naLural
mor~ali~y coef'rieients in age-groups. weighLed by the biomass of' ~hese

age-groups.

SENSITIVITY ANALYSIS
The sensitivity analysis of' Lhe model was based on an ordinary

sensiLivi~y analysis and eXLended stoehas~ic sensi~ivi~y analysis
(M~jkowski eL al. 1981). In ~he ordinary sensi~iviLY analysis, Lhe
reaction 01' Lhe modelled biomasses LO changes in the va'lues 01' the
assumed parameLers 01' Lhe model (Table 1) and Lhe parameLers determined
through Lhe minimizat10n 01' t'une~ion [4] (Table 2) by 1, 5, 10. 20. and
~U% were studied. In ~he ex~ended sLochas~ie analysis i~was.assumed ~ha~

Lhe parameters 01' Lhemodel have approximaLely normal distribution.
Knowing s~andard devia~ions 01' Lhese parame~ers <Tables 1 and 2). ~heir

distributions may bede~ermined, S~andard devia~ions 01' the parame~ers tt
~aken rrom ~he li~era~ure. i.e.• v, BO. M1, were no~ known; i~ was
~rbi~rarily assumed that the sLandard deviation 01' v equals 20%, tha~ or
UU - 20%, and Lhat of" Mi - 25% 01' Lhe parame~er value. Sensitivity
analyses were pert"ormed next, caleulating deviaLions 01' biomasses 01' eod,
hp.rrlng, andsprat at disturbed parame~ers~f'rom biomasses at undis~urbed

par'amet.ers art.er simllla~ing 1, !5,. and 10 years 01' s~oeks in~eraetions.

The star~ing year f'or Lhe simulaLion was 1977. In Lhe ordinary
sensi~iv1ty analysis, biomass deviaLions were presented in pereen~, and
in thp exLended sLochastie sensitivi~y analysis - as a ra~io 01' ~he

biomass at disLurbed parame~ers ~o the biomass a~ undis~urbed parame~ers~

In the extended sLoehastic sensitivity analysis, Lhe simula~ion wi~h the
modcl,was repeated 500 Limes.

The urdinary sensitivity analysis or the model reveals that the

great.es~ influence on errors 01' ~he model has the accuracy 01' grow~h

parameters; v, h, k, The dis~urbanee in the values of' ~hese parame~ers
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resulLs in a change 01' Lhe biomass 01' ~heir corresponding popula~ion aL a
level usually smaller ~han ~he level 01' disLurbance a1'Ler 1SL simulaLed
year. A1'Ler Lhe 5~h simulaLed year Lhe change in biomass is mOSL OrLen
higher Lhan Lhe value 01' disLurbance 01' v or h, and a1'Ler t.he 10Lh
simulaLed year Lhe change in biomass may be even several ~imes higher
Lhan Lhe level 01' dis~urbance 01' Lhese LWO growLh parame1.,ers. The model
is less sensit.ive LO errors in parameLeI' k; when ~he dis1.,urbance
overesLimat.es t.he value 01' Lhe paramet.er, t.he change in t.he modelled
biomass is usually lower t.han t.he value 01' Lhe dis1.,urbance, while a1., t.he
underest.ima1.,ed value 01' k, t.he change in 1.,he biomass may be very high.
The errors in ·parame1.,ers v, h, and k ror cod int'luence also t.he errors 01'
1.,he modelled biomasses 01' herring and spra1." ~hese errors usually not.
being higher t.han t.he errors 01' Lhe paramet.ers. Dis~urbances in Lhe
remaining paramet.ers ot' ~he model cause changesin 1.,he calcula1.,ed
biomasses a1., a level usually not. exceeding t.he dist.urbance 01' ~he

parame1.,er even ar1.,er t.he 10t.h simula1.,ed year.
The resul t.s 01' t.he ext.ended sensi t.i v i t.y analysis 01' t.he model are

presen~ed in Table 6. All dist.ribut.ions 01' t..he ratio ot' t.he dist.urbed
biomass ~o undist.urbed biomass are skew, t.he skewness 01' t.he
dis1.,ribu1.,ions increasing wit.h t.he t.ime or simuula1.,ions. The skewness 01'
t.he dist.ribut.ions result.s t'rom t.he model [2] being exponent.ial and t.he
assumed normal dist.ribut.ions 01' errors 01" t.he model paramet.ers. Geomet.ric·
means 01' 1.,he obt.ained rat.ios 01' t.he dist.urbed biomasses t.o t.he
undist.urbed biomasses are close t.o one. St.andard deviat.ions ror cad and
herring are small, especially art.er 1st. and ~t.h simulat.ed year. St.andard
deviaLion 01' 1.,he. error disLribuLion t'or sprat. ar1.,er ~h~ 1.,enLh simula1.,ed
year is very high. One may saywit.h some approxima1.,ion Lhat. 50% 01' Lhe
observed ra1.,ios 01' t.he disLurbed biomasses t..o Lhe undis1.,urbed biomasses
lie in t.he 0.5-1.5 int.erval bUt. t.here are also - mainly ror sprat. ­
ext..remely high values. The dist.urbed b10mass may be. as a resulL 01'
especially unt'avorable cumulat.ion 01' paramet.er errors. several t.housand
t.imes higher t.han t.he undist.urbed biomass al't.er t.he t.ent.h simulat.ed year.
alt.hough t.he probabilit.y 01' such an occurrence is sma11er t.han 1X. This
point.s t.o t.he neeessit.y 01' exercising eaut.ion when making a prognosis ot'
t.he dynamies 01' t.he populat.ion in aperiod ot' about. 10 years. We are
19noring here t.he quest.ion, whet.her it. is rat.ional t.o ma~e a biomass
prognosis 1'01' such a long t.ime. especially l'or populat.ion dynamies 01'

BalLie 1'1sh. ext.remely dependenL on environment.al eond1t.ions. A prognosis
ror aperiod 01' 1-~ years is poss1ble 1'rom t.he point.. 01' view 01' t.he model
sensi~ivi~y. al~hough eonsiderable errors ot" t.he modelied biomass tbr
sprat. may also appear here.
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APPENDJX

\tIe will present. t.he derlvat.ion ot· mOf1el LiL LeL HS begin wit.h Ci

reminder ol~ t.he bas~c relat.iollshlpS 01' t.he Andersen <lnd Ursin model
<'1~,r('(). which 1S t.hc st.art.ing point. ror t'urt.her conslderat.ions. In t.he
Andersen and Ursin model chang~s Jn ahllndance, N, mean wf-:'ight., w, and
cumulat.ed cat..ch, k'. are descrlbed by t.he rollowln~ set. 01' dltTprentJial
equat.ions

Lla]

11 h 1

dYas/dt. = YasNaswas [1c]

where: t. - t.lme. F - rishing mort..alit.y coerricient.. l'I~ - coefTicient. 01'

nat.ural mort.alit.y due t.o predat.ion, 1'11 - coet'ricient. ot' nat.ural mort.alit.y
due t.o ot.her reasons t.han predat.ion. .. - indicat.or or t.he size ot'
consumed 1'ood rat.ion, v, h. k - paramet~ers ot' growt.h equat..ion, a ­
age-group. s - species <.populat.ion). The values 01' 1'12 and rare modelied
wit.h equat.ions

[6J

n

l'I2as = 2:
r=l

L3]

L4J

n mr
Pas = 2 2 G~~ Nbrwbr >

r=l b=l

where: P - available rood, Q - paramet.er det'ining rood demands 01' t.he
populat.ion. G~~ - indicat.or 01' pret~rence as rood 01' age-group a ot'

epopulat.ion s by age-group'b 01" populat.ion r. n - number 01' populat.ions
considered. mr - number 01' age-groups in populat.ion r.

Let. us proceed now t.o t.he derivaLion 01' t.he mult.ispecies st.ock ­
product.ion model. Let. Bas denot.e biomass 01' age-group a 01' populat.ion s.
Then

Bas = Naswas '
Dirrerent.iat.ing t.he above equat.ion we obt.ain

dBas/dt. = <.dNas/dt.) was + NasCdwas/dt.) .[5]

Next.. we will assurne t.he const.ant. magnit.ude 01' t~eding level 1'; we will
also assume t.hat. l' = 1. Thus. rormula [3J will assume t.he 1'orm

[6]•
n

1'12as = 2
r=l

Subst.it.ut.ing in

mr
2

b=l

equat.ion [5] rormulae [la. bJ and [6J and ignoring r we

- 'J --



have

I,
,

I
(I

,n

= -(Fas+ H1 as+ L
1'=1

2/3 2/3
+ <vshswas - kswas) Nas = vshsNaswas

n mr
- <Fas+ Ml as+ k s + 2 2 hrG~~Nbrw~~3/Pbr) Bas '

1'=1 b=l
Adding ~he above equa~ions according ~o age-groups wi~hin ~he popula~ion

and replacing magni~udes Gg~ and Pbr wi~h adequa~e averaged values ror

~he popula~ions~ G~ and Pr and assuming ~ha~ Fand MI are no~ age
dependen~~ we ob~ain ..

ms
dBs/d~ = 2 dBas/d~

a=l
=

m
s 2/3

vshs 2 Naswas
a=l

m
s 2/3= vshs L Naswas

a=l
Thus we have

n . mr
L hrG~/Pr 2 NbrW~~3) Bs

1'=1 b=l
~he 1'ollowing iden~i~y

ms
dB /d~ = v h ~ N w2 / 3 _<F +H1 +k +s s s ~ as as s s s

a=1
In rur~her ~ransrorma~ions we will use

[7]

•
-2/3

resul~ing rrom ~he derini~ions 01' ~he means wand w (Horbowy 1992).
Thus

] we arrive at.

m
~sN w2 / 3 = (;2/3,/w ) B
~ as as s s s

a=1
and subs~i~u~ing ~he above t'ormula in equa~ion (

n
dB ""d4 h (-2/~~ - ·)f> Lf' "11 k '" h GS f' (-2/3 - Bs~ ~ = vs s Ws /ws · J s - '$+ I s+ s+ ~ r ~/r wr /Wr ) rJBs

r=l
Presen~ing mean available rood resources ror t.he populat.ion as

- 10 -
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n

Pr = L G; Bi'
1=1

we will t'inally obt.ain

[8]

n s
_-2/3 -. GrBrh tw /w )---------]Br r r n s

~ GiB.
"" r 1

i=1.

Let. us add t.hat. 1n pract.ice t.he rat.io ;2/3/wmay be replaced by t.he

magnit.ude (W)-1/3. Alt.hough generally ;2/3/w dirrers rrom (w)-1/3 bot.h

t.hese magnit.udes are highly correlat.ed and a regression coerricient. is

elose t.o one (Horbowy 1992). Subst.it.ut.ing :2/3/wwit.h magnit.ude (w)-1/3

we express t.he model in a more elegant. rorm

[9]

The using 01" t.he model ror cat.ch project.ion will require mean weight. in

Lhe sLock being a 1"unct.ion or t.he exploat.at.ion int.ensit.y. It. may be
easily shown that. mean weight. at. t.he begining or the year y+1 can
be approximated as

R +1 + B expC coefT(y)]
w . = -y------y--------------

y+1 Uy +1 + Byexp<-Zy}/wy
where coerr(y) is t.he term in square brackets in model [9]
and Z is t.he t.ot.al mort.alit.y coerricient. .

•

•
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TABLES

Table 1. Values or parameters or the'dirrerential t'orm or the von
Bertalan1't'y·s growth equation~ Hand k~ together with their standard
errors; sd, eoetTieient 01' r,esidual natural mortality, I1l~ mean weight
(in g) 01' t'ish reeruiterl to the population, 0, and initial biomasses, BO
(thous. tons), ror eod~ herring, and sprat.

Stock eod Herring Sprat

H 0.968 2.84 5.13
sd 0.097 0.26 0.47
k 0.46 0.57 2.00
sd 0.05 0.067 0.20
111 0.2 0.2 0.2
0 43'1 26.5 10.0
BO 4-21 2057 1161

Table 2. Determined parameters G, q. and l' ror cod, herring, and sprat,
S1ze 01' other rood OT. standard deviation 01' parameters, sd, and the
square root 01' minimum 01' runetion [4], se, ror v = 0.25 and v = 0.20
(e - ead, h - herring, s - sprat).

Parameter v=0.25 sd v=0.20 sd

GS 1.000 1.000e
Gh 0.561 0.088 0.556 0.088c
qe 0.604- 0.04-8 0.605 0.048

qh 0.875 0.122 0.875 0.122
qs 0.377 0.056 0.380 0.056
Ye 0.666 0.094- 0.668 0.093

l'h 1.038 0.116 1.033 0.116
Ys 1.24-6 0.214- 1.234- 0.214-
OT 6000.030 164-7.000 8000.023 2085.300
se 0.188 0.188
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Table 3. Coerrieien~s 01' eorrela~ion among parame~ers G. q. rand
ot tor eod. herring. and spra~. de~ermined ~hrough minimaliza~ion

of' ~h~ sum or squares (4] <e eod. h - herring. s - spra~).

I
I
!
! ,

I •1
\-

Parame~er qe qh qs r e rh r s

Gh -0.02 0.38 -0.56 0.00 0.09 0.26

qe 0.U5 U.08 0.B3 -0.2B -U.28

qh 0.32 U.OO -0.17 -0.12

qs U.U2 -U.33 -0.44

r e -U.14 -0.13

rh 0.87

e r s

01'

U.19

U.12
-0.20
-0.29
0.16

-0.63
-0.63

1

I

!

I •

I •

•I
•

1'able 4. Biomass values (~hous. ~ons) f'or eod. herring. and spra~

ealeulaLed wi~h ~he help or ~he model. eoef'f'ieien~s or na~ural mor~ali~y

due t.o preda~ion of' herring and spra~. relat.ive error (~) 01' ~he

ealeulat.ed eat.ehes of' eod. herring. and sprat... and relat..ive error of' t..he
ealeulat..ed rat..io or eonsumed sprat.. biomass t.o eonsumed herring biomass at.. ,
v = 0.25 (e - eod. h - herring. s - spra~).

Year Biomass Predat..ion . Rela~ive error ('::) 01'
mort.ali~y eat.eh eonsump~ion

e h s h s e h s

1977 424 2057 1161 0.11 0.19 -19 -15 16 7
1978 444 1974 1140 0.12 0.21 2 11 1 7
1979 617 1939 920 0.1'l 0.31 12 16 0 -15• 1980 752 1638 760 0.21 0.37 10 20 -27 -17
1981 740 1443 563 0.21 0.37 -2 2U 6 -43,
1982 721 1503 'r04 0.20 0.36 -1 36 -8 -14
1983 738 1553 665 0.21 0.38 8 26 2 -30
1984 752 1548 1252 0.20 0.35 8 7 -20 37'
1985 641 1705 1296 0.16 0.28 15 -14 14 32
1986 561 1763 1272 0.14 0.24 -25 -29 15 27
1987 410 1573 1041 0.10 0.19 -2 -6 22 19
1988 360 1924 1187 0.09 0.16 13 -1 13 16
1989 326 1798 1053 0.09 0.15 1 -7 23 7
1990 247 1905 2015 0.05 0.09 10 -19 -1 51
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SImulatIon year
Paramet.er 1 5 10

eOD
Arit.hmet.ie mean 1. 01 1.10 1. 37
GeomeLrie mean 1. 00 0.99 U.98
Standard deviation 0.10 0.4-2 1. 21
l1inimum 0.75 0.4-0 0.27
l1aximum 1. 32 3.17 10.54-
Lower quartile 0.94- 0.80 0.69 •Upper quarLile 1.07 1. 29 1.57
Standardized skewness 2.7 13.9 32.0

HERRING
Arithmetic mean 1. 00 1. 04- 1. 09
Geometrie mean 0.99 0.98 0.97
Standard deviation 0.10 0.35 0.66
l1inimum 0.73 0.4-1 0.22
l1aximum 1. 38 3.28 6.80
Lower quart..ile 0.93 0.81 0.74-
Upper quart..ile 1. 06 1.19 1.26
St.andardized skewness 4.8 18.1 33.7

SPRAT
Arithmet..ie mean 1. 03 .1.71 16.77 ••Geomet.rie mean 1. 00 1.16 1.11
St..andard deviation 0.26 3.67 48650.0 •l1inimum 0.45 0.38 0.09 •
Maximum 2.26 59.52 4-586.3 •
Lower quart..ile 0.84- 0.75 0.4-9
Upper quartile 1.17 1. 51 1. 74-
Standardized skewness 9.4- 105.5 173.0

'fable ~. ConSllmect bl omass, HK t 1..hous. 1..ons.> 01' herr'l ng and spr'at.
calculat.ed accorcting t.a t.he, model and det.ermined by fforDowy <.1V89)
and art.er Anon. (1990) <.h - herl'~ng, s - sprat.).

)ear The model Horbowy <.1..YUY) Anon. <.1990)
BK BK BK BK HK h +BKh s h s s

197'1 197 196 219 20:'1 4ft)
19'(l:j ~UO 20:) ;.,QU IHO 004-
19'(9 2l:j0 ~~O 2l:j~ 21'( 7~4

19UO ~U2 2~:'1 :lU2 :340 '('09
1981 ~42 157 241 4UO UUO
1982 253 205 216 543 8'16
1983 273 195 219 514 1103
1984- 250 368 215 358 866
1985 228 310 579
1986 209 265 35'/
1987 14-4- 165 389
1988 159 175 332
1989 137 136 281
1990 93 175

Table 6. Result.s oe ext.ended st.ochast.ic sensit.ivit.y analysis of' t.he
model: paramet.ers or disLribut.ion 01' t.he rat.io or biomass at. dist.urbed
model parameLers Lo biomass aL undist..urbed model paramet.ers ror eod,
herring, and sprat. art.er lst.~ 5t.h, and 10t.h simulat.ion year.
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Fig. 1. Dependenee 01' relat.ive error. E 00. 01' t.he modelied eat.ehes 01'
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