Harmonic analysis of horizontal current data

The method and some new developments”

A, LOFFET®*, Y. ADAM*** and A. POLLENTIER¥*¥

Introduction

The hydrodynamics of the North Sea and of adjacent marine areas is a
problem of great practical importance, A valuable modelling effort has been
devoted to it in the past, and it is stiil the subiect of many current re-
search works {3 dimensicnal models, residusl circulation models).

On the other hand, much information has also been gathered in situ (sea
elevation and horizontal current time series, for our purpose), and they
are worth being examined in detail. Field data are important because they
can provide the right boundary conditions to the numerical mcdels, and also

" because they can be used to estimate the guality of the model and to detect
its possible shortcomings. Finally, they are very interesting by themselves
because they enrich our "naturalistic" knowledge of the area.

The tide is the leading hydrodynamic process in the North Sea basin.
From a practical point of view, its most interesting feature is that the
motion has components with well defined and accurately known pericdicities.

It was thus interesting to perform the harmonic analysis of elevation

and current data, in order to extract the harmenic components out of the
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records. Other effects which are not purely tidal (such as storm surges),
are considered as noise in the present analysis and cannot be included in
this framework. It is then evident that a description in terms of tidal com-
ponents alone cannct be complete.

During JONSDAP 76, a valuable mooring effort has been performed, and
in Belgium, current meters (and recently tide gauges) have been meored for
several years in the Scuthern Bight of the North Sea. The analysis of the
data set has not yet been completed, but we will summarize here the method
we have developed so far to analyse sea elevation as well as currents, put-
ting much stress on the determination ¢of the maximum number of components,

and on the estimation of the quality of the results.

1.,- Tidal components

The cornerstene of all works on tides is the determination of the tide
generating potential and of its harmonic development. This was performsd
originally by Doodson (1921), who showed that the tidal potential can be

written as a sum of constituents

g o= i fx R, ccs(V& + ur) (1}
Rr is the amplitude of the constituent,

vr is the argument of the constituent, i.e. an angle changing steadily at
the mean speed of the constituent,

Rr and Vr depend on the location considered,

fr and v are nodal modulation factors, taking into account the existence of

meveral terms in one constituent. These terms have very close frequencies
and cannot be separated in one year's analysis (the difference between their
frequencies is less than 2.738 10 - cyele/mean solar day).

fr and u,_ are determined from Doodson's original results (Godin,1972; Loffet,

198C a), and depend on slowly varying astronomical arguments.
The tidal components can be gathered in groups and the groups in species.

The average frequency difference is :
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between groups of the same species : ~ 3.66 10“2

cycle/mean solar day
between species : ~ (0.%66 cycle/mean solar day.

A detailed list of the constituents and of all their features can be
found in Loffet {1980 a). _

The tidal potential is not found as such in nmature, and only scme effect
of the periodic forcing introduced by the tidal potential can be found in
the actual tidal records :
1}  the relative magnitude of the different components can vary considerably
from the results of the tidal potential;
2} the non linear interacticns in the dynamic balance can introduce new
terms, with new frequencies unknown in the development of the tidal potential.
This is particularly the case in shallow water areas as the southern North
Sea,

The tidal part of the data record will still be represented by an ex-

pression in sovme way similar to (1), i.e.

h=h + X2 £ H cos(V.+u -K) {2}
o r r T ¥ r
r
(h denotes the elevaticn or one component of the current).

Vr' fr, e have the same meaning as in the development of the tidal

potential.

The amplitudes (ho, Hr) and the phase lags Kr are the harmonic constants
of the tidal component considered. They depend on the locaticn.

The expression {Vr + ur) - Kr can advantageousily be replaced by its

equivalent (Vr + u g, where only the last argument 9y the

¥l Greenwich T
Greenwich phase lag depends con the location.

We have thus

= + L f ® + - 3
h h0 > rr cos[{vr ur)Gr gr} (2
The harmonic constants for the elevation are Hr T N For the horizontal
current, rather than using the harmonic constants of the east and north
components {i.e. H , H
rx ry
results in terms of the tidal ellipses elements, i.e.

T gry)' it ig advantageous to express the

@ the major semi-axls length M,

* the minor semi-axis length m,
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e the ellipse orientation 9§, {geographical coordinates)

® the phase lag ¢, {or time lag ¢r/nr , by Dbeing the speed of the cons-
tituent r} between culmination of the fictitiocus generating celestial bedy at
Greenwich or at the local meridian, and the occurrence of the maximum velocity.

These are defined

i 2 4 .4 3 2 int
M= {2EHX +H b M+ B+ 2 H cos 2(g ~ g )] 1}
_qip2 2 4 4 2.2 _ 3112
mw{ziﬂxi-ﬂy— [Hx+Hy+ 2H Hy cos 2(g, gy}] ]}

o
It
I E]

1
- E{arg(ﬂxcos 9y * Hysin qy p Hycos gy - Hxsin gx)

+ arg(H_co - n e i
g 008 g Hysi 9, ¢ Hycos gy H sin gx}}

-
1]

1 . s

E{arg(chos g, * Hyszn gy , HyCOS gy Hx51n gx}
_ _ ) + .

arg(ﬂxcos 9, Hysln gy . Hycos gy H sin gx}}

The knowledge of ali harmonic constants makes it possible to derive the
tidal part of the sea elevation or currents, However, in practice several
limitations will occur =
s we don't know which harmonics tc congsider, and we will have tc restrict
their number;

e it is not possible to derive all those which are wanted;

e the accuracy of the vesulis is limited.

2.~ Tidal constituents consildered

The main constituents arising from the tidal potential will he searched
for (Doodson, 19Z1; Godin, 1974}.

Problems appear when trying to determine which shallow water constituents
have to be added :
1°) the non linear interactichs in the dynamic balance are known to ge—
nerate harmonics. In order to determine them, the dynamic equations can be

devompesed spectrally, and the harmenics appear in different terms of the
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equations (Le Provost, 1974). Such developments are too far from cur present
purpose, and we will only consider harmonics obtained by linear combinations
of the most important potential terms in species 1 and 2, i.e.

species 1 : Q1 , 01 , PY , JL ,

species 2 : M2 , 52 , N2 , K2 , (v2} , (u2) , (L2}.

Many constituents can be defined in this way, and in a first approach, we
will finally restrict ourselves to the 93 components considered in the Table

of Harmonic Constituents of the Tide of Monace (Loffet, 1980 a).

2°) Many components, mainly in species 1 and 2, can have different origins
(potential and/or different combinations between cother components).

The component with frequency 1.864547227 cycle/mean solar day, e.g. finds
its origin in the potential {u2) but also in non linesr combinations

(2lm2] - (823 (= 2m82), ([N2] + [v2] - [M2] , a.s.o.). Depending on the
point ef view adopted, the definiticn cof vr ' ﬁr and u, is then not unigque.
In very special cases, metheds can be developed to discriminate between
separate origins (Le Provost, 1974;. This will not be applied here, and
every time a multiple interpretation is possible, the expression for the
term which seems the most important has been chosen. If the interpretation

seems toc dubious, the nodal correction is only disregarded (Loffet, 1980 a).

3,- Limitations of the analysis

Two limitaticns occur concerning the number of components which can be
analysed in a record :
a} the data are not recorded continuously, but only at predetermined time
intervals, and this could limit the analysis at high freguencies;
b) the length of the data record is finite, and then all desired tidal com—

ponents cannot be separated from each other.

3.1,~ SAMPLING INTERVAL

It is well known that for a phenomencn sampled with a time interval At ,
the highest frequency which can be analysed is the Nyquist frequency

1
Ly ™ 2%
If energy is present at higher frequencies, it will be projected on {o, fN).

In tidal analysis, the highest interesting freguencies occur at species
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12 or so [very seldom akove, but often below (~8)] , so that with a At not
exceeding one hour, the sampling interval does not introduce limitations.
However, care must be taken to avoid allasing during the recording of the

data and the preparation of the time series.

3.2.— FINITE LENGTH OF THE RECORD

A signal of the form £(t) = A cos(2mat + ¢) and defined for
t ¢ J]- =, + <[ has the Fourier transform g(i} = %{ej¢d{hwn) + e”j¢6(k+n)];
where §{}) is Dirac's delta generalized function.

The same signal, but restricted to the finite time intexval [0,T] , has

the Fourier transform

3 AT 46—t e . L

gin = T{E’Ne ITODIT ine ((eny Tl + e 38 ITORRIT sinc {(+n) T}
_ sinmx

where sinc{x} = =

The former spikes have now a finite width (the first zero crossing
occurs at A =a * 1/7), and as a ¢onsequence of this, it will be impossible
to separate spikes occuring at twe frequencies if they are too close.

The Rayleigh criterion considers that it becomes possible to separate
two frequencies n_ and T if [nk - nl[ T » 1 , and that they are fully dis-
tinguishable if ink - nz! T2 2,

Given a recoxrd of length T, if the Rayleigh criterion is appliied, only
a limited number of harmonic constants will be accessible, i.e, those for
which [n - n;] T » 1 holds. This will be restrictive in practice since the
record lengths (for current data} seldom excead two months.

This problem is directly related to the solution of the linear system
of equations derived from the application of the least sguares method to the

egtimation of the harmonic constants. The matrices to be inverted are
=l[s(n—n)+5{n + )}
By 7B TPy A S
¥, L =0, ... m; n,= 0; for the cosine terms,
B, . = l{s {n, —a,) -8 {n + n1]
k1 2YN Tk 1 Nk 1

¥, 1 =1, ... m, for the sine terms.
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_ sin {mNAAL)
TN sin malt

with SN(A)

If the Rayleigh criterion is satisfied, the matrices A and B have their
main terms on the principal diagonal, and are thus well conditioned for
inversion. The analysis of two close freguencies can lead to an ill condi-
ticned system and computational probhlems,

However, even without computational problems, the consideration of two
close frequencies can lead to a very poor estimation of the harmonic cons-—
tants, as will be shown in the next paragraph.

The Rayleigh criterion has thus been used so far as & general guiding

line when searching which components it is possible to analyse.

4.~ Egtimation of the accuracy of the results

The recorded sea elevations or currents are not due to the tide only,

and it is customary to consider them as made of several contributions :

a} the components which are analysed;
b} the components which are not analysed, either hecause they cannot be
separated from the ones which are analysed, cor simply because they are not
wanted;
¢}  other processes, called noise and which can be attributed to different
causes :
¢ instrumental inaccuracies or failures, accidental errors cccuring Guring
the preparation of the time serie;
¢ physical processes which are not considered in the tidal analysis
{storm surges, e.g.).

The presence cf all these contributions has scme effect on the gquality
of the estimation of the analysed components :
a)l There is a systematic error introduced by the components which are not
analysed. If the system is well conditioned, it can be shown to be of the

order
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whexre Yp ,_ 1is the amplitude of the non analysed component, ny and ny 5,
are the frequencies of the analysed and non analysed components,;respéctively.
The importance of this error increases with the relative magnitude of

the non analysed component (with respect to the analysed one), and with the

closeness of both freguencies

[r(ng - Bp 5 Y7}
&

[SN(na—n Y~l -

n.a. for {ny - np 5T < 1}

A new method is currently being developed to force separation in some
way, but it iz still too early to account for its results.

b} The noise introduces statistical variability in the estimation of the
analysed components., This proplem has been examined in details, and the
resulis of the least squares theory have been applled to harmonic analysis
(Hannan, 1970; Rac,1973).

The noise was first assumed to be white, and the variances-covariances
matrix of the estimators has been derived {Loffet, 1980 b). However, if the
assumption of a white noise is reasonable for accidental failures and ins—
trumental inaccuracies, it is far too restrictive if additional geophysical
phenomena have to bhe inciuded,

The least sguares theory has then been developed in the case of a second
order stationary noise process, and it makes use of its spectral properties
{Toffet, 1980 b}. The variances-covariances matrix of the estimators has
been derived, as well as its asymptotic behaviour.

Using a particular application of the central limit theorem, it has
become possible to derive statistical tests of hypotheses, and to build up
confidence regions for the harmonic constants(Loffet, 1980 b}, So far, the
method has only been developed and applied when the system is well conditicned
(the Rayleigh criterion is satisfied).

A detailed description of the method ard of all the results invelved
is too lenghty to be described here. However, it is worth noting that if the
system is well conditioned, the spectra sufficiently smooth, and the fre-

quencies different from zero, one has :

&

cov(ai . ai,) s(ni)/T , 4,

iyt

covib; , By,) ®sn)/T . ﬁii,
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cov(ai R bi') ~0

for the sea elevation, where as bi denote respectively the cosine and
sine terms of the 1M component, s(n;) is the value of the noise spectrum
at frequency n; , and &;4+ the ¥Xronecker symbol.

One algso has :

cov(aix O T A Exx(ni)/T . Bii'

i

cov(bix , b, ) 8 x{ni)/’i‘ . 6ii{

o]

u

cov(aix s b

covia,
iy

®
u

syy(ni)/T . 6ii'

cov{biy r b, Y Syy[ni)/T . Gii'

i

cov{aiy b, ) ]

i

cov(aix ra,, sc(ni)/T . 8

ii!

cov(bix , b, = sc(ni)/T .8,

iif

i

cov(aix . b sq{niJ/T .

[
iif

ccv(aiy , b, )} =~ sq(ni)/T . dii'

for the horizontal current, where a a b dencte the cosine

ix r Pix ¢ iy / iy
and sine terms along East and North directions of the ith component, Sy (0142
and syy(ni) are the values at n; of the noise spectrum of the Bast and
North components, s.{ny} and sq{ni) are the values at nj of the co- and
guadrature spectra of the two~dimensional noise process.

To be applied, the method needs the knowleadge of the ncise spectrum.
This one is not known a priori, but an estimate of it is cbtained from the
residuals (i.e. what remains after removing the analysed components from
the original time serie). The estimate is obtained using standard FFT tech-
nigues {Jenkins and Watts, 1969; Otnes and Bnochson, 1972; Bath, 1974)

which will not be developed here,



162

If the Rayleigh criterion is not satisfied, it is still pogsible to
derive the variances-covariances matrix of the estimators and to determine
the order of magnitude of the statistical error affecting the estimation of
the tidal components. This can be used to analyse more components than the
criterion allows, if the level of the noise is sufficiently low so that the
results are still meaningful. We have not yet used this technique, but we
have concentrated eur attention on the estimation of the guality of the re-

sults derived when the Rayleigh criterion is satisfied.

5.~ Classification of the components considered

Applying the Rayleigh criterion, the determination of all constituents
considered needs a record lasting at least one year.

The determination of cne component in each group needs at least 27 days.
The species (1, 2, 3, 4, ...) are separated in one day.

The records we examined last from one week (when data were lost because
of a failure in the instrument) to twe months at most. Different record
lengths are thus available, and the considerations above are rather crude,
because they don't consider the detailed structure of the frequencies of the
desired components, and because they don't take their relative importance
into account. It is thus interesting to classify them in some way, taking
into account the points mentioned above. This was performed as follows
every component is given a weight,and the time needed for the determination
of all of them is computed, applying the Rayleigh criterion; the ones gi-
ving way te this record length are determined, and among them, the one
having the smallest weight is then extracted; the process goes on with the
remaining cnes, and is stopped when all have been extracted.

In this way, a classification giving the components which can be ana~
lysed wersus the record length is cobtained. In thecry, the weights are
unknown a pricri, and the aim of the harmonic analysis is to determine them.
However, it is possible to run the classification using known results at a

close location.
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Table 1

This table lists the harmonic components which can be determined,
versus the length af the record. 60 components; results for Oos-—
tende after data from Melchioz et al. (1967).

Record length (days) Components
0.5 M2, M4, 2MS6
1.1 + 0f,MC3
9.6 + MNS2
3.7 + Ki,MK3
14.8 + §2,M6,MS4,25M32,MSE, 25M6 , 5K3, 501,54
27.3 + M3, M1
27.6 + N2, 2MN6,N4,Q1, 201
3i.8 + L2,2M52 ,MSN2, MSNG, Mm, SN4, J1
i82.6 + K2,P1,MK4, 2MK6 , MKS2,0Q2,0P2, 503, M€, MSK6 , MP1,
SK4,KJ1,001
193.6 + x1
205.9 + w2, \2,2N2,p1,91,91
365.2 + Sa,8sa,51,91,41,72,R2, i

In the present analysis, we took the sea elevation given at Oostende
{Melchiox et al., 1967) and the mean sea elevation at three belgian coastal
harbours (Hydrographische Dienst der Kust, private communication) as weights
(60 cemponents). The results are listed in table 1 and 2. They are very si-

milay, and will be used as & guide in the Scuthern Bight of the North Sea.

Table 2

This table lists the harmonic components which can be determined,
versus the length of the record. &0 components; mean for Niewwpsort,
Oostende and Zesbrugge. (Hydrographische bienst der Kast, private
communication.)

Record length (days} Compeonents
0.5 M2 ,M4,2M56
£.1 + Of,MK3
9.6 + MNs2
13.7 + K1,M03,001
14.8 + 52,M6,M54,28M2 ,M8E, 28M6, 8K3, 54
27.3 + M3,mi
27.6 + N2,MN4 01, 2MN6,201,01
il.g + 2M52,LZ,MSN2,Mm, MSNG, SN4
182.6 + KZ2,P1,MR4,2MKE ,OP2,Mf, 503, MSK6 , MKE2,KJ2, 41,
SK4 ,MP1,801
193.6 + oyl
205.9 + v2,2N2,32,p1,01,81,
365.2 + Sa,Ssa,sl,91,T2,R2,71
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6.~ Practical realization of the harmonic analysis

the harmonic analysis of the current data records is made of several

steps we will develop here.

6.1.- PREPROCESSING OF THE DATA

The data are usually recorded with a time interval of the order of 5 to
10 minutes. As mentioned above, a time step of 0.5 to I hour is usually suf-
ficient for the purpose of tidal analysis. However, in order to avoid any
aliasing of high frequency noise, the original time serie is first low-pass
filtered, and then decimated to the desired time interval. The filter we use
is an autoregressive sine-Butterworth , modified to avoid any phase-shift

at all freguencies.

6.2.~ SPECTRAL ANALYSIS OF THE ORIGINAL DATA
The spectrum of the time serie is computed using standard FFT techniques,
or the Blackman-Tukey method. This aliows us to see at which frequencies

variance can be found. In particular, it is possible to determine all species

worth being considered. However, in order to achieve some statistical reli-

ability for the estimate, it iz necessary to consider relatively large band-

withs, and usually it is not possible to separate components or even groups

within cne species, This weuld be pessible with longer records (one yearx).

€.3.—- HARMONIC ANALYSIS
From .2. and the length of the tidal record, the ccmponents which are

desired can be determined, and the harmonic analysis is performed.

6.4.- SPECTRAL ANALYSIS OF THE RESIDUALS

The residuals are computed and spectrally analysed as in 6.2.

6.5.- ESTIMATION CF THE QUALITY OF THE RESULTS

Confidence limits are determined for the harmenic constituents, and
several tests can be applied. The gonsideration of the spectrum of the resi-
duals makes it possible also te get some idea of the effectiveness of the

analysis. The effect of the non analysed components is not considered sepa-—
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rately. They must appear in the residual spectrum, and thus enlarge the sta-
tistical variability of the current estimate.
1£ needed, a new analysis can be performed, and its results compared

toc the previous ones.

7.- Application

As an example, the method is applied to current data from a current
meter moored off the belgian coast by the "Unité de Gestion du Modéle Mathé-

matique de la Mer du Noxrd".
Characteristics

latitude : 51° 27' N ; longitude ;2% 59' 18" E

depth : 3 m vs bottom ; total depth : 15.6 m
start of analysis ;27 jan. 1977 at 21 h
length of the record : 61.4 days

time interval : 0.5 hours

a) The time serie was obtained after filtering and decimating the original

data. The -~ 3dB cut off frequency was 0.8 cycle/hour.

b} Figures i and 2 show the spectrum of the total variance of the horizontal
current S(A) = sxx(h) + syy(l). As we are in a shallow water area, many high
order species can be noticed (2, 4, &, 8, 10, 12, 14, even la).

However, the species higher than 8 carry a very small part of the variance

and will be disregarded in the harmopic analysis.

¢} 29 compenents have been searched for,

The results are listed in table 3.

d} Figure 2 shows the total residual spectrum.

It can be seen that most of the energy has been removed in species 2, 4, &
and 8. As expected there is no change in the species 10 and higher. The low
frequency end of the spectrum looks also very similar to its original shape.
However, the “noise” level within each species is still much higher than
between them. This is due to the non analysed compoenents, and to interactions
between tide and noise ("harmonic” constants is only a first approximation).
The hypothesis : M =0 , m = 0 for every component has been tested at 95 %

glcbal confidence level.
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Table 3

Results of harmonic analysis

Major Mincr Major Lag related

Constituent semi-axis semi-axis semi-axis to culmination
length length direction at Gwch
{cn/sec) {cm/sec) {(°, geog. cooxd.} (°}

maan 2.78 - 109. -

MSE i.54 G.65 229, 177. ¥

ot 0.62 - 0.05 236. 132, *

ol 1.20 - 0.27 62, 9.

¥t 1.59 - 0.29 219, 17.

MNS2 $.31 - Q.47 46. 129,

2M82 3.40 2.10 0. 120.

NZ 6.94 1.73 44, 24,

M2 48.63 16.58 47. 7.

L2 1.93 0.66 247, 1,

s2 1B8.43 5.33 47, 96.

MeN2 1.10 Q.05 209, 91. *

28M2 1.83 0.34 226. 142,

MO3 .29 0.15 296. 15%. *

MK3 0.56 - 0.05 63. 175. *

M4 1.30 - Q.11 233, 12G. #

M4 4,80 0.25 240, 135.

Mse 3.42 - Q.02 58. 21.

54 0.74 - 0.21 92. 125,

2MNEG 1,03 0.57 286. 54.

ME 2.93 0.97 265. 76,

MSNE .9 Q.30 273, 93.

2456 3.5t 1.55 267. 135,

25M6 0.78 0.32 | 97. 28,

56 0.33 0.08 234. 61, 3

M3 .73 2.19 207. 90. 2

3Ms8 1.59 0.87 206. 146.

2{mMs)8 0.98 0.24 40. 29.

38M8 0.20 0.04 102, 74, e

s8 .11 Q.01 40. 23, *

A negative wminor semi-axis indicates clockwize rotation.

The components with an asterisk in table 3 are those which cannot be consi-
dered as different from zero at this level of confidence.

Some interesting conclusions can pe drawn from this simple example :

a) The high level of the noise due to non tidal phenomena at low frequency
(A < ldml) makes it difficult or impessible to derive the low frecuency

components of the tide (MSf in our case) with any confidence.

p} In the other frequency ranges, the noise introduces a ilimitation to the

number of components which can effectively be extracted. It seems reasonable
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Spectral regresentation of the variance of the horizontal
current before harmonic analysis.
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to discard those which are not signifigant (Q1, MSN2, MO3, MK3, MN4, 56, M8,
3SMB, 58, in our case). Cther terms,even if they are significant, have large
confidence regicns, and it is difficult to use them directly for prediction

purposes (i, Ki, ... in our case).

c} There is a need for longer records {6 months, one year or more}, in
order to separate all the tidal constituents and aveid some of the problems

encountered with short reccrds.

Conclusion

The method described above is applied to cur current data set, In this
way, we hope to derive the harmonic constituents in the area with some level
of confidence.

New developments with the aim of enforcing separation but still keeping

a sufficient confidence level for the estimates are under way.
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