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Introduction 

An ecosystem i s evoluting under the influence of a lo t of i n t e r ­

acting var iables . In order to bui ld the a posteriori mathematical model 

simulating i t s evolution, some of them are chosen and supposed adequate 

to give a good gross description of t h i s ecosystem. For these ones, the 

d i f fe ren t ia l evolution equations are wr i t t en . 

The effect and the control of a l l the other ones have to be i n t ro ­

duced in these equations by the numerical values of the interact ions 

coeff ic ients . 

I f one assumes a spa t i a l homogeneity and neglects the hydrodynaimical 

e f fec ts , the box model may be wri t ten as ; 

(1) X = F(X,ô, t ) 

with X the s t a t e vector and ô the parameter vector. 

Sometimes, a parameter i s expressed by a constant d̂  multiplied 

by a given time fonction Y^(t) . I t reproduces the exci ta t ing effects 

of the outside ecosystems from which the considered ecosystem is de-

marked. So, ( l ) may be rewritten as 
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This method has t h e advantage t o r equ i r e as many minimizat ions and 

i n t e g r a t i o n s as t h e r e a re equat ions i n t h e system (2) and thus t o reduce 

the CPU t ime . I t s main disadvantage i s t he e f f e c t of accumulation — 

dur ing t h e i n t e g r a t i o n — of sys temat i c e r r o r s of t h e d e r i v a t i o n . 

2 . 2 . - ?he_ma2dm\mi_likelihooà_method 

Using t h e s t a t i s t i c a l theory of t h e e s t ima t ion Bard (1967) "built 

ano ther f i n e r method of e v a l u a t i n g the pa ramete r s . 

The e r r o r 

u ^ ^ j ô ) = X . ( ô , t ^ ) - X . ( t ^ ) 

may be cons idered as a random v a r i a b l e d i s t r i b u t e d fol lowing a funct ion 

of p r o b a b i l i t y densi ty p [u i,(ö),(p] with a known form. The s t a t i s t i c a l 

parameters cp are f ixed from t h e c l a s s i c a l hypothes i s of the s t a t i s t i c a l 

behaviour of t h e e r r o r : zero mean, no c o r r e l a t i o n and covariance mat r ix 

e s t ima ted by 

V = V( i ,ó ) = 1 E U ^ ^ , U ^ ^ , . 

The maxim\im l i k e l i h o o d p r i n c i p l e i s t o maximize t h e ob jec t fxmction 

(5) G,(ô,(p) = In n p (u ,(p) . 

This maximization obta ined by the method given in appendix r e q u i r e s t h e 
SG, 3X, 

computation of -rr~ ; thus the one of -rr— . 

This one i s obta ined by i n t e g r a t i n g t h e system of t h e s e n s i t i v i t y 

equat ions of t h e s t a t e v a r i a b l e s wi th regard t o the parameters : 

In t h e maximization p r o c e s s u s , t h e two systems (2) and (6) have t o be 

i n t e g r a t e d for every i t e r a t i o n of t h e ô va lue . The advantage of t h i s 

method i s t o make an op t imiza t ion of a s t a t i s t i c a l l y s i g n i f i c a n t f imction 

of t h e s t a t e va r i ab l e s themselves (and not of t h e i r d e r i v a t i v e s ) . I t s 

d isadvantage i s obviously an important i n c r e a s e of the CPU t i m e . 
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So, the adopted s trategy i s f i r s t l y to use the gradient method for 

a gross estimation of the parameters and then to use these values as the 

i n i t i a l values for the maximum likelihood method. 

3c- Theoretical application 

These two methods were t e s t ed with a theore t ica l model containing 

the same analy t ica l in terac t ion forms that the previously mentioned ones. 

Suppose the system : 

(7a) X, = exp(0.1 Y, ) L-^^^ - ^ ^ ^ 

(TC) X3 = d^ + d g [X^ X2 - d g X2 X3] Y2 

with X = (X̂  jXjjXj) the s t a t e vector, d = (d^ ,^2 »• • • j^g) "̂ ^̂  para­

meter vector, Y = (Y.jYj) the exci ta t ing vector and 

X(0) = ( 1 0 , 0 . 5 , 2 . 5 ) the i n i t i a l conditions. 

The system (7) i s in tegra ted between t = 0 et t = 100 and 

sampled at some t,̂  (k = 1 , . . . ,15) . The parameter vector ô i s then 

estimated from the information of the "observed" ser ies X(t,^) and 

'(t |^) by the f i r s t and second methods. The theo re t i ca l , i n i t i a l and 

estimated values of the components of ô are given in Table 6.16. 

The agreement between the re-computed with the estimated parameters 

values of X(t) and the "observed" ones i s excellent and the difference 

between them i s of the order of one percent. The agreement between the 

theore t i ca l and estimated values of ô are good, except for i t s foiirth 

and fif th components. 

I t i s sure tha t one optimum i s reached. But a same optimiim can 

also be found for a set of parameter vectors ô of which every component 

varies inside a wider range as the system sens i t iv i ty with regard to i t 

i s weaker. 

I t i s probably the case of S^ and 9^ (paradoxical fiirthermore 

for the f i r s t one because i t s i n i t i a l value i s accidentally i t s 
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Table 5»16 

P a r a m e t e r s 

^^ 

^2 

H 
»4 

H 
H 
*7 

''s 

*9 

T h e o r e t i c a l 

v a l u e s 

1 .5 

210 

1 2 0 

1 

3 . 3 

555 

10 

0 . 0 0 5 

1 . 3 

I n i t i a l 

v a l u e s 

1 

1 

1 

1 

1 

1 

1 

1 

1 

E s t i m a t e d 

v a l u e s 

1 . 3 6 

192 

122 

0 . 2 4 8 

0 .81 

566 

8 . 9 

0 . 0 0 3 

1 . 4 5 

t heore t i ca l one !) for vhich the s ens i t i v i t y of (?) should be veak near 

the optimum in the accuracy l imits of the used methods. 

4 . - Prac t i ca l appl icat ion 

For example, a simple model simulating the evolution of the primary 

production at a quite representat ive central point of the Ostend Bassin 

de Chasse betveen 22nd April and 29th J\ily 1971 i s f i t t e d from the data 

of f if teen observation days v e i l d i s t r ibuted on th i s period [Podamo Jo 

(1971), Pichot (1973)]. 

Suppose x^ the primary production (mg N/m .day) , Xg the 
2 

incident l igh t (J/cm .day) , Xj the va ter temperature (°C) , x^ 
3 • ' 

the nutr ient concentration (mg N/m ) , x^ the phytoplankton biomass 
(mg N/m^) . 

2 
The primary production is measured in vitro in mg C/m .h . Using 

a C/N report equal to 8 and a report between the in situ primary pro­

duction per day and the in vitro one per hour equal to 12 as noticed 

by Podamo Jo (1973)» one has 
2 2 

X in situ (mg N/m .day) = 1.5 x. in vitro (mg C/m .h) . 
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The phytoplankton hiomass i s supposed given by i t s chlorophyl a 

concen t r a t i on which i s conver ted i n mg N/m by us ing a C/chlorophyl a 

r e p o r t equal t o i+5 • 

The primary product ion behaves l i k e t h e product of funct ions of 

t h e i n c i d e n t l i g h t , of t h e wate r t empera tu re , of t h e n u t r i e n t concentra­

t i o n and of t h e phytoplankton b iomass , i.e. 

(8) x^ -= K̂  f^(x2) f2(x3) f 3 ( x p f^CxJ . 

U . I . - Th®_i£5ESr5'"*'B£®_Ê^rê^!Ë 

By ex tens ion of t h e Van ' t Hof law, t h e water t empera ture i s sup­

posed t o genera te an a c t i v i t y fol lowing an exponent ia l r e l a t i o n and t o 

double t h e product ion for every 10 °C i n c r e a s e . 

So, one chooses : 

(9) f2(x3) = e x p ( ^ Q - X3) = exp(O.OT X3) . 

U. 2 . - The_inçi dent _ l i ^ t _ e f f ec t 

Steeman-Nielsen (196O) showed t h a t t he primary p roduc t ion depends 

on t h e i nc iden t l i g h t fol lowing a Monod r e l a t i o n and t h e s a t i i r a t i o n l e v e l 

i s u sua l ly reached for a l i g h t i n g of 336 J/cm .d . 

Now the da ta i n d i c a t e t h a t t he l i g h t energy a v a i l a b l e for the 

pho tosyn thes i s ( l o s s e s by r e f l ex ion and useful f r a c t i o n of t h e l i g h t 

spectrum) over top t h i s l e v e l . So i t seems t h a t the l i g h t does not con t ro l 

t h e primary product ion and t h a t (8) becomes : 

(TO) x^ = K2 exp(0.07 X3) f3(x4) f4(x5) . 

k.3'- The_nu t r i en t_e f fec t 

I t seems obvious [Sen Gupta (1969)] t h a t t h e phosphates are in 

s u p e r s a t u r a t i o n and they do not con t ro l t h e phenomenon. Thus one con­

s i d e r s as n u t r i e n t , t h e sum of n i t rogenous coirponents, i.e. 

X4 = CWOg] + [NO3] + [NH^] . 
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If for a f i r s t approximation, the primary production i s supposed 

to depend l inearly on x^ , the productivity defined by 

6 e x p ( 0 . 0 7 X3) X5 

only depends on x^ . The regression between Xg and x^ gives 

Xg = - 0.00027 x^ + 0.28655 

with r = O.U322 . 

This negative correlation is hardly significant and only shows up the 

decrease of the mean stock of the nutrients in function of the develop­

ment of the production. 

If one supposes a Monod relation between Xg and x^ , one has 

""6 = b + X4 

or, in a linear form 

X. . . . . 

But the correlation between — and X4 is not at all significant. It 

could indicate that this relation is not valid here and that the produc­

tivity has well reached its saturation level. 

So X4 does not control the productivity; it is comprehensive 

because the weakest measured concentration is yet fifteen times higher 

than a half-saturation constant cited by Eppley (1969b) for the natural 

marine entrophic communities. Equation (IO) becomes : 

(11) x^ = K3 exp(O.OT X3) f^U^) . 

h.k,- The_phjrt oglankt on_biomas s_e f fect 

A l inear relat ion betveen the production and the phytoplankton i s 

the c learest because the photosynthesis i s d i rec t ly proportional to the 

amount of the chlorophyllian pigments. 

Nevertheless varioiis t e s t s showed tha t a quadratic form of x^ 

improves the behaviour and reduces the standard e r ror of the simulation. 

The form f i t t ed by previously described f i r s t method is f inal ly the 
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f i g . 6 .4-3.- Prinary, ,production (Ostend, BassiTi de Chasse , 1971) 
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following one : 

(12) x̂  = exp(0.07 X3) [0.1028 x 10~^ x^ + 0.1338 x^] . 

Figure 6.i+3 gives the curve of the observed (or exactly splined on the 

observed values) primary production and the one of the computed produc­

t i o n . The two curves have the same order of magnitude and present a l l 

the same fluctuations. 

The proposed model shows that the Bassin de Chasse primary produc­

t i on depends on the water temperature following an exponential law and 

on the phytoplankton biomass following a quadratic one. In th i s one, the 
2 . . . 

term x^ non négligeable with regard to the c lass ica l l inear term perhaps 

indicates an autocatalytic effect of the primary production. The incident 

l igh t and the nutr ients are indispensable for the primary production, but 

they are in supersaturation and do not have any influence on th i s pheno­

menon. 

5 . - Conclusions 

The present work may be summarized in the following items : 

1) I t is necessary, in order to bui ld the simulation model of an eco­

system, to find the interact ions coefficients from the information pro­

vided by the data of tha t given ecosystem. 

2) To th i s purpose, a gradient method and a maximum likelihood one 

are proposed. They are connected because the gross parameters given by 

the f i r s t one are used as i n i t i a l conditions for the second one. 

3) A theore t ica l example shows tha t these methods properly work but 

s t resses the in teres t of a s ens i t i v i ty pre-analysis of the system. 

k) The f i r s t method i s applied for a p rac t i ca l example. In th i s one, 

the primary production of the Ostend Bassin de Chasse is given with an 

exponential function of the water temperature and a quadratic function 

of the phytoplankton biomass. 
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6 . - Appendix 

6 . 1 . - Estimation_of_the_derivatives 

The f i r s t problem here is to evaluate the derived functions X^{t^^) 

from X-(t^) . One cannot use the f in i t e difference formulas because the 

time intervals between the measures are not generally constant and not 

small enough to ensure a good accuracy. On the other hand» the spline 

functions of the in terpola t ion are well adapted to th i s problem. The 

spline function of order r which interpolates Xj(t) at the points 

t^ i s the unie fiinction S^(t) defined by : 

1) S^(t) i s a polynomial of order 2r - 1 for t between (•t̂ j't̂ .̂̂  ) 

with k = 0 , . . . , £ - 1 . 

2) S^(t) i s a polynomial of order r - 1 out of (tQjt^) . 
( s) 

3) The derivatives S-T ( t ) are continuous for s = 2r - 2 . 

1;) S^(tJ = X(t^) . 
The t h i r d condition involves tha t the successive polynomials are 

connected at t^ and also the derivatives up to the order 2r - 2 . A 

discontinuity may occur in t . only for the derivatives of order 

2r - 1 . 

Another in t e re s t ing property of the spline function of interpolat ion 

is t o minimize 
£,(f) = f ' [ f ' ' ' ( t ) ] ^ dt . 

In the case r = 2 , t h i s wi l l ensure the S.(t) functions to pass 

through the t,̂  points and to be as smooth as poss ible . 

For the building of th i s function, Laurent (1972) proposes the 

"transport of r e l a t ions" method which ensures very good r e s u l t s . This 

general method (for any r and H) avoids the d i f f i cu l t i e s of the 

c lass ica l method of decomposition in basic polynomials and only requires 

to solve i l i nea r systems of order 2r . 

6 .2 . - Minimization 

Using the f i r s t three terms of the Taylor expression of the function 

G2(0) in a neighbourhood of the minimum Ô* , one gets immediately : 
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(13) ô* = ô - G~''(ô*) g(ô) 

wi th G t h e Hessian of Gj wi th regard t o O 

g = grad^ Gg 

and t h e necessary condi t ion t h a t G i s p o s i t i v e d e f i n i t e t o ensure 

G(ô ) minimum. One get t he i t e r a t i v e process : 

d. , = Ô. - h. H. g. 
1+1 1 1 1 ^ 1 

with g^ = g ( ô . ) , 

H. t h e approximation of G (Ô*) , h . t he s t e p s i z e i n t h e H^ g. 

d i r e c t i o n . 

Choice of the d i r e c t i o n 

In t h e Newton method H. = G ( ô . ) . I t assures G ( Ô . ) t o be 

p o s i t i v e d e f i n i t e but i t i s not always v e r i f i e d , except i f ÖQ i s chosen 

i n a very c lose neighbourhood of ô . I n the case of problems with which 

one dea ls h e r e , the parameters i n i t i a l guesses may be far from t h e minimum 

and t h i s method f a i l s . 

In t h e Davidson F l e t c h e r Powel method (1963) , t h i s necessary condi ­

t i o n i s s a t i s f i e d by a mat r ix s e r i e H^ . I t i s p o s i t i v e d e f i n i t e , com-

puted from any i n i t i a l HQ and converging t o G (ô ) . Ĥ  becomes 

H. , = H. + A. + B. 
1+1 1 1 1 

T T 
where A^ and B. are mat r ices computed from H^ , g^ , Ĥ  and g. 

— 1 * 
such as A^ assures the convergence of H^^^ t o G (ô ) and B. 

makes Ĥ  d e f i n i t e p o s i t i v e . In the case of a q u a d r a t i c funct ion G^ , 

t h e convergence occurs i n n i n t e r a c t i o n s , n be ing the dimension of 

Ô . 

Choice of t h e s t e p s i z e 

When the d i r e c t i o n H. g. i s chosen, one has t o define a d i s t ance 

on t h i s d i r e c t i o n where t h e minimum occur s . The s t e p s i z e i s r o u ^ l y 

eva lua ted by a f i n i t e d i f f e rence formula : 
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^ " ^ Y'(0) 

with Y(h) = 62(0^ - h H^ g . ) 

and Ygg^ a given es t ima t ion of t h e minimum of Ĝ  . 

I f s > 1 , i t i s s e t equal t o 1 t o agree with ( 1 3 ) . Y and Y' 

a re computed a t p o i n t s s , 2s , i+s , . . . , s^ , ^2 ' ^^"^ Y'Csj) = 0 

or Y(s2) > Y(s^) , t h e minimum S3 i s found by a cubic i n t e r p o l a t i o n 

between CY(s ^ ) ,Y ' ( s^ ) ] and [Y(s2 ) jY'(^2 -̂̂  • " ^ i ^ procedure i s r epea t ed 

u n t i l a good accuracy i s reached. 

One assumes t h e r e i s no l o c a l minimum in the Ĥ  g . d i r e c t i o n i f 

S2( E |H. g . l ) > 10''° . 
1=1 

In o rder t o i n t e g r a t e a d i f f e r e n t i a l system y ' = f ( x , y ) with 

i n i t i a l value y^ = y(xQ) , t h e c l a s s i c a l method i s t o d iv ide CXQ,X] 

by a s t e p s i z e h and t o use one of t h e f i n i t e d i f fe rence formulas ( fo r 

i n s t a n c e t h e midpoint ru l e ) t o compute t h e approximation T(h ,x) of t h e 

i n t e g r a l y (x) . The accuracy i s a funct ion of h and T(h ,x ) converges 

t o the s o l u t i o n y (x ) when h tends t o ze ro . 

In t h e e x t r a p o l a t i o n method, some approximations T(h^,x) are 

computed and t h e t r u e s o l u t i o n T(Ojx) i s e x t r a p o l a t e d from these 

v a l u e s . 

Bur l i sch and S toer (1966) proposes a r a t i o n a l e x t r a p o l a t i o n 

2 . . 1, 2r _ 1 . 1 , <i , , 1 , c 

Ti(h) = Po -^Plh * '•• +Prh^ 
qj, + q!,h^ + . . . + q^^h^ 

With r = 
2 

V = m - 2 

T^(h J = T(h|^,x) k = i , i + 1 , . . . , i + m 

h,̂  = — , s t r i c t l y decreas ing sequence. 
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The coe f f i c i en t p^ i s not computed bu t t h e e x t r a p o l a t e d values 

•m ~ '̂ irî '-*̂  ^^^ computed by a r e c u r r e n t process s t a r t i n g with 

T \ = 0 ' 
-1 

T ^ = T ( h i , x ) 

rni+1 _ mi 
rpi _ rpi+1 ^ !izJ \LI1 

k ~ k-1 i+1 i 

" i + k m i + 1 _ mi+1 

This scheme gives a rhomb\is r u l e i l l i i s t r a t e d by t h e fol lowing t a b l e a u 

rpO 

-1 >^ 1 

Tf1 mO 

m1 
m ™ m - 1 

rpl" 
•^0 

mO 
m 

The i n i t i a l s t e p s i z e and t h e wanted accuracy EPS are given a t 

t he beginning of the conrputation. This one runs for m = 1 , 2 , . . . u n t i l 

| T ° - T ° _ J < EPS . m i s bounded by 20 t o avoid a too l a r g e CPU 

t ime . 
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